8 November 2021 String Theory — WS 21/22 p-1of [T|

Homework problem set 4
Submission deadline on 15 November 2021 at noon

Problem 1. The b-c system is the algebra with ("fermionic") generators b,, ¢, (n € Z) and
relations {b,,b,} ={cn,cm} =0, {by,cm} =0,+m, where {-,-} is the anti-commutator.

(i) Show that the b-c system has a unique irreducible representation A containing a vector vg
such that b,v9g=0for all n =0 and c,vg =0 for all n = 1.

(i1) For J €C, let
L, = Z (nJ—k)bkcn_k forn#0
kez

Show that the L, are well-defined on A, and that, together with
Lo= 1 [Lq1,L_1]
0=glha, L1,
they obey the relations of the Virasoro algebra with central charge
c=—-26J%-6J +1)

and that Lovg = — %J (J —1)vg. Hint: Proceed as in our calculation of the Virasoro algebra for
the free boson and first calculate [L,,b,,]1=(nd —n—-m)b, ., and L,,cp ] =(—nd —m)cpim.

Problem 2. Consider the gauge fixed Polyakov action
T 2 2
Sp = 3 d1do ((0:X)* —(0,X)7)

for an open string.

(i) Show by varying the action that we get two type of possible boundary conditions. For
op € {0,7} these are Neumann boundary conditions: d,X*|;-,, = 0 and Dirichlet boundary
conditions: 6X#|,—,, = 0.

(i) We have seen the mode expansion for the string with Neumann boundary conditions at
both ends (NN) in the lecture. Show that the mode expansion for a string with Dirichlet
boundary conditions on both ends (DD) is

a Ay .
— Z L7 2¢in(no).

o
XH(r,0) =xh + (! —xb) =+
b2 2,701

Calculate the p-component of the momentum of a string with (DD) boundary conditions in
this direction. Hint: 6 X*|,—y, = 0 implies that 0, X*|,—,, = 0. What does this imply for 0, X7,
and 0, XR?
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