K; OF CERTAIN IWASAWA ALGEBRAS,
AFTER KAKDE

PETER SCHNEIDER AND OTMAR VENJAKOB

This paper contains a detailed exposition of the content of section five in
Kakde’s paper [Kak]. We proceed in a slightly more axiomatic way to pin
down the exact requirements on the p-adic Lie group under consideration.
We also make use of our conceptual theory of the completed localization
of an Iwasawa algebra as developed in [SV1]. This simplifies some of the
arguments. Otherwise, with the exception of the notation at certain places,
we follow Kakde’s paper.

Let G be a one dimensional compact p-adic Lie group and A(G) its Iwa-
sawa algebra. The main purpose is to establish a description of the K-group
K1(A(G)) in terms of the groups of units A(U)* for a suitable system of
abelian subquotients U of G. The strategy for achieving this relies on the
following commutative diagram

1 — u(0) x G ——= K{(A(G)) — O[[Conj(G)]] —*~ gab —— 1

T SR W

1 —— p(0) x g#b P v geb 1

which to explain in detail is not necessary at this point. We only mention that
O[[Conj(G)]] is an additive version of K;(A(G)), L is the integral logarithm
of Oliver and Taylor, and ® and ¥ are the description we want to achieve
and its additive version, respectively. The upper row is exact by work of
Oliver (and Fukaya/Kato). In a first step (section [3)) the somewhat easier
additive isomorphism ( will be established. Then it will be a major point
to define the map £ which makes the middle square commutative. Finally
it will be shown that the lower row is exact as well. For both see section
[l Once all of this is done it is a formal consequence that the map 6 is an
isomorphism. Some of this will be generalized to the completed localization
B(G) of A(G), additively in section [3] and multiplicatively in section [6| The
latter requires an extension of the integral logarithm to the B(G)-setting

(section [p)).
1. SKEW LAURENT SERIES

All Iwasawa algebras under consideration will have coefficients in the ring
of integers O of a finite extension of Q,. We fix a prime element 7 € O. Let
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G be any compact p-adic Lie group. We assume that G contains a closed
normal subgroup H such that G/H = Z,.

In order to give a description of A(G) relative to A(H) we choose a closed
subgroup I' C G such that I =, G/H and we pick a topological generator
v of I' (in particular, G = H x I'). We then have the ring automorphism

o:ANH)— A(H)
ar— fyafy_l

as well as the left o-derivation ¢ := o —id on A(H ). We recall that the latter
means that

d(ab) = d(a)b+ o(a)d(b) for any a,b € A(H) .
Proposition 1.1. (Venjakob) We have the isomorphism
AH)[[t:0,6)]) = {>_ ait’ - a; € A(H)} — A(G)
i>0
sending t to y—1 between the (o, d)-skew power series ring over A(H) and the
Twasawa algebra A(G); the multiplication on the left hand side is determined
by the rule
ta=o(a)t+d(a) for any a € A(H)
and by continuity.
According to [CFKSV] the set
S:=5(G) :={f € A(G) : A(G)/A(G)f is finitely generated over A(H)}

is an Ore set in A(G) consisting of regular elements. We then may form the
localization A(G) := A(G)s as well as its Jac(A(H))-adic completion

—

B(G) :=AG)s .
Theorem 1.2. ([SV1] Thm. 4.7 and Prop. 2.26 (i))

i. The isomorphism in Prop. extends to an isomorphism between
AH) < t;0,0]] :={X ez ait’ s a; € A(H), limj_.oc a; = 0 in A(H)}
and B(G).

ii. B(G) is noetherian and pseudocompact with

Jac(B(G)) = {>_ait’ € B(G) : a; € Jac(A(H))} .
€2
iii. B(G) is flat over A(G) and hence over A(G).
We point out that the commutation rules in the ring A(H) < t; 0, d]] are
considerably more complicated. For example, one has
at™l = Ztiaé_i_l(a) for any a € A(H)
i<0

involving an infinite Laurent series.
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For later applications we note that, for finite H, the pseudocompact topol-
ogy on B(G) is the w-adic one.
Let U C G be an open subgroup (equipped with H N U).

Proposition 1.3. ([SVI] Prop. 4.5) We have

A(G) = A(U) ®zw) AMG) and B(G) = B(U) @xw) AM9)
as bimodules; in particular, A(G), resp. B(G), is free as an A(U)-, resp. a
B(U)-, module of rank equal to [G : U].

In the special case where H is finite we find an open subgroup I'y C I'
which centralizes H. Hence I'g is open in G and lies in the center of G. It
follows that

— A(G) is an A(T'g)-algebra which is finitely generated free as a module,
and

— B(G) is a B(I'p)-algebra which also is finitely generated free as a
module.

It is a special case of Thm. that B(Tg) is a complete discrete valuation
ring with prime element 7. Using the Weierstrass preparation theorem one
sees directly that A(T'o) is the localisation of A(I'g) = OJ[t]] in the height one
prime ideal 7A(T'g) and hence is a discrete valuation ring with completion
B(Ty).

2. ADDITIVE COMMUTATORS

For any ring A and any set X we let A[X] denote the free A-module over
the basis X. By [A, A] we denote the additive subgroup of A generated by
all additive commutators [aj, as] with a1, as € A. We note that, if Ay is the
center of A, then [A, A] is an Ap-submodule of A. Finally, for any group G
we denote by Conj(G) the set of all conjugacy classes [g]g of elements g € G.

Lemma 2.1. For any finite group G we have
0[G)/[0[G), 0[G]] = O[Conj(@))]
as O-modules.
Proof. We consider the surjective O-module homomorphism
O[G] — O[Conj(G)]
9+— lgla -

Because of gh — hg = gh — h(gh)h™! it has [O[G], O[G]] in its kernel. On
the other hand let ) geG g9 be any element in the kernel. It is the sum of
the elements } 1, agg in the kernel. In particular, }° .1, ag = 0. Hence

Y agg= > aglg-h)= D agg1(ghg ' —h)

gelhla g€lhle 9€G /G,

= Y agy((gh)g™ — g ' (gh)) € [0[G], 0[G]]
9€G/Gh
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(where G}, denotes the centralizer of h in G). O

For our Lie group G we put
O[[Conj(G)]] := lim O[Conj(G/N)]

where N runs over all open normal subgroups of G. We then obtain in the
projective limit an O-module isomorphism

A(G)/TA(G), A(G)] — O[[Conj(G)]] -

If Gy C G denotes the center then this, in an obvious way, is a A(Gp)-module
isomorphism. Suppose that Gy is open in G and put G := G/Gy. Then Gy
acts by multiplication on Conj(G) with finitely many orbits. In fact,

Go\ Conj(G) =, Conj(G)
l9]g — [9%0lc

is a bijection. Hence, noncanonically,
O[[Conj(G)]] = A(Go)[Conj(G)]
as A(Gp)-modules.

Lemma 2.2. If Gy is open in G then we have:
i. [A(G),A(G)] is closed in A(G);
ii. B(G)/[B(G),B(G)] = B(Go) ®(gy) Ol[Conj(G)]].

Proof. 1. With A(G) also [A(G),A(G)] is a finitely generated A(Gp)-module.
Hence [A(G), A(G)] is the image of a continuous A(Gp)-linear map A(G)™ —
A(G) between compact modules.

ii. By Prop. we have B(G) = B(Go) ®a(g,) A(G). It follows that
[B(9), B(9)] = B(%) - [MG), A(9)]. O

3. THE ADDITIVE THEORY

Let U C G be any open subgroup. On the one hand we let N(U) denote
the normalizer of U in G, and we put W(U) := N(U)/U. On the other
hand we note that, by [DDMS] Thm. 8.3.2 and Prop. 1.19, the commutator
subgroup [U, U] is closed in U. Hence

Ut .= U/[U,U]
is a commutative Lie group. We let prgab : O[[Conj(U)]] — O[[Conj(U")]] =

A(U?) denote the canonical surjection induced by the obvious projection
U — U?P,

Let U C V C G be open subgroups. Any g € V acts by left multiplication
on V/U. We note:

— Any set of representatives for the left cosets of U in V also is a basis
of A(V) as a right A(U)-module.
— We have gzU = zU if and only if 27 1gz € U.
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Since gz = x(x~'gx) the trace map in this situation therefore is given by
trg; : O[[Conj(V)]] — O[[Conj(U)]]
gv— > gl
z€V/Uzxz~tgzeU
It is A(Go NU)-linear. If [V, V] C U, we shall also need the two maps

A(Vab)
TV':trvab
Vo yab U=y, v)
U =Pryv,v)
A(U?P) A(U/V,V]),

Uab . . . . .
where pry; AR the obvious canonical surjection.

Remark 3.1. i. If U is normal in V we have

Vlglv) = {OZQ:GV/U[W@“_I}U Zcz Z Z,
ii. If V is abelian we have

trg(9) = {[OV :Ulg Zc‘z Z g
iii. If [V,V] C U then
[V:UlglV,V] ifgel,
0 ifg¢U.

Suppose that U is abelian. Then:

7 (glV, V]) = {

— For any g € W(U) we have the well defined ring automorphism
oug: AU) — A(U)
fr—y9fg”
as well as the A(Gp N U)-linear endomorphism
oy = Z U, -
geW (U)

— The image of oy is an ideal in the subring A(U)V V) .= {f € A(U) :
oug(f) = f for any g € W(U)}.
In a later section we will need, more generally, for two open subgroups
U CV C @G such that U is normal in V' the A(Gy N U)-linear map

O'Z : A(Uab) — A(Uab)
f— > gfg".

gev/u

1
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From now on we assume that

(H1) Gop is open in G,
and we fix an open central subgroup Z C G. Let S(G, Z) denote the set of
all subgroups Z C U C G. For U € S(G, Z) we define

Ou = prgab o trg .

Our main interest in this section lies in the A(Z)-linear map

B:= 0% OllConj(G)]] — [ AW™)
Ues(G,2)
fr—Bu(u -
We exhibit three conditions any element (ay)y in the image of 3 has to
satisfy.

1. Let U CV bein S(G, Z) such that [V, V] C U. In particular, U is normal
in V. We claim that the diagram

Bv

O[[Conj(g)]] A(VEP)

ﬁui lﬁ\]f
\4

AUy —C= O[[U/ [V, V]

commutes. By the transitivity of traces this reduces to the commutativity
of the diagram

. prvab
O[[Conj(V)]] L A(Veb)
trg i pab v \Ltrg?rvy]
pr opr-.
O[[Conj(U)]] — L2 o AU/ [V, V).

It suffices to check this on classes [g]y for g € V. Indeed, using Remark
[3.1]i/iii we compute
ab
oy vy © Pryes ([glv) = [V 2 Ulg[V, V]
= D zgu [V,V]

zeV/U

Uab U _
= Ply/v,v] O Pryyan ( Z [xgx 1}U)
zeV/U
Usb U 1%
= PI{ypv,v) © Prian © try ([9]v)
for g € U; if g ¢ U then both sides are equal to zero. Hence:

(A1) 7 (av) =7} (av) for any U C V in S(G, Z) with [V, V] C U.
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2) For any open subgroup U C G and any g € G the diagram
Ol[Conj(G)]]

g
y trgU971
—1

O[[Conj(U)]] O[[Conj(gUg™)]]

is commutative. This, in particular, implies
(A2) Agug—1 = gayg for any U € S(G,Z) and g € G.

3) Let U € S(G, Z). By the transitivity of traces we have
y Yy
NU
Ou = prgab o trg = prgab o trU( ) o trgN(U)

and hence

im(y) C im(pria, otrpy 7)) .

But Remark [3.1]i implies

NU) .
U o NO) _ Joy (lUT]) ifgeU,
a t -
o tr8 llvie) {0 sy
. . N(U)
It follows that im(fy) C im(o;, " ’). We conclude:
(A3) ay € im(ag(U)) for any U € S(G, Z).
Let

v=uvic [ A@®
UeS(G,2)
denote the subgroup of all elements (ay )y which satisfy (A1), (A2]), and
(A3]). So far we have shown the following.
Lemma 3.2. im(5) C V.

Our goal is to show that § induces an isomorphism O[[Conj(G)]] = ¥. For
this purpose an important technical role is played by the subset C(G, Z) of
all U € S(G, Z) such that U/Z is cyclic. Let U € C(G, Z). Then U can be
generated by Z and at most one additional element, and hence is abelian.
We introduce the A(Z)-linear maps

nu : AU) = Oger/zAM2)g — AU)
with
id if g generates U/Z,
wiA(Z)g = crates U/
0 otherwise

and

5y : A(U) — O[[Conj(G)]] ® Q
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Let
Pleye - H AUy — H AU)

UeS(G,2) UeC(G,2)
denote the obvious projection map and define the A(Z)-linear map
0. ]I AW) — OllComj(@)] @ Q@
UeC(G,2)

(av)v — Y du(nu(av)) -
U

Lemma 3.3. § opr,,. o =id
Proof. Let g € G and put Uy :=< g, Z >¢€ C(G, Z). We compute

6Oprcyc Oﬁ([g]g) = Z 5UO77UOtr[g]([g]g)
UeC(G,2)

= Z Z 5U O??U(l‘_lg.%')

U zeG/Uz—1gzeU

1
=> > G 0] l9lg

U zeG/Uz=1Ugz=U

= Z Q:T(Ug)][g]g

U conjugate to Uy

= [glg -

It follows that the map [ is injective.
At this point we need further assumptions:

(H2) G is a pro-p group.

3 There is a system of representatives R C G for the cosets
(H3) in G/Z which contains 1 and consists of full G-orbits.

(In the one dimensional case G = H x v with 2 = vP%r we may take
R:={Hx{y:0<j<p}.) ForU e S(G,Z) weput Ry :=RNU. We

also introduce the subgroup

Ve [ AW)

UeC(G,2)

of all elements which satisfy (A1]), (A2]), and (A3) for all (pairs of) subgroups

in C(G, 2).
Lemma 3.4. 6|V, is injective with 6(Vey.) C O[[Conj(G)]].
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Proof. Let (ay)uy € Weye. We first assume that
S((a)v) = > du(nulay)) =0.
UeC(G,2)

Step 1: We show that dy(nu(ay)) = 0 for any U € C(G, Z). By definition
du(nu(ar)) is supported on (J,eg gUg™'. So, if Uy, ...,U,, are representa-
tives for the G-orbits in C'(G, Z), then we obtain

Z Squ,g-1 (Ngu;g-1(Agu,g-1)) =0 for any 1 <i <m.
9€9/N(Ui)
But (A2)) implies that
6gUig—1(ngUig—l(agUig—l)) = géUi (TIUi (an))g_l = 5Ui (ﬁUi(an))
forany 1 <i<m and g € G.
Step 2: We show that ayy = 0 for any U € C(G, Z). Since
A(U) = Snery A2
we may write
ay = Z aph with ap, € A(Z)
heRy
For g € N(U) we have
ay = agrg-1 = gayg ' = Z apghg™t = Z ag-1pgh
heRy heRy

by (A2)) (the last identity is the point where we need the assumption (H3|))
and hence ag-1j,, = ap. It follows that

ar= Y a(d_h)  witha € AZ).
EEN(UN\Ry  heg

Choosing elements h¢ € £ we then have

0 = b (s (ap)) = S ageglhds

£€N(U)\RU, U=<h§,Z>

If he generates U/Z then £ is the intersection with Ry of a full G-orbit in
R. It follows that ag = 0 in this case. This shows first of all that az = 0.
Secondly, for U # Z we obtain

ay = Z ahh

heR

where U’ € C(G, Z) is such that U’/Z is the unique subgroup of index p in
the cyclic p-group U/Z. On the other hand we deduce from (A1) that

ayr = tr¥ (ay) = pay .

The claim now follows by induction.
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This establishes the asserted injectivity. For the claim about the image
we note that, by (A3]), we have

ay = oy (by) with by € A(U)
for any U € C(G, Z). Hence

Su(nu(av)) =6u(nu( Y gbug™")) = IN(U) : Uldy (nu(bu)) -
geW(U)

Using (A2) we further obtain that

Z 59U9*1(779Ug*1(%Ug*1)) =[G : N(U)]ov (nu(av))
9€G/N(U)

=[G : Ulsy(nu(by))
lies in O[[Conj(G)]]. -

Lemma 3.5. The map pr,,. restricts to an injection ¥ — W ..

cyc

Proof. 1t is clear that pr restricts to a map ¥ — W.,.. To establish its
injectivity we argue by contradiction. We assume that (ay)y € ¥ satisfies
ay = 0 for all U in C(G, Z) and that there exists a V in S(G, 2) \ C(G, 2)
such that ay # 0. Moreover, we may and do assume that V' has minimal
order |V/Z| with this property. Let R C V denote a set of representatives
for the cosets in V/Z[V,V]; we write h € V2 for the image of h € R. We
have
ay =Y aph  with a; € im(A(Z) — A(V™)).
heR

To achieve the contradiction we will show that all coefficients aj;, have to
vanish. Fix hg € R. Since V/Z is not cyclic (but is a p-group) its abelianiza-
tion (V/Z)2" is not cyclic either by [Hup] I11.7.1.c. Hence we find a normal
subgroup Z C U 9V of index p such that hg € U. In particular, [V, V] C U.
By the minimality of V' we have ayy = 0. Then

0= 7’[‘]/((1\/) = Zahﬁ‘]/(fz) =p Z anh

hER heRNU
by (Al]) and Remark iii. It follows that ap = 0 for any h € RN U and,
in particular, ap, = 0. ([

The last four lemmas together imply the following fact.

Theorem 3.6. All three maps in the commutative diagram

OlConi(Q)]] = prese

\i\
prcyc o

\I/cyc

are isomorphisms.
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Remark 3.7. Let Wq, denote the subset of []jcg(g,2) A(U) @z, Qp con-
sisting of those tuples (ay )y which satisfy the natural analogues of (Al)) and
. Note that any such tuple automatzcally satisfies ay € 1m(aU( )®Zp Qp

for all U in S(G, Z), because due to one has O'U(U)( v)=|W(QU)|ay.
Hence Vg, can be identified with

Uz, QC [ AU™ ®z,Q,.
UesS(G,2)

Therefore, by Lemma the projection pr.,. ®z,Q) induces again an injec-
tion

Vg, — [[ AU)®z, Q.
UeC(G,2)

Now assume that (ay)u € Vo, satisfies ay € im(oy) € A(U) for all U in
C(G,Z). Then (ay)y belongs already to ¥, in particular all ay are integral!
Indeed, by the above injectivity one has

(aU)U = ﬂ(prcyc Oﬁ)il(prcyc ®Zpr)((aU)U) ev.

Remark 3.8. For any pair W C 'V of subgroups of index p in C(G, Z) we
have:

i. im(ow) C pim(ovy);
ii. Let (av)u € [lyec(g,z)AU) be an element which satisfies (Al]);
then:

a. ay = nv(av) + aw,’

b. (ay)u satisfies (A3) if and only if (ny(ay))u satisfies (A3)).
Proof. i. Using that obviously N (V') C N(W) we compute

ow(f)= Y. gfgt= D, D ghfnlg

gEN(W)/W geN(V)/W heR
=p >, 9O nfh gt =pov(d> hfht
geN(V)/V  heR heER

for any f € A(W), where R C N(W) is a fixed set of representatives for the
right cosets of N (V') in N(W).

ii. By assumption we have trW(av) = aw. If we write ay = ZhERV aph
with aj, € A(Z) then, using Remark [3.1}ii, we obtain

aw = tryy(ay) Z ap triy(h) = p Z aph = p(av —nv(av)) .
heRy heRw

Since 1z = id the assertion in b. follows by induction from i. and a. (|
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Using Prop. we may extend B(Z)-linearly all the maps which we have
considered above. In particular, also using Lemma we have the B(Z)-
linear map

B(G) a
Bp = Bpa) : BO)/B@),B@) — [ BWU™)
UeS(G,2)
[ ((idp(z) ®@Bu)(f))u
In the right hand side we have the subgroup ¥p of elements which satisfy
the obvious analogs of the conditions (A1) - (A3)). Either by repeating the

above arguments or by simply using that, according to Thm. iii, B(2)
is flat over A(Z) we deduce the following consequence.

o

Theorem 3.9. fp: B(G)/[B(G), B(G)] — Vg is an isomorphism.

4. THE MULTIPLICATIVE THEORY, PART 1

We suppose G to satisfy (H1|) and (H2|), and we continue to fix an open
central subgroup Z C G. For any open subgroups U C V C G we have the
norm map

NJ : Ki(A(V)) — Ki(A(U)) .
We recall that it is induced by the exact functor which sends a finitely

generated projective A(V)-module P to P viewed as a finitely generated
projective A(U)-module. We introduce the composed homomorphisms

Ou - Ki(A(9)) 2, K1(A(D)) — K1i(A(U™)) = A(U*)"

where the right hand arrow is induced by the canonical surjection U —»
U2b. If U is abelian then 6y = , of course. The central object of the
multiplicative theory is the homomorphlsm

0:=0%: Ki(A@G) — [[ AW™)*
UeS(G,2)
r— (Ou(x))u -

Similarly as in the previous section we begin by exhibiting four conditions

(M1)) — (M4) which any element (xy)y = 6(x) satisfies.
1) Let Z CU C V C G be open subgroups such that [V, V] C U. As in the
last section we use the ring homomorphism

VAU — AUV, V) .

Furthermore, corresponding to the inclusion of groups U/[V, V] < V3 we
have the norm map

ab a
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We claim that the diagram

0
K1 (A(G)) ——= A(V™)*
GU\L lllg
™
AU ——= AU/[V, V])*
is commutative, which implies that
M1) v (zv) =75 (xy)  forany U CV in S(G, Z) with [V,V] CU

holds true. We enlarge the above diagram to

Ki1(A(9)) .
Ng x
K1(A(D)) e Ki(A(V))
K1(A(U#))
K (AU/[V,V])) o K1 (A(V2))
U/[V,V]

where the undecorated perpendicular arrows are induced by the obvious ring
homomorphisms. The upper triangle is commutative by the transitivity of
norm maps. The lower square is commutative because of the identity

AU/IV, V]) @y AV) = A(V™) .
We point out that if V' is abelian then simplifies to the condition
(Mla) NY(zy) = ap .
2) For any open subgroup U C G and any g € G the diagram

K1(A(9))
y %
99"
A(U) A((gUg™ "))
is commutative. This implies
(M2) Tog-1 = 9TUg " for any U € S(G, Z) and g € G.
3) For the next condition we need the additional assumptions that
(H4) O is absolutely unramified and p # 2.

Let ¢ : O — O denote the Frobenius automorphism.
We first recall the construction of the Verlagerung. Let U C V C G be
any two open subgroups, and let R C V be a set of representatives of the
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left cosets in V/U. Then R also is a basis of A(V') as a right A(U)-module.
For g € V and h € R we write

gh = hgcg p, with hy € R and ¢y € U.

The matrix M, of left multiplication by g on A(V') with respect to the basis R
is the product of the permutation matrix describing the permutation action
of g on the coset space V/U and the diagonal matrix with diagonal entries

{cg,n}her- The map
(ver) ver); : yab b

gV, V] — H cgn[U, U]
heR
is a well defined group homomorphism called the transfer map or Ver-
lagerung (cf. [Hup] IV.1.4). In the trivial case where U is central in V' we
have verg(g) = ¢lVUl for any g € V.
In our case where V' is a pro-p group with p # 2 we have:

— N}/ (g) can be computed as the determinant of M, in K(A(U)) =
AU)*/IAU)*, AU) ]
— The determinant of the permutation matrix factor of M, is equal to

one.
Hence
(1) N{ (9) = ver(;(g) mod [A(U)*, A(U)*] .
In other words we have the commutative diagram
Vab—— K1 (A(V))
verl‘g l J/N[‘]/
Usr—— K1 (A(U)).

In the following we extend Verg to the unique ring homomorphism
very; : A(V3) — A(U?)

such that ver(; |0 = ¢.
We also need to introduce, for any open subgroup U C G, the unique
Zy-linear continuous map

¢u : O[[Conj(U)]] — O[[Conj(U)]]
such that

eu|O=¢ and ey([gly) = [¢°]u for any g € U.

If U is abelian then ¢y is a ring endomorphism of A(U) with the property
that modulo p it coincides with the map f —— fP.
We now assert:

(M3)  ver};(zy) — zpy € im(o}y) for all U C V in S(G, Z) such that
[V :U]=p.
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Note that in this condition U automatically is normal in V. One easily
checks that ver%(im(o};)) € pA(Z). Hence inductively implies that
verd(zy) = xz mod pA(Z) for any U € S(G, Z). But verY is just the |U/Z|-
power map on the group elements. We therefore deduce:

(M3a) x‘g/a = xz mod pA(Z) for all U in S(G, 2).
For the proof of consider as before the diagram
K1(A(9)) . ,
w T
K1(A(U)) K1(A(V))
lprgab U iprgab
Ey(AU)) K1(A(V))

from which we see that it suffices to show for all x € A(V')* the relation
very; (prya &) — Prea, Ny T € im(o))

holds, in which Z denotes the image of x in K7(A(V)). We choose any g €
V' \ U and use the decomposition

(2) A(V) = DA

to write 2 = >_ 2¢*. In order to calculate N(‘j/i we denote by ¢ the endo-
morphism of A(U) induced by u — gug~! and consider the matrix

i) I e l’p_l
o(xp-1)g”  o(x0) o 0(xp2)
o*(p-2)g” o*(zp-1)g” ... o(zp-3)
Up_l(:cl)gp O'p_l(l‘g)gp ... Up_l(:co)

describing the A(U)-linear map which arises by multiplication with x from
the right using the basis given in and which thus represents N[‘J/ Z in
K1(A(U)). The image in A(U?P)* therefore is represented by its determi-
nant. Using the Leibniz rule we obtain

pria, Ny T = Z sign(d)g” H T PIYab Tu(s(c)—0)
oes ceC
here S = S(Z/pZ) denotes the symmetric group on (the group) C := Z/pZ,
k(c) € {0,1,...,p — 1} is the respective representative of ¢, and es is the
number of ¢ € C such that x(6(c)) < k(c). Note that, since g” € U, the
endomorphism o? induces the identity on A(U?P).
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The above sum can be decomposed with respect to the following action
of C on S. Let v € S denote the cycle of order p defined by v(¢) := ¢+ 1.
We put

CxS—S
(c,0) — 6 :=~5y ¢ .
Explicitly we have
() :=6(d —c)+¢ for all ¢,c’ € C.

This action obviously respects the signum of elements in S. Moreover, the
function es is constant on each C-orbit in S. We see that for every dy & S¢
the partial sum

> sign(8)g” [ o° prius Tu(s(0)—0)

5eCsy ceC
= sign(dp)gP% Z H o¢ prgab Tye(58(c)—c)
acC ceC
=) o" (Sign(50)gpe‘50 I ¥ xn(ég(b)b))
acC beC

belongs to im(al‘f ) (the second identity comes from substituting b for ¢ — a).
On the other hand, if § € S, one checks immediately that 6(c) — ¢ = §(0)
is constant for all ¢ € C, i.e., § = 40 = 4#0O) whence sign(d) = 1 (since
p # 2). Furthermore es = #(5(0)). As S decomposes disjointly into S¢ and
the orbits of order p, we altogether obtain modulo im(o};)

p—1
(3) prgab Nz = Z sign(9)gPe H o° prgab T(8(c)—c)
ses¢ ceC

p—1 p—1
§ : k b U

= gp H O-Z prUab xk .
k=0 =0

Using the fact that verg is a ring homomorphism we are now able to deter-

mine modulo im(a};) :

p—1
ver;(prya, &) = > verr(pryva, () very; (prya (9)")
k=0
p—1p—1
=TI o' orfa (zr) priu (")
k=0 i=0
= prgab N, (‘J/ T.
Using the set of representatives R = {1,g,...,¢?~ 1} one checks from the def-
inition that very; (pr“fab (9)) = prgab (gP). The last congruence is (3)) while the
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middle one can be seen as follows. First recall that im(o};) is a A(U?P)V/U-
ideal and that prgab (¢?) belongs to A(U?P)V/V. Fix any k and write zj, =
> neuz anh with ap € A(Z). Using again the fact that ver}; is a ring ho-
momorphism combined with formula ([ver) (with ¢, ;i = 07%(u)) we obtain

p—1
Verg(pr%b (z)) = prgab Z pz(an) H a'(h)
heU/Z i=0

p—1
= prgab Z al, H a'(h)

heU/Z =0

as pz(ap) — ah € pA(Z), so that its projection to A(U*P) lies in im(a};),

and H?;& o' (h) belongs to A(U)"/Y for every h € V/U. Since moreover

p—1 p—1
H Z apo'(h) | — Z al, H o'(h)
i=0 \heU/Z heU/Z  i=0

is a sum of (mixed) terms of the form

p—1 p—1
> o' | [T(an,0? (r)
=0 7=0

with hj € U/Z, such that {h; : 0 < j < p — 1} consists of at least two ele-
ments, and hence belongs to im(ag), we can continue our above congruences

by

p—1
= prgab H Z apo'(h)
i=0 \heU/z

p—1
= H Ui(Pl"gab (zk))
=0

as desired.
4) The last condition requires further preparations. Let U € C(G, 2). If
U = Z we put

az : ANZ2) — 1+ pA(Z2) CAZ)"
fr I
ez(f)

If U # Z then we let U’ € C(G, Z) be the unique subgroup of U such that
[U : U'] = p. Since U is abelian we may consider the composed homomor-
phism

v c

NY,
AU ——= AU = AU)* .
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It is shown in [SV2] Prop. 2.3 (under more general circumstances) that
modulo p this map coincides with the map f —— fP. It follows that

ap : AU) — 14 pAU) C AU)*

I = Nu

is a well defined homomorphism.
We also need, for any open subgroup U C G, the ring

A®(U) := lim K[U/N]

where N runs over all open normal subgroups of U and where K denotes
the field of fractions of @. We obviously have A(U) C A*°(U). The usual
logarithm series induces a homomorphism
log : K1 (A(U)) = AMU)*/[AU)", AU)*] —
AR (U)™ = A(U) /[A=(U), A=(U)] .

Our maps trg, nu, and @y extend in an obvious way to maps, denoted by
the same symbols, between the A>®(U)?P. As a consequence of the first step
in the proof of [OT] Thm. 1.4 we have, for any open subgroups U C V C G,
the commutative diagram

(4) Ki(A(V)) —E Ao (1)

%4 %4
Ny l J{trU

Ki(A(U)) —E= AU,

Lemma 4.1. For any U # Z in C(G, Z) the diagram

A(U)X g AOO(U)
ay ian
log

AU —= AOO(U )
18 commutative.

Proof. Let U' € C(G, Z) be the unique subgroup of U of index p. Then

log(aw (f)) = plog(f) —log(N{1(f)) = plog(f) — trg (log(f))
= (pid — trf) (log(f)) -

Hence we have to establish the identity

N L
id——triy =nu .
P U
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But, by definition, we have

A
WI=N0 irgeuv

Remark [3.1}ii says that the same computation holds for the left hand side.
O

For V € S(G, Z) let P(V) denote the set of all W # Z in C(G, Z) such
that the unique subgroup 2 C W/ C W with [W : W’] = p is contained in
V. We now introduce the map

L= (Ly)y:| H AU) Y (0130) — H A(V™) @z, Qp

UeS(G,2) Ves(g,2)
defined by
yQQIV/ZI
Ly ((yo)v) = V2] log (wz(y’é) Mwero 90w(ozw(yw))‘w/z|)
where [.. ](1r3q) indicates the subgroup of all those elements which satisfy

(M3a)). The individual factors w (aw (yw)) appearing in the above defini-
tion lie in 1+ pA(W’), since aw (yw) € 1+pA(W), and hence can be viewed
in 14+ pA(V2). Moreover using (M3al) we have

W/ z|

wz(2) [I ewlaww)) = ¢z(yz)

WeP(V)
2
= yf%

= yi"le/Zl mod pA(V?P) .
Thus the logarithms in the asserted map are defined and lie in pA(V2P).

Lemma 4.2. If (yv)v € [[lyesg,z) A(Uab)x](M;m) satisfies the condition

(), resp. (N2, then £((yv)u) satisfies (A1), resp. (K2).

Proof. 1t is straightforward to check that (M2]) implies (A2)). Let therefore
U C V be any two subgroups in S(G, Z) such that [V, V] C U. We note that

p*|V/Z|
log( Yv )
0z(%) Twep ow (aw (yw)) /2!
vz(y%)

WeP(V)
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This will allow us to split the subsequent calculations into two parts. We
begin by computing

p?|V/Z| 1% p2|V/ 2|
W ( etz gD ) ) = otz oa(G L
PIVIZIT 2 o2 (1) e A )

g(yU)pQIV/ZI

vz (yg) VY

; Uz
= | 77 o8l o))

where the first, resp. second, identity uses , resp. (M1f). Next we compute

= 17z los(

| prrzleal I ew(awuw)™/=)
WeP(V)
:m Z 1 (log(ww (aw (yw))W/Z)
WeP(V)
= vy Z 7 ownw log(yly /2
WeP(V)

where the last identity uses Lemma [4.1} Using the definitions and Remark
[3.1}iii it is straightforward to check that
v [V Ulrhewnw i W' CU,
U Pwhw = .
0, otherwise

where, as before, W’ denotes the unique subgroup of W of index p and
containing Z. We therefore may continue the above computation by

=z > IV Ulnhownw log(sly /)
WeP(U)

:775 p2\(}/z| Z IOg(@W(aW(yW))|W/Z|)
WeP(U)

=m0 | w7z log WI;I(U) pw (aw (yw)"™/?)
S

where the second identity again uses Lemma This establishes that
0 (Lv ((yo)v)) = WUﬁU((yU) )
i. e., the condition for Ly ((yu)v)- O
Lemma 4.3. For any U € S(G, Z) and any f € A®(G)*® we have:
Bu(eg() = mzezBz(F) + D [[‘?J/Zz]]ww(nw(ﬂw(f))) :

WeP(U)
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Proof. 1t suffices to consider elements of the form f = [g]g for some g € G.
First let g € Z. We compute

Bu(pg(l9le)) = pra (tF([97)0)) = Py (- D [h~ g hlv)

heG/Uh~1gPhelU

= > h=tgPh|U, U]
heG/Uh—1gPheU

= oz > h=gPh|U, U]
heG/Z h=1gPhelU

= i > > h~lgPh|U, U]

WeP(U) heG/ZW=<h—1gh,Z>

=wz > ewl D hah)

WeP(U) heG/ZW=<h—lgh,Z>

= ooz > ew(W: 2] > h~lgh)

WeP(U) heG/W,W=<h—lgh,Z>

— 2 S o (Bw(lalo)))

WeP(U)

We also have ¢z (5z([g]g)) = 0 in this case. Now suppose that g € Z. Then
the last term in the above computation vanishes. But we have

1
U : Z]

Aulvg(lglg)) =19 : Ulg"[U, U] = pz(Bz(l9lg)) -

Oliver and Taylor (cf. [Oli] Chap. 6 or [CR] §54) have shown that
L= Lg : Ki(A(G)) — O[[Conj(G)]]
2 log(e) — ~¢g(10g(x))
is a well defined homomorphism which makes the diagram

ld**@g
K1 HAOO )

\/

O[[Conj(g

)ab

commutative. We observe that, since A®(G)*" also can be viewed as the
projective limit lim K'[Conj(G/N)], the right oblique arrow is injective.
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Proposition 4.4. The diagram
K1(A(9)) O[[Conj(G)]]

o| |s
Mves.z) AU) I usa) S [Tvesgz) AU™) ®z, Qp
18 commautative.
Proof. Let x € K1(A(G)) and put (zy)y := 6(z). Using (4) we obtain
By (log(z)) = log(fy (x)) = log(xv')

for any V € S(G, Z). Using this identity together with Lemmas and
we compute

Bu(L(x)) = By (log(x)) — 1 Bu (g (log(x)))
= log(zv) — yzpz(Bz(log(x)) — D %ww(nw(ﬁw(log(@)))

WEP(U)

= log(zv) — [U Z] P2 (log(zz)) Z w (mw (log(zw)))
P

= log(zv) — yzvz(log(zz)) Z UZ ew (log(aw (zw)))
P

= muog(xiw'z}) log(ﬁﬂz(l‘z)) Z ]Og(QOW(aW(xW))[W:Z]))
WeP(U)

0

For any V € C(G, Z) we let P.(V) be the set of all W € C(G, Z) such
that V. C W and [W : V] = p. We claim that

(M4) ay(zy) — H ow(aw(zw)) € pim(oy) for any V € C(G, Z).
WeP.(V)
holds true. We repeat that the image of the homomorphism ¢y, by con-
struction, is contained in the subring A(V'). Hence the left hand side of (M4))
indeed lies in A(V).
Lemma 4.5. Let (yu)v € [yec(g,z) AU)* and V € C(G, Z); then:
i. We have

2\V/Z
y@‘ /Z|

ez (Wz) [wepo) ew (aw (yw

77V(p2|&/2| log ( )W/Z] ) =

av(yv) )
HWGPC(V) ew (aw (yw))”’

ii. if (yu)u satisfies (M2|) then the following assertions are equivalent:

;l)log(
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a. av(yv) — [Twep. () ew(aw(yw)) € pim(ov);
oy (yy) €1 +pim(oy);

" wep.(v) ew (aw (yw

ay(yv)
C. log(HWGPc(V) pw (aw (yw))

) € pim(oy).

Proof. i. We check that
plV/Z|

nv (v}z log(ig(yz))> = log(av(yv))

and

v | gz logC TT ew(aw(yw)™/?)

WeP(V)
log( [[ ow(owyw)))
WeP.(V)
hold true. In case V = Z we have nz = idA(Z)y az(yz) = #%Z) and

P(Z) = P.(Z) which makes the two identities obvious. If V' # Z we may
use Lemma [M.1] and further reduce to the identities

o (g PIV/ 2]
p|V1/Z| 1 a“//(@;vz(yz)) ) = log(av(yv))
and
S I (ow w losuw)) = 3 ow (mw (og(yw)) -
WeP(V) Wer(v)

The first one follows from ay o ¢z = 1 and the second one from

YW ° Nw ifW e PC(V),
0 if W e P(V)\ P(V).

These latter equations are straightforward from the definitions.

ii. We begin by observing that av (yv) and [ [y cp, vy ew (aw (yw)) both
are units in 1+ pA(V'). Hence the fraction in b. lies in 1 + pA(V') so that its
logarithm in c. is defined and contained in pA (V') (recall that we assume p #
2). Since pim(oy ) is an ideal in A(V)V(V) it suffices, for the equivalence of
a. and b., to see that [y, cp () ow (aw(yw)) € A(VYW() But this follows
from since any g € W (V') permutes the elements of the set P.(V). For
the equivalence of b. and c. it suffices to show that the isomorphisms

TZVOSOWOTZW:{

lo
1+ pA(V) == pA(V)

exp
restrict to isomorphisms
lo

1+ pim(oy) —=pim(oy) .
exp
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Consider | |
log(1+ poy (f)) = 2(1)1'—11“’Vi(f)
i>1
and | |
exp(prv(f) =1+ 3 vy
W(V) -

Since im(oy) is an ideal in A(V) we have oy (f)! € im(oy) for any

1 > 1. Moreover, ’Z.—; € pZy,. Hence each summand in the above two series lies
in pim(oy). As the latter is closed in A(V') we conclude that

log(1+ pov(f)) € pim(ov) and exp(pov(f)) € 1+ pim(oy) .

Prop. {4.4] implies that (Ly ((xy)v))v satisfies and that
Ly ((zv)v) € im(oy) for any V € C(G, 2).
Using Remark [3.8ii.b and Lemma [£.5/i we deduce that
ay(zy)

HWePC(V) ew (aw (zw))
for any V € C(G, Z). Hence Lemma [4.5]ii implies that holds true for
(zv)u = ().

Let ® := &% C [lzcucg A(U?)* be the subgroup of all elements (zy)r
which satisfy, for all U C V in S(G, Z), the conditions
OO vy (ev) =) (er) EV,V]CU,
M2)  zyyy1 =gapg " forany g€g,
(IM3)) ver) (zy) — xy € im(oy) if [V : U] = p, and
OE)  avlev)— ] ewlaw(zw)) € pim(oy) U € C(G, 2).

WeP.(U)
So far we have established that
im(d) C o .

pv (Lv ((zv)v)) = log( ) € pim(ov)

Lemma 4.6. £($) C V.

Proof. Let (yy)u € ® and put (ay)y := L((yy)v). We already know from
Lemma, that (av)y € Vg,. Lemma 4.5 and (M4]) imply that

ny (ay) € im(oy) for any V € C(G, 2).

At this point we have to go back to Remark [3.8lii.a and observe that the
identity there equally holds for elements in HVeC(g, 2) A(V)®z,Q, satisfying
(A1). We check by induction with respect to the order of V/Z that

ay € im(oy) for any V € C(G, 2).



K1 OF CERTAIN IWASAWA ALGEBRAS, AFTER KAKDE 25

For V = Z we have nz = id and the claim is trivial. Let V # Z and let
Z C W C V be the unique subgroup of index p. by the induction hypothesis
we have ay € im(ow). Remark i then implies that tay € im(oy).

P
Hence the identity ay = ny(ay) + Saw shows that ay € im(oy). We now
may apply Remark to see that (ay)y € V. O

It follows that we have the commutative diagram

K1(A(G)) —2> O[[Conj(G)]]

el ) %lﬂ

® v

where the right perpendicular arrow, assuming also (H3)), is an isomorphism
by Thm. We define

SK1(A(G)) := ker (K1 (A(G)) — Ki(A®(G)))
and
K1(A(9)) :== K1(A(9))/SK1(A(9)) -

For any open subgroup U C G we consider the diagram

K1(A(9)) K1(A>(9))
NG NG
K1(A(U)) K1(A>(U))

Ey(A(U)) — Ky (A= (U™))

o) o)

A(Uab)x

A>® (Uab) X
The uppermost square commutes since
A(G) @aw) A*(U) = A™(G) .

The two lower squares commute for trivial reasons. The indicated isomor-
phism on the right hand side is a special case of [SV2] Prop. 3.1. Since the
lowermost horizontal arrow visibly is injective we conclude that

SKi(A(G)) C ker(6y) forany Z C U C G.
Hence 6 factorizes through a homomorphism
0: Ki(A(G)) — @ .
According to [SV2] Cor. 3.2 we have
SK1(A(G)) = lim SK1(O[G/N]) .
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It therefore follows from [Oli] Thm. 6.6 and Thm. 7.3 that SK;(A(G)) also
lies in the kernel of the integral logarithm L and that, more precisely, we
have the exact sequence

(5) 11— u(0)xG™® L K{(AG)) = O[[Conj(G)]] - G* — 1

where 1(O) C O* denotes the subgroup of all roots of unity, ¢ is the obvious
map, and w is given by

w(alglg) == gTrO/ZP(a) G, 3] for any a € O and g € G.
Let us now contemplate the commutative diagram

w

1 — 1(0) x G ——> K (A(G)) —== O[[Conj(G)]]

(N

1 —— u(0) x G&b ) v Gab 1.

Our goal is to show that the lower row is exact as well, which then implies
that 6 is an isomorphism. Clearly fgo¢ : u(O) x G2 — A(G?P)* is injective.
Hence 6 o ¢ is injective, and satisfies im(f o ¢) C ker(L£). For trivial reasons
w o B! is surjective with im(£) 2 ker(w o 371). It therefore remains to
establish the following two facts:

a. ker(L|®) C im( o 1);
b. im(L|®) C ker(wo S71).

But first of all we observe that, if G is abelian, then 6g and consequently by

(M1al), also 0 : K1(A(G)) =, 3 are isomorphisms. In particular, a. and b.
hold in this case.

D
Lemma 4.7. For (yy)u € ® we have Lg((yr)v) = %IOg(wgig(yg))'

Proof. As a consequence of Lemmas and any (ay)y € VU satisfies

ag = Z ﬁnv(av) in A(Qab).
Vel (G,2)

Hence

Lo(y)v) = Y @y (Lvlor)  in AG™),
Vel (G,2)
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and, inserting the definition and using Lemma [£.5]i, we obtain

_ 1 av (yv)
Lo(wo)v) = Y. g log (——ul——)

Vel (G,2) WeP(V)
_ 1 az(yz)
= so721 108 (TG tew )
IW/Z|=p
1 ay(yv)
+ > mmle (A ey
VeC(G,2),V£Z WeP:(V)
_ 1 az(yz)? . ay (yv)?IV/ =
— p?lG/Z] 10g( II  ewlaw(yw))P H I1 sDW(OéW(yW))”W/Z‘)
\W/Z|=p VEC(G,Z),VAE WEP(V)

W(yw)p\W/Z\
WeC(G,2)

_ 1
= 7721 18 ( o o G 721)

WeC(G,2),W#Z
emphasizing that the computation takes place in A(G®?). Comparing this to
the definition
y52|g/zw

@W(aw(yw))‘w/z‘)

Ls((yv)v) = p2\g1/z| log (@z(y%)

WeC(6,2)W#2

leads to the identity

g7 19/2 W/ 2|
IOg 52(2/%) = IOg H aW(yW)p
WeC(G,2)
2
P
=log (e 11 awluw)™#)
WeC(G,2),W#Z
and hence to
ogyg % =log (s [  owluw)"'?)

WEeC(G,2),W#Z

where, we repeat, all factors in the argument of log are viewed in A(G2P).
We therefore may apply the ring homomorphism ¢gas, and we get
log pgan (yg)!19/ % = log (0= (1%) - I ewlaw@w)™?).
WeC(G,Z),W#Z
By inserting this back into the definition we finally arrive at

%G/ 2| )
1 1 Y
Lg((yo)v) = 216721 108 (W) =y los(o ey -

Lemma 4.8. b. is satisfied.
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Proof. Let (yy)u € ®. Using Lemma we compute

p

wo 371 =w . 0 R
(wo B )(L((yo)v)) = w(Lg((yv)v)) plg((pgab(yg)

— W(Lgab(yg)) = ]_ y
where the last identity holds by the exact sequence for the group G**. O
Lemma 4.9. a. is satisfied.

Proof. Let (xy)y be in ker(L£|®). This in particular means by Lemma [4.5}i
that

OzU({L‘U) )
HVGPC(U) ev(av(zv))

for any U € C(G, Z). Since the logarithm is taken of an element in 14+pA(U)
we deduce that

=0

log (

ay(zy) = H ov(ay(zy))

VeP.(U)

for any U € C(G,Z). If U maximal in C(G, Z) then P.(U) is empty and
hence ay(zy) = 1. By downward induction we obtain

(6) ay(zy) =1 for any U € C(G, 2).
In particular, for U = Z we get
P
Tz
=az(zz)=1.
o2y 02172)

But Z is abelian. In this case the integral logarithm is

Lz:Ki1(A(2)) — A(2)

2@

We see that zz € ker(Lz) = p(0) x Z C Ki(A(Z) by (). Next suppose
that [U : Z] = p. Then, using (M1lal)), we get

ol = N5 (vp) = vz € p(O) x Z C u(0) x U C K1(A(U)) .

From (b)) for Ly we see that A(U)*/(u(O) x U) is torsion free. We conclude
that 2y € u(O) x U. Again by induction it then follows that

xy € w(O) x U C K1(A(D)) for any U € C(G, Z).

xr—>llog(

Similarly as above we have the relation

2
210/2
1

[wep) ew(aw (@w)W/2
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for all U in S(G,Z). But by @ the denominator is equal to one, i. e.,

:ch2|U/Z‘ = 1. Again by for Lyan we see that the only torsion of A(U#P)
is contained in p(O) x U?*. Hence zyy = 1. We now have established that

@ve [ wO)xUv*)ne.
UeS(G,2)

At this point we need the condition (M3]). We claim that it implies

Ty = Verg(acg) for any U € S(G, Z).
Indeed, let first U be of index p in G and assume that for g, h € U?" and
¢, & € u(O) the element (g—Eh lies in im(alg]). Then, under the augmentation
map € of A(U?P) we have that e(Cg — £h) = ¢ — € € e(im(of))) = |G/U|O is
divisible by p. Since ¢ and ¢ are roots of unity in an unramified extension
of Zj, this implies that ¢ = £. As ( is a unit in O it follows that g — h lies
in im(a[g]) and therefore is, as any element in im(a[g]), invariant under the

conjugation action of G/U. We choose a set of representatives R C U?P of
the cosets in U/Z[U, U] and write

g =zgug , h=zpup, and g —h = ag(z ay )
uER
with ug, up, € R, 24,2, € Z[U,U]/[U,U], and a, € A(Z). On the one hand
the invariance of g — h implies that u, and w;, are both invariant as p # 2.

On the other hand any 7 € G/U induces a permutation 7 of R such that
Tur™t = by 7(u) with by, € Z for any u € R. We compute

Zgllg — ZpUp, = g — h = U(g](g —h) = Z Z ayTur !
ueRTeG/U

:Z Z aybr (1)

ueR reG/U

= Z( Z anl(u)bT,Tfl(u))u :

u€R 7€G/U
Since 7(ug) = ug, T(un) = up, and bry, = bry, = 1 for any 7 it follows that
2g =[G : Ulay, = pay, and z, =[G : Ulay, = pay,

provided ugy # wuy. Since this is not possible we must have v := uy = up,.
But then 24 — 2;, = pa, which implies z; = 2;, and hence g = h. This proves
our claim for U of index p in G. The general case then follows by induction.
This together with shows that (zy)y € im(f o). O

Theorem 4.10. Assuming (H1) - (H4) the map 6 : K{(A(G =, 09 s
g p 1 Z

an isomorphism.
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5. THE INTEGRAL LOGARITHM FOR B(G)

In this section we will construct an extension of the integral logarithm L
of Oliver and Taylor to K1(B(G)). We assume (H2)), (H4), and that H is
finite, which implies . The ring B(G) being local we have the surjection
B(G)* — Ki1(B(G)). The usual computation for the convergence of the
logarithm series

_1\n+1
log(xz) = Log(1 + x) = Z (171+a:"

n>1

shows that it induces a homomorphism
log : 1+ Jac(B(G)) — (B(9)/[B(9), B(9)]) ©z, Qp -

The additional point to note is that the ideal Jac(B(G))/pB(G) is nilpotent
in B(G)/pB(G); in particular, the denominators appearing in the image of
this map are bounded.

On the other hand, as ¢z(S(Z)) C S(Z) we obtain a unique extension
vz A(Z) — A(Z) of pz. It respects Jac(A(Z)) and therefore further
extends to a homomorphism of rings ¢z : B(Z) — B(Z), which modulo p
induces the endomorphism of B(Z)/pB(Z) = O/(p)[[Z]] which sends f —
fP. Furthermore, for any subgroup U € S(G, Z) we may use the identification
B(U)/[B(U),B(U)] = B(Z)®4(z)O[[Conj(U)]] from Lemma|2.2}ii to extend
the earlier map ¢y to the map

eu = B(U)/[B(U),B(U)] — B(U)/[B(U), B(U)]
2@ f— pz(2) @ pu(f) .

If U is abelian then ¢y is again a ring endomorphism of B(U) which modulo
p coincides with the map f — fP.

Lemma 5.1. The group B(G)*/[1+pB(G)]-B(Z")*, for any open subgroup
Z' C Gy, is annihilated by p* for a sufficiently large £ € N.

Proof. Let Ip := ker(B(G) — B(T")). We also fix a section o : I' — G of

the projection map G — T'. It induces a section B(T") =, B(o(T')) € B(9)
of the ring homomorphism B(G) — B(I"). Hence

(1) B(G)" = +1p]- B(o(I)* = [1 +Jac(B(9))] - B(o(I')" .

If Jac(B(G))*" C pB(G) then [1 + Jac(B(G))[”" C 1+ pB(G). On the other
hand, the subgroup o(I') N 2’ is open and hence contains U(F)pz for some
sufficiently large £ € N. It follows that ¢! (F)(O'(F)) C Z’ and therefore that

ohiry(B(o(I))*) € B(2")* .
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Since @fr(r) (x) = 27" mod 1 + pB(o(T)) for any = € B(o(I"))* we conclude
that

B(o()*"" € [L+pB(a(I))]- B(Z)* € [L+pB(G)]- B(Z)* .

We now define the homomorphism
[1+ Jac(B(G))]B(Go)" — (B(G)/[B(G), B(9)]) ®z, Qp

o {bg(:c) — Log(log(x)) ifz € 1+ Jac(B(G)),

%log(ﬁp@)) if x € B(Go)*.

This is well defined since:
wgﬁ'}@ € 1+ pB(Go) for z € B(Gy)*.
- %log(@gﬁx)) = log(a:)—%gog(log(x)) for x € [1+Jac(B(G))|NB(Go)*.
As a consequence of Lemma/b.1]and the unique divisibility of the target this
map extends uniquely to B(G)* and induces a natural homomorphism
Lp := Lp(g) : Ki(B(9)) — (B(9)/[B(9), B(9)]) ®z, Qp -
Proposition 5.2. Lp has image in B(G)/[B(G), B(G)].

Proof. First of all we note that B(G)/[B(G), B(G)] by Lemma [2.2}ii is p-
torsion free so that the statement makes sense.
For z € B(o(I'))* we have that Lp(x) is the image in B(G)/[B(G), B(9)]

of

Log(;- ) € Log(1 + pB(o(1)) € B(o(D))

Therefore reduces us to proving that
log(z) — Spg(log(z)) € B(G)/[B(G), B(G)]  for any z € 1+ Jac(B(G)).

This is done by arguments completely analogous to the case of the integral
logarithm of Oliver and Taylor (cf. [Oli] Chap. 6 or [CR] §54). O

Lemma 5.3. Ifi: A(G) — B(G) denotes the inclusion map then the dia-
gram

Ki(A@) —+ Ky (B(9))

Lg J{ iLB(Q)

O[[Conj(9)]] —— B(9)/[B(G), B(9)]

commutes.

Proof. If I := ker(A(G) — A(T")) then we have, as in the proof of Lemma
that A(G)*/[1+I]- A(Gp)* is annihilated by some p’. But

LB(Q)H1+I] :iOLgH1+I]
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by the very definitions and
Lpgy)|A(Go) = Lg,

since Gy is commutative. O

Next we define

SKi1(A(G)) := image of SK1(A(G)) in K1(A(9)),
SK1(B(G)) := image of SK1(A(G)) in K1(B(G))

and
K1(A(9)) == K1(A(G))/SK1(A(9)),
K1(B(9)) == K1(B(9))/SK1(B(9))
Lernma implies that Lp(g) induces a homomorphism

Lp = Lpg) : K1(B(9)) — B(9)/[B(9), B(9)] -

6. THE MULTIPLICATIVE THEORY, PART 2

Throughout this section we assume (H1|) - (H4]) and, in fact, that H is
finite. We choose Z small enough so that it is torsion free (i. e., Z = Z,).
We shall study the analogs

9,4 = (9%),4 : Kl(A(g)) — H A(Uab)x
UeS(G,2)

and

0p = (09)p: KA(B(G) — ][] BWW™)
UeS(G,2)

of 6, where we abbreviate

and as before

Since by Prop. we have
A() = A(Z)@rz)A()  and  B() = B(Z) ®z) A()

the norm maps N[‘J/ extend naturally and one immediately checks that the
analogs

(Oa)u = K1(A(G)) 2k (A(U)) — K1(A(U™)) = AU™)*
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and similarly (6p)y of 6y are defined and induce a commutative diagram

Ki(A(G) —2> AU

| |

K1(A(9)) A(U)*

|

Ki(B(G)) Y24 p(ueby >

(0a)u

which implies an analogous diagram for 6, 64, and 0p.
Let U C V be subgroups in S(G, Z). As Z C U* we have A(U?) =
A(Z)@pz) AU aby and similarly for B(U?P). It follows easily that the maps

w5, v, and o, extend naturally to the rings A(-) and B(-). In particular,
az extends to a map az : B(Z)* — 1+ pB(2) C B(Z)* sending again f
to (f) If U € C(G, Z) differs from Z then the reasoning in the proof of
[SV2J Prop. 2.3 still works and shows that the map
ay : B(U)* — B(U)*
fP
f [ U s
Np(f)
which extends the earlier such map, has image in 1 + pB(U).
If [V : U] = p" then the Verlagerung satisfies

verl](2) = 2" verli(g) = ¢'3() verli(9)

for any z € Z and g € U?P. Hence we may extend the earlier ring homomor-
phism ver}; : A(V#) — A(U?P) to the ring homomorphism

B(V™) = B(2) @x(z) MV™) — B(U™) = B(2) ®a(z) MU™)
2@ [ ¢%(z) @ very (f) -
It maps A(V?) into A(U?P).
We now may define the subsets
@A:(@%)AC H AUab
UeS(G,2)

and
dp = (%) C H B(U#*)*
UeS(6,2)

by the corresponding conditions - -, and we obtain the obvious
inclusions

PC Py COp.
For the purpose of proving the main conjecture the following result is essen-
tial.
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Theorem 6.1. i. The image of 04 is contained in P 4.
ii. Within HUes(gz)A(Uab)X we have

oan [ AU =& =im(9) .
UeS(G,2)

Note that Thm. [6.1]ii follows trivially from the definition of ® and ® 4 as
well as from Thm. While one checks that the image of 64 satisfies
- for the same reasons as im(6), condition would again require
an (integral) logarithm, which due to convergence issues is not available for
A(G). This is the only reason to consider also fp and ®p in the following!
Thus we are going to prove the following variant

Theorem 6.2. i. The image of Op is contained in p.
ii. Within HUGS(Q,Z)B(Uab)X we have

dpnN H A(Uab)X =dy .
UeS(G,2)

Again, Thm. [6.2]ii holds for trivial reasons. Moreover, Thm. [6.2]i clearly
implies Thm. i. It is straightforward to check (by the same arguments

as before) that the image of 0p satisfies the conditions (M1)) - (M3)). In
particular, upon replacing by

and using also

heU/Z

the proof for (M3]) is literally the same as before.
Before we discuss the condition (M4)) we would like to point out the
following conclusion.

Corollary 6.3. For any compact p-adic Lie group G and O the ring of
integers of a finite unramified extension of Q, the canonical maps

Ki(MG) — Ki(A(G))  and  Ki(A(G)) — K{(B(G))
are injective.

Proof. Assuming first that G = G is pro-p of dimension one, the claim follows
from the following commutative diagram

K1(A(G)) — K1(A(9))

[

P> Dy
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In the general pro-p case we may express A(G) as an inverse limit of Iwasawa
algebras of groups G of dimension one which by [FK] Prop. 1.5.1 and [SV2]
Cor. 3.2 gives rise to a commutative diagram

K(A(G)) —= lim K (A(G))

| |

K{(A(G)) — lim K7 (A(9))
and to a corresponding one for K (B(G)). The claim follows. For general G

one uses the same reduction steps as discussed in [Sul. (]

In order to show that the image of fp satisfies (M4)) we need the commu-
tativity of the diagram

L
(8) K1(B(9)) - B(9)/[B(9), B(9)]
03 lﬂB
a £ B(U®P ,
Mresg.z) BU™) ) (m3q) 4B>U€51';[g7z) (U™) ®z, Qy
where [...](pr3q) indicates, as before, the subgroup of elements satisfying

(M3a)) and where Lp = (Lpv)ves(g,z) is defined in the same manner as
earlier the map L:

P*|V/ 2|
2 log ( P A ) -
p*|lV/Z| vz (%) wepa ew (aw (yw)) /21
By A(Z)-linearity the map ny extends to a B(Z)-linear map
nu : B(U) — B(U) .

Lev((yu)v) :

Lemma 6.4. i. For any open subgroups U C V C G, we have the
commutative diagram

B(V log
T —= B(V)/[B(V), B(V)] ©2, Q,

\4 %4
Ny l ltrU

14+pB(U log
T s — = B(U)/[B(U), BU)] €z, Q.

ii. For any U # Z in C(G, Z) the diagram

lo,
14 pB(U) —=% B(U) @z, Qp

l |

15 commutative.
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Proof. ii. follows formally from i. in the same way as Lemma follows
from (4)). For i. one has to adapt the first step in the proof of [OT] Thm.
1.4. ([l

Remark 6.5. By B(Z)-(semi)linearity the identity in Lemma remains
valid for any f € B(G)/[B(G), B(9)] ®z, Qp and any U € S(G, Z).
To establish the commutativity of we have to show that
Lp(0p(x)) = PBe(Lp(x)) for any = € K1(B(9))
holds true. Because of Lemma [5.1|it suffices to treat the two special cases = €
14+ pB(G) and x € B(Z)*. In the first case the computation is formally the
same as the computation in the proof of Prop. now using , Lemma
and Remark of course. Let therefore z € B(Z)*. Then Ng(x) = zI9/U]
for any U € S(G,2) and apy(z) = —%— = Z =1 for any W € P(U).

Ny (@) v

Hence we obtain 0z (x) = (x!9/V1); and

2#719/2]
L5(05) = Gavzzr log (_—o7z wer o @)e72))Y

— (\QQV\ log (gojfx)))v

= (19/VILp(x))v
= Bp(Lp(z)) -

To see that Op(x) satisfies (M4)) we observe that due to Thm. and the
commutativity of the element Lp(0p(x)) = Bp(Lp(x)) satisfies (Al))
and (A3)). We further note that the obvious analogs of Remark ii.b and
Lemma [4.5] remain true in the present setting. Hence we may argue exactly
as we did earlier (before Lemma for 0(x).

This finishes the proof of Theorems [6.2) and [6.1}
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