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Let p be a prime number and let k(p) be the maximal p-extension of a number
field k. If T is a set of primes of k, then k7 (p) denotes the maximal p-extension of
k which is completely decomposed at T'. Assuming that T is finite, the canonical
homomorphism

o' (p): 3k Gy(k(p)lk) — G(k(p)|k" ()
pET (K™ (p))
of the free pro-p-product of the decomposition groups Gy (k(p)|k) into the Galois
group G(k(p)|k™ (p)) is an isomorphism, see [3] theorem (10.5.8); here the prime
B is an arbitrary extension of p to k(p).

In the profinite case, i.e. considering the maximal Galois extension k% which
is completely decomposed at the finite set T', there exist suitable extensions
PBlp such that ¢ is an isomorphism of profinite groups. If T' = S, is the set
archimedean primes, this is a result of Fried-Haran-Vélklein [1] and in general it
is proven by Pop [4].

The fact that ¢7 (p) is an isomorphism if T is finite implies very strong proper-
ties for the extension k7 (p)|k. In particular, the (strict) cohomological dimension
of the Galois group G (kT (p)|k) is equal to 2 (if p = 2 one has to require that k
is totally imaginary). Furthermore, we get for the corresponding local extensions
that

(+) (K" (p))g = kp(p)  for all primes Blp, p & T.

i.e. kT(p) realizes the maximal p-extension ky,(p) of the local fields k, for all primes
not in 7. In particular, the set 7' is equal to the set D(k”(p)|k) of all primes of
k which decomposed completely in the extension k7 (p)|k. We will say that T is
saturated if it has this property and we call the stronger property (x) that 7' is
strongly saturated. If the Dirichlet density §(7) is positive, then T is saturated
if and only if T is the set of completely decomposed primes of a finite Galois
extension of k.



If T is an arbitrary set of primes of k, we call the set T = D(KT(p)|k) the
saturation of T. The most interesting case is that T is an infinite set of primes
of density zero. If T is saturated, then the extension k% (p)|k is infinite. We will
see that there exist infinite sets T of primes such that §(7) > §(T) = 0, and also
sets T such that §(7) = 6(T) = 0. An important example is the following.

Theorem 1: Let p be an odd prime number and let k be a CM-field containing

the group p,, of all p-th roots of unity, with maximal totally real subfield k™, i.e.
k = kT (up,) is totally imaginary and [k : k™] = 2. Let S, = {p|p} and

T ={p|pNk" is inert in k|k*}.

Then T'U S, is strongly saturated.

Moreover, in the example above we get that the Galois group

G((k")nr(p) K" ()

of the maximal unramified p-extension of (k7),,(p) of kT (p) is a free pro-p-group.
This will follow from a more general theorem which deals with a generalization
of the notion of saturated sets.

A set T = T(k) is called stably saturated if the sets T'(k') are saturated
for every finite Galois extension k'|k inside kT (p). These sets are necessarily
of density 0 if they are not equal to set P of all primes. Obviously, strongly
staturated sets are stably saturated. We have the following theorem.

Theorem 2: Let T # P be a stably saturated set of primes of a number
field k. Then the canonical map

&' (p) : 2186T;’:T(p))(Gqs(lf(p)Ik‘),Tfn(k‘(p)lk‘)) == G(k(p)/k" (p))

is an isomorphism.

Here Xqergr ) (Gp(k(p)|k), Tip(k(p)|k)) denotes the free corestricted pro-
p-product of the decomposition groups Gg(k(p)|k) with respect to the inertia
groups Tip(k(p)|k), see [2].

Corollary: In the situation of theorem 1 let T =T U Sp. Then

*  (Gyp(k(p)|k), Typ(k(p)|k)) == G(k(p)/E" ().

PeT (kT (p))

Finally T would like to thank Jochen Gartner for helpful discussions on this
subject and Alexander Ivanov for valuable comments.



1 Saturated sets of primes of a number field

We start with some remarks on complete lattices. Let
©
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be maps between complete lattices (A, C) and (B, C) with the following proper-
ties:

[. ¢ and v are order-reversing,

II. AC¢p(A)and B C pyp(B) for all A € Aand B € B.

For A € A and B € B we define the saturation
A= p(A) and B := oi(B),
and call A € A resp. B € B to be saturated if A= A resp. B = B. We put
At = {A € A| A is saturated}, Bsat = {B € B| B is saturated},

and we have the following properties:
(i) Ay C Ay implies A, C Ay and By C B, implies B, C Bs.
(i) gy =@, b =9, A =A, B =B.

(iii) Bsq is the image of A under ¢ and A, is the image of B under 1, i.e.
0 : A— By and Y : B — Ay, and ¥ and ¢ induce bijections

Asat <4L> Bsat'
() N
<P(U A) = m<P(Az‘)a <P(m Y(By)) = UBz

In particular, the infimum of saturated elements is again saturated. The verifi-
cation of these statements is straightforward using the properties I and II of the
maps ¢ and . We define the equivalence relations

Al ~ A2 = (p(A1> = (p(AQ) for Al, A2 cA

and

Bi~B, & (B)=v¢(By)  for By, B, €B,

and denote the classes by [X]. Obviously, X ~ X by (i) and for Y € [X] we
have Y C X, and so X is the unique maximal element of [X]. Furthermore, the
surjections ¥ : A — Ay and @) 1 B — B, induce bijections

~

o (A)) = Asa, [A] — A, and oy (B/.) == Bsw, [B]+— B.



Now let K be a number field. We use the following notation: S.,, Sk and S¢
are the sets of archimedean, real and complex primes of K, respectively, P is the
set of all primes of K, and if p is a prime number, then S, is the set of all primes
of K above p.

If p is a prime of K, then K, is the completion of K with respect to p. If
L|K is a Galois extension, then we denote the decomposition group and inertia
group of the Galois group G(L|K) with respect to p by G,(L|K) and T,(L|K),
respectively.

For a set S of primes of K, let 0(S) = dx(S) be its Dirichlet density. If
S = S(K) is a set of primes and K'|K an algebraic extension of K, then we
denote the set of primes of K’ consisting of all prolongations of S by S(K’).

If ¢ is a class of finite groups which is closed under taking subgroups, homo-
morphic images and group extensions, then K (c¢) is the maximal pro-c-extension
of K, and in particular if p is a prime number, K (p) denotes the maximal p-
extension of K. By abuse of notation, we denote the maximal pro-c¢ extension of
K which is completely decomposed at T' by KT (c¢), and K (p) is the maximal
p-extension of K inside K7 .

Let

Ex={L| L is a Galois extension of K} i) {T'|T is a set of primes of K}=38k
P

where

o(L) = D(L|K) is the set of primes which are completely decomposed in L|K,
P»(T) = KT is the maximal Galois extension of K which is completely
decomposed at T

Obviously, the maps ¢ and ¢ are order-reversing and
LCop(L)=KPUO —. [, and T Coy(T)=DKT|K)=:T.
Furthermore, we define the equivalence relations
Li~Ly & D([1|K)=D(Ls|K) for Ly, Ly € Ek

and
Ti~Ty, &= Kh=K] for T\, T, € Sk-.

Definition 1.1 The extension L € Ex is called saturated if L = L, i.e.
I, = KD(L|K)7
and the set T € Sk is called saturated if T =T, i.e.

T = D(K"|K).



We strengthen the notion of saturated sets in the following way:

Definition 1.2 Let T be a set of primes of K.

(i) The set T = T(K) is called stably saturated if the sets T(K') € Sk are
saturated for every finite Galois extension K'|K inside KT.

(ii)) We call T to be strongly saturated if
(KT)p =K, for all primes Plp, p ¢ T,

where I_(p is the algebraic closure of K,.

Remark 1: If we consider the set Ex(¢) = {L|L is a pro-c-extension of K},
we define a set T' € Sk to be c-saturated if T = D(K7(¢)|K), and an extension
L € Ex(c) is called ¢-saturated if L = KP"5)(¢). Analogously, we define stably
c-saturated and strongly c-saturated, e.g. T is strongly c-saturated if (K7 (c))q =
K,(c) for all primes Blp, p ¢ T

We say, a prime of K is redundant (or more precise, ¢-redundant) if is totally
decomposed in every extension inside K(c). Obviously, redundant primes are
necessarily archimedean primes and the complex primes are always redundant.
But also real primes might be redundant if we restrict to pro-c-extensions, e.g. if
we consider p-extensions where p is an odd prime number. Therefore we make
the following

Convention: In the following all considered primes are not redundant and Sx =
Sk (c) consists only of sets of non-redundant primes for the extension K (¢)|K.

Immediately from the definitions (and the convention) above we get

Lemma 1.3 Let T € Sk.
(i) T is saturated if and only if (KT), # K, for allp ¢ T.

(ii) T is stably saturated if and only if (KT),|K, is an infinite extension for all
peT.

From the general remarks on partial ordered sets we see that there are bijec-

tions ©
(EK)sat T (SK)sat

and we have the following



Lemma 1.4

(i) Ty C Ty implies T, C Ty and Ly C L, implies L, C L.
(i)
(iii) D([T; Li|K) = N, D(L;|K) and KYiTi = N, KT,
(iv) D(N, K™|K) =, T; and KN:PEl%) =T L,.

KT = KT and D(L|K) = D(L|K).

Theorem 1.5
(i) If T is a finite set of primes of K, then T is strongly saturated.

(ii) If L 1s a finite Galois extension of K, then L is saturated.

Proof: (i) Let p be a prime number and let L|K be a finite Galois extension
inside K”. Let po ¢ T, Po a fixed extension of py to K7 and B, the restriction
of Py to L. By the theorem of Grunwald/Wang (see [3], theorem (9.2.2)) the
canonical homomorphism

HY(L, Z/pZ) — H'(Lg;, Z/pZ) & (B H'(Ly.Z/pL)

PeT(L)
is surjective. In particular, for every ag € H 1(L$O,Z/pZ)) there exists an
element 8 € H'(L,Z/pZ) which is mapped to (0%07 0,...,0). But § lies in the
subgroup HY(K”T|L,Z/pZ) of HY(L,Z/pZ). Therefore

H1<KT’L’Z/])Z> %Hl(L$U,Z/pZ>

is surjective. Varying L and p, it follows that the completion of K7 with respect
to the prime Py, Polpo and po ¢ T, is equal to the algebraic closure of K, (since
G(Kp,|Ky,) is pro-solvable).

(ii) Let L' be a finite Galois extension of K with L C L' C KPWEK)  Since
D(LIK) € D(L'|K), we obtain for the densities of these sets the inequality
d(D(L|K)) < §(D(L'|K)), and so, by Cebotarev’s density theorem,

[L': K]=6D(|K))™" <§(D(L|K))™ =[L: K].

This shows that L' = L and so L = KPEIE), O

Now we consider sets of primes which are infinite and of density equal to 0.

Proposition 1.6 For a set T of primes we have

~

S(IY=0 < KT|K is an infinite extension.



Proof: Since T = D(KT|K), it follows that 6(T) > 0 if KT|K is a finite
extension. Conversely, assume that K7|K is infinite and let L be a finite Galois
extension of K inside K7. Then

TR = (DK 2 60,

and so 6(T) = 0. O

Remark 2: From the proposition above and lemma (1.3)(ii) it follows that a
stably saturated set of primes 7" # P has necessarily density equal to 0.

Remark 3: Let n € N. Then there exist infinite sets T' of primes such that

1 A
—=46(T) > 6(T) = 0.

n

Example 1: Let L|K be a Galois extension of the number field K such that

[L : K] = n. The set Sﬁ?( of proper finite extensions of L being Galois over K

is countable, say é{f}; = {L;, 1 € N}. We choose for every i € N an element
o; € G(L;|L), 0; # 1, and a prime p; of K which is unramified in L;|K having
LilK
Bi
there is a p; such that Nggp; > i*. Then

a Frobenius = 0y, Pilp;- Since there exist infinitely many such primes,

converges, and so the set T' = {p;, i € N} has density equal to 0. Furthermore
we have

K" =L.
Indeed, since every p € T is completely decomposed in L, we have L C K7 and a
finite Galois extension F|K, L C E C K would be a field L; for some i € N and

so p; € T would not be completely decomposed in E|K. Therefore T = D(L|K)
and §(T) =+ > 0.

Remark 4: There exist infinite sets T of primes such that

Example 2: Assume that K is a number field such that
(i) K is not totally real,
(i) there exists a proper subfield E of K such that K|F is a cyclic extension.



We denote the Galois group G(K|E) by A. Let
To={p|pN E is inert in K|E}.

Then Tj is an infinite set of primes of K of density equal to 0. Let p be a prime
number not dividing [K : E] whose extensions to E are completely decomposed or
totally ramified in K|E. Let K resp. E be the compositum of all Z,-extension
of K resp. E. Then

G(KOO|K) = Z;Z(K)"Fl-‘r(sK’ G(Eoo|E) _ ZZQ(E)+1+5E’

where 15 denotes the number of complex places and ¢ is the so-called Leopoldt
defect. We have a decomposition of Z,[A]-modules

G(Kwo|K) = G(Ex|E) ® M,

where M is a A-module with M4 =0 and r = rang; M > ry(K) — ry(E) > 0,
since 6 > dp. Let L be the subfield of K, corresponding to G(K|K)? =
G(Ex|E), ie.

G(LIK)= M
and so G(L|K)? = 0. Observe that L is a Galois extension of E. Now let p € Tj.
For the decomposition group with respect to p we have the split exact sequence

0— Gp(L|K) — Gu(L|E) — A, — 0.

If Gy(L|K) would be non-trivial, then G,(L|E) is not abelian since A, = A # 0
acts non-trivially on G,(L|K) C G(L|K). But p lies not above p and so it is
unramified in L|K, thus unramified in L|E and so G,(L|E) is cyclic. Therefore
all primes in 7 are completely decomposed in the infinite extension L|K. Let

T = D(L|K).

Then T is an infinite saturated set (containing 7p), i.e. T = T, and since Kfp is an
infinite extension (containing L), it follows from proposition (1.6) that 6(7") = 0.
Furthermore, if Sg C T, then

(KT),|K, is an infinite extension if p ¢ T,

hence T is stably saturated. This follows from the fact, that for a prime p ¢
D(L|K) the non-trivial decomposition group G,(L|K) has to be a infinite sub-
group of G(L|K) = Z.

An example for the situation above is a CM-field K with maximal totally real
subfield K. If To(K™) = {p|p is inert in K}, then Ty = Tp(K) is infinite of
density equal to zero. Let K,. be the anti-cyclotomic Z,-extension of K, p # 2,



and T = D({(ac| ). Then Ty C T = T and so KT|K is an infinite extension and
therefore 6(7") = 0.

Now we consider the cardinality of an equivalence class [T] of a set of primes
T of K. By definition, the saturation T of T is the unique maximal element of [7]
(with respect to the inclusion). But the example 1 of remark 3 shows that there
might be infinitely many different (even pairwise disjoint) minimal elements in
the class [T7].

Proposition 1.7
(i) If L is a finite Galois extension of K, then

#[L]=1 and #[D(L|K)]= .
(ii) If T is a finite set of primes, then

#T) =1 and #[K"] = oo.

Proof: Let L’ € [L]. Then L' C L = L by theorem (1.5)(ii). Thus L'|K is finite
and so
L/ _ KD(L'|K) _ KD(L|K) = L.

In order to prove the second assertion of (i), let L be a finite Galois extension of
K and let T'C D(L|K) be a subset of density equal to zero. Then
L = KPWIK) — g DILIENT
hence every subset D(L|K)\T with §(7") = 0 is contained in [D(L|K)].
By theorem (1.5)(i), every subset of T is (strongly) saturated. Thus the first
assertion of (ii) follows. For the second let S = T'U{p}, where p is some prime not

in T. By [3](10.5.8) we have for the Galois group of the extension K7 (p)|K°(p)
the isomorphism

X G(Ep(p)|E,) == G (p)|K°(p)),
pES\T(KS (p))

where p is some prime number and E(p)|K denotes the maximal p-extension
inside a Galois extension E|K. In particular, the extension K7|K® is infinite.
Since every Galois extension L|K with K C L C KT is contained in [K7], the
second assertion of (ii) follows. 0



2 The maximal p-extension k% (p) of k

In the following we will consider p-extensions and by a saturated set of primes
we always mean a p-saturated set (see remark 1 of the first section).

Let S, T be sets of primes of a (not necessarily finite) number field K and let
p be a prime of K. Let K(p) be the maximal p-extension of K. Mostly we will
drop the notion (p). So let

K, is the maximal unramified p-extension of K,

K is the maximal p-extension of K which is unramified outside S,

K7 is the maximal p-extension of K which is completely decomposed at T,

K is the maximal p-extension of K which is unramified outside S and
completely decomposed at T,

Gy(K) = Go(K(p)|K) = G(K,(p)|K,y) is the decomposition group,

To(K) =To(K(p)|K) = T(K,(p)|K,) is the inertia group with respect to p.

In the following k£ will always denote a finite number field. If K|k is an
infinite extension of number fields and S a set of primes of k, then S(K') denotes
the profinite space

S(K) =lim S(k") U {*p}
w
where k' runs through the finite subextensions of K|k and S(k') U {# } is the
one-point compactification of the discrete set S(k") of primes of £k’ lying above S.
According to [3] (10.5.8) and (10.5.10) we have

Theorem 2.1 If R C R C S C S are sets of primes of k such that 6(S) = 1
and R is finite, then the canonical homomorphism

bos K Tk x  *  Glhy(p)lky) — G(kE |KE)
peS\S(kE) pER\R/(KE)

s an isomorphism. Furthermore we have the following assertions concerning the
(strict) cohomological dimension: Assume that k is totally imaginary if p = 2,
then

cd, G(kE|k) = scd, G(kE|k) = 2.

If L|K is a Galois extension we write H*(L| K, A) for H'(G(L|K), A), and for
a pro-p group G we put H'(G) = H(G,Z/pZ). For a p-extension K|k we will

10



use the notation

D H(Gpk(p)K)) :=lim @ H (G,y(k(p)|¥)
)

peT(K) K peT (k!

where &’ runs through all finite subextensions of K|k.

Proposition 2.2 Let p be a prime number and let T be a set of primes of a
number field k of density 6(T) = 0. Then the following assertions are equivalent:

(i) T is stably saturated.
(ii) cd, Gp(k(p)|kT) <1 forallp ¢ T.
(iii) The canonical map

H(k(p)|K7) = @D H(G,(k))

peT (kT)

1S an tsomorphism.
(iv) The group G((kT)s|kT) is free for every S with 6(S) =1, SNT = @.

Proof: (i)« (ii): By lemma (1.3) the set T is stably saturated if and only

if the extensions (k),|k, are infinite for all primes p ¢ T, i.e. if and only if
cdy Gp(k(p)|kT) < 1, see [3] (7.1.8)(i).

In order to prove (ii)<>(iii), first observe that k”|k is an infinite extension as
d(T) = 0. Using the Poitou-Tate theorem, see [3] (8.6.10), (10.4.8), and the Hasse
principle, loc. cit. (9.1.16), and passing to the limit over all finite extensions &’
inside 7|k, we obtain the isomorphism

H(k(p)F7) = @ HGpk) e @@ H(Gyk(p)kT),

peT (kT) PET(KT)
since lim | H°(G(k(p)|K'), up)¥ = 0. This shows that (iii) is equivalent to
H2(Gy((p)[KT)) = 0 for all p ¢ T(k),

and so we get (ii)<(iii).

From the Poitou-Tate exaxt sequences and the Hasse principle for the exten-
sions k(p)|k and kg|k (using §(S) = 1) we get the exact sequence

0 — H*(kg|k) — H*(k(p)|k) — €D H*(G,(k)) — 0.
p¢sS

11



Passing to the limit from k to k7, we obtain the exact sequence

0— H2((K")g|kT) — H*(k(p)|kT) — QB H*(G —0.
pES(kT)

Assuming (ii), we have H?(Gp(k(p)|kT)) = 0 for all p ¢ T'(k"), and so

@ H2(G,o(k(p)|ET)) @ H2(G,(k(p)|ET)) @ H*(G

pegS(kT) peT(kT) peT(kT)

for every S with SNT = @. It follows that H2((kT)s|kT) = 0, i.e. assertion (iv)
holds.

Finally, if H?((kT)7z|kT) = H?(kp|kT) = 0 for T = P\T, then, using again
the exact sequence above, assertion (iii) holds. U

There is another situation in which the pro-p group G((k7)g|k?) is free.

Theorem 2.3 Let p be a prime number and let T and S are sets of primes of a
number field k, where T'U S # P is strongly saturated and T NS = &. Then the
following holds:

(i) (k7)s = kp and cd, G((T)s|kT) < 1

(i) If6(S) = 0, then cd, G((k™)n|kT) < 1, d.e. the Galois group of the mazimal

unramified p-extension (kT),.|kT is a free pro-p-group.
In particular, if T # P is a strongly saturated set, then
cd, G((K")nr|ET) < 1.

Proof: Since T'U S # P is stably saturated, we have 6(7) < 6(T'U S) =
hence §(T) = 1, where T = P\T. Tt follows from proposition (2.2) that the
group G(kp|kT) is free. Since T U S is strongly saturated, the extension k7Y%
realizes the local extensions for all primes in T U S = T\ S, and so the extension
kT has this property. Therefore kr|k” is completely decomposed by T'U S, hence
ki = (kT) = (kT)s. This proves (i).

Now assume that 6(S) = 0, hence §(T\S) = 1. Let K|k be a finite extension
inside k7. Using the Poitou-Tate theorem and the Hasse principle, we see that

the canonical map
H*(Kp\g|K) — H*(kp| K)

is injective. Passing to the limit, it follows that

H2(<kT)T\S|kT) - HQ(k’T\kT)

12



is injective. Since (k7)m g = (k" )ny, the desired result follows from (i). O

By theorem (1.5)(i) finite sets are strongly saturated. Now we will show that
there are also infinite strongly saturated sets.

Theorem 2.4 Let p be an odd prime number and let k be a CM-field containing
the group p, of all p-th roots of unity, with mazimal totally real subfield k™, i.e.
k = k*(pp) is totally imaginary and [k : k] = 2. Let

T={p|pNk" isinert in k|kT}.

Then the set Ty =T U S, of primes of k is strongly saturated. Furthermore, the
Galois group G((k™),,,|k™) is a free pro-p-group.

Proof: Let
S ={p|pNkT is decomposed in k|k™}

and S; = P\Tp = S\S,. Let Sy be a subset of Sy invariant under the action
of G(k|k™) such that V' = S;\ S is finite (observe that T'(k,(p)|ky) is cyclic for
peVasVNS,=0). Let K|k be a finite extension inside k’® being Galois over
k* (observe that k™|k™ is a Galois extension as Tp is invariant under G(k|k™)).
First we show the following

Claim: There exists an abelian (not necessarily finite) p-extension L|K, which is
Galois over kT, central over k, unramified by Ty(K'), completely decomposed at
S, and ramified at each prime of V(K):

T(k}p(p)|Kp>Gp(k(p)|k) - GP(L|K) for all pE V(/{?)
Proof : Consider the group extension

1— G(KS s |Kgls,) — GUES s | K) — G g | K) — 1.

Since 8(Sy) = 1, we have H2(G(K& sous, [ 1€): Qp/Zy) = 0, see (2.1). In the proof
of this claim we write H(E|F) for H(G(E|F),Q,/Z,). We obtain an exact
sequence

0— HI(K§§USP|K) — Hl(Kﬁqup|K> _ Hl(KngSp ’K§§USP>G(KSOUSP\K) _ 07
and so an exact sequence

0— H'(Kg g |K)F — 1 (K

S, \G(K k
1usp|K)G(K|k) _>H1(KS us, [ Ksius,) (Ksgusy ¥

— H'(K|k, H' (K5, | ) — H' (K |k, H (K, |K)).

13



Using again that H2(G(K§p|K), Q,/Z,) = 0 where S = SyUS, resp. S = S, US,,
the Hochschild-Serre spectral sequences

By = H'(K|k, H(KZ|K)) = H™ (K2 |k)
show that in the commutative diagram

HY K|k, HY (Kl |K)) — H' (K |k, H (Kgh g, |K))

| |

SP [
H3(K|k, HO(K g, | K)) == H* (K |k, H(Kgh g, | K))

. . 2.1 . . .
the differentials d5 are isomorphisms. Thus we obtain an exact sequence

S, S,
0— (G(Kslusp|KsOus )

P ab) G(K -

s, k)

(G s 1)) (K\k)—)(G( 5008, K™ ey — 0-

Using (2.1), we obtain the isomorphism

can S ab S. ab
| | T (kp(p)| Kp) Gy (k(p)|k) = G(K slus |Ksous,,) G(K5SP " s, IF) - G(stusp|K) G(K|k)"
peV (k)

Thus the abelian extension L|K with G(L|K) = G(Kj $1US, | )% G(k|ky Das the
desired properties and we proved the claim.

As L|K is central over k, G(k|k™) =< 0 > acts on G(L|K). Thus G(L|K) =
G(LIK)"™ ® G(L|K)~, where G(L|K)* = G(L|K)°*'. Let L* be defined by
G(L|L*) = G(L|K)*, i.e. G(L*|K) = G(L|K)/G(L|K)*F.

For q € Tp\ S, we have the exact sequence

L — Gq(L7[k) — Go(L™[k") — Gy(k[kT) — 1,

where G4(L™|k) = G4(L™|K). Suppose that G4(L~|K) # 1. Since G(k|k") =
Gq(k|ET) acts non-trivially on G(L™|K), the group G4(L~|k™) is non-abelian.
On the other hand the extension L~ |k is unramified at q. This contradiction
shows that all primes of T\, are completely decomposed in L~|K, and so in
L~ |k. Since L|K is completely decomposed at S,, we obtain L~ C k0.

Let p € V and so p N k™ splits in k|kT. Let p = p? be the conjugated prime
and let B be a prolongation of p to K and P = PB°. By the claim it follows that

(T k()| Ksp) g kopin) © T (k) K ) 0 (ko))

injects into G(L|K)~ = G(L™|K) = G(L|K)/G(L|K)", and so L™ |K is ramified
by PB.
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Varying the set Sy and the extension K|k, it follows that the extension k°|k
realizes the ramified part of ky(p)|k, for all p € S; = P\T,. Since k™|k is a
Galois extension, also the unramified part must be realized, i.e.

(")q = kp(p)  for all Plp, p ¢ Ty

(if kp(p)|(k™)q would have a non-trivial unramified part, then, as the subgroup
generated by the Frobenius automorphism is not normal, this extension would
also have a ramified part).

The last assertion of the theorem follows from theorem (2.3). O

Let

H<At’ B;) = {(at)teT € HAt | a; € By for almost all ¢t € T}

teT teT

be the restricted product over a discrete set T' of abelian locally compact groups
Ay with respect to closed subgroups B;. The topology is given by the subgroups
V' with

(i) VN A;isopen in A; for all t € T,

(ii) V D B for almost all t € T..

Then we call .
H (Ae, By) == @ (H(At7Bt))/Va

te’T v teT

the compactification of [[;er(As, By), where V' runs through all open subgroups of
finite index in [Jter (A, Bt). The the canonical map [ [ier(A¢, Br) — [5er(At, By)
has dense image.

We define the discretization of [[er (A, By) by

d
H (AtaBt) = hi)ﬂW

teT w

where W runs through the finite subgroups of [[;er(A¢, By). If the subgroups B;
of A, t € T, are open and compact, then [[;er(A, By) is locally compact. Using
the equality

(I B = TT(AY. (A/B)Y),

we obtain
Hd(Atv By) = (((H(At, By))"))"  and Hc(AtaBt) = (((H(At; B))")")",

where v denotes the Pontryagin-dual.
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Proposition 2.5 Let T' be a set of primes of a number field k with §(T) = 0.
Then

(i) Ck(p)/k7)/Clk(p)/KT) = lim [ (Glk)/Cos(h)*, Top(h)).

K PeT(K)

(i) HY(G(k(p)/k")) = lim (H(Gyp(k)), H,,, (Gos(k))),

where K runs through the finite subextensions of k|k and Ty(k) is the group

Top(k)Gap(k)"/Gop(k)"

Proof: Since the set P\T has density equal to 1, we get from the Poitou-Tate
exact sequence and the Hasse principle the commutative and exact diagram

_ .l HHI(Ep%paM)
0 H(k|k, 1) — g P

|

0— H'(k|k, 1) Hgﬂl(kﬁ LT — YT AN

0

H Hl(kp|kpa Mp) AN HTHI(Epykpa Z/PZ)v
pe

peT
where we use the local duality theorem
H' (Kplky, p1p) == H'(Gp(k), Z/pL)" = Gy(k)/Gp(k)*
and for p not above p or oo the isomorphism
Hy, (kylkp, 1) == (HY(Ty(k), Z/pZ) ™)) = Ty(k)Gy(k)* /Gy(k)",
see [3] (8.6.10), (9.1.9), (9.1.10), (7.2.15). Thus we get a continuous injection

I (Gok)/Golk)" To(k)) — G(k(p)/k) /G (p) /)"

peT (k)

and so am injection [Toery(Go(k)//Golk)" Ty(k)) — G(k(p)/k)/Glk(p)/k)"

Passing to the limit, we obtam the injection

lim [T (Galk)/Gas(k)", Top(k)) = G (k(p) /KT /G (k(p) /KT)"

which, by definition of the field kT is also surjective. Therefore we obtain (i) and
(ii) is just the dual assertion. O
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Proposition 2.6 Let p be a prime number and let T' # P be a stably saturated

set of primes of a number field k. Assume that k is totally imaginary if p = 2.
Then
cd, G(K"|k) < 2.

Proof: We consider the Hochschild-Serre spectral sequence
EY = H(G/N,H’(N)) = E"Y = H'Y(Q)

for an extension 1 - N — G — G/N — 1 of pro-p groups. If ¢d,(G) < 2, E3' =0
and the edge homomorphism E? — E9? is surjective, then it follows that F3° = 0,
i.e. cdy(G/N) < 2.

Now let G = G(k(p)|k) and N = G(k(p)|k™"). Using (2.2) and the Poitou-Tate

theorem, it follows that the canonical map

HA(k(p)|k) — €D H*(Gp(k)) = H (KT [k, H*(k(p)|K"))

peT (k)

is surjective. Furthermore, using (2.5)(ii), we see that

H' (k(p)|k") = lim H'(TTer)(Golk)/Go(k)*, Ty(K)))
= h_r)nK Coind "KM Hl(HEeT(k)(Gp(k)/Gp(k)*7 Tp(k»)
= Coind®*' M Hl(ngT(k) (Gp(k)/Gp(k)", Tp(k’)))

is a G(k|k)-coinduced module, hence H'(kT |k, H'(k(p)|kT)) = 0. Therefore we
obtain the desired result. U

If T is a set of primes of k, then let T'(kT) = lim T(K) U {*x}, where K
— K

runs through the finite subextensions of k7 /k. The following theorem asserts that
the Galois group G(k(p)/k™), where T' # P is stably saturated, is a corestricted
free pro-p-product of the family (Ggp(k))pernr) of decomposition groups with
respect to the continuous family (Tip(k))qperpery of inertia groups, see [2] for the
definition.

Theorem 2.7 Let T # P be a stably saturated set of primes of a number field
k. Then the canonical map

% (Go(k), Tp(k)) == G(k(p)/k")
PeT (kT)

18 an isomorphism.
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Proof: We can apply [2] prop. (4.3) and have to show that the induced maps

oo s HN(G(R(p) /KT, Z/pZ) = tim T (H (Gop(k), Z/pZ), HY, (Gop(k), Z/pZ))

T(K)
oo s HA(GU(p) IKT), 2/) — lim [ "(H2(Gp(k), 2/, 2, (Gp(h), Z/p2))
K 1K)
are bijective resp. injective. Since H2, (Gg(k)) = 0, it follows that
. d /
H(G) =lim [] (H*(Gyp(k). H, (Ge(k) = @@ H(Gy(k)).
K 1(K) pET(KT)

Now the result follows from (2.5)(ii) and (2.2). O

In the situation of theorem (2.4) we obtain

Corollary 2.8 Let p be an odd prime number and let k be a CM-field containing
the group p, of all p-th roots of unity, with mazimal totally real subfield k™, i.e.
k =kt (up,) is totally imaginary and [k : k*] = 2. Let

T ={p|pNk* isinert in k|kT}US,.

Then
* (Gop(k), Tp(k)) == G(k(p)/k").

PeT (kT)
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