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COORDINATES ON SU(2)

Recall the homomorphism SU(2) — SO(3): If we identify R® with the space of 2 x 2
traceless hermitian matrices (up to a factor of ¢, the Lie algebra su(2), or the imaginary
quaternions) via

R® > (z,y,2) = a = 0, + yo, + 20, = (m _Z iy * i_zly) € su(2)

(where the Pauli matrices o,, 0,, 0, give a basis for su(2)), then, for g € SU(2) the
linear map p(g) defined by

p(g)(a) = gag'
preserves the standard Euclidean inner product and the orientation on R?, and therefore

p(g) € SO(3).

1. (i) Show that under this homomorphism, the diagonal matrix

eia/Z 0
( 0 e—ia/2> S SU(2>

maps to a rotation R,(«) by the angle a around the z-axis.

(ii) Find similarly the preimage in SU(2) of the rotations R,, R, around z- and y-axis,
respectively.

Z
A
According to L. Euler, any rotation in three- Y
dimensional space can be represented as the 7
sequence of three rotations ;
R.(v) o Ry(B) o R.(«) N\ y

(The figure to the right will help you remem- v
ber..) Y X
gt

2. Using the above homomorphism SU(2) — SO(3), lift the Euler angles to a coordinate
system on SU(2). What is the maximal range of the angles a, /3, 7 ?
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Hint: You may find it convenient to recall the identification SU(2) = S = {|z|* +

|22/ = 1} C C? given by
_ 21 22
9 —22 2

and amusing to compare it with the identification su(2) = R3 given above.

INVARIANT VECTOR FIELDS ON SU(2)

Let G be a Lie group. A vector field X € X(G) is called left-invariant if (DLy)y(Xy) =
Xy for all g, h € G. Right-invariant vector fields are defined similarly (how exactly?).
As you’ll know, the vector space of left-invariant vector fields is isomorphic to the tangent
space at the identity, i.e., the Lie algebra g of G. The goal of the next two problems is
to write down these vector fields explicitly in the Euler angles on SU(2).

3. (i) Working (preferably) in real coordinates, z; = @1 + iz, 2o = 3 + izy on C?
R* D SU(2) > g, what is the tangent space T,SU(2) as a subspace of the tangent
space T,R*?

(ii) By extending left-translation L, to a linear map on R*, calculate the three vector
fields X, = (DLy)c(0s), Yy, = (DLy)e(0y), Z; = (DLy)c(0,) at g € SU(2) in the
coordinate basis for the tangent space T,R*. Make sure your result is in the subspace
T,SU(2)!

(iii) Calculate the Lie brackets of the vector fields X, Y, Z.

(iv) (Extra credit) Repeat (ii) and (iii) with L, replaced with right-translation R,.

4. Calculate the components of the left-invariant vector fields X, Y, Z in the basis 0,,
03, 0, of T,SU(2) corresponding to the Euler angles found in problem 2.
You may check your result by verifying the Lie algebra.

Winter 2015/16 Sam Selmani
Prof. J. Walcher



