RELATIVE ASYMPTOTIC BEHAVIOR OF
PSEUDOHOLOMORPHIC HALF-CYLINDERS

RICHARD SIEFRING

ABSTRACT. In this article we study the asymptotic behavior of pseudoholo-
morphic half-cylinders which converge exponentially to a periodic orbit of a
vector field defined by a framed stable Hamiltonian structure. Such maps are
of central interest in symplectic field theory and its variants (symplectic Floer
homology, contact homology, embedded contact homology). We prove a pre-
cise formula for the asymptotic behavior of the “difference” of two such maps,
generalizing results from [15] [7, [6], T2]. Using this result with a technique from
[14], we then show that a finite collection of pseudoholomorphic half-cylinders
asymptotic to coverings of a single periodic orbit is smoothly equivalent to
solutions to a linear equation.
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2 R. SIEFRING

1. INTRODUCTION

Let (W, J) be an almost complex manifold. A (parametrized) pseudoholomorphic
curve in W is a map w : (S,5) — (W, J), where (5, j) is a Riemann surface, whose
derivative satisfies the equation

duoj=Jodu.

In symplectic field theory [3] (and related theories: symplectic Floer homology,
contact homology, embedded contact homology, etc.), the central objects of study
are a special class of pseudoholomorphic curves. The domains of these curves are
punctured Riemann surfaces, i.e. closed Riemann surfaces with a finite number of
points (punctures) removed. The targets of the maps of interest are manifolds with
cylindrical ends of the form R* x M* where the M¥* are closed odd dimensional
manifolds equipped with nowhere vanishing vector fields X1 belonging to a special
class of dynamical systems. Moreover, the almost complex structure on the target
manifold is required to satisfy some “compatibility” conditions related to both a
nondegenerate 2-form and the vector fields X4 coming from the cylindrical ends.
Requiring a finite energy condition and properness on pseudoholomorphic maps in
this set-up then guarantees that near the punctures, pseudoholomorphic curves will
be asymptotic to cylinders of the form R x v C R x M™*, where v is the image of a
periodic orbit of X4, i.e. a closed integral curve of X.. Moreover, in the event that
all periodic orbits of X4 are nondegenerate or Morse-Bott, then the convergence
near a puncture of a pseudoholomorphic curve to a cylinder over a periodic orbit is
exponential.

In this work we will study the asymptotic behavior of punctured pseudoholo-
morphic curves. We model the behavior near a puncture by studying pseudoholo-
morphic half-cylinders

i ([R,00) x S, ) — (R x M,J).

Here we equip the half-cylinder [R, 0o) x S* with the complex structure j that arises
from viewing it as a subset of R x S! ~ C/iZ. The manifold M is equipped with
a nowhere vanishing vector field X and a hyperplane distribution £ everywhere
transverse to X. The almost complex structure J on R x M is invariant under
translations in the R coordinate and has some prescribed behavior with respect to
X and £ that we will describe more precisely later.

Let P: S' ~R/Z — M be a T-periodic orbit of the vector field X, and assume
that @ converges to a cylinder over P exponentially fast and in C'°°, as would be
the case if P satisfies an appropriate nondegeneracy condition. In this case, we can
write

a(y(s,t)) = (Ts,expp(t) U(s,t)) eERxM

where v : [R1,00) x ST — [R, 00) x S! is a proper embedding, U is a map satisfying
U(s,t) € Epgy for all (s,t) € [Ry,00)xS*, and exp is the exponential map associated
to a Riemannian metric on M. Previous works of Hofer, Wysocki, and Zehnder
[7, 6] and Mora [I5] show that the map U can be written

Ul(s,t) = e [e(t) + r(s,1)]

where e is an eigenvector of a self-adjoint operator on L?(P*¢) related to the lin-
earized flow along P, A < 0 is the eigenvalue of e, and r converges exponentially to
Zero as s — 00.
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While this representation formula for the map U provides useful information
about the asymptotic behavior of pseudoholomorphic half-cylinders, it does not pro-
vide any information about the relative behavior of two half-cylinders asymptotic to
P in the event that the same eigenvector appears in the formula for each cylinder.
The main result (Theorem of this paper, which is a generalization and refine-
ment of previous work of Kriener [I2], addresses this issue by providing a precise
description of the “difference” of two pseudoholomorphic half-cylinders asymptotic
to the same periodic orbit. More precisely, assume 9 : [R,00) x ST — R x M is
another pseudoholomorphic half-cylinder asymptotic to P for which we can write

0(p(s,1)) = (T's,expp(yy V(s,1))

with ¢ and V satisfying the same properties as ) and U above. Then the difference
V' — U can be written

V(s,t) — U(s,t) = e [e(t) 4 r(s,1)]

where A, e, and r satisfy the same properties as the corresponding terms in the
formula for U. This result then allows one to distinguish the relative behavior of
two pseudoholomorphic half-cylinders in situations where the previous results of
[7, 6, 15] would not.

In the event that the periodic orbit P is multiply covered, this result can be
applied to provide a refinement (Theorem of the asymptotic description of
a single half-cylinder from [7] [0, [I5]. This refinement is useful for understanding
the self-intersection and embeddedness properties of a single pseudoholomorphic
half-cylinder. Moreover, applying a technique due to Micallef and White [14], we
are able to show (Theorem that given a finite family of pseudoholomorphic
half-cylinders converging to covers of the same periodic orbit, there is a coordinate
system so that the curves, after reparametrization, are given by maps of the form

(s,t) € [R,00) x St (ks, kt,Ze’\isei(t)> € R x S x R*"
i=1

where k is a nonzero integer, n is a nonnegative integer, each e; is an eigenvector of
an unbounded self-adjoint operator Ay on L?(S!,R?") arising from the linearized
flow, and A; < 0 is the eigenvalue of e;.

The results of this paper are most useful when the target manifold R x M is
4-dimensional. In this case, these results can be used to develop an intersection
theory for punctured pseudoholomorphic curves [9, [I7, [I6]. This intersection theory
in turn is important for the foundations of a 4-dimensional variant of symplectic
field theory due to Hutchings known as embedded contact homology [9, 10} [11]
- a theory which exploits the fact that the embeddedness of punctured curves in
dimension 4 can be controlled in terms of topological data.

Acknowledgements. This work is an expansion of a portion of my Ph.D. thesis,
and I would like to thank my advisor Helmut Hofer for his encouragement, guidance,
and support. I would also like to thank Yasha Eliashberg and Chris Wendl for
helpful questions and comments.
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2. BACKGROUND AND MAIN RESULTS

2.1. Hamiltonian Structures. Let M be a compact oriented 2n + 1 dimensional
manifold. A framed stable Hamiltonian structure H = (A,w) on M is a pair con-
sisting of a 1-form A and a 2-form w satisfying

(H1) A Aw™ is a volume form on M.

(H2) dw = 0.

(H3) kerd\, D kerw, for every p € M.

In condition we are defining the kernel of the 2-form a at p € M to be the
kernel of the associated linear map T, M — T;M defined by v +— a,(v,-). Mani-
folds carrying data (A, w) satisfying these properties were studied in [I], where the
existence of this data provides sufficient “taming conditions” to prove important
compactness theorems in symplectic field theory. The name “framed stable Hamil-
tonian structure” to describe a pair (A, w) satisfying — originates in [4]
where it is shown that manifolds carrying this data can be identified with stable
hypersurfaces in symplectic manifolds as defined in [8]. For examples of framed
stable Hamiltonian structures see [I] or [4].

Assume M is equipped with a framed stable Hamiltonian structure H = (A, w).
Condition , implies that kerw, is one dimensional for all p € M, and therefore
w determines a line bundle defined by £, = Upenm(p, kerwy). It is also clear from
this condition that £* := ker A is a hyperplane distribution transverse to ,,, and
hence that w restricts to a nondegenerate form on £, Defining a vector field Xy
to be the unique section of ¢, satisfying A(Xy) = 1, we see that condition
implies that the tangent bundle T'M splits

(1) TM =RX% & (™, wlen)

as the direct sum of a line bundle with a preferred nowhere vanishing section, and
a symplectic vector bundle.

Let 1, be the flow generated by Xy, i.e. 1)y = X3¢ 0 9. Using condition (H2)
and the fact that X4 is defined to satisfy ix,,w = 0, we find that

d * * % (- .
%wtw =; Lx,,w =9 (ix,dw + d(ix,w)) = 0.

Similarly, using condition (H3|) and the fact that ix, A = 1 by definition, we find
that J
%w;‘)\ = ¢ Lx, A =] (ix, d\ + dix, \) = 0.

We conclude that ¥;w = w and that ;A = A for all ¢ € R, which together imply
that the splitting is preserved under the flow of X4, and that the map

dipelere : (€7 wlen) — (€7, wlen)
is symplectic.

In what follows the dynamics of the vector field X4 will play an important role,
and the periodic orbits of X3, will be of particular interest. For our purposes, it
will be convenient to think of periodic orbits as maps parametrized by S* ~ R/Z
equipped with the basepoint 0 € R/Z. More precisely, for T # 0 we define the set
Pr(M,H) of T-periodic orbits of Xz byf]

Pr(M,H) = {P € C®(S*, M) |dP(t)0; = T - X;(P(t)) for all t € S*}

INote that this definition allows T < 0.
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and we will denote the set of all periodic orbits by
7)(]\47 H) = UT7507DT(M, H)

We note that each set Pr(M,H) is invariant under the S action on C*°(S!, M)
defined by ¢ * y(t) = y(t + ¢) for ¢ € R/Z and v € C* (S, M). A periodic orbit
P € P(M,H) will be called multiply covered if it has a nontrivial isotropy group

G(P)={ceS'|cxP =P}

with respect to the S! action, and the covering number cov(P) will be defined
to be the order of this (necessarily finite) group. Put more simply, cov(P) is the
largest positive integer k satisfying % x* P = P. E| It is straightforward to show
that if P € Pp(M,H) has covering number k£ > 1, then P factors through a simply
covered orbit via a k-fold covering, i.e. there exists a p € Prp/;, (M, H) with covering
number cov(p) = 1 such that P(t) = p(kt).

We will associate to any periodic orbit a differential operator related to the
linearized flow. Let P € Pr(M,H) be a T-periodic orbit and let h be a vector field
along P, that is h : ST — T'M is a smooth function satisfying h(t) € Tp)M for all
t € S'. Since h is defined along a flow line of X3 we can define the Lie derivative
Lx, h of h by

Lx, h(t) = 4| _odb—s(P(t+s/T)h(t +s/T).
Since the flow v; of X4y preserves the splitting , so must Lx,,, and we can
conclude that if h(t) € §§(t) for all ¢t € S', then Lx, h(t) € fg(t) for all t € St.

Moreover, if V is a symmetric connection on TM, we can use dP(t)0; = T- Xy (P(t))
to write

T Lx, h = Ly.x,,h = Vor.x,h — Vi(T - X3) = Vih — TV, X,

and therefore the differential operator V, - —T'V.Xy maps sections of P*¢™ to
sections of P*¢M.

Given any symplectic vector bundle (E,w), we say that a complex structure J
on F is compatible with w if the bilinear form defined by

gs() =w(-, J)
is a metric on E. It is a well known fact that the space of all such J is nonempty and
contractible in the C°° topology (see e.g. [§]). Recalling that (¢7,w) is a symplectic
vector bundle, we define the set J(M,H) C End(£™) to be the set of complex
structures on ¢** which are compatible with w. Choosing some J € J(M,H), we
associate to each T-periodic orbit P € Pr(M,H) a differential operator Ap ; :
C®(P*¢M) — C=°(P*¢™) acting on the space of smooth sections of ¢* along P
defined by
AP,JW = _J(th - TVUX'H)'

We note that the discussion of the previous paragraph implies that A p ; does in fact
map the space of sections of £ along P to itself, and that A p ; is independent of
symmetric connection V used to define it. We will refer to A p ; as the asymptotic
operator associated to the orbit P. Define an inner product on C*°(P*¢’) by

(hy ks = [S wp (h(2), T(P(0)K(L) .

2Throughout, we will make no notational distinction the S! action and the corresponding
1-periodic R action.
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Noting that the compatibility of J with w|g» implies that w(J-,J-) = w(-,-) on
M x €M and recalling that Ly,,w = 0, we have that

(h,Ap jk); = /

w(h, JAPJ,Z{}) dt = / w(h,T . LX—Hk) dt
S1

S’l

- /s 31 (@(h, k) = T(Lixyw)(hy k) = Tw(Lx, b, ) dt

:f/ w(T~LXHh7k)dt:/ w(=T - JLx,,h, Jk) dt
St St

= / w(Apth, Jk) dt = <Apﬂ]h, k>]
Sl
Therefore A p ; is formally self-adjoint, and A p ; induces a self-adjoint operator
Apy i D(Apy) = HY(PE™) € L3(P*¢") — LA(PEM).

In any hermitian trivialization of (P*¢™, J, w(-, J-)), this operator is represented by
a bounded symmetric perturbation of —i%. The spectrum of A p ; thus consists of
real eigenvalues of multiplicity at most 2n which accumulate only at +oc.

Viewing C*°(S,£™) as a vector bundle over C°°(S1, M) with fiber C°°(y*¢™)
over the loop v € C°°(S', M), we note that for fixed ¢ € S! the map c * - on
C> (81, £M) can be viewed as a bundle map covering the map c* - on C*°(St, M).
Moreover, it is clear from the definition of the asymptotic operator that Ap ; =
(—c) * oA yp,y 0 cx for any P € P(M,’H) and ¢ € S'. Therefore Ap ; and Ac.p s
have the same spectrum, and c * - maps the eigenspaces of Ap ; to the eigenspaces
of Ac.p s. In particular, the isotropy group G(P) & Zcoy(p) acts on the eigenspaces
of Ap; and we define the covering number cov(e) of an eigenvector e of Ap ; to
be the order of the isotropy group

G(e) ={ce G(P)|cxe=e}.

Alternatively, we say that cov(e) is the largest integer m dividing cov(P) for which
Lse=ce If P € P(M,H) is any periodic orbit and we let P, € P(M,H) be the

map defined by
(2) Py(t) = P(kt)

for any k € Z\{0}, it follows from the definition of A p ; that if e is an eigenvector of
A p ; with eigenvalue ), then the section ey € C°°(P;¢™) defined by e (t) = e(kt) is
an eigenvector of A p, ; with eigenvalue kA. If we further require that cov(P) =1,
it is straightforward to see that any eigenvector e of Ap, ; with covering number
m = cov(e) is of the form e(t) = f(mt) for some eigenvector f of Ap,  ; with
cov(f)=1.

We observe that if e € C°°(P*¢™) is an eigenvector of Ap ;, then e(t) # 0 for all
t € S'. Indeed, assume that e € ker(Ap s —\). Then, in any trivialization of P*¢7,
e satisfies a linear first order o.d.e. of the form —J(t)%e(t) + (S(t) — Ae(t) = 0,
where S and J are smooth matrix valued functions, and J(t)? = —I. Therefore,
if e(t) = 0 for some t € S!, e(t) = 0 for all t € S'. Hence nonzero vectors
e € ker(Ap,; — \) satisfy e(t) # 0 for all t € S'. Much of the utility of our main
theorems derives from this fact.
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2.2. Asymptotically Cylindrical Pseudoholomorphic Half-Cylinders. Let
(M,H) be a closed 2n + 1 dimensional manifold equipped with a framed stable
Hamiltonian structure H = (A, w). We will define a preferred class of almost com-
plex structures on R x M which we will then use to define a first order elliptic system.
Recall that we defined the set J(M,H) to be composed of all complex structures
J on & for which w(-,J-) is a metric on £’*. We extend each J € J(M,H) to an
R-invariant almost complex structure J on R x M by requiring

JO, =Xy and Jlgw=J

where a is the parameter along R. B
Given a P € Pr(M,H), note that the map P : R x §* = C/iZ — R x M defined
by P(s,t) = (T's, P(t)) is J-holomorphic for any J € J(M, H); that is P satisfies
dPoj=.JodP.
We will call such a map a cylinder over the periodic orbit P. In this paper we
will study J-holomorphic maps from half cylinders [R,00) x S1 C R x S = C/iZ
to R x M which are asymptotic to cylinders over periodic orbits. In particular,
given real numbers d > 0, R, and a T-periodic orbit P : S' — M, we define
MEL(P,J) C C®([R,0) x S, R x M) to be the set of all smooth maps @ = (a,u) :
[R,00) x St — R x M satisfying:
(1) The map @ is J holomorphic, i.e.
divoj = Jo di.
(2) The loops t +— u(s,t) converge to P in C°°(S1, M) as s — oo.
(3) There exist positive constants Mg so that the R-component a of @ = (a, u)
satisfies
‘65 (a(s,t) — Ts)‘ < Mge 4

for all (s,t) € [R,00) x S and all 3 € N2

(4) Let ¢ : S x B2"(0) C S'xR?" — U D P be any cov(P)-fold covering of an
open neighborhood U of P satisfying ¢(¢,0) = P(t). Let Ry > R be chosen
large enough so that u([Ry,00) x S') C U, and denote by uy : [R1,00) X
St — 81 x R?*" the unique lift of u satisfying lims_, ug(s,t) = (¢,0) for
all t € S'. Then there exist positive constants Mg so thatﬂ

|85 (ug(s,t) — (t70))| < Mge_ds

for all (s,t) € [Ry,00) x S and all 8 € N2
We refer to elements of M%(P, J) for a given d > 0 and R as asymptotically cylindri-
cal pseudoholomorphic half-cylinders. We will abbreviate M (P, J) = UgsoM%&(P, J)
and M(P,J) = Uger Mg (P, J) when convenient.

We remark that in practice the exponential convergence to a periodic orbit that
we require in the definition of asymptotically cylindrical is usually a consequence
of the cylinder @ satisfying a finite energy condition and the periodic orbit P being
either nondegenerate or Morse-Bott (see [7 [6], 2, [15]). However, for the purposes of
the present study, only the asymptotic behavior of the cylinder is relevant, and so

3Here the “” sign can be interpreted with respect to the Lie group structure on S' x R2™.
When 3 = (0,0) the symbol | - | should then be interpreted as distance from the identity element
(0,0) € R/Z x R?™,
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we will neither make any assumptions about the degeneracy of the periodic orbits
in question nor deal with the definition of finite energy.

For the results in this paper it will be convenient to describe elements of M(P, J)
in terms of sections of the bundle P*¢™. In order to do this we associate to each
J € J(M,H), a metric g5 on M defined by

gs(v,w) = M)A w) + w(menv, JTenw)

where men : TM = RXy © M — M is the projection onto ¢’ along X3,. We then
extend gy to an R-invariant metric §; on R x M by defining

gs((h,v), (k,w)) = h-k+ gs(v,w)
where we are making the standard identification T(R x M) ~ R & TM. We will

denote the exponential maps of gy and g; by exp and exp respectively and we note
that these maps are related by

€XP(qp) (h,v) = (a+ h,exp,v) € R x M

since g is the sum of the standard flat metric on R with the metric g on M. We now
make a definition which will be important for the statement of our main theorem.

Definition 2.1. Let P € Pr(M,H) be a T-periodic orbit, let & € M(P,J), and
let U : [R,00) x S — P*¢™ be a smooth map satisfying U(s,t) € f};‘(t) for all
(s,t) € [R,00) x S1. We say that U is an asymptotic representative of 4 if there
exists a proper embedding 1 : [R, 00) x S' — R x S asymptotic to the identity, so
that

u(ip(s,t)) = (T's,expp(ry U(s,1)) = €Xp(75 p(1)) (0, U (s, 1))
for all (s,t) € [R,00) x St.

Using the assumed asymptotic behavior of elements of M(P, J), it is straightfor-
ward to show that every asymptotically cylindrical pseudoholomorphic curve has an
asymptotic representative (this also follows from a special case of Proposition .
Moreover, the requirement that the embedding v from this definition be asymptotic
to the identity implies the asymptotic representative U of a map @ € M(P,J) is
uniquely determined up to restriction of the domain [R, 00) x ST of U to larger values
of R. We can define an S* action on C*°(R x S1,R x M) by cx* (s, t) = a(s,t+c),
and note that c* - maps the set M% (P, J) to the set M%(c* P, J). In particular, if
cov(P) = k there is a Zi ~ G(P) action on M%(P, J) generated by ++. Similarly,
we can define an S* action on the space of maps C*([R,00) x S, P*¢M) for any
P € P(M,H), and we note that if U € C®([R, 00) x S*, P*¢M) is an asymptotic
representative for @ € M% (P, J), then c*U is an asymptotic representative for cx1i.
Indeed, let ¢ : R x S' — R x S be the map defined by ¢(s,t) = (s,t+ ¢). Then
if u(y(s,t)) = expp(y U(s,t) with ¢ converging asymptotically to the identity, it
is easy to see that c* u(ye(s,1)) = expo.p( ¢ * U(s,t) where 9. == ¢! 00 ¢,
converges asymptotically to the identity since ¥ does.

2.3. Main Results. In this work, we will take the existence of pseudoholomorphic
half-cylinders for granted, and study their asymptotic behavior. Our main result is
the following (cf. [12]).

Theorem 2.2. Let o € M(P,J) and v € M(P,J), let the maps U, V : [R,00) —
C>®(P*¢M), be asymptotic representatives of 4 and ¥ respectively (see Def. ,
and assume that V — U doesn’t vanish identically. Then there exists a negative
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eigenvalue A of the asymptotic operator Ap j and an eigenvector e with eigenvalue
A so that

Vs, t) —U(s,t) = e)‘s(e(t) +7(s,t))

where the map r satisfies, for every (i,j) € N2, a decay estimate of the form
’Vivzr(s,t)‘ < Mijefds
with M;; and d positive constants.

We observe that when the periodic orbit P has covering number k > 1, we
can apply the theorem to the reparametrized maps % * 1 and % * D to find that
the maps (s,t) — V(s,t + i) —U(s,t + %) for any 4,7 € Z can be represented
by a formula of the same form. We can, in particular, apply this observation to
the case where ¥ = u to obtain a representation formula for each of the maps
(s,t) = U(s,t+ %) —U(s, t+ 1).

We also observe that in the special case where V' = 0, i.e. when ¢ has image
contained in the cylinder R x P(S%), then Theorem just gives a formula for
the asymptotic representative U of @ as in [7, 6, [I5]. Combining this observation
with that of the previous paragraph leads us to the following generalization of the
results in [7, [6, [15].

Theorem 2.3. Let i € M(P,J) and let U : [R,00) x ST — P*¢™ be an asymptotic
representative of u. Then U either vanishes identically or can be written

N
U(s,t) = Zehis(ei(t) +7i(s,t))

where

o The \; are a sequence of negative eigenvalues of Ap ; which is strictly
decreasing in i (i.e. \j < \; for j >1i).

e FEach e;(# 0) is an eigenvector of Ap ; with eigenvalue ;.

e The sequence of positive integers defined by k1 = cov(ey), ki = ged(k;—1, cov(e;)),
18 strictly decreasing in 1.

o The r; satisfy ki xr; = r;. Moreover, each r; satisfies decay estimates of
the form

[ViVT'ri(s,t)| < Myme™®*

for some positive constants My, and d.

Theorem can be taken a step further to give a coordinate system near a
cylinder over an orbit in which a family of curves asymptotic to coverings of that
orbit have a particularly simple form. In particular, we adapt an argument of
Micallef and White from [I4] to prove the following theorem.

Theorem 2.4. Let P € P, (M,H) be a simply covered periodic orbit with period
7> 0, let Py € Por (M, H) be as defined in [)). Let @; € M(Py,,J) fori=1...n
be a finite collection of asymptotically cylindrical pseudoholomorphic curves, and
let @ : S x R*™ — P*¢" be a trivialization of P*¢". Then there exist an open
neighborhood U of P(S'), a smooth embedding d:RxU — Rx S xR satisfying

d(s, P(t)) = (5,,0) € R x §* x R*",
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proper embeddings ; : [R,00)x St — Rx St asymptotic to the identity, and positive
integers N; so that

N;
(@00 ph)(s,t) = | ks, kit, Y X% 5(t)
Jj=1

where the A; j are negative eigenvalues of Apki”], and the e;; are eigenvectors of
éilAPki_’J(I) with eigenvalue X; ;.

We remark that the precise description of curves provided by this theorem comes
at the expense of the coordinate system ® not respecting translations in the R
components of Rx U and R x S' x R?®. More precisely, near an orbit it is frequently
convenient to work with coordinates systems ® : R x U — R x S! x R2" of the
form ®(a,p) = (ca, ¢(p)) where ¢ is some nonzero constant and ¢ : U — S x R2"
is an embedding. We call such a coordinate system R-equivariant. While the
coordinate system ® produced by Theorem is not R-equivariant it is clear from
the construction of ® in the proof of the theorem that ® is asymptotic to an R-
equivariant coordinate system in the following sense: there exist an R-equivariant
coordinate system U on R x U and positive constants Mg, d so that

P ((\ifo&)—l)(s,t,w)) — (5,1)

and

’85 [WR"‘" ((‘i’ ° ‘i’_l)(&t,w)) - w” < Mge™®

for all B € N2"+2 and all (s,t,w) € ®(Rx U), where mpy g1 : Rx ST x R?" — R x §!
and 72 1 R x ST xR?™ — R?" are the coordinate projections 7y g1 (s, t,w) = (s,t)
and 7Rz (s, t, w) = w.

2.4. Some Consequences of the Main Results. In this section we provide some
useful consequences of Theorems [2.2] and

Corollary 2.5. Let P € P(M,H) be a simply covered periodic orbit, and let u €
Mp, (Pr,,J), © € Mp,(Pr,,J) be asymptotically cylindrical half-cylinders, where
Py, is as defined in (2). Further, assume that neither of the sets i~ (0([Ra, 00) X
S1)) and o7 (a([R1,0) x SY)) contain an open set. Then there erists an R >
max(Ry, Rg) so that

a([R,00) x S No([R, 00) x S*) = (.

Proof. Assuming initially that ky = ks, we observe that all intersections of @ and
v lying outside some sufficiently large compact subset of R x M correspond to
zeros of a map of the form (s,t) — U(s,t) — V(s,t + ;&), where U and V' are
asymptotic representatives of 4 and o respectively. Our assumption that the sets
471 (D([Ra, 00) x S1)) and 971 (a([Ry,00) x S')) do not contain an open set allows
us to conclude that none of the maps U(s,t) — V(s,t + k%) vanish identically, so

Theorem allows us to conclude that each of the maps U(s,t) — V(s,t + kJT) is
nonzero for all sufficiently large values of s. This completes the proof in this case.

Next observe that if k; and ko have opposite sign, the result is an easy conse-
quence of the asymptotic behavior of the R-components of @ and v. It therefore
remains to consider the case where ky # ko and ki and ko have the same sign.
In this case we define maps x,| € Mg, (Pr,|k,|,J) and Ojx,| € Mp,(Pryjky),J) =
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M, (Pryjia)s ) DY Uiy (5,8) = allkzls, [kalt) and Opy (s, t) = 0([k[s, [ki]t). We
can then apply the argument in the previous paragraph to show that a,| and oy,
don’t intersect for s sufficiently large, and hence neither do @ and o.

Corollary 2.6. Let P € P(M,H) be a simply covered periodic orbit, and let Py
be as defined in . For any pseudoholomorphic half-cylinder @ € Mg, (P, J),
there is an Ry > Ro so that the restriction i|g, oc)xs1 € Mg, (Px,J) factors
through an embedding. More precisely, there exist a k' dividing k, an embedding
v € M(Pyi,J) and a map p : [Ry,00) X St — R x St asymptotic to the map
(s,t) = (K's, k't) so that U|[R, oc)xs1 = VO DP.
Proof. Let U : [R,00) x S — P*¢™ be an asymptotic representative for U, i.e.
ﬂ(w(&t)) = (TS, eXpPk(t) U(S7t))

for some embedding 1 : [R,00) x ST — [Rp, 00) x S which converges asymptotically
to the identity. Theorem 2.3 lets us write

N
(3) Us,t) = 3 e (eslt) + 715, 1)

i=1
with the \;, e; and r; satisfying the properties listed in the theorem. Assume
initially that the ky := ged(cov(er),...,cov(en)) = 1. Then it follows that the
map (s,t) — U(s,t) — U(s,t + ;) does not vanish identically for any nonzero
J € Zyy)- Arguing as Corollary this implies that there is an R; > R so that
U|[R,,00)x 51 is an injective immersion. Moreover, by the definition of Mg(P,J), @
is also a proper map, so /[, )x st must be an embedding.

Now assume that ky > 1. We note that the e; and r; appearing in the formula
for U each satisfy e;(t + ﬁ) = e(t) and r;(s,t + ﬁ) = r;(s,t), and hence
U also satisfies Ul(s,t + ﬁ) = U(s,t). This implies that there are sections é; €
C“(P,;‘/kaH) and maps 7; : [ky R, 00) x S1 — P,:/kaH satisfying e;(t) = &;(knt)
and r;(s,t) = 7;(kns, knt). Moreover, the é; are easily seen to be eigenvectors of
Ap,,,, .7 With eigenvalues \;/kn. Defining V : [ky R, 00) x S' — P;/kNﬁH by

(4) V(s,t) = Ze(’\i/kN)s(éi(t) + 7i(s,t))

we have that U(s,t) = V(pgy (s,t)) where pgy : R x ST — R x St is the covering
map (s,t) — (kns, knt).

Now, apply the Riemann mapping theorem to find a biholomorphic map p :
YP([R,00) x S) — [R',;0) x ST for some R’ determined by requiring p to be as-
ymptotic to the identity. Defining @1 = @0 p~t € Mg/ (P, J) and ¥ = p oy we
have that

1 (1(s,t)) = a(y(s,t)) = (T's,expp, ) V(kns, knt))
with 1 : [R,00) x ST — [R/,00) x St a diffeomorphism asymptotic to the identity.
Letting ¢y, : R x S' — R x S' be the generator (s,t) — (s, + =) of the deck
transformation group of the cover pg, , the map

Gy =10 iy 0y 1 [R,00) x ST — [R,00) x S
generates a free Zj,,-action on [R’,00) x S satisfying

U1 0 Ppy = Uy
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which furthermore implies that qf)kN is holomorphic. Using further that gZ;kN is
asymptotic to ¢, we must have that (ﬁkN = ¢, since ¢y, is the only biholo-
morphic map on [R’,00) x S with this property. This in turn implies that the
diffeomorphism v; commutes with ¢y, .

Since %*ﬂl = 10k, = aloé;m = 11, thereis a ¥ € My r/ (Pr/ky, J) satisfying
w1(8,t) = 0(pry (s,t)). Moreover, since ¥, commutes with the generator ¢, of the
deck transformation group of pg, , there is an embedding ¥ [kyR,00) x ST —
[kn R/, 00) x ST satisfying pry (41 (s, 1)) = U (pry (s,t)). We thus find that

@(w(& t)) = (T/stv eXpPk/kN(t) V(Sv t))
Comparing the formulas (@) and (3) for V and U it is clear that ged(é1,...,éx) =
ﬁ ged(eq, ..., en) = 1. We can therefore apply the argument of the first paragraph
to 0 and V' to show that there is an R” so that 0|[p/ oc)xs1 is an embedding.
Choosing R; large enough so that (px, o p)([R1,00) x S*) C [R”,00) x S we have
that
Ul (R, 00)x 51 = U0 (Phy © P)I[Ry,00)x 51

with © an embedding on (py, o p)([R1,00) x S1), and pg, o p asymptotic to py, as
required. (Il

Corollaries and can be combined with results of McDuff [I3] or Micallef
and White [14] to prove generalizations for punctured pseudoholomorphic curves of
well-known results about closed pseudoholomorphic curves. Namely, two connected
punctured pseudoholomorphic curves which are asymptotically cylindrical near the
punctures either have identical image or intersect in at most a finite set. Also,
a punctured curve which is asymptotically cylindrical near the punctures either
factors through a branched cover or has a finite number of double points. (See [17]
for more precise statements.)

As mentioned in the introduction, Theorems and [2.4] are most useful in
dimension 4 where intersection theory related algebraic invariants can be computed
in terms of the windings of the eigenvectors appearing in the asymptotic formulas
from these theorems. These results and related topics are pursued further in [I7] and
the forthcoming paper [16]. In addition, Theorems [2.2|and [2.3|imply that the index
inequality of Hutchings from [9] can be shown to hold for pseudoholomorphic curves
in any 3-manifold equipped with a framed stable Hamiltonian structure, without
needing any additional restrictions on the behavior of the almost complex structure
near the periodic orbits. This index inequality is important for the definition of
Hutchings’ variant of symplectic field theory known as embedded contact homology
[10, [11].

2.5. Outline of Subsequent Sections. The remainder of the paper is dedicated
to the proofs of Theorems and Theorems [2.3] and [2-4] are consequences
of Theorem [2.2] and are proven in sections [3|and [4] respectively, assuming Theorem
22l Section [ is then dedicated to the proof of Theorem [2.2] In section [5.1]
we introduce some notation and outline the proof of Theorem dividing the
argument into three propositions. First, in Proposition [5.1} we show that given two
half-cylinders asymptotic to a common orbit, one of the cylinders can be described
as a section h of the bundle £" along the other. Then, in Proposition we use
the fact that h satisfies a Cauchy-Riemann equation of a certain form to represent
it by a formula involving an eigenvalue and eigenvector of the asymptotic operator.
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Finally, in Proposition [5.3] we complete the proof of Theorem [2.2] by relating the
formula for A to a formula for the difference of asymptotic representatives of each
cylinder. The proofs of these three propositions are given in sections
and Finally, in the appendix, we prove a general result about a certain class
of Cauchy-Riemann equations on half-cylinders which is needed in the proof of

Proposition [5.2] in section

3. PROOF OF THEOREM [2.3]

In this section we will prove Theorem assuming Theorem Let P: St —
M be a k-covered T-periodic orbit, and let @ € M(P,J). Let U : [R,00) x S —
P*£™ be an asymptotic representative of 1, that is

W (s,1)) = (T, exppy) U(s, 1)

for some proper embedding 1 : [R,o0) x St — R x S! converging asymptotically
to the identity. According to a special case of Theorem we can write

Ul(s,t) = e™* (ey(t) + pi(s,t))
where A; is a negative eigenvalue of Ap ;, e; is an eigenvector with eigenvalue A;,
and py(s,t) converges exponentially to zero, as do all derivatives VLV p;.
If the function p; in this formula for U satlsﬁes p1(s,t+ COv(m)) = p1(s,t) then
there is nothmg more to prove. If not, we can average the functions (s,t) +—
p1(s,t+ Cov(e )) over j € Zcoy(e,) to obtain a function ry which does satisfy 7 (s, +

L) = ri(s,t). We will see that Theorem allows us to write pi(s,t) —

cov(er)

r1(s,t) = e*2%(ea(t) + pa(s,t)) with Ay < A1, ea € ker(Ap s — A2) \ {0} satisfying
ged(cov(es ), cov(es)) < cov(er), and pg converging exponentially to zero. We can
therefore write

U(s,t) = e (ex(t) +711(5,1)) + €2 (ea(t) + pa(s, 1))

with every term satisfying the conclusions of the theorem except possibly ps. Now,
if po satisfies pa(s,t+ ,3—2) = pa(s,t) with ko = ged(cov(er), cov(es)) there is nothing
more to prove. If not, we carry out the same argument with ps to write

Ze (e;(t) +1i(s,1)) + € (e3(t) + ps(s, 1))

where every term in the sum satisfies the conclusions of the theorem except possible
p3, which we know decays exponentially with all derivatives. We continue this
process until we have a formula for U that satisfies the conclusion of the theorem.

The details of the main step of this argument are made precise in the following
lemma. The theorem is then an easy consequence of an iterative argument which
applies the lemma at each step. It is clear that this argument must terminate after
a finite number of steps (i.e. applications of the lemma) since each application of the
lemma leads to a new term, k; = ged(cov(e),...,cov(e;)), in a strictly decreasing
sequence of positive integers.

Lemma 3.1. Let U be the map defined above, and assume that U can be written

Ze*” eilt) + 1i(s,1)) + €V (e;(t) + (s, 1))
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where:

o The \; are all negative eigenvalues of Ap j satisfying Ait1 < A;.

o The e; are eigenvalues of Ap j with eigenvalue A;.

e The positive integers k; defined by k1 = cov(e1) and k; = ged(k;—1,cov(e;))
satisfy kiy1 < k.

e The maps r; satisfy ri(s,t + ki) = r;(s,t) for all (s,t) € [R,00) x S
Moreover for all (I, m) € N? the quantities |V V"r;| converge exponentially
to zero.

o The map p converges to zero exrponentially fast as do all of its derivatives
Vivmp.

Then the map p either satisfies p(s,t + é) = p(s,t) or there exists a map rj :
[R,00) x S — P*¢™ satisfying ri(s,t + é) = 7;(s,t), an eigenvalue \j11 of
Ap ; satisfying N\j11 < X\j, and an eji1 € ker(Ap g — Ajy1) \ {0} with kjyq =
ged(kj, cov(ejr1)) < kj so that

Zek “exlt) +rils, ) + €M (e () + pa(5.1)

where py is a function for which the maps VLV™py converge exponentially to zero
for all (I,m) € N2

Proof. We first introduce some notation. Recall that since k = cov(P), there is a
Zy, action on the space of sections C°°(P*¢M) generated by % € S ~ R/Z and
that this action fixes the eigenspaces of Ap ;. In the remainder of this section we
will write (5 *x f)(t) = f(t + %) for j € Zy, to denote this action. Similarly, for
any integer m which divides k, there is a Z,, action on C°°(P*¢™) generated by
(1%n f)(t) = f(t+ %). For any such m we define the map A,, : C>°(P*¢") —
C>(P*¢M) by averaging over the Z,, orbit of a section, i.e. we define

,_n

1 m—
Al =2
’L:O

We note that A,, can be thought of as the projection onto the space of sections
that are fixed by the Z,, action; that is, any section in the image of A,, is fixed by
the Z,, action, and A,, acts as the identity on the space of sections that are fixed
by the Z,, action. We will make the obvious extensions of the Z,, action and the
map A, to the subset of the space C®([R, 00) x S, P*¢M) defined by

{u € C®([R,0) x S*, P*¢) | u(s,-) € C®(P*¢™) for all s € [R,00)}.

Proceeding with the proof, we assume that p is not fixed by the Zj, action. We
define 7; := Ay, p so that

Za (eilt) + i, 1) + % (p(s. 1) — (s 1)

with r; satisfying the required properties. Note that since all terms in the original
expression for U are fixed by the Zj,; action except for p, we can rewrite this as

U(s,t) = (Ag,U) (s, ) + % (p(s,t) = 15(s,1)).
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Rearranging this equation gives

eAjS(p(Svt) - Tj(S,t)) = U(S,t) - (Aij (Sat)

(i %k, U)(s,1)
i=0

x>
&

|

—

-

|

_

b.w‘,_‘

(Cxp, [U =155, UJ) (s,0)

|
w‘}_.
(]

<$
Il
—
~
Il
o

I

<

‘ )

N <
BN

ki —(i+1)

(i *kj [U -1 *kj U]) (S,t).

=)
F=

1=

By Theorem we have that U(s,t) — 1, U(s,t) = eN+13(f(t) + r(s,t)) where
Aj+1 is a negative eigenvalue of Ap ;, f # 0 is an eigenvector with eigenvalue \j41,
and r(s,t) converges exponentially to zero. Using this with we can write

(6) % (p(s,t) —rj(s,)) = €X+1* (ej11(t) + pa(s, 1))
where
k;—2
— ki—(i+1).
€j+1 = Z ]TZ*kjf
1=0
and

‘We therefore can write
J
Uls,t) = S e (es(t) + (s, 8)) + €0 (eg41(t) + pa(s.1))
i=1

with r; satisfying the required properties and with e;11 € ker(Ap ; — Aj+1). More-
over, the required decay properties of p; follow easily from the definition of p; and
the similar decay properties for r coming from Theorem It remains to show
that e;j11 is nonzero, that Aj41 < Aj, and that kj;1 := ged(kj, cov(ejy1)) is strictly
less than k;.

Assuming for the moment that e; 1 # 0, the fact that A\; ;1 < A; follows easily
from @ and the exponential decay of p and r;. To show both that e;1 is nonzero
and that k; 41 < k; it suffices to show that L, €541 # e;41. To see that it is indeed
the case that 1%, e;41 # e;41, we use the above formula for e; 1 to compute

ej+1_1*kj ej_H:f_E Zi*kjf:f—Akjf.
J =0
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Therefore ;11 = 1 #; ej11 is equivalent to f = Ay, f which in turn is equivalent
to f =1y, f. However, assuming f = 1 x; f leads to

kj—1
0=U(s,t) —U(s,t) = Z (i %k, (U =1, U)) (s,)
o
= Z N (g, £)(E) + (i kk, 7)(8,1))
i=0
kj—1
=M [k f(t) + Z (i *k; 7)(5,1)
i=0
or equivalently
L Rl
£ =~ D (i, 7))
J =0

This is a contradiction since |f ()| is bounded away from zero while the right hand
side decays exponentially in s. We have therefore shown that e;, is nonzero, that
Aj+1 < Aj, and that kj4q1 < k;. This completes the proof of the lemma. O

4. PROOF OF THEOREM [2.4]

In this section we show how Theorem [2.4] follows from Theorem As men-
tioned before the statement of the theorem, the proof here adapts an argument due
to Micallef and White from [14].

Let P : S — M be a simply covered 7-periodic orbit with 7 > 0 and let
Py denote the map t — P(kt) for any k € Z \ {0}. Let @; € M(Py,,J) be
a family of asymptotically cylindrical pseudoholomorphic half-cylinders. Let & :
S xR2" — P*¢M be a trivialization of P*¢M, and define the inverse of a coordinate
map ¢ : R x S' x B2"(0) — U D R x P(S') near R x P(S') by

d)(sv ta w) = (TS, eXpP(t) (I)(t)w)

The coordinate map P produced by the Theorem will given by the map ¢~ com-
posed with a map of the form

(s,t,w) — (s,t,w — R(s,t,w)).

This will be a diffeomorphism provided |R,,(s,t,w)| < 1 for every (s,¢,w) in the
domain of R.

Before proceeding with the proof we make some simplifying assumptions. We
first assume that the k; are either all positive, or all negative. This entails no loss
of generality since we are only interested in the behavior of the maps outside some
set of the form [—N, N] x M. Indeed, if we restrict the domains of the maps u; so
that all of the maps lie entirely in either [INV,00) x M or (—oco, —N| x M we can
construct the required change of coordinates separately for large positive and large
negative R values, and then interpolate. For simplicity then we will assume that all
k; are positive. The proof in the case that the k; are all negative is nearly identical.

Assuming then that all k; have the same sign, we can also assume that all the
k; are equal. If not, we choose some k which is a multiple of every k; and replace
the map @; with the map @; o py/x, € M(Py,J) where p,, : R x Sl — R x St
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denotes the covering map p(s,t) = (ms, mt). Suppose then that we have proven
the theorem in this case, i.e. we can write

(é @) ﬂl Opk/ki o 1[)1)(57 t) = (ks, kt, UZ(S, t))

where U, (s,t) = Z;\Ll eMisfe;i(t), with A\j; < 0 eigenvalues of Ap, ;, and e;; €
ker(@~'Ap, ;P — \ij). Letting Grons (8,8) = (s,t+ %) and p(s,t) == (¢p; ' O(b];/lk?i o
Vi 0 ik, ) (5, 1), we apply %ix to both sides of this equation to find

15 x (ks, kt,U;(s,t))
= (%*(Qouzom/k 0%))( t)
(% * ((I) ) ’U,,L Opk/k )) 9] ((b]:/lkb sz‘ o (bk/ki)(sﬁt)

(ks7 ktv % * Uz(svt))

(®oio Dhk/k; © ¢;;/k. 0 )i © Pk, )(5,1)
= (o 0 Pi/k, © Wi) 0 p(s, 1)

(Pr(p(s,1)), Ui(p(s,1))) -
Comparing the first two components of this equation tells us that p is a deck
transformation of the covering py, or more simply that p(s,t) = (s,t + %) for some
J € Zy. However, it is easily seen from the asymptotic behavior of ¢/, and ¥;

that p is asymptotic to the identity, so we must have that p(s,t) = (s,t), and hence
that ¥; o ¢y k, = dr/k, © ;- Comparing the last 2n components of this equation

then yields % * U; = U;. This implies that the eigenvectors e;; appearing in the
formula for U; also satisfy ’Z * e;; = €;; since the eigenspaces of ot Ap,, J(I> are
fixed by the Zj, action. We can therefore find maps é;; € ker(®~ Apk JO — )\ZJ)
so that

(‘I’Ouzopk/k o;)(s,t) = (ks, kt, ZeMSA (K

Moreover the fact that v¢; commutes with the generator @k k, of the deck transfor-
mation group of py/;, implies that there is an embedding 1& :[R,00) x ST — Rx St
satisfying py/, 0¥ = & O Pr/k;- We therefore get that

(éoﬁzoqﬁlopk/ki)( kS kt Ze s e
which in turn implies
- R kiy
(P ow;ow);)(s,t) = (kis kztz kA %85 (t

as required.

Proceeding now with the above assumptions, we have a family of maps 4; €
M(Py, J). Tt follows easily from the definition of M(Py,J) (or from Proposition
that there exist proper embeddings ; : [R,00) x S! — R x S! and maps
U : [R,00) x St — R?" 50 that

(¢ oty 01p;)(s,t) = (ks, kt, Ui(s,t)) € R x S* x R*".
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We will denote the set of functions U; arising in this way by S. We will enlarge
the set S to include each § * U; for all j € Z; and all U; € S (alternatively,
we could enlarge the original collection of maps u; to include all % * U;). Let pg
be the largest negative eigenvalue of Ap, ;, and number the remaining negative
eigenvalues of Ap, y by the positive integers in decreasing order, that is u; < p;
for j > 4. In what follows we will abbreviate ®"1Ap, ;® by A. By Theorem .
for each pair of distinct functions U, V' € S, we can write

(7) Uls,t) = V(s.t) = 2™V (1) 4 000 (AY)

where AV is a negative eigenvalue of A, e¥"V is an eigenvector of A with eigenvalue

AUV and 04 ()) represents a function f : [R, 00) x S — R2" satisfying
’86 (e_”\sf(s,t))’ < Mge_ds

for some positive constants d, Mg.
For any i > 0 and U € S, define S;(U) to be the set

Si(U)={VeS|U-V =o0x(u)}

S for all U € S. Define AV : [R,00) x ST — R?" to be the
(U), that is

and define So(U) =
average of all V' € §;

AV (2)

}: Vi(z

vgs (U)

where |S;(U)] is the number of elements in S;(U). Observe that there exists an
N € Z so that AY = U for all i > N and all U € S. Indeed, choose N to be the
unique positive integer satisfying

pny = min A%V
UVES,U#V

where the AV"V are defined by .
We now give some important properties of the AV in a series of lemmas.

Lemma 4.1. For any U € S and any i > 1, there exists a unique (possibly zero)
eV € ker(A — ;) so that

AV (s5,8) = AV (s,8) = "*e¥ () + 0 (11).

LU
Lyel =eF™,

Moreover, 1 * e; ]

Proof. An easy computation using the definition of AV leads to

Ag_Aqu: I:A?_U} - [AzU—l_U]

-1 Si—l U)| — Sz U
S D A e el S
i VESi_1(U)\S:(U) -
1
:m Z [U = V] + 000 (41i)-

VeS;—1(U)\S:(U)
By Theorem and the definition of S;(U), we can write
U(s,1) = V(5,1) = €45V (£) + 0 (1)
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for each V € S;_1(U) \ Si(U), where eV € ker(A — p;). With eV defined by
1
el (t) = G > V(1)
=t VeESi_1(U\S;(U)

the first part of the result easily follows.
1, 1
The fact that § * ! = e} Yisa consequence of the fact that + x« AV = AF™
which in turn follows from the fact that V' € S;(U) if and only if 1 x V € S;(+ *
U). O

Lemma 4.2. Let U,V € S, and assume that \U"V (defined by ) satisfies \U"V =
K, i.e.
(8) U(s,t) = V(s,t) = e"7°e"V (1) + 000 (1)
for some j € Z* and some nonzero eV € ker(A — wi). Then AzU = AY for all
1< 7, and

A7 (s,1) = AY (5,1) = 72"V (1) + 000 (1)
for alli>j.
Proof. Tt is immediate from that U — V = 0 (ptj-1), and therefore S;(U) =
S;(V) for all i < j. This of course implies that AY = A} for all i < j as well. For
1> j we get

AT (2) = A (2) = [U(2) = V(2)] + [A7 (2) = U(2)] — [AY (2) = V(2)]
= 1%V (1) + 000 (1) + 000 (1) + 00 (i)
= %"V (1) + 000 (115)
where we’ve used that f = 0o (it;) = f = 000(pt5) since p; < p; for i > j. O
Lemma 4.3. There exists an € > 0 and an Ry > R so that
(1) Foralli>1 and allU € S
U (s,t) — AY (s,t)] < Leei®

for all (s,t) € [Ry,00) x S*.
(2) Fori>1and alU,V €8, either AY = AY or

|AY (s,t) — AY (s,t)| > 2eet®
for all (s,t) € [R1,00) x S™.
Proof. Tt is immediate from the definition of AY that U — AY = 0. (j1;), i.e. there
exist an MY >0 and a dV > 0 so that
|e_’“s (U(S,t) - A?(s,t))| < MZ-Ue_diUS7
and hence
|U(s,t) — A?(s,t)| < MiUe*d?Se‘“S.

This shows that for every e > 0, there exists an R(i,U, ¢) so that

|U(s,t) — Ag(s,t)\ < %Ee”"s
for all (s,t) € [R(i,U,e),00) x St. Moreover, since the set Sy is assumed to be

finite, and since AY = U for all i > N, it follows that the choice of R(i,U,¢) can
be made independent of U and q.
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Now we address the second claim. Recalling the definition of eV"V from (7)),
choose some ¢ satisfying

1
O<e< -

. UV
(T
4 U;éVrensl'o,tESl ’e ( )| ’

and note that such an ¢ exists since the eV (¢) are all nonzero for all ¢t € Si.
Assuming that AV = p; as in , it follows immediately from Lemma that
AY = AY for i < j and that for i > j there exists an R(i,U, V) so that

|A§J(s,t) - Ay(s,t)| > 2eel'i® > 2eeti®.

for all (s,t) € [R(i,U, V), 00) x S*. Again using that Sy is finite and AV = U for all
i > N, we can choose an R; independent of ¢, U, and V so that the result holds. [

Next we define functions RY : [Ry,00) x S' — R?" by

RU(s,1) AV (s,t) — AV [ (s,t) —etiseV(t) fori>1
7 (S, = .
’ AY (s,1) fori=0

(9)

and note that RY = o, () for all i > 1, U € S as a result of Lemma

1, 1, 1
Moreover it follows from  x AV = AF Y and +xel =ef Y that +#*RY = R} v
Let p : R — [0, 1] be a smooth cutoff function with p(x) = 0 for |z| > 1 and p(z) =1

for || < 1. Define for each i > 0 a function R; : [Ry,00) x S! x R*" — R?" by
Ri(s,t,w) = p(e~ e " *[w — AY (s,1) ) RY (s,1)
if there is a U € S with |w — AY (s,t)| < eet®, and define
Ri(s,t,w) =0
otherwise.

Lemma 4.4. The maps R; : [R1,00) x ST x R?" — R2" are well defined for all
1. Moreover these maps are all invariant under the deck transformations of the
k-fold cover my : [R1,00) x St x R?" — [kRy,00) x S1 x R*" defined by 71, (s,t,w) =
(ks, kt,w), and therefore there exist maps R; : [kR1,00) x ST xR?™ — R2" satisfying

Ri(ks, kt,w) = Ri(s,t,w).
Proof. We first prove that each R; is well defined. Assume that there exist maps
U,V € Sy and a point (s,t,w) € [Ry,00) x ST x R?" for which AY and AY satisfy
lw — AV (s,t)| < eeti® and |w — AY (s,t)| < eeti*. Then AY and AY satisfy

‘A?(s,t) - A}/(s,t)| < 2get®

which by Lemma can only be true if AY = AY. This in turn implies that
AV | = AY | and hence that RY = RY. Therefore the maps R; are well defined
since they are independent of any choices made in the definition.

Next, we note that since the group of deck transformations of the cover 7y is
generated by the map (s, t,w) — (s,t+ %,w), it suffices to show that R;(s,t,w) =
Ri(s,t + £, w). Given a point (s,t,w) € [R,00) x S* x R*", assume that there is

a U € S sothat |w— AY(s,t+ 1)| < ee’i*. Then it follows from Ai%*U(s,t) =
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+x AV(s,t) = AV (s,t + 1) that |w — Ak ( t)| < eeti®. We therefore find that
Ri(s,t+ +,w) = p(e e %|lw — AV (s, t + L))RY (s,t + 1)
*lw — ¢ * A7 (s, )3 * BY (s,1)

1, 1,
= p(e et jw — AR (s, ) )RF (5,1)

= Ri(s,t,w).

— peteH

Now, assuming there is no U € S with |w — AiU(s,t—i— %)’ < eeti® we can argue
1
using 3 xAY = A} “ that there is no U € S with |w — AV (s,t)| < eeti*. Therefore,
we have in this case that
éi(s,t—i— %,w) = Ri(&t,w) =0.

Hence, R;(s,t+ w) = Ri(s,t,w) for all (s,t,w) € [Ry,00) x S' x R?™ as claimed.

O
We now complete the proof of Theorem

Proof of Theorem[2) Define a function R : [kRy,00) x S! x R*™ — R?" by

R(s,t,w) ZRstw

where the R; are the functions defined in Lemma [44] Recalling from Lemma [.3]
that |U(s,t) — AV (s,t)| < Leet* for all (s,t) € [Ry,00) x S, it follows from the
definition of R; that

Ri(s,t,U(s,t)) = RY (s,1).
We therefore find that

] =

U(s,t) — R(ks,kt,U(s,t)) =U(s,t) — » Ri(ks,kt,U(s,t))

=0

=U(s,t) = Y _ Ri(s,t,U(s,1))

i=0

ZRUst

for all (s,t) € [Ry,00) x S*. Using this with the definition () of RY and the fact
that AY, = U, we find that

=

Ul(s,t) — R(ks, kt,U(s,t ZRU
= A%(& ) - AO (S,t)

N
=) AT(s,0) = AL (s,1) — el (1)
i=1

N
=Sl
i=1
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Letting ® : ¢~ (R x S' x B2"(0)) — R x S* x R?" be defined by composing ¢!
with the map (s,t,w) +— (s,t,w — R(s,t,w)), we find that
N
G oiijor);(s,t) = (ks kt,U;(s,t) — R(ks, kt,Uj(s, 1)) = (ks, kt, > e'“e” (t)).
i=1
Thus ® o U; o 1; has the required form for all j
It remains to show that ® can be chosen so that ®(rs, P(t)) = (s,£,0) € R x
S x R2" and that ® is an embedding for large values of the first R coordinate. To
see that the first claim is true, we include the pseudoholomorphic map P(s,t) =
(ts,P(t)) in the original collection. It is clear that ¢~ o P(s,t) = (s,t,0), so
the above results show that —R(ks, kt,0) = Z;V:I e'i®e;(t) for some appropriate
e; € ker(A — ;). Thus redefining R to be the map (s, t,w) — R(s,t,w)— R(s,t,0),
we will have that ® o P(s,t) = (s,t,0) as required, while each of the ® o, o1, still
have the required form. Finally to see that @ is an embedding, we note that the
map R is easily seen to satisfy decay estimates of the form

|0°R(s,t,w)| < Mge/k)s

by construction. In particular, we will have that |9, R(s,t, w)| < 1 for all sufficiently

large s. Therefore, by choosing R; larger if necessary, it is clear that ® will be an
embedding on the set ¢([Ry,0) x St x B2(0)). O

5. PROOF OoF THEOREM [2.2]

5.1. Overview of the Proof. In this section, we outline the proof of Theorem
and fix some notation. In everything that follows we will identify S* with R/Z
unless otherwise stated. On R?" = {(x1,...,2n,¥1,---,Yn)}, we will denote by Jy
the standard complex structure defined by Joa%j = 8%7 and we let the orientation

of R?™ be determined by the volume form w{}, where wo = >, dz; A dy;.

Through this section, we will frequently be dealing with maps of the form f :

R™ x T™ — R™2 x T™* where

T"=5"x--- xS
n times

represents the n-torus (in what follows we will always have ny, ny € {0,1}). It
will often be convenient to work with a lifted map between the universal covers
f:R™ x R™ — R™ x R™ in order to take advantage of the linear structure
there. We will generally do this without saying so explicitly, and without making
any notational distinction between the map and the chosen lift. It should be clear
from context when the constructions we make require us to work with the lifted
maps, although there will be very little harm in the reader assuming that we are
always working with lifted maps.

Let (M, H) be a 2n + 1 dimensional manifold equipped with a framed stable
hamiltonian structure H = (A\,w). Let J € J(M,H) be a compatible complex
structure on £’ and as before extend this to an R-invariant almost complex struc-
ture J on R x M. We define a metric on M by

g(h, k) = MRh)A(k) + w(merh, Jmerk)

where mer 1 TM = RX3 @ &M — M is the projection onto &M along Xy, and we
denote the exponential map of g by exp.
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Let P € Ppr(M,H) be a T-periodic orbit of the vector field X3, with covering
number cov(P) = k. Let ® : P(S') x R*™ — ¢7|p(g1) be a unitary trivialization
of the hyperplane distribution ¢* over P(S!), i.e. ® satisfies ® o Jy = J o ® and
(h,k) = w(®h, J®k), where (-,-) is the standard inner product on R?". Define a
map ¢ : S' x B2"(0) C S* x R*" — M by

o(t,w) = eXPp(y) O(P(t))w,
and note that if g is sufficiently small, ¢ is a k-fold covering map of some neigh-
borhood U of P(S'). Extend ® to a unitary trivialization (still denoted ®) of
&y
Pulling back the trivialization ® to a unitary trivialization ® of (¢*¢™, ¢*J, ¢*w),

we note that ® will be given by an (2n + 1) x 2n matrix-valued function on S* x
B2(0) and that

- 01X2n

(I)(t,O) - [IQnXQn:| :
where the coordinates on S* x R?" are ordered by (t,Z1,...,Zn, Y1, Yn)-

Let & = (a,u), v = (b,v) € M(P,J). Using that the loops u(s,-) and v(s, )
converge to P as s — oo, we can find for some sufficiently large R lifts ug, vy :
[Ro,00) x ST — ST x Bg{?(O) of ul[ry,0c0)xs1 and V[, cc)xs1 Tespectively, chosen
so that the loops t — wugy(s,t) and t — ve(s,t) are asymptotic to the map ¢ —
(t,0) € S* x B2"(0). Define maps g, Uy : [Ro,00) x ST — R x S x B2"(0) by
Uy = (Fa,u) and 9y = (Fb,vy) so that iy and vy are lifts of @|[g, 0o)xs: and
U|[Rg,00)x 51 Telative to the covering map ¢ R x S x Bg:(O) — R x U defined
by ¢(a,m) = (Ta,d(m)). It follows from the definition of M(P,.J) that the lifted
maps %y and ¥4 satisfy
‘65 (g (s,t) — (s,t,O))‘ < Mge™ 9

10
(10) |07 (54(s,t) — (s,£,0))] < Mge™%

for some appropriate constants d > 0, Mg > 0, and all (s,t) € [Rg,00) x St.
Define a map E : [Rp,00) x St x R?™ — R x S x R?" by
E(s,t,w) = g (s,t) + (0, D(ug (s, 1))w) = (F:a(s,t), ug(s,t) + P(ug(s, t))w)

and denote E; p = E|[R7OO)X51X33,L(0) for any ¢ > 0 and R > Ry. Note that by
choosing ¢ small enough and R large enough, we can guarantee that the image of
E, g lies within the domain of the covering map qg The first main step in the proof
of Theorem is to use the map FE to represent 7, as a section of ¢*¢7* along .
To this end, we prove the following proposition in Section [5.2]

Proposition 5.1. There ezist a real number R' > Ry, an embedding v : [R', 00) x
St — R x S, and a map h: [R',0) x St — R?" satisfying

g (1(s,t)) = E(s,t,h(s,t))
‘85 (W(s,t) — (s,t))| < Mﬁe—ds
|07 (h(s,t))| < Mpe™?

for all (s,t) € [R',00) x S* and all B € N2, where d > 0 and where the Mg > 0
depend on (3.
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The next step in the proof is to get a precise description of the map h from
this proposition. In order to do this we use the relationship between h and the
pseudoholomorphic map @ to deduce that h satisfies a perturbed Cauchy-Riemann
equation. Then applying a general result about Cauchy-Riemann equations on half-
cylinders proved in the appendix, we obtain a precise description of the asymptotic
behavior of h. This is the content of the following proposition which is proved in
Section [5.3] We assume for this proposition and in the remainder of this section
that h does not vanish identically.

Proposition 5.2. The function h : [R',00) x St — R?" from Pmpositz’on can
be written

h(s,t) = e [e(t) + ro(s, 1))
where e : ST — R?™ is an eigenvector of the operator ®~1o Ap ;o ® with eigenvalue
A <0, and where }8ﬁro(s,t)| converges exponentially to zero for all § € N2,

The final step in the proof of Theorem is to relate the asymptotic behavior
of the function h above to the asymptotic behavior of the difference of asymptotic
representatives of 4 and ©. We first note that an easy special case of Proposition
d (i.e. when (s, t) = (T's, P(t))) produces a map V : [R,00) x S — R?" and an
embedding 1, : [R,00) x S* — R x S satisfying

(11) T(u(s5,1) = (5,1, V (5,1))
and
|07 (1u(s,1) = (s,1))| < Mge™ ™.
Similarly for some perhaps still larger R we get a map U : [R,00) x ST — R?" and
an embedding 1, : [R,00) x S — R x S! satisfying
(12) ﬁ¢(¢u(87t)) = (8775, U(S7t))
and
107 ($uls, ) = (5,1))| < Mpe™ .
The asymptotic behavior of the difference of U and V is now given by the following

proposition, proved in section

Proposition 5.3. Let U, V : [R,00) x ST — R2" be maps satisfying and (12)).
Then

V(s,t) —U(s,t) = e [e(t) + (s, 1)]
where A < 0 and e : ST — R?®" are the eigenvalue/eigenvector of 1o Ap ;o ®

appearing in Proposition [5.9, and where r1 satisfies for some appropriate positive
constants

|36r1(s,t)| < J\lgefdS
for all B € N? and all (s,t) € [R,00) x S*.
This proposition is easily seen to complete the proof of Theorem 2:2] Indeed,
applying ¢ to both sides of and gives
5(9u(s5,1)) = (T's,exppy B(P(1)V (s,1))
and
U(tu(s,t)) = (T's,expp(y (P(1))U(s,1))
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so V(s,t) := ®(P(t))V(s,t) and U(s,t) := ®(P(t))U(s,t) are asymptotic represen-
tatives of v and u respectively. Proposition then tells us that

V(s,t) = U(s, 1) = e [D(P(1))e(t) + (P())r1(s,1)]

where ®e is an eigenvector of Ap ; with eigenvalue A < 0, and where r(s,t) :=
O(P(t))r1(s,t) satisfies decay estimates of the form

’ViV{r(s,t)‘ < Myje™®
as a result of the exponential decay estimates for r;.

5.2. Lifting (Proof of Proposition [5.1]). Before proving Propositionwe will
need some facts about the map E, and in particular we will need to understand the
asymptotic behavior of £. The main result to this end is the following lemma.

Lemma 5.4. There exists a constant d > 0 so that for (s,t,w) € [Rg,00)x S xR?"
’(“)B (E(s,t,w) — (snﬁ,w))‘ <(1+ |w|)Mge_ds
for all 3 € N*"*2 where the Mg > 0 depend on 3 € N?"+2,
Proof. Using the definitions of F and ®, we can write
E(s,t,w) — (s,t,w) = (s, t) + P(ug(s, t))w — (s,t,w)
= tg(s,t) — (,1,0) + (0, D(ug(s, t))w) — (0,0, w)
= [(s,t) — (5,2,0)] + (0, [é<u¢<s,t)) — (1, 0)} w).
The first term on the left satisfies exponential decay estimates given by , SO it
remains to show that the quantity [i)(u¢(s, t)) — O(t, O)} w also satisfies appropriate

decay estimates. To see this observe that we can write

<i>(u¢(s,t))—<i>(t,0):/0 dié((t,O)+T[u¢(s,t)—(t,O)])dT

T

- / D& ((+,0) + lug(s,£) — (£, 0)]) dr - [ug(s. ) — (£,0)]
= D(Svt) : [u¢(s,t) - (t,O)]

where the function

D(s, 1) = /0 D® ((£,0) + lug (s, £) — (£,0)]) dr

has uniformly bounded derivatives of all orders. It then follows easily from the
asymptotic behavior of uyg that

’6ﬁ ([é(w(&t)) - é(t,o)] w)‘ < (14 w])Mye—

for all (s,t,w) € [R,00) x S' x R?" and for some constants d > 0 and Mz > 0
depending on 3 € N27+2, O

Corollary 5.5. There exists an € > 0 and an R > Ry so that:

o The map E. r = El|[r,o0)x st xr2n i85 an embedding with uniformly bounded
derivatives of all orders.

e The inverse map E 1, : E. r([R,00) x S* x B2"(0)) — [R, 00) x S* x B2"(0)
has uniformly bounded derivatives of all orders.
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o Assuming £ and R have been chosen so that the previous claims all hold,
there exists an R’ > R and a 6 > 0 so that the tubular neighborhood

{peRx S' x R*"| dist (p, Gy ([R',00) x §')) <&}
is a subset of E([R,00) x S1 x B2"(0)). Here dist denotes the Euclidean
distance function on R x S' x R?" =R x R/Z x R?" .

Proof. We first observe that it is a straightforward consequence of Lemma that
there is an ¢ > 0 and an Ry > R so that E. g is an immersion with bounded
derivatives of all orders. To prove the first claim, it therefore suffices to show that
there exist constants € > 0, R > Ry, and ¢ > 0 so that

dist (E(p), E(q)) = cdist(p, q)

for all p, ¢ € [R,00) x S x B2"(0), where dist denotes the Euclidean distance
on R x S! x R?", If this is not true, then there exist sequences py = (sk, tg, wy),
qx = (), th,w}) € [k,00) x ST x B"(0) satisfying

k

(13) dist(E(pr), E(qr)) < %dist(pk,qk).

If dist(pg, qr) - 0, we can find a constant § > 0 and subsequences px; and g, so
that dist(ps,, qx;) > 0 for all k. Using Lemma we have

dist(E(pr, ), E(qr,)) > dist(pr;, qr,) — dist(E(px, ), pr,) — dist(E(qx, ), ax, )
> dist(pr,  qr,) — (1 + fwn, [)Me™™ — (1+ [, )Me ™™
> dist(pr,» ;) — 2(1 + 75)Me™ ™

so we can conclude that
. 1 .
dist(Ee,r(pr; ): Ee,r(qr;)) > 3 dist(px;, qr;)

for sufficiently large j. This contradicts , and we therefore assume that
limg o dist(pr, qx) = 0. In this case we lift £ to a map [Ry,00) x R x R?" —
R x R x R?" on the universal covers and use the linear structure to rewrite (13]) as

|E(pr) — E(qr)| 1
(14) —|pk " < T

We can rewrite the left hand side as

|E(pk) — E(q)] _ /O DE(qs + 7(ps — qi)) dr - =%

[Pk — il lpeaxl]
Passing to subsequences py;, and g, for which % — v # 0 for some v, it
follows from Lemma [5.4] that Y
E(pr.) — E(qx,
i @) — Elar)| _ 0] £ 0

j—oe [Pk — qiyl
which contradicts . This contradiction finishes the proof that R and € can be
chosen so that E. g is an embedding.

We next address the second claim. Abbreviating A(s,t,w) := DE(s,t,w), we
start by showing that all derivatives of the inverse matrix A~! are bounded on
[R,00) x ST x B2"(0) for some € > 0 and R. We first show that A~! is uniformly
bounded on [R,) x S x B2"(0) for some ¢ > 0 and R. If not, there exists a
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sequence of unit vectors vy € R?"*2 and a sequence (s, tg, wy) € [k,00) x St x
B3"(0) such that
k
| A (sp, th, wp)vp| — oo.
Defining z = A~ (s, t, Wi )vg, we get that
1

‘A(Skatk‘vwk)xk = M Ear—

lzel | lzel |2l

Using the Lemma [5.4] we therefore find that

Tk Tk
1= ‘I < ‘I* A(sk,tk,wkﬂ + ‘A(sk,tk,wk)
| e
—dsg Tk
< Me %k 4 ’A(sk,tk,wk)H — 0.
Ty

This contradiction implies that for some € > 0 and R > Ry, the matrix A~!(s, ¢, w)
is uniformly bounded for (s,¢,w) € [R,00) x St x B2"(0).

To see that all partial derivatives of A~! are uniformly bounded, we differentiate
I=AA"" to get

0=0"T=0°(AA7") =) (ﬁ) 97 AD > A!

«
a<f

where (g) = ((ﬁl"“ﬁ?”“)) = (51) (52”“‘). Solving this for 9° A~! gives

(a1,..., Q2n42) (3} Q2n+2

AT =-A"" (ﬁ) 9*ADP AT
a<ﬁZ;|>1 @
Therefore uniform bounds for 9°[A(s, t,w)™1] on [R, o00) x S* x B2"(0) follow from
the uniform bounds for all derivatives of A(s,t,w) on [R,o0) x St x B2"(0) and
induction on |3].
Finally, to see that E_ 11% has bounded derivatives of all orders we write

DE_ p(p) = B(EZ g(p))

where we have abbreviated B(s,t,w) := [A(s,t,w)]™t = [DE(s,t,w)]~*. Applying
0% to both sides of this equation gives
0" DE_h(p) = 9 | BE ()]

The left hand side of this equation is a matrix containing partial derivatives of
EC llz of order ||+ 1, and the right hand side can be expanded using the chain and
product rules to a polynomial in the derivatives of B and E_ 11% of order at most |3|.
Therefore uniform bounds on the derivatives of E_ le of all orders follow from the
uniform bounds on the derivatives of B and induction on |3].

We now address the final claim. Recall that we showed that E. g is an embedding
by showing that it satisfies an inequality of the form

dist(E-, r(p), Ee,r(q)) = cdist(p, q)
for some ¢ > 0 and all p, ¢ in its domain. It follows that for any p € [R,c0) X
St x B2"(0) and any &’ with B./(p) C [R, 00) x S x B2"(0) the image F. r(B./(p))
contains a ball of radius ce’ around E. r(p). Therefore, choosing R’ > R + ¢ and
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§ < ce it follows that any point within distance § of the set a4([R’,00) x S') is
contained in the image of F. r as required. ([

We are now ready to complete the proof of Proposition [5.1}

Proof of Proposition[5.1 Note that it follows immediately from that for ap-
propriate positive constants Mg, d that

|aﬁ (g (s,t) — ’L~)¢(S,t))| < Mgeids

for all 3 € N? and all (s,t) € [Rp,o0) x S'. Choosing an ¢ and R so that E. p
satisfies all conclusions of Corollary|[5.5] it follows that there exists some R’ for which
the set 04 ([R',00) x S*) will be in the image of the map E. g. Define functions
Yo : [R,00) x ST — [R,00) x St and hg : [R/,00) x St — R?" by

(%0(2), ho(2)) = B p(Ts()).

Using (2,0) = E;Il%(ﬁqg(z)) we get that
(0(2), ho(2)) = (2,0) = EZ (99(2)) = EZ p(iig(2)),
and since E_ 11% has bounded derivatives of all orders, it follows that
|07 (wo(s,1) = (5,1))] < Mge™®

and
‘85 (ho(s,t))’ < Mge_ds

for all B € N2.
Arguing as in Corollary the estimate

|07 (1ho(s,t) — (5,1))] < Mge™

implies that 1g|[r" oc)x g1 is invertible for sufficiently large R”, and that the inverse
V=1 ! has bounded derivatives of all orders. We can then write

¢(57t) - (Svt) = w(svt) - 1/J(¢0(Saf))
= D(s,t) - [(s,t) — Po(s,1)]

where D(s,t) := fol Dip(o(s,t) + 7[(s,t) — ¥o(s,t)]) dr has bounded derivatives of
all orders, and we conclude that for appropriate constants Mg, d > 0 we will have

|07 (@(s,1) = (5,1))| < Mge™®
for all 8 € N?. Defining h = hg o, we get that E(z, h(z)) = 94(¢(2)). Moreover, it
follows from the exponential decay of hy and the uniform bounds for 1 that there
exist positive constants d, Mg so that

|8ﬂh(s, 1) < Mge™ 4

for all B € N2. (]
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5.3. The Cauchy-Riemann Equation (Proof of Proposition . In this
section we derive the PDE satisfied by the map h from Proposition After
deriving this PDE, we apply a general result about a class of Cauchy-Riemann
equations on half-cylinders to obtain a precise description of the asymptotic behav-
ior of h. From here on we assume that h does not vanish identically.

Let Jo denote the almost complex structure on R x S* x B2"(0) obtained by

pulling back J via the covering ¢, i.e.
Joo(2,w) = (2, w) " T (¢(2, w)) s (2, 0).

Observe that it is a straightforward consequence of the R-invariance of .J and the
definition of ¢~> that J is also R-invariant. We will therefore write J, as a function
of just the t € S' and w € R?" variables when convenient. Choosing € > 0 and R
so that all the conclusions of Corollary are satisfied, and so that E([R,00) x
St x B2"(0)) € R x S' x B2"(0), we use the map E. r to pull back the almost
complex structure Joo on R x S* x B2"(0) to an almost complex structure

J(z,w) = DE&R(z,w)*l - Joo(Ee,r(2,w)) - DE; p(z,w).
on [R,00) x St x B2"(0). We will write

T _ Z(Zaw) /6(Z7w)

e =[S0 5
where i(z,w) € End(T,([R',) x S1)), B(z,w) € Hom(R?>",T,([R', ) x S!)),
v(z,w) € Hom(T,([R',00) x S1),R*"), and J(z,w) € End(R?*"). It is immediate
from the definition of J that the map

2z f(2) € [R,00) x St x B2"(0)

is J-holomorphic precisely when the map z — E(f(2)) is Jo-holomorphic, which in
turn is true precisely when the map z — ¢(E(f(2))) is J-holomorphic. Moreover, it

follows fror_n the definition of E. g and the fact that that ® is a unitary trivialization
of (¢*&M, Joo, ¢*w) that

7 _|Jo O
J(z,0) = [O Jo}
where jo is the complex structure on [R,00) x St and Jy is the standard complex
multiplication on R?™.
Now recalling that h : [R/,00) x ST — R?" satisfies E(z,h(z)) = 04(¢(2)),

where 7y is a lift under (5 of a j—holomorphic map, we must have that the tangent

space of the graph of h is invariant under .J. More precisely, if we define a map
Ty i [R,00) x St — [R/,00) x ST x R*™ by T',,(2) = (2, h(z2)), then I'y, will satisfy

ATy (2)(TL([R', 00) x 81)) = J(Th(2))dTh(2) (T ([R', 00) x S1)).

Observing T'j, is an immersion, we can define an almost complex structure j on
Cr = [R,00) x S! by

J(2)v = (dTw(2)lar, (1.0 ) T (Th(2))dln(2)v

so that I'y, will satisfy the equation

(15) dly, +Jodl',0j =0.
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Considering the T([R’, 00) x S') components of this equation, and using j* = —id
gives that

(16) J(2) = i(2,h(2)) + B(z, h(2))dh(z)

while the R?" components give

(17) dh(z) + J (2, h(2)) o dh(z) o j(2) + (2, h(2)) © j(2) = 0.

We would like to apply Theorem to obtain a formula for A. In order to do
this, we must understand the asymptotic behavior of .J, and then rewrite in
a form that allows us to apply the theorem. The main result to this end is the
following.

Lemma 5.6. With J, J,, defined as above, there exist constants d, Mg > 0 so that

’8’8 (J(s,t,w) = Joo(t,w))| < Mpge™
for all B € N*"*2 and all (s,t,w) € [R,00) x ST x B2"(0).
Proof. First observe that it follows from Lemma and the R-invariance of Ji
that after potentially choosing larger R, and smaller £ we will have

’86 (Joo(Be(s,t,w)) — Joo (s, t,w)) | < Mge™4

for all 3 € N?*2" and all (s,t,w) € [R,00) x S' x B2"(0). Given this, it is a
straightforward consequence of Lemma Corollary and the definitions of J
and J, that B B

0% (J(s,t,w) — Joo(t,w))| < Mge™*
for all (s,t,w) € [R,00) x S1 x B2"(0) and 8 € N?*T2" as claimed. O

For the following corollary, we write

o= [0 )
to represent how J., decomposes with respect to the splitting T([R, o00) x St x
B2"(0)) ~ T([R, ) x St) @ R?".
Corollary 5.7. There exists functions

J* :[R,00) x S* — Hom(R*", End(R?*"))
§* 1 [R,00) x ST — Hom(R*", End(T'([R, c0) x S1)))
7 1 [R,00) x St — Hom(R**, Hom(T'([R, c0) x S*),R?"™))

satisfying

J(s,t,h(s,t)) = Jo+ J*(s,t)h(s,1)

35,0 = o + 57 (5, (5, 1)
(8,8, h(s,t)) = Dovoo(t,0)h(s,t) +v*(s,t)h(s, 1),

where Dy represents the partial derivative with respect to the R®™ wvariable of S* x

R2™. Moreover, J* and j* have uniformly bounded derivatives of all orders, and
there exist constants d, Mg > 0 so that

|65*y*(s,t)| < Mge™ 9
for all 3 € N2,
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Proof. Using that J(z,0) = Jy, we write
J(z,h(2)) = Jo + (J(2,h(2)) — J(2,0))

1
d -
_JO—I—/O EJ(Z,Th(Z))dT

= Jo+ /0 DyJ(z, 7h(2))(h(2)) dr.

The asymptotic behavior of J from the lemma tells us that Do.J has bounded deriva-
tives of all orders on [R, 00) xS x B2"(0). Defining J*(s,t)w = fol Dy J(z,7h(2))(w) dr
we get

J(s,t,h(s,t)) = Jo+ J*(s,t)h(s,1)
where J* has bounded derivatives of all orders as required. Similarly, using
with i(z,0) = jo and 8(z,0) = 0, we get

j(S,t) = jO +j*(sat)h(57t)
where j* is defined by

(2w = /O Dyi(z, 7h(2)) (w) dr + /0 [DaB(2, 7h(2))(w)] o dh(2) dr.

It then follows from the asymptotic behavior of J that j* has bounded derivatives
of all orders.
Finally, using v(z,0) = 0 we write

(2, h(2)) = Day(z, 0)h(z) + / / 7D3(z, 07h(2)) (h(2), h(2)) dr do,
0 0
so that defining v* by
'7*(87 t)w = [D2'7(37 t, O) - D2'Voo(t7 0)} w

1 el
+ / / TD2v(s,t,07h(s,t))(h(s,t),w) dr do
o Jo
we get
v(s,t,h(s,t)) = Davyoo(t,0)h(s,t) +v*(s,t)h(s, ).
Once again, the asymptotic behavior of .J implies that D3+ has bounded derivatives

of all orders on [R, 00) x St x B2"(0), which, with the exponential decay of h, implies
that v* decays exponentially with all derivatives. O

We now give the proof of Proposition [5.2

Proof of Proposition|5.4 The formula for A will follow from Theorem once we
have shown that h satisfies a PDE of the form

dsh — (D~ 1Ap j®)h + Ah =0
for some A : [R', 00) x ST — End(R?") satisfying the exponential decay estimate
laﬂﬁ(s,t)‘ < Mge™ 9
for all 8 € N? and for some positive constants d, Mpg.

Evaluating on Js and using Corollary and joO0s = 0Oy, we get that h
satisfies the equation

Dsh(s,t) + Jodh(s,t) + (Dayeo(t, 0)h(s, 1)) &y + A(s,t)h(s,t) =0
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where

A(z)w = A(z, h,dh)w = ([J*(2)w] o dh(2) o j(2)
+J (2, h(2)) 0 dh(z) o [ (z)w] + [v" (2)w] 0 j(2))0s.
It follows from the uniform bounds on the derivatives of L~7 , J*, and j*, and the
exponential decay of all the derivatives of h and v* that A decays exponentially
together will all of its derivatives. It therefore remains to show that @~ *Ap ;& =
—Jo0: — D2%o(t7 0)(')at~ _
Let V be some symmetric connection on M and let V be the extension of V to

R x M obtained by requiring 9, to be a parallel field, where a again denotes the
parameter along R. Viewing f};‘(t) as lying in T{o p(s)) (R x M), we rewrite Ap ; as

AP’.]’I7 = —JVm + TJVUXH
= men (—TVan+ TIV, X0

where me# again denotes the projection onto & along Xp. Using the definition of
J and V we find that

IVXy =V(JXy) — (V)X
0, — (V) X = —(T) Xne,
and so we find that Ap ; can be written
Apn = men (—J@tn - T(@,,J)XH) = IV — wen T(VJ) X

Using that the coordinate fields 0, 0,,, 0, are invariant under the deck transfor-
mations of the covering ¢, we can choose the connection V to be a flat connection
near P(S') which pulls back via ¢ to a connection which is just the standard de-
rivative on S' x R?". Moreover, the extension V to R x M will pull back to the
standard derivative on R x S' x R?". Now, observing that ¢ was constructed to
satisfy

dp(t,0)0; =T - Xn(P(t))
d(t,0)(0,w) = B(P(H))w
and that
d)*ﬂ-f?" (ta 0) = d¢(ta O)ilﬂ-&ﬁ’" (P(t))d¢(ta O) = TR2n

where mrz2n is the projection onto the R?” coordinates of ,§’1 x R?" it is straightfor-
ward to deduce that term men T'(V,)J) X3¢ at P(t) lifts via ¢ to Daryeo (t,0)(®1n(t)) 0y,
and that JV;n lifts via ¢ to JO% (®~1n(t)). We therefore find that

(b_lAP’]@ = _Joat - D2’700(t7 0)()at

as claimed, and this completes the proof. (I

5.4. Completing the Proof (Proof of Proposition [5.3)). In this section we
prove Proposition and, as explained in Section this completes the proof of
Theorem Recall that we have defined maps U, V, h : [R/,00) x S — R?" and
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embeddings 1, 1., ¥ : [R',00) x S — R x St satisfying

(18) (2,U(2)) = g (vu(2))

(19) (2, V(2)) = 06 (1h0(2))

(20) Ee r(2,h(2)) = 04(¢(2))

(21) E. r(2,0) = i4(2)

and

(22) 107 ($uls, t) = (5,1))| < Mpe™®
107 (o (s,t) = (s, 1)) < Mpe™®

|

We know that h can be written
h(s,t) = e [e(t) + (s, 1)]

where A < 0, ®e € ker(Ap y — A) \ {0}, and where r and all its derivatives exhibit
exponential decay. We would like to prove a similar formula for the function z —

V(2)—U(z) with the same eigenvalue X and eigenvector e. The following lemma will
be important in the proof of Proposition In this section, if f : [R,00)x S1 — RF
we will use the shorthand f(s,t) = 0 (c) for ¢ € R if there are positive constants
d, Mg so that
|8ﬁ (efcsf(s,t)ﬂ < Mge™ 4
for all (s,t) € [R,00) x S and all 3 € N2
Lemma 5.8. The maps 1, ¥, and ¥ satisfy
(W7 0thu)(5,1) = Yu(s, 1) = 0s(N)
where A < 0 is the negative eigenvalue of Ap ; appearing in Proposition .
Proof. Using and 7 we can write
B(2,0) = @g(2) = (4 (2). U (6 (2)
and similarly using and gives
B(2,h(2)) = 2(0(2) = (657 0 )(2), V(1 0 0)(2))) -

Letting mgy g1 denote the projection of R x S x R?" onto the first two coordinates,
we find that

(¥ ' 09)(2) = ¥y (2) = Trxst (Ee,r(2, h(2)) = Ee,r(2,0))

= TRy g1 (/01 DE. r(z,7h(z))dr - (0, h(z)))
= TRx$! (/01 [DE; p(z,Th(z)) — I] dr - (O,h(z)))

where in the third line we have subtracted 0 = 7y s1(0,h(2)). If follows from
Lemma [5.4] that the function

D(z) ::/0 [DE; gr(z,Th(2)) — I] dr
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satisfies
‘aﬂD(s, t)| < Mge™ 4

for some appropriate positive constants Mg and d, and it follows from the formula
for h in Proposition [5.2] that h satisfies

(23) |0°h(s,t)| < Mge*

where A < 0 is the eigenvalue of Ap ; appearing in the proposition and My are
some positive constants. Therefore

(5" 0 )(2) — ¥y ' (2) = 000 ()
and, as in the proof of Proposition [5.1] this implies that

(%71 o) (2) = Yulz) = 0 (N)

as well. O

We now proceed with the proof of Proposition [5.3

Proof of Proposition[5.3 Using (19), (20), Lemma and uniform bounds on the
derivatives of E. r (from Corollary [5.5) and h (from either Proposition or

we get that

V(2) = mran 04 (¥4 (2))
= g2 Ee R ((w_l o y)(2), h((¢_1 o Q/Jv)(z)))
= mren Be R ('(/)u(z)7 h(wu(z))) + 0co ()‘)
and using and gives
0(Z) = WRZ’"atﬁ(wu(z)) = 7T]RQ"EIE,R (wu(z)v O) .

Here mpzn : Rx 81 x R?" — R2™ denotes the projection onto the last 2n coordinates
of R x S x R?". Subtracting these expressions gives

Vi(s,t) = Ul(s, t) = mren [Ee g ($u(2), h($u(2))) = Ee r (Yu(2),0))] 4+ 000 ()

= WR%/O DEc g ($u(2), Th(vu(2))) d7 - (0, h($u(2))) + 000(A)

= h(Pu(2)) + 000 (X)
= eMe(t) + 00 (N).

Going from the second to third line, we have used the exponential decay estimates
for h resulting from Propositions and that the function

- / [DE. g (tu(2), Th(vu(2))) — 1] dr

exhibits exponential decay as a result of Lemma[5.4] Going from the third to final
line we have used with the formula for A from Proposition This completes
the proof of Proposition [5.3 (]
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APPENDIX A. THE ASYMPTOTIC FORMULA

In this appendix, we give the proof of the asymptotic formula from Proposition
This result is implicit in [I5] and our arguments are adapted from those in [7],
[6], [5], and [I5].

Throughout we will use the notation R* to denote the closed half-line [0, o).
We will equip R?" with its standard norm and inner product, and all Banach or
Hilbert spaces of R?"-valued functions will be equipped with the standard norms
and inner products arising from those on R?". We will consider S! = R/Z with
coordinate t € R/Z, and we will equip S! with the measure dt.

Theorem A.l. Let w:RT x S' — R2" satisfy the equation

(24) Osw + JoOww + (S(t) — A(s,t))w =0

0 _[nxn
Jo = <In><n 0 ) y

S : S — End(R3") is a smooth family of symmetric matrices, and ARt xSt —
End(R?™) is a smooth map. Assume there exist positive constants Mg and d such
that

(25) 0% w(s, t)| < Mge™*
(26) 0°A(s, t)] < Mge™™

where

for all B € N2. Then either w vanishes identically or we have
(27) w(s,t) = e (e(t) +7(s,t))
where X\ is a negative eigenvalue of the self-adjoint operator
A HY(S',R*™) c L?(S*,R?") — L*(S',R*")
defined by
(Ah)(t) = —Jo0:h(t) — S(t)A(t),

e: S' — R is an eigenvector of A with eigenvalue \, and |0%r(s,t)| < Mpe=¢
for some positive constants constant ¢ and Mé and all 3 € N2,

To prove this we assume that w does not vanish identically and we study the
functions

w(s,)
(28) A T
(20) u(s) = (o(s), (A + A(s)o(s))

where w(s) : S! — R denotes the smooth loop t +— w(s,t), v(s) is defined
similarly to w(s), A(s) € L(L?(S',R?")) is the bounded linear operator defined by
(A(s)z)(t) = A(s,t)z(t) for t € S, and where || - || and (-,-) denote respectively
the standard norm and inner product on L?(S',R?"). We note that the similarity
principle (see Appendix A.6 in []]) implies that w either vanishes identically or has
only isolated zeroes. In the latter case, we must have ||w(s)|| > 0 for all s > 0
so v(s,t) is well-defined and smooth. Theorem will follow from the following
proposition.
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Proposition A.2. With v, i1 defined as above there exist positive constants c, Cg,
Cy and a smooth eigenvector é(t) : ST — R2" of A with eigenvalue X < 0 such that

0°[0(s,t) — &(t)]] < Cpe™  and | Lx[u(s) — N]| < Cre™

ds®
for all 3 € N? and all k € N.
We prove this proposition by proceeding in a series of smaller results.
Lemma A.3. Assume that w does not vanish identically. Then w satisfies
(30) lw(s)|| = elo #4 aw(0)]].

Proof. As stated in the discussion preceding Proposition [A:2] we can assume by
the similarity principle that w has only isolated zeroes, and hence ||w(s)| > 0 for

all s > 0. Using and we compute

1d
5@\\10(5)”2 = (ws(s), w(s))
= (A + A(s)w(s), w(s))
= [[w(s)I*p(s).
Integrating this equation gives . O

Lemma A.4. The map p: [0,00) — R satisfies
lim p(s) =X €o(A)

§—00

for some A < 0.

Proof. We start by deriving an inequality for the derivative p’ of u. Differentiating

and using gives

(31) dgv = (A + A(s, 1) = uls))o,

which along with |[v(s)|| =1 gives

(32) (A + A= p)v,v) = (vs,v) = 0.
Differentiating 7 and using ,, and self-adjointness of A gives
(33) 1 (s) = 2||vs||? + (Agv,v) + (Avg, v) — (Av, vy).

Using |lv(s)]| =1 we get
(Asv,0) 2 —[IAs[[[lv]* = ~ ]| A

{Avs,v) — (Av,v5) 2 =2l A[[|vslllv]l = =2l A [lvsl| = ~[los|® ~ A

which gives us

(34) W (s) = osl® = 1A = A%,
Using and , this is equivalent to
(35) 1 (s) 2 [II(A = p)ol| — e(s)]* — &(s)

where £(s) is used to denote quantities that approach 0 as s — oo.

We now show that p is bounded from above. If there is a number K > 0 such
that p(s) > K for all s > sq then it follows from that ||w(s)|| — oo as s — oo in
contradiction to the decay estimates . Therefore if p is not bounded from above
it must oscillate. In particular there exists a positive real number 1 ¢ o(A) and a
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sequence s, — oo such that p(s,) = n and p/(s,) < 0. However, the assumption
1 ¢ o(A) implies that

I(A = moll > [I(A =)~ |7 lv]l = dist(n, o (A)) >0,

where we have used that ||(A — )Y = [dist(n,o(A))]~! since A is a self-adjoint
operator with a compact resolvent. This together with and p(s,) = n implies
that for large n we will have

W (s0) > 5 distln, o(A))? > 0

which contradicts p/(s,) < 0. Therefore u must be bounded from above.
Define

1) = [ 1B+ 1B do

and observe that by (26]), g(s) is finite and satisfies lims_. g(s) = 0. Since p is
bounded from above, the function p; : Rt — R defined by
pa(s) = p(s) — g(s)
is also bounded from above. Moreover using we have that
ph(s) = ' (s) + [[As(s)| + [|A(s)]1?

> [los(s)II> = 0
so p1 is nondecreasing, and therefore limg_, o p11(s) exists. Since lim;_, o g(s) = 0,
the limit lims_, o p(s) must also exist and satisfy

lim p(s) = lim uq(s).

Defining
A= lim u(s)

we now show that A\ € o(A). We have that
(36) (A =)ol = [[(A = A)v]| = (A = p)vl|
> dist(A, 0(A)) —e(s)

where again we use £(s) to denote a quantity that goes to 0 as s — co. If A ¢ o(A),
it follows from and that for sufficiently large s we will have

(5) > 3 dist(),0(A))

which contradicts the upper bound for u. We therefore conclude A € o(A).
It remains to show that A < 0. First observe that it follows from that

(37) [w(s)|| < Me™
for some M, d > 0. If A > 0 we can find an sg such that for s > sy we will have
d
> ——.
pis) = =35

This with gives us
[w(s)]| > e~ = |w(so)|| = M'e™2*

with M’ > 0, which contradicts . We therefore conclude A < 0. O
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Lemma A.5. The functions v and p satisfy

sup [0°%v(s,t)| < oo
R+ xSt

sup| L7 pu(s)] < oo
R+
for all multi-indices B and nonnegative integers k.
Proof. For any s’ € R define a sequence of nested intervals
Li(s)=[s = (1+277),s + (1+277)]

and set Q;j(s’) C R x S* by Q;(s") = I;(s') x S'. Choose a sequence of smooth
cut-off functions 3; : R — [0, 1] satisfying

Biler, 10 =0 and Byl =1

and we observe that the translated functions ﬂjl : R — [0,1] defined by ﬁj/(s) =
Bj(s — s') satisty
/8;,']1%\[]'71(5/) =0 and ﬁ;lllj(sl) =1.

We will use elliptic estimates for the J-operator to show inductively that

(38p-k,p) [vllwrr(@uisry) < Chp
(38b-k,p) lillwerr,sry) < Crp

for all k € N and p > 2, where C},,, are constants that are independent of s’. The
result will then follow from the Sobolev embedding theorem.
Recalling the well known a priori estimate for the d-operator, we have

(39) [ollwre@usy) < MipllBE ) llwr—10(Qu_y (s1)
for p > 1 where M, is independent of s’. Rewriting as
(40) ov=—(8 - A+ p)

we use C° bounds on S, A, and x to estimate
(41)

[vllwr @y (s < MiplO(8T )l Lr(@o(sy) = Miplld(B Jv + 57 9| Lo (qo(s))

= M ,[|0(67 Jv — B (S = A+ 1)v)llLr Qo)

< cllollLr@ots)-
Here ¢ depends on p > 1, the C* norm of £y, and the C° norms of S, A, and
11, but not on s’. Recalling [[v(s)|| = 1, we have [|v][z2(gys)) = V2 so we con-
clude [[v[|w1.2(g,(s)) < Ci,2 for C12 independent of s’. Therefore, by the Sobolev
embedding theorem, we have for all p > 1

||'UHLP(Q1(S/)) < Cp||v||W1>2(Q1(s/)) < OZIN

from which we can conclude (38p-0,p) for all p > 1. Using again, we conclude
that

[vllwe(@isn) < cllvllze(@osn) < Crp
thus establishing (38p-1,p) for all p > 1.
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We observe that (38p-0,p) follows directly from Lemma For k > 1 and
p > 1 we differentiate formula and use Holder’s inequality to find

i) < e Z 1050 (s)II*)? < Ck,pz 1050 (s)I*
= CkpZHl 1050(8) 1171 g1y
< Ck,pz |||az | HLP(Sl)||1||z[),p/(p—1)(5'1)

= Ck,p Z ||8Z ||L2p(51 R2n)"

Integrating this inequality over I} (s’ ) and using the uniform bound on u, we con-
clude that

(42) ”U”];Vk,p(]k(g/)) > Cl”””wk 20(Qr(s')) + ca2.

This establishes ((38b-1,p) for all p > 1.
_ Finally, for k > 2 and p > 2 we use , , the uniform C* bounds for S and
A, and the uniform C**! bounds for £}, to estimate
(43) ollwes @) < eldBE v = B (S = A+ p)o)llwer(qu_ ()
< e (U lellwr—rrm i) Illwe-10Quy (s1)-

Here we’ve used that

lvllwr—rr @iy (s < ellllwr—rr @y s lvlwr-12@u i)
provided (kK — 1)p > 2. The inequalities now follow from , , and
induction on k. O

As an immediate corollary we have the following.

Corollary A.6. The function yu satisfies
Tlim [ (u(s) = N =0
for all k € N.
Proof. If not we can find a & > 1, a constant ¢ > 0, and a sequence s,, — oo such
that |u(®)(s,)| > c for all n. Defining a sequence of functions j,, : [~sn,00) — R

by pn(s) = (s + sp), it follows from Arzela-Ascoli and the previous lemma that

a subsequence converges in C7%, to a smooth function p : R — R. Moreover, by

Lemma we must have po, = A. Indexing the subsequence still by n it follows
that p'f (0) — /ng)(O) = 0, which gives the immediate contradiction

0<ec< lim |p®(s,) = lim [P (0)] = 0.

Lemma A.7. For all positive integers k we have

Tim [[25v(s)]| = 0.
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Proof. From we have
185v(s) 1> < 1'(s) + 1A ()] + [ A(s)]>

and it follows from Corollary and that the conclusion of the lemma holds
for k = 1. For the higher order derivatives, we rewrite as

(44) Do = (A — v+ (A(s, 1) + [\ — u(s)])o
and differentiate to get

k
(45) Oy = (A= Nokv+ ) <’;> OL(A(s,t) + [X — u(s)])0 .

=0

Taking an inner product with 9**1v and using the self-adjointness of A and Lemma

A7 gives
105 o]* < [I(A = M)as+ ol a5

k
+ ; (7) (||8iA(S)H + |04\ — p(S)]I) 05— [0+

k
<c (nasvn + > (I0EAGS)] + 0~ u(sm)) :

The lemma now follows from Corollary , and induction on k. (]

Lemma A.8. Let P: L*(S!,R?") — E := ker(A — \) be the orthogonal projection
onto the \-eigenspace of A, and let Q = (I — P) : L?(S',R?*") — E* be the
complementary projection onto the orthogonal complement to E. Then for every
k € N, we have

105Qu(s)Il < Mye™

for some positive constants My, and c.
Proof. We start by observing that there is a constant C > 0 so that
CrllQz]l < [[(A = X)Qz|
for any z € H'(S',R?"). Using this with and ||v]| = 1 gives us
CAllQull < (A = 2)Qu] = [[(A = A)v]| = flos — (A+ A= p])ol
< losll + 1Al + X = gl

so it follows from Lemma[A.7 Corollary[A.6and that ||Qu(s)|| — 0 as s — oc.
Define the map V : RT x ST — R2"(:+1) by V = (v,0,v,...,0%) € @41 R?® and
let Q be the diagonal operator on L?(S', R?*(*+1)) ~ @, L?(S', R?") associated
to Q. Define a(s) = 1[|QV/(s)||> and observe that Lemma along with the fact
that [|Qu(s)| — 0 as s — oo imply that a(s) — 0 as s — oco. We will prove an

estimate of the form
(46) a"(s) > al(s) — eIl

for all s larger than some sg, and this will imply that a(s) < Me=¢ for some
constants M, c > 0. Indeed, if we define f(s) = a(s) — Me °* we find that

f"(s) > 2 f(s) and f(s¢) <0
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2
provided that we choose [*|¢ < min(|e1], |r|) and M > max (ecs(’a(so), c;ﬁ) This
1

implies that f can not have any positive local maxima, and since f(s) — 0 as
s — oo we must have f(s) < 0 for all s > sg. Therefore a(s) < Me™ for all s > s¢
and choosing M larger if necessary, we get a(s) < Me™°* for all s > 0.

We now proceed with the proof of . Letting A be the diagonal operator on
®rr1L2(ST, R?™) associated to (A — ) we observe that implies that V satisfies
an equation of the form

(47) 0V = AV +T(s)V + A(s, t)V.

for matrix functions I' and A. We observe that I' is made up of 2n x 2n blocks
of the form ¢;;07(\ — p)I*™*2"™ for some constants c;;, and thus satisfies QT' = I'Q
and 9*T(s) — 0 as s — oo for all K € N. Moreover A is made up of blocks of
the form c;;0FA, and thus satisfies |9°A(s, t)| < Mge™? for appropriate constants
Mg > 0 and all 8 € N2, Applying Q to and using 9,(QV) = Q0,V we get
that V1 := QV satisfies the equation

(48) OV =AVE 4+ T(s)VE +6(s,1)
where §(s,t) = QA(s,t)V satisfies
0%6(s, )| < Mge™

for all # € N2 because of the exponential decay of A and the uniform bounds for
V resulting from Lemma B
Differentiating the equation a(s) = 3[|QV (s)[|* = 3|V (s)||* twice gives us

2
a"(s) = V1P + (Veg, V.

Using and the self-adjointness of A gives us
(Vis: V) = (05(AVE + TV +0), V)

= <V3L7AVL> + <FSVL’ VL> + <FVSL7 Vl) + <6S7 VL>

= V&P = (VI TVE) = (Ve ) + DV V) + (VL TTVE) + (6, V)

= VAP = (V5 0) + (VA V) + (VL (T = D)V + (6, V)
so we find that

a"(s) = 2| V1P = (ViH,0) + (DVEVE) + (Vi (T =TV + (6, V).
For any o > 0 we have
—(Vi58) 2 IV lllsl = [V IMe™® = —o|[VHI? — Moe™>®
and similarly
(65, V) > —o|[VH|? = Myem2

for some constant M, depending on o. Furthermore, letting e(s) represent any
positive quantity that converges to 0 as s — oo we can estimate

(CVEVE) > —T VP = —e(o) V)P
and

(V5 @7 =T)VE) = =0 =TIV IV = =)V = () IV

4If |r| < |c1| we can take ¢ = |r|, but ¢ must be strictly smaller than |c1|.



42 R. SIEFRING

Putting these estimates together gives
a"(s) > (2 =0 — (VI = (0 + () [V — Moe "
Using (48)) again, we find
VA2 = [AVE? + [TV + (1612 + 2(AVE, TV ) + 2(AVE §) + 2(0V ™, 6)

> [[AVE2 + 2(AVE TV + 2(AVE §) + 2(TVE, 6)

> (1 -0 —e(s) AV = e(s)[VH? — Mpe ™.
Finally using [|AV1|| > C,||V1]|, the previous estimates yield

a"(s) > (203 — 0 —<(s))[IVF)? = Mye?®
= (4C% — 0 — £(s))a(s) — Mye™2%.

Therefore choosing o small, we can find for any ¢ € (0, min(C), d)) a constant M,
so that

1

SV = als) < Mee™?
for all s > 0. The lemma follows directly from this estimate, and the definition of
Vi O
Lemma A.9. For every k € N we have that

k

gr (u(s) = A)| < Ce™
for some positive constants Cy and c.

Proof. Rewriting as
([A=N+A+\—pl)v,v) =0

and using ||v(s)|| =1 and the self-adjointness of A we have that
p—XA=((A—Nwv,v)+ (Av,v)

= ((A = N, Qu) + (Av,v).
Differentiating this equation and using Lemma gives

2| = Z(f) <<<Ax>azv,a§jczv +Z() R)os afjw)
i= =0
<Z( ) <|| (& Nkulok- ﬂ@v||+z( ) 1oLl vllof- fvu)

<C Z 102Qu]| + (16

j=0
The lemma now follows from Lemma and . O
The following lemma completes the proof of Proposition

Lemma A.10. There exists a unit length eigenvector é € E and positive constants
¢, Cg so that

|8’B[v(s,t) —é(t)]| < Cge
for all 3 € N2,
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Proof. Letting P : L?(S',R*") — E := ker(A — )) still denote the orthogonal
projection onto the A-eigenspace of A, we let P denote the diagonal operator on
L2(SY, Rk @, L2(S1, R?") associated to P. Applying P to , we get

(PV)s = A(PV)+T(PV)+ PAV
=T(PV)+ PAV.
Recalling that the entries in T' are constant multiples of 9%(\ — y), it follows from

Lemma that I'(s) — 0 exponentially. This along with the exponential decay of
A and uniform bounds on V' imply that

|PV,(s,t)] < Me™
for some M > 0. This gives us

1PV (s0) = PV ()|l <

so S0
/ ||Pv;<p>||dp\§M / e-wdp]
S S

which implies that PV/(s) must converge in L? as s — oo to some E € @p.1E.
Moreover, it follows from Lemma and ||v|| = 1 that E(¢) = (é(t),0,...,0) for
some é € F with ||é]| = 1. Taking the limit as sy — oo in the above inequality then
gives

1PV (s) — Bl < M~
which along with Lemma [A-§] implies that
(49) 105 (v(s) = &) < Mye™*
for all kK € N.

Combining with
96 =0= (A — e
gives us R
s(v—6)=(A—-XN(v—6+(A—pv+Av
which, using A = —Jyd; — S and JZ = —1, is equivalent to

Bi(v — &) = Jo [63(11 &)+ (S() + N (v — &) + (u(s) — v — A(s, t)v} :

Applying 997 to this equation gives

kOk

+ Z ( >alak [ 5)—A) — A(s,t)] a;‘lagkv]
which with Lemma [A 1mp11es
j0:07 7 (v = &) < C (100 (v = &) + D 10°(w =)l +10° (u— 2|+ [97A]]).

BL(4,5)
It then follows from , ., Lemma and induction on j that
107 (u(s) = &)l < Mge™

for all 3 € N2. Finally applying the Sobolev embedding theorem, we can conclude
that

D I (v — &) = Jodi o (v — @) + Jo zjj (J ) la’“(S(t) + X)L (v —é)

|5‘6 [v(s,t) — é(t)]| < Mge™®*
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for all 3 € N2, a

Having completed the proof of Proposition we now prove Theorem

Proof of Theorem[A.1. We observe that the exponential decay estimates of Lemma
imply that o — X is integrable on [0, 00) and that the function 6(s) := [~°(\ —
w(T

S
) dT satisfies

’ d 5(3)‘ < Mye™

dsk

for all k& € N. Moreover, we have similar exponential decay estimates for e(*) — 1
since we can write

1
) 1= /0 %et‘s(s) dt

1
:5(3)/ ) dt
0

and the function s — fol () dt has bounded derivatives of all orders. Using the

definition of v with gives us

w(s,t) = [lw(s)v(s, 1)
= eJd 1O [w(0) v s, 1)
= XD (0] (2() + [v(s, 1) — é(t)])
= e (aé(t) +r(s, 1))

where a = e [lw(0)|| # 0 and 7(s,t) = a (e’ v(s,t) — é(t)). Moreover, the
function r(s,t) and all of its derivatives will satisfy exponential decay estimates

since the functions e®®*) — 1 and v(s,t) — é(t) and all their derivatives do. (]
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