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1 Supermanifolds, fermionic sheaf and tangent sheaf

We want to recall the definitions for supermanifolds and introduce some new notation.

Definition 1.1. A superspace M = (|M|, Oy) is a locally ringed space with a sheaf of supercommutative
rings Opr. We write Oy = Og @ O; for the even and the odd parts of the sheaf. To a superspace, we
associate a sheaf of ideals J that is generated by the nilpotent sections of Oyy.

From a superspace we can recover a locally ringed space by setting
Myeq == (|M|,On/J) = (|M], Ored).

This space is called the reduced space and its structure sheaf is a sheaf of commutative rings. Caution
has to be exercised in this construction as a sheaf modulo an ideal is defined as

Ow /] = (U = Ou(U)/1(U))*"
but we have isomorphisms on the level of stalks

Consequently, we can use theorems from standard ring theory (such as the isomorphism theorems) with
impunity.



Definition 1.2. A supermanifold of dimension n|m is a locally decomposable superspace with underlying
manifold. This means

e M,.q is a n-manifold (real smooth or complex holomorphic)

e There is a covering {U;} of |M| and a locally free sheaf £ of rank m on M,.4 such that

OUi = /\5 \/|Ui
as sheaves of graded rings (grading in the exterior algebra as the Z-grading modulo 2).

We can think of the basis vectors of £Y as the fermionic coordinates which are additional degrees
of freedom on the supermanifold. We take the exterior power of £V since we want these coordinates
to be anticommuting. We can recover the local model £ from a given superspace M using the next
construction. Defining a supermanifold this way, leaves room for generalizations. For instance, we can
define a C-supermanifold by replacing the word manifold by C-variety in the above definition.

Example. 1. The supermanifold R™™ is the supermanifold with underlying reduced manifold R™ and
locally free sheaf (’)ﬂ%f” which is the trivial rank m sheaf on R".

2. The C-supermanifold Pg'm is the complex supermanifold with reduced manifold P¢: modeled by the
locally free sheaf Op1 (—1)%™.

Definition 1.3. Let M be a supermanifold of dimension n|m. We define then its fermionic sheaf as
Fur = J)J2

The fermionic sheaf is a locally free sheaf of O,.4-modules of rank 0|m. It is the parity reversed version
of the sheaf £V
Fy =&Y,

Remark 1.4. In the following, we encounter symmetric powers of Fj;. We use here the conventions of
[Man13]. We thus have that the product on S®F)s is not commutative but it remains supercommutative
(i.e. graded commutative). As we have a supercommutative product of Fy; with itself defined, we can
identify

SlFM ~ Ji/Ji+1
as Opeg-modules. By this construction, we can identify the symmetric algebra of Fj; with the exterior
algebra of £V as O,.q-superalgebras

o
S*Fu = \EY.
When we label the fermionic coordinates of M by some 6;, we can think of J as all products and sums
of these coordinates and F); as the linear span of the 8;. Therefore, the Fj; and £V can be identified, as
&V provides precisely these coordinates as its basis vectors.

Similar as for regular manifolds, we can also associate a tangent sheaf to a supermanifold. This sheaf
is defined in terms of algebra derivations.

Definition 1.5. Let A be a superalgebra over a field k. A superderivation on A is then a homogeneous,
k-linear map D : A — A of parity |D|, that satisfies

D(ab) = D(a)b+ (~1)PllelaD(p).

for any homogeneous element a € A and b € A. We can also formulate a sheaf version of derivations. Let
M be a supermanifold. A Ops-superderivation is a sheaf morphism D : Oy — Ojpy such that D(U) is a
superderivation on O/ (U) for U C |M| open.




Definition 1.6. The tangent sheaf Tj; of a supermanifold M is defined as
Tar(U) := {Superderivations on Oy }.

Tar is a locally free sheaf of rank n|m where n|m is the dimension of M.

All these definitions remain valid for a regular manifold, by deleting the prefix "super" every time and
setting |D| = 0. We will use the tangent sheaf 7.4 later on which is the tangent sheaf of the reduced
manifold M,..q. This sheaf represents the derivations of O,.q4.

We can also define superderivations with different target space than O, itself. For any Oj;-module
B we can define (super)derivations Oy — B. These B-valued derivations are represented by the sheaf
Tv ®o,, B.

2 Splitting and Projecting Supermanifolds

We want to analyze the structure of supermanifolds. We define what it means to be split and projected
for supermanifold and we define obstructions to splitting.

2.1 Projectedness

We have a natural closed embedding i : Meq — M which is the identity on the |M| with the sheaf
morphism
it On — 14O0red = Onr /I

induced by the quotient projection. The kernel of this projection is given by Jiys. By surjectivity of if we
have an exact sequence

O%JM%OMi)OM/JM—)O

of Opr-modules. We call this exact sequence the structural sequence of the supermanifold.
A short exact sequence like the one above is said to be split, if there exists a morphism 7t Oreg — O
such that
itort = ido

red”’

The morphism of sheaves 7f induces a morphism 7 = (id, wﬁ) : M — M,.q of manifolds that also fulfills
i om = id. If such a morphism exists, we get an isomorphism

Oy = OM/JM@JM

which is an isomorphism of Op-modules (and not as sheaves of superalgebras). The existence of such
an isomorphism is equivalent to the splitting of the structural sequence. This idea leads to the following
definition

Definition 2.1. The supermanifold M is called projected, if its structural sequence splits.

We want to establish criteria for a supermanifold to not be projected. Before we do this, we look at
split supermanifolds.




2.2 Split supermanifolds

For a given supermanifold M of odd dimension m, there is a Jys-adic filtration of Oy by
Oy =Jy2Ju2Jy 2. 2Jn2Jutt =0

Given this sequence, we can define a sheaf of Zy graded rings by
CrOy =g @ Jpr)J3 & .0 TN TN @ T

The Zy grading results from reducing the Z grading modulo 2. This sheaf allows us to define a new
supermanifold Gr M := (|M|, Gr Oys). We call this supermanifold, the split supermanifold associated to
M. This leads to the definition

Definition 2.2. A supermanifold M is said to be split, if there is an isomorphism Oy = Gr Oyy.

The second summand Fy; = Jpr/ JJ%/[ is the fermionic sheaf of M. This corresponds thus to £ from
the local model of the supermanifold M (from Def.1.1). The higher summands are the symmetric powers
of Fyr

S'Fe g
This shows that a split supermanifold is completely defined by its reduced manifold M,..4 and the fermionic
sheaf Fj;. The symmetric powers of Fj; can be identified with the exterior powers of £Y. Thus, for a
split supermanifold, we have an isomorphism

On = N\EY

In the definition of a supermanifold, we only demanded the existence of such an isomorphism locally.
We note that we have an isomorphism of sheaves of abelian groupsin the case that the supermanifold
is split

m
Iu =P I/ I
i=1
Thus, split implies projected. The converse is not true; the isomorphism
OM = Ored @ JM

need not respect the grading for a projected supermanifold. Being split is stronger, as we have an
isomorphism of sheaves of graded rings in this case.

2.3 Obstruction theory

We want to discuss how it can be detected whether a supermanifold is projected or not. In the most
general case, this question is very much open, but if the odd dimension is low enough, we can get a good
grip on the subject. The theory presented here is taken from [Man13|. For the rest of this subsection, let
M be a supermanifold of dimension n|m.

In order to project M we need a projection 7w : M — M,..q that fulfills 7 04 = id. We construct such a
map recursively starting from id : M,.q — M,.q via extension of the domain. In the i-th recursion step,
we construct a projection map Opy/J — Opf/ J}g and we give a criterion whether we can perform the
next recursion step.

The recursion is initiated at ¢ = 1 by the identity map id : Opr/Jyr — Opnr/Jpr. We give now an
algorithm for the recursion step.




e Assume we have a projection 7 : On/Jar — OM/J]@. With the embedding z (QM/JM

O /I,  satisfies
zg o’ =id.
In the next recursion step we want to construct a projection 7t Oy /I — O/ J}Jl.

e We know that M is locally split by definition. Choose a covering U of |M| such that M|y is split
forUel
Oy =0y/Jy® .0 7t JIFe Ji.

e Define then the maps

Tt = O/ Jy o, Ou /T 5 Ou )T @ T ) JG = Oy /T3

where v : Oy /Ji — Oy /Ji @ Ji/JG is the direct product inclusion of the first factor. These
morphisms are extensions of 7| as we have

L A
p1o 7T;J+ =r'ly

for p1 : Ou/Jf @ Ji; /TG — Oy /T the first factor projection.

o We get

iy orit =iy oy = id

because the image of 7rZJrl is contained in Op/J{; and there the action is given by 7’|;;. We conclude
that TrZH is a projection.

e The 778“ are only defined on the subsheaves Oy /Jy. We can glue the maps to a global morphism
if they agree on intersections. Take then U,V € U and set W := U NV and define

wiht =75 w — 7w s Ow /[ Jw — Ow /Ty
We can refine the target space of w to ker p1 |y which means
Wity + Ow/Jw = Jiy [ Tyt = S Fw.
e The set wit! := {wi,, ) is a well-defined cohomology class
wift € H (Myeg, (Tat, oy ® S'Far)o)-
We show this in Appendix A.
e If the class wﬁ\}l vanishes, the local projections 77““1 glue to a global one

OM/JM%OM/ JH with ig+1o7'ri+1:id.

After m + 1 successful steps (assuming that the classes wa always vanish) we get a projection
mi=71"T Oy )Ty — Oy /T3 = Oy with if o =1id.
This gives us thus the following criterion on projectedness (see [DW15], p.14).

Lemma 2.3. A supermanifold M of odd dimension m is projected if and only if all obstruction classes
w', vanish in the cohomology groups HY(Myeq, (Tar,., ® S*Far)o) for alli=1,...m




Remark 2.4. e The classes wi; for i odd vanish for H'((Teqa ® S*Far)o) = 0 in this case. This is
because for odd i the target space S*Fys is a purely odd sheaf. Since O,.q is purely even, there are
no even derivations from O,..4 to S*F;.

e The classes constructed here can also be interpreted in terms of non-abelian cohomology. In Sec. 4
we describe how this is done.

We can now apply this criterion in specific situations

2.4 Applications

Theory for smooth supermanifolds For smooth differentiable supermanifolds, we have the following
result [Manl13].

Lemma 2.5. Any locally free sheaf on a differentiable supermanifold M is acyclic.

This derives from the existence of a smooth partition of unity on smooth supermanifolds. This property
is lost in the case of complex analytic supermanifolds, as the partition of unity cannot be chosen to be
holomorphic. Being an acyclic sheaf means that the cohomology in degrees higher than 0 vanishes. The
sheaf Tyr. . ® S'Fas is a locally free sheaf on M,y which means that we can conclude

red
HI(TMTed ® SifM) =0 Vi.

This implies that all obstruction classes wf, vanish. Therefore, we get that every smooth differentiable
supermanifold is projected.

Remark 2.6. One has now projectedness of any smooth differentiable supermanifold. With a little extra
work, one can now extend this result to also show that every such supermanifold is also split. This is
Batchelor’s theorem.

Theory in odd dimension 1 In the smooth case we could answer the question about being split for
all odd dimensions. In the complex analytic case we need a more careful treatment. In odd dimension 1
nothing can go wrong, though.

Theorem 2.7. Let M be a complex supermanifold of odd dimension 1. Then M is defined up to isomor-
phism by the pair (M, eq, Fir)-

Proof. We prove that any such supermanifold is split. We have Oy = Og @ O1. Because the odd
dimension is 1, we have JZQW =0and Fy = JM/JJQ\/[ = Jy and Oy = Jyy. This implies

Op® O
Om/JIm = % = 0y
1
Thus, we get
On=00®01=Z0n/Iy® Jy. (2.1)




Theory in odd dimension 2 In odd dimension 2, there is also the possibility of not projecting, i.e.
the case that W12\4 is non-zero. In this case, the supermanifold is not determined by the reduced manifold
and fermionic sheaf. But we can ask the question how much more information we need to reconstruct the
supermanifold. The answer is given by the following theorem.

Theorem 2.8. Let M be a complex supermanifold of dimension n|2. Then M is defined up to isomorphism
by the triple (Myeq, Far,wnr) where Far is a locally free rank 0]2 sheaf of Oy, ,-modules and wy €
HY(Tw,,, ® S2Fu).

Proof. M is augmented in two ways compared to M,.q. Firstly, the even part of the structure sheaf is
the reduced structure sheaf O,..4 extended by even products of fermionic coordinates. The odd part of
the Oy is given by Fjs itself. Thus we set O1 := Fjr. We realize the bosonization as an extension of
Onr. . by S2Fy;. This means that we want to define Qg such that it fits in an exact sequence

red

it
0— S?Far — Op - Opeq — 0. (%)

Furthermore, we want this sequence to be locally split.
We start by using a cover {U;} such that we have w;; on the intersection U; N U; as representatives of
w. Then define the sheaves
OUZ',O = OMred ) S2IM|U¢'

This setup guarantees that Oy sits locally split exact in the above sequence (). We define transitions
between these sheaves by

1/}1] : OUZ‘,0|UZ'ﬂUj — OUj,0|UiﬂUj; (a’7 b) = (aab+wlj(a))

This prescription gives an isomorphism of sheaves. The set of isomorphisms {1;;} satisfies the cocycle
condition because the w;; do. Thus, the isomorphisms constitute a gluing datum; this means the sheaves
can be glued together along these isomorphisms. If we change the w;;’s by a coboundary, the resulting
glued sheaf is isomorphic to the sheaf glued by the w;;. Therefore, the isomorphism class of the resulting
sheaf is well-defined.

The supermanifold M constructed this way is split (and hence projected) if and only if w = 0. O

This proof tells us how to realize the transition functions for the non-projected manifold explicitly.
Namely, if we have coordinates z;, wy, on U;, U; for O,.q with transition z;(wy) on the intersection U; N U;
and coordinates 6,,n, for S2F); we get transitions

zi(wg|np) = z1(wg) + wij(wi)

where w;;(wy,) lands in S2Fyr and contains only products of the coordinates n,. This means that we get
a fermionic correction to the even transition functions. The odd transition functions remain the same as

for ]:M-

3 Superextensions of P! of odd dimension 2

The goal of this section is to describe all possible supermanifolds of odd dimension 2 with P! as underlying
space. Before we start with the results, we recall some results on projective space. These results can be
found in Hartshorne’s Algebraic Geometry in chapters II and III [Har13].

Facts. We recall about P! := IP’}C:




1. P! is a complex manifold.

2. The group of all line bundles on P! is isomorphic to Z with isomorphism

7. — Pic(PY);n — Opi(n).
3. The tangent sheaf Tp:1 is an invertible sheaf and we have
Tpr = Op1(2).

4. P! is covered by two affine charts U and V. When we consider

P = {[xo : 21| (20, 1) # (0,0)}

as a set, we can write
U= {[zo:z1]lxzo #0} and V = {[z: z1]|x1 # 0}.
5. The first cohomology groups of the sheaves Opi1(—k), k € Z are given by

Ck=1  k>2
0 , else.

H' (Op1 (~k)) = {

We examine the non-projected superextensions of P! of odd dimension 2. The situation is that we have
given a locally free sheaf Fj; of Op1 modules of rank 0|2 and a cohomology class w € H(Tp1 ® S*Fy)
and we want to obtain the associated supermanifold.

Such a superextension is non-split if w # 0 and we state now when this is possible. We can remark
first that S2F); is a locally free sheaf of rank 1|0. This means that it is an invertible sheaf implying that
there is some k € Z such that S2Fy; = Opi (k). In total we get

T @ S2F = Opi (k + 2).

Therefore, non-vanishing cohomology is only possible for k < —4. We can restrict ourselves to the case
that S2F ) = Op1(—1) for [ > 4. This allows us to classify the superextensions of P!.

Theorem 3.1. All non-projected supermanifolds of odd dimension 2 over P! are completely characterized
by a locally free sheaf F of rank 0|2 such that S>F = Op1 (=) for 1 > 4 and w € H*(Op1 (2 —1)) such that
w # 0. Furthermore, we can characterize the locally free sheaf F by two integers a,b € Z

.F = HOPI (a) () HOPI (b)
with a +b = —1.

Proof. The only thing that remains to be proven is the classification of the locally free sheaf F. This
follows from the Grothendieck splitting theorem [Harl3]. Further

2 2
S*F = NIIF = \(Opi(a) ® Op1 (b)) = Opi(a +b).




We define P (a, b) as the supermanifold uniquely defined by the triple (P!, F,w) with F = [Op1 (a) ®
IIOp1 (b). This supermanifold is split if and only if w = 0.

Given these explicit descriptions of P (a,b), we can describe this supermanifold also more concretely
in terms of transition functions. The coordinates of P.(a,b) are given on the charts U and V. On these
charts we get the bosonic coordinates

OnU:z::E and OnV:w::@.

Zo x1

Thus we have the transition z = % on U NV. The fermionic coordinates can be described by the local

bases of F = I1Opi(a) @ I1Op:1 (b). The local bases are deduced from non-vanishing local sections. These
sections are given by —L; for Opi1 (k) for i = 0 on U and i = 1 on V. This entails

(3

T

1 1
OnU:6,:=—; and 6y:=—.
and
1 1
OnVi:im:=— and mn:= —-

Thus, we get the transition functions on U NV

_m _ 2
91 = w—a and 92 = m

Furthermore, we can give the cohomology class w € C'~3 as a vector (A1, ey Ni—3).

Theorem 3.2. The transition functions of PL(a,b) are given by

1 2
I s
z " —l—jz:l j

1
91 = L )
w*CL
2
0y = —.
w—b

The proof of this relies on the explicit structure of P'. It can be found in [Noj18].

4 Obstruction theory in terms of non-abelian cohomology

We present here the approach to obstructions of splitting via non-abelian cohomology as presented in
[DW15]. This is based on the insights from [Gre82]. As a reference for non-abelian cohomology, we give
[GW10].

Classification of supermanifolds of fixed odd dimension It is our first goal to classify all super-
manifolds of fixed odd dimension.

Let M be a supermanifold with reduced space M,.q. Let now Fjs be the fermionic sheaf of M and
& the locally free sheaf on M,.q that is given by ILFy = £V. We define then S(M,.q,E) as the split
supermanifold with reduced space M.y and local model £. Thus, we can think of M as a gluing of
patches from S(M,.cq, E) via isomorphisms. These isomorphisms are captured in the sheaf

Isom(S(Myeq,E), M) : U {Sheaf isomorphisms Oy —» A'EV\U}

9



In the special case of M = S(M,¢q,E) (the split supermanifold associated to M, also denoted by GrM),
we get
Isom(S(Myeq, £), S(Myeq, £)) = Aut(A°EY) = Aut(A°E)

We can identify automorphisms of A®*£ with the automorphisms A®EY by identifying a bundle au-
tomorphisms with its inverse transpose. Since M is locally isomorphic to S(M;cq,E), we have that
Isom(S(Myeq, £), M) is locally isomorphic to Aut(A®E). We note here that the sheaf of groups Aut(A*E)
is not abelian. The supermanifold M is defined by giving local isomorphisms Oy — A®*EV|y which are
compatible on intersections. By that, we mean that the isomorphisms satisfy the cocycle condition such
that we can glue the manifold M along them. Furthermore, changing these isomorphisms by cobound-
aries does not change the resulting manifold up to isomorphism. This means that an isomorphism class of
supermanifolds corresponds uniquely to an element in H'(M,¢q, Aut(A®E)). The odd dimension of such
a supermanifold is rank £. The set H'(M,¢q, Aut(A®E)) suffices to describe all supermanifolds of odd
dimension of rank £ as all locally free sheaves of the same rank are locally isomorphic. Since Aut(A®E)
is a sheaf of non-abelian groups, the cohomology is not a group but only a pointed set. What we have
achieved here is the classification of supermanifolds of fixed reduced manifold and fixed odd dimension.

Refinement of this classification In the theory of splitting, we need to refine this classification by
classifying the supermanifolds M with given reduced space M,..q and fixed isomorphism class of the vector
bundle £. This setting is different from the former, as we have here a given vector bundle on not just an
arbitrary bundle of fixed rank. In order to classify these supermanifolds, we look at the exact sequence
of groups

1— G — Aut(A®E) 5 Aut(€) — 1

The map « sends a A®E-automorphism to the induced automorphism of £ = .J/J? (when interpreting
£ as a local model and J as the induced nilpotent sheaf). The sheaf of groups G on M,.4 can then be
identified as those automorphisms of A®E that preserve &£.

We can then look at the long exact sequence of cohomology

1 — HY(G) - H(Aut(A*E)) — H(Aut(&)) — H'(G) — ...

This exact sequence says that the set H°(Aut(&)) acts on H'(G), where HO(Aut(€)) are just the global
bundle automorphisms of £. The quotient H(G)/H°(Aut(€)) (i.e. the orbit space of H!(G) under this
action) can be identified with the set of isomorphism classes of supermanifolds with given reduced space
M, ¢q and fixed bundle £. The set H'(G) specifies all supermanifolds coming from a fixed bundle £ and
to allow also bundles isomorphic to £ we have to divide out the automorphisms of £. We summarize our
findings by the following lemma.

Lemma 4.1. A given supermanifold M with reduced manifold M,.q and bundle £ induces a unique class

wyr € HY(G). The supermanifold is split if and only if this class vanishes

Obstruction classes The task of determining whether a given supermanifold is split or not is thus to
compute the class wys. Here we give a criterion when the obstruction class vanishes.

Although the interpretation of H'(G) is clear, we would like carry out the computations in the domain
of abelian cohomology. In order to do so, we define the subgroups

G = {g €Glg(z) —x e J Vr € /\'5}.
These are normal subgroups and we have the filtration

G=G*’>..>G"l =1

10



The quotients G?/G*! are abelian and we have the following isomorphisms of sheaves of abelian groups
(ke N)
GQk/GQk-i-l ~ T

Mieq

® /\ng and G2k+1/G2k+2 ~ ﬁomoj\{red (5’ /\2k+18).

The inclusions G* — G induce maps H'(G?) — H'(G). We can formulate a criterion for the vanishing of
the class wyy.

Lemma 4.2. The class wyy € HY(G) vanishes if and only if this class is the image of some class
¢; € HY(GY) for alli > 2.

Assume now that wyy is the image of some class ¢; € H'(G"). We can then determine whether there is
also a class ¢;11 € H'(G™!) such that wyy is also the image of this class. We look at the exact sequence

Hl(Gi—H) N Hl(Gz) i> HI(GZ/GH-I)

The class ¢;;1 exists if the image w(¢;) vanishes in H'(G?/G*1). This defines the i-th obstruction class
of splitting
= w(gi) € HY(GT/GTY).

The supermanifold M is split if and only if all obstruction classes Q¢ vanish.

Remark 4.3. In a similar way, we can also define obstructions to projecting, but looking at the subgroup
of G that preserves projections. This leads to the concept of obstruction classes for projecting, and these
classes are then precisely the classes w', that we defined earlier.

A Appendix

Lemma A.1. wf\/[ is well-defined in H*(Myeq, (Tyea @ S Far)o)

Proof. e w', defines an even derivation: Let f,g be two sections in O,.q(W) with W C U NV open.

Then
wiry (f9) = 7 (f9) — 7 (f9) = mpr (s (9) — 7t ()i (9) (A.1)
=1t (N (i (9) = 7 (9)) + (7 (f) = 70 (F)) i (9) (A2)
= 1t (Nwpv (9) + wiv ()i (9)- A.3)

But we consider 7¢; and 7, define the same O,cq(W)-module structure on S*Fy;(W). Thus, we
have

wiry (fg) = fwuv(g) —wov(f)g

which means that wyy is an even derivation on S*Fy;. This implies that w}h is a collection of
sections in the sheaf T,.q @ S*Fus.

e wi, is a cocycle: We have

why = d({ﬂ'b}) =  duwl, = d2({w%]}) =0

where d is the Cech-coboundary operator.

11



e wi, is unchanged by a different choice of 7i;: If we have different projections {n},} we get

r /
Wyy =Ty — Ty -

Then we have

] / 2
Yy =7y — 1y Ovped = S“Fu

is again a derivation on O req. Thus, we get

wpy = wyy +Yu — Yy

The additional term ¥y — ¥y is a coboundary, which means that

Wwig] = (W] € H (Trea ® S"Far).
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