ON KATO’S LOCAL ISOMORPHISM CONJECTURE FOR RANK
ONE IWASAWA MODULES

OTMAR VENJAKOB

ABSTRACT. This paper contains a complete proof of Fukaya’s and Kato’s e-iso-
morphism conjecture in [23] for invertible A-modules (the case of V' = Vy(r) where
Vo is unramified of dimension 1). Our results rely heavily on Kato’s unpublished
proof of (commutative) e-isomorphisms for one dimensional representations of Gg,
n [27], but apart from fixing some sign-ambiguities in (loc. cit.) we use the theory
of (¢, I')-modules instead of syntomic cohomology. Also, for the convenience of the
reader we give a slight modification or rather reformulation of it in the language of
[23] and extend it to the (slightly non-commutative) semi-global setting. Finally we
discuss some direct applications concerning the Iwasawa theory of CM elliptic curves,
in particular the local Iwasawa Main Conjecture for CM elliptic curves E over the ex-
tension of Q, which trivialises the p-power division points E(p) of E. In this sense the
paper is complimentary to the joint work [7] on noncommutative Main Conjectures
for CM elliptic curves.

1. INTRODUCTION

The significance of (local) e-factors a la Deligne and Tate or more general of the (con-
jectural) e-isomorphism suggested by Fukaya and Kato in [23] §3] is at least twofold:
First of all they are important ingredients to obtain a precise functional equation for
L-functions or more generally for (conjectural) (-isomorphism (loc. cit., §2) of motives
in the context of equivariant or non-commutative Tamagawa number conjectures, see
e.g. Theorem secondly they are essential in interpolation formulae of (actual) p-
adic L-functions and for the relation between (-isomorphisms and (conjectural, not
necessarily commutative) p-adic L-functions as discussed in (loc. cit., §4). Of course
the two occurrences are closely related, for a survey on these ideas see also [39].

Our motivation for writing this article stems from one of the main results, theorem
8.4, of [12] (see Theorem describing under which conditions the validity of a (non-
commutative) Iwasawa main conjecture for a critical (ordinary at p) motive M over
some p-adic Lie extension F, of QQ implies parts of the Equivariant Tamagawa Number
Conjecture (ETNC) by Burns and Flach for M with respect to a finite Galois extension
F C F, of Q. Due to the second above mentioned meaning it requires among others
the existence of an e-isomorphism

A
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in the sense of [23, Conj. 3.4.3], where the Iwasawa module Ty is related to the ordinary
condition of M, e.g. for an (ordinary) elliptic curve E it arises from the formal group
part of the usual Tate module of E. Unfortunately, very little is known about the
existence of such e-isomorphism in general. To the knowledge of the author it is not
even contained in the literature for Tp attached to a C'M -elliptic curve E and the
trivialising extension F,, := F(E(p)), where E(p) denotes group of p-power division
points of E. Well, in principle a rough sketch of a proof is contained in Kato’s work
[27], which unfortunately has never been published sofar. Moreover there were still
some sign-ambiguities which we fix in this paper, in particular it turns out that one has
to take —Lp -1, i.e., —1 times the classical Coleman map , in the construction of

the epsilon isomorphism ([2.17)).

Recently, Benois and Berger [I] have proved the conjecture Cpp(L/K, V) for arbitrary
crystalline representations V' of G, where K is an unramified extension of Q, and L
a finite subextension of Ko, = K(u(p)) over K. Although they mention in their intro-
duction “Les méme arguments, avec un peu plus de calculs, permettent de démontrer
la conjecture Cgp(L/K,V) pour toute extension L/K contenue dans ng. Cette pe-
tite généralisation est importante pour la version équivariante des conjectures de Bloch
et Kato”, they leave it as an “exercise” to the reader. In the special case V = Q,(r),
r € Z, Burns and Flach [10] prove a local ETNC using global ingredients in a semi-local
setting, while in the above example we need it for V' = Q,(n)(r), where 1 denotes an un-
ramified character. Also we would like to stress that the existence of the e-isomorphisms
a la Fukaya and Kato is a slightly finer statement then the Crp(L/K, V)-conjecture
or the result of Burns and Flach, because the former one states that a certain family
of certain precisely defined units of integral group algebras of finite groups in a certain
tower can be interpolated by a unit in the corresponding Iwasawa algebra while in the
latter ones “only” a family of lattices is “interpolated” by one over the Iwasawa algebra.

The aim of this article, which also might hopefully serve as a survey into the subject,
is to provide detailed and complete arguments for the existence of the e-isomorphism

eA(T(T)) : 15 = da(RT(Qp, T(T)))zda(T(T))5

where A = A(G) is the Iwasawa algebra of G = G(K/Q),) for any (possibly infinite)
unramified extension K of Qp,, T' = Z,(n)(r) and RI'(Q,, T(T")) denotes the complex
calculating local Galois cohomology of T(T'), the usual Iwasawa theoretic deformation
of T (see (2.28)). Furthermore, for an associative ring R with one, dg denotes the
determinant functor with 1z = dg(0) (see Appendix [B) while A is defined in 2-2).
We are mainly interested in the case, where G = Zg x A for a finite group A - such
extensions arise for example by adjoining the p-power division points of a CM ellip-
tic curve to the base field as above. This corresponds to a (generalised) conjecture
Crw (K/Qp) (in the notation of Benois and Berger) originally due to Perrin-Riou. It
is the first example of an e-isomorphism associated with a two dimensional p-adic Lie
group extension. Following Kato’s approach we construct a universal e-isomorphism
ea(T(Zp(1))), from which all the others arise by suitable twists and descent. But while
Kato constructs it first over cyclotomic Zj,-extensions and then takes limits, here we
construct it directly over (ZI% x A)-extensions (and then take limits). To show that they
satisfy the right interpolation property with respect to Artin(=Dirichlet) characters of
G, we use the theory of (¢, ')-modules and Berger’s explicit formulae in [4] instead of
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the much more involved syntomic cohomology and Kato’s reciprocity laws for formal
groups. In contrast to Kato’s unpublished preprint, in which he uses the language of
étale sheaves and cohomology, we prefer Galois cohomology as used also in [23]. In order
to work out in detail Kato’s reduction argument in [27] to the case of trivial n we have
to show a certain twist compatibility of Perrin-Riou’s exponential map/Coleman map
for T' versus Z,(r) over a trivialising extension K, for ), see Lemma Going over to
semi-local settings we obtain the first e-isomorphism over a (slightly) non-commutative
ring. In a forthcoming paper [29], using the techniques of [I] and [30], we are going
to extend these results to the case of arbitrary crystalline representations for the same
tower of local fields as above. Of course it would be most desireable to extend the exis-
tence of e-isomorphism also to non-abelian local extensions, but which seems to require
completely new ideas and to be out of reach at present (see [25] for some examples).
Some evidence in that direction has been provided by Fukaya (unpublished).

Combined with Yasuda’s work [43] concerning e-isomorphism for [ # p, we also obtain
in principal a purely local proof of the above mentioned result by Burns and Flach for
V =Qp(r).

Acknowledgements: 1 am grateful to Denis Benois and Laurent Berger for a kind ex-
planation of their work in [I]. Also I would like to thank Matthias Flach and Adebisi
Agboola for helpful discussions. I am indebted to Dmitriy Izychev and Ulrich Schmitt
for pointing out a couple of typos. Finally, I am grateful to the anonymous referee for
valuable suggestions which helped to improve the article.

2. KATO’S PROOF FOR ONE DIMENSIONAL REPRESENTATIONS

Let p be a prime and K be any unramified (possibly infinite) Galois extension of Q.
We set K, := K(pn) for 0 <n < oo and

['=G(Qpoo/Qp) = Z,.
Recall that the maximal unramified extension Q)" and the maximal abelian extension

Q4P of Q, are given as Qp(u(p')) and Q,(1) = Q4" (1u(p)), where p(p) and p(p’) denote
the p-primary and prime-to-p part of u, the group of all roots of unity, respectively. In

particular, we have the canonical decomposition
G(Q/Q) = G(Q)/Q) % G(Qpoo/Qy)
= 7Zx Zy,
under which per definitionem 7, corresponds to (¢, 1) (and by abuse of notation also

to its image in G below), where ¢ := Frob, denotes the arithmetic Frobenius = — .
We put

H:=Hg:=GK/Qp) =<¢>
and
G:=G(Kyx/Qp) = H xT.
Assume that G is a p-adic Lie-group, i.e., H is the product of a finite abelian group of

order prime to p with a (not necessarily strict) quotient of Z,. By

A= A(G) :=7Z,][G]
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we denote as usual the Iwasawa algebra of G. Also we write Z};\T for the ring of Witt

vectors W (IF),) with its natural action by ¢ and we set

(2.2) A = A8z, 2y = Z¥[G].
By
Tun == A¥(1)

we denote the free A-module of rank one with the following Galois action
Xun : Gg, = A, 0+ [Tyn, 0] := 7 'k(o),

where ~ : Gg, — G is the natural projection map and « : Gg, — Z,; is the p-cyclotomic
character. Furthermore, we write
U(Ko) := (li‘m(’)Z/pl
Lyji
for the A-module of local units, where L and 4 run through the finite subextensions of
K+ /Q, and the natural numbers, respectively, and the transition maps are induced by
the norm. Finally we fix once and for all a Z,-basis € = (€,),, of Zy(1) = <li_m,upn.

n
Setting Ay = {z € A|(1® ¢)(z) = (a®1) -z} for a € A* = K{(A) we obtain
Proposition 2.1. Fora = [Tun,Tp]_l = 7, there is a canonical isomorphism
Ok[I], if H is finite;
A, = <h_m Ox/[T), if H is infinite.
QpCK'CK finite, Tr

as A-modules and all modules are free of rank one.

Proof. We first assume H =< 7, > to be finite of order d and replace I' by a finite
quotient without changing the notation. Then any element x € A = Z%"[I'|][H] can be

uniquely written as Z?:_ol aﬁé with a; € Zy [['] and ¢ acts coefficient wise on the latter
elements. The calculation

d—1 d—1
(120)@) —(pele = 3 )y -3 an'
1 o
= Z(Gﬁ(ai)—ai—l)ﬁi
1=0

with a_1 := agq_1 shows that 2 belongs to A, if and only if ¢%(a;) = a; and ¢~ (ag) = a;

_— %=1
for all 7. As Zg’”d) = Ok, the canonical map

Ao = Ok[T], Y aim) — ao,
is an isomorphism of A-modules, the inverse of which is
x> Z h® h~Y(zx)
heH

and which is obviously functorial in I', whence the same result follows for the original
(infinite) T".
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Now, for a surjection 7 : H” — H' it is easy to check that the trace Trgn /g : Ogn —
Ok induces a commutative diagram

(2.3) A, — O[]

wl \LTTKH/K/

N, —5 O[T,

whence the first claim follows. From the normal basis theorem for finite fields we obtain
(non-canonical) isomorphisms

O = Zy[Hy),
which are compatible with trace and natural projection maps. Indeed, the sets Sk :=
{a € Ok'|Zp|Hi'la = Ok} = Zy[Hgs])* are compact, since 1 + Jac(Zy[Hg]) for the
Jacobson radical Jac(Zy[Hg']) is open in Z,[Hg/|*, and thus 1&115 Kk’ is non-empty.

K/
Hence the trace maps induce (non-canonical) isomorphisms h;n(’);« = Zp[H] and
K/
<li_m(’)K/ [Tl = Z,[G], respectively. O

Kl

We now review Coleman’s exact sequence [16], [I7], which is one crucial ingredient in
the construction of the e-isomorphism. Let us first assume that K/Q), is finite.
Then U(Ky) = (h_mOIX(n /p* with K,, := K(uy) and the following sequence of A-

n,t
modules is exact

(2.4) 00— Zy(1) — = U(Kso) —= O [I] —" Z,(1) —= 0,
where
o i(e) =¢,
e Col(u) := Col(u) is defined by the rule
=1-o _1 0 g = Col(u) -
(2.5) Elgu) = (1= )og(gu) = Jlog( 27 =) = Col(u) - (X +1)

in Og[X] with g, = gu € Or[X] the Coleman power series satisfying
g® "(en — 1) = u, for all n. Here ¢ is acting coefficientwise on g, = g,(X),
while ¢ : Og[X] — Ok [X] is induced by X +— (X +1)? — 1 and the action of
¢ on the coefficients. Furthermore, the O-linear action of Ok [I'] on Ox[X]
is induced by v- X = (1 + X)) — 1.

e 7 is the composite of Ok [I'] — Ok, v+ k(7), followed by the trace Trg q,
Ok — Zp (and strictly speaking followed by Z, — Zy(1), ¢ — ce).

Using Proposition [2.1] and the isomorphism
A[Tunv"'p}_l = Tun ®n A[Tun:TP]_l’a = (1 ® E) ® a,
we thus obtain an exact sequence of A-modules

L e
(26) 0 —Z(1) —> U(Koo) = Ty (Koo) @n Appyy 1 —= Zp(1) —=0.
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In the end we actually shall need the analogous exact sequence

7£'K,—e

(27) 0—=Zp(1) —= U(Ko) — Tun(Ko) ®4 A[’Eun,rp]*l —Zp(1) —=0.

where we replace € by —e everywhere in the construction and where we multiply (only)
the middle map by —1. Note that the maps involving Z,(1) do not change compared
with (2.6]).

In order to deal with the case that K/Q, is infinite, 1.e., p™°|[K : Qp], let Q, C L C
L' C K be finite intermediate extensions. We claim that the following diagram

(2.8)

‘CL/,E

0 Zp(1) U(Leo) — Tun(Ly) @A Ay, 7)1 — Zp(1) —0
NLéo/Loo:[L/:L]‘l NLloo/Lool pTL//Li :l
Lr e
0 Z(1) U(Loo) —> Tun(Loo) @a Ajpy, zy) -t — Zp(1) —0

commutes, where the norm maps N/ ;.. = N/ are induced by Ny, - for all n,
which on Zy(1) amounts to multiplication by [L" : L] while Nz, /. : U(LL,) — U(L)
is nothing else than the projection on the corresponding inverse (sub)system. Recalling
this is equivalent to the commutativity of

Colyr .
(2.9) 0 —— Z(1) —= V(L) —= Op[r] Zp(1) 0
NL{,O/LOO[L'ZL}'l NLgO/Lool TTL//Ll =i
Colyp, .
0 —=Zp(1) —> U(Lao) —= OL[I] Zp(1) — 0

where Trps /7, : Op/[I'] — OL[I'] is induced by the trace on the coefficients. While the
left and right square commute obviously, we sketch how to check this for the middle:

Firstly note that by the uniqueness of the Coleman power series
Nyyp(gw) = 9Ny, (w)

foru’ € U(LL,), where Ny, : Op[X] — Op[X] is defined as f(X) = [[ e /r) f7(X),
where o acts coefficient wise on f (see the proof of [42, Lem. 2] for a similar argument).
Secondly, one has

L(Npyr(g9)) =TrpL(g)
for g € Op/[X]*, since N/, and ¢ commute. Sofar we have seen that
Triyl(ge) = LI9Ny, )
which implies the claim
Trpyp(Col(u')) = COl(gNL//L(u’))

using the defining equation (2.5) and the compatibility of Ty, with the Mahler
transform M : O [I'] - Ox[X], A— A- (1 + X).

Taking inverse limits of (2.8) we obtain the exact sequence

[’Ke

(2.10) 0 —U(Koo) — Tun(Koo) @A Apn,,, 7)1t — Zp(1) —0.
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Similarly, starting with (2.7]) we obtain the exact sequence

LK —e€

(2.11) 0 — U(Koo) ——> Tun(Koo) @ AT, )t = Zp(1) — 0.

2.1. Galois cohomology. The complex RI'(Qp, Ty, (K~)) of continuous cochains has
only non-trivial cohomology groups for i = 1, 2:

(212)  HY(Q,Tun(Kw)=  lm  HY(L,Z,(1) = lim (LX)
QpCLCKofinite L

by Kummer theory and
(2.13) B (@, Tun(Koo)) = lim  HX(L,Z,(1)) = Z,
QpCLC Kofinite

by local Tate-duality; here the sign of the trace map tr : H(Qp, Tyn(Koo)) & Z, is
normalised according to [26, Ch. II, §1.4] as follows: if § € H'(Q,,A) denotes the

character G, WL 7,890 A where w is the map which sends F'rob, to 1 and the

inertia subgroup to 0, then we have a commutative diagram

(214) Qx v 7 canon Zp
J\L %Ttr
HY(Qp, Zp(1)) ?

where v denotes the normalised valuation map and ¢ is the Kummer map. Furthermore,

the first isomorphism (2.12]) induces

-: a canonical exact sequence

(2.15) 0 — U(Kno) HY(Qp, Tun(Ks)) ————= Z, — 0,

if K/Qy is finite, ¥ being induced from the valuation maps vy, : L* — Z (the
sign before ¢ will become evident by the descent calculation (2.54))),
-: an isomorphism

(2.16) U(Koo) = HY(Qp, Tun(Koo)),
if p>|[K : Q).

2.2. Determinants. Now we assume that K/Q, is infinite. Then
GG x A,
where A is a finite abelian group of order d prime to p and G’ = Z}%. Thus
A(G) = Zy[A][27]
is a product of regular, hence Cohen-Mac Caulay rings. Setting O := Z,[1q] we have

MG Cho(@ = ] Ao(@)ey,

XGII‘I‘@(A)
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where e, denote the idempotents corresponding to x, while Irr@(A) denotes the set of

Q,-rational characters of A. Since regular rings are normal - or by Wedderburn theory
-, it follows that there is a product decomposition into local regular integral domains

MO = [ 2o(G)ey,

XeIerp(A)
where now Irrg,(A) denotes the set of Qp-rational characters and O, is the ring of
integers of K := Endyg a](X)-

For the various rings R showing up like A(G) for different G, we fix compatible determi-
nant functors di : DP(R) — Ppg from the category of perfect complexes of R-modules
(consisting of (bounded) complexes of finitely generated R-modules, quasi-isomorphic
to strictly perfect complexes, i.e., bounded complexes of finitely generated projective
R-modules) into the Picard category Pr with unit object 1z = dg(0), see Appendix
for the yoga of determinants used in this article.

Lemma 2.2. For all r € 7 there exists a canonical isomorphism
cang,, ()

1y ——d(Zp(r)).

Remark 2.3. The proof will show that the same result holds for G = Z]; XA k>2
and any A(G)-module M of Krull codimension at least 2.

Proof. Since
Ext}y ) (Zp(r), M(G)) = Ext)y ) (Zp(r), A(G')) = 0

for ¢ # k(= 2) we see that the codimension of Z,(r) equals k +1 — 1 = k > 2. Setting
M = Z,(r) we first show that the class [M] in Go(A) = Ko(A) vanishes, i.e., there
exists an isomorphism ¢g : 1 2 d(M) by the definition of Pg in [23]. Since

Ko(A) = P Ko(ho, (G) = P Z,
X X

where the last map is given by the rank, the claim follows, because e, M are torsion
Ao, (G')-modules. By the knowledge of the codimension we have M, = 0 for all prime
ideals p C A of height at most 1. In particular, we obtain canonical isomorphisms

Cp . 1Ap = dAp(Mp)
Since Mor(1,,,da,(My)) is a (non-empty) K1 (Ap)-torsor, there exist unique A, € Ay’ =
K1 (Ap) such that
Cp = (CO)p ’ )\pv

where (cp)p = Ay ®a co. Now let ¢ = g, be a prime of height zero corresponding to
X € Irrg, (A). Then

¢ = Mg @Ay Cp
= Ag@aco-Ap = (co)adp
for all prime ideals p O q of height one, whence
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Thus
Me [ A=A (G)
POg;ht(p)=1
(Ao, (G") being regular, i.e., (y5q w1 A = Ao, (G")) and
canyy = (o - Agy )y : 1a — da(M)

is unique and independent of the choice of ¢y. Here we used the canonical decomposition

Ki(A(G)) %’@XKl(A@X(G’)). g

Now we shall finally define the e-isomorphism for the pair (A(G), Tyn) :

(2.17) €A(Tun) := €r,e(Tun) : 1o — daA(RT(Qp, Tun))da(Tun @4 Ar))
Since A is regular we obtain by property B.h) in the Appendix

dA(RF(QmTun))_l dA(Hl(QIM un))dA(Hz(@vaun))_l
d(U(Kw))da(Zy) ™

da(Tun @5 Ar,)da(Zp(1) 7 dA(Zp) ™
da(Tun ®4 Ary),

where we used (2.13), (2.16) in the second equality, (2.11)),i.e., in particular the map
—Lg 1 (sic!) and the regularity in the third, while the identifications cang (1) and

cang, in the last step. This induces (2.17).

In the spirit of [23] this can be reformulated in a way that also covers non-commutative
rings A later. For any a € K;(A) define

Ki(A)a = {z € Ki(M)|(1@ ¢)u(2) = a-a},

which is non-empty by [23 prop. 3.4.5]. If A is the Iwasawa-algebra of an abelian p-adic
Lie-group, i.e. Kl(A) = AX this implies in particular that Ag NAX = Ki(A), # 0,
whence we obtain an isomorphism of A-modules

1R 1R

12

(2.18) A @AAZA 2@y -y
Thus, one immediately sees, that the map

U<Koo) — Tun QA ATp g Tun XA K

extends to an exact sequence of A-modules

(2.19) 0 —= U(Kno) @a A T ©a A Zur (1) — 0,

which in fact is canonically isomorphic to the base change of (2.10) from A- to A-

modules. Therefore base changing (2.17) by A ®p — and using (2.18) (tensored with
Tun(Ko)) we obtain

(2.20) \(Tun) == e’A’e(’]I‘un) 115 — dA(RT(Qp, Tun)) 5dA(Tun) 3,

which actually arises as base-change from some

€0 : 1p = dA(RT(Qp, Tyn(Koo))da(Tun(Koo))
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plus a twisting by an element 6§ € K1(A).,, i.e.,

€ (Tun) € Mor(1a, da(RT(Qp, Tun (Koo))da(Tun(Koo))) x5 Ky (M),
Indeed, fixing an isomorphism ¢ : A = A, (cf. Proposition sending 1 to 4, (2.18)
implies that 0 € K1(A)7, and the claim follows from the commutative diagram

~Tun 6_1 ~
Tun @A A ;‘9) Tun SN A

j Tun®y " J

Tun ®a A‘rp > Tun @ A
( €\ (Tyun) equals & times the base change of € := (Typn ® 1) 0 € (Tun)).

2.3. Twisting. We recall the following definition from [23] §1.4].
Definition 2.4. A ring R is of

(type 1): if there exists a two sided ideal I of R such that R/I"™ is finite of order
a power of p for any n > 1 and such that R = (li_rnR/I".

n

(type 2): if R is the matrix-algebra M, (L) of some finite extension L over Q,
and some dimension n > 1.

By lemma 1.4.4 in (loc. cit.) R is of type 1 if and only if the defining condition above
holds for the Jacobson ideal J = J(R). Such rings are always semi-local and R/J is a
finite product of matrix algebras over finite fields.

Now let R be a commutative ring of type 1 and let T = T, be a free R-module of rank
one with Galois action given by
x = xr : Gg, = R*
which factors through G. By x1 we denote the induced ring homomorphism A(G) — R.
Furthermore let Y =Y, be the (R, A(G))-bimodule which is R as R-module and where
A(G) is acting via
Xy 1= X%lxcyc :AG)— R
(from the right) where
Xeye : MG) = Zp, =+ R
is induced by the cyclotomic character and the unique ring homomorphism Z, — R.
Then the map
Y @p) Tun —T, y@t—y-xy(t),
is an isomorphism of R-modules which is Galois equivariant, where the Galois action
on the tensor product is given by o(y ®t) =y ® o(t) for o € Gg,.

Let R and R, be defined in the same way as for A. Then, using the isomorphisms
Y @p dA(RT(Qp, Tun)) = dr(RT(Qp, Y @4 Tun)) = dr(RT(Qp, T))

by [23, 1.6.5] and
R®pAa = Ry(a),
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where y : A — R denotes a continuous ring homomorphism, we may define the following
e-isomorphisms.

Definition 2.5. In the above situation we set
€r(T) := €re(T) := Y @p epe(Tun) : 1r = dr(RT(Qy, T))dr(T @R Ry(r,))

and
€p(T) = E/R7€(T) =Y ®a EIA’E(TUH) 1l — dR(RF(Qp,T))EdR(T)E.

By definition we have the following important twist invariance
(2.21) Y' @p €r(T) = ep(T') and Y’ @p €x(T) = € (T')

for any (R’, R)-bimodule Y’ which is projective as R’-module and satisfies Y/ ®@rT = T'.
Here R and R’ denote commutative rings of type 1 or 2. Indeed, to this end the
definition extends to all pairs (R, T) where R is a (not necessarily commutative) ring
of type 1 or 2 and T stands for a projective R-module such that there exists a (R, A)-
bimodule Y which is projective as R-module and such that T = Y ®j Ty,. In this
context we denote by [T,o], o € Gg,, the element in K;(R) induced by the action of
Gg, on T; note that this induces a homomorphism [T, -] : G(Q%) — K1 (R).

Example 2.6. Let ¢ : Gr — Z; be a Grossencharacter of an imaginary quadratic field
F' such that p is split in F' and assume that its restriction to Gr,, v a place above p,
factors through G. We write Ty, for the free rank one A(G)-module with Galois action
given by o(\) = A\ 1¢(c). Then we also write ex (1) for ex(Ty).

2.4. The e-conjecture. We fix K/Q, infinite and recall that G = G(K+/Q,) as well
as A = A(G) and Ap = Ap(G) for O = O the ring of integers of some finite extension
L of Q,. If x : G — OF denotes any continuous character such that the representation

VX = L(X)a
whose underlying vector space is just L and whose Gg,-action is given by Y, is de

Rham, hence potentially semistable by [37] (in this classical case) or by [3] (in general),
then we have

L®o, 6/OL (Tx) = 6/L(Vx)
by definition. The e-isomorphism conjecture by Fukaya and Kato in [23, conjecture
3.4.3.] states that

(2.22) 6/L(Vx) =Tr(Vy) - er.ear(Vy) - 0n(Vy),
where, for any de Rham p-adic representation V' of Gg,,
a) T (V) := [1,T*(5)~"=9) with h(j) = dimp, gr? Dgr(V') and

. (=17 (=) <0

r = . .
) { L), j >0,
denotes the leading coefficient of the I'-function,
b) the map
EdR(V) = EL,e,dR(V) : 1Z — d'L'(V)dz(DdR(V))_l,

with L := @g\r ®q, L is defined in [23 prop. 3.3.5]. We shall recall it after the proof of
Lemma
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c) 01(V) is defined as follows: Firstly, RI'f(Qp, V') is defined as a certain subcomplex of
the local cohomology complex RI'(Q,, V'), concentrated in degree 0 and 1, whose image
in the derived category is isomorphic to

(2.23) RI4(Q,, V) = Dcris(vslﬂ)Dcm(V) @ Dar(V)/Dgr(V) |

Here ¢, denotes the usual Frobenius homomorphism and the induced map t(V) :=
Dar(V)/D9g(V) — H}(@p, V') is the exponential map expp (V') of Bloch-Kato, where
we write H}(Qp, V) for the cohomology of RI'f(Qp, V). Now

(2.24) 0L(V): 1L — dr(RI(Qy, V) - dr(Dar(V))

is by definition induced from 7,(V') - (n,(V*(1))*) (see Remark for the notation) -
with

(2.25) mp(V) o 1 — dr(RT(Qp, V))dL(t(V)),

arising by trivializing De;s(V') in (2.23)) by the identity - followed by an isomorphism
induced by local Tate-duality

(2.26) RI(Q;, V) = (RI(Q, V*(1))/REp(Qr, V(1)) [-2]

and using DY,(V) = t(V*(1))*.

More explicitly, 8,(V) is obtained from applying the determinant functor to the follow-
ing exact sequence

ex 1%
0 — H(Qp, V) — Doris (V) — Deris (V) @ £(v) 22 V1, v) —

exppk (V*(1))*

Dcm‘s(v*(l))* S¥ t(V*(l))* - Dcris(V*(l))* - H2(QP7 V) —0

which arises from joining the defining sequences of exppg (V') with the dual sequence
for exppr (V*(1)) by local duality ([2.26]).

Remark 2.7. a) The e-conjecture may analogously be formulated using er(T) instead
€p(T). In the following we will amply switch between the two versions.

b) Since by definition of ep, (Ty) we have
L®o, €0, (Ty) = L®o, (Yy®a €)(Tun))
= (L®oy, Yy) ®A €5(Tun)
amounts to showing that
(2.27) L@p en(Tun) = en(Vy)

holds, where A acts on L via X *xeye : A(G) — Or, C L. Once we have shown (2.27)
for all possible x as above, it follows immediately by twisting that e.g. ex(Tx. (T)) for
T = Zp(n)(r) as below satisfies the descent property

V, @a eA(Tk (T)) = en.(V(p"))

with V (p*) ==V ®q, V,+ for all one-dimensional representation V, arising from some
continuous p : G — OF and its contragredient representation V.



ON KATO’S LOCAL e ISOMORPHISM CONJECTURE 13

Note that by [37] any V, as above is of the form
W = L(np)(r) = Ltpn,p,

where r is some integer, n : G — O is an unramified character and p : G —
G(K,,/Qp) — OF denotes an Artin-character for some finite subextension K’ of K/Q,
and with m = a(p) chosen minimal, i.e., p®) is the p-part of the conductor of p.

In the following we fix 7 and r and we set T := Zy(n)(r), V := T ®z, Q, and
(2.28) Tko = Tk (T) = A @, T,
the free A-module on which o € Gg, acts as 6~ 'nx" (o).

Now we are going to make the map (2.24]) explicit. First we describe the local coho-
mology groups:

0 L, fr=0,pn=1;
(2.29) HY(Qp, W) = { 0, otherwise.
By local Tate duality we have
2 ~ 170 * x L, r=1,pn=1;
(2.30) H(Qp, W) = H(Qp, WH(1)) _{ 0, otherwise.

From the local Euler-Poincaré-characteristic formula one immediately obtains

2, r=0orl,pn=1;

. 1 T 1 * _
(2.31) dimy, HY(Qp, W) = dimy, HY(Qp, W*(1)) = { 1, otherwise.

Following the same reasoning as in [2, lem. 1.3.1.] one sees that

H(Qp, W) = (HY(Qp, W*(1))/H}(Q,, W*(1)))" =

HY(Q,, W), r>2 orr=1and pn# I
im ([U(Qp) ®Zp QP — Hl(@pv@p(l))> , = 17p77 - 117

Hl(Fpa Qp) r=0,pn=1,

0, r<-—1,orr=0and pn# 1L

where the map in the second line is the Kummer map. Hence we call the cases r =
0 or 1,pn = 1 exceptional and all the others generic.

For the tangent space we have by (A.61])

[ Dagr(W) =1L, r>0;
(2.32) (W) = { 0, r < 0.
and

. _[o, r > 0;
(2.33) tW=(1)) = { Dar(W*(1)) =L, r<0.
while

' _[o, a(p) # 0;

(2.34) Deris(W) _{ Le,y ,, otherwise,

with Frobenius action given as ¢(eyy,) = p_rpn(szl)epnyr.
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2.4.1. The case v > 1. In this case we have I',(W) = T'(r)"! = (r — 1)!I"! and
H°(Q,, W) = 0, whence

(2.35) 1= ¢ Deris(W) = Deyis(W)
and
(2.36) exp(W) : Dap(W) = H(Q,, W)
are bijections. Thus, combined with the exact sequences
(2.37)
F L Diyis (W (1)) =2 Digis (W (1))* = B2y, W) 0

0 HHQ,, W*(1))

and

0 — HE(Q,, W) HH(Qp, W)

they induce the following isomorphism corresponding to 61, (W)
dz(Dgr(W)) = dL(RT(Qp, W)) ™.
In the generic case it decomposes as

dz(exp(W)) : d(Dar(W)) = d(H'(Qp, W)) = dr(RT(Q,, W)) ™

HH(Qp, W*(1))* —0

—-1.

times

det(l - ¢*|Dcms(W*(1))*)
det(l - ¢|DCT’LS(W))

1, — 15,

which equals

(238) det(l - ¢|Dcms(W*(1))) _ { M 1f a(p) — 07

1—p—7 )
det(1 — | Dersa (W) p~"on(tp )

1, otherwise.

Now let r = 1 and pn = 11, i.e., we consider the exceptional case W = Qp(1). As now
det(1 — ¢|Deris(W*(1))) = 0 and the two occurrences of De.is(W*(1))* in (2.37) are
identified via the identity, the map 67 (W)~! is also induced by (2.35),(2.36) together
with the (second) exact sequence in the following commutative diagram

- —9Q0Q
ZX ®Qp @ ©Q, —Q 0

%i& =5 QTTT

00— H}(va Qp(1)) — Hl(va Qp(1)) > HZ(QIN Qp(1)) —=0,

where the first two vertical maps § are induced by Kummer theory, v denotes the
normalised valuation map and the dotted arrow is defined by commutativity: IL.e.,
0, (W)~ arises from

(239) 0

CTPQp (1)

(2.40) dg, (Dar(Qp(1))) — dg, (H(Qp, Qp(1))) = dg, (RT(Q,, W)~
times
(2'41) det(l - ¢|Dcris((@p(1))) = (1 - pil)‘

Combining (2.39), (2.40) and (2.41)) this can rephrased as follows:
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Proposition 2.8. The map 60(Qp(1)) is just induced by the single exact sequence
(2.42)

(1*P_1)_16XPQP(1

0 —1(Qy(1)) = Qp

—92Qp

1(Qp, Qp(1)) —=H2(Qy, Qp(1)) — 0.

Proof. Since t(Q,) = 0, it follows directly from its definition as connecting homomor-
phism that

€TPQ, * Qp = Dcris(@p) — H}(Q;m Qp) - Hl(@pv @p)

sends a € Q, to the character x, : Gg, — Qp, g = (g — 1)c, where c € @’ satisfies
(1 =) = a, ie, xal(¢) = —a. As noted in [2, lem. 1.3.1], we thus may identify

H}(@p,Qp) = H'(F,,Q,). Identifying the copies of D.;s(Q,) (in the dual of (2.37))

gives rise to a map

w : @p = HO(@pa Qp) — H}”(Qp7@p)7 a = Xa-
By local Tate duality

HY(Qp, Qp(1))/H}(Qp, Qp(1)) X H(Qp, Q) — H*(Q), Qp(1)) = Qp
g I
H2(@pv Qp(1)) x HO(Qp7Qp) - HQ(QP’Qp(l)) =Q

we obtain for the dual map %* using the normalisation

tr(¢"(d(p)) = tx(d(p) U x1) = x1() = —1.
Thus the dotted arrow in ([2.39)) being ¥* this diagram commutes as claimed. [l

2.4.2. The caser < 0. This case is just dual to the previous one replacing W by W*(1).

2.5. The descent. Let K be infinite. In order to describe the descent of Ly -1 in

(2.10]) we set
(2.43) Ly :=Lye1:=Y Qp Lk 1,

if the projective left A’-module Y (with commuting right A-module structure) satisfies
Y @p Tun = T as A'-module. As Lk -1 is the crucial ingredient in the definition of
¢\ (T), the following descent diagram will be important:

For fixed p as before we choose K’ C K and n > max{1,a(p)} such that p factorises
over Gy, := G(K/,/Q,). Setting A’ := Q,[G,] and V' := Q,[G,]* ® Q,(n)(r) we first
note that

HY(Qp, V') = HY (K7, Qp(n)(r))
by Shapiro’s Lemma. Also, let Y’ be the (A’, A)-bimodule such that Y’ @4 Ty, = V',
We write e, := ﬁ > N x(g~1)g for the usual idempotent which induces a canonical

decomposition A’ = [] L, into a product of finite extensions L, of @Q,. In particular,
for L = L, we have W = ¢, 1 V' = L,(pn)(r).
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Then, for r > 1 and with I'(V’) := @, I'(ex V'), we have a commutative diagram

7£’V’:7Y,®A£K,e_1

Y’ QA Hl(@pa Tun)

prnl Niprn
(V) lex

(K, Qyn) (1)) < Dan(V") V o (W)

Y' @A Tun @ A[Tun,T;Tl]

of A’-modules as will be explained in the Appendix, Proposition

Applying the exact functor V,« ®x, — leads to the final commutative descent diagram
- at least for W # Q,(1) -

(2.44)

—Lw==Y"®\Lf —1

Y// XA Hl(@py Tun) Y// XA Tun QA A[Tunﬂ-;l]
anl Elprn
det(1—¢|Depis (W™ (1))) —1
(W)~ lexp det (| DorgsW))  €L.e.dr(W)
Hl (Qp’ W{ w DdR(W) ‘ w ®L L[W,Tz;l]

where Y := V» @0 Y = V- @AY is a (L, A)-bimodule. For W = Q,(1) the Euler
factor in the nominator as well as the map pry become zero, therefore we shall instead
apply a direct descent calculation in Lemma [2.9] using semisimplicity and a Bockstein
homomorphism.

For the descent we need two ingredients:

e the long Tor-exact sequence by applying Y ® A(G) — to the defining sequence

(2.10) for —Lf 1 and

e the convergent cohomological spectral sequence
(2.45) By = Tor™,(Y", HY(Qp, Tun)) = HH(Q,, W),
which is induced from the isomorphism
V" @ RU(Qp, Tun) = RT(Qy, Y @4 Tun),
proved in [23] and using W 2 Y"” ® Ty,

together with the fact [40] that the determinant functor is compatible with both. Since
for T=T(T) := A&z, T =Y @) Tun

T, ifi=0and r=0,np=T,
, H'(Q,,T) #0, ifi=1;
i ~ D> ’ ’
(2.46) H'(Qp, T) = T(~1), ifi=2andr=1,n=T1,
0, otherwise.

we obtain for r > 1 the following exact sequence of terms in lower degree

(2.47) 0 —— Tord (Y, H'(Qp, Tun)) — H°(Q,, W) — Tory (Y", H(Qp, Tun))

— Y” QA Hl (Qp> Tun) I Hl (Qpa W) - Torjl\(yllv H2 (@Pa T’WL)) —0
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and
Tory (Y", HY(Qp, Tun)) = 0 and Y” @5 H(Q,, Tun) = H(Q,, W)

or, as Y ®@% RT(Qp, Tun) =2 Ve @% (Y @4 RT(Qp, Tup)) & Ve @% RT(Qp, T), which is
canonically isomorphic to

(2.48) 0 —— Tor}(V,+, H (Qp, T)) — H(Qp, W) —— Torj (V,+, H*(Q,, T))

——=Vpr @ HY(Qp, T) — H'(Qp, W) — Tor} (Ve , HA(Q,, T)) —= 0

and
Tory (V,«, H{(Q,, T)) = 0 and V,- @5 H(Q,, T) = H*(Q,, W).

In the generic case the spectral sequence boils down to the following isomorphism

(2.49) Y @p HY(Qp, Tun) = HY(Qy, W).

Considering the support of Z,(1) one easily sees that Tor’(Y” Z,(1)) = 0 for all
i > 0. Hence the long exact Tor-sequence associated with (2.10) combined with (2.16)
degenerates to

—C
(2.50) Y @ HY(Qp, Tun) == W ®L Liyr, -1

while for all 7 > 0
(2.51) Tor (Y, HA(Qp, Tun)) = Tor} (Y, Z,) = 0.

Thus the conjectured equation (2.22)) holds by (2.44)), (2.49)), (2.50) and the definition
(2.17) with —Lp 1.

For the exceptional case W = Zy(1) we set R = A(I"),, where p denotes the aug-
mentation ideal of A(I') and recall that R is a discrete valuation ring with uniformis-
ing element m := 1 — 79, where g is a fixed element in I', which is sent to 1 under

log
r—=- Zy — Zy , and residue field R/m = Qp. The commutative diagram of ho-

momorphisms of rings

induces with Y := R/m
(2.52) RI(Qp, Qp(1))

I

V" @% RU(Qp, Tun(Koo))

= Q&% (A(r) ®% RI(Q,, Tun(Koo)))
= Qp®% R®nr) RKRT(Qp, Tun(Qp,oo0))
Qp ®'% RT(Qp, Tun(Qp,00) )p-

2

12

In particular, the descent calculation factorises over the cyclotomic level, i.e.,

6(/Qp (Qp(l)) = R/ﬂ- SR 63{(R ®A(F) Tun(@p,oo))
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is induced by € (R @) Tun(Qp,00)) which in turn is induced by the localisation at p
of the exact sequences (all for K = Q) (2.6

7£Tun (@p,oo )p

(2.53) U(Qp,m)p ~ Tun(Qp,OO)P @R R[Tun,fp]—l

(this arises as long exact Tor-sequence from (2.10))) and ([2.15))
(2.54)

0— U(Qp,w)p H! (va Tun(@p,OO))P . Qp = H2(va Tun«@pm))vﬂ —0.

The latter one arises from an analogue of the spectral sequence (2.45]) above - which
gives with H = G(Koo/Qp,0) an exact sequence

0— Hl(@pa Tun(Koo))’H - Hl (Qpa Tun(@p,oo)) - H2(pr Tun(Koo))H - 07

and

H2(va Tun(Koo))1 = Hz(va Tun(Qp,0)),
- combined with and an identification of H2(Qp, Tun(Kx))? = Z, with
HQ(QP,TW(KOO))H = Zp induced by the base change of canz,. Indeed, it is easy
to check that the long exact #-homology (= Tor(A(T), —)) sequence associated with

-)
[2:10) recovers (2.6)), in particular H(Qp, Tyn(Koo))n = U(Koo)g = U(Qp,0). More-

over, the composite

B : Hl(@pyr]run(@p,oo)) — H2(QpaTun(Koo))H = HZ(prTun(Koo))H = H2(@pa Tun(@p,oo))
is via restriction and taking G(KZ2' /Q, o )-invariants by construction induced by the

Bockstein homomorphism [ associated to the exact triangle in the derived category

RU(Qp, Tun(Koo)) —% RT(Qp, Tun(Koo)) —= RT(Qp, Tun (K2)),

where H' is the maximal pro-p quotient of H and hg is the image of ¢. By [21] lem.
5.9] (and the argument following directly afterwards using the projection formula for
the cup product) it follows that (3 is given by the cup product U — where

0 : GQp,oo - H = Y/

is the unique character such that hg is sent to 1 under the second isomorphism. Using
our above convention of the trace map (2.14]) one finds according to [26] ch. II, §1.4.2]
that the above composite equals —v. Indeed

tr(8(0(p))) = tr(0 US(p)) = —0(¢) = —O(ho) = —1.
Now consider the element
u=(1- Er_zl>n < @(Qp(ﬂp")X)A = Hl(vaTun(@p7M))
and its image uy in HY(Qp, Tyn(Koo))y-

Lemma 2.9. HY(Q,, Tun(Koo))p = Ruy is a free R-module of rank one and LT (@poo)s
induces modulo w an canonical isomorphism

,LQP(% .
(2.55) t(Qp(1)) =— U(Qp,o0)p/m —= Qp ——H (Qp, Tun(Koo))p/T
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which sends (1 —p~t)e € Que = t(Qy(1)) to 4, the image of uy (but which is of course
not induced by the map U(Qpoo)p — HYQp, Tun(Koo))p as the latter map becomes
trivial modulo 7 !).

Proof. First note that @ is mapped under the natural inclusion H(Q,, Ty (Qp,00))p/7 C
HY(Q,, Q,(1)) to the image of p under the isomorphism (Q;)/\ ®Q, 2 HY(Q,, Qy(1)) of
Kummer theory, because p is the image of the elements 1 — ¢;;! under the norm maps.

In particular, @ is nonzero. By (2.15]) the element w7 ~! belongs to U(Qp ). In order

to calculate the image of the class u~1 of ugo_l modulo 7 under —Lg, (1) we note that

14+ X)r00) — 1
9(X) = gy () = LEAE

whence we obtain from setting X = 0 in —(2.5)) that
—(1=p7) = =(1 = p~H)log(r(y9)) = —Col_(u*7") - 1

equals the image of v~ in Q, = R/w ®A(T) Tun(Qp0) AT A(F)[Tun,rp}
—Lg,(1)- In particular, w0~ is a basis of U(Qp,c0)p/7, which is mapped to zero in

HY(Qp, Tun(Qp,00))p/m, whence the long exact Tor-sequence associated with (2.54) in-
duces the isomorphisms

= K(’YO) mod (X)a

_: under

Hl(@p>Tun(Qp,oo))p/7T l>(@p , u— —1, as U(p) =1,
and
Qp —U(Qpo0)p/m, 1 — ur0—1,

where the latter formula follows from the snake lemma. By the first isomorphism and
Nakayama’s lemma the first statement is proven and therefore

H' (QP? TUH(QP,OO))P[W] = U(Qp,oo)p['fr] =0.

The second claim follows now from the composition of these isomorphisms. O

Finally, the exact triangle in the derived category of R-modules

1=

RF(@pa Tun(@p,w))p - RF(Q}N Tun(@ppo))p - Zp ®H&(F) RF(@pa Tun(@p,oo))p -

combined with (2.52)) induces the Bockstein map § = U sitting in the canonical exact
sequence (depending on )
(2.56)

0 — HY(Qp, Tun (Koo))p/ 7 — HY(Qy, @p(1)) —= H2(Q,, Qp(1) — 0,

|k

(@) @ Qp Qp

IR

lo,
where ¢ denotes the composite G, s Ly — Z, considered as element in HY(Q,, Z,),
see [21, lem. 5.7-9], [11, §3.1] and [10, §5.3] and for the commutativity of the square [20),
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Ch. I1,1.4.5]. The right zero in the upper line comes from H3(Qp, Tyn(Koo))p[n] = 0.
Combining with (2.55) it follows that d@p (Qp(1)) is induced from the exact sequence

(2.57)
~ o (=P D)7 lim(p) p=log
0 —#(Qy(1)) = Qp HY(Qp, Qp(1)) —= H?(Qy, Qp(1)) —0,
which does not coincide at all with (2.42]) (not even up to sign), nevertheless they induce

the same map on determinants: both induce a map

do, (H'(Qp, Qp(1))) — dg, (H*(Qp, Qp(1))) ® dg, (H(Qp(1)) = dg, (Qy) @ dg, (Qy)

sending (1—p~1)~texp(1)A—im(p) = (1—p~!)~tim(p) Aexp(1) to 1A1. This completes
the proof in the exceptional case.

For r < 0 one has symmetric calculations - at least in the generic case - using a descent
diagram analogous to ([2.44]) except the left map on the bottom being now induced by
the dual Bloch-Kato exponential map F(V)emp;*(l) as indicated in (A.67)) (left to the

reader). The exceptional case can be dealt with by using the following duality principle
(generalised reciprocity law) as follows.

Let T be a free R-module of rank one with compatible Gg,-action as above. Then
T* := Homp(T, R)

is a free R°-module of rank one - for the action h + h(—)r, r in the opposite ring

R° of R - with compatible Gg,-action given by h — ho o~ !. Recall that in Iwasawa

theory we have the canonical involution ¢ : A° — A, induced by g — ¢g~!, which allows

to consider (left) A°-modules again as (left) A-modules, e.g. one has T*(7")" = T(T™)
as (A, Gg,)-module, where M" := A ®,ro M denotes the A-module with underlying
abelian group M, but on which g € G acts as g~' for any A°-module M.

Given e’R07_ (T*(1)) we may apply the dualising functor —* (compare B.j) in Appendix
to obtain an isomorphism
€ro,—e(T*(1)" : (dro (RT(Qp, T*(1))) )" (dre (T*(1)) )" = 1z
while the local Tate duality isomorphism [23], §1.6.12]
¥(T) : RI(Qp, T) = RHompe (RT'(Qp, T*(1)), R°)[—2]
induces an isomorphism
S 1 * x\—1 ~
(258)  dr(W(T)p : ((dre(RT(Qp, T*(1)))5)7) =
dp(RHompe (RT(Qp, T*(1)), B%)) =" — dr(RI(Qy, T)) !
where we use the notation of Remark Consider the product
* x T 7y 1 ~ * *
€re(T) - €po _(T*(1))" - dr((T))5 ~ : dr(T(-1))z = dr(T*(1)")5 — dr(T)5
and the isomorphism T(—1) —~—= T which sends ¢ ® ¢®~! to .

Proposition 2.10 (Duality). Let T be as above such that T =Y ®p Ty, for some
(R, A)-bimodule Y, which is projective as R-module. Then

() e (T (1) dp(@(T)  =dr (T(-1)—~T) .
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Proof. First note that the statement is stable under applying Y’ @z — for some (R', R)-
bimodule Y’, which is projective as a R’-module by the functoriality of local Tate
duality and the lemma below. Thus we are reduced to the case (R,T) = (A, T(T))
where T' = Z,(r)(n) is generic. Since the morphisms between dg(T(—1))z and dg(T)z

form a K7 (A)-torsor and the kernel

SKi(A) =ker | K1(A) —» [ Ki(L,) | =1
pElrr(G)
is trivial, as G is abelian, it suffices to check the statement for all (L, V(p)), which
is nothing else than the content of [23, prop. 3.3.8]. Here Irr(G) denotes the set of
Qp-valued irreducible representations of G' with finite image. O

Lemma 2.11. LetY be a (R, R)-bimodule such that Y @r T = T" as (R', Gg,)-module
and let Y* = Hompg/ (Y, R') the induced (R'°, R°)-bimodule. Then there is a natural

(i) equivalence of functors
Y ®r Hompgo (—, RO) = Hompro (Y* R Ro —, R/O)

on P(R°).
(ii) isomorphism Y* ®@pgo T* = (T')* of (R, Gg,)-modules.

Proof. This is easily checked using the adjointness of Hom and ®. (I

Proposition 2.12 (Change of €). Let ¢ € Z) and let 0. be the unique element of the
inertia subgroup of G(ng/(@p) such that o.(e) = ce (in the Zy-module Z,(1), whence
written additively). Then

Ree(T) = [T, 0c]eR o(T)

Proof. As in the proof of Proposition this is easily reduced to the pairs (L, V(p)),
for which the statement follows from the functorial properties of e-constants [23] §3.2.2(2)].
O

Altogether we have proven the following

Theorem 2.13 (Kato, e-isomorphisms). Let T be such that T =Y @p Ty, as (R, Gg,)-
module for some (R, A)-bimodule Y which is projective as R-module, where A = A(G)
with G = G(L/Qyp) for any L C ng . Then the epsilon isomorphism €(T) ezists
satisfying the twist-invariance , the descent property , the “change of ¢”
relation and the duality relation in . In particular €)\(T) exists for all pairs
(A, T), with T = A one-dimensional (free) as A-module.

Proof. For G a two-dimensional p-adic Lie group this has been shown explicitly above.
The general case follows by taking limits. (I

We shortly indicate how this result implies the validity of a local main conjecture in
this context. Here again we restrict to the universal case T,,, but we want to point
out that similar statements hold for general T as in the above theorem by the twisting
principle, in particular it applies to Tg for the local representation given by a CM
elliptic curve as in Example below.
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In the situation of section - in particular G is a two-dimensional p-adic Lie group -
let
S :={X e A| A/JAX is finitely generated over A(G(Koo/Qpoo))}

denote the canonical Ore set of A (see [I4]) and similarly S the canonical Ore set
of A. Fix an element u of U(Kw) = HY(Qp, Tun(Ks)) such that the map A —

HY(Qp, Tun(Ko)), 1 = u, becomes an isomorphism after base change to Ag (such “gen-
erators” exist according to (2.19) and Proposition . Then, setting L = —Lg 1,

e (Tun) : 15 = dA(RT(Qp, Tun))5da (Tun)5,
induces a map
(2.59) 15 — da(HN(Qp, Tun)/Aw)5 da (H*(Qp, Tun)) A (Tun/L(w)) 3,

such that its base change followed by the canonical trivialisations (all arguments on the
right hand side are S-torsion modules!)

1K§ - dA(Hl(@pvTun)/Au)i;dA(HQ(QpaTun))xgdA(Tun/AL(u))Kg =
dy_(Zg)d; _(Zy(1) = 15

equals the identity in Aut(1; ) = K3 Az by Lemma [2.2] Let &, be the element in
A S
- S

K1(Ag) such that
Lu) =& (1®e).
Consider the connecting homomorphism @ in the exact localisation sequence

Ki(A) — Ky (Ag) —2> Ko(S-tor) — 0,

where S-tor denotes the category of finitely generated A-modules which are S-torsion.
Then we obviously have

(&) = —[Tun/AL(u)] = [Hz(vaTun)] - [Hl(QpaTun)/Au]

in Ko(S-tor). Moreover one can evaluate &, at Artin characters p of G as in [I4] and
derive an interpolation property for £(p) from Theorem by the techniques of [23],
lem. 4.3.10]; this will be carried out in [35]. These two properties build the local main
conjecture as suggested by Fukaya and Kato in a much more general, not necessarily
commutative setting. Kato (unpublished) has shown that /~X§ @A U(Kos) = /~X§ does
hold in vast generality for p-adic Lie extensions.

3. THE SEMI-LOCAL CASE

Let Fo/Q be a p-adic Lie extension with Galois group G and v be any place of Fi
above p such that G, = G(Fix,/Qp) is the decomposition group at v. For any free
Zy-module T' of finite rank with continuous Galois action by Gg we define the free
A(G)-module

T:=T(T)p, = AG) @z, T
with the usual diagonal Gg-action. Similarly, we define the free A(G,)-module

Tloc = A(GV)U ®Zp T
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with the usual diagonal Gg,-action. Then we have the following canonical isomorphism
of (A(G), Gg,)-bimodules
T = A(G) ®)(q,) T

Thus we might define

G)(Qp, T) = A(G) ®A(GV) EA(GD)(’]I‘ZOC) . 1X(\G/) — dA(G) (RF(QP, T))X(\G/)dA(G) (T)X(\G/)

Now let p: G — GL,(Op) be a continuous map and p, its restriction to G, where L
is a finite extension of Q,. By abuse of notation we shall also denote the induced ring
homomorphisms A(G) — M, (Op) and A(G,) — M,(Or) by the same letters. Since
we have a canonical isomorphism
L" ®@pnie) T2 L" ®, aG,) T
of (L, Gg,)-bimodules, we obtain
L" ®, 7 eae)(Qp, T) =
L™ ®,, A(c) Ercn)(T) : 17 = dL(BT(Qp, V()7 (V ()7,

where V =T @z, Q.

Example 3.1. Let E be a elliptic curve defined over Q with CM by the ring of
integers of an imaginary quadratic extension K C Fy, of Q and let 3 denote the
Grossencharacter associated to E. Then Ty =2 Ind(g Ty, which is isomorphic to Ty, @ Tiye

as representation of G'x. Here Ty, equals Z, on which Gg acts via 1, while ¢¢ is the
conjugate of 1 by complex multiplication ¢ € G(K/Q).

Assuming K, = Q, and setting Tg :=T, TZOC = Tc for T = Tg as well as Ty ==
AG)* ®z, Ty, ']I‘l"C = A(G,)" ®z, Ty we obtain
T = T¢, &) T¢c
as (A(G), Gk)-modules and hence
o) (Qp.Te) = ea@)(Qp, Ty)ene) (Qp, Tye)

= A(G) ®a@q,) <€A(GV)(Qp»TZ’C)GA(GV)(@pvTiﬁf)) :
If F' is a number field and F a p-adic Lie-extension of F' again with Galois group G,

then, for a place p above p and a projective A(G)-module T with continuous G'r,-action
we define a corresponding e-isomorphism

Fy:
r@) (B 1)+ g = da) (BT (Fy. 1)) 7 (D)0

to be induced from
&)(Qp.Z[Go,] @z, T) :

lm%dA(G)(RF(Qp, (Ga,] ®zi65,1 Ty e )dA(G)( [Gao,] ®zi65,1 T)

Finally we put

eA(F ®q Qp, T) = ep @p,@ZG@p Rz(cr] T) = HEA Fy,T)
plp plp

AG)

where p runs through the places of F' above p.
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4. GLOBAL FUNCTIONAL EQUATION

In this section we would like to explain the applications addressed in the introduction.
In the same setting as in Example we assume that p is a prime of good ordinary
reduction for the CM elliptic curve E and we set Fy = Q(E(p)), as well as G =
G(Fy/Q) and A := A(G). We write M = h'(E)(1) for the motive attached to E and
set e, A (M) = er(Qp, Tg). Using [43] one obtains similarly e-isomorphisms over Q,
l # p which we call analogously ¢ 5 (M). Finally, one can define e, A (M) also at the
place at infinity, see [23| conj. §3.5] or - with a slightly different normalisation - at the
end of [39] §5], we choose the latter one. Let S be the finite set of places of Q consisting
of p, 00 as well as the places of bad reduction of M.

Now, according to the Conjectures of [23] there exists a (-isomorphism

CA(M) = CA(TE) : ]-A — dA<RFC(U, TE))_l

which is the global analogue of the e-isomorphism concerning special L-values (at mo-
tivic points in the sense of [22]) instead of e- and I'-factors; here RI'.(U, Tg) denotes the
perfect complex calculating étale cohomology with compact support of T with respect
to U = Spec(Z) \ S. Good evidence for the existence of (5(M) is given in (loc. cit.)
although Flach concentrates on the commutative case, i.e., he considers A(G(Fuo/K))
instead of A(G); from this the non-commutative version probably follows by similar
techniques as in [7], but as a detailed discussion would lead us too far away from the
topic of this article, we just assume the existence here for simplicity. Then we obtain
the following

Theorem 4.1. There is the functional equation

(M) = (D) [T eon ().

veES

This result is motivated by [23], conj. 3.5.5], for more details see [39, thm. 5.11], compare
also with [9, section 5]. Observe that we used the self-duality M = M*(1) of M here.

Finally we want to address the application towards the descent result with Burns men-

tioned in the introduction. If w denotes the Neron differential of E, we obtain the usual

real and complex periods Q4 = f w by integrating along pathes ¥* which generate
,Yi

H,(E(C),Z)*. We set R = {q prime, |j(E)|, > 1}U{p} and let u, w be the roots of the

characteristic polynomial of the action of Frobenius on the Tate-module T of E

1 —a,T+pT? = (1 —uT)(1 — wT), ueZy.

Further let p/»(?) be the p-part of the conductor of an Artin representation p, while
Py(p,T) = det(1 — Frob,* T|Vp[p ) describes the Euler-factor of p at p. We also set
d*(p) = dimc Vpi and denote by p* the contragredient representation of p. By e,(p)
we denote the local e-factor of p at p. In the notation of [38] this is e,(p, ¥ (—z), dx1)
where 9 is the additive character of Q, defined by z — exp(2miz) and dz; is the Haar
measure that gives volume 1 to Z,. Moreover, we write R (p*) and R,(p*) for the
complex and p-adic regulators of E twisted by p*. Finally, in order to express special
values of complex L-functions in the p-adic world, we fix embeddings of Q into C and
C,, the completion of an algebraic closure of Q,.
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In 7, thm. 2.14] we have shown that as a consequence of the work of Rubin and Yager
there exists Lg € K1(Az,(G)s) satisfying the interpolation property

_ Lgr(E,p",1) Polpu™) i)
EE(p) - Qi+(p)Qd_(p) ep(p) Pp(p*,w—l)u

for all Artin representations p of G. Moreover the (slightly non-commutative) Iwasawa
Main Conjecture (see [14] or Conjecture 1.4 in loc. cit.) is true supposed the My (G)-
Conjecture (see [14] or Conjecture 1.2 in loc. cit.) holds; for CM elliptic curves this
conjecture is actually equivalent to the vanishing of the cyclotomic u-invariant of E. In
[12, Conj. 7.4/9, Prop. 7.8] a refined Main Conjecture has been formulated requiring
the following p-adic BSD-type formula:

At each Artin representation p of G (with coefficients in L) the leading term L},(p) of
L (as defined in [I1]) equals
@) LRE P Bp(p") ) Polpu™) o)
Qi Pa-CIp_ (pr) " Polptw )
where L} (E, p*) is the leading coefficient at s = 1 of the L-function Lr(E, p*,s) ob-

tained from the Hasse-Weil L-function of E twisted by p* by removing the Euler factors
at R. Here the number 7(E)(p*) is defined in [12, (51)] (with M = h'(E)(1)) and equals

dimc, (ep+(Cp ®z E(K*r()))) if the Tate-Shafarevich group H_I(E/Ffoer(p)) is finite.

We write X(E/F) for the Pontriagin dual of the (p-primary) Selmer group of E over
Fuo.

(4.60) (1)

Theorem 4.2. Let F' be a number field contained in Fy and assume

(i) the My (G)-Conjecture,
(ii) that Lg satisfies the refined interpolation property (4.60)),
(iii) that X (E/F) is semisimple at all p in Irr(Gp/g) in the sense of [I1], def.
3.11].

Then the ‘p-part’ of the ETNC for (E,Z|G(F/Q)]) is true. If, moreover, the Tate-
Shafarevich group WI(E/F) of E over F is finite, then it implies the ‘p-part’ of a Birch
and Swinnerton-Dyer type formula (see, for example, [39, §3.1]).

For more details on the ‘p-part’ of the Equivariant Tamagawa Number Conjecture
(ETNC) and the proof of this result, which uses the existence of as shown in this
paper, see [12, thm. 8.4]. Note that due to our semisimplicity assumption combined
with [I2, rem. 7.6, prop. 7.8] the formula coincides with that of [12, Conj. 7.4].
Also Assumption (W) of thm. 8.4 is valid for weight reasons. Finally we note that by
[11), lem. 3.13, 6.7] X(E/Fy) is semisimple at p if and only if the p-adic height pairing

hyp(Vo(E) @ p*) : HH(Q, Vp(E) © p*) x H}(Q, Vp(E) ® p) = L

from [31), §11] (see also [36] or [32]) is non-degenerate, where V,,(E) = Q, ® Tg is the
usual p-adic representation attached to E. As far as we are aware, the only theoretical
evidence for non-degeneracy is a result of Bertrand [0] that for an elliptic curve with
complex multiplication, the height of a point of infinite order is non-zero. Computa-
tionally, however, there has been a lot of work done recently by Stein and Wuthrich
[41].
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APPENDIX A. p-ADIC HODGE THEORY AND (¢, I')-MODULES

As before in the local situation K denotes a (finite) unramified extension of Q. Let
n: Gg, = Z, (here Z, can also be replaced by O;, but for simplicity of notation
we won’t do that in this exposition) be an unramified character and let Ty be the free
Zy-module with basis 2, ¢ such that o € Gg, acts via ot, 0 = (o), 0. More generally,
for r € Z, we consider the Gg,-module

T :=Ty(r),

free as a Z,-module with basis ¢, , = ¢, ® €®" where € = (e,), denotes a fixed
generator of Zy,(1), i.e., €h = €p_1 foralln > 1, ¢¢ = 1 and €; # 1. Thus we have
o(tyr) = n(o)s"(o)ty,, where k : Gg, — Z, denotes the p-cyclotomic character.
Setting V :=Q, ® T' = Vp(r) we obtain for its de Rham filtration

; _ | Dar(V) = Keyp, 0 <=3
(A.61) Dyp(V) = { 0, otherwise.

where e, := at™" ® t,, with a unique a = a, € Z}?X, such that 7,(a) = n71(7p)a, see
[37, thm. 1, p. ITI-31]. Here as usual t = log|e] € B.is C Byr denotes the p-adic period
analogous to 27i. Furthermore we have

Deris(V) = Keyr
with
plenr) = pirnil(Tp)enﬂ“
If 7 is trivial, we also write ¢, and e, for ¢, , and e, ,, respectively.

Now consider the Og-lattices
MO = OKen,O = (Z;;T ®Zp TO)GK - Dcm’s(‘/())

and
M= (t7" ® €)My = Oxepnr C Deyis(V).

Using the variable X = [¢] — 1 we have ¢ = log(1 4+ X) and on the rings

Ok|[X]] € B:;g,K ={f(X) = Zaka\ak € K, f(X) converges on {z € Cyl|z|, < 1}}
k>0

we have the following operations: ¢ is induced by the usual action of ¢ on the coefficients
and by (X)) := (14+X)P—1, while vy € T" acts trivially on coefficients and by v(X) = (1+
X)®) —1; letting Hix = G(K/Q,) act just on the coefficients we obtain a A(G)-module
structure on Ok [[X]]. Moreover, ¢ has a left inverse operator 1) uniquely determined
via g o Y(f) = %Zgr’:l f(¢(1+ X) —1). The differential operator D := (1 + X)%
satisfies

(A.62) Dof =ppDf and Dyf = k(y)yDf

It is well-known [33, lem. 1.1.6] that D induces an isomorphism of O[[X]]¥=C. Fur-
thermore, setting A;f := D' f(0) for f € Ox[[X]]¥=", we have an exact sequence (loc.
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cit., §2.2.7, (2.1))
(A.63)

_q 1-
— (B, x ®K Deris(V))¥=1 =2

_r

0 —— 1" ® Depis(V)¥=P

Ar

(B+ )d}:O QK Deris(V) —— (Deris(V) /(1 = p"p))(r) —=0

rig, K

where ¢ (and 1) acts diagonally on Bj'i 9K OK D¢.is(V'), while D operates just on the
first tensor-factor. We set

Dy = Ok [[X]]Y=° ®0, M,
while by
D(T) = (A ®z, T)C¥ee

we denote the (¢, I')-module attached to T', where the definition of the ring A together
with its ¢- and I-action can be found e.g. in [4]. Here we only recall that A} = Ok [[X]]
and Ag & (Ok[[X]][%])"P24 is the p-adic completion of the Laurent series ring.

Remark A.1. (i) Letn be non-trivial. From [4, thm. A.3] and its proof one sees
immediately that for the Wach-module N(Ty) which according to (loc. cit.,
prop. A.1) equals Ok[[X]] ®o, Mo, the natural inclusion N(Tp) — Ag Bpt

N(Tp) induces an isomorphism
_q = _ ¥ _
(Ok[[X]] @0, Mo)¥~" —— N(Tp)*~! — (AK Baf N(TO)) = D(Tp)~* .

(ii) If n is trivial, one has similarly N(Z,) = A} = Ok[[X]] by (loc. cit., prop.
A.1), whence N(Zp(1)) = X 1AL @ t; = X 1Ok[[X]] ® t1 by the usual twist
behaviour of Wach modules. We obtain

D(Zy(1))*= 2 N(Z,(1))"~! = (X 'Ok [[X]Jot)" ™ = Z,X ot o(Ok([X]|et) ¥,
but N(Zp)¥=! % D(Z,)¥=" according to (loc. cit., prop. A.3).

We define D(Z,(r))*=! = (Ox[[X]] ® t,)¥=! and D(T)¥=' = D(T)¥=" for non-trivial
1 and obtain a canonical isomorphism

(A.64) (O [[X]] @0, M) = D(T)*=!
induced by multiplication with ¢" :
FX)® (oat™ @tyr) = f(X)oa & tyr,

where 0 € Ok and a is as before.

Setting Tr. = Tk (T) = A(G(Ks/Qp))* @z, T we recall that there is a canonical
isomorphism due to Fontaine

(A.65) D(T)*=' =2 HY(Qp, Tk.,),

which e.g. is called {hj  }, in [4] and its inverse Log. ;) in [13, rem. IL.1.4].
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I am very grateful to Denis Benois for parts of the proof of the following proposition,
which has been stated in a slightly different form, but without prooﬂ in [33, prop.
4.1.3].

Proposition A.2. (i) There is a canonical exact sequence of O -modules

A

0—= 10 M*™P" —= (Ok|[X]] @0, M)"™"" —= Dy —= M/(1 = p" )M —=0,
where the map in the middle is up to twisting induced by 1 — @, see the first
diagram in the proof below.

(i1) Assume that n is non-trivial. Then, using the isomorphisms (A.64] m and -
we obtain the following commutative diagram of A(G)-modules, in which the
maps C(Tk,,)) (= (D7"®@t™")(1—¢)) and Lo(Tk_ ) are defined by the property
that the rows become isomorphic to the exact sequence in (i)

c(T N
0 D(T)#=1 D(T)¥=1 (K"O)DM 2 M1 - pre)M —= 0
i’v Logr}:*m)l’\“ i: l:
(T oo A 5T
0 ——= H (@, Tie Jiors —= HH(Qy, Tie ) 2 Dy 225 M /(1 — )M —— 0.

(iii) The sequence ([2.15)) can be interpreted in terms of (p,I')-modules by the fol-

lowing commutative diagram

0 5

U(K)

NLDlog g— %l

00— D(Zp(l))d}:l D(Zp(l))wZI L 0,

HY(Qy, Tun) & Jim K —27,——=0

n

where § denotes the Kummer map and v is induced from the normalized val-
uation map. Furthermore, we obtain again a commutative diagram of A(G)-
modules, in which the maps C(Tk_ ) (= (D" ®@t7")(1 —¢)) and Lo(Tk_ ) are
defined by the property that the rows become isomorphic to the exact sequence

in (i)

. C Aps oy
00— D(Zy(r))P=! —= D(Zp(r))P=F L Dy S0 N (1 — )M —— 0

Hence, using the map M @ ey : Ox[[T]] oDy, A A (1+ X)®eq, where
M denotes the Mahler (or p-adic Mellin) transform [15, thm. 3.3.3], the lower

sequence can be canonically identified with Coleman’s exact sequence ([2.4)):
[’O(TKOO) = (9)? & 61) o Col..

1As twisting with the cyclotomic character starting from Q,(1) only recovers the representations
V = Qp(r), the general case with Vj being non-trivial is not covered.
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Proof. The exactness in (i) for My can be checked as follows. Let f(X) ® e, be in
D, 240070 ie., f(0)en0 = (1 — )b for some b € My. Hence (f(X) — £(0)) ® epo =
Xg(X) ® ey, for some g € Ok|[[X]] and

Pl (1 ) (X900 & ey0) 1= 3 X000 @ ) € OK(IX] & M
>0

is a well-defined element. Setting F' := F' + b we have (1 — ¢)F = f(X) ® ey as
desired. Now exactness follows from (A.63]). The general case follows from the following
commutative “twist diagram” of Og-modules

—r ' A/,T
0—> 1@ M — (Ok|[[X]] ®o, M)¥=P" —= Dy —= M/(1 — p" )M —=0

1<§a(t’“e§>s®’“)lu 1®(t"®e®")iu Dre(t"@e®") | = tT®e®Tlu

Apig,0

_ 1—¢p
0—> 10 M~ — (Ok[[X]] ®o, Mo)¥=" =5 Dy —% Mo/(1 — po) Mo —= 0.

Item (ii) is clear by the fact that D(T") = Ak - a ® t;) -, which can either be calculated
directly or deduced from the above remark. The statement about the torsion (first
vertical isomorphism) follows from [18, thm. 5.3.15].

For (iii) first note that by [I3| prop. V.3.2 (iii)] we have a commutative diagram

U(Ko) ——— D(Z,(1))¥=' === D(Z,)*=}(1)

\\ l Log@p

H! (@pv Tk (Zp(l)))

where T maps u to [Z] Z“ ®t1 = Dlog g, ®t1. The statements concerning the first diagram

follow easily, see also [18], §7.2]. The second diagram follows as above. By construction
the composite

U(Ks) — D(Zy(1)¥=! — Dy

maps u = (up )y to

(D1 —¢)Dlogg,) ®e1 = ((1—p '¢)loggu) ® e
= (1—¢)(loggu®e1)
= L(gu) ®e1
= Col(u)-(1+X)Re,

where £ has been defined in ([2.5). This implies the last statement. O

Now let K be again a finite extension of degree dx over Q. For a uniform treatment
we define

~ ! i :
HY(Qp, Tk (T)) = { E(_g((@i’)gf(_mii))’ é ;i%p(r).
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Setting Har = {F € B! . ®0, M|(1 —¢)f € Dun}, using [4, thm. IL.11] and the

g,
commutativity of the following diagram

1_99 A]u =0
Hyr D,,
D'r®(t'r®€®—'r) lDr®(tr®6®—r)
1-¢ Anry,0=0

(OK[[XH Qo MO)IlJ:l - DJ\Jo

we see that the map Lo(Txk_ ) coincides with the “inverse” of Perrin-Riou’s large expo-
nential map Qp, : Df/[M’TZO — D(T)¥=Y/THx (=2 HYQp, Tk, )/THx) in [34] (respec-
tively (—1)"~! times the one in [33]), which sends f to (D" ® t")F, where F € Hy
satisfies (1 — ¢)F = f. Here “D" ® t"” denotes the composite

DRt ®e®~T) p=1 10(7®)

Hy — (Ok[[X]] @0, Mo) (Ok[[X]] @0y M)¥=#" —= D(T)¥=!

and corresponds to the operator V,_j o...0Vy in [4] for » > 1. In particular, by [4]
thm. 11.10/13] we obtain the following descent diagram for r,n > 1, where the maps

Emn = 29, are recalled below (A.71])

- Lo(T
(A.66) HY(Qp, Tk (T)) (T xeo (7)) Dy

Pra EMn

1) (r—1)lex
HY (K, V) DY e o D e (V),
while for r <0
. Lo(Tx o (T))
(A.67) HY(Q,, Tk (T)) oK Dy
Prn EZ\/I,TL

(—r)!exp*Kn’V*(l)

HY(K,,V)

Kn = DdR,Kn (V)
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Remark A.3. In particular, for T = Zy(1) we have the following commutative descent
diagram forn > 1

Lo(Tk oo (Zp(1)))

U(Kw) Dy
pra Zn
Q ®z, U K» 2 Dap i, (Qy(1)),

n

H' (Kn, Qp(1))
where exp denotes the usual p-adic exponential (series), while =, maps ((1—p~1p)log g, )®

e1 to logg{fin(en — 1) = log uy,.

In order to arrive at a morphism
L(Tg,o(T)) : HY(Qp, Troo (T)) = T (T) @2 Arr) my)-15

where [T, 7,]™1 = 7,n71(7,), generalising L in ([2.6]), we compose Lo(Tk.. (1)) with
the following canonical isomorphisms

_ v C]
(A.68)  Das = Ox[[X]]*=" @0, M —=— Ok[[L]] @0, M —2 T, @4 Ay,

where the left one Vs (A®@m) = X- (1 + X) ® m is induced by 9, while the right one
is given by
dg—1
Ou(A@(at™" ®ty,) = (1@ty,)® Z T @n ()0 (Aa))

= (1®ty,)® Zr ® ¢

Similarly to the original Coleman map Col in the homomorphisms C(Txk_,),
Lo(Tk,,) and L(Tk,,) are norm compatible when enlarging K within Qp". Thus, by
taking inverse limits we may and do define them also for infinite unramified extensions
K of Q,. Then we have the following twist and descent properties:

Lemma A.4. Let K' C K be (possibly infinite) unramified extensions of Q, and Y a
(AMG(KL/Qp)), MG (K /Qp))-module such that Y ®a(q(k./0,)) Tk (T) = Tr: (T")
as A(G(K.,/Qp))-module with compatible Gg,-action. Then

Y QNG (Koo /Qp)) Lo(Tr (T)) = ,CQ(TK()O (T’))
and

Y ON(G(Kso/Qp)) L(Tg (T)) = E(TK{)O (T’)).
In particular, L(Tg (T)) = ETK{)O (1),e in ([2.43).
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~

Proof. The proof can be parted into a twist-statement, where K’ = K and T’ =
T ®z, T", such that Gg, acts diagonally on the tensor product and 7" is rank one
Zy,-representation of G, and a descent statement. One first proves the twist-statement
for T" /p™, n fix, and all finite subextensions K’ of K, such that G(K/K') acts trivially
on T” /p™. Afterwards one takes limits over K’ obtaining the twist-statement for 7" /p™.
Then, taking the projective limit with respect to n (see [] for the correct behaviour
of (¢,I')-modules under such limits) one shows the full twist-statement (compare with
the well-known twisting for HZIW) The descent-statement then follows easily from the
norm-compatibility and the fact that the twisted analogue of the exact sequence

L(Tkos) A

0 — HYQp, Tk (T)) Troo (T) ®a Airer) 7)1

recovers (for finite extension K’ of Q) the exact sequence

: - L(Te,)
0 —= TEHE/K) - FY(Qy, Ty (T)) —> T, (T) @ Ay ryyr — T —0

by taking G(K/K')-coinvariants. In more detail the unramified twist (the cyclotomic
twist being well-known): Assume that 7 factorises over G(K/Q,), ie., a = a,; € O,

and let N := Oge, € D¢is(Qp(r)) be the lattice associated to Qp,(r). Then we have
the following commutative diagram of A-modules

_ W N RT ONRT
(Ok[[X)]¥=° ®oy, N) ®z, To 2 (0D ® N) ®z, To LN @A T(Zy(r)) @ Asy
a1®a®1l a1®a®1l lﬂ@f
_ 4 ]
Ok[[X]"=0 @0y M ~— Ok [P} & M s T(T) @ Arypiry) 1

where in the top line the A-action is induced by the diagonal G-action and via left
multiplication on A, respectively,

ONDTHAR (7 @ t) ®ty0) =10 10t @Y 7@ ¢ (\)

and f:= f®1on A@Zg\’” is induced by f: A — A, g — n(g9)"'g, while
V:A@p s T(Zp(r) = T(T), a® (b®t,) — af(b) @ty

Here A ®,,; — indicates that the tensor product is formed with respect to f. Also we
have the commutative diagram

(Ok[[X]]"=" ®oy N) ®z, Ty

o l

™) X0 g0, M.

As in section [2.5| we set A’ = Q,[G,,).
Lemma A.5. There are natural isomorphisms

(i) Zvp: K, @ M =K, (at™" @t,.p) = Dgr(V') of A'-modules,
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(i) 1@ Xpmp: Vi @n K, @ M = Ve @pr Dar(V') = Dar(W) of L-vector spaces,
Proof. The canonical isomorphism (which makes explicit the general formula (1 ndg (B®
V) = (B ®IndV))
QlGq,] @0, (Bar @, Qp(n)(r)) = Bar ®q, QplGnlf ®q, Qu(n)(r),

which maps ¢ ® a®b to ga ® g~ ® gb with g € G, induces the isomorphism (via the
general isomorphism N7 = (Indd N)¢ n — > gec/a9® n)

K, - (at™" @ tr) = (Bag ® Qu(n)(r)) 5t = Dyp(V'),
which maps z - at™" ® 1, to

Z g(xat™) @ g7 @ gty = Z g(x)at™" @ g7 @t
g€Gp, 9€Gn

Putting e, , := at™" ® t,.,, we similarly obtain the isomorphism in (ii) sending
l®r® ey, — Z g(x)at™ @ p(g)l @ try,
g€Gn

where this element is regarded in By ®q, W = Bir ®q, L ®q, Qp(n)(r). Alternatively
we can read it in (Byr ®q, L) @1 W as

(A.69) #Gpat™ ey () @ top -

(Il
Any embedding o : L, — Q, induces a map A, := Q" ®q, Ly — Qp, z®@y > zo(y),
also called o.

Consider the Weil group W(Q,/Q,), which fits into a short exact sequence
[ W(Q,/Q) —Z—0,

and let D be the linearised W (Q,/Qp)-module associated to Dyst(W) = Ayeyr(p), i-e.,
g € W(Q,/Q,) acts as golap "9 or explicitly via the character

xp(9) == plg)n(ry)" 9 p™),

For an embedding o we write D, = @@ Apo D= @en,r (p?), where o acts coefficient-
wise on p. If n > 0 is minimal, such that G(Q,/Qp"(u(p")) acts trivial on Dy, then by
property (3) and (7)E| in [23] §3.2.2] we obtain for the epsilon constant attached to D,
(see (loc. cit.))

E(Dm _1/]) =1,

2Apparently, the formula in (7) in (loc. cit.) is not compatible with Deligne as claimed: Deligne
identifies W (Q,/Qp) via class field theory with Q, by sending the geometric Frobenius automorphism
to p, which induces by a standard calculation applied to definition (3.4.3.2) for epsilon constants of
quasi-characters of Q' in [20] (see e.g. [24] §8.5 between (4a) and (4b)]) the formula

e(Vi, ) = x(1p) ™" Z X(U)ilgﬁna

oel'n

while in (loc. cit.) the factor is just x(7)". Here x : W(Qp/Qp) — E* is a character which gives the
action on the E-vector space V.



34 OTMAR VENJAKOB

if n =0, while for n > 1

€(Dy,—1p) = 6(
—1
= | 0l )" Y () e
ey
o —1
= ((p7n(, )" 7(p7, €n))

Here T',, := G(K,,/K), 1 : Q, — @, corresponds to the compatible system (e,)y, i.e.

1?(1%) = €, and D% (1) denotes the linearised Kummer dual of Dy, i.e.,

-1 —v(g)p=(r=1)v(9),

77(7'10)
while

= Z 90(7)7 c€p = #Fnegﬂ?en

vel'n

denotes the usual Gauss sum. Furthermore
er(D,—¥) = (Do, ), € [ [ Q) = (@, ®q, L)* € (Bar @g, L)
is the e-element as defined in [23, §3.3.4]. We may assume that L contains Qp(upn);
then e (D, —1) can be identified with
1@ (pn(mp)p" ) "7 (poen)
Hence the comparison-isomorphism renormalised by er (D, —1)
L—car(W) W Lyy,~1) = Dar(W) € Bir ©q, L @1 W,
is explicitly given as
(A.70) @1 er(D, =) (=) T @z = (=1)"(pn(mp)p" )" (p, e)t"l @ x,

where e, (D, =) "1 (—t)"l is considered as an element of Byr ®g, L.

In order to deduce the descent diagram ([2.44)) from ({A.66)), for n > 1, we have to add
a commutative diagram of the following form

Dy Tro @A Ajr,7,)1
EJM,nl J{Y(@A_
Kn ® M 2= Dyp i, (Qp(1)(r))/ Deris(Qp(n) (1)) 7= =—— V' @pr (A) 0 -1y,

where

(A7) Bun(f) =Eun(f) =p (0@ @) " (F)(en —1) =p " (¢ @ ¢) " (F) (0)

with F € Hys such that (1 — )F = f = f ® e, (vecall that ¢ acts as ¢ @ ¢ here) on
D20 and more generally mod D is(Q,(1)(7)9=" (vecall that Deis(Q,(n)(r)¥=' = 0
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in the generic case)

Emalf) = p"<§}¢®¢)kﬁkk—D%+ﬂ—¢®w)1@@»)

k=1
::p”<Z}Wm@ﬁﬁk&k=u+u—p”wm*w*ﬂm)®%m
k=1

(see [I, Lem. 4.9], where f(0) is considered in D.;s(V') and hence the last summand
above equals (1 — )1 f(0) there by the ¢-linearity of .). Here, for any H(X) =

H(X)®e € B . ®0, M we consider H(ey, — 1) = H(ex — 1) @ e, k < n, as element

rig,
in K,, ®0o, M, on which ¢ ® ¢ acts naturally.
First we note that for n > 1 we have a commutative diagram

(A.72) D T Ok @ M —2% Ty, @ Ayt

iEM,n p"‘n@id Y®A_

\IIM,n

K 905 M/Deris(@p(n)(r))7= <" K[Dy] @ M ——= V' @ (M) 1,

where
Vpn(p®@enr) = Vi, (p®en,)
n —k
(A.73) = p" <Z e(,f ) ® w_k(en,r) +(1-9® @)_l(w ® enﬂ“))
k=1

" —k
= (Zpkr—nn<7_p)kez (») + p_n(l o p_TTI(Tp)_lqﬂ_l(l“)) Q e
k=1

modulo De,is(Qp(n)(r))?=1. Here ¢ acts coefficient-wise on K[I';] and 1# is the same
as the image of x under the augmentation map Og|[I',] — Ok.

Proposition A.6. (i) For n > max{1,a(p)} and W # Q,(1), the following dia-
gram s commutative:

1®¥ar,n 1O p,p , ,
Vor ®gyiGal Kn @ M <———Vpr ®q,(Gn] KI'n] ® M —>Vpr @, 1601 V' pical Ay o1y
1®Zl\l,nl \Lm
N~ Qv (-D)"er,—c,ar(W) ™!
Vor ®g,(6a) Dar(V') = Dar(W) <—————— Dar(W) W &L Ly, 1,
where
® e o) 7 0
W =19 det(1—|Deris (W*(1 )
A6t =g Derea ()] otherwise.

(ii) For W # Qp(1) the diagram (2.44) commutes.

Proof. Let b denote a normal basis of O, i.e., Ox = Z,[H]b with H = G(K/Q,),
which can be lifted from the residue field, K being unramified, and e := e, ,. Then
1@be=1®epbwe is a basis of Vjx ®g,(q,) K[I'n] ® M as L-vector space (in general
p(g) does not lie in K, but using Vjx ®@q, (] K[Tn] = V- ®@p(a,) LIGnl ®q, [, K[Tn] =
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Vo ®ra,) (L ®g, K[I's]) one can make sense of it). We calculate (going clockwise in
the above diagram)

10un(1®b®e)

dg—1
=toldet,) Z Al (S Vo Bg,lan) V' Oyl Ay 1))
=tonr ® Z pT) 7RO )a (S WL Ly, )
dx—1

=tonr® > p(rp) ¢ (b)a
1=0

= tpnr @ <s(p, b)a

with
dg—1 )
S(p,b) == p(rp) "¢ (b) = dieft
i=0
a Gauss-like sum, where eg = ﬁ > hem P(h)h. This element is sent by (=1)"€r, _c ar(W)
to
(A.74)

(—1)"en(D, =)~ (=t)""s(p,b)a @ tyy,r = P (o) (1)) 7 (P, €m)s(p, b)at ™" @ Ly

in Dyr(W), where we used (A.70) with m = a(p).

Now we determine the image of 1®b® e = 1® e,+b® e anti-clockwise. First note that
the idempotent e, decomposes as egf . eﬁi.

Hence, for n > a(p) > 1, where pP) denotes the conductor of p restricted to I'y,, we
have

1Y)l bee) = 1@epVYy,(b®e)
= 1@p" " (n)" ¢ " (efhb)elr cen @ e
= 1@p" "n(mp)"p" (1, )eﬁi beg,? ep®e

nr—m

= 10 e ()5 (pb)(pren) @ e,

where we use the explicit formula (A.73) and the well-known fact about Gauss sums
(see e.g. [10, lem. 5.2])

eDn(ey), i a(p) = k;
e};"(ek) =<¢ (1-p)7t, ifa(p)=0andk = 1;
0, otherwise,

where we assume k < n. Now from (A.69)) we see that X/, sends this element, which
already “lies in the right eigenspace” to

at™"p"" " (pn) (1)) 7(ps €n)s(p: 0) @ Loy = P™ " (o) (17,)7 (P, €0)s(p, D)at™ @ ton,
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i.e., to the same element as in ((A.74)), whence the result follows, if a(p) # 0.

Now assume that a(p) = 0, i.e., p|I',, the restriction to Iy, is trivial. Setting n =1 we
then have

1oV y))(lebee) = 10¥yi(eb®e)
¢71

= 10 (" Mnlm)o (et 0)eyt e+ (U pnln) )

r— e, xb _ —_r _ _ H
= 1®(p (rey O pT (1= p () ) 1(65*6))@6
1

P on(m) (1 —p) (L= p T en(r) ) )

B 1—p"on(1p) \  s(p,b)
- e (1 —p‘Tpn(Tp‘l)> dg(p—1)

= 1®

ram

® e,

which is sent under X1 to

(det(l - (P‘DCTZS(W*(I)))
det(1 — @|Deris(W))

while (A.74) becomes just

> c(p, b)at_r & tpn,?"v

s(p,b)at™ @ tppr.
Upon replacing € by —e = e~! (we have used both the additive and multiplicative
notation!) the second statement follows from the diagrams , jA.7 2) and the one
in (i) diagram combined with the isomorphism and Lemma (A.4). ]

APPENDIX B. DETERMINANT FUNCTORS

In this appendix we recall some details of the formalism of determinant functors intro-
duced by Fukaya and Kato in [23] (see also [39]).

We fix an associative unital noetherian ring R. We write B(R) for the category of
bounded complexes of (left) R-modules, C'(R) for the category of bounded complexes
of finitely generated (left) R-modules, P(R) for the category of finitely generated projec-
tive (left) R-modules, CP(R) for the category of bounded (cohomological) complexes of
finitely generated projective (left) R-modules. By DP(R) we denote the category of per-
fect complexes as full triangulated subcategory of the derived category DP(R) of B(R).
We write (CP(R),quasi) and (DP(R),is) for the subcategory of quasi-isomorphisms of
CP(R) and isomorphisms of DP(R), respectively.

For each complex C' = (C*,d¢,) and each integer r we define the r-fold shift Cr] of C
by setting C[r]* = C**" and diC’[r] = (—1)"dd™" for each integer i.

We first recall that there exists a Picard category Cr and a determinant functor dp :
(CP(R), quasi) — Cr with the following properties (for objects C, C’ and C” of CP(R))

B.a) Cr has an associative and commutative product structure (M, N) — M - N
(which we often write more simply as M N) with canonical unit object 1z =
dr(0). If P is any object of P(R), then in Cr the object dr(P) has a canonical
inverse dg(P)~!. Every object of Cp is of the form dg(P)-dr(Q) ™! for suitable
objects P and @ of P(R).
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B.b)

B.c)

B.d)

B.e)

B.f)
B.g)

B.h)

B.i)

OTMAR VENJAKOB

All morphisms in Cgr are isomorphisms and elements of the form dg(P) and
dr(Q) are isomorphic in Cg if and only if P and @ correspond to the same
element of the Grothendieck group Ky(R). There is a natural identification
Autc,(1r) = Ki(R) and if Morc, (M, N) is non-empty, then it is a K;(R)-
torsor where each element « of K;(R) = Autc,(1r) acts on ¢ € Morc, (M, N)

togiveaqS:leR-M%lR-N:N.

dp preserves the product structure: specifically, for each P and @ in P(R) one
has dR(P ) Q) = dR<P) . dR(Q)

If ¢ - C — C” is a short exact sequence of complexes, then there is a
canonical isomorphism dz(C) =2 dr(C")dg(C”) in Cr (which we usually take
to be an identification).

If C is acyclic, then the quasi-isomorphism 0 — C' induces a canonical isomor-
phism 1p — dg(C).

For any integer r one has dz(C[r]) = dg(C)=V".

the functor dp factorises over the image of CP(R) in DP(R) and extends
(uniquely up to unique isomorphisms) to (DP(R),is). Moreover, if R is reg-
ular, also property B.d) extends to all distinguished triangles.

For each C in D”(R) we write H(C) for the complex which has H(C)! = H(C)
in each degree i and in which all differentials are 0. If H(C') belongs to DP(R)
(in which case one says that C' is cohomologically perfect), then C' belongs to
DP(R) and there are canonical isomorphisms

dr(C) = dg(H(0)) = [[ dr(H (€)Y

1E€EL

(For an explicit description of the first isomorphism see [28, §3] or [8, Rem.
3.2].)

If R' is another (associative unital noetherian) ring and Y an (R’, R)-bimodule
that is both finitely generated and projective as an R’-module, then the functor
Y ®r — : P(R) — P(R’) extends to a commutative diagram

(DP(R),1s) Cr
Y®Hk—i lY®R—
dpy

(DP(R'),is) Crr

In particular, if R — R’ is a ring homomorphism and C'is in DP(R), then we
often simply write dg(C) g in place of R’ @ dr(C).

Let R° be the opposite ring of R. Then the functor Hompg(—, R) induces an
anti-equivalence between Cr and Cpgro with quasi-inverse induced by
Hompo(—, R°); both functors will be denoted by —*. This extends to give
a diagram

(DP(R), is) —2F Cr

l_*

Cre

RHomR(—,R)\L

(DP(R®), is)

dpo
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which commutes (up to unique isomorphism); similarly we have such a com-
mutative diagram for RHompge (—, R°).

For the handling of the determinant functor in practice the following considerations are
quite important:

Remark B.1. (i) For objects A, B € Cr we often identify a morphism f : A — B with
the induced morphism

id
1r Aoq-t T s

Then for morphisms f: A — B and g : B — C in Cgr, the composition gof : A — C is
identified with the product g-f : 1p — C-A"  ofg: 1 = C-B Y and f : 1 — B-A"1L.
Also, by this identification a map f : A — A corresponds uniquely to an element in
K1(R) = Aute,,(1g). Furthermore, for a map f : A — B in Cr, we write f : B — A
for its inverse with respect to composition, while f~' =:idg—1 - f-idg-1 : A1 — B!
for its inverse with respect to the multiplication in Cg, i.e. f- f~1 = idy,. Obviously,
for a map f : A — A both inverses f and f~' coincide if all maps are considered as
elements of K1(R) as above.

Convention: If f : 1 — A is a morphism and B an object in Cr, then we write

B L B - A for the morphism idp - f. In particular, any morphism B N A can
(dp_1- f
be written as B (dg—1J) A.

(ii) The determinant of the complex C' = [P LA P1] (in degree 0 and 1) with Py = Py =

d
P is by definition dr(C) def 1r and is defined even if ¢ is not an isomorphism (in

contrast to dr(¢)). But if ¢ happens to be an isomorphism, i.e. if C' is acyclic, then

by e) there is also a canonical map 1g EﬁcdR(C') , which is in fact nothing else then

d(¢)~Hidg p, )1
_—

1R::::dR(fﬁ)dR(fﬁ)_1 dR(fh)dR(fﬁ)_I::::dR(Cm

(and which depends in contrast to the first identification on ¢). Hence, the composite

acyc def

1gp —dg(C) = 1x corresponds to dr(¢)~' € Ki(R) according to the first remark.

In order to distinguish the above identifications between 1r and dr(C') we also say that

d
C' is trivialized by the identity, when we refer to dr(C) :eflR (or its inverse with

respect to composition). For ¢ =idp both identifications agree obviously.

We end this section by considering the example where R = K is a field and V a
finite dimensional vector space over K. Then, according to [23, 1.2.4], dx (V) can be
identified with the highest exterior product /\t"p V of V and for an automorphism
¢V — V the determinant dx(¢) € K* = K;(K) can be identified with the usual
determinant dety (¢). In particular, we identify dx = K with canonical basis 1. Then

amap lg L 1x corresponds uniquely to the value ¢ (1) € K*.
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Remark B.2. Note that every finite Z,-module A possesses a free resolution C, i.e.

acyc de
dz,(A) = dz,(C)~! = 1z,. Then modulo Z the composite 1q, L dz,(C)q, :flgp

corresponds to the cardinality |[A|~! € Q).
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