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Problem 1 (The category of (left) G-sets): A left G-action of a group G on a set X is a
map

(·) : G×X → X

satisfying

(gh) · x ∼= g · (h · x) and 1 · x = x.

The category (left) G-sets has

(a) Objects: Sets X with a left G-action G×X → X.
(b) Morphisms: G-equivariant maps φ : X → Y, e.g. g · φ(x) = φ(g · x).

The Cartesian product of two G-sets X and Y is the set X × Y and G-action

g · (x, y) = (g · x, g · y).

Let X and Y be two G-sets. Show that the space of inner-Homs between X and Y is the
set of all mappings ξ : X → Y (not necessarily G-homs from X to Y ) with the action

(g · ξ)(x) = g · ξ(g−1 · x).

Let Z0(Hom(X,Y )) be the space of G-invariant mappings between X and Y. Show that

Z0(Hom(X,Y )) = HomG−set(X,Y ).

Problem 2 (The category DGV eck): The category of DGV eck has:

(a) Objects: DG-vector spaces (V, dV ). A DG-vector space is the data of a graded
vector space V = ⊕n∈Z V

n together a linear map d : V → V, called the differential,
such that d(Vn) ⊂ Vn+1 for every n and d2 = d ◦ d = 0.

(b) Morphisms: A morphism

f : (V, dV )→ (W,dW )

of DG-vector spaces is a linear map V → W such that f(V n) ⊂ Wn for every n
and dW f = fdV .

Given two DG-vector spaces V and W their tensor product is the DG-vector space

V ⊗W = ⊕n∈Z(V ⊗W )n = ⊕i+j=nV
i ⊗W j

with differential

d(v ⊗ w) = dv ⊗ w + (−1)vv ⊗ dw.
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We can view a DG vector space as a cochain complex

· · · V n V n+1 V n+2 · · ·dV dV dV dV

and morphisms of DG vector spaces as cochain maps

· · · V n V n+1 V n+2 · · ·

· · · Wn Wn+1 Wn+2 · · ·

dV dV dV dV

dW dW dW dW

(a) For DG-vector spaces V and W , determine

Hom(V,W )

by describing its graded components Homn
k(V,W ) and explicitly describe the dif-

ferential:
d : Homn

k(V,W )→ Homn+1
k (V,W ).

(b) Show that
Z0(Hom(V,W )) ∼= HomDGV eck(V,W ),

where Z0 denotes the d-closed objects.


