
  

 

DIE GradedRing

Let R be a unitary ring and I be an abeliangroup
Wecall R a T gradedring it R Rg witheach Rr an
abelian subgroup of R and RqRq E R 4 Kt T
Terminology

R Ry thesetof all homogeneous
elements

RE Rr r to is a called a homogeneous element ofdegreedeg r y

deg R Iso T r t deger

degmm degcrsltdegcrzltrs.EER IGo



  

Most important 2 grades rings and 2122 gradedrings

A 7 22 graded ring is
also called a superring

Theorem Let R be a Tgraded ring Then we
have

i 1TRo ii Ro is Sebring of R iii Ry is Ro bimodde CiuVERY
Unit

MER g
Proof

i 1ER 1 7 8 StRs 5 5.1 2 SIR Srg o Kyoto
CRots

Kst R sry Koto sry Hg o 1 4 ER

ii Rois subgroup of R 1ER and RoRoER

ii Rrissubgroupof R and RoRg Ry



  

v Ryunit r Erg 1 r r E rsg rsjs otyts.toS s 8
ERJtsr 1 S g t Ry

Remark H R is a 2graded domain ne aditionalt have RI R

II a agER define Wea JIzlazto3 J cEarto3zo.FR 9,3 we
have

ab Larmut 9ha bgmnttbsmul aq.bg t t 98ns Smato o to to Rgmi.tbmn OER xxs.mx
Wab WG m3 0 Win Wlab WG ms

mal and web 0 a b E R

WealsoSee k 2graded Field Ko K and Kato Hd 0



  

Examples

R abitran ring R is fgraded ring with Ro R and Rr Eo Kg o

trivialgrading

VectorSpace Tut V SW 5N 11h 144are 72 graded rings

R comm Ring REX is 2gradedring with

Rki in d f CR2 f ix tdflxn.im tunAMER



  

DE Subgroup and Quotient Grading

R T gradedring and NEM subgroup Then

Ru 1 Ry is N graded ring

R
heparan with Ran fer Raw is PINgraded ring

Remark

Because we havethecanonical projection IT 72 22 we can see every

2 gradedring as 9 212 gradedring i e Superring

Ttt Sev 114 are superrings with es

Tut Toto Taz TWö v TIHj.ae V



  

Def Graded Ringhon

R S Pgraded rings f R 75 is a graded ringhon if me have

fis ringhom and preserves the grading i e ftp.gESg VgeM

Jef Graded Commutative Ring

R Tgradedring and E T 142 a graphon
R is a Ti graded commutative ring it we have

ab Es battqgtRMK.rs with 1.1 EodegIC



  

Remark

It E P Kzs is the trivialgraphon then R is graded com
R isgraded and R is commutative

For K and 2k graded rings we usually take

E D Kzs the canonicalprojection and E 7422 42 the identity
With this K graded com and 7422grad comm Coincide

Example

TW is neithercommutative nor gradedconnotative

SCH is commutative bet not graded commutative

11 is notconnotative but graded connotative



  

De Supercomnutator and Supercester

Supercommutator a b ab G ba
Supercenter 21A ac AIVbtAEa.SI 3
It 9,33 0 we say qsupeconnd.es with b
We have A grad com 1 21A
The Supercommutator fulfills

als ab C ba fit ba G as f b a

9 bis t f c qs f b c a 0



  

Remark then we haveH A is a supercorn Ring

9 Ja a for all at A All elements of degree 1

are nilpotent

Tensorprodect of GradedRings

R S P E graded rings Then Rees is again a Thc graded
ring with R zSly Rq Rz2,82 11

8 REX
The ring multiplication on Rees is given by



  

1 Vz
Ss Ck Sz C1

sz
for here ER Ko

SsSz ES In
Wehave Rus g K Ig E ES g µe

degkrnxosj.fr sz deglC1 n sm degers desSsh
desC dgl 7 dgG 71914deg

t des rz Sz

The factor f is needed because we want that when
Ris grad com then also R S grad com



  

rs G re Sz f
gg 1

s klttrawattsdisz

rz 5251
c Birdtlrdlrdtis.inthllSd

re Sz res
anftrittralllsittsz

gylrnxorzlls.az

R R 5,5 Tgraded rings and t R R g S s gradedringhon then

9 REES R rxostnfnxog.es is again a graded rishon

Wehave rxoscREzsywithrtkq.SESz htt X
frog ru Hr gls C R because the R 96k5g



  

f g Eis Vse tag GI ihre sind f fern gls.sc

f freif ge gcse
f Ist f Hat19411

ft gls taz Sz
lfxogkrsxos.li

flog VS



  

7 Graded Module

R T graded ring and M a rightmodule over R

M Pgradedrightmodule M My with Myabeliansubgroup of µ

Mark E Matz 81,4c T

Analogous togradedrings µ My
deg M Ko P mt degen y MEMy
deg mr degen deg r theMKo ER



  

Remark The definitions for Tgraded left
module and T graded bimalde

are analogous Again 07422 graded module over a Kks gradedring
Supermodde over a superring

khz graded module over a trivially graded field
Er Superrectorspace

If R is a spekomitative ring and M a rightsepermodule over R then
we have a Leftmultiplication on M Suchthat M becomes a superbimodde

It is givenby r m fair m.rV rc Rhkos.met49o3



  

Proof
Instant trittst1mi Isin lrllnltlsllmltl.SIrrs m Cn m rs f m Csr L ms inWINthis

µ Irl mittstsm r f Fsm sm r sm

IHMrm s Htmltriesmer s 11
m s ir r ms

It f S are Superrings and f R S a sperrighorn with time Cs
he S becomes an swerbinalde over R with

b s fern s and S r s.tk



  

DIE r s c s c.si s.fr tut s

o S r c r s f fas Sfv

Example

Every Superring can be see as a supermodte over
itself

TW Stv Iv can be seen as superrectorspaces over the ground
field

K of the ordinary VectorSpace V

From now or we are only interested in T graded modules over

fgradedComm rings



  

DI Graded Moddehon

M N Tgraded right
modules over Tgraded rig R

f M N is a graded right noddehom.it f is a
right modukhon

and flug Ny KREM
rightright u

f MEN is a graded moddehon of degree g if fis moddehon

and f Mg E g t HT



  

Notation

Hom MIN Hom MIN Set of all graded roddelon
between

M and N

HonIM.NL Set of all graded moddehon at degree g between
M and N

Yt ShiftingFunctor

M Pgraded module Foreach Str we define the Pgraded
Module Mit with Mcfly Mang and for f MIN
graded moddehon f s µ g Ms with f b m fln



  

FCH is again a graded
moddehom because

MEMlb Mrs flt m fan tNgg Nesy

We also have MIS f MISstSz and the natural bijections

HomIM.mg HomCMlSINIEHomlM Ms
Remark

In the case of supernodules over a sperrig we write
IM MIT Tf fail andcall ITthe paritychange

functor

Herewehave TIM M



  

Forthe Set of all f M N moddehon notnecessarilygraded between two

graded modules we write HomCM.ir the internal hom

HI Min important because when T finite then
Mur is again a Tgraded mochte

in contrast to Hon IM N HorstMMo
Reason

ffHIIM.VN We define ts m 1 mgg y
Let meMa to fsln So.gg lmysIy flmaIasENag



  

fgt HorstM N s
Wealso have flmt gfgtlmg.gl fgem

HI IM N
ltonlm.mgGen

Therefore every general right moddehon between Mand N canbewritten as

a unique Sun of gradedrightredKlon of degree s

We can define compatible Left andright multiplication on H M
via

ff m Hm and f m flram



  

Proof

Leftstructure rtl mit ofInstanz rtl t r Hz rt m a c
r f mur r fcm r Hm r rf n

Ihk f In hk fcn m rzten µ Kf m

RightStrecke fr m m f r mm fern t fame fr m thtr n
fr m r ferner fern r fr m r
fln m flammt f km f E m

heyare compatible because

fr m fern Es fan C1



  

They are compatible because

fr m firm ts flmr 1 finn
f Htmltwittern vlltmitIHMffm 11

flnWIKIfs rtl m

r f n rfen f 1 fair f f m f Htm
mg

c f m

From this Wealso see

fCmv fan r b t fern 1 r fing



  

Def Direct Santtensorprodect

Let M N be T graded modules over a Tgraded com ring R

Then M N with NIX My Ny Kreß and

M RN with Mur y Mq µ are again4 Ken

Tgraded modules
betrug



  

DI Graded Algebra over a Graded conn Ring

Let M be a Tgraded noble over a Tgradedcom ring R

We call M an graded R algebra if M is aditionak a Tgradedring
H M is a f graded com ring then We call Ma gradedcon A als
1Iteratively
M Mgraded ring We call Man graded Rab if me have aGradedringhon f 1 M with HA E 21M



  

Again the tensorproduct Man of two graded Ralgebra is a

graded Ralgebra bydefining men 204 G mir my

Def Graded Algebrahon

t MIN be two graded f algebras and f MEN a gradedmoddehon

Wecall C an graded Ralgebrahom.it fcm H faz for all 4,4 EM
Alternatively

The Diagram µ 1Crm fl 9nhmt tcgn.ir fcn gdr fcn
R ft i e r fan

Commutes
g fgmri fcmg.mn fcmIfl9mIrD HnI9vl

fair



  

3 FreeModule

Let M be a supermodule over a
supercontative ring R

Wecall M a freemodule if µ has a basis of homogeneous elements

f this basis is finite then We call M a free malte of finite rank
and write srank µ pig with P and q the n nsu of
even Iodd basis elements



  

Example Let A be a Supercom ring

AP 1 A ITA IA is a freemochte of finite rank pigP
qA Basis of 1Plot is given by en ep las eptq

with e ez af oder

The rank of a freemochte overthesupercom ring A is uniquely determined

Toseethis we take JA An Aj Aj tue irrelevant ideal in Aandbuild the quotient AGA We have 1 JAAin
AGA is a con ring with mit 3field F and ringhon AGA F



  

AP F is superrectorspace of rosa pIq Plot uniquely determined
A

Vector Matrix Representation

Let M be a free spermodde ofrank Mq over the Success ring A

Then we have an even isomorphism f M 1 9 that sends

the homogenes basis of µ to the homogeneous basis en epy of 1 Plot
Every a cANG can nom be written as

Pig q1
ein a P colum vector representation



  

But we also have a Äffeai ff c K ailo.ie
2 7 a a APc a

arm c Pta row vector revesentation

da AP au
a
PFA with c ai

We have a c 1 Pkt ö 91 ap even 9pm ap Odd
q einen

qua
P

3g
at AP j an a oder 9pm 9pm even

a
e



  

f A Ä anahlehon

Ptq
XE 1 4with E g i fix year rithy g.FIe yiFs
We now have flei g TI
with this

y fix ÄÄFFT X
i

y

t.int

TÖTET r

s
p 9



  

We have oft Hon APlotArts T even da
TE TE odd even

te Halt Äste
Scalarmultiplication

af a a fat a IE.IE ejTIxi fjIfejc.s Ts i
TETEalt

with E a



  

Hall flax at affeixi ffaeio.inteaiI
irtspxq7fIax EEejT lalleil

Es in G a i



  

Parity transpose

1 Plot has rank Pkt andbasis p em a
even daITAPlothas rank glp and

thebasis
es epi en engda en eng es erPlat Pig ever

evenEA E g i odd
in

1 n xp HI_ xÄ
is represented in ITA as

Ptt Ptt E Ä



  

We have Ff fa

We have 1 B 1 t BT A BT 1T BT 1 1



  

Supertranspose

Let A be a supercar ring and M be a freespendete one Auf finit sank

Then we have the dual module M HI M A
Analogously to ordinary linear algebra we have a evaluation map
L i7 M AM A was Km wem

For f M N we get now a map f N M
with the property f w m G w fing c 1 wenn

C w n



  

Let 1 Plot with basis er epa
Then for 1 Pkt HI 1Mat A we have the dualbasis
et ePtt with ei e Sij
Every we Ark with me µ can be represented asPta

wie
w Y Witz row vector representation

Wp

III
m vector representation



  

W in rom rer and m in cohn ver tlen hin wen is just
matrix multiplication

nix y wp.gg Ig
We now have Fcn IHM

wettet
n IEEE n Äffen g

From this one can see that w renegaded as a colum vector is givenby

in



  

Especially we have

The Supertranspose fulfills

At B St Ast regst

1BIST G A
stehst

Agszststst A Aszst A AT A



  

Supertrace

We have EI CM HEIM m MEN
for µ with finite rank by sending
ft EIcm F c es fce.gg c M M
andEstes CMUM

Sisi H c s
tts.msCE m

Butwe also have the evaluation map 2 M µ A

Es SÄGE



  

Thesupertrace off is now given by

Str t F Likethetrace in ordinary linear algebra

Writing f as a matrix in standard coordinates yields

Str

E tret c n t.AE
The supertrace has the following properties

By definition Str E m A is a swenevh.sn of A Mattes
Str XY L 1 str Y



  

Str XY L 1 str Y

Str XY c 1 str Str XY cm
Str y

141 11Str CH En strlxc.LI Stix
1

because140

Alternative way to see that suretrace is Basis independent

Str str x and stix ten Strix



  

idagtEnd AP is represented as

Str lidpig p q



  



  


