MAT455 - PROBLEM SET 1 - DUE ON WEDNESDAY,
SEPTEMBER 21, 2011

PROBLEM 1

Let Gy and G2 be two groups, and ¢ : G2 — Aut(G1) a homomorphism.
The semidirect product G' = G x4 G2 is the product G x G2 with multi-
plication defined by (z1,x2) - (y1,y2) = (z10(x2)y1, T2Yy2).

(1) Show that the multiplication is associative.

(2) Determine the inverse of (x1,x2).

(3) Show that H; = G x {e} is a normal subgroup. Here e € G is the
identity element.

(4) Is Hy = {e} x G2 a normal subgroup? Again, e € G denotes the
identity element.

PROBLEM 2

Let G be a topological group.
(1) Let H be a closed subgroup. Show that H is a topological group.
(2) Let H < G be a normal subgroup. Show that G/H is a topological
group.

PROBLEM 3

Let G be a topological group and X a topological space. Let y: G x X —
X be a continuous transitive group action, that is p is a continuous map
such that

e (Associativity) u(g, u(h,z)) = p(gh,z) for all g,h € G and all z €
X.
e (Identity) p(e,x) = x for all x € X.
o (Transitivity) u(G,z) = X for all x € X.
Show the following;:

(1) If G is compact, then X is compact.
(2) If G is connected, then X is connected.

PROBLEM 4

On RPT? consider the non-degenerate symmetric bilinear form B, , given
by
p+q

pqu Zfzyz+ Z ZiYj-

Jj=p+1
1
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Define O(p, q) := {A € GLp4¢(R) |Vz,y € RPT9: B, ((Az, Ay) = Bpq(z,y)}
and SO(p, q) = O(p,q) N SLp+q(R).

(1) Show that O(p, q) is compact if an only if p =0 or ¢ = 0.

(2) Show that O(p, ¢) is not connected for any p, q. Show that SO(p, q)
is connected if and only if p =0 or ¢ = 0.

(3) Construct an embedding O(p, q) — O(p + ¢, C).

[Hint: Use Problem 3 for (1) and (2). For (3) use the fact that over C all
non-degenerate symmetric bilinear forms are equivalent.]

PROBLEM 5

Define a topology on R such that (R, +) is not a topological group.



