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1 Introdution

Number theorist's nightmare, the prime number 2, frequently auses tehnial

problems and requires additional e�orts. In Galois ohomology the problems

with p = 2 are essentially due to the fat that the deomposition groups of the

real plaes are 2-groups and so the ase of a totally imaginary number �eld is

omparatively easier to deal with.

A lassial objet of study in number theory is Galois groups with restrited

rami�ation. For a number �eld k, a set S of primes of k and a prime number

p, one is interested in the Galois group G

S

(p) = G(k

S

(p)jk) of the maximal

p-extension k

S

(p) of k whih is unrami�ed outside S. If S is empty, then G

S

(p)

is the Galois group of the so-alled p-lass �eld tower of k and, besides the fat

that it an be in�nite (Golod-

�

Safarevi�), not muh is known about this group.

The situation is easier in the ase that S ontains the set S

p

of primes dividing

p, where the ohomologial dimension of G

S

(p) is known to be less than or

equal to two (f. [9℄, (8.3.17), (10.4.9)). However, there is an exeption: if p = 2

and k has at least one real plae. If, in this exeptional ase, S ontains all

real plaes, then these plaes beome omplex in k

S

(2) and therefore G

S

(2),

ontaining involutions, has in�nite ohomologial dimension. Furthermore, the

virtual ohomologial dimension vdG

S

(2) is less than or equal to two in this

ase, i.e. G

S

(2) has an open subgroup U with dU � 2. The ase when not all

real plaes are in S has been open so far and is the subjet of this paper.

Theorem 1 Let k be a number �eld and let S be a set of primes of k whih

ontains all primes dividing 2. If no real prime is in S, then dG

S

(2) � 2. If

S ontains real primes, then they beome omplex in k

S

(2) and dG

S

(2) =1,

vdG

S

(2) � 2.

If S is �nite, then H

i

(G

S

(2)) := H

i

(G

S

(2);Z=2Z) is �nite for all i and

�

2

(G

S

(2)) = �r

2

;

where �

2

(G

S

(2)) =

P

2

i=0

(�1)

i

dim

F

2

H

i

(G

S

(2)) is the seond partial Euler

harateristi and r

2

is the number of omplex plaes of k.
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The key for the proof of theorem 1 is the following theorem 2 in the ase

p = 2 and T = S [ S

R

, where S

R

is the set of real plaes of k. Theorem 2

is the number theoretial analogue of Riemann's existene theorem and was

previously known under the assumption that p is odd or that S ontains S

R

(see

[9℄, (10.5.1)).

Theorem 2 Let k be a number �eld, p a prime number and T � S � S

p

sets

of primes of k. Then the anonial homomorphism

�

p2TrS(k

S

(p))

T (k

p

(p)jk

p

) �! G(k

T

(p)jk

S

(p))

is an isomorphism. Here T (k

p

(p)jk

p

) � G(k

p

(p)jk

p

) is the inertia group and

�

denotes the free pro-p-produt.

Sine the ylotomi Z

2

-extension k

1

(2) of k is ontained in k

S

2

(2), the

group G

S

2

(2) is in�nite, in partiular, it is nontrivial. Hene, for S � S

2

and

S \ S

R

= ?, the group G

S

(2) is of ohomologial dimension 1 or 2. The next

theorem gives a riterion for whih ase ours. In ondition (3) below, Cl

0

S

(k)(2)

denotes the 2-torsion part of the S-ideal lass group in the narrow sense of k.

Theorem 3 Assume that S � S

2

and S \ S

R

= ?. Then dG

S

(2) = 1 if and

only if the following onditions (1){(3) hold.

(1) S

2

= fp

0

g, i.e. there exist exatly one prime dividing 2 in k.

(2) S = fp

0

g [ fomplex plaesg.

(3) Cl

0

S

(k)(2) = 0.

In this ase, G

S

(2) is a free pro-2-group of rank r

2

+ 1 and p

0

does not split

in k

S[S

R

(2). In partiular, if k is totally real and G

S

(2) is free, then k

S

(2) =

k

1

(2).

Let k be a number �eld, p a prime number and S � S

p

a set of plaes of k. A

(neessarily in�nite) extension Kjk is alled p-S-losed if it has no p-extension

whih is unrami�ed outside S. If p is odd and K is p-S-losed, then the group

Cl

S

(K(�

p

))(p)(j)

G(K(�

p

)jK)

is trivial for j = 0;�1, where �

p

is the group of

p-th roots of unity, (p) denotes the p-torsion part and (j) the j-th Tate-twist

(see [9℄, (10.4.7)). The orresponding result for p = 2 is the following

Theorem 4 Let k be a number �eld, S � S

2

a set of primes of k and K a

2-S-losed extension of k. Then the following holds.

(i) Cl

S

(K(�

4

))(2) = 0.

(ii) Cl

0

S

(K)(2) = 0:

Remarks: 1. The triviality of Cl(K)(2), and hene also that of Cl

S

(K)(2),

follows easily from the prinipal ideal theorem; assertions (i) and (ii) do not.

2. In (i) one an replae K(�

4

) by any totally imaginary extension of degree 2

of K in K

S

(2).

Finally, we onsider the full extension k

S

, i.e. the maximal extension of k

whih is unrami�ed outside S, and its Galois group G

S

= G(k

S

jk).
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Theorem 5 Let k be a number �eld and S a set of primes of k ontaining all

primes dividing 2. Then vd

2

G

S

� 2 and d

2

G

S

� 2 if and only if S ontains

no real primes. For every disrete G

S

(2)-module A the ination maps

inf : H

i

(G

S

(2); A) �! H

i

(G

S

; A)(2)

are isomorphisms for all i � 1.

Remark: If dG

S

(K)(2) = 2 (e.g. if K ontains at least two primes dividing 2)

for some �nite subextension K of k in k

S

, then vd

2

G

S

= 2. This is always the

ase if S � S

R

beause the lass numbers of the ylotomi �elds Q(�

2

n

) are

nontrivial for n� 0. But, for example, we do not know whether d

2

G(Q

S

2

jQ)

equals 1 or 2. The answer would be `2' if at least one of the real ylotomi

�elds Q(�

2

n

)

+

, n = 2; 3; : : :, would have a nontrivial lass number. But this is

unknown.

In setion 5 we investigate the relation between the ohomology of the group

G

S

(k) and the modi�ed �etale ohomology of the sheme Spe(O

k;S

). A disrete

G

S

(k)-module A indues a loally onstant sheaf on Spe(O

k;S

)

et;mod

, whih

we will denote by the same letter. We show the following theorem whih is

well-known if S ontains all real primes (and also for odd p).

Theorem 6 Let k be a number �eld and S a �nite set of primes of k ontaining

all primes dividing 2. Then for every 2-primary disrete G

S

(k)-module A the

natural omparison maps

H

i

(G

S

(k); A) �! H

i

et;mod

(Spe(O

k;S

); A)

are isomorphisms for all i � 0.

For �nite A it is not diÆult to show that the modi�ed �etale ohomology

groups on the right hand side of the omparison map are �nite and that they

vanish for i � 3 if S ontains no real primes. Therefore one ould dedue

theorem 1 (with G

S

(k)(2) replaed by G

S

(k)) from theorem 6. However, in

order to prove theorem 6, one needs information on the interation between the

deomposition groups of the real primes and so theorem 1 and theorem 6 are

both onsequenes of theorem 2.

The main ingredients in the proofs of theorems 1{5 are Poitou-Tate duality,

the validity of the weak Leopoldt-onjeture for the ylotomi Z

p

-extension

and, most essential, the systemati use of free produts of bundles of pro�nite

groups over a topologial base. The reason that the above theorems had not

been proven earlier seems to be a psyhologial one. At least the author always

thought that one has to prove theorem 1 �rst, before showing the other asser-

tions. For example, theorem 2 for p = 2, T = S

2

[ S

R

and S = S

2

was known

if k

S

2

(2) = k

1

(2) (see [12℄, x4.2 for the ase k = Q and [15℄, Satz 1.4 for the

general ase). But now it is theorem 2 whih is used in the proof of theorem 1.
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Finally, we should mention that theorem 1 was formulated as a onjeture in O.

Neumann's artile [10℄.

The author wants to thank K. Wingberg for his omments whih led to a

substantial simpli�ation in the proof of theorem 2.

2 Free produts of inertia groups

In this setion we briey ollet some fats on free produts of pro�nite groups

and how they naturally our in number theory. For a more detailed presenta-

tion and for proofs of the fats ited below we refer the reader to [9℄, hap. IV

and hap.X, x1.

A pro�nite spae is a topologial spae whih is ompat and totally dis-

onneted. Equivalently, a pro�nite spae is a topologial inverse limit of �nite

disrete spaes. A pro�nite group is a group objet in the ategory of pro�-

nite spaes. It an be shown that a pro�nite group is the inverse limit of �nite

groups. A full lass of �nite groups  is a full subategory of the ategory of all

�nite groups whih is losed under taking subgroups, quotients and extensions.

A pro--group is a pro�nite group whih is the inverse limit of groups in .

Let T be a pro�nite spae. A bundle of pro�nite groups G over T is a group

objet in the ategory of pro�nite spaes over T . We say that G is a bundle

of pro--groups if the �bre G

t

of G over every point t 2 T is a pro--group.

The funtor \onstant bundle", whih assigns to a pro--group G the bundle

pr

2

: G� T ! T has a left adjoint

fbundles of pro--groups over Tg �! fpro--groupsg

G 7�!

�

T

G:

The image

�

T

G of a bundle G under this funtor is alled its free pro--produt.

It satis�es a universal property whih is determined by the funtor adjuntion.

Bundles of pro--groups often arise in the following way:

Let G be a pro--group and assume we are given a ontinuous family of

losed subgroups of G, i.e. a family of losed subgroups fG

t

g

t2T

indexed by

the points of a pro�nite spae T whih has the property that for every open

subgroup U � G the set T (U) = ft 2 T jG

t

� Ug is open in T . Then

G = f(g; t) 2 G� T j g 2 G

t

g

is in a natural way a bundle of pro--groups over T . We have a anonial

homomorphism

� :

�

T

G �! G

and we say that G is the free produt of the family fG

t

g

t2T

if � is an isomor-

phism.

The usual free pro--produt of a disrete family of pro--groups as de�ned

in various plaes in the literature (e.g. [8℄) �ts into the piture as follows. For
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a family fG

i

g

i2I

we onsider the disjoint union ([

.

i

G

i

)[

.

f�g of the G

i

and

one external point �. Equipped with a suitable topology, this is a bundle of

pro--groups over the one-point ompati�ation

�

I = I [

.

f�g of I and the free

pro--produt of the family fG

i

g

i2I

oinides with that of the bundle (f. [9℄,

hap.IV, x3, examples 2 and 4). For the free produt of a disrete family of pro-

-groups we have the following pro�nite version of Kurosh's subgroup theorem

(see [2℄ or [9℄, (4.2.1)).

Theorem 2.1 Let G =

�

i2I

G

i

be the free pro--produt of the disrete family

G

i

and let H be an open subgroup of G. Then there exist systems S

i

of repre-

sentatives s

i

of the double oset deomposition G =

S

.

s

i

2S

i

Hs

i

G

i

for all i and

a free pro--group F � G of �nite rank

rk(F ) =

X

i2I

[(G : H)�#S

i

℄� (G : H) + 1;

suh that the natural inlusions indue a free produt deomposition

H =

�

i;s

i

(G

s

i

i

\H) �F;

where G

s

i

i

(= s

i

G

i

s

�1

i

) denotes the onjugate subgroup.

In number theory, ontinuous families of pro--groups our in the following

way. For a number �eld k we denote the one-point ompati�ation of the set

of all plaes of k by Sp(k). The ompatifying point will be denoted by �

k

and

should be thought as the generi point of the sheme Spe(O

k

) in the sense of

algebrai geometry or as the trivial valuation of k from the point of view of

valuation theory. For an in�nite extension Kjk, we set

Sp(K) = lim

 �

k

0

Sp(k

0

);

where k

0

runs through all �nite subextensions of k in K. The omplement of

the (losed and open) subset of all arhimedean plaes of K in Sp(K) is natu-

rally isomorphi to Spe(O

K

) endowed with the onstrutible topology (see [6℄,

hap.I, x7, (7.2.11) for the de�nition of the onstrutible topology of a sheme).

Let S be a set of primes of k and

�

S its losure in Sp(k) (

�

S = S if S is �nite,

�

S = S [ f�

k

g if S is in�nite). The pre-image

�

S(K) of

�

S under the natural

projetion Sp(K)! Sp(k) is the losure of the set S(K) of all prolongations of

primes in S to K in Sp(K).

Now assume that M � K � k are possibly in�nite extensions of k suh that

M jK is Galois and G(M jK) is a pro--group. The natural projetion

�

S(M)!

�

S(K) has a setion (in fat, there are many of them). For a �xed setion

s :

�

S(K)!

�

S(M) we onsider the family of inertia groups fT

s(p)

(M jK)g

p2

�

S(K)

,

where by onvention T

�

M

= f1g. Sine a �nite extension of number �elds is
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rami�ed only at �nitely many primes, this is a ontinuous family of subgroups

of G(M jK) indexed by

�

S(K). We obtain a natural homomorphism

� :

�

�

S(K)

T

s(p)

(M jK) �! G(M jK);

whih we also write in the form

� :

�

p2S(K)

T

p

(M jK) �! G(M jK):

The ohomology groups of the free produt on the left hand side with oeÆients

in a trivial module do not depend on the partiularly hosen setion s. The

question, however, whether the homomorphism � is an isomorphism does depend

on s. Moreover, if s is a setion for whih � is an isomorphism, we always �nd

a setion s

0

for whih it is not, at least if  is not the lass of p-groups, where

p is a prime number. In the ase of pro-p-groups this pathology does not our

beause of the following easy and well-known

Lemma 2.2 Let p be a prime number and let � : G

0

�! G be a (ontinuous)

homomorphism of pro-p-groups. Let A be Z=pZ or Q

p

=Z

p

with trivial ation.

Then � is an isomorphism if and only if the indued homomorphism

H

i

(�;A) : H

i

(G;A) �! H

i

(G

0

; A)

is an isomorphism for i = 1 and injetive for i = 2.

In the number theoretial situation above, we have the following formula for

the ohomology of the free produt with values in a torsion group A (onsidered

as a module with trivial ation) and for i � 1:

H

i

�

�

p2S(K)

T

p

(M jK); A

�

= lim

�!

k

0

M

p2S(k

0

)

H

i

(T

p

(M

0

jk

0

); A);

where k

0

runs through all �nite subextensions of k in K and M

0

is the maximal

pro- Galois subextension of M jk

0

(so M = lim

�!

M

0

). The limit on the right

hand side depends on K and not on k and we denote it by

M

0

p2S(K)

H

i

(T

p

(M jK); A):

If Kjk is Galois, then this limit is the maximal disrete G(Kjk)-submodule of

the produt

Q

p2S(K)

H

i

(T

p

(M jK); A).
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3 Proof of theorem 2

Let us �rst remark that for p 2 T r S(k) the inertia group has the following

struture:

- if p is nonarhimedean and N(p) � 1 mod p (i.e. if there is a primitive

p-th root of unity in k

p

), then T (k

p

(p)jk

p

) is a free pro-p-group of rank 1,

i.e. isomorphi to Z

p

.

- if p is nonarhimedean and N(p) 6� 1 mod p, then T (k

p

(p)jk

p

) = f1g.

- if p is real and p = 2, then T (k

p

(p)jk

p

)

�

=

Z=2Z.

- if p is real and p 6= 2 or if p is omplex, then T (k

p

(p)jk

p

) = f1g.

If p is odd or if p = 2 and S � S

R

, then theorem 2 is known (see [9℄, (10.5.1)).

So we assume that p = 2 and S 6� S

R

. For a pro-2-group G we use the notation

H

i

(G) for H

i

(G;Z=2Z). We start with the following

Lemma 3.1 Let G and G

0

be pro-2-groups whih are generated by involutions

and assume that H

2

(G;Q

2

=Z

2

) = 0 = H

2

(G

0

;Q

2

=Z

2

). Let � : G

0

! G be a

(ontinuous) homomorphism. Then the following assertions are equivalent.

(i) � is an isomorphism.

(ii) H

1

(�) : H

1

(G)! H

1

(G

0

) is an isomorphism.

(iii) H

2

(�) : H

2

(G)! H

2

(G

0

) is an isomorphism.

Proof: Clearly, (i) implies (ii) and (iii) and, by lemma 2.2, (ii) and (iii) to-

gether imply (i). So it remains to show that (ii) and (iii) are equivalent. Sine

H

2

(G;Q

2

=Z

2

) = 0, the exat sequene 0 ! Z=2Z! Q

2

=Z

2

! Q

2

=Z

2

! 0

indues the four term exat sequene

0! H

1

(G)

�

! H

1

(G;Q

2

=Z

2

)

�

! H

1

(G;Q

2

=Z

2

)



! H

2

(G)! 0:

Sine G is generated by involutions, � is an isomorphism. Hene � is zero and

 is an isomorphism. The same argument also applies to G

0

and therefore (ii)

and (iii) are both equivalent to

(iv) H

1

(�;Q

2

=Z

2

) : H

1

(G;Q

2

=Z

2

)! H

1

(G

0

;Q

2

=Z

2

) is an isomorphism.

This onludes the proof. �

We show theorem 2 �rst in the speial ase T = S

2

[ S

R

, S = S

2

. The

groups

�

p2S

R

(k

S

2

(2))

T (k

p

(2)jk

p

) and G(k

S

2

[S

R

(2)jk

S

2

(2)) are both generated by

involutions. Sine H

2

(T (k

p

(2)jk

p

);Q

2

=Z

2

) = 0 for every p 2 S

R

(k

S

2

(2)), we

have

H

2

(

�

p2S

R

(k

S

2

(2))

T (k

p

(2)jk

p

);Q

2

=Z

2

) = 0:

By [9℄, (10.4.8), the ination map

H

2

�

G(k

S

2

[S

R

(2)jk

S

2

(2));Q

2

=Z

2

�

�! H

2

�

G(k

S

2

[S

R

jk

S

2

(2));Q

2

=Z

2

�
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is an isomorphism and, sine k

S

2

(2) ontains the ylotomi Z

2

-extension k

1

(2)

of k, the validity of the weak Leopoldt-onjeture for the ylotomiZ

p

-extension

(see [9℄, (10.3.25)) implies (by [9℄, (10.3.22)) that

H

2

(G(k

S

2

[S

R

(2)jk

S

2

(2));Q

2

=Z

2

) = 0:

By lemma 3.1 and the alulation of the ohomology of free produts (see x1),

it therefore suÆes to show that the natural map

H

2

(�) : H

2

�

G(k

S

2

[S

R

(2)jk

S

2

(2)

�

!

M

0

p2S

R

(k

S

2

(2))

H

2

�

T (k

p

(2)jk

p

)

�

is an isomorphism. Now let K be a �nite extension of k inside k

S

(2). The

9-term exat sequene of Poitou-Tate indues the exat sequene

0!X

2

(K

S

2

[S

R

;Z=2Z)! H

2

(G(k

S

2

[S

R

jK);Z=2Z)!

M

p2S

2

[S

R

(K)

H

2

(G(

�

k

p

jK

p

);Z=2Z)! H

0

(G(k

S

2

[S

R

jK); �

2

)

_

! 0,

where _ denotes the Pontryagin dual. Furthermore, we have

X

2

(K

S

2

[S

R

;Z=2Z)

�

=

X

1

(K

S

2

[S

R

; �

2

)

_

=X

1

(K

S

2

[S

R

;Z=2Z)

_

=Cl

S

2

(K)=2:

For a �nite, nontrivial extension K

0

of K inside k

S

2

(2) the orresponding ho-

momorphism H

0

(G(k

S

2

[S

R

jK); �

2

)

_

! H

0

(G(k

S

2

[S

R

jK

0

); �

2

)

_

is the dual of

the norm map, hene trivial. Furthermore, H

2

�

G(

�

k

p

j(k

S

2

(2))

p

);Z=2Z

�

= 0 for

p 2 S

2

(k

S

2

(2)) (see [9℄, (7.1.8)(i)). Therefore we obtain the following exat se-

quene in the limit over all �nite subextensions Kjk in k

S

2

(2)jk (the omitted

oeÆients are Z=2Z):

Cl

S

2

(k

S

2

(2))=2 ,! H

2

�

G(k

S

2

[S

R

jk

S

2

(2))

�

�

M

0

p2S

R

(k

S

2

(2))

H

2

�

G(

�

k

p

jk

p

)

�

:

The prinipal ideal theorem implies that Cl(k

S

2

(2))(2) = 0, and therefore also

Cl

S

2

(k

S

2

(2))=2 = 0. Furthermore, G(

�

k

p

jk

p

) = T (k

p

(2)jk

p

) for p 2 S

R

(k

S

2

(2))

and the ination map

H

2

�

G(k

S

2

[S

R

(2)jk

S

2

(2))

�

�! H

2

�

G(k

S

2

[S

R

jk

S

2

(2))

�

is an isomorphism (see [9℄, (10.4.8)). This onludes the proof of theorem 2 in

the ase T = S

2

[ S

R

, S = S

2

. For the proof in the general ase we need the

Proposition 3.2 Let k be a number �eld, p a prime number and T � S � S

p

sets of primes in k. Let K be a p-S

p

-losed extension of k. Then the following

assertions are equivalent.

(i) The natural homomorphism

�

T;S

p

:

�

p2TrS

p

(K)

T (K

p

(p)jK

p

)! G(K

T

(p)jK)

is an isomorphism.

8



(ii) The natural homomorphisms

�

T;S

:

�

p2TrS(K

S

(p))

T (K

p

(p)jK

p

)! G(K

T

(p)jK

S

(p))

and

�

S;S

p

:

�

p2SrS

p

(K)

T (K

p

(p)jK

p

)! G(K

S

(p)jK)

are isomorphisms.

Here

�

denotes the free pro-p-produt.

Proof: If �

T;S

p

is an isomorphism, then also �

S;S

p

is an isomorphism. Fur-

thermore, a straightforward appliation of theorem 2.1 shows that also �

T;S

is

an isomorphism in this ase. Let us show the onverse statement. Assume that

�

T;S

and �

S;S

p

are isomorphisms. Note that all primes in S r S

p

(K

S

(p)) split

ompletely in K

T

(p)jK

S

(p). Therefore the extension of pro-p-groups

(1) 1! G(K

T

(p)jK

S

(p))! G(K

T

(p)jK)! G(K

S

(p)jK)! 1

splits. By lemma 2.2, we have to show that the indued homomorphism

H

i

(�

T;S

p

) : H

i

�

G(K

T

(p)jK)

�

�!

M

0

p2TrS

p

(K)

H

i

�

T (K

p

(p)jK

p

)

�

is an isomorphism for i = 1 and injetive for i = 2 (oeÆients Z=pZ). This

follows easily from the Hohshild-Serre spetral sequene assoiated to the split

exat sequene (1):

E

ij

2

= H

i

�

G(K

S

(p)jK); H

j

(G(K

T

(p)jK

S

(p)))

�

=) H

i+j

(G(K

T

(p)jK)):

First of all, the di�erentials d

2

are zero (�d

2

is the up-produt with the ex-

tension lass, see [9℄, (2.1.8)). Furthermore, every prime in T r S(K) splits

ompletely in K

S

(p)jK beause these primes are unrami�ed in K

S

(p)jK and K

ontainsK

1

(p). Sine �

T;S

is an isomorphism, the G(K

S

(p)jK)-module (j � 1)

H

j

(G(K

T

(p)jK

S

(p))) =

M

0

p2TrS(K

S

(p))

H

j

(T (K

p

(p)jK

p

))

= Ind

G(K

S

(p)jK)

M

0

p2TrS(K)

H

j

(T (K

p

(p)jK

p

))

is ohomologially trivial. Therefore we obtain short exat sequenes

0! H

i

(K

S

(p)jK)! H

i

(K

T

(p)jK)!

M

0

p2TrS(K)

H

i

(T (K

p

(p)jK

p

))! 0

for i = 1; 2, and the result follows from the �ve-lemma. �

9



Now we an prove theorem 2 in the general ase. It is true for odd p and

for p = 2 in the speial ases T = S

2

[ S

R

, S = S

2

and T = fall primesg,

S = S

2

[S

R

. Applying proposition 3.2 in the situation p = 2, T = fall primesg,

S = S

2

[ S

R

and K = k

S

2

(2), we obtain theorem 2 in the `extremal' ase

T = fall primesg, S = S

2

. Applying proposition 3.2 again, we obtain the ase

T = fall primesg and S arbitrary and then the general ase. This onludes the

proof of theorem 2.

A straightforward limit proess shows the following variant of theorem 2.

Theorem 2' Let k be a number �eld, p a prime number and T � S � S

p

sets

of primes of k. Let K be a p-S-losed extension �eld of k. Then the anonial

homomorphism

�

p2TrS(K)

T (K

p

(p)jK

p

) �! G(K

T

(p)jK)

is an isomorphism.

4 Proofs of the remaining statements

In order to prove theorem 1, we may assume that S 6� S

R

and we investigate

the Hohshild-Serre spetral sequene

E

ij

2

= H

i

�

G

S

(2); H

j

(G(k

S[S

R

(2)jk

S

(2))

�

=) H

i+j

(G

S[S

R

(2));

where the omitted oeÆient are Z=2Z= �

2

. By theorem 2, we have omplete

ontrol over the G

S

(2)-modules H

j

(G(k

S[S

R

(2)jk

S

(2)), whih are for j � 1

isomorphi to

Ind

G

S

(2)

M

p2S

R

rS(k)

H

j

(G(C jR)):

In partiular, E

ij

2

= 0 for ij 6= 0. Therefore the spetral sequene indues an

exat sequene

(2) 0! H

1

(G

S

(2))! H

1

(G

S[S

R

(2))!

M

p2S

R

rS(k)

H

1

(G(C jR)) !

H

2

(G

S

(2))! H

2

(G

S[S

R

(2))!

M

p2S

R

rS(k)

H

2

(G(C jR)) ! 0

and exat sequenes

(3) 0! H

i

(G

S

(2))! H

i

(G

S[S

R

(2))!

M

p2S

R

rS(k)

H

i

(G(C jR)) ! 0:

for i � 3. If S is �nite, this shows the �niteness statement on the ohomology

of G

S

(2) and that

�

2

(G

S

(2)) = �

2

(G

S[S

R

(2)):

10



But �

2

(G

S[S

R

(2)) = �

2

(G

S[S

R

) = �r

2

(see [9℄, (8.6.16) and (10.4.8)).

For arbitrary S and i � 3 the restrition map

H

i

(G

S[S

R

(2))!

M

p2S

R

(k)

H

i

(G(C jR))

is an isomorphism (see [9℄, (8.6.13)(ii) and (10.4.8)). This together with (3)

shows that the natural homomorphism

H

i

(G

S

(2))!

M

p2S\S

R

(k)

H

i

(G(C jR))

is an isomorphism for i � 3. Therefore d G

S

(2) � 2 if S \ S

R

= ?. For later

use we formulate the last result as a proposition.

Proposition 4.1 Let k be a number �eld and S � S

2

a set of primes. Then

the natural homomorphism

H

i

(G

S

(2);Z=2Z)!

M

p2S\S

R

(k)

H

i

(G(C jR);Z=2Z)

is an isomorphism for i � 3.

In order to onlude the proof of theorem 1, it remains to show that every

real prime in S rami�es in k

S

(2). Let S

f

be the subset of nonarhimedean

primes in S. Then theorem 2 yields an isomorphism

�

p2S

R

(k

S

f

(2))

T (k

p

(2)jk

p

)

�

=

G(k

S

(2)jk

S

f (2))

whih shows the required assertion. This �nishes the proof of theorem 1.

Now we prove theorem 3. To �x onventions, we reall the following de�-

nitions. For a set S of primes of k the group O

�

k;S

of S-units is de�ned as the

subgroup in k

�

of those elements whih are units at every �nite prime not in

S and positive at every real prime not in S. The S-ideal lass group Cl

0

S

(k)

in the narrow sense of k is the quotient of the group of frational ideals of k

by the subgroup generated by the nonarhimedean primes in S and the prin-

ipal ideals (a) with a positive at every real plae of k not ontained in S. In

partiular, Cl

0

?

(k) = Cl

0

(k) is the ideal lass group in the narrow sense and

Cl

0

S[S

R

(k) = Cl

S

(k) is the usual S-ideal lass group. By lass �eld theory,

Cl

0

S

(k) is isomorphi to the Galois group of the maximal abelian extension of k

whih is unrami�ed outside S

R

and in whih every prime in S splits ompletely.

By Kummer theory, we an replae ondition (3) of theorem 3 by the following

ondition

(3') fx 2 k

�

�

�

x 2 k

�2

p

0

and 2 j v

p

(x) for every �nite prime pg = k

�2

:

11



Lemma 4.2 If S � S

2

and dG

S

2

(2) = 1, then S = S

2

.

Proof: By theorem 2, we have an isomorphism

�

p2SrS

2

(k

S

2

(2))

T (k

p

(2)jk

p

)

�

�! G(k

S

(2)jk

S

2

(2))

Sine for nonarhimedean primes p 62 S

2

the maximal unrami�ed 2-extension of

k

p

is realized by k

1

(2) � k

S

2

(2), this shows that for p 2 SrS

2

the maximal 2-

extension of the loal �eld k

p

is realized by k

S

(2) or, in other words, the natural

homomorphism

G(k

p

(2)jk

p

) �! G

S

(2)

is injetive. But for these primes we have dG(k

p

(2)jk

p

) � 2 whih shows that

S r S

2

= ?. �

Now assume that G

S

2

(2) is free. For a prime p we denote the loal group

G(k

p

(2)jk

p

) by G

p

and the inertia group T (k

p

(2)jk

p

) by T

p

. By

�

Cebotarev's

density theorem, we �nd a �nite set of nonarhimedean primes T � S

2

suh

that the natural homomorphism

H

1

(G

S

2

) �!

M

p2TrS

H

1

(G

p

=T

p

)

is an isomorphism. It is then an easy exerise using lemma 2.2 to show that the

natural homomorphism

�

p2TrS

2

G

p

=T

p

�! G

S

2

(2)

is an isomorphism. Theorem 2 for T = S

2

[ S

R

and S = S

2

and the same argu-

ments as in the proof of proposition 3.2 show that the natural homomorphism

�

p2TrS

2

G

p

=T

p

�

�

p2S

R

G

p

�! G

S

2

[S

R

(2)

is an isomorphism. Then, by ([16℄, Theorem 6) or ([9℄, (10.7.2)), we obtain the

onditions (1){(3) and that the unique prime p

0

dividing 2 in k does not split

in k

S

2

[S

R

. If, on the other hand, onditions (1){(3) of theorem 3 are satis�ed,

then we obtain (lo. it.) the above isomorphism and dedue that G

S

2

(2) is

free. The statement on the rank of G

S

2

(2) follows from �

2

(G

S

2

(2)) = �r

2

. If k

is totally real, then the homomorphism

G

S

2

(2) �! G(k

1

(2)jk)

is a surjetion of free pro-2-groups of rank 1 and hene an isomorphism. This

onludes the proof of theorem 3.

Next we show theorem 4. Let S be a set of �nite primes of k and � = S[S

R

.

If S is �nite, then the image of the group of �-units of k under the logarithm

12



map Log : O

�

k;�

�!

L

v2�

R, a 7! (log jaj

v

)

v2S

is a lattie of rank equal to

#S + r

1

+ r

2

� 1 (Dirihlet's unit theorem). Complementary to this map is the

signature map (whih is also de�ned for in�nite S)

Sign

k;S

: O

�

k;�

�!

M

v2S

R

R

�

=R

�2

:

More or less by de�nition, there exists a �ve-term exat sequene

0! O

�

k;S

! O

�

k;�

!

M

v2S

R

(k)

R

�

=R

�2

! Cl

0

S

(k)! Cl

0

�

(k)! 0;

and so the okernel of Sign

k;S

measures the di�erene between the usual S-

ideal lass group Cl

S

(k) = Cl

0

�

(k) and that in the narrow sense. Of ourse this

disussion is void if k is totally imaginary. If K is an in�nite extension of k, we

de�ne the signature map

Sign

K;S

: O

�

K;�

�! lim

�!

k

0

M

v2S

R

(k

0

)

R

�

=R

�

as the limit over the signature maps Sign

k

0

;S

, where k

0

runs through all �nite

subextension k

0

jk of Kjk. If K is 2-S-losed, then Cl

S

(K)(2) = 0 and so state-

ment (ii) of theorem 4 is equivalent to the statement that Sign

K

is surjetive.

Now assume that k, S, K are as in theorem 4. By theorem 1, all real plaes

in S beome omplex inK. By the prinipal ideal theorem, Cl(K)(2) = 2 and so

statement (i) and (ii) are trivial if K is totally imaginary (note that K = K(�

4

)

in this ase). So we may assume that S

R

(K) 6= ? and, by theorem 1, we may

suppose S \ S

R

= ?.

Let K

0

= K(�

4

). ThenK

0

is totally imaginary and G = G(K

0

jK) is yli of

order 2. Let � = S[S

R

and letK

�

be the maximal (not just the pro-2) extension

of K whih is unrami�ed outside �. Inspeting the Hohshild-Serre spetral

sequene assoiated to K

�

jK

�

(2)jK and using the well-known alulation of

H

i

(G(K

�

jK);O

�

K

�

;�

) (f. [9℄, (10.4.8)) we see that

(4)

H

1

�

G(K

�

(2)jK);O

�

K

�

(2);�

�

= H

1

�

G(K

�

jK);O

�

K

�

;�

�

(2)

= Cl

S

(K)(2) = 0

and the same argument shows that

(5) H

1

�

G(K

�

(2)jK

0

);O

�

K

�

(2);�

)

�

=

Cl

S

(K

0

)(2):

Next we onsider the Hohshild-Serre spetral sequene for the extension

K

�

(2)jK

0

jK and the module O

�

K

�

(2);�

. By (4) and (5), we obtain an exat

sequene

0! Cl

S

(K

0

)(2)

G

! H

2

(G;O

�

K

0

;�

)

�

! H

2

�

G(K

�

(2)jK);O

�

K

�

(2);�

�

:

13



Sine G is a 2-group, in order to prove assertion (i), it suÆes to show that �

is injetive. Let  be a generator of the yli group H

2

(G;Z). For eah prime

p 2 S

R

(K) (respetively for the hosen prolongation of p to K

�

(2), f. the

disussion in setion 1), the omposition T

p

(K

�

(2)jK) ! G(K

�

(2)jK) ! G is

an isomorphism and we denote the image of  in H

2

(T

p

(K

�

(2)jK);Z) by 

p

. As

is well known, the up-produt with  indues an isomorphism

^

H

0

(G;O

�

K

0

;�

)

�

!

H

2

(G;O

�

K

0

;�

) and the similar statement holds for eah 

p

, p 2 S

R

(K).

The quotient O

�

K

�

(2);�

=�

2

1

is uniquely 2-divisible, and so we obtain a nat-

ural isomorphism

H

2

�

G(K

�

(2)jK); �

2

1

�

�

�! H

2

�

G(K

�

(2)jK);O

�

K

�

(2);�

�

:

Furthermore, for eah p 2 S

R

r S we obtain an isomorphism

H

2

(T

p

(K

�

(2)jK); �

2

1

)

�

! H

2

(T

p

(K

�

(2)jK);O

�

K

�

(2);�

)

�

=

H

2

(G(

�

K

p

jK

p

);

�

K

�

p

):

Therefore, the alulation of the ohomology in dimension i � 2 of free produts

with values in torsion modules (see [10℄, Satz 4.1 or [9℄, (4.1.4)) and theorem 2

for the pair �, S show that we have a natural isomorphism

H

2

(G(K

�

(2)jK);O

�

K

�

(2);�

)

�

!

M

0

p2S

R

(K)

H

2

(G(

�

K

p

jK

p

);

�

K

�

p

):

(Alternatively, we ould have obtained this isomorphism from the alulation

of the ohomology of the �-units, f. ([9℄, (8.3.10)(iii)) by passing to the limit

over all �nite subextensions of k in K). We obtain the following ommutative

diagram

^

H

0

(G;O

�

K

0

;�

)

 

//_________________

[ 

o

��

M

0

p2S

R

(K)

^

H

0

(G(

�

K

p

jK

p

);

�

K

�

p

)

M

0

[ 

p

o

��

H

2

(G;O

�

K

0

;�

)

�

//
H

2

(G(K

�

(2)jK);O

�

K

�

(2);�

)

�

//
M

0

p2S

R

(K)

H

2

(G(

�

K

p

jK

p

);

�

K

�

p

):

Hene ker(�)

�

=

ker( ) and oker(�)

�

=

oker( ). Sine

^

H

0

(G;O

�

K

0

;�

) =

O

�

K;�

=N

K

0

jK

(O

�

K

0

;�

), eah element in ker( ) is represented by an S-unit in

K and we have to show that all these are norms of �-units in K

0

. Let e 2 O

�

K;S

.

Then K(

p

e )jK is a 2-extension whih is unrami�ed outside S, hene trivial.

Therefore e is a square in K and if f

2

= e, then f 2 O

�

K;�

and e = N

K

0

jK

(f).

This onludes the proof of assertion (i).

To show assertion (ii), it remains to show that oker(Sign

K;S

) = oker( )

�

=

oker(�) is trivial. Using the same spetral sequene as before, in order to see

that oker(�) = 0, it suÆes to show that the spetral terms
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- E

02

2

= H

0

�

G;H

2

(G(K

�

(2)jK

0

);O

�

K

�

(2);�

)

�

and

- E

11

2

= H

1

(G;Cl

S

(K

0

)(2))

are trivial. The �rst assertion is easy, beause K

0

is totally imaginary and on-

tains k

1

(2) and so H

2

(G(K

�

(2)jK

0

);O

�

K

�

(2);�

) = 0. That the seond spetral

term is trivial follows from (i). This ompletes the proof of theorem 4.

Finally, we prove theorem 5. The statement on d

2

G

S

and vd

2

G

S

follows

by hoosing a 2-Sylow subgroup H � G

S

and applying theorem 1 to all �nite

subextensions of k in (k

S

)

H

. It remains to show the statement on the ination

map. It is equivalent to the statement that

inf 
Z

(2)

: H

i

(G

S

(2); A)
Z

(2)

�! H

i

(G

S

; A)
Z

(2)

is an isomorphism for every disrete G

S

(2)-module A and all i � 0, where Z

(2)

denotes the loalization of Z at the prime ideal (2).

Sine ohomology ommutes with indutive limits, we may assume that A

is �nitely generated (as a Z-module). Using the exat sequenes

0 �! tor(A) �! A �! A=tor(A) �! 0;

0 �! A=tor(A) �!

�

A=tor(A)

�


 Q �!

�

A=tor(A)

�


 Q=Z �! 0

and using the limit argument for

�

A=tor(A)

�


Q=Z again, we are redued to the

ase that A is �nite. Every �nite G

S

(2)-module is the diret sum of its 2-part

and its prime-to-2-part. The statement is obvious for the prime-to-2-part and

every �nite 2-primary G

S

(2)-module has a omposition series whose quotients

are isomorphi to Z=2Z. Therefore we are redued to showing the statement

on the ination map for A = Z=2Z. But it is more onvenient to work with

A = Q

2

=Z

2

(with trivial ation) whih is possible by the exat sequene

0 �! Z=2Z�! Q

2

=Z

2

�! Q

2

=Z

2

�! 0:

Using the Hohshild-Serre spetral sequene for the extensions k

S

jk

S

(2)jk, we

thus have to show that

H

i

(G(k

S

jk

S

(2));Q

2

=Z

2

) = 0

for i � 1. The ase i = 1 is obvious by the de�nition of the �eld k

S

(2).

By theorem 1, every real prime in S beomes omplex in k

S

(2) and therefore

d

2

G(k

S

jk

S

(2)) � 2. It remains to show that H

2

(G(k

S

jk

S

(2));Q

2

=Z

2

) = 0.

Therefore the next proposition implies the remaining statement of theorem 5.

Proposition 4.3 Let k be a number �eld, S � S

2

a set of primes in k and

K � k

1

(2) an extension of K in k

S

. Then

H

2

(G(k

S

jK);Q

2

=Z

2

) = 0:
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Proof: Let H be a 2-Sylow subgroup in G(k

S

jK) and L = (k

S

)

H

. Then the

restrition map

H

2

(G(k

S

jK);Q

2

=Z

2

) �! H

2

(G(k

S

jL);Q

2

=Z

2

)

is injetive and so, replaing K by L, we may suppose that k

S

= K

S

(2). Ap-

plying theorem 2' to the 2-S-losed �eld K

S

(2), we obtain an isomorphism

G(K

S[S

R

(2)jK

S

(2))

�

=
�

p2S

R

(K

S

(2))

T

p

(K

p

(2)jK

p

):

Hene we have omplete ontrol over the Hohshild-Serre spetral sequene as-

soiated to K

S[S

R

(2)jK

S

(2)jK. Furthermore, the weak Leopoldt onjeture

holds for the ylotomi Z

2

-extension and K � k

1

(2), whih implies that

H

2

(G(K

S[S

R

(2)jK);Q

2

=Z

2

) = 0. The exat sequene (2) of x4 applied to all

�nite subextensions k

0

jk of Kjk yields a surjetion

M

0

p2S

R

rS(K)

H

1

(T (K

p

(2)jK

p

);Q

2

=Z

2

) �� H

2

(G(K

S

(2)jK);Q

2

=Z

2

):

and therefore, in order to prove the proposition, it suÆes to show that the

group H

2

(G(K

S

(2)jK);Q

2

=Z

2

) is 2-divisible. This is trivial if S \ S

R

(K) = ?

beause then dG(K

S

(2)jK) � 2. Otherwise, this follows from the ommutative

diagram

H

2

(G(K

S

(2)jK);Q

2

=Z

2

)=2 ,! H

3

(G(K

S

(2)jK);Z=2Z)

?

?

y

?

?

y

o

M

0

p2S\S

R

(K)

H

2

(T (K

p

(2)jK

p

);Q

2

=Z

2

)=2 ,!

M

0

p2S\S

R

(K)

H

3

(T (K

p

(2)jK

p

);Z=2Z):

The right hand vertial arrow is an isomorphism by proposition 4.1. But

H

2

(T (K

p

(2)jK

p

);Q

2

=Z

2

) = 0 for all p 2 S \ S

R

(K) and therefore the objet in

the lower left orner is zero. �

5 Relation to �etale ohomology

Let k be a number �eld and S a �nite set of plaes of k. We think of Spe(O

k;S

)

as \fsheme-theoreti points of Spe(O

k;S

)g [ freal plaes of k not in Sg".

Essentially following Zink [17℄, we introdue the site Spe(O

k;S

)

et;mod

.

Objets of the ategory are pairs

�

U = (U;U

real

), where U is a sheme together

with an �etale strutural morphism �

U

: U ! Spe(O

k;S

) and U

real

is a subset

of the set of real valued points U(R) = Mor

Shemes

(Spe(R); U) of U suh that

�

U

(U

real

) � S

R

(k)r S.

Morphisms are sheme morphisms f : U ! V over Spe(O

k;S

) satisfying

f(U

real

) � V

real

.
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Coverings are families f�

i

:

�

U

i

!

�

Ug

i2I

suh that f�

i

: U

i

! Ug

i2I

is an

�etale overing in the usual sense and

S

i2I

�

i

(U

i

real

) = U

real

.

There exists an obvious morphism of sites

Spe(O

k;S

)

et

�! Spe(O

k;S

)

et;mod

and both sites oinide if S ontains all real plaes of k. The pair

�

X = (X;X

real

)

with X = Spe(O

k;S

) and X

real

= S

R

(k) r S is the terminal objet of the

ategory and the pro�nite group G

S

(k) is nothing else but the fundamental

group of

�

X with respet to this site. Let � denote the generi point of X . For a

sheaf A of abelian groups on Spe(O

k;S

)

et;mod

and for any point v of

�

X we have

a speialization homomorphisms s

v

: A

v

! A

�

from the stalk A

v

of A in v to

that in �. For eah point v 2 X

real

we onsider the loal ohomology H

i

v

(

�

X;A)

with support in v. There is a long exat loalization sequene (see [17℄)

� � � !

M

v2X

real

H

i

v

(

�

X;A)! H

i

et;mod

(

�

X;A)! H

i

et

(X;A)! � � �

and the loal ohomology with support in real points is alulated as follows:

Lemma 5.1 For v 2 X

real

the following holds.

H

0

v

(

�

X;A) = ker(s

v

: A

v

! A

�

)

H

1

v

(

�

X;A) = oker(s

v

: A

v

! A

�

)

H

i

v

(

�

X;A) = H

i�1

(k

v

; A

v

) for i � 2:

Here the right hand side of the last isomorphism is the Galois ohomology of the

�eld k

v

.

Proof See [17℄, Lemma 2.3. �

Remark: Suppose that S ontains all primes dividing 2 and no real primes. Let

A be a loally onstant onstrutible sheaf on Spe(O

k;S

)

et

whih is annihilated

by a power of 2. We denote the push-forward of A to Spe(O

k;S

)

et;mod

by

the same letter. By Poitou-Tate duality, the boundary map of the long exat

loalization sequene

H

i

et

(X;A) �!

M

v2X

real

H

i+1

v

(

�

X;A) =

M

v arh.

H

i

(k

v

; A

v

)

is an isomorphisms for i � 3 and surjetive for i = 2. Therefore, we ob-

tain the vanishing of H

i

et;mod

(Spe(O

k;S

); A) for i � 3. In this situation the

modi�ed �etale ohomology is onneted to the \positive �etale ohomology"

H

�

2

(Spe(O

k;S

); A

+

) de�ned in [3℄ in the following way. There exists a nat-

ural exat sequene

0! H

0

et ;mod

(Spe(O

k;S

); A)!

M

v arh.

H

0

(k

v

; A

v

)! H

0

2

(Spe(O

k;S

); A

+

)! H

1

et;mod

(Spe(O

k;S

); A)! 0:

17



and isomorphisms

H

i

2

(Spe(O

k;S

); A

+

)

�

�! H

i+1

et;mod

(Spe(O

k;S

); A)

for i � 1. This an be easily dedued from the long exat loalization sequene,

lemma 5.1 and the long exat sequene (2.4) of [3℄.

Now let A be a disrete G

S

(k)-module. The module A indues loally on-

stant sheaves on Spe(O

k;S

)

et;mod

and Spe(O

k;S

)

et

, whih we will denote by

the same letter. Aording to lemma 5.1, we obtain for every v 2 X

real

H

i

v

(

�

X;A) = 0 for i = 0; 1:

Let

e

X = (Spe(O

k

S

;S

); S

R

(k

S

) r S(k

S

) be the universal overing of

�

X. The

Hohshild-Serre spetral sequene

E

ij

2

= H

i

(G

S

(k); H

j

et;mod

(

e

X;A)) =) H

i+j

et;mod

(

�

X;A)

indues natural omparison homomorphisms

H

i

(G

S

(k); A) �! H

i

et;mod

(

�

X;A)

for all i � 0. It follows immediately from the spetral sequene that these

homomorphisms are isomorphisms if

H

j

et;mod

(

e

X;A) = 0

for all j � 1.

Next we are going to prove theorem 6 of the introdution. Assume that

S ontains all primes dividing 2 and that A is 2-torsion. Both sides of the

omparison homomorphism ommute with diret limits, and so, in order to

prove theorem 6, we may suppose that A is �nite. Sine A is onstant on

e

X,

we an easily redue to the ase A = Z=2Z, in order to show H

j

et;mod

(

e

X;A) = 0

for j � 1. Furthermore, the assertion is trivial for j = 1. The theorem is well-

known if S ontains all real primes (see [17℄, prop. 3.3.1 or [7℄, II, 2.9) and so,

passing to the limit over all �nite subextensions of k in k

S

, we obtain natural

isomorphisms for all j � 0.

H

j

(G

S[S

R

(k

S

);Z=2Z)

�

�! H

j

et

(

e

X r S

R

(k

S

);Z=2Z):

On the other hand, theorem 2 for T = S [ S

R

, S = S applied to all �nite

subextensions of k in k

S

in onjuntion with theorem 5 indues isomorphisms

for all j � 1.

H

j

(G

S[S

R

(k

S

);Z=2Z)

�

�!

M

0

v2S

R

rS(k

S

)

H

j

(k

v

;Z=2Z):

18



These two isomorphisms together with the long exat loalization sequene show

that

H

j

et;mod

(

e

X;Z=2Z) = 0

for j � 1. This ompletes the proof of theorem 6.

Theorem 6 is best understood in the ontext of �etale homotopy, namely as a

vanishing statement on the 2-parts of higher homotopy groups. For a sheme

X we denote by X

et

its �etale homotopy type, i.e. a pro-simpliial set. The

�etale homotopy groups of X are by de�nition the homotopy groups of X

et

and,

as is well known, these pro-groups are pro-�nite, whenever the sheme X is

noetherian, onneted and geometrially unibranh ([1℄ Theorem 11.1). If we

onsider the modi�ed �etale site Spe(O

k;S

)

et;mod

as above, we obtain in exatly

the same manner as for the usual �etale site a pro-�nite simpliial set

�

X

et;mod

.

We denote the universal overing of

�

X

et;mod

by

e

X

et;mod

. If p is a prime number

and Y

�

is a pro-simpliial set, we denote the pro-p ompletion of Y

�

by Y

^p

�

.

Furthermore, we write G(p) for the maximal pro-p fator group of a pro-group

G.

Lemma 5.2 Assume that Y

�

is a simply onneted (i.e. �

1

(Y

�

) = 0) pro-simpli-

ial set suh that �

i

(Y

�

) is pro-�nite for all i � 2. Then we have isomorphisms

for all i:

�

i

(Y

�

)(p) �! �

i

(Y

^p

�

):

Proof: See [13℄, prop. 13. �

For a pro-group G we denote by K(G; 1) the Eilenberg-MaLane pro-simpliial

set assoiated with G (f. [1℄, (2.6)). If S ontains all real primes of k the

following theorem was proved in [13℄, prop. 14.

Theorem 5.3 Let k be a number �eld and S a �nite set of primes of k ontain-

ing all primes dividing 2. Let

�

X be the pair (X;X

real

) with X = Spe(O

k;S

) and

X

real

= S

R

(k) r S endowed with the modi�ed �etale topology. Then the higher

homotopy groups of

�

X

et;mod

have no 2-part, i.e.

�

i

(

�

X

et;mod

)(2) = 0 for i � 2:

Furthermore, the anonial morphism

(

�

X

et ;mod

)

^2

�! K(G

S

(k)(2); 1)

is a weak homotopy equivalene.

Proof: Sine G

S

(k) is the fundamental group of

�

X

et;mod

, theorem 6 implies

that the universal overing

e

X

et;mod

of

�

X

et;mod

has no ohomology with values

in 2-primary oeÆient groups. By the Hurewiz theorem ([1℄, (4.5)), the pro-2

ompletion of

e

X

et;mod

is weakly ontratible. Therefore lemma 5.2 implies

�

i

(

�

X

et;mod

)(2)

�

=

�

i

(

e

X

et;mod

)(2)

�

=

�

i

�

(

e

X

et;mod

)

^2

�

= 0
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for i � 2, whih shows the �rst statement of the theorem. By theorem 5, for

every �nite 2-primary G

S

(k)(2)-torsion module A the ination homomorphism

H

i

(G

S

(k)(2); A) �! H

i

(G

S

(k); A) is an isomorphism for all i. The same ar-

guments as above show that the universal overing of (

�

X

et;mod

)

^2

is weakly

ontratible. This proves the seond statement. �

6 Closing Remarks

1. Dualizing modules

Unfortunately, we do not have (despite semi-tautologial reformulations of the

de�nition) a good desription of the p-dualizing module I of the group G

S

,

where S is a �nite set of �nite primes ontaining S

p

. If k is totally imaginary,

then I is determined by the exat sequene

0 �! �

p

1

diag

�!

M

0

p2S(k

S

)

�

p

1

�! I �! 0

(see [9℄, (10.2.1)) and the group G

S

is a duality group at p of dimension 2 (see

[13℄, th.4 or [9℄, (10.9.1)). The general ase remains unsolved (also for odd p).

2. Free pro�nite produt deompositions

In this paper we used free pro-p-produt deompositions of Galois groups of

pro-p-extensions of global �elds into Galois groups of loal pro-p-extensions in

an essential way. One might ask whether, for sets of plaes T � S, the natural

homomorphism

� :

�

p2TrS(k

S

)

T (

�

k

p

jk) �! G(k

T

jk

S

)

is an isomorphism, where the free produt on the left hand side is the free

produt of pro�nite groups. More preisely, one has to ask, whether there exists

a ontinuous setion to the natural projetion T r S(k

T

) ! T r S(k

S

) suh

that the above map is an isomorphism (f. the disussion in setion 2). We do

not know the answers to this question in general. It is `yes' if S ontains all

but �nitely many primes of k (see below). But it seems likely that � is never

an isomorphism if T and S are �nite. The present level of knowledge on this

question is rather low. For example, we do not know whether there are in�nitely

many prime numbers p suh that p

1

divides the order of G

T

. The best result

known in this diretion is that if T ontains all real plaes and all primes dividing

one prime number p, then there exist in�nitely many prime numbers ` dividing

the order of G

T

(see [14℄, or.3 or [9℄, (10.9.4)).

In the ase that S ontains all but �nitely many primes of k, we an dedue

the above statement by applying the following slightly more general result to

the omplement of S:

For a �nite set S of primes of k, let k

S

be the maximal extension of k in

whih all primes in S are totally deomposed. Then there exists a ontinuous
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setion to the natural projetion S(

�

k)! S(k

S

) suh that the natural map

�

p2S(k

S

)

G(

�

k

p

jk) �! G(

�

kjk

S

)

is an isomorphism. This had been proved �rst in the speial ase S = S

R

by

Fried-Haran-V�olklein [4℄ and then by Pop [11℄ for arbitrary �nite S.

3. Leopoldt's onjeture

The Leopoldt onjeture for k and a prime number p holds if and only if the

group

H

2

(G

S

;Q

p

=Z

p

)

is trivial for one (all) �nite set(s) of primes S � S

p

. The weak Leopoldt onje-

ture is true for k, p and a Z

p

-extension k

1

jk if and only if

H

2

(G

S

(k

1

);Q

p

=Z

p

)

is trivial for one (all) �nite set(s) of primes S � S

p

(of k). This is well known

for odd p and for p = 2 it an be easily dedued from the above results.

4. Iwasawa theory

Let k be a number �eld, S � S

2

a �nite set of primes of k and k

1

jk the

ylotomi Z

2

-extension of k. Let � = G(k

1

jk)

�

=

Z

2

and let � = Z

2

[[� ℄℄

�

=

Z

2

[[T ℄℄ be the Iwasawa algebra. We onsider the ompat �-module

X

S

= G(k

S

(2)jk

1

)

ab

:

Then the following holds

(i) X

S

is a �nitely generated �-module.

(ii) rank

�

X

S

= r

2

(the number of omplex plaes of k).

(iii) X

S

does not ontain any nontrivial �nite �-submodule.

(iv) the �-invariant of X

S

is greater than or equal to # S \ S

R

(k).

Properties (i)-(iii) follow in a purely formal way (see [9℄, (5.6.15)) from the

fats that: (a) �

2

(G

S

(2)) = �r

2

, (b) H

2

(G

S

(k

1

)(2);Q

2

=Z

2

) = 0 and ()

H

2

(G

S

(2);Q

2

=Z

2

) is 2-divisible. Assertion (iv) is trivial if S ontains no real

plaes and in the general ase it follows from the exat sequene

0! (�=2)

#S\S

R

(k)

�! X

S

�! X

SrS

R

�! 0:

Now let k

+

be a totally real number �eld, k = k

+

(�

4

), k

+

1

the ylotomi Z

2

-

extension of k

+

and k

1

= k

+

1

(�

4

) = k(�

2

1

). Let k

n

be the unique subextension

of degree 2

n

in k

1

and let J be the omplex onjugation. We set A

n

= Cl(k

n

)(2)

and

A

�

n

:= fa 2 A

n

j aJ(a) = 1g:
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Furthermore, let A

�

1

= lim

�!

A

�

n

, X

+

= X

S

2

(k

+

), let _ denote the Pontryagin

dual and (�1) the Tate-twist by �1. Then there exists a natural homomorphism

� : (A

�

1

)

_

�! X

+

(�1)

whose kernel and okernel are annihilated by 2. If the Iwasawa �-invariant of k

is zero (this is known if kjQ is abelian), then � is a pseudo-isomorphism, i.e. �

has �nite kernel and okernel. This an be seen by a slight modi�ation of the

arguments given in [5℄, x2:

Let M

+

be the maximal abelian 2-extension of k

+

1

whih is unrami�ed out-

side S

2

, in partiular, M

+

is totally real. Kummer theory shows that, for an

� 2 k

�

1

, the �eld k

1

(

2

n

p

�) is ontained in M

+

k

1

if and only if: (a) � 2 k

�2

n

1;p

for all p 62 S(k

1

) and (b) �J(�) = �

2

n

for a totally positive element � 2 k

+

1

.

Let R

n

be the subgroup in k

�

1

=k

�2

n

1

generated by elements satisfying (a) and

(b) and let

M

�

:= lim

�!

n

R

n

� k

�

1


 Q

2

=Z

2

:

Then we have a perfet Kummer pairing X

+

�M

�

! �

2

1

. Sine all primes

dividing 2 are in�nitely rami�ed in k

1

jk, for � 
 2

�n

2 M

�

there exists a

unique ideal a in k

1

with a

2

n

= (�) and the lass [ a ℄ is ontained in A

�

1

. This

yields a homomorphism

�

_

:M

�

�! A

�

1

:

A straightforward omputation shows that im(�

_

) � (A

�

1

)

2

and that ker(�

_

)

is the image of O

�

k

+

1

;?

=O

�2

k

+

1

;S

R

in M

�

(notational onventions as in x4). Thus,

if the Iwasawa �-invariant of k is zero, then the okernel of �

_

is �nite and it

remains to show the same for its kernel. Sine � = 0, the F

2

-ranks of

2

Cl

0

(k

+

n

)

(the subgroup of elements annihilated by 2 in the ideal lass groups in the narrow

sense) are bounded independently of n. Thus also the F

2

-ranks of the kernels

of the signature maps

O

�

k

+

n

;S

R

=O

�2

k

+

n

;S

R

�!

M

v2S

R

(k

+

n

)

R

�

=R

�2

are bounded independently of n. But the diret limit over n of these kernels is

just the group in question. Finally, we obtain the result by taking Pontryagin

duals.
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