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Homework problem set 6

Submission deadline on 29 November 2021 at noon

Problem 1 (Super-ghosts...). Let g be a finite dimensional Lie algebra with Basis (e,) and dual
basis (c%) (the ghosts) satisfying {c%, ¢} = 0. The anti-ghosts are defined as b, = le,. They sa-
tisfy {Ba,Bp} =0 and {c?,bg} = 6%. In the lecture we saw that we can define a BRST-differential

a _1(1

Q=c"pa 2 ﬁycﬁc}/ba
where [eq,ep] = f;/ﬁ
(i) Consider now a grade Lie-algebra b with bosonic generators {e,} and fermionic generators

{fs}, i.e. define the Fermion number F as F(e,) = 0 and F(f3) = 1. Then for two generators
hq,hp we have that

ey and py = p(ey) € Hom(M, M) for some representation (M, p) of g.

[hashpl = (=1 CF O R g Ry
(in other words f) p= (-D)fhFRp)+1 fga). Define suitable ghosts and anti-ghosts for the
system and construct a BRST-charge @ satifying @2 = 0.

Problem 2 (...and no-ghosts...). In the proof of the no-ghost theorem we wrote @ = Q1+Qo+® -1
with [N',Q,1= jQ, where
Qi=-ag ) ay

n#0

where aj = v2a’p™. In the lecture the cohomology of @1 was calculated rather abstractly.
Alternatively one can compute the cohomology directly by considering the action of @1 in the
occupation basis.

(i) Restrict the sum above to n = +1. This gives the truncated operator @' = aa“ (a”jc1t+ajc-1).
Calculate the cohomology of @' by considering its action on

BN eV (@ )N (@ N vo.

(i1) Generalize this to the full 1.

Problem 3 (Schwarz derivative). The Schwarzian derivative of a holomorphic function f of
one complex variable z is defined by

f”’(z) 3 (fl/(z))Z
(Sf)z):= -

! '@ 2\f'@
(1) Let f and g be holomorphic functions show that the Schwarzian derivative of f o g is given

by the chain rule
(S(fog)(2) =(Sf)g(2)) g'(2)* + Sg. (1)

Deduce that for a global coordinate transformation w = w(v) we have S(w)(z) = —(w’ 2S(z)(w).
(i1)) Show that Sf =0 if and only if
_ax+b
T ex+d
for complex numbers a,b,c,d € C such that ad —bc = 0.
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