S UFCT - 5,99@"'{ mes and Suy&fsdq mmetvic feld ’{’Laeor:es
Some L;ié‘l’“ofg—

B Mass splifting problem —s There sre diffecent species of particles which infersct
identically With other pavticles, and differ from esch
others on /} in the mass of e p;v‘l’.‘des,

—_— H’ is posszble_ ’ﬁ, assoc;a‘i’e ‘H.e Foincaré grou/a w.“H, I~1%) :'.So.sp;h
grou m  svch > way thot the difFevent masses sre duve Ao
olichcrevH‘ Cl‘arges of the isospin 9roa}97

/] 5‘['3'\’:'6 quarK Model — H’ was discwe,\rc::‘ ) MOG‘éJ wlqere, ’f’L|e ihf'erna! S-‘F}aVoUV‘
5gmmd‘vy grovp .5()(3) and He  nom -velativistic Spin grov
SU(Z) wWeve non-fwv;a’/} combined info SU(¢) E: SU@B)x3Su(z).

(b Hiis way pari‘ic/e\s d:PFeY‘;wa bg_ spin it wmto o 56-plet of SU(Q)‘

() ") 4) \8n
E H s possible 1o combine interns sgmme‘h\ie.s grovps * H ~ nee% 4 / 4'6( =(4+( )

(describing interactions) and The Poncare gn n a )

non —’f'v*ivia?) wog 7 ’ )( - e gTeeR R onitory  “S-matrix”
{/ B .U (47/_, %(0 / Uh;-l’arg_ ) [SI u,] =0

Exis‘[’s 3 consistent QF wi‘{'L) Saqmme‘/'r;{_ 3{‘0UP n

U(ve..@wy,) = £ ©,0.0UWw)®. @,
G 2 Foinc (/f/ 3) x B ¢ ’ ' .
( le'\’ara mPr\?_Se,h‘l'a’b ov 010 'a) ngme{'yy

. ,n'{'erh?l Sgw;w)e’\'vg =P .Sabzmmcl’y COMVhU"L"V\ﬁ

with oincare 3\000)»



ﬁo/@mam ~ M&wdufé 4%1/1/)

Thin | Coleman, Mandula ; PL;S. Rey. 459 (49¢F)]

Let G be 3 connected Smee‘l'rg group of +he S—Ma'(’r;x, ond et Hie -Fo”()'ﬂ;b‘lﬁ condition hold:
() G contsins 2 SULgrcvp Ioca”# ;'SomoY‘PL;IC' 1o Rinc(4,3):a?,

(i) Al PaT‘{'i&leg. +3)°es correspond + po_s.'-”.'\/e -energy rePre.Se,n'}'erOns of ¥ For any fonite HL‘-R,, Hiere
ore Oh)} \C-'ni*d; manﬁ parh'c)es of mass less +an M.

(iin’) fbs{’\'c sc;‘H'er:na amPl,'-l'vc(es ae ana/;ﬁc -Func‘['/'OV) OP‘H«e ceh'f'e_‘r o{: massS enewraﬂ. and ‘H\e .Scsl#ev‘?ha_
Dng_le,/ M Some He.‘ghbouy‘L,ood O'F ‘qu_ Plys‘ca] heg‘-av)_

(im‘) For ang +o one -perticle momenfum e;gens'f'ad'e,s lpe>, [P, > 64{-(4)/ we have hat (S"i)(,P,R@le’)?éo
except perbops certoin isolsted volves of He center of mass energy (PP

)l. (A+ slmost all ener an
twe plane waves Scaﬂ’er). 231 7

(M) [-'red,.,,,;c;l assuyy.r:‘l'.'ov\ on the Y‘épr&&eﬁ"a”’bn o-F the aeneY‘A'I'oY‘s of G 25 fh’ll'eav‘a) OPCYQTLoYS in the
momentuym 5?a<:a_‘[

/I’Le,vw G S Ioca”; Zsomovflo}c 1o the direct onc‘u&f of He internsl %qmme;hy Jrovp and ?
EY‘OO‘F= Oml”’ecl, See pa’:e\r‘ 8nc‘ W;#’ewlj o -w;govoU\S ’(Jnemaf’ic avaumen'l‘-

ALOOE[’IO,@.S ™ 'TL:eor\Zes in A+A d:mensions adm'."’ on’i -meavcl and b;okwavd .sca""'ep‘,ng zPV'.ol&’hOn of (i.".)

2] ngmékries of the asction which sre wol capf'urec( by He S-mshmx sre pot considered
éy_ He theorem (e.g. discrete or SPon*aneousiﬁ”i brokoyn ones).

| §gmme‘h~la.5 descr bed é;_ Lie supe,ralaq,évas evade the Hheorem = SuPefsg_mme')’rg_
4)”993) Lopdj?:an,ski, So\m‘.ué - /Uacl. Plijs B/ KZ(X%S) 25%



) : . _’Hq /{/ /{/ , ‘/» further Yeadlna . prxV:math/040434¢ 5,d
Da | W@ g l’\/) On 6”50T Ca @ Of’ 65 WNIW - h slca-coer.s.COM/n'ns'. ln’l's sopeys mmei’ -
) Phy ghls/sopersgminervy

deli gnes - H.corem

# == deep wmotivation for Hhe studg of -SUPe—Ys;mmd‘wic Heories.

\’\l'-ahe,r classﬂ:;ca'[‘.on — f’zme,n“’ara Fa-rl’-'cles SPCc'-eS are ‘.de_wl':l:'.ec( wi‘H« 7"‘6)9 09 ’H1e, Sﬁmma‘l'rg, 3rou;:> (7(:
‘Hde 'H'ie/av‘a. Hang_ Par%ic’e 53(5+em are ob‘{’a;necl ’ll'en.sorivwa_ r‘em.sen‘l’a‘l'.'on sSpaces .

DA;BM'S qt/e\s{’iovm f:"’ Which ave He P05$:6le Sb/zmme'f'rg grovps whose ?’rre): é‘pehave_ like e,le_men‘f’;r;- Pef“l’;oles?

/rc,wsoV‘ c:"’lne,?o‘f‘g ~ Aéel,‘m c;“'ea_or& ewolowe,J W:'H/\ ’f'ensov‘ina -F./nc'l'ow ® wlqera oéa'cr/ts can k excl\gnaag
; W sveh a3 way Azt uchanaim& Foice is He ;o(e‘fr‘l’t'+9: amd cvery object has 2 dval

;: vnder +€W5°Y‘:h3-. Movreover L\OVnomeomoY‘PLn'sm.s betieen oé‘_jeci's pow«« a vectov Space.

(p C_g‘\’ég,orieé}’ e fmite diw\ev)siowa] Yea)OY"-'—,Se,h‘f'a‘*'io\/)s o-F gYoups are +&w50!/‘ C.s;‘l‘eg_ovﬂes.

;\._47 Undev which Cowdi"howj a +€V|$o\r\ c;‘l’é oY s -H—m, V&PVtée—n+a+1°0 cateaocy of some.  aro
and if 50, of whid, Kind of grovp’ j 2 0'4 FrovP,

D&ligh&ls Hnn — fverg K-lneor Tevsor ca{'e,gora»z s the repre sentstion caﬂ’egov\} of an aigLLv\a;c Stper -grovp.
\\“ D@{;ght - Moscow Hath. Jovrnal 2 (zool) no. T
RmK: Colemom - Hapduls Hom + Haag—topusegﬁsk-'—-s‘ohww\iIOY)/; state. that sepersgmmetry s o way
+O COMLH’)( Poincaré W|‘H4 «'V')+e.v~na] S myy;eh,‘es m 2 V)on-—","y\;\/ia] wag_ e/’gne,é +LW7 is

S"’Y\Ohi\r‘, and S8YS +,at ovp Ho very deep modiLications of quantum mechavics, Le SUpey.grovps
descr the most genevs] -5;mme'—+rie,5 of fuomdamentsl plgsics-



5 L ) 'Fuf“H"e" m?c‘;naz

vpec Lie  groups AATK] Koc - Advanes n Hoth. 2C, 8- 56 (49%%)
[ \/J Vwadavaéavx - Supersymme‘l'ro'( for Motematicians
[QFTS] Delgre et al. = QFT and Strings

Real Lie supev grovp — Resl sUPevmaw}Folol 6wt WUI»{'.'PI:ca-Hon omd mversg movphisms

3y groop 1o . | B ‘
Mor,a%:sm.s 'Il'o B} Qhﬂl 4-" R —> G d&?-w.ha ‘H\é U\m{’ o’emen+, Sa‘f‘,S yiv\a Usua, a_muP a)(lUVV)S:
5uporvw9n]{:o\°l
CA:) Mmoo (.I "/V\) =M e (/Axl) (35305',3\":V:]'#) (1 :den—l:"}‘; Mo‘fPL\.Sk«)
vsing Ponctor () oo (Tx A) 2o (JMI) =4 (mverse]
of points

Gi) o (Txd)ope o (42T) e T (idewtiby)

— Real supermonifold € soch st for ny sopermanifold T, Hom(T,6)
6 5 growp, and for MY supexmanitold S and merphism T35,
the comvesponding map  Hom (5,6) — Hom(T,6) is 3 group hememerphism

U tpitor of pats T —> Hown (T,é) s 3 Fomcdor into o ca‘{'egdﬁgt of gvovps

A&iw\s of Svpes lie 3rovps, SUbSUFef Jroups and  stabilizers are defned o5 i Me classical case



Feample: RTT = Lot (4,8) 20 o, x7,8%.,8) be slobal coordinates on G, then for ony
supormonibeld S, st Hom (5,€) is m A& correspondence
with dha set of veckors (£,9)< (Bho, F g, 1), He 7 (resr g%)
being. even (resp. odd) globil seckiows of the shuchve sheat 0.
On Hom (5,G) we lave the addibve grovp shruchre
(Eg) +(f)g') - (F+¥, 3+g')
Se S —howm(S,6) s He grovp valved Eamctor defining RFI(\ as on sheliay
supe Lie group-
Feomple CL(plg) # Take He spce of dim plg -matrices MP Rﬁﬁzm

wZ-H‘ coovdin, 31’@5 wwI'H'er) °3

B
(ﬁ D) A (a;)') D‘(‘J&fﬁ) even  svbmstrices A ')é(f
35(1’,/3‘) C=(C_La-_) odd  svbwmatrices /{6"(;/3\("
Then GL(FH) [N ‘H\e open SULman.'-E:Io( of HPH vhose requeed PaY"}' S
GL(P) < GLM) A moY‘PL.‘Sh_. n H’om (S, HP'Q) 1S 8iven bj 5 Set o‘F 3’&»3,

aven scd‘.ows 9;)-Id&/360(5)6 ) b;ﬁ, C‘*‘ée O(S)j( / and SucL > MOPPL;SM c(e_p.'ne_s

a worphisim into GL(pla) iff dez{—(a)cw{'(cl)e O(S)* Cﬁw’%. Tle grovp
6‘l’r‘l’0 vee. of HOM(S, GL(P"’\)) S 'H'-e-v\ oven bg Ha usval mathe x

ywuH’.P).'ca—l':oY) and S —» Hom(S,éL(PIQ)) defmes GZ_(PM) [y ©
Super Lie group.



SUP&" [ie 9'925%‘83
SUF&ralylw? —& Supex veckor space A Hhat is an sssocistve algebrs willy omit sueh thet
muH’-'pl-‘ca%on s 3 morphism of super vecddor spaces Ae A — A
(ln pockicvlar His mplies |ab|=|ol +| bl for abeA and I-1:A = Z, Far.'t«,)
Lo A superalsebra is commotative F o oc,,2m for A Aoh oA milkpleation  and

1 |w
c :V@\/\] '—i?\l\l@\l CanMI/";']'.‘v;"'a isomo“'Pll:S""', Cs/,w TUOW —P (.’A)IIU'I ,W'l)_

vw
[

Lie superalgebrs —> Super wector space 9 uith  morphism [—,']=3®2 — o s.t.
) [-1e(Avey,) -0 Doceb.
©) CL N (uror)e0 o g® oS ephe ook
Lo from He defmition Follows immedistely Hat
(4) G, s on ovdnsrg Lie algebrs For [, ]

l'i;f) a,A is 9 go—modu)a for the action %OAPEWJ‘gu) ’ ch(a)(’:) =[9,’31
2 > 2d(3)

(,w) E:']‘ S—AQQA %, is 2 ngme‘l‘Y;C z,o—-\rv;odu)e mop
sk —[55)]

(W) Y oe 2,/( we lave [_-9, {:a, 31] =0



E Given 3 svperal aclpva A we can PVOMO‘,’Z t 1o o Lie supwal;zéva deﬁh;w&
[5b] - Mo (4-can) (5 b) . Tle resuHﬂ'h} Lie superalgebro s dencted A,
m [f A=End(V] He covrespending Lie supevslgebro i denoted End (), zaf (V)
@ For Xeq , ad: q — £ad(3) ad(X)(y):f}(,)’] ) ) scob: ;clen%hl’g, becemes
[ad X, 2d ¥]=2d[X,¥]

Lie supercalgebra. of oo Supern Lie Ylowp

Th [ Thn €.AA4. [v]]
The Lie algz/:\ra 2=Lie(6) of 3 super Lie group (He set of /eF+/r:3h+ ivav.ont
Vector felds on G) is spamed by the set of lePt (resp. vight) iwornal vecfor Peks

X Z(D/A}) Ox > (mSP' x Z(D/;,&) {9%3 )

where ZeT;_C;, M GxG —s G is the MU)‘IL[D,-Ca')'.OV\, x? dee He coordinates on He
po‘m'l— on which Xt (wzsra ,__X) s cons.cdered ) ?K sre He coordmstes at He
or:gn ec€ G/ and /A’(x,g) ’—'/A(ﬂxx)-



7] F;rku’as QBO\M/ one verg L\;\ndg -F;r Ca,cu[a'hons of /g_{?-f-/p.‘al«d‘ MVSY‘;QV\'}_
Ve—o‘l"of EFOMS- f;'r 3n6+ance, "M ‘sz cose G=R4u we t)aV‘z

(X,@)(x" 9') =(>‘ l'x' +96" O + 9') ond +l’12ﬂ / Z_,‘@ 9}2—56\(‘&

S 5+Y“l/o'("UY~€,
Lebt v = D=9y Dg= -0, +9, =» [ D,, Dy]- 2D,
Q:;\ﬁ" o D,< z D;( De S 69)( + DG



BY\\:@? X“&CUF QI‘POJ\/ SF;Y) YBPY\@%M%&’I',‘OQS
ond  Cliffoyd medrles

ﬂm The grovp SO(n, €) is comected. Tle grovp SO(p,q,P\) is connected ifF
p=0 or 9:0. OHeruwise A has two connected components.

Def  let V be o fwte dm vector space over » feld K of chovacterskes O. 4
c}\)DclrQ‘,'.'c form s 3 Function QN —K st Q(x)si(x,X) where & is @
ngme'i'r.‘c b.".‘wea\" L. F & s non—-deaeﬂer\a{'e We s34 HT Q s
nov- degenevted. A quadvatic vector space is 2 par (V,Q) wheve V is 5
Finite dimensional wector space ond @ & 5 non-degzneva‘tz qV:'dY‘B'I’:'C form .

Dt The (lifford algebra C(V) of a gusdratic wecter space (V) Gl) s the sssociahive
slockys geverated by vedtors wm V ul, He velshons w?=Quu) A Vel

RmK  Relations for the <lifford al}zbva are eguivalent 1o xg+gx=2§(x,g)-/(_ A
pas:c:sl’ =31 $‘&Pa1} Hink of the Clfford alg,z[;ra as the slgebrs genen;‘/'&e(

by Divac §-motcices fov 2 vector space NV with metne &

Rl Tlhe (lfford algebra C(V) s a sperslgebrs uhere an elemest of C(V) has

grachug O (resp 1) # % is 2 product of sy even (vesp. odd) mumber of

Veetsrs ofF . /7"5 dimension S Z.d;m('v).



Thw, [IV] H 533, 6.3.8]

Let ¥ be 9’9@6\/‘35@3)}9 closed.

) I d:mk\!)s'Lm is even, C(\) ,—\:_ELCJ(S) Lr S soper vector spoce
st dim(s)=2""" "

) K dim (V) 22met is odd, then C(V) Z C(V)7 @ conter (CNY)), (V) 2 Eud(S,),
center(C(N)) 2D, whave C(V)' isHe even pact of C(V), S, s 3 2™ gm
vectoe spoer and Dz C[e] wth [€]=7 and £'=4,

Rk For dim(V)22m, bt & and ST be Hhe ewn and fhe odd part of S
respectively. Thew C7(V) 2 End (87) @ End (57).
Conste Lot T'-fueC" [uVutcVE chsed Lie subgrovp of C*
Toke @2 T —=Ed(N), @@(@)caaa? sction of TV on V.
Since @(unfv\"‘)-/=("‘“f“"')z'/‘= warta? - Q) A we bove
2t MY —> 0 (V) c End (), Ker o= K™
H can be proved ot Lie(ct*)=C} ( speralgebrs <t Lt He sl Lva)fe,lL’)
and L;g(l”f)=2ueé*{maf«4ﬂ«6\/ V/U‘eV} . Tlew
da: Lie(IM) —> 8o (V), d2(u)(v)= aor-vra ,  Ker de =K,



H’ com  be [Osroveo‘ «H‘;‘I‘ we hove ‘/'Lne 1DO”OW.'V9 29V8wca of Le ;]2,,},\,-95
l\s exact
+ d=
O —» K —= Lie(I"") —>82(V) —F o0
Moveoves doz(xg)(tu’): ZH,(#/U‘ for v eV and /"(xd,,é./be(‘\/) gevergtor
of wo+a+.'°w5 i ’H-\a f(‘éwg spanned % x/g m V.
Tlos de‘?:h;ha C"= spaw ng;aqxeL;e(r'*) , x,;ﬁ—Vf we gz}b +that

del c* -ly/:)o(\/) 1S o .'somev‘pl.;skq w it invevse
A
§: Hag =& (xg-4%)

R IC - Iw"'er)bm{"m?' C(V) ss the a)gzé’va 2&\43\(\;1"4@( é-ﬂn( Direc ~moTrices, e
ronk A demedts in C(V) are eﬁd’{} the watnices J, KA, . 3:5_/{ and
¥ skove is e 3P assocZ;rl’.'haO, fo each elewent of Hie /—o\r‘eva al;alms
‘H\e, CWYeSPW?d:ng ;a«he.r\a‘l’ov‘ in ‘qu_ SPoce oF D:'V‘ac Spinels
Huw = 50,02 5 (50, - 0,8 )
Nete ot the spltfing s=s'@S™, 'z End(s )@ End (57)
cormsponc(s to e sp}iH'-'ng of the Ho(4,3) acton on 5 Drac SP oy’

s twe cor»a'uga‘h:o‘ octions of an(z) on C Wég) SPMOY'S .



T ] LV A 5.4 7]

T am(V) 53, then € s e wvigue sobolsebrs of Lie(T") isemorphic

to /Jr:(\l), ond § is the oo’g Le algzév‘a mop SF/.‘#:hg Heo exsct
Seguene O —» K “—“71:3(77"’) —r (V) —F 0O
Moreover C° ge_\r)ev\a‘\Les C)((\l) 3s an 3ssociztive algebry.
F K= and GCzexp(C*)c T Hew (6,2) is a dovble cover
of SO(\/) ad  hevwece G SFM(V)- In His cose G is He
uni Qe Connected 5ué;,r‘oz/}a of I coverivg 50 (V) and is +the
Universal cover  of SO(V). charsetenzstion of G

Thwe [EV] i S 4.4 o 5 B subgroup of

Lt B be the waigue snkiavtemorphisv of fhe wgrsded Clord algebrs C(V)

whic), s the ?de_nt‘{'g on N, Bk R X, e
The mop  (f: ]q———v(ﬁ*'/‘,xl/ﬂ?' £f5(x), i5 2 lomomovphisn, (et
Gz (A)ATT 2 §x el xVxcN, «Bx)=4¢.
IF dm(N) 22, tea G is am analoﬂLic 5uéﬁr‘oup of c** of Lie algebry
C" and (6,2) s 2 dovble wver of SO(V). h particulsr Spin (V)

|\



V 4.
Prop [TV] prop 5.4.5] Frorn B complex
let NV aré,"i‘rgr&/z vector Spoce over C. fo the veal case

ﬂem SPM(V>: gx=ﬂ&-__.-/\S'ZY.' (U'I—E_\/, @&4)‘;),_/} &_/

£o§+¥‘ ¢ Cons.der N vedor Space owver K. Lt V‘r_ be s camp/ex.‘)t.‘c;-l—,'ow, snal
et x1—x©Y be He unigUe ceha{ug,a’f'lo\n on C( Vg ) e’d’endiwa He cona'uga‘}'.‘on
on V£ wl-aose, -F-"kecl F°“"+5 ove e,{e,mem‘f’s o-P C(V) ﬂg a:y,a'uga‘h'on Commu‘f'es
with %6 and so i+ leaves Sp.‘n (Va:,) mvaviont. We define

SFM(\I) = gxﬁ SFIV\ (V(f') ) x=xc°"‘j§.

Thw [ [V Hon, 547
(et N be o resl agusdratic vector space and ot Spn (V) as hefore.
B dm(V) 23 Spin(V) isthe dovble corer of Fhe component SO(V)° of 30(V)
comected 1o the dentidy.
£ V=RM A, Spn(pa)2 Sf.'h(V) is chovacterized 2s the wnigre dovble covev of

SO(V)G when one of p,gs4, ond s He migve  double cover 7‘1’3-}— is nentrivial  ovey
beth SO(P) ond SO(q) when pq »1



frop [ [V] prop 543)

'l’/ov‘ P.g2z0O we La\I&
Spm (R A) = 0~ argg w, - wyy [, weV, Q(an)=A, Q(w&-)«"%

SUmmarg[, anad  firthev comments

We obtomed an embedding Spin(V) e C7 b particolsy we lowe o bjection
betveen Simp e CT-wmodvles and certsm wvedieible  Spin (V) -modvles. These ace e
spin and Semi-spin representotins (for dim V oeven snd odd vespeotively).

¢ Spin medvles sre irveducible C'-modvles (called Clifrd modules).

+ The 2lsebra C" +uns ot 1o be semisimple , nd  so He reshriction of any
CT-modvle 4o 3 Spin (V) ~medvle s 5 drect som of spin medules. Restpetions
of C -medules 1o SP:v,('\I)—mod,/les ave c3led Spivoral modvles.



SUFO(‘ Poiy)caré &ljg/éxfa

[F we cons.:dey He wmore yna;' 5@#% of Lie .5alaer~9)g¢brajl

which are fle vestrictions ana)oao,ous fo He ones imtrodvced é#

Coleman - Mondvls  thn  for ordin>ry Le al;eévas?

Nocl Plys. B, 89 (4795) - see slso Sohmivs- Phys. Rep. 428 (4785)

HQQ?-LoFUSb'anskl ~Sohmuvs —> Tle mest ;.ener‘a] Lie Supewa)}eév‘a c°n+a.'h:n;, He Poincore
grovp ond on infernal Sgmmetries group B s generated by
P M gemerstors of Poncors

5-$@& _

I o =4 /ﬂso/ r © By (Poincord ) sealor  generators of R Z, grade ©
@ 50 - Z;  centrsl  gemerstors

[Pﬁ\., P, 1-0 . Q. rek 4 Spinors g' Z, grede A

B, Hocle i (MasPe = mps ) _ _. -

(o oo 1 i (oMo -4os My | [Q%, Huo T3 (00) 205 [@0, Man] =50 ()%
”"Mf“vo’*"’)M’M"f) L—Q&:&J ) 1:5;, Ful=0 _ | |

[B.,B,]- c& B, [Q%,BJ=(b)5 O [@%,B.1--Q4(b,),

I8, P.1-[B,M,y,]-0 [QL, @;1-25% (™) F

[Z.; ,ongthing ] = © {@i,@fé 1-2e,p Z% [623,623‘?31 =-Z€.;¢,'SZ’.‘i




N@g’ed[’jng Co‘r A momen"’ ’H«e ;zwef‘a’)'o\(‘s Br thl Z%
‘H\e_ So ca”eol SUPev‘ Polwcaré a’gﬂéra. /71' s 2 L e Supev‘algaév‘a

3 s.t \

(%) ﬂ,o s 4he Orolinarj Foincare olgebya \\\R"d_x@/ﬁo(/{,c"’()
(a+) af 5 9 resl spinorial moduvle S for Spin(4,d-4). It con be
redveed imto N real spn modules. ~— Extended vaﬁrﬁai’hM@-{—r}

ln Mnkowski sigmetue  alwags exists s Symmetnic equivariant poiring
M SxS —» V|, egquivaviant wrt Spin(V).

We regavrd S a5 o o - module , where U gets ‘l"v\:v:a”oq on S, Tlen
cle,ﬁh;,,? [s0,5)=T(305) |, 5,55, we lbove 2 super Lie 3l3ebra,
becovse of Ls [5s]]=[s a]=o0.

@ f S is o res| Spin meelu'C, s omigve  op o sealsrs, and e sigh of
He sealoc com be hoosen so Mgt Lor se S\ 20%

( as, T’(s,s)) > O Yawe VL%‘mel:/Cc
B S-® S, G S rol spin modles, Th: S50 —R postie 55 before,
then T sy, 2oty — £ 7,7(5;,15;), s postve a5 well. Pos))-tv.'l—;, s crveigl

to gwf' 9 f?os:{’:ve e\qeragl of e Pl,(;ls:cal saqs‘f‘em‘



Fived T 508 —o\, S-@ S fir S ivcedvaible spm modules,
we com choose 3 basis (Q)) hr S, 4N, s 4hot [QF, Q1 1- SPTLP,

@ Tle wiroduction of He gelerstors B[ ih the Lie a’gﬁévp
£ /\’y\"\ual\ ‘Peaarcliha He celitiral CA@Y‘;&S Zg/ ﬁ.e; ar.ses when
the Sézmw\e;hic part S®S cotans Some opies of the  Hvidl
repre sevitation, i€ fleve s o -é‘zhom&‘/_b;c Fa.‘w-'hg, SeS —R°
G some <. Thew we con Byvn 5 new L syperal gebray 60‘1
Qolclg\,,a ?EC' t Hhe even povt of He Super P:Mcaré algp_ls\r&/ 100\"
any ccc: g=Ve R @ /50(4,c|—1)@5 ~This is said 3
ceryral  extevsion of ’H«e, Lie .SU)D@V‘nge,bY‘a.



5 U)a 20 Spawﬁmeé

(o]e,a => 7’L¢ sfvv))o’e\r uaﬂ ’16 w.a)(e = “quoyy ;v)va\vi’a\n‘)’ Undey 2 gven Sao{mme‘l'r;l-
s 4o define the theory ower 3 spoce Whose growp of sometes
contawns such %qmme‘l’v:es ('m ’Hq.'s wag 7"1\{, ac‘hon, gzvcn 59 ‘H»e,
'lh‘\’e,gva)riovl of e ,991*’31’19;9"‘ c(e,v,shly ovex The whole s/usc_@‘!'.‘w,&,

(s ih\/;h*.@h‘]')

4,3-4

@ Consider the Lie Jupe,ra’%bra ci: R S obtomed fiowm e sypex
Fotncove Blgebry  remoung the Bo(4d-4) enevslors. H is o supersghmetvic
extenson of the shelon spacetime tramsbtion algebra R*%% buk 3 i not abelion
shce | 40, However, [35,[6,¢]]=0 Nab. e
The corresponding supes (e group [ =e,<F(gL) s called  supevspocetime.

05"”3’ te Bl formuls we do,e/‘l"
exp(A) exp(B) = exp( A+B+TCAB]) VABeq
Thos we con iole,m'-,'l-‘é L vl g and defne the grovp low
AeB = Ax B+‘?fA,EJ



From the ;l?l,L\raic poivl of view, [ could be chwvocterzed o5 follows.
Take (Bm).(Fa) boses of R4 snd S, respectively tHen for ong Supermah:{:o,d
T, Ham(’r,?j) con be iSenkiled with (S T,) where B, and 7, are olements
of O(T) thot sve even and odd, respectively. Eguivolently

Hom (T, G) = (3@ O(T)), = VOO(T), ® S® O(T), .
Cle_av)g_ [Hom (T, 5,) is 3 Lie slgebrs with e chy hon . Triv.a)
bvacllet+ [SA@ZA, s,@‘lﬁz] =—T—'(s‘,sz) T4,
where T, T, e D(T),, 5,526 9.
We nou 112 Hom (T, L)= Hom(T, 5) snd ve defne » 6,'war0q operstien
on Hom (L) by AeB = A+B+;[AR] for ol A, Be Hom(T, g )
The Lie algz,lay-a structure on  Hom ('T,E',) imples st this s >

8Y‘OUP l'au.



) 72 ﬁ‘OM ’H\e_ gY‘oUF MU)'ITP)"CB’HOV) \,JY‘;'H'ey\ N CooY‘d,'V)a’,'%
we N 91?;’/3 'H'\e prev:ous ','LeoP&M o '6‘F+/p9L-}’ ihuay\;aw+

veetor f.‘dols (o}%) §UPU§onF$. U,_S.'hg_ (x, 6)' Qx', 9') = (X”, 9”
\Nl’\ev*& x”ﬂzxm+x'ﬂ—§]—;/]:999'b Qh9= 69"' QIQ
we 22/{'
‘ P 3 Lam b
left av. v Dm; M Da‘ z Falp 7 g)/m +ds

r"al«—l‘ w o VL. D = ;)/v\ D;:«-Z'f ng; 9" 9/“ ¥ 99

4 Bollows st (for botl, lefH/rignt inv. vt )
(D, PL] e 779/;: 9/1«
"’L\us VhaKi\qa, "H—\{ ;deh‘l‘(‘P)Ca‘k@V\ P/,Ae-—vD/V\, Q; HD& e 901”

2 Y‘ePu\e_S-e,ln'l';‘I’;C)n of Hhe Supex L:e nge,éY‘a % v terms of
,eP+/r:?L+ fh\l@ﬁ?h’,’ Veo’h:Y‘ l_\dds

% /m‘H«.e/ ex-l’amdécl Cos-e S;@S‘,/ ‘Hz\e_ mU['t'P/"caﬁ'OV) Propefx? mes

)

~ Aba LN On On
x"/“ster'M»’Z(é_fa':Gae e ~ . 0% 4+0
A



ODuvtro

Given Some superspoet:me M and » bundle E—M, one could
asK  for e avzlog ve sf Pimecare mvaviant Ffeld equations in He soper
context: More in %newal one  ecould be intevested in the G-invoviant
super d: fFerent:s| opeY'ators D for 2 gien seper lie growp G

and  W» Hhe solitons of te eguations DTF‘:O where W is 3
gloéel section of H, structure sheal.

Tlis g-‘ves onw extension of Klewm -Gevdon and Dirse o;uer.;'l'om,
and uH:ma‘l’eIa‘L lesds To the formulston of Hhe Su;aerséfzmme‘{‘rlc
3h8}09U€/ of clossical f£eld 'ﬁneOV‘}-

Mevrecover one covld extroct from & Supcr-f:-'e,ld it componev;"l'
£elds oé‘f’a;y\;hg Seveval cow;/oohem’)‘ Lelds., ThYs leads 4o He
hetion of multiplet snd 4o fhe ides st > Supev particle
defines o mulkplet of of‘d'-nar; particles.

Ore could 3lse impose superfield eguations To the metric of an
Uhsfec;(?:eo( SUPeY‘Maw;‘polé o!>-}-amm§ n s wof 3 Supev‘g“f‘a\h""g_ —H,eovy.
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