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1 Introduction

Let X be a (possibly singular) separated scheme of finite type over an algebraically closed
field k£ of characteristic p > 0 and let m be a natural number. We construct a pairing
between the first mod m algebraic singular homology H¥ (X, Z/mZ.) and the first mod m
tame étale cohomology group H}(X,7Z/mZ). For nt®*(X) = H}(X,Q/Z)* we prove
the following analogue of Hurewicz’s theorem in algebraic topology:

Theorem 1.1. The induced homomorphism
recx : HY (X, Z/mZ) —s 72 (X)/m

is surjective. It is an isomorphism of finite abelian groups if (m,p) = 1, and for general m
if resolution of singularities holds for schemes of dimension < dim X + 1 over k.

For p 1 m, the groups H (X, Z/mZ) and 7"** (X)) /m are known to be isomorphic by
the work of Suslin and Voevodsky [SV1]. Theorem 1.1 above provides an explicit isomor-
phism which extends to the case p | m (under resolution of singularities). Moreover, in the
last section we show that for p { m our isomorphism coincides with the one constructed in
[SV1].

The motivation for constructing our pairing between the groups Hy (X, 7Z/mZ) and
HY(X,7Z/mZ) comes from topology: For a locally contractible Hausdorff space X and a
natural number m, the canonical duality pairing

(-,-): HS™8(X, Z/mZ) x H' (X, Z/mZ) — 7./mZ,
between singular homology and sheaf cohomology with mod m coefficients can be given

explicitly in the following way: represent b € H'(X,Z/mZ) by a Z,/mZ-torsor T — X
and a € H}'""®(X,Z/mZ) by a 1-cycle « in the singular complex of X. Then

(a,b) = ®,.) 0 Piqus € Z/mZ, where P qus, Ppar: o (T)o = (T
are the isomorphisms between the fibres over 0 and 1 of the pull-back torsor a*(7) —
A' = [0, 1] given tautologically (0*a = 1*a) and by parallel transport (every Z/mZ-
torsor on [0, 1] is trivial).
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For a variety X, the pairing between H? (X, Z/mZ) and H} (X, Z,/mZ) inducing the
homomorphism recx of our Main Theorem 1.1 will be constructed in the same way. How-
ever, 1-cycles in the algebraic singular complex are not linear combinations of morphisms
but finite correspondences from Al to X. In order to mimic the above construction, we
thus have to define the pull-back of a torsor along a finite correspondence, which requires
the construction of the push-forward torsor along a finite surjective morphism.

To prove Theorem 1.1, we first consider the case of a smooth curve C. If A is the
Albanese variety of C, then we have isomorphisms

HY (C,Z/mZ) >  H (C,Z) 2, A(k). (1)

The first isomorphism follows from the coefficient sequence together with the divisibility
of H{(C,Z), and the second from the Abel-Jacobi theorem. On the other hand,

Hom(,, A(k), Z/mZ) % H}(C,Z/mZ). )

This follows because the maximal étale subcovering A — Aof the m-multiplication map
A % Ais the quotient of A by the connected component of the finite group scheme ,,.A,
and the maximal abelian tame étale covering of C' with Galois group annihilated by m is
C = C x4 A. The heart of the proof of Theorem 1.1 for smooth curves is to show that
under the above identifications, our pairing agrees with the evaluation map.

We then show surjectivity of recx for general X by reducing to the case of smooth
curves. Finally, we use duality theorems to show that both sides of recx have the same
order: For the p-primary part, we use resolution of singularities to reduce to the smooth
projective case considered in [Ge3]. For (m,char(k)) = 1, Suslin and Voevodsky [SV1]
construct an isomorphism

ax : HN(X,Z/mZ) = H& (X, Z/m7Z).

Hence the source and the target of recx have the same order and therefore recx is an
isomorphism. In Section 7 we show that recx is dual to the map cx. Thus, for char(k) {
m, our construction gives an explicit description of the Suslin-Voevodsky isomorphism
ax, which zig-zags through Ext-groups in various categories and is difficult to understand.

The authors thank Takeshi Saito and Changlong Zhong for discussions during the early
stages of the project. It is a pleasure to thank Johannes Anschiitz whose comments on an
earlier version of this paper led to a substantial simplification of the proof of Theorem 4.1.

2 Torsors and finite correspondences

All occurring schemes in this section are separated schemes of finite type over a field k.
For any abelian group A and a finite surjective morphism 7 : Z — X with Z integral and
X normal, connected, we have transfer maps

Ty Hét(Zv A) - Hét(Xv A)

forall i > 0 (see [MVW], 6.11, 6.21). The group H}, (Z, A) classifies isomorphism classes
of étale A-torsors (i.e., principal homogeneous spaces) over the scheme Z. We are going
to construct a functor

.t PHS(Z, A) — PHS(X, A)

from the category of étale A-torsors on Z to the category of étale A-torsors on X, which
induces the transfer map 7, : H.,(Z, A) — HZ (X, A) above on isomorphism classes.



We recall how to add and subtract torsors. For an abelian group A and A-torsors 7Ty, T2
on a scheme Y, define

Ti+ T2

to be the quotient scheme of 77 xy Tz by the action of A given by (t1,t2) + ¢ = (¢1 +
a,ty — a). It carries the structure of an A-torsor by setting

(t1,t2) +a:= (tr +a,t2) (= (t1,t2 +a)).
The functor
+: PHS(Y, A) x PHS(Y,A) — PHS(Y,A), (TL.T)— Ti+ Tz,

lifts the addition in H} (Y, A) to torsors (cf. [Mi], III, Rem. 4.8 (b)). Note that “+” is
associative and commutative up to natural functor isomorphisms. In particular, we can
multiply a torsor by any natural number m, puttingm -7 =T + --- + T (m times). If
mA = 0, then we have a natural isomorphism of torsors

mT%YXAa (t177tm>'_>(t2_tl)++(tm_tl)€A? (3)

where Y x A is the trivial A-torsor on Y representing the constant sheaf A over Y. Here
t; — t; denotes the unique element @ € A with t; = t; + a.

Furthermore, given a torsor 7, define (—7) to be the torsor which is isomorphic to 7
as a scheme and on which a € A acts as —a. This yields a functor

(=1): PHS(Y,A) — PHSY,A), T— (-T),

which lifts multiplication by (—1) from HZ (Y, A) to an endofunctor of PHS(Y, A). We
have a natural isomorphism of torsors

T+(T) =Y x A (ti,ta) >t —t2 € A 4)

Now let 7 : Z — X be finite and surjective, Z integral, X normal, connected, and let
T be an A-torsor on Z. For every point x € X, the base change Z x x X3 is a product of
strictly henselian local schemes. Therefore we find an étale cover (U; — X);c; of X such
that 7 trivializes over the pull-back étale cover (7~ 1(U;) — Z);ez of Z.

Next choose a pseudo-Galois covering 7 : Z-X dominating Z — X. Recall that this

means that k(Z)[k(X) is a normal field extension and that the natural map Autx (Z) —
Autyxy(k(Z)) is bijective (cf. [SV1], Lemma 5.6). Let 7, : X;, — X be the quotient
scheme Z /G, where G = Aut X(Z ). Then X, is the normalization of X in the maximal

purely inseparable subextension k(X )™ /k(X) of k(Z)/k(X). Consider the object

Ti= Y ¢'(T) € PHS(Z,A),

peMorx (Z,7)

which is defined up to unique isomorphism. Starting from any trivialization of 7_over
(7=Y(U;) — Z);er, we obtain a trivialization of the restriction of 7 to (7~ 1(U;) — Z);er
of the form B

Ulg-1w,) =7 (Ui) x 4,

where G = Autx (Z) acts on the right hand side in the canonical way on 7~ !(U;) and
trivially on A. Therefore the quotient scheme ’7~'/ G is an A-torsor on Z /G = X ina
natural way. Since X;,, — X is a topological isomorphism, ’7~'/ G comes by base change
from a unique A-torsor 7’ on X.



Definition 2.1. The push-forward A-torsor 7.(T ) on X is defined by

T(T) = [k(Z) : k(X)]in - T".

The assignment 7 — 7. (7) defines a functor
7w : PHS(Z,A) — PHS(X, A).

The functor 7, is additive in the sense that it commutes with the functors “+” and “(—1)”
up to a natural functor isomorphism.

Let T € PHS(Z, A) and assume that there exists a section s : Z — 7T to the projec-
tion 7 — Z (so T is trivial and s gives a trivialization). Let again 7 : Z — X be finite
and surjective, Z integral, X normal, connected. Then

T= > ¢(T) € PHS(Z, A)

peMorx (Z,7)

has the canonical section 3\, (7.2 7 (s) over Z. Tt descends to a section of T/G

over Z/G = X,n. Descending to X and multiplying by [k(X;, : k(X)], we obtain a
section
7 (8) : X — . (T).

In other words, we obtain a map
7. T(Z,T) — T(X, 7. (T));
hence every trivialization of 7 gives a trivialization of 7, (7) in a natural way.

In order to see that 7, induces the transfer map 7, : HL(Z, A) — HZL (X, A) after
passing to isomorphism classes, we formulate the construction of 7, on the level of Cech
1-cocycles. As explained above, we find an étale cover (U; — X );cr such that T trivializes
over the étale cover (7~ '(U;) — Z);cr of Z. We fix a trivialization and obtain a Cech 1-
cocycle

a = (a; € D(x~ (Ui xx Uj), A))

over (771(U;) — Z);cr which defines T. As before choose a pseudo-Galois covering
7 : Z — X dominating Z — X. Now for all 4, j consider the element

Y ¢lay) eTEN U xx Uj), A)

peMorx (Z,7Z)
which, by Galois invariance, lies in
D(r, (Ui xx Uj), A) = T(U; xx Uj, A).
The Cech 1-cocycle given by
k(Z) k(XN (D @lay)) € (U xx Uy, A).
peMorx (Z,2)

now defines a trivialization of 7, (7) over (U; — X );cr. Since the transfer map on étale
cohomology is defined on Cech cocycles in exactly this way (see [MVW], 6.11, 6.21), we
obtain



Lemma 2.2. Passing to isomorphism classes, the functorm, : PHS(Z, A) - PHS(X, A)
constructed above induces the transfer homomorphism

et HY(Z,A) — HEY (X, A).

If any finite subset of points of X is contained in an affine open (e.g., if X is quasi-
projective), another description of the push-forward for torsors is the following: Associated
with the finite morphism 7 : Z — X of degree d, there is a section s, : X — Sym®(Z/X)
to the natural projection Symd(Z/X) — X (see ([SV1], p. 81). We denote the composite
of s, with pr : Sym?(Z/X) — Sym®(Z) by S,. Defining f : Z — Sym?(Z/X) by
repeating each element in Morx (Z, Z) exactly [k(Z) : k(X )];,-times, the diagram

Z—" 5 symi(z/X) —2 Sym4(2)

N
n
3

commutes. For an A-torsor 7 — Z, the quotient of 7 X, - - - X T (d times) by the action
of the symmetric group Sy is an A%-torsor over Symd(Z ) in a natural way. Taking the
quotient by the A%~ !-action

(a17"'7ad71)(t17'~'7td) = (tl +a1;t2 —ax +a27t3 — a2 +a37"' 7td _ad71)7

we obtain an A-torsor over Sym®(Z) and denote it by Sym?(7"). We obtain natural iso-
morphisms in PHS(Z, A):

k(Z) k(X)) Y ¢"(T) = (prof) Sym*(T)

peMorx (Z,7)

1%

7* o (pr o sy)* Sym®(T).

By our construction of 7, (7) we obtain

Lemma 2.3. We have a natural isomorphism in PHS(X, A):
m(T) = 83 (Sym(T)),

where S, = pro sy : X — Sym?(2).

Assume now that X is regular and Y arbitrary. The group of finite correspondences
Cor(X,Y) is defined as the free abelian group on the set of integral subschemes Z C
X x 'Y which project finitely and surjectively to a connected component of X. For such a
Z,wedefine piz_, x1. : PHS(Z, A) — PHS(X, A) by extending (if X is not connected)
the push-forward torsor defined above in a trivial way to those connected components of
X which are not dominated by Z. We consider the functor

[Z)" = pizosxix 0 Bzsyy - PHS(Y, A) — PHS(X, A).

Using the operations “+” and “(—1)" we extend this construction to arbitrary finite corre-
spondences.



Definition 2.4. Let X be regular, Y arbitrary and « = > n;Z; € Cor(X,Y) a finite
correspondence. Then

o 1 PHS(Y, A) — PHS(X, A)

is defined by setting
@ (T) =Y milZi]*(T).

Using the isomorphism (4) above, we immediately obtain

Lemma 2.5. For ay,as € Cor(X,Y) and T1, T2 € PHS(Y, A), n1,ny € Z, we have a
natural isomorphism

(1 + a2)*(mTi +naT2) = niai(Th) + nias(Ti) + n2ai(Te) + na2asz(7T2).

If X and Y are regular and Z is arbitrary, we have a natural composition law
Cor(X,Y) x Cor(Y, Z) — Cor(X, Z), (o, 8) = B o,

(see [MVW], Lecture 1). A straightforward but lengthy computation unfolding the defini-
tions shows

Proposition 2.6. Let X and Y be regular and Z arbitrary. Let « € Cor(X,Y) and 5 €
Cor(Y, Z). Then, for any T € PHS(Z, A), we have a canonical isomorphism

a*(BH(T)) = (Boa)™(T).
Finally, assume that mA = 0 for some natural number m. Then (using the isomorphism
(3) above), we have for any «, 8 € Cor(X,Y), T € PHS(Y, A), a natural isomorphism
(a+mpB)(T) = a*(T).
Therefore, we have an A-torsor
a*(T) e PHS(X,A)

given up to unique isomorphism for any @ € Cor(X,Y) ® Z/mZ. In other words, we
obtain the

Lemma 2.7. Assume that mA = 0, and let «, 8 € Cor(X,Y) have the same image in
Cor(X,Y) ® Z/mZ. Then there is a natural isomorphism of functors

ot =2 B*: PHS(Y, A) — PHS(X, A).

For a regular connected curve C' we consider the subgroup H}(C, A) C HL(C, A) of
tame cohomology classes (corresponding to those continuous homomorphisms 7$*(C) —
A which factor through the tame fundamental group 7% (C, C' — C), where C is the unique
regular compactification of C).



For a general scheme X over k we call a cohomology class in a € H) (X, A) curve-
tame (or just tame) if for any morphism f : C' — X with C' a regular curve, we have
f*(a) € H}(C, A). The tame cohomology classes form a subgroup

H}(X,A) C HY (X, A).

The groups coincide if X is proper or if p = 0 or if p > 0 and A is p-torsion free, where p
is the characteristic of the base field k.

Definition 2.8. We call an étale A-torsor 7 on X tame if its isomorphism class lies in
Htl(Xa A) g Hgt(X7 A)

Lemma 2.9. Let Z be integral, X normal, connected, m : Z — X finite, surjective and
f:Z — Y any morphism. Let T be a tame torsor on Y. Then 7. (f*(T)) is a tame torsor
onX.

Proof. By definition, f* preserves curve-tameness. So we may assume Z = Y, f = id.
Again by the definition of curve-tameness and using Proposition 2.6, we may reduce to
the case that X is a regular curve. Since étale cohomology commutes with direct limits of
coefficients, we may assume that A is a finitely generated abelian group. Furthermore, we
may assume that char(k) =p > 0and A = Z/p"Z,r > 1.

Let Z be the canonical compactification of Z, i.e., the unique proper curve over k which
contains Z as a dense open subscheme and such that all points of Z . Z are regular points
of Z. By the definition of tame coverings of curves, T extends to a Z/p"Z-torsor on Z.
Hence also 7, (7) extends to the canonical compactification X of X and so is tame. [

Proposition 2.10. Let X be a proper and regular scheme over k and let X C X be a dense
open subscheme. Let p = char(k) > 0. Then for any r > 1 the natural inclusion

He}t (X7 Z/pTZ) — Helt (Xa Z/prZ)
induces an isomorphism

Hy(X,Z/p"Z) = H (X, Z/p"Z) = H} (X, Z/p"Z) C H}\(X,Z/p"Z).

Proof. Let Ty be any connected component of a tame Z/p"Z-torsor 7 on X. Then the
morphism 7y — X is curve-tame in the sense of [KS], §4, and 7 is the normalization of
X in the abelian field extension of p-power degree k(7p)/k(X). By [KS], Thm. 5.4.(b),
To — X is numerically tamely ramified along X . X. This means that the inertia groups in
Gal(k(To)/k(X)) of all points Z € X \ X are of order prime to p, hence trivial. Therefore
7o, and thus 7 extends to X. O

Corollary 2.11. Let A" = Spec(k[Tv, ..., T,]/ > T; = 1) be the n-dimensional standard
simplex over k and let A be an abelian group. Then

Htl(An7A) = Helt(kvA)

In particular, H} (A", A) = 0 if k is separably closed.



Proof. Since tame cohomology commutes with direct limits of coefficients, and since
HL(A™,Z) = 0, we may assume that A = Z/mZ for some m > 1. If p { m, we
obtain:
H}A™ Z/mZ) = H: (A", Z/mZ) = H., (k,Z/mZ).
If p = char(k) > 0 and m = p", r > 1, Proposition 2.10 yields
H{ (A" Z[p"Z) = H} (A", Z/p"Z) & H} (P", Z/p"Z) = Ho\(P", Z/p" Z).

Finally note that H}, (P", Z/p"Z) = HL (k,Z/p"7Z). O

In the following, let k be an algebraically closed field of characteristic p > 0 and let X

be a separated scheme of finite type over k. Let H? (X, Z,/mZ.) denote the mod-m Suslin
homology, i.e., the i-th homology group of the complex

Cor(A*, X) ® Z/mZ.
Let A be an abelian group with mA = 0. We are going to construct a pairing
HY(X,Z/mZ) x H} (X, A) — A

as follows: let 7 — X be a tame A-torsor representing a class in H} (X, A) and let
a € Cor(A*, X) be a finite correspondence representing a 1-cocycle in the mod-m Suslin
complex. Then

a*(T)
is a torsor over A, Since « is a cocycle modulo m, (0* — 1*)(«) is of the form m - z for
some z € Cor(A°, X) = Z(X (k) We therefore obtain a canonical identification

D®iqut 2 0% (*(T)) == 1*(a*(T))

of A-torsors over A® = Spec(k). Furthermore, by Corollary 2.11, the tame torsor o*(7")
on A! is trivial, hence a disjoint union of copies of A'. By parallel transport, we obtain
another identification

Dpar : 07(2"(T)) — 1*(a™(T))-
Hence there is a unique (o, 7) € A such that

P, = (translation by y(a, T)) © Prgut.

Proposition 2.12. The element (o, T) € Z/mZ only depends on the class of T in
H} (X, A) and on the class of o in HY (X, 7./mZ.). We obtain a bilinear pairing

(.Y : HY (X, Z/mZ) x H} (X, A) — A.

Proof. Replacing 7 by another torsor isomorphic to 7 does not change anything. The
nontrivial statement is that (c, 7) only depends on the class of « in H{ (X, Z/mZ.). For
B € Cor(Al, X), we have

(a+mpB,T)={a, T)+m(B,T) = (., T).
It therefore remains to show that
<a* ((I))> T> =0,

for all ® € Cor(AZ%, X), where 9; : A — A2, i =0, 1,2, are the face maps and 0* (®) =
Pody— Pod + Pody. Considering d = Jy — 01 + 0> as a finite correspondence from
A to A?, it represents a cocycle in the singular complex Cor(A®, A2%). Proposition 2.6
implies that

(0°(®), T) = (200,T) = (9,2%(T)).
By Corollary 2.11, the tame torsor ®*(7) is trivial on A%, Hence (9, ®*(T)) = 0. O



In the following, we use the notation 7'** (X) := H}(X,Q/Z)*. If X is connected,
then ﬂ’i’“b (X) is the abelianized (curve-)tame fundamental group of X, see [KS], §4.

Definition 2.13. For m > 1 we define
recx : HY (X, Z/mZ) — w0 (X)/m

as the homomorphism induced by the pairing of Proposition 2.12 for A = Z/mZ. com-
bined with the isomorphism H} (X, Z/mZ)* = 75*(X) /m.

The statement of the next lemma immediately follows from the definition of rec.

Lemma 2.14. Let f : X’ — X be a morphism of separated schemes of finite type over k.
Then the induced diagram

TeC 1

HS (X', Z/mZ) —= = (X")/m

Jf* Jf*

recx

HP (X, Z/mZ) — =" (X)/m

commutes.

3 Rigid Cech complexes

We consider étale sheaves F' on the category Sch/k of separated schemes of finite type
over a field k. By a result of M. Artin, Cech cohomology H* (X, F) and sheaf cohomology
H?. (X, F) coincide in degree < 1 and in arbitrary degree if X is quasi-projective (cf. [Mi],
11T Thm. 2.17). Comparing the Cech complex for a covering I/ and that for a finer covering
V), the refinement homomorphism

C*(U,F) — C*(V,F)

is canonical only up to chain homotopy and hence only the induced map H®(U, F) —
H*(V, F) is well-defined. We can remedy this problem in the spirit of Friedlander [Fr],
chap.4, by using rigid coverings:

We fix an algebraic closure k/k. A rigid étale covering U of X is a family of pointed
separated étale morphisms

Uz, uz) — (X, ), z€ X(k),

with U, connected and u, € U,(k) mapping to . For an étale sheaf I the rigid Cech
complex is defined by

C*U,F): C"U,F)= 11 DUy, xx -+ Xx U, F)
(T0yeeesTn ) EX (K)nF1

with the usual differentials. It is clear what it means for a rigid covering V to be a refine-
ment of /. Because the marked points map to each other, there is exactly one refinement
morphism, hence we obtain a canonical refinement morphism on the level of complexes

C*(U,F)— C*(V,F).



The set of rigid coverings is cofiltered (form the fibre product for each z € X (k) and
restrict to the connected components of the marked points). Therefore we can define the
rigid Cech complex of X with values in F’ as the filtered direct limit

C*(X,F) =l C* (U, F),
u
where U runs through all rigid coverings of X . Forgetting the marking, we can view a rigid
covering as a usual covering. Every covering can be refined by a covering which arises

by forgetting the marking of a rigid covering. Hence the cohomology of the rigid Cech
complex coincides with the usual Cech cohomology of X with values in F'.

For a morphism f : Y — X and a rigid Cech covering U/ /X, we obtain a rigid Cech
covering f*U/Y by taking base extension to Y and restricting to the connected compo-
nents of the marked points, and in the limit we obtain a homomorphism

f*:C*X,F) — C*(Y,F).

Lemma 3.1. If 7 : Y — X is quasi-finite, then the rigid coverings of the form 7w*U are
cofinal among the rigid coverings of Y.

Proof. This is an immediate consequence of the fact that a quasi-finite and separated
scheme Y over the spectrum X of a henselian ring is of the form Y = YyUY; U. . .UY,. with
Yo — X not surjective and Y; — X finite surjective with Y; the spectrum of a henselian
ring, i =1,...,r, cf. [Mi], I, Thm. 4.2. O

Lemma 3.2. If F is qfh-sheaf on Sch/k, then for any n > 0 the presheaf C" (—, F) given
by
X +— C"(X,F)

is a qfh-sheaf. The obvious sequence
03 F—=C(—F) = C'(~F) > C(—,F) = -

is exact as a sequence of étale (and hence also of qfth) sheaves.

Proof. We show that each C"'(—, F) is a gfh-sheaf. For this, let 7 : ¥ — X be a qfh-
covering, i.e., a quasi-finite universal topological epimorphism. We denote the projection
byIl: Y xx Y — X. By Lemma 3.1, we have to show that the sequence

lig C" (U, F) — lim C™(x*U, F) = lim C"(II'U, F)
u u u

is an equalizer, where U runs through the rigid coverings of X. Since filtered colimits
commute with finite limits, it suffices to show the exactness for a single, sufficiently small
U. This, however, follows from the assumption that F' is a qth-sheaf.

Finally, the exactness of 0 — F — Qo(—,F) — Ql(—,F) — -+ as a sequence of
étale sheaves follows by considering stalks. O

Being gfh-sheaves, the sheaves F' and Qn(—, F) admit transfer maps, see [SV1], §5. For
later use, we make the relation between the transfers of I’ and of Qn(—, F) explicit: Let
Z be integral, X regular and 7 : Z — X finite and surjective. Let F' be a qfh-sheaf on

Sch/k. For v € X (k) we have
Xxxz= [ z"

zem—1(x)
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where 771(x) denotes the set of morphisms z : Spec(k) — Z with 7 o 2 = z. For
sufficiently small étale (U, u,) — (X, ), the set of connected components of U, X x Z
is in 1-1-correspondence with the set 7~!(z), and to each family of étale morphisms

(Vo,v,) — (Z,2), zen (),
there is (after possibly making U, smaller) a unique morphism
UsxxZ— ] V-
ze€m—1(x)

over Z, which sends the connected component associated with z of U, X x Z to V, and
the point (u, 2) to v,.

In this way we obtain, for finitely many points (zo,...,x,), n > 0, and for every
family _ '
(Varwr,) — (Z,2]), 2 € m™ (),

and sufficiently small chosen
Uz, ug,) — (X, 2;), i=0,...,n,
a homomorphism
I[I T(Vxz-xzV,,F) —T(Usy xx - xx U, xx Z, F).

1=0,...,n

zlen ™ (xy)

Since F'is a gfh-sheaf, we can compose this with the transfer map associated with the finite
morphism
Ugy Xx -+ Xx Ug, Xx Z = Upy Xx -+ Xx Ug,.

Forming for fixed n the product over all (g, ..., 7,) € X (k)"*! and passing to the limit
over all rigid coverings, we obtain the transfer homomorphism

7. C*(Z,F) — C*(X, F).

Passing to cohomology, we obtain the usual transfer on étale cohomology in degree 0 and
1, and in any degree if the schemes are quasi-projective.

Next we give the pairing
() H (X, Z/mZ) x H}(X,A) — A.

constructed in Proposition 2.12 for k algebraically closed and an abelian group A with
mA = 0 the following interpretation in terms of the rigid Cech complex:
Let a € HY(X,Z/mZ) and b € H} (X, A) be given, and let o € Cory(A!, X) and

B € ker(CH(X,A) 5 C2(X, A)) be representing elements. Note that (0* — 1*)(a) €
m Cor(A°, X) by assumption. Consider the diagram

CO(X, A) —2 (X, A) —L C2(X, A)

11



Since f3 represents a tame torsor 7 on X, a*([3) represents the torsor a*(7"), which is tame
by Lemma 2.9. By Corollary 2.11, there exists v € CY(A', A) with dy = o*(3). Since

d(0* = 17)(7) = (0" = 1")a™(B) = 0,
we conclude that (0* — 1*)(«y) lies in
A=H(A", A) = ker(CO(A, A) % C1 (A, 4)).
It is easy to verify that the assignment
() (a,0) — (0" = 17)(7) € A

does not depend on the choices made. By the explicit geometric relation between Cech
1-cocycles and torsors, and since our construction of finite push-forwards of torsors is
compatible with the construction of transfers for qfh-sheaves given in [SV1], §5, we see
that the pairing constructed above coincides with the one constructed in Proposition 2.12.
Finally, let
A IS5 TH 5712 (5)

be a (partial) injective resolution of the constant sheaf A in the category of Z/mZ-module
sheaves on (Sch/k)qm. Let ¢ : (Sch/k)qm — (Sch/k)e; denote the natural map of sites.
Since ¢* is exact, ¢, sends injective sheaves to injective sheaves. By [SV1], Thm. 10.2,
we have R%¢,(A) = A and R'¢.(A) = 0 fori > 1. Hence (5) is also a partial resolution
of A by injective, étale sheaves of Z/mZ-modules. We choose a quasi-isomorphism

0= C'(—,A4) =5 C' (=, A) > C* (=, A)] — [0 I° 5 T' = 17

of complexes of qfh-sheaves. Since Cech- and étale cohomology agree in dimension < 1,
the induced map on global sections is a quasi-isomorphism, too. Hence the pairing of
Proposition 2.12 can also be obtained by the same procedure as above but using the diagram

°(x) —4 1'(X) —4- P(X)

e L
(A" = 1M (AY) = 12(AY)

lO*—l* JO*—I* JO*—I*

A IO(A%) —L 1A% -2 12(A0).

By [SV1], Theorem 10.7, the same argument applies with a partial injective resolution of
the constant sheaf A in the category of Z/mZ-module sheaves on (Sch/k)p,.

4 The case of smooth curves

In this section we prove Theorem 1.1 in the case that X = C'is a smooth curve.

Let k& be an algebraically closed field of characteristic p > 0, and let C' be a smooth, but
not necessarily projective, curve over k. Let the semi-abelian variety A be the generalized
Jacobian of C' with respect to the modulus given by the sum of the points on the boundary
of the regular compactification C' of C' (cf. [Se], Ch.5). The group A(k) is the subgroup
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of degree zero elements of the relative Picard group Pic(C,C ~ C). By [SV1], Thm. 3.1
(see [Li], for the case C' = (), there is an isomorphism

HS(C,Z)° = ker(HS (C, Z) 28 7) = A(k),

in particular, A(k) is a quotient of the group of zero cycles of degree zero on C. From the
coefficient sequence together with the divisibility of H{(C, Z) (which is isomorphic to k>
if C' is proper and zero otherwise), we obtain an isomorphism

HS(C,Z/mZ) % wHE(C,7) =, Alk). (6)

After fixing a closed point Py of C, the morphism C' — A, P — P — P, is universal for
morphisms of C' to semi-abelian varieties, i.e., A is the generalized Albanese variety of C
([Sel, V, Th.2). _

Consider the m-multiplication map A = A. Its maximal étale subcovering A — A is
the quotient of A by the connected component of the finite group scheme ,,,.A (if (p, m) =
1, the connected component is trivial). The projection A — .g induces an isomorphism
A(k) = A(k) on rational points, and we identify A(k) and A(k) via this isomorphism.
With respect to this identification, the projection A(k) — A(k) is the m-multiplication
map on A(k).

By [Se], Ch. 1V, C:=0Cx A ./Z is the maximal abelian tame étale covering of C' with

~

Galois group annihilated by m. Because Aut 4(.A) = ,,, A(k), we obtain an isomorphism
Hom(,m A(k), A) — H{ (C, A) ™

for any finite abelian group A with mA = 0.

Theorem 4.1. For any finite abelian group A with mA = 0, the diagram

()

HS(C,Z/mZ) HN(C, A) A
ol - H
mA(K) % Hom(mA(k), A) —=2 4 4

where (, ) is the pairing from Proposition 2.12 and eval is the evaluation map, commutes.
In particular, the upper pairing is perfect and the induced homomorphism H{ (C, Z./mZ.) —

7% (C) /m is an isomorphism.

Proof. We have to show that ¢(5(¢)) = (¢, 7(¢)) forany ¢ € HY(C,Z,/mZ) and any ¢ €
Hom(,,.A(k), A). By functoriality, it suffices to consider the universal case A = ,,, A(k),
¢ = id. In this case 7(id) is the torsor @ : C' — C.

Let C' be the regular compactification of C. By [SV1], Thm. 3.1, §(¢) € ,,,Hy (C,Z) =
mA(k) is the class [z] of some z € Zy(C) (the group of zero-cycles on C') such that

mz =7(0) — (1)

for some finite morphism v : ¢’ — P! with C’ ~. C' C v~ (00). The diagram

C'~ vy 1o0) —— C —— '

l’”c’\"r_l(OO) J:Y

Al P!
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shows that ~ induces a finite correspondence, say g, from A' to C. The class of g in
H{(C,7Z,/mZ) is a pre-image of 6(¢) under HY (C,Z/mZ) = ,,H5(C,Z), ie., C is
represented by g. It therefore suffices to show that

[2] = {9, C).

Let d be the degree of v and v*(0) = Zle P, v*(1) = E?:l Q;. Each point in y*(0)
and v*(1) occurs with multiplicity divisible by m, in particular d = mr for some integer
r. After reindexing, we may assume that P; = P; and ); = Q; for ¢ = j mod r, hence

i=1

=1

On the level of closed points, C' = C' x _4 A can be identified with the set of a € A(k) =
A(k) such that ma = P — P, for some point P € C' (a projects to P in C, i.e., 7(a) = P).
The ,, A(k)-principal homogeneous space 0*¢g*C can be identified with the quotient of the

set
d
17 ')
i=1
by the action of ,,, A(k)4~! given by

(B, Ba-1)(a1, ... aq) = (a1 + Pr,a2 — f1 + B2, ..., aq — Ba—1)-

We fix points a1, . .., aq € C over Py, ..., P;subjectto the condition a; = a; for P; = P;.
Then 0*¢g*C is identified with the quotient of the set

(a1 +mA(K)) x -+ x (aq + mA(k))

by the action of mA(k)d’l. Since each a; occurs with multiplicity divisible by m, the
:> i

trivialization 0*g*(C) JA(E) given by

(a1 +ag,...,ag+ag) — a1+ -+ ag € mA(k)

does not depend on the choice of the a;. We do the same with 1*g* (5 ) by choosing b; € C

over ;. Then we see that the tautological identification ®,,; : 0*g*(C) = 1*g*(C) is
given by

(a1 +a1,...,ad+ad) — (b1 +a1,...,bd+ad).
Now consider the morphism

S Symh(C) — A, (21,...,2a) — [Y_(zi — Ry)]-

The commutative diagram
Sym?(C) —=— A
! |
Sym?(C) —=— A
induces a map (hence an isomorphism) of ,, A(k)-torsors Sym®(C) = A x 4 Sym®(C).

Consider the morphism S, : A} — Sym?(C) associated with the finite correspondence g.
Since the generalized Jacobian of A} = A} is Spec(k), the composite

A}C i> Symd(C) oA
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is constant with value a := [Zle (P,—Py)] = [E?:l (Q:—Py)] € A(k). By Lemma 2.3,
we obtain an isomorphism

g*(C) = Si(Sym*(C)) = £*S; A = A} x 7 !(a)
(giving a trivialization after choosing a point in 7~ 1(a)). On the fibre over 0 it is given by
d

(a1 +ai,... a4 + aq) '—>Z(ai+ai) e l(a)C A
=1

-1

and similarly on the fibre over 1. We conclude that ®,,,, o ® is translation by

taut
d r r
D (ai—b) =) mla;—b) =) [P — Qi =[z].
i=1 i=1 i=1
This concludes the proof. O

5 The blow-up sequences

All schemes in this section are separated schemes of finite type over the spectrum of a
perfect field k. A curve on a scheme X is a closed one-dimensional subscheme. The
normalization of a curve C is denoted by C'.

Now let
7z —— X'
Z——X
be an abstract blow-up square, i.e., a cartesian diagram of schemes such that 7 : X’ — X

is proper, i : Z — X is a closed embedding and 7 induces an isomorphism (X’ \ Z”)eq —
(X ~Z )red'

Proposition 5.1. Given an abstract blow-up square and an abelian group A, assume that 7
is finite or A is torsion. Then there is a natural exact sequence

0— H((:)t(Xa A) — ch(X/vA) D H&(Z, A) — Hgt(Z/,A)

S HNX,A) > HN (X', A) @ HN(Z,A) —» HN(Z', A).

Proof. We call an abstract blow-up square trivial, if ¢ is surjective (i.e., Syeq 1S an isomor-
phism) or if meq : X[ ,q — Xrea has a section. Every abstract blow-up square with X a
connected regular curve is trivial.

Now let an arbitrary abstract blow-up square be given. If A is torsion, the proper base
change theorem implies (cf. [Ge2], 3.2 and 3.6) that we have a long exact sequence

T Hét(X7A) — Hét(leA) @Hét(Z7A) - Hét(ZlvA) — Héjl(X7A) -

If 7 is finite, the same is true for arbitrary A since . is exact. If the blow-up square
is trivial, this long exact sequence splits into short exact sequences 0 — HE (X, A) —
H(X',A)® HL(Z,A) — HE(Z', A) — 0 for all 4.
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Next we show the exact sequence of the proposition. We omit the coefficients A and
put HP(X) = HS,(X). We first show, that the image of the boundary map & : H, (Z) —
HL (X) has image in H}(X), thus showing the existence of HY(Z') — H}(X) and, at
the same time, the exactness of the sequence at H}(X). Let C — X be the normalization
of a curve in X. The base change

/ /
Z5—>X5

| F

of our abstract blow-up square to C is a trivial abstract blow-up square. Therefore, for any
a € HY(Z'), the pull-back of o to H¢ (Z7;) lies in the image of Hey (X%) @ Hey(Z5) —

H, () and has therefore trivial image under 6 : H¢ (Z7) — He(C). Therefore, §(r) €

HZ (X) has trivial image in H), (C) for every curve C C X, in particular, it lies in H} (X).

It remains to show exactness at H} (X') @ H}(Z). Let « be in this group with trivial
image in H}(Z'). Then there exists 8 € HZ (X) mapping to « and it remains to show that
(3 lies in the subgroup H} (X). But this is clear, because for every curve C' C X we have
H}(C) =ker(HH(X5) © H{ (Z5) — H{(Z})). O

Proposition 5.2. Given an abstract blow-up square

7 —— X'
Z——X
and an abelian group A, there is a natural exact sequence of Suslin homology groups

HY(Z',A) = HY (X', A) & HY (Z,A) — HP (X, A)

S HS(Z'A) - HS (X', A) & HE (2, A) — HS (X, A) — 0.

Proof. Consider the exact sequences
Co(Z',A) = Co(X',A) ® Co(Z, A) — Co(X, A) - K2
and
Co(Z") = Co(X")® Co(Z) = Co(X) — Ko,

where K2 and K, are defined to make the sequences exact. Since the complexes C,(—)
consist of free abelian groups, in order the show the statement of the proposition, it suffices
to show that H;(K,) = 0 for i < 2. Let Sm/k be the full subcategory of Sch/k consisting
of smooth schemes. For Y € Sch/k we consider the presheaf ¢(Y') on Sm/k given by
c(Y)(U) = Cor(U,Y). Then, by [SV2], Thm. 5.2, 4.7 and its proof, the sequence

0= e(Z) = (X" @ e(2) TE o(X)
is exact and F' := coker (7, i) has the property that, for any U € Sm/k of dimension < 2

and any « € F(U), there exists a proper birational morphism ¢ : V' — U with V' smooth
such that ¢* () = 0. Let F, be the complex of presheaves given by F,,(U) = F(U x A™)
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with the obvious differentials and let (F,)nis be the associated complex of sheaves on
(Sm/k)nis. Then by [SS], Thm. 2.4, the Nisnevich sheaves

Hi((Fo)nis)
vanish for ¢ < 2. Evaluating at U = Spec(k) yields the result. O
Now assume that k is algebraically closed. Let
reci x : HY (X, Z/mZ) — H}(X,Z/mZ)*
be the reciprocity map constructed in Section 2 and let
reco.x : Hy (X, Z/mZ) — HS(X,Z/mZ)*
be the homomorphism induced by the pairing
() s HY(X,mZ) x HY(X,Z/mZ) — Z/mZ

defined as follows: Given a € HS(X,Z/mZ) and b € HY (X, Z,/mZ), we represent a
by a correspondence o € Cor(A°% X) and put {a,b) = a*(b) € H) (A, Z/mZ) =
Z/mZ. This is well-defined since the homomorphisms 0*,1* : HO (A, Z/mZ) —
HY (A% Z,/mZ) agree.

Lemma 5.3. For any m, reco, x is an isomorphism.

Proof. For connected X, we have the commutative diagram

Teco, X

HY (X, Z/mZ) —— HS (X, Z/mZ)*

ldeg lz

Teco, k

HE (k,Z)mZ) =255 HO, (k, Z/mZ)*.

Hence, for connected X, it suffices by functoriality to consider the mod m degree map.
In particular, reco x is surjective for arbitrary X and is an isomorphism if dim X = 0.
If X is a smooth connected curve, then HJ (X,Z) = Pic(X, X \ X), where X is the
smooth compactification of X (cf. [SV1], Thm. 3.1). The subgroup Pic’(X, X ~\ X) of
degree zero elements is the group of k-rational points of the Albanese of X, and hence
divisible. Therefore, reco x is an isomorphism for connected, and hence for all smooth
curves. Considering the normalization morphism of an arbitrary scheme of dimension 1
and the exact sequences of Propositions 5.1 and 5.2, the five-lemma shows that recy x is a
isomorphism for dim X < 1.

It remains to show that recg x is injective for arbitrary X. We may assume X to be
connected. Let a € ker(recy x) and let o« € Zy(X) be a representing O-cycle. Since
supp(«) is finite, we can find a connected 1-dimensional closed subscheme Z C X con-
taining supp () (use, e.g., [Mu], II §6 Lemma). Since recy z is injective and a is in the
image of Hy (Z,7./mZ) — HS (X, Z,/mZ), we conclude that a = 0. O

Corollary 5.4. Let k be an algebraically closed field and let X € Sch/k be connected.
Then the kernel of the degree map

deg: HS(X,Z) — H} (k,7) = 7.

is divisible.
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Proposition 5.5. Let k be algebraically closed and let

v
?

7 —— X'

L

7zt X

be an abstract blow-up square. Then for any integer m > 1 the diagram

HS(X,Z/mZ) —— HS(Z',Z)mZ)

JTeCl‘X J/TECOYX

HN X, Z/mZ) > HO.(Z, ) mZ)",

commutes. Here d is the boundary map of Proposition 5.2 and §* is the dual of the boundary
map of Proposition 5.1.

Proof. We have to show that the diagram

HS(X,Z/mZ) x  H\(X,Z/mZ) — Z./mZ

| I |

HS(Z/,Z)mZ)  x  HY.Z'Z/mZ) — Z)m1Z.

commutes. Given a € H{ (X, Z/mZ) and b € HY,(Z',Z/mZ), we choose a representing
correspondence o € C1(X,Z/mZ) = Cor(Al, X) ® Z/mZ in such a way that it has a
pre-image & € C1(X',Z/mZ) ® C1(Z,Z/mZ) (see the proof of Proposition 5.2). By
definition, da € Hy (Z', Z./mZ) is represented by a correspondence v € Co(Z’, Z/mZ.)
such that the diagram

A0 2 A

| |3

./

75 X'z

of correspondences commutes modulo m. Next choose an injective resolution Z/mZ —
I* of Z/mZ in the category of sheaves of Z/mZ-modules on (Sch/k)}, in order to com-
pute the pairings (cf. the end of section 3). Consider the following diagram
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By the argument of [MVW] Lemma 12.7, the sequence
0> FX)>FX®F(Z)—F(Z)

is exact for every h-sheaf F'. Therefore the second line in the diagram is exact. The proper
base change theorem implies (cf. [Ge2], 3.2 and 3.6) that

I°(X) — I*(X") & I*(Z) — 1*(2") 2

is an exact triangle in D(Ab). For the exact sequence of complexes
0= IX) = I*(X"Y®I*(Z) > I*(Z") — coker® — 0,

this implies that the complex coker® is exact. Therefore, b € ker(1°(Z’) — I'(Z’)) has a
pre-image 8 € I°(X') & I°(Z). Then

dB € ker(IN(X") & I'(Z) — I'(Z")),

and there exists a unique £ € I*(X) with (7*,i*)(¢) = dJ3 representing 6b € H} (X). We
see that a* (df) = a*(e). It follows that

d(@*(B)) = a*(dB) = a* () € ker(I' (A1) =15 11(AY)).
By definition of ( , ), we obtain
(a,5(b)) = (0* — 1")@* B € ker(I°(A%) — I'(A®)) = Z/mZ.

On the other hand, (§a,b) = v*(b) € HS (AY) is represented by v*3 € I°(A°) and the
commutative diagram of correspondences above implies

This finishes the proof. O
Proposition 5.6. Let X be a normal, generically smooth, connected scheme of finite type
over a field k and let A C HX, (X, Z,/mZ.) be a finite subgroup. Then there exists a regular

curve C over k and a finite morphism ¢ : C' — X such that A has trivial intersection with
the kernel of ¢* : HY (X, Z/mZ) — HL(C,Z/mZ).
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Proof. For any normal scheme Z and dense open subscheme Z’ C Z, the induced map
HLX(Z,7Z/mZ) — HX(Z' ,Z/mZ) is injective. Hence we may replace X by an open
subscheme and assume that X is smooth. Let Y — X be the finite abelian étale covering
corresponding to the kernel of 7#*(X) —» A*. We have to find a regular curve C and a
finite morphism C' — X such that C' x x Y is connected.

Choose a separating transcendence basis t1,...,tq of k(X) over k. This yields a
rational map X — IP%. Let ¢ be another indeterminate and let X, (resp. Y;) be the
base change of X (resp. Y) to the rational function field k(¢). Consider the composition
o:Y; - Xy — ]Pg(t). Since k(t) is Hilbertian [FJ], Thm. 12.10, we can find a rational

point P € IPZ () Over which ¢ is defined and such that P has exactly one pre-image ¥; in
Y;. The image z; € X, of y, has exactly one pre-image in Y;. Let x be the image of x; in
X. Iftrdeg,k(z) = 1 putz’ = z, if trdeg, k(z) = 0 (i.e., x is a closed point in X) choose
any 2’ € X with trdeg, k(z") = 1 such that x is a regular point of the closure of z’. In
both cases the normalization C of the closure of 2’ in X is a regular curve with the desired
property. O

6 Proof of the main theorem

In this section we prove our main result. We say that “resolution of singularities holds for
schemes of dimension < d over k” if the following two conditions are satisfied.

(1) For any integral separated scheme of finite type X of dimension < d over k, there
exists a projective birational morphism Y — X with Y smooth over k£ which is an
isomorphism over the regular locus of X.

(2) For any integral smooth scheme X of dimension < d over k and any birational proper
morphism Y — X there exists a tower of morphisms X,, =+ X,,_1 — --- = Xg =
X, such that X,, — X,,_1 is a blow-up with a smooth center forz = 1,...,n, and
such that the composite morphism X,, — X factors through ¥ — X.

Theorem 6.1 (=Theorem 1.1). Let k be an algebraically closed field of characteristic p >
0, X a separated scheme of finite type over k and m a natural number. Then

recx : HY (X, Z/mZ) —s w0 (X) /m

is surjective. It is an isomorphism of finite abelian groups if (m,p) = 1, and for general m
if resolution of singularities holds for schemes of dimension < dim X + 1 over k.

The proof will occupy the rest of this section. Following the notation of Section 5, we
write H) = HY, and consider the maps

reci x : H? (X, Z/mZ) — H{(X,Z/mZ)*

fori = 0,1 (i.e., recx = recy,x). Given a morphism X’ — X, we have a commutative
diagram of pairings defining rec; fori = 0, 1.

HS(X',Z/mZ) x  H{X'Z/mZ) —" z/mz

N E H

HS(X,Z/mZ) x  HIX,Z/mZ) —"— 7/mZ.

Step I: recq, x is surjective for arbitrary X.
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We may assume that X is reduced and proceed by induction on d = dim X. The case
dim X = 0 is trivial. Consider the normalization morphism X’ — X, which is an iso-
morphism outside a closed subscheme Z C X of dimension < d — 1. Using the exact
sequences of Propositions 5.1 and 5.2, which are compatible by Proposition 5.5 and the
fact that reco, x is an isomorphism by Lemma 5.3, a diagram chase shows that it suffices to
show surjectivity of recy, x for normal schemes.

Let X be normal. Since H} (X, Z/mZ) is finite, it suffices to show that the pairing
defining rec; x has a trivial right kernel. We may assume that X is connected. Let b €
H}(X,7/mZ) be arbitrary but non-zero. By Proposition 5.6, we find a morphism ¢ :
C — X with C a smooth curve such that ¢*(b) € H} (C,Z/mZ) is non-zero. Since the
pairing for C is perfect by Theorem 4.1, the pairing for X has a trivial right kernel.

Step 2: Theorem 6.1 holds if (m,p) = 1.

If (m,p) = 1, HY (X, Z/mZ) and H (X, Z/mZ.)* are isomorphic finite abelian groups
by [SV1]. In particular, they have the same order. Hence the surjective homomorphism
recy,x is an isomorphism.

Step 3: Theorem 6.1 holds for arbitrary X if m = p” and resolution of singularities holds
for schemes of dimension < dim X + 1 over k.

We may assume that X is reduced. Using resolution of singularities and Chow’s Lemma,
we obtain a morphism X’ — X with X’ smooth and quasi-projective, which is an isomor-
phism over a dense open subscheme of X. Using the exact sequences of Propositions 5.1
and 5.2, Lemma 5.3, Step I, induction on the dimension and the five-lemma, it suffices to
show the result for smooth, quasi-projective schemes.

Let X be smooth, quasi-projective and let X be a smooth, projective variety containing
X as a dense open subscheme. Then we have isomorphisms

1%

Hy (X, Z/p"2)* CHo(X,1,Z/p"Z) [Ge3, 85],
CHo(X,1,Z/p"7) = HY(X,Z/p"7Z) [SS, Thm. 2.7].
By Proposition 6.2 below the natural homomorphism
HY (X, Z/p"2) — HY (X, Z[p"Z)

is an isomorphism of finite abelian groups and by Proposition 2.10, we have an isomor-
phism -
HY(X,Z/p"Z) = HN(X,Z/p"Z).

Hence the finite abelian groups H} (X, Z/p"Z)* and HY (X, 7 /p"Z) are isomorphic, in
particular, they have the same order. Since rec; x is surjective, it is an isomorphism.

In order to conclude the proof of Theorem 6.1 it remains to show

Proposition 6.2. Let k be a perfect field, X € Sch/k smooth, U C X a dense open
subscheme and n > 0 an integer. Assume that resolution of singularities holds for schemes
of dimension < dim X + n over k. Then for any r > 1 the natural map

HP(U,Z/p"Z) — HY (X, Z/p"Z)

is an isomorphism of finite abelian groups fori = 0, ..., n.

Remark 6.3. A proof of Proposition 6.2 for n = 1 and k£ algebraically closed independent
of the assumption on resolution of singularities would relax the condition in Theorem 6.1
to:
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There exists a smooth, projective scheme X’ € Sch/k, dense open subschemes U’ C
X' € X', U C X, and a surjective, proper morphism X’ — X which induces an isomor-
phism U/ ; — Ured -
In particular, Theorem 6.1 would hold for dim X < 3 without any assumption on resolution
of singularities [CV].

Proof of Proposition 6.2. We set R = Z,/p"Z.. By [MVW], Lecture 14, we have
H (X, R) = Hompyerr— gy (RIi], M(X, R)).

Let d = dim X. Choose a series of open subschemes U = X; C --- X7 C Xg = X such
that Z; := X; ~ X4 is smooth of dimension j for j = 0,...,d — 1. Using the exact
Gysin triangles [MVW, 15.15]

. L[
M(X; 11, R) = M(X;, R) = M(Z;)(d — )[2d — 2] M(X; 11, R)[1]
and induction, it suffices to show that

Homy it . gy (Rlil. M(Z;, R)(s)[25]) = 0
forj=0,...,d—1,:=0,...,n+ 1and s > 1. Using smooth compactifications of the
Z; and induction again, it suffices to show

HomDM;fif;*(kyR)(R[ﬂv M(Z,R)(s)[2s]) =0
for Z connected, smooth, projective, i =0,...,d —dz +nand s > 1.

By the comparison of higher Chow groups and motivic cohomology [V] and by [GL],
Thm. 8.5, the restriction of R(s) to the small Nisnevich site of a smooth scheme Y is
isomorphic to 2 [—s], where v/ is the logarithmic de Rham Witt sheaf of Milne and Illusie.
In particular, R(s)|y is trivial for s > dim Y.

For an étale k-scheme Z we obtain

Hompygeit.— ;. ) (R[i], M(Z, R)(s)[25]) = H¥ET(Z,R(s)) =0

fors > 1 and all ¢ > 0. Now assume dim Z > 1. Using resolution of singularities for
schemes of dimension < d + n, the same method as in the proof of [SS], Thm. 2.7 yields
isomorphisms

Homy, et~ o (R[i], M(Z, R)) = CH(Z, i, R)

Nis
fort =0,...,d — 1+ n. Applying this to Z x IP® and using the decompositions given by

the projective bundle theorem on both sides implies isomorphisms

Homyy, jerr. . (R[i], M(Z, R)(s)[2s]) = CH"*(Z,i, R)

Nis

fori =0,...,d — 1+ n. By [V], the latter group is isomorphic to
HomDMeff’i(k,R)(M(Z’ R)[de + 28 — Z], R(dz + S)) = HI%I(iiSZ+287Z—(Z’ R(dZ + S)),

Nis

which vanishes for s > 1. This finishes the proof. O

Remark 6.4. The assertion of Proposition 6.2 remains true for non-smooth X if U contains
the singular locus of X (see [Ge4], Prop. 3.3).
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7 Comparison with the isomorphism of Suslin-Voevodsky

Theorem 7.1. Let k be an algebraically closed field, X € Sch/k and m an integer prime
to char(k). Then the reciprocity isomorphism

recx : HY (X, Z/mZ) — 7{*(X)/m
is the dual of the isomorphism
ax : HY(X,Z/mZ) — HY(X,Z/mZ)
of [SV1], Cor. 7.8.

The proof will occupy the rest of this section. Let i : Z/mZ — I° be an injec-
tion into an injective sheaf in the category of Z/mZ-module sheaves on (Sch/k)qm and
put J* = coker(i). Then (see the end of section 3) the pairing between Hy (X, Z/mZ)
and H',(X,Z/mZ) constructed in Proposition 2.12 can be given as follows: For a €
H?Y (X,7/mZ) choose a representing correspondence o € Cor(A', X) and for b €
HY(X,Z/mZ) a pre-image 8 € J1(X). Consider the diagram

I°(X) — J'(X)

I°(AY) — JY(AY) (8)

v o

Z)mZ —— IO(A%) —— JO(AD).
Then a*(f) is the image of some element v € I°(Al!) and (0* — 1*)(y) € Z/mZ =
ker(I°(A%) — JY(AY)) equals {(a, b).

ForY € Sch/k let Z?,ﬂ' be the free qfh-sheaf generated by Y. We set A = Z[1/char (k)]
and Ly = Z(}fh ® A. For smooth U the homomorphism
Cor(U,X) ® A — Homgm(Ly, Lx)
is an isomorphism by [SV1], Thm. 6.7. We have
HL\(X,Z)mZ) = Hyg, (X, Z/mZ) = Extg,(Lx, Z/mZ)
= coker(Homgg (Lx, 1) — Homgp, (Lx, JY)).

The diagram (8) can be rewritten in terms of Hom-groups as follows:

Homgsn Lx,I°) —— Hqufh(LX,Jl)

(
Homgm (Lat, I°) — Homggm (L1, J*) (9)

0* —1* JO*—I*

Z.)mZ — Hquf}l(LAO,IO) —— Homgsm (Lao, Jh).
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We denote the morphism Lx — J! corresponding to 8 € J'(X) = Homgm (Lx, J*) by
the same letter 3. Putting ' := I° x 5, 5 Lx, the extension

0—7Z/mZ —FE— Lx—0

represents b € Ext(llfh(L x, Z/mZ). Consider the diagram

Homqfh(LX, E) — Homqfh(LX, Lx)
Hqufh(LAl s E) e Hqufh(LAl s Lx) (10)
0 1e lo* T

Z/mZ — Homgsm (Lo, E) —— Homgsm (Lao, Lx).

Because diagram (10) maps to diagram (9) via 8, and id € Homqfh(L x, Lx) maps under
Bi to 3 € Homgsm (L x, J'), we can calculate the pairing using diagram (10) after replacing
B by id. Since id maps to o € Homgsm (La1, Lx ) under o, we see, writing the lower part
of diagram (10) in the form

Z/mZ — E(A') —> Lx(A)

ol 0*—1*J Z//h Jo*—l* (11

ZmZ — E(A%) — Lx(A),

that
{a,b) = h(a) mod m € ker(E(A°)/m — Lx(A%)/m) = Z/mZ,

where h is the unique homomorphism making diagram (11) commutative. We consider the
complex Co(X) = Cor(A®, X) ® A = Lx(A*®) with the obvious differentials. By the
above considerations, the homomorphism induced by the pairing of Proposition 2.12

HY(X,Z/mZ) = HYy\ (X, Z/mZ) —
HY(X,Z/mZ)* = Ext}(Cu(X), Z/mZ) = Homp( )(Ca(X), Z/mZ]1]),

is given by sending an extension class [Z/mZ — E — Lx| to the morphism Ce(X) —
Z./mZ]1] in the derived category of A-modules represented by the morphism

Co(X) = [0 = E(A"%) — Lx(A%) = 0

which is given by id : Lx (A%) — Lx(A%) in degree zero and by h : Lx (A') — E(A%)
in degree one.

The same construction works for any qfh-sheaf of A-modules F' instead of Lx, i.e.,
setting Co (F') = F'(A®) and starting from an element

[Z/mZ — E — F] € Extly,(F, Z/mZ),

we get a map Co(F') — Z/mZl]1] in the derived category of A-modules. We thus con-
structed a homomorphism

Ext g, (F,Z/mZ) — Ext"(C4(F), Z/mZ), (12)
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which for F' = L x and under the canonical identifications coincides with the map
HY(X,Z/mZ) — HY (X,Z/mZ)*
induced by the pairing constructed in Proposition 2.12.
Now we compare the map (12) with the map
ax 1 Bxtin, (F, Z/mZ) — Ext}y(Co(F), Z/mZ) (13)

constructed by Suslin-Voevodsky [SV1] (cf. [Gel] for the case of positive characteristic).
Let F,” be the complex of qfh-sheaves associated with the complex of presheaves Fo (U) =
F(U x A*). By [SV1], the inclusion F' — F” induces an isomorphism

Extog, (Fy', Z/mZ) — Exty, (F, Z/mZ), (14)
and evaluation at Spec(k) induces an isomorphism
Extl, (Fo, Z/mZ) — Ext}y(Co(F), Z/mZ). (15)
The map (13) of Suslin-Voevodsky is the composite of the inverse of (14) with (15).

We construct the inverse of (14). Let a class [Z/mZ — E — F| € Extéfh(F, Z/mZ) be
given. As a morphism in the derived category this class is given by the homomorphism

id

«—

We therefore have to construct a homomorphism F; — E making the diagram

Fy— F) — Fy — 0
L e
0 E——F—0

commutative. The construction is a sheafified version of what we did before. Let U €
Sch/k be arbitrary. Consider the diagram

0— Z/mZ({U) — E(U x A?) — F(U x A?) — 0
lid J6°—61+62 léo—él-s-éz
0— Z/mZ{U) — E(U x A') — F(U x A') — 0

lO JO*—l* JO*—l*

0 — Z/mZ(U) E(U) F(U)

0
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Let oy

Helt(Ala

€ F(U x A') be given. By the smooth base change theorem and since
Z./mZ) = 0, we can lift a; to E(U x A') after replacing U by a sufficiently

fine étale cover. Applying 0* — 1* to this lift, we get an element in E(U). This gives the
homomorphism F; — E. Now let ap € F(U x A?) be arbitrary. After replacing U by a
sufficiently fine étale cover, we can lift ap to E(U x A?%). Since (0* —1*)(6°— ' +42) = 0
this shows that (6% — 6! + 62) () maps to zero in E(U).

This describes the inverse isomorphism to (14). Evaluating at U = Spec(k) gives back
our original construction, hence (12) and (13) are the same maps. This finishes the proof.
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