Ratner’s Theorem

This is a preliminary list of talks. Please choose what topic you would
like to give a talk about and let me (wienhard@math.princeton.edu)
know soon. There are two blocks of 2 or 3 talks, whoever is interested
in one of these should work together. Also for the other talks, you
might prepare them jointly with someone else who is interested.

For anyone who wants to get a little bit of an overview, you might
want to have a look at Witte Morris [8] Chapter 1, Dani [2].

1. OVERVIEW (MARYAM MIRZAKHANI)
2. Basics FrROM ErRcopIC THEORY (Y1 WANG)

This talk should define and discuss: ergodic measure, ergodic de-
composition of measures, Birkhoff’s ergodic theorem (a consequence:
distinct ergodic measures are mutually singular), uniquely ergodic mea-
sures. Please state and explain the theorems. Please give many exam-
ples, in particular also of not so well behaved systems. If you have
time it would be nice to see/sketch a proof, but examples are more
important.

2.1. References. Witte Morris [8] Chapter 3.1, 3.3, Eskin-Kleinbock
6] p.3-5., Einsiedler-Ward [4] Chapter 2, perhaps Starkov [10] Pre-
liminaries A. A general reference for ergodic theory is Petersen’s book
[9].

3. THE CASE OF G = SL(2,R) (SAMm RutH, KEVIN WILSON, PHIL
ISETT, PETER VARJU)

These 3 talks should discuss Ratner’s theorem in the case of homo-
geneous spaces under SL(2, R):

Recall the geometry of the hyperbolic plane, define geodesic and
horocyclic flow on the unit tangent bundle, identification with PSL(2, R).
Define Haar measure and show invariance under the flows. Ergodicity
of the geodesic and the horocyclic flow on a finite volume hyperbolic
surface. State perhaps Mautner property for SL(2,R). Prove Hed-
lund’s theorem: every orbit of the horocyclic flow on a finite volume
hyperbolic surface is either periodic or dense, first compact case, then
non-compact case. Classification of ergodic measures which are invari-
ant under horocyclic flow.

3.1. References. Ghys [7] Sections 1-3, Starkov [10] Chapter 2 §14—
§16, Bekka-Mayer [1] Chapter 11§1, 11§3, TV, Eskin-Kleinbock [6] Sec-
tion 2. For Mautner property see also Section 3.4. in Einsiedler [5].
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4. FLows ON HOMOGENEOUS SPACES (FRANCESCO CELLAROSI)

This talk should discuss some examples of homogeneous spaces and
flows on them, e.g. the space of lattices SL(n,Z)\SL(n,R), non-
ergodicity of geodesic flow for SL(n,R)/SO(n). It should serve as a
preparation for the next talks.

4.1. References. Bekka-Mayer [1] Chapter II §4, Chapter V §2, Starkov
[10] Chapter 1.

5. THE CASE OoF H = SL(2,R) (Po-LAM YUNG, JONATHAN LUK)

These 2 talks discuss Ratner’s theorem in the case of SL(2,R)-
invariant measures on general homogeneous spaces:

Discuss some of the background needed in the proof: Lie groups and
Lie algebras, finite dimensional representations of SL(2, R), Mautner
phenomenon for SL(2, R). Discuss, explain and illustrate the proof.

5.1. References. Einsiedler [5], the article also includes most of the
background needed.

6. THE GENERAL CASE (ILYA VINAGRADOV)

This talk should discuss some of the ideas and problems of the proof
of Ratner’s Theorem in the general case. There will be no time to give
the technical details of the proof, so please concentrate on the outline
of the proof, comparing everything to the case of SL(2, R)-invariant
measures, and focus on the important ideas, e.g. non-divergence of
unipotent flows

6.1. References. Witte Morris [8] Chapter 5, Starkov [10] Chapter 2
§12, §17-19 (in particular the example of SL(2, C); Dani [2], there are
also useful remarks in Ghys [7] e.g. Sections 2.4., 3.6. About non-
divergence there are things in Eskin-Kleinbock [6]

7. APPLICATION I: OPPENHEIM CONJECTURE/VALUES OF
QUADRATIC FORMS (ZHIREN WANG)

Discuss Oppenheim’s conjecture. Assume either the general state-
ment of Ratner’s theorem or reduce to the case of SO(2,1) = SL(2, R)-
orbits on homogeneous spaces under SL(3,R).

7.1. References. Ghys [7], Section 4.2, Starkov [10] Chapter 4 §28,
Bekka-Mayer [1] Chapter VI §1 (with background from Chapter V),
Dani-Margulis [3].



8. APPLICATION II: DIOPHANTINE APPROXIMATION OR
SOMETHING ELSE (ALIREZA SALEHI-GOLSEFIDY )

8.1. References. e.g. Starkov [10], Chapter 4 §29-30.

10.
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