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Abstract

Every student who starts to learn group theory will soon be confronted with the
theorems of Grün. Immediately after their publication in the mid 1930s these
theorems found their way into group theory textbooks, with the comment that
those theorems are of fundamental importance in connection with the classical
Sylow theorems. But little is known about the mathematician whose name is
connected with those theorems. In the following we shall report about the re-
markable mathematical career of Otto Grün who, as an amateur mathematician
without having had the opportunity to attend university, published his first pa-
per (out of 26) when he was 46. The results of that first paper belong to the
realm of Fermat’s Last Theorem (abbreviated: FLT). Later Grün switched to
group theory.
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1 Introduction

Students who start to learn the theory of finite groups will soon be confronted
with the theorems of Grün, at least with Grün’s “first” and “second” theorem.
These theorems found their way into group theory textbooks immediately after
their publication in the mid 1930s, with the comment that they are of funda-
mental importance in connection with the classical Sylow theorems. But little
if anything is known about the mathematician whose name is connected with
those theorems.

Recently, scanning through the legacy of Helmut Hasse which is kept at
the University Library in Göttingen, I found 50 letters which were exchanged
between Hasse and Grün, from 1932 to 1972. Hasse is known to have had an
extended correspondence, freely exchanging mathematical information with his
colleagues. Thus at first sight, I was not really surprised to find the name of
Otto Grün among Hasse’s many correspondence partners.

But while reading these letters there unfolded to me much more than just
mathematical information, namely the remarkable and fascinating story of a
mathematician, quite rare in our time, who was completely self-educated, with-
out having attended university, and nevertheless succeeded, starting at age 44,
to give important contributions to mathematics, in particular to group theory.

I am writing this article in order to share this discovery with other interested
mathematicians. But I would like to make it clear that it is not meant to be a
complete biography of Otto Grün. This article comprises mainly what we can
conclude from the correspondence files of Hasse and some secondary sources,
with emphasis on the genesis of Grün’s main theorems. Perhaps a more detailed
search of other sources could bring to light more facets of Grün’s personality
and work.

Acknowledgement: I had sent a former version of this article to a number
of people who had met Grün and still remember him. I would like to thank all
colleagues for their interest and for their various comments on the work and
the personality of Grün. In particular I would like to thank B. Huppert and
W.Gaschütz for their help concerning the group theoretic part of Grün’s work.
It seems to me that a more detailed survey of Grün’s role in the development of
group theory would be interesting and worthwhile. Last but not least I would
like to thank the referee for several well founded comments.

2 The first letters: FLT (1932)

2.1 Grün and Hasse in 1932

Little is known about the early life of Grün. In his vita which he wrote in 1955
we read:

Ich bin am 26. Juni 1888 zu Berlin geboren, besuchte das Friedrich-
Werdersche Gymnasium zu Berlin, das ich 1908 mit dem Reifezeugnis
verließ. Zunächst widmete ich mich dem Bankfach, nahm am ersten
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Weltkriege teil, ohne Schäden davonzutragen, und war weiterhin kauf-
männisch tätig.

I was born on June 26, 1888 in Berlin. I attended the Friedrichs-
Werder Gymnasium in Berlin until 1908. Then I worked in the
banking business, participated in the first world war without being
injured, and afterwards continued to work in a commercial job.

It is not known what kind of job this had been. There is some rumor that it
had to do with butcher’s business but we could not find any evidence for this.
Grün continued:

Da ich stets lebhaftes Interesse für mathematische Fragen hatte, be-
schäftigte ich mich nebenbei wissenschaftlich und kam auf diese Art zu
einem Briefwechsel mit dem berühmten Algebraiker Helmut Hasse . . .

All the time I had strong interest in mathematical problems, and in
my spare time I occupied myself with scientific problems.1 In the
course of this activity there started an exchange of letters with the
famous algebraist Helmut Hasse. . . 2

The first letter of Otto Grün to Hasse is dated March 29, 1932, from Berlin. At
that time Grün was (almost) 44 years old.

Helmut Hasse, 10 years younger than Grün, at that time was professor of
Mathematics at the University of Marburg (since 1930) as the successor of Kurt
Hensel. The years in the late twenties and early thirties are to be regarded as the
most fruitful period in Hasse’s mathematical life. Hasse had completed the last
part of his class field theory report [Has30a], he had proved (with Richard Brauer
and Emmy Noether) the Local-Global Principle for simple algebras [BHN32],
he had determined the structure of cyclic algebras over a number field [Has32],
he had discovered local class field theory [Has30b], given a new foundation of
the theory of complex multiplication [Has26b], [Has31], and more. In Hasse’s
bibliography we have counted more than 50 papers in the period from 1926 to
1934. In March 1932, when he received Grün’s first letter, he had just completed
his seminal paper dedicated to Emmy Noether on her 50th birthday [Has33a],
where he presented a proof of Artin’s Reciprocity Law in the framework of
simple algebras and at the same time determined the structure of the Brauer
group over a number field. Now he was preparing his lecture course on class
field theory which he was to deliver in the summer semester of 1932, the notes
of which [Has33b] would be distributed widely and would influence the further
development of class field theory. One year later, in March 1933, Hasse would
prove the Riemann hypothesis for elliptic function fields.

It seems remarkable that in the midst of all this activity, Hasse found the
time to deal carefully with the letters of Otto Grün, whom he had never heard

1Here and in the following we use our own free translation of German text into English.
2 I have found the vita which starts with the cited sentences, in the archives of the University

of Würzburg where Grün had a teaching assignment (Lehrauftrag) during the years from 1954
to 1963 (see section 7.3 below). It is dated August 2, 1955. I do not know the occasion for
which Grün had presented this to the university. Probably it was connected with his teaching
assignment. – I am indebted in particular to Hans-Joachim Vollrath for his help to obtain
access to the Würzburg archives.
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of before. Hasse had the strong viewpoint that every letter from an amateur
mathematician represents an unusual interest in mathematics by the sender
and, hence, has to be taken seriously. And so he did with Grün’s letter, thereby
discovering that the sender was not one of the usual Fermatists but, despite his
lack of formal mathematical education, was unusually gifted and had a solid
mathematical background.

2.2 Vandiver’s conjecture and more

Grün’s first letter begins as follows:

Sehr geehrter Herr Professor! Ich habe aus Ihren Arbeiten die Takagi-
sche Klassenkörpertheorie kennengelernt. Ich glaube nun, auf dieser
Grundlage zeigen zu können, daß auch im irregulären Körper k(ζ) der
`-ten Einheitswurzeln der 2-te Faktor der Klassenzahl nie durch ` teilbar
sein kann. Darf ich Ihnen vielleicht hier ganz kurz den Beweis skizzieren,
zumal da ich als reiner Amateurmathematiker denselben doch nicht
veröffentlichen würde.

Dear Herr Professor! From your papers I have learned Takagi’s class
field theory. I believe that on this basis I can show that also in
the irregular field Q(ζ) 3 of the `-th roots of unity the 2nd factor of
the class number can never be divisible by `. May I sketch briefly
the proof since anyhow, as an amateur mathematician, I am not
prepared to publish it . . .

By “class number” Grün means the number of ideal classes of the `-th cyclotomic
field Q(ζ) where ζ denotes a primitive `-th root of unity, ` being an odd prime.
It is well known since Kummer [Kum50] that the class number h of Q(ζ) has a
product decomposition

h = h1h2

where the second factor h2 equals the class number of the maximal real subfield
Q(ζ + ζ−1). The first factor h1 is a positive integer, called the “relative class
number”.4 The prime `, or the field Q(ζ), is called “regular” if the class num-
ber h is not divisible by `. One of the monumental achievements of Kummer
[Kum50] was the discovery that FLT holds for a regular prime number `, which
is to say that the diophantine equation

x` + y` + z` = 0

is not solvable in integers x, y, z 6= 0.
3Grün writes k(ζ) (in conformity with the older notation) where we have written Q(ζ)

(which is today’s notation). In the interest of the reader we shall freely change notations from
the original, whenever it seems appropriate for better understanding,

4The terminology “first” and “second” factor of the class number is generally used in the
literature. But Hasse in his book [Has52] says that the inverse enumeration would be more
natural: h2 should be called the “first” and h1 the “second” factor. In later letters (1957/58)
Grün uses therefore this inverse terminology. Hasse himself in [Has52] writes h∗ for h1 and
h0 for h2. Ribenboim [Rib79] writes h+ for h2.
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If ` is regular then, of course, both factors h1 and h2 are not divisible by `.
If ` is irregular then it was known to Kummer already that h1 is divisible by ` ,
but nothing much was known about h2. Now Grün claimed that h2, even in
the irregular case, is not divisible by `. This statement is today known as
“Vandiver’s conjecture”, and it is considered quite important with respect to
the structure of cyclotomic fields.5

Thus in effect Grün claimed to have proved Vandiver’s conjecture, although
he did not mention Vandiver in his letter. Most probably he was not aware at
that time of Vandiver’s work.

Hasse replied on April 1, 1932 already, three days after Grün had dispatched
his letter. We do not know the text of Hasse’s letter6 but from Grün’s answer
we can deduce that Hasse had pointed out the proof to be erroneous. Grün
wrote on June 27, 1932:

Gegen Ihre Bedenken kann ich natürlich nichts einwenden; der Beweis
ist eben in der vorliegenden Form mißglückt.

Of course there cannot be any objection against your doubts. Thus
my proof has not been successful in this form.

In fact, Vandiver’s conjecture has not been proved or disproved until today,
despite strong efforts by many mathematicians.7.

But Hasse had not been content just to point out the error in Grün’s proof.
He had added some comments for further work. Maybe he also recommended
to Grün some of the relevant literature. For, Grün wrote in his second letter to
Hasse (June 27, 1932) the following:

. . . glaube ich aus Ihrem Hinweis eine Folgerung für die Fermatsche
Behauptung ziehen zu können, die ich Ihnen gern mitteilen möchte . . .
Wenn x` + y` + z` = 0 in rationalen Zahlen x, y, z und etwa x durch
` teilbar, yz prim zu ` ist, so muß der zweite Faktor der Klassenzahl
durch ` teilbar sein . . .

. . . in view of your comments I believe that I can derive the following
result towards Fermat’s Last Theorem which I would like to commu-
nicate to you . . . If x` + y` + z` = 0 is solvable in nonzero rational
integers x, y, z and x is divisible by ` while yz is not divisible by `
then the second factor of the class number is divisible by `.

5I am indebted to Franz Lemmermeyer for pointing out to me the paper [Van41] in which
Vandiver expresses his “hope” that h2 is always prime to ` . Ribenboim [Rib79] remarks that
Vandiver’s conjecture is already stated in a letter of Kummer to Kronecker, dated Decem-
ber 28, 1849.

6Quite generally, the letters from Grün to Hasse are preserved in the Hasse legacy, whereas
many of the letters from Hasse to Grün have to be considered as lost. Only in later years,
in case the letters were written by typewriter, Hasse used to make a carbon copy for himself
and so his letters are preserved too. But this was not the case for his early letters to Grün
which were handwritten. In most cases however, by interpolating from Grün’s replies we can
deduce approximately what Hasse had written.

7By now the conjecture has been verified for all odd primes ` < 12 · 106 (communication
by Franz Lemmermeyer).
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In dealing with the Fermat equation one usually distinguishes two cases: In the
“first case” one assumes that none of x, y, z is divisible by `. In the “second
case” one of them, say x, is divisible by ` whereas y, z are not. Thus Grün’s
claim says in effect:

If the second class number factor h2 is not divisible by ` then the
Fermat equation is not solvable in the so-called second case.

And he sketched a proof of this result. But again, there was an error which
Hasse pointed out to him in a letter two days later.

We should keep in mind that Grün had not received any formal mathematical
education; mathematically he was completely self educated and this was the first
occasion where he could discuss his ideas with a competent mathematician. The
subject required a high level of sophistication, and after all he had no training in
presenting mathematical ideas. Thus the failure of his first attempts to produce
a consistent proof is understandable. He was lucky to have found Hasse as
his correspondence partner who, it seems, had recognized the mathematical
capacity of the author of those letters.

After some more months, on September 28, 1932 Grün wrote again. He
said that he had indeed observed the difficulty which Hasse had pointed out to
him but had erroneously assumed that this could be handled by the methods of
Kummer. Nevertheless, he now presented a correction of his result, namely with
an additional hypothesis concerning certain divisibility properties of Bernoulli
numbers.

The sequence of Bernoulli numbers Bn can be defined as the coefficients
appearing in the power series expansion:

x

ex − 1
=

∑
n≥0

Bn
xn

n!
.

These Bn are certain rational numbers which are well known to be connected
with the structure of the cyclotomic field Q(ζ). Kummer had used the Bn

to formulate a necessary and sufficient criterion for ` to be regular. Namely,
the numbers B2, B4, . . . B`−3 should not be divisible by `. 8 Kummer had also
discussed the irregular case to some extent, and there too he had given sufficient
criteria for the validity of FLT.

Now Grün’s additional hypothesis reads as follows:

Es mögen zwar beliebig viele Bernoullische Zahlen Bi mit i < ` − 1
durch ` in erster Potenz teilbar sein, jedoch gelte für keine von ihnen
B`i ≡ 0 mod `3 bei geradem i.

Arbitrary many Bernoulli numbers Bi with i < `−1 may be divisible
by ` , but for none of them we have B`·i ≡ 0 mod `3 with i even.

8If the index n > 1 is odd then Bn = 0. Because of this, the enumeration of the Bernoulli
numbers is sometimes changed, i.e., writing Bn instead of B2n for n ≥ 1. But we will keep
the notation as given by the definition above.
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It was well known, already to Kummer, that this hypothesis implies certain
structural properties of the group of units of Q(ζ). Grün showed that it is
sufficient (in addition to the hypothesis that the second class number factor h2

is not divisible by `) to deduce that the Fermat equation for exponent ` has no
solution in the second case.9

This time Hasse did not find an error in Grün’s proof. But he wanted to
be sure that Grün’s result was new. Perhaps Hasse remembered a paper by
Vandiver [Van29] which in fact contained Grün’s above cited result. But Grün’s
computations yielded at the same time a somewhat more general result than we
have cited above, showing the impossibility not only for the Fermat equation
in the second case, but also for certain other diophantine equations within the
cyclotomic field Q(ζ), going beyond Vandiver’s results. Hence, even if Grün’s
result for the Fermat equation was known, perhaps his more general result was
new?

Thus Hasse proposed that Grün should write to Vandiver at the University
of Texas who was considered to be a specialist on those problems. Grün replied
that he is afraid not to know the proper mathematical terminology in English
language, and anyhow he does not know the address of Vandiver. Upon this
Hasse himself wrote to Vandiver on behalf of Grün. Since several years Hasse
had exchanged reprints with Vandiver and, as can be seen from the correspon-
dence between the two, the latter had visited Hasse at least twice, once in Halle
and another time in Marburg.10

Vandiver replied in a letter of November 14, 1932:

The two theorems you mention appear to be quite new. The first one
seems to be a modification and extension of the Theorem I of my
paper of the year 1929 in the Transactions A.M. S.

Here Vandiver cites his paper [Van29].

This must have been sufficient for Hasse. Perhaps he was aware of the fact
that one year earlier, in 1931, Vandiver had been awarded from the American
Mathematical Society the highly prestigious Cole Prize in number theory for his
work on FLT, in particular for his paper in the Transactions which Vandiver was
citing in his letter. If Grün’s result was an extension of Vandiver’s then certainly,
it should be published. Thus Hasse decided to accept Grün’s manuscript for
Crelle’s Journal.

However, in the form as presented so far Grün’s manuscript seemed not
publishable. Hence Hasse would first do what he always used to do as an editor
of Crelle’s Journal: He would study the paper carefully and on that basis give
advice to the author to produce a text which, in his opinion, meets the standards
of scientific publication.11 But he needed some time for this. Grün replied in a
letter of December 19, 1932:

9Ribenboim [Rib79] (p.188) says erroneously that Grün’s result refers to the first case.
10Vandiver too, like Grün, did not have a formal mathematics education. In the biography

of Vandiver (1882-1973) in [Leh74] we read: “This remarkable man . . . was self-taught in his
youth and must have had little patience with secondary education since he never graduated
from high school.” However, already with 22 years Vandiver wrote his first mathematical
paper whereas Grün was 47 when his first paper appeared.

11Rohrbach [Roh98] reports: “With his [Hasse’s] characteristic conscientiousness, he metic-
ulously read and checked the manuscripts . . . word by word and formula by formula. Thus
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Vielen Dank für Ihr freundliches Schreiben von 12. Ich bin Ihnen sehr
verpflichtet, wenn Sie sich dem Beweis zum Fermatproblem weiter wid-
men wollen und es ist selbstverständlich, daß Sie jede Frist dazu haben.

Thank you very much for your kind letter of 12. I would be very
obliged to you if you would continue to attend to my proof on Fer-
mat’s problem, and it is clear that there will be no time limit for
this.

We should note that just in this period, the last months 1932 and the first
months of 1933, Hasse was busy with his attempts to prove the Riemann hy-
pothesis for curves. We have reported in [Roq04] that in November 1932, when
Hasse gave a colloquium lecture in Hamburg, he had a conversation with Artin
who pointed out to him that his (Hasse’s) research project on diophantine con-
gruences was in fact equivalent to the proof of the Riemann hypothesis for the
curves in question. This comment by Artin had decidedly changed the viewpoint
of Hasse. He went to work intensively on this idea with the result that already
in March, 1933 he arrived at his first proof for elliptic curves. In view of this we
can understand that Hasse in this period tended to postpone, if possible at all,
other obligations including the reading and correcting of Grün’s manuscript. It
was May 1933 until he turned to Grün’s manuscript again.

Grün’s paper [Grü34b] appeared in 1934. The date of submission is recorded
as May 17, 1933. His result in the final form reads as follows. As above, `
denotes an irredular prime number and ζ a primitive `-th root of unity. Let
k0 = Q(ζ + ζ−1).

If the second class number factor h2 is prime to ` and if none of the
Bernoulli numbers B`n ≡ 0 mod ` 3 (for n = 2, 4, . . . , `− 3) then the
equation

ε(ζ − ζ−1)mα`
1 + α`

2 + α`
3 = 0

is not solvable in algebraic integers α1, α2, α3 ∈ k0 which are prime
to `, provided m ≥ 3`− 1 and ε is a unit in k0.

This was Grün’s first publication. Compared with the other existing lit-
erature on FLT it cannot be rated as exceptional. Grün followed the known
footsteps in the direction which had been pointed out by Kummer in the mid
19th century and his result was close to that of Vandiver [Van29]. But we should
keep in mind that FLT had not yet been proved generally at that time. Hence
any partial result which points towards the validity of FLT was welcomed, even
if the progress compared with former results seemed to be small.

However, if we consider that Grün had originally not been aware of Van-
diver’s paper and that his result contained Vandiver’s, then we have to rate
Grün’s achievement as extraordinary – in particular if we remember that he
had no formal mathematical training and had reached his high status of exper-
tise through self-education.

he very often was able to give all kinds of suggestions for improvements to the authors, con-
cerning contents as well as form.” The correspondence Hasse-Grün gives ample witness of
this.
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3 From FLT to finite groups (1933)

In a letter of December 6, 1932 Grün started to discuss other problems; these
belong to general class field theory and are only indirectly connected with FLT.
Here we will not go into all details but restrict our discussion to the following
two topics.

3.1 Divisibility of class numbers: Part 1

Grün wrote:

. . . Ich möchte noch einen Satz beweisen, der vielleicht gelegentlich ge-
braucht werden kann: Wenn K den Körper k enthält und kein Zwis-
chenkörper existiert, der über k Abelsch mit der Relativdiskriminante 1
ist, so ist die absolute Klassenzahl von K durch die absolute Klassenzahl
von k teilbar.

. . . I would like to prove yet another theorem which may be useful
occasionally: If K contains the field k and there is no proper inter-
mediate field which is abelian over k and of relative discriminant 1
then the class number of K is divisible by the class number of k.

This is quite interesting. We know that five years earlier Artin had observed
the same fact, and he had found it worthwhile to communicate it to Hasse. Let
us cite from Artin’s letter of July 26, 1927:

Nun etwas anderes, das mir grossen Spass bereitet hat und das ich
gestern im Heckeseminar erzählte. Das Resultat scheint, so trivial der
Beweis ist, neu zu sein. Eine ganz kindische Vermutung jedes Anfängers
ist doch diese: Ist k Unterkörper von K, so ist die Klassenzahl von k
ein Teiler der Klassenzahl von K. Ich möchte zeigen, dass dies “fast”
immer richtig ist, mehr noch:
Satz: Enthält K/k . . . keinen in bezug auf k Abelschen und gleichzeitig
unverzweigten Zwischenkörper, so besitzt die Gruppe der absoluten Ide-
alklassen von K eine Faktorgruppe isomorph mit der Gruppe der abso-
luten Idealklassen in k.

Now something else which I had talked about yesterday in Hecke’s
seminar with great fun. The result seems to be new in spite of the
simplicity of proof. A very childish expectation of every beginner is
the following: If k is a subfield of K then the class number of k
divides the class number of K. Now I show that this is true “almost
always”, and even more:
Theorem: If K|k . . . does not contain any intermediate field which
is abelian and at the same time unramified then the class group of
K admits a factor group isomorphic to the class group of k.

Artin proceeds in his letter to describe a proof which, as he had said, is quite
simple. After checking we found that Grün’s proof was the same as Artin’s.

10



The essential fact to be used in the proof is that, under the hypothesis of the
theorem, the absolute class field of k is linearly disjoint to K. It seems that
Hasse in his reply to Grün had mentioned Artin, for Grün wrote in his next
letter (December 19, 1932) that he did not wish to claim priority.12

Thus again, on his way teaching himself algebraic number theory, Grün had
found for himself a theorem which was familiar to the specialists, this time
Artin. Note that Artin had never published his proof.

But there had been a recent publication by Chevalley [Che31] containing
the same theorem. Certainly Hasse, who at that time was in close contact with
Chevalley, knew about Chevalley’s paper, and perhaps he had pointed out that
paper to Grün after receiving Grün’s letter. At first sight Chevalley’s proof
looks somewhat different than that of Artin-Grün but at closer inspection we
find that it is essentially the same13. Chevalley mentions that the same result
would be contained in a forthcoming paper by Herbrand which we have found
to be Théorème 2 in [Her32]; there Herbrand used it for a new foundation of
Kummer’s theory of ideal classes in cyclotomic fields. After checking we found
that again, Herbrand’s proof is the same as Artin’s and Grün’s.

From all we know about Grün we have no doubt that he had found his
proof independently, i.e., independent not only of Artin but also of Chevalley
and of Herbrand. Grün in his letter cites Hilbert who in his Zahlbericht [Hil97]
§ 117, page 378 14 mentions that Kummer had stated the above theorem for
the subfields K of Q(ζ) but that Kummer’s proof was incorrect.15 Of course,
Kummer’s theorem is an immediate consequence of the general theorem of Artin-
Grün since Q(ζ) is purely ramified.

But in Kummer’s case, i.e., for subfields of Q(ζ) where ζ is a prime power
root of unity, the theorem had been proved much earlier by Furtwängler [Fur08].
Although in 1908 class field theory was not yet completed by the theorems of
Takagi and Artin, enough was known to prove the divisibility of class numbers
which Kummer had conjectured. It seems that neither Artin nor Grün had been
aware of Furtwängler’s proof. But Hasse did know it, for in Hasse’s diary we have
found an entry dated October 10, 1925 with the title: The ideal class groups of
relatively abelian fields. (Generalization of a theorem of Furtwängler.)16 There,
Hasse proved the Artin-Grün theorem in the special case when K|k is abelian.
Thereby he regards K as class field over k, thus he used still more machinery
from class field theory. As it turned out in the proof of Artin-Grün, this is
not necessary. Here again, as it is the case so often in Mathematics, the gen-

12“Ich wollte den Satz nicht als mein geistiges Eigentum angesehen wissen.”
13The difference between Chevalley’s and Artin’s arguments can be described as follows: Let

k′ be the absolute class field of k. Artin uses only the fact that k′ is abelian and unramified
over k, and that these properties are preserved after extending the base field from k to K
– which directly implies the result. Chevalley uses the Verschiebungssatz (shift theorem) of
class field theory in order to describe Kk′ explicitly as class field over K. Thus he uses more
machinery from class field theory than Artin-Grün. However, if one comes to think of it, the
proof of the Verschiebungssatz in this special case reduces to the argument of Artin-Grün and
so, in this sense, we may regard both proofs as essentially the same.

14The page number refers to the original Zahlbericht whereas its copy in the “Collected
Papers” of Hilbert has different pagination.

15The same reference to Hilbert’s Zahlbericht we have found in Artin’s letter to Hasse, cited
above.

16At the end of this entry Hasse later had added a reference to Artin’s letter of July 26,
1927 which we have cited above.
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eralization (omitting the assumption that K|k is abelian) leads to a simplified
proof.17

3.2 Divisibility of class numbers: Part 2

In his next letter of December 19, 1932 Grün mentions another problem con-
cerning class numbers. While his above mentioned result yields a lower bound
of the class number h of K (it is divisible by the class number of a subfield
under certain conditions), he now claimed to have an upper bound for h (under
certain conditions it divides the class number of a subfield times a certain factor
dependent on the structure of the Galois group). This time, however, he is not
sure that his arguments are correct, and so he writes:

Aber ich gestehe Ihnen, verehrter Herr Professor: Ich traue meinen
eigenen Ergebnissen nicht; die Sätze sind mir zu überraschend. Ich
kann aber, soviel ich mich auch bemühe, den Fehler nicht finden. Und
deshalb bitte ich Sie, mir zu sagen, ob und wo in meiner Rechnung ein
Fehler steckt.

But I admit, dear Herr Professor, that I do not trust my own results:
the theorems are very surprising to me. However I cannot find the
error although I have tried to. Therefore I am asking you to tell me
whether and where there is an error in my computations.

The situation is the following: K|k is a Galois extension of number fields18.
Let K ′ be the maximal subextension which is abelian over k. Grün proved:

Suppose that the class group of K is cyclic. Then the class number
h of K divides the product of the class number h′ of K ′ with the
relative degree [K : K ′].

Actually Grün wrote that he assumed the cyclicity of the class group of K “for
simplicity only”, and claimed that his proof could be extended to cover the case
of an arbitrary class group. However that is not the case. Hasse pointed out this
fact to Grün, and we shall see below that this led to remarkable consequences.

In the case of a cyclic class group of K, Grün’s proof turned out to be correct.
But it seems that Hasse was not sure whether this result was known already,
since he proposed to put this theorem as a problem in the Jahresbericht of the
DMV. 19 At that time, the Jahresbericht provided a section where any member
could state a problem, and the incoming solutions were published in the next
issue. Quite often such problems were posed even if the author had already
obtained a solution, but he wished to find out whether a solution, possibly
simpler, was known already.

Grün consented and Hasse submitted the theorem (for cyclic class group
of K) under the name of Grün as a problem, which appeared as no. 153 in

17By the way, the Artin-Grün theorem with the same proof appears in [ACH65]. There,
Hasse cites the letter of Artin and also his own diary entry of October 10, 1925.

18Grün considered only the case k = Q.
19DMV = Deutsche Mathematiker Vereinigung = German Mathematical Society.
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vol. 43 (1934) of the Jahresbericht. Promptly there were two solutions received,
published in volume 44, one of L.Holzer and the other of A. Scholz, both being
renowned number theorists. It turned out that both solutions were essentially
the same as Grün’s original proof in the letter to Hasse, and were independent
of class field theory.

The proof is short and straightforward: One has to use the fact that the
automorphism group of a cyclic group is abelian and, hence, the commutator
group G′ of the Galois group G of K|k acts trivially on the ideal class group
of K. Consequently, if c is any divisor class of K then the norm NK|K′(c)
equals c[K:K′] and therefore, since NK|K′(c) is a divisor class of K ′, we have
that c[K:K′]h′

is the principal class. Hence the exponent of the class group of
K divides [K : K ′]h′. Since the class group of K is assumed to be cyclic the
contention follows.20

But the result seems to be quite special because of the assumption that the
class group of K is cyclic. Therefore Hasse proposed to Grün to investigate
the general case, with class group of arbitrary structure. Clearly, whenever a
subgroup G1 of G can be found which acts trivially on the class group of K then
a similar argument can be applied to obtain an upper bound for the exponent
of the class group of K (not necessarily for the class number h itself), with K ′

being replaced by the fixed field K1 of G1.

3.3 Representations over finite fields

On April 19, 1933 Grün answered that his attempts to deal with non-cyclic class
groups had not been successful. However after some time, on December 5, 1933
he wrote:

Nach langer Zeit kann ich Ihnen heute wieder etwas berichten. Ich
habe mich mit gruppentheoretischen Untersuchungen beschäftigt . . . Ich
knüpfe an an meine Aufgabe No.153 im Jahresbericht. Als ich Ihnen
damals das Resultat mitteilte, stellten Sie die Frage: “Wie lautet das
genaue Analogon für allgemeine Abelsche Klassengruppen? ” Um dieses
Problem handelt es sich hauptsächlich.

After a long time I am able again to report something to you. I have
been busy with group theoretical questions . . . I refer to my problem
no. 153 in the Jahresbericht. When I had reported to you on that
result, you asked: “What is the exact analogue for arbitrary abelian
class groups ? ” The following is mainly concerned with this question.

And Grün continues with a description of his results. Let G be a finite group
which acts on an abelian group A of exponent p , a prime number. (We observe
that Grün discussed, as a first step, not arbitrary abelian class groups but only
p-groups of exponent p , i.e., vector spaces over Fp.) Let m be the rank of A. For
any prime ` 6= p let m` denote the order of p mod ` . Grün wrote that indeed

20I am indebted to Franz Lemmermeyer for the information that Yamamura had rediscov-
ered and used this theorem of Grün. See [Yam97], p.421. Lemmermeyer himself has used
(and proved) this theorem in [Lem97], Prop. 6, citing Grün.
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he has found general statements about subgroups of G which act trivially on A.
He proved:

If ` > m
m`

then the commutator group of an `-Sylow group of G acts
trivially on A. In other words: If ` > m

m`
then the `-Sylow groups of

the automorphism group of A are abelian.

Hasse had Grün’s manuscript refereed by Magnus who at that time was
already considered to belong to the leading German mathematicians in the field
of group theory.21 Hasse asked him whether Grün’s result has appeared already
in the literature. Magnus replied that he knew only one source, an American
paper by Brahana [Bra34], which dealt with similar problems. Brahana’s result
appears as a special case of Grün’s. And he added (letter of December 16, 1933):

. . . Ich finde die Sache wirklich sehr hübsch, auch der von ihm angege-
bene Beweis des schon von Brahana gefundenen Spezialfalls . . . scheint
mir etwas durchsichtiger zu sein als bei B. , und wenn sich die Ergebnisse
auf Klassenkörperprobleme anwenden lassen, wäre das ja besonders er-
freulich.

. . . I regard the matter as quite nice. Also, Grün’s proof in the special
case which had already been found by Brahana . . . seems to me to be
somewhat more transparent than B.s proof. And if Grün’s results
can be used in class field theory then this would be particularly nice.

Obviously Hasse had written to him that he expects Grün’s results to be ap-
plicable in class field theory. In fact, as we have seen, Grün’s group theoretical
problem arose from a question about class numbers.

Grün in his letter also mentions that in addition to the above result, he
has determined the structure of all Sylow groups, not only those for large `, of
the automorphism group of an abelian p-group A of exponent p. Moreover, all
those results are valid for the automorphism group of any vector space of finite
dimension over an arbitrary finite field of characteristic p .

In fact, this is the content of the paper which Hasse finally accepted for
Crelle’s Journal, already in the same year [Grü34a].

We see that Grün’s main interest had by now shifted to group theory – in
consequence of Hasse’s question. The application to class field theory, he writes,
will be given later. But he never did so. It seems that from now on group theory
absorbed all his interest.

4 The two classic theorems of Grün (1935)

More than one year later, on March 30, 1935, Grün submitted to Crelle’s Journal
another manuscript on group theory. This has turned out to become a classic
and made his name widely known [Grü35].

21Wilhelm Magnus in Frankfurt had received his doctorate 1931 with Max Dehn as his
supervisor. The correspondence between Hasse and Magnus is preserved; it had started in
1930 when Magnus submitted his dissertation [Mag30] for publication to Hasse as an editor
of Crelle’s Journal.

14



There are two main parts of the paper. In the first part he gives a direct
generalization of what we have discussed in the foregoing section (and what had
already appeared in Crelle’s Journal). Namely, he dropped the condition on the
G-module A:

Let G be a finite group which acts on an abelian p-group A of arbitrary
structure, not necessarily of exponent p . Let m denote the rank of A. Let ` be
a prime 6= p. Then:

If k is the smallest exponent with `k > m
m`

then the k-th commutator
group of an `-Sylow group of G acts trivially on A.

The paper contains an even further generalization, namely for an arbitrary
p-group A, not necessarily abelian, on which G acts. Then one has to consider
the ascending central series of A, and in the condition for `k the number m has
to be defined as the maximal rank of the factor groups of that series.

4.1 The second theorem of Grün

But the main results of this paper are to be found in the second part where we
find the two famous “Theorems of Grün”.

Given a finite group G and a prime number p, the problem is to describe the
structure of its maximal abelian p-factor group G/G(p). Here, G(p) denotes the
p-commutator group of G. This description turns out to be particularly simple
for groups which have a property which is called “p-normal”.22 This property
is defined as follows: the center C of a p-Sylow group P of G coincides with the
center of any other p-Sylow group in which C is contained. Grün proves:

If G is p-normal then the maximal abelian p-factor group G/G(p) is
isomorphic to the maximal abelian p-factor group NC/N

(p)
C , where

NC denotes the normalizer of the center C of a p-Sylow group P
of G.

The idea behind this is that a p-Sylow group P , its center C and the normalizer
NC are in general much smaller and easier to handle than the whole group G.
Hence this theorem yields a criterion for a group G to have a non-trivial p-factor
group, namely: this is the case if and only if NC has this property. Note that
NC contains C as an abelian normal subgroup, thus we have the situation which
Grün considered in the first section of this paper, and that result is applicable
to NC acting on C .

If in particular the p-Sylow group P of G is abelian and is contained in
the center of its normalizer then G is p-normal and it follows the isomorphism
G/G(p) ≈ P which is a classical theorem of Burnside, and was well known also
to Grün. In this sense Grün’s theorem can be regarded as a generalization of
Burnside’s theorem – and a far reaching generalization at that.

The above theorem is usually called the “second theorem of Grün” although
in Grün’s paper it is proved first, whereas the “first theorem of Grün” is what

22This terminology had been proposed by Hasse (letter to Grün of May 28, 1935).
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Grün proves afterwards. The switch in the enumeration is probably due to
Zassenhaus23 who in his group theory text book [Zas37] included the two the-
orems of Grün and introduced the enumeration used today. This makes sense
since Grün’s second theorem (in Zassenhaus’ enumeration) can be regarded as
a corollary of his first theorem.

4.2 The first theorem of Grün

The “first theorem” of Grün gives a description of G/G(p) for an arbitrary finite
group G, not necessarily p-normal. This is somewhat more complicated than in
the case of a p-normal group. Namely:

For an arbitrary finite group G, its maximal abelian p-factor group
G/G(p) is isomorphic to the following abelian factor group of its p-
Sylow group P :

G/G(p) ≈ P/P ? ,

where the normal subgroup P ? ⊂ P can be described as

P ? = (P ∩N ′
P )

∏
σ∈G

(P ∩ σ−1P ′σ) .

Note that here appears the normalizer NP of the whole p-Sylow group P in G
(not only NC). As usual, P ′ denotes the commutator group of P , and similarly
N ′

P is the commutator group of NP .

Admittedly, this result looks somewhat complicated because of the definition
of P ?. Nonetheless it has turned out to be quite important in group theory, in
as much as it shows that the maximal abelian p-factor group of any group G
can be found as an explicitly given factor group of the (usually much smaller)
p-Sylow group P . Its kernel P ? depends very much on how the p-Sylow group
P is embedded into the group G.

We have already said that Zassenhaus, who at that time was writing a text-
book on group theory, immediately recognized the importance of Grün’s theo-
rems and decided to include them into his book [Zas37].24

While reading this paper of Grün one can observe that its style is quite
different from that of his other papers. The paper is well written, careful in the
use of notations, and it contains several diagrams which nowadays are known as
“Hasse diagrams”. The explanation of this is, that the manuscript, in the form
as published, had been entirely written by Hasse himself.

4.3 Hasse and the transfer

We have already said that Hasse, being an editor of Crelle’s Journal, used to
check every manuscript carefully before sending it to print. So he did also with

23Hans Zassenhaus got his doctorate 1934 under the supervision of Artin. From 1934 to
1936 he worked at the University of Rostock, and there he wrote his famous text book on
group theory.

24Zassenhaus, in his paper [Zas35b] on finite near-fields, had already discussed certain re-
sults centered around the classical Burnside theorem as mentioned above. This may explain
Zassenhaus’ great interest in results of the kind of Grün’s theorems.
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Grün’s manuscripts, and in particular with the manuscript under discussion.
After all, Grün as an amateur had no experience with writing a paper. The
letters of the Hasse-Grün correspondence show that Hasse worked quite hard
to put this paper into shape. After an extended exchange of letters there were
so many corrections, additions and deletions that the original manuscript was
hardly readable any more. Finally Hasse, seemingly somewhat exasperated,
proposed that he himself will now compose a new manuscript. To which Grün
replied (letter of May 18, 1935):

Ihre Mitteilung, daß Sie ein neues Ms. herstellen wollen, hat mich zwar
einerseits hoch erfreut, aber – darf ich denn das annehmen ? . . . Ich
weiß wirklich nicht, ob ich das zugeben darf. Wir müßten natürlich
auch Ihre tätige Mitarbeit ausdrücklich vermerken. In jedem Falle . . . :
Wenn Sie von Ihrer eigenen Zeit etwas opfern wollen, müssen Sie die
betr. Sache schon für sehr wichtig halten. Das ist das beste Lob, das
ich mir denken kann.

On the one hand, I am very glad about your proposition that you will
compose a new manuscript but – could I accept this ? . . . Really, I
do not know whether I am allowed to give my consent. Of course,
we would have to state explicitly your extensive cooperation. In any
case . . . : If you will spend your own time on this then you must
consider it very important. This is the best praise from you which I
can imagine.

Hasse replied on May 21, 1935:

Ich halte es wirklich für das Beste, wenn ich hier ein neues Manuskript
herstelle. Die Arbeit daran würde mir Freude machen und Sie brauchen
sich darüber keine Gedanken zu machen. Dies in der Arbeit selbst zu
erwähnen, würde mir nicht zusagen. Sie mögen das so auffassen, dass
es zu meinen Aufgaben als Herausgeber gehört, wenn man diese im
weiteren Sinne auslegt.

Indeed, I believe it is the best solution if I will write a new manuscript
here. It will be a pleasure to me and you do not have to worry about
it. But I would not like that this be mentioned in the paper. You
might regard it as belonging to my tasks as an editor, if one interprets
them in a wider sense.

Certainly, Hasse regarded Grün’s results as important and this was one of his
motivations to help Grün to put it into a form which would be appreciated by the
mathematical public. But another reason which required a complete rewriting
of the manuscript, was Hasse’s proposition that the transfer map (Verlagerung)
should be used as an adequate tool which provides the isomorphisms of Grün’s
theorems. For, in his original version Grün had not used the transfer and not
obtained those isomorphisms, but he was content with saying that if one of the
two factor groups (which we now know to be isomorphic) is non-trivial then the
other is non-trivial too.

The transfer VG→H from G to a subgroup H is a group homomorphism from
G into the factor commutator group H/H ′. It can be defined as the determinant
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of the canonical monomial representation of G modulo H with coefficients in
H/H ′. It had first been constructed and used by Schur in 1902, as a variant
of Burnside’s method who used the monomial representation with coefficients
being roots of unity (i.e., a one-dimensional representation of H). Later in 1927
the transfer was re-discovered by Artin and Schreier during their attempts to
prove the conjectured principal ideal theorem of class field theory. We know
this from Artin’s letter to Hasse of August 2, 1927. See also Artin’s paper
[Art29]. It seems that neither Artin nor Hasse were aware of the old paper by
Schur because they never mentioned it in their letters nor in their publications.
Artin was able, by means of his general reciprocity law, to reformulate the
principal ideal theorem as a purely group theoretical statement concerning the
transfer.25 Hasse in his class field report II [Has30a], p. 170 introduced the name
“Verlagerung” for this group theoretical map, which then was translated into
English as “transfer”.

By 1935 the transfer map was a well established tool but apparently it was
used mainly in number theory in connection with the principal ideal theorem
and related questions. It seems that in abstract group theory it had not yet
found many applications (except in Schur’s paper mentioned above). But this
changed after Grün’s paper.

In Grün’s letter of May 18, 1935 we read:

Haben Sie vielen Dank für Ihre Briefe und die darin enthaltenen wert-
vollen Anregungen. Der Gedanke, die Theorie der Verlagerung her-
anzuziehen, ist außerordentlich glücklich. Ich hatte ja auch bei meinem
Beweis von Satz 5 ähnliche Wege eingeschlagen, ohne aber diese Theo-
rie wirklich zu benutzen. Die Verlagerungstheorie gestattet, in einfacher
Weise die Sätze 4 und 5 voll zu beweisen. Für Satz 4 haben Sie dies ja
schon liebenswürdiger Weise so weit durchgeführt, . . .

Many thanks for your letters and the valuable suggestions therein.
The idea to use the transfer theory is extraordinarily fortunate. In
my proof of theorem 5 I had used similar methods but without really
using that theory. Transfer theory leads to simple complete proofs
of theorems 4 and 5. In case of theorem 4 you have already kindly
done it so far, . . .

Grün proceeds to expound in detail the proofs which Hasse had indicated using
transfer theory. And later in this letter he writes:

Natürlich muß aber [in der Arbeit] in jedem Falle darauf hingewie-
sen werden, daß die Anwendung der Theorie der Verlagerung auf Ihre
Anregung hin erfolgt ist und ich somit diese eleganten Beweise Ihnen
verdanke.

Of course, it should be mentioned [in the paper] that the application
of transfer theory is due to your suggestion and that, hence, I owe
these elegant proofs to you.

25One year later, in 1928, Furtwängler [Fur29] succeeded to prove this group theoreti-
cal statement. Later there were simplifications of Furtwängler’s proof, one also by Magnus
[Mag34], but the most significant one by Iyanaga [Iya34]. (By the way, Iyanaga says in the
introduction that the greater part of his paper is due to Artin.)
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But Hasse replied:

. . . scheint es mir aus sachlichen Gründen notwendig, in einer Fussnote
zu erwähnen, dass der Gedanke, die Verlagerung bei den Beweisen von
Sätzen Burnside’scher Art zu benutzen, von Herrn Ernst Witt, Göttin-
gen, stammt.

. . . I find it necessary to mention in a footnote that the idea to use the
transfer in the proofs of theorems like Burnside’s is due to Mr. Ernst
Witt, Göttingen.

Whereupon Grün, in a footnote to his paper [Grü35], inserted the following
text:

Den Gedanken, bei diesem Beweis die ursprünglich von mir verwendeten
monomialen Darstellungen durch die Verlagerung zu ersetzen, verdanke
ich einer Mitteilung von H.Hasse. Dieser wurde seinerseits geleitet
durch eine mündliche Mitteilung von E.Witt, wonach sich der klas-
sische Beweis des Burnsideschen Satzes in ganz entsprechender Weise
einfacher und durchsichtiger gestalten läßt.

The idea to replace the monomial representations (which I originally
used) by the transfer map, arose from a suggestion of H.Hasse. He
had been led by an oral communication of E.Witt who pointed out
that the classical proof of Burnside’s theorem can similarly be sim-
plified.26

There is another footnote, after the statement of the “first theorem of Grün”,
reading as follows:

Diesem Satz und seinem Beweis hat Herr Hasse die vorliegende Form
gegeben. Ich habe mich ursprünglich darauf beschränkt, bei den gemachten
Voraussetzungen eine zyklische p-Faktorgruppe nachzuweisen.

This theorem and its proof has been put into the present form by
Mr.Hasse. Originally I had been content with showing, under the
assumptions as stated, the existence of a cyclic p-factor group.

By this Grün means a non-trivial cyclic factor group of P/P ? as a necessary
and sufficient condition that G/G(p) is non-trivial. Certainly, the idea to estab-
lish group isomorphisms (when possible) instead of only considering the group
orders, is part of the ”Modern Algebra” which had been propagated by Emmy
Noether and had found its expression in van der Waerden’s text book [vdW31].
Hasse explained this to Grün in his letter May 28, 1935 as follows:

26Burnside’s theorem (as explained in section 4.1) can be found in his book [Bur11], §243.
The computations performed there are indeed the same as computing the kernel and the image
of the transfer map in the special situation at hand. However, Burnside does not mention (nor
does he care) that this is a general procedure, referring to a generally defined map. Therefore,
if it is said that the definition of the transfer map goes back to Burnside, such statement has
to be interpreted with appropriate caution. It takes some insight to realize that Burnside’s
arguments indeed can be looked at as evaluating a homomorphic map. We do not know
whether Witt had known Schur’s paper [Sch02] or whether he had observed this himself.

19



Entgegen Ihren brieflichen Andeutungen sehe ich allerdings doch das
Hauptgewicht Ihrer Sätze in der Herleitung von notwendigen und hin-
reichenden Bedingungen für die isomorphe Übertragung von Untergrup-
pen oder Faktorgruppen innerhalb P auf Faktorgruppen von G , und
nicht so sehr in der blossen Folgerung auf die Ordnungen dabei. Daher
habe ich in den Formulierungen immer nur die Isomorphiebehauptun-
gen angeführt und meine, man kann es ruhig dem Leser überlassen,
die daraus ohne weiteres ablesbaren Folgerungen für die Ordnungen zu
ziehen.

Contrary to your hints in your letters I regard the main point of
your theorems to be the isomorphic transport of subgroups and factor
groups within P to factor groups of G, and not so much in the mere
consequence for the group orders. Therefore, I have formulated all
the theorems as referring to isomorphisms. In my opinion it can be
left to the reader to draw from this the consequences concerning the
group orders. . .

Finally on June 7, 1935, when the manuscript seemed to have acquired a
form satisfactory to both, Grün wrote:

Lieber Herr Professor Hasse ! Vielen Dank für die Übersendung des
Manuskriptes und Durchschlages. Jetzt ist doch wirklich etwas aus
meiner ursprünglichen Arbeit geworden. Ich gestehe Ihnen, daß ich erst
nun wirkliche Freude an ‘meinem’ Manuskript habe.

Dear Professor Hasse ! Many thanks for the manuscript and carbon
copy. Really, now there has developed something out of my original
paper. I have to admit that only now I have real pleasure with ‘my’
manuscript . . .

But the correspondence about this continued and several points had still to be
cleared. It took until August 13, 1935, after more than 18 letters 27 had been
exchanged between Hasse and Grün concerning this manuscript, that finally
Grün could send the corrected proof sheets to Hasse. The paper appeared in
the same year 1935 in Crelles Journal [Grü35].

We have reported about this part of the Hasse-Grün correspondence in a
somewhat greater detail, since it does not seem to be widely known to what
extent Hasse had a share in Grün’s classic paper. The title of the paper is:

“Contributions to group theory I.” (Beiträge zur Gruppentheorie I.)

In one of his letters Grün had announced that there will be a second and perhaps
more parts of such “contributions”. But the next he submitted in 1943 only
(due to the problems in war time it appeared in 1945; see [Grü45]). Later in
the course of time Grün produced 10 such “contributions”, the last appearing
1964 again in Crelle’s Journal, when Grün was 74.28

27This means that 18 letters have been preserved, 6 of them by Hasse and 12 by Grün. Those
letters of Hasse which are preserved are written with typewriter, and Hasse had made carbon
copies. Probably another six letters by Hasse were handwritten and, hence, not preserved.

28In Grün’s enumeration there were “Contributions” no. I-IX and XI published, but not
no.X. We do not know his plans for no.X.
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4.4 Grün, Wielandt, Thompson

Let us jump 4 years ahead to the Göttingen group theory conference in 1939.29

There on June 27, 1939, Wielandt30 delivered a talk with the title: “p-Sylow
groups and p-factor groups”. This is precisely the topic of Grün’s classic paper
[Grü35] which we just have discussed. In fact, Wielandt presented (among
other results) a far reaching generalization of Grün’s result. The main theorem
of Wielandt ist somewhat involved and we do not reproduce it here. One of its
many consequences concerns the case when a p-Sylow group P of G is p-regular
in the sense of Ph. Hall. This means that

xpyp ≡ (xy)p mod 〈x, y〉′ p

holds for every x, y ∈ P . (In other words: The operation “p-th power” can be
performed termwise, modulo a product of p-th powers of commutators from the
group generated by x and y.) Under this assumption it follows from Wielandt’s
main results that the maximal p-factor group of G is isomorphic to the maximal
p-factor group of the normalizer NP . Note that here the p-factor groups in ques-
tion may be non-abelian whereas Grün’s results refer to abelian p-factor groups
only. Wielandt achieves this by manipulating the monomial representation di-
rectly in a suitable way, not only the transfer map which is the deterninant of
the monomial representation.

Wielandt’s talk was published 1940 in [Wie40] . It is evident that Wielandt’s
paper is directly influenced by Grün’s [Grü35].

The following text is contained in a letter of B. Huppert to the author:

Eines der Ziele von Wielandt wird in dieser Arbeit mit keinem Wort
erwähnt, nämlich die Nilpotenz des Frobenius-Kerns einer Frobenius-
Gruppe. Diese wurde zuerst von J. Thompson bewiesen. Im Sommer
1958 gab es in Tübingen eine lange Unterhaltung zwischen Wielandt
und Thompson. Unmittelbar danach sagte Wielandt zu mir: “Das
ist ein sehr scharfsinniger Bursche, von dem kann man etwas lernen.”
Einige Monate später reichte Thompson seine Arbeit bei der Mathe-
matischen Zeitschrift zur Publikation ein. Demnach gibt es eine ganz
deutliche mathematische Verbindungslinie von Grün über Wielandt bis
zu Thompson.

One of Wielandt’s motivations is not mentioned at all in this pa-
per [Wie40], namely to prove the nilpotency of the Frobenius kernel
of a Frobenius group. This was proved later only by J. Thompson
[Tho59]. In the summer of 1958 there was a long discussion in
Tübingen between Wielandt and Thompson. Immediately thereafter
Wielandt said to me: “This is a very sharp-witted guy, from him
one could learn a lot.” Several months later Thompson submitted
his paper [Tho59] to Wielandt for publication in the Mathematische
Zeitschrift. Thus we can observe very clearly a line of mathematical
influence from Grün over Wielandt to Thompson.

29For more on this conference see section 6.2.
30Helmut Wielandt had studied in Berlin with I. Schur and was awarded his doctorate in

1935. In 1939, the year of the Göttingen group conference, he held a position of assistant at
the University of Tübingen.
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Added in Proof: R. W. van der Waall has pointed out to me that the line
of mathematical development which started with Grün’s paper can be traced
much further. There are quite a number of subsequent papers continuing the
ideas of Grün and supplementing his results. Of particular interest is the follow-
ing result contained in a paper by T.Yoshida published in the Journal of Algebra
52 (1978), pp.1–38. It says that the transfer isomorphism G/G(p) ≈ NP /N

(p)
P

holds quite generally, with exceptions possible only if P admits a factor group
isomorphic to the wreath product of the cyclic group of order p with itself.
Indeed this is a very strong generalization of the first theorem of Grün. The
transfer map and its dual have become standard tools in the theory of finite
groups.

5 Grün meets Hasse (1935)

5.1 Hasse’s questions

Grün, in his first letter to Hasse, had introduced himself as an amateur mathe-
matician. But it seems that Hasse, impressed by Grün’s achievements, had some
doubts by now. Although there had been an exchange of letters since three years,
he did not know anything definite about Grün’s mathematical background. So
Hasse at last asked in his letter of May 8, 1935:

. . . Sind Sie eigentlich Mathematiker von Hauptberuf, oder treiben Sie
die Mathematik nur nebenbei als Liebhaberei ?

. . . By the way, are you a mathematician by profession, or are you
doing Mathematics as a hobby?

To which Grün replied (letter of May 9):

Ich wollte, verehrter Herr Professor, ich wäre Mathematiker von Haupt-
beruf. Leider ist das nicht der Fall, ich muß mich ohne besondere
Begeisterung kaufmännisch betätigen, um zu leben.

. . . I would wish, dear Herr Professor, that I could be a professional
mathematician. Unfortunately this is not the case; I have to work for
a living in a commercial job, though without particular enthusiasm.

But Hasse continued to inquire (letter of May 13):

Wo haben Sie sich denn Ihre mathematischen Kenntnisse erworben?
Haben Sie einen bestimmten Mathematiker zum “Lehrer” gehabt?

. . . But where did you pick up your mathematical knowledge? Have
you had a “teacher” who was a mathematician?

Grün’s reply (letter of May 15):
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Ob ich einen bestimmten “Lehrer” gehabt habe ? Ich habe meine Ken-
ntnisse nur aus Büchern geschöpft und da sind Sie selbst zu einem
großen Teil mein Lehrer gewesen. Ich bekam zufällig Ihre beiden Berichte
in die Hand und damit begann mein intensives Interesse für Klassenkör-
pertheorie. Natürlich war ich mathematisch so weit vorgebildet, daß ich
fähig war, die Berichte durchzuarbeiten. Die außerordentliche Klarheit
und Durchsichtigkeit Ihrer Darstellung nimmt ja dem Leser jede Ar-
beit ab. Bis dahin hatte ich mich eigentlich mehr für Funktionentheo-
rie interessiert, allerdings hatte ich wenigstens Hilberts “Zahlbericht”,
Dirichlet, Dedekind und die einzelnen Kummerschen Arbeiten gelesen.
Nun wurden Ihre Berichte für mich Veranlassung, mich intensiv mit
Gruppentheorie zu befassen.

. . .Whether I have been taught by a particular teacher? I have ac-
quired my knowledge from books only, and there to a large degree my
teacher has been you. Your two reports 31 came by chance into my
hands, and this started my intensive interest in class field theory. Of
course I had already acquired enough of the mathematical prerequi-
sites which enabled me to read your reports. After all, the wonderful
clarity and transparency of your presentation spares the reader much
of the work. Until then I tended to have more interest in the theory
of complex functions, but I had already read Hilbert’s “Zahlbericht”,
Dirichlet, Dedekind and various papers by Kummer.32 Now your
reports had induced me to look intensively into group theory.

When Grün states that his interest in group theory had been induced by
Hasse’s class field report, then we see that by now he had well grasped the main
trend in the then “modern” class field theory, as expressed in the foreword to
Part II of that report:33

Artin’s Reciprocity Law constitutes an advance of the utmost impor-
tance. Its importance lies not so much in the direction which might
be suggested by the name “reciprocity law” and its classical formula-
tion, but in the general class field theory. The ultimate aim of it is
the coding of all arithmetical properties of a relative abelian number
field in its Galois group, similarly as the aim of Galois theory is the
coding of field theoretic properties in the Galois group.

However, Grün’s mathematical interests had now shifted from FLT and class
field theory almost entirely to group theory. The application to class field theory
does not appear in his further publications. In group theory Grün had found
his main subject where he would be active in the future. A majority of 21 of
his total of 26 papers from 1934 to 1964 belong to group theory.

31Grün refers to Hasse’s class field reports, the first on Takagi’s class field theory [Has26a],
and the second on Artin’s reciprocity law [Has30a].

32At that time, the “Collected Papers” of Dirichlet and Dedekind were available, but not
yet Kummer’s. The latter would be published in 1975 only, edited by André Weil.

33The following is a free translation of essential features of Hasse’s foreword of [Has30a]. –
The reader may compare this with Hasse’s foreword in his book on abelian fields [Has52] .
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5.2 Grün’s visit

In view of this correspondence, Hasse now wished to meet Grün personally, in
particular since Grün had announced to have many more results in his files.
For, in his letter of May 9, 1935 Grün had written:

Nach der Veröffentlichung meiner beiden Noten über den Fermat und
Gruppen im Galoisfeld hat mir das Kultusministerium eine gewisse Un-
terstützung zuteil werden lassen, die mich in Stand setzte, mich einige
Zeit fast ausschließlich mathematischen Untersuchungen zu widmen.
Die Folge ist, daß ich geradezu eine Unmenge von Notizen habe, in de-
nen die wesentliche Vorarbeit für eine Veröffentlichung schon geleistet
ist; alle diese Arbeiten sind gruppentheoretischer Natur, natürlich mit
körpertheoretischen Anwendungen.

After publication of my two notes on Fermat and on groups in a Ga-
lois field the ministry of education had granted me a certain stipend
which enabled me to devote almost all my time to mathematical work.
As a consequence I have a huge pile of notes which already contain
the essential ingredients of future publications. All of this work is of
group theoretical nature, of course with applications to field theory.34

So Hasse wrote on May 13, 1935:

Wir haben hier in diesem Semester gerade eine kleine Arbeitsgemein-
schaft über Gruppentheorie, in der wir mit Ihren Untersuchungen sehr
verwandte Dinge betreiben, insbesondere die beiden neuen gruppen-
theoretischen Arbeiten von Zassenhaus studieren, die im letzten Heft
der Abhandlungen des Hamburger Mathematischen Seminars erschienen
sind.

In this semester we have here a small workshop on group theory, on
topics which are closely related to your investigations. In particular
we are studying the two new group theoretic papers of Zassenhaus
which have appeared in the last issue of the Hamburger Abhandlun-
gen 35. . .

And Hasse continued:

Sehr gerne würde ich Sie auffordern, doch im Monat Juni einmal hier-
her zu kommen und bei uns in der Arbeitsgemeinschaft über Ihre grup-
pentheoretischen Studien vorzutragen, ganz zwanglos, d. h. so dass man
dazwischenfragen darf, wenn man etwas nicht versteht, und das ganze
mehr den Charakter einer gemeinsamen Erarbeitung hat.

34To this Grün added: “I have to acknowledge with thanks the support which I have found
with the minister of education, for neither was I a member of the party nor have I become
such.” Of course, the “party” which he alludes to, was the NSDAP, the Nazi party which
had come to power in Germany in January 1933. Indeed it seems remarkable that Grün was
supported in his work by the government of that time although he did not conform to the
official party line. Later in 1946 he wrote that he had to suffer severe personal repression
because he repeatedly had been urged to join the party but always refused.

35These were the papers [Zas35a] and [Zas35b], the first one on the characterization of linear
groups as permutation groups, and the second on finite near-fields.
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I would like very much to invite you to visit us some time in June,
and to inform us about your group theoretic work. This should be
completely informal, so that it will be possible to put questions; the
whole thing should have the character of a common discussion.

On June 13, 1935 Grün arrived in Göttingen36; his talk in the workshop
was scheduled for the next day, a Friday. Hasse had offered him to lodge in
the Mathematical Institute where there was a visitor’s room available, and to
stay over the weekend in order to have opportunity for discussions with the
people of, in Hasse’s words, “the small but lively group of algebraists” in Göttin-
gen. We know from other sources the names of the members of that group,
the most outstanding members besides Hasse being Witt, Teichmüller and also
H. L. Schmid.37 The latter was to play, ten years later, an important role in
Grün’s life.

In a former letter Grün had asked whether his talk in the workshop could
be about p-groups, and Hasse had replied that the choice was entirely up to
the speaker. And, knowing from his correspondence that Grün may have some
problems to explain mathematical arguments in a correct form, Hasse had added
the advice that Grün in his talk should be very explicit in all details.

Perhaps it is not without interest to cite Hasse’s words where he tried to
inform Grün about what had been discussed in the workshop so far, i.e., what
he could assume to be known:

Über p–Gruppen haben wir auch schon gesprochen. Wir haben die
klassische Theorie (Speiser) durchgenommen, ferner noch einige weitere
Sätze über die Anzahlen der Untergruppen oder Normalteiler gegebener
Ordnung in einer p-Gruppe. Weiter die Theorie der Hamiltonschen
Gruppen (alle Untergruppen Normalteiler) und der p–Gruppen, in denen
es nur eine Untergruppe der Ordnung p gibt (nur für p = 2 gibt es nicht
zyklische solche Gruppen). Ich werde morgen über Satz 5 und Satz 9
Ihrer Arbeit vortragen.

We have already discussed p-groups. We worked through the classical
theory (Speiser)38 and in addition some theorems about the number
of subgroups and normal subgroups of given order in a p-group. Fur-
thermore the theory of Hamiltonian groups (all subgroups are nor-
mal), and the p-groups with only one subgroup of order p (only for
p=2 there are non-cyclic groups with this property). Tomorrow I
shall talk about theorems 5 and 9 of your paper.

Theorems 5 and 9 were the second and the first theorem of Grün as discussed
above.

36Note that in the summer of 1934 Hasse had left Marburg and accepted a position at
the University of Göttingen. Thus Hasse’s invitation to Grün was meant for Göttingen, not
Marburg. For details of Hasse’s change to Göttingen in the midst of the political upheavals
of the time, we refer to [Fre85] and [Sch87].

37This was the same Arbeitsgemeinschaft in which one year later the Witt vectors were
discovered, together with their application to cyclic extensions in characterististic p and class
field theory , as well as to the structure theory of p-adic fields. Those results are all published
in one volume of Crelle’s Journal (vol. 176), together with the seminal paper of Hasse who
used Witt vectors for the explicit p-power reciprocity law of class field theory.

38Hasse means Speiser’s monograph on group theory [Spe27].
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The above lines show that in the circle around Hasse there was lively interest
to learn more about the newest results of finite groups, in particular p-groups.
This may have its explanation by the fact that during those years the theory of
p-groups had been used heavily in algebraic number theory. We only mention
the work of Arnold Scholz (who has had an extensive exchange of letters with
Hasse) and who just recently had proved the existence of number fields with a
given p-group of class two as Galois group [Sch35]. (And one year later Scholz
would prove the same for an arbitrary finite p-group [Sch37].) This gives us
perhaps another clue why Hasse was so much interested in Grün’s results on
p-groups.

Unfortunately we have not found any record about what Grün had actually
talked about, nor how his talk was received by his young audience. Did Grün
indeed talk about p-groups and what were his results which he presented? We
can imagine that Grün, not being used to lectures and colloquium talks, had
some difficulties to address such a group of brilliant young mathematicians who
were used to high standards not only with respect to the mathematical topics
under discussion but also as to the way of presenting new material. Doubtless
Grün met high respect among these people, in view of his outstanding results
so far. But did they appreciate his talk? From other sources (in later years) we
infer that Grün’s talks used to be somewhat clumsy and difficult to follow.

One week after Grün’s talk, Zassenhaus visited the workshop in Göttingen,
on June 21, 1935. Hasse had offered Grün to stay longer in order to meet Zassen-
haus, and Grün did so. Note that Grün’s paper [Grü35] had not yet appeared,
and that Zassenhaus was just working on the text of his group theory book
[Zas37]. It seems probable that Zassenhaus, when he met Grün in Göttingen,
learned about Grün’s theorems and realized their importance. In the foreword
to his book (which appeared in 1937) Zassenhaus says that he wished to include
the new and far-reaching results in group theory of the last 15 years; certainly
Grün’s theorems were among those and thus found their way into Zassenhaus’
book.39

Two months after Grün’s visit to Göttingen he wrote to Hasse (letter of
August 13, 1935):

Lassen Sie mich Ihnen nochmals danken für die Gastfreundschaft, die
ich in Göttingen gefunden habe. Es war geradezu eine Wohltat für
mich, einmal nur mit wissenschaftlichen Problemen beschäftigt zu sein.
Wenn nicht meine wirtschaftliche Lage etwas anderes forderte, würde
ich mich in Göttingen niederlassen und mich völlig meinen mathemati-
schen Untersuchungen widmen.

Thank you again for the hospitality which I have found in Göttingen.
It was really a great pleasure to me to be occupied exclusively by sci-
entific problems. If my economic situation would have been different
then I would settle in Göttingen and would occupy myself completely
with mathematical research.

39Zassenhaus book on group theory has been said to have been “for decades the bible of
the group theorists” (Reinhold Baer). – Nowadays both Grün’s theorems do appear in many
textbooks on group theory, for instance in Huppert [Hup67]. Perhaps it is not without interest
to note that Grün’s theorems have been included and generalized in the setting of homological
algebra. See, e.g., the book of Cartan-Eilenberg [CE56] chap. XII theorem 10.1.
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This sounds as if Grün had hoped to be offered a position at the University of
Göttingen which would enable him to exclusively follow his research work. But
this was not the case.

With the same letter Grün returned the proof sheets of his paper [Grü35].
Recall that the title of that paper carried the label “Part I” which implied that
there would be more parts, at least a second part. Accordingly, Grün mentioned
in his letter his plans for “Part II”, and that this would include investigations on
p-groups. From this we may perhaps conclude that indeed, his talk in Göttingen
was about p-groups, and that he had been asked to send a manuscript about
his talk to Crelle’s Journal, to be published as Part II of his “investigations”.

But this Part II did not materialize in the form as planned. Several months
later, in a letter of February 7, 1936, Grün apologized to Hasse that the envis-
aged paper on p-groups is not yet finished. He announced the manuscript to be
finished in about two weeks, but finally it took several years for this. And the
real Part II, which we have said appeared in 1945 only, did not deal particularly
with p-groups [Grü45].

6 The Burnside problem (1939)

6.1 Dimension groups

After the appearance of Grün’s paper [Grü35], his exchange of letters with Hasse
slowed down in frequency and intensity. Grün had found his main interest to
be group theory. He knew that Hasse’s main interest was number theory, and
so he may have felt that now he could pursue his work without having to rely
every time on Hasse’s advice.40

In the year 1936 there appeared the paper [Grü36] on the descending central
series of free groups. This paper is never mentioned in the Hasse-Grün cor-
respondence. Grün proves, with an unusual and somewhat peculiar argument
using group representations, that the “dimension groups” as defined by Magnus
[Mag35] do coincide with the members of the descending central series of the
given free group. This was considered an important result.

Since Grün’s paper directly refers to a paper by Magnus it is not unrea-
sonable to assume that Grün had discussed it with Magnus before publication.
Maybe it was Magnus himself who had posed the problem to Grün. We know
from several sources that there was mathematical contact between Grün and
Magnus in those years since 1935. But the correspondence Grün-Magnus seems
to be lost and so we do not know the details of how strong Magnus’ influence
had been for this paper.

In any case, one year later Magnus himself provided a simplified proof, pub-
lished in Crelle’s Journal [Mag37]. But Grün’s proof was duly registered as the
first, and was appreciated by the specialists.

40In [JL98] it is said that, according to Grün himself, it was Hasse who had advised him to
switch from number theory to group theory.
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6.2 The group theory conference in Göttingen

In June 1939 Hasse had organized a 5-day group theory conference in Göttingen.

About the preparations for this conference we read in a letter which Hasse
had sent jointly to Magnus and Zassenhaus, dated February 18, 1939:

Die Göttinger Mathematische Gesellschaft plant in der letzten Woche
des Sommersemesters 1939 eine grössere Vortragsveranstaltung über
das Thema Gruppentheorie. Wir haben dazu Herrn P.Hall von King’s
College, Cambridge eingeladen, uns drei grössere Vorträge aus seinem
Arbeitsgebiet zu halten. Zu meiner grossen Freude hat Herr Hall sich
dazu bereit erklärt . . .

The Mathematical Society of Göttingen is planning a conference on
“Group Theory”. We have invited Mr. Ph.Hall from King’s college,
Cambridge, for three lectures from his field of research. I am very
glad that he has consented . . . 41

Hasse then explained that the lectures of Philip Hall should form the core of the
conference, but in addition he wished that a number of German mathematicians
who were working in group theory, should be given the opportunity to partici-
pate as invited speakers. And Hasse asked Magnus and Zassenhaus to help him
with their expertise and advice to prepare this conference.

In the ensuing correspondence between Hasse, Magnus and Zassenhaus it
was decided that not too many talks should be scheduled, which meant that
only those German mathematicians should be invited as speakers whose field
of research had some connection to Hall’s, which is to say mainly p-groups and
solvable groups and related topics. This then would include Grün, as Hasse
observed:

Wenn Grün gewonnen werden könnte, so wäre das natürlich sehr schön.
Er hat doch bei allem Ungeschick seiner Darstellung die Gruppentheorie
um einige wichtige Erkenntnisse bereichert, die in engstem Zusammen-
hang mit den Hallschen Arbeiten stehen. Ich bitte Herrn Magnus, sich
mit ihm in Verbindung zu setzen.

If Grün could be won over then this would be very nice indeed.
Notwithstanding his awkwardness in the presentation of material, he
has enriched group theory with some important discoveries which are
very closely connected with Hall’s papers. I am asking Mr.Magnus
to get in touch with him.

When Hasse mentioned the “awkwardness in the presentation” then he may have
recalled his experiences four years ago with Grün’s paper which he (Hasse) had
to rewrite completely. Maybe Grün’s talk in the Göttingen Arbeitsgemeinschaft
had also added to this impression. Nevertheless, in view of Grün’s achievements
Hasse did not hesitate to name him as invited speaker of the conference.

41In the end, Hall delivered four lectures. – Hall was criticised for going to Germany at this
difficult time but he defended his actions saying: “... the German mathematicians ... [are]
as little responsible for the present situation (and probably enjoy it as little) as you or I do.”
(Cited from “The MacTutor History of Mathematics archive”.)
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And when Hasse asked Magnus to get in touch with Grün, then this reflects
the fact that, as said above, by now the mathematical contact of Grün with
Magnus had become closer than his contact with Hasse.

The Göttingen group theory conference took place from June 26 to June 30,
1939. The program is published in 1940 in volume 182 of Crelle’s Journal,
together with the papers presented at the conference.42 Hence it will not be
necessary to go into all details here. The paper of Grün [Grü40] has the title:

Zusammenhang zwischen Potenzbildung und Kommutatorbildung.

The connection between forming powers and commutators.

The paper is motivated by and closely connected to the old

Burnside problem: Is every finitely generated group of finite ex-
ponent necessarily finite ?

See [Bur02]. For m = 2 the problem has a positive answer, already given by
Burnside. This is so because every group of exponent 2 is commutative, as a
consequence of the formula

t−1s−1ts = t−2(ts−1t−1)2(ts)2

which expresses commutators as products of squares. This led Grün in his paper
to study similar formulas connecting commutators and powers.

Burnside’s problem has also a

Restricted version: Are there only finitely many finite groups
with a given number r of generators and a given exponent m ?

Grün’s paper [Grü40] was the first in which this “restricted” Burnside problem
was specifically addressed, but not under that name. The term “restricted
Burnside problem” was coined later by Magnus [Mag50].

Let Fr denote the free group with r generators, and Fm
r the subgroup gen-

erated by the m-th powers. The Burnside problem asks whether the factor
group Fr/Fm

r is finite. In his paper Grün considers the case when m is a
prime power pk; this implies that the group of Fr/Fm

r and its factor groups are
p-groups.

Grün observes that the restricted Burnside problem has an affirmative an-
swer for the pair r, m if and only if the descending central series of Fr/Fm

r

terminates after finitely many steps. Note that the descending central series is
defined by commutators, and so the above condition requires certain relations
between powers and commutators. In his proof Grün used his results of his
former paper [Grü36], as well as results of Magnus [Mag35], of Witt [Wit37]
and Zassenhaus [Zas39] .

Grün’s paper was refereed in Zentralblatt by Zassenhaus, in Fortschritte der
Mathematik by Speiser, and in the newly founded Mathematical Reviews by

42Among them the paper by Wielandt which we have mentioned in section 4.4.
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Baer. In the review by Zassenhaus we find the statement that Grün solved the
restricted Burnside problem in the positive sense for r = 2, m = 5 . Baer in his
review says “the author may prove that . . . ” without saying that he really had
proved it. The computations are quite involved and it seems that nobody had
checked it. Later Kostrikin [Kos55] claimed that he had proved the restricted
Burnside problem for r = 2,m = 5 but again, this seemed to be doubtful until
Higman [Hig56] independently had settled the question positively, for aritrary
r and m = 5.43

Although Grün’s paper carries the date of receipt as of August 21, 1939,
Hasse would accept it only after it had been checked carefully by Magnus. With
Magnus’ help the paper underwent a thorough clean up. On January 21, 1940
Magnus wrote from Berlin44 that he had worked the last two weekends with
Grün, and that the latter had promised to complete his manuscript until the
next weekend. The final version ready for printing arrived at Hasse’s office on
January 31, 1940.

The attentive reader will have observed that between the dates involved,
June 1939 (date of the Göttingen conference) and January 1940 (receipt of
Grün’s paper in final version) there was September 1, 1939, the outbreak of
world war II. The publication of the conference papers in Crelle’s Journal was
somewhat delayed because one of the authors, Philip Hall, was a citizen of a
country which now was in state of war with Germany. Hence it was necessary
for Hasse to obtain the permission of the proper German governmental offices
to publish Hall’s papers in Crelle’s Journal. When that permission was finally
granted it turned out that only two of the four anticipated papers by Philip
Hall had arrived. Since postal service between Germany and Great Britain had
ceased there was no hope that the two missing articles would arrive by ordinary
mail, and Hasse had to find other ways to obtain those articles. This was
finally possible with the good services of Carleman at Djursholm who resided
in Sweden, a neutral country.

6.3 A letter of 1952

Although Grün’s power-commutator formulae in [Grü40] turned out to be useful
in several respects, they did not lead Grün to the general solution of Burnside’s
problem, restricted or not, as he had hoped.

But Grün did not give up. Twelve years later, on June 30, 1952, after Hasse
had sent him gratulations for his 64-th birthday he thanked Hasse for it and
then wrote:

. . . ich habe ein Ergebnis erhalten, das ich sehr hoch einschätze: Die ab-

43For arbitrary parameters r, m the restricted Burnside problem has been finally solved in
the positive sense by E. Zelmanov who had been awarded the Fields Medal in 1998.

44Magnus had accepted a job in industry in Berlin in August 1939. From the correspondence
Hasse-Magnus we know that one year earlier, at the annual DMV-meeting in Baden-Baden,
he had approached Hasse and asked whether Hasse could help him to find a new job since his
position of Privatdozent at the University of Frankfurt had become unsustainable for political
reasons. Hasse was able, with the help of Wilhelm Süss who had acquired some influence in
the ministry of education, to find for Magnus a position of Privatdozent at the University of
Königsberg. Magnus went there for the summer semester 1939 but then decided to accept a
job in industry with the electronic company Telefunken in Berlin.
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steigende Zentralreihe hat gesiegt ! Die Vermutung von Burnside “Setzt
man in einer aus endlich vielen Elementen erzeugten freien Gruppe F alle
m–ten Potenzen gleich 1, m eine beliebige natürliche Zahl, so entsteht
eine endliche Gruppe” ist irrig. Es gilt im Gegenteil: . . . Fr/Fm

r , kann
nur dann endlich sein, wenn entweder Fr zyklisch (r = 1) oder m =
2i3k ist. In allen anderen Fällen ist Fr/Fm

r gewiß unendlich.

I have obtained a result which I estimate quite highly: The descend-
ing central series has won! The conjecture of Burnside, “If in a
finitely generated free group F all m-th powers are put to 1 then there
appears a finite group”, is not true. On the contrary: . . .Fr/Fm

r can
be finite only if either Fr is cyclic (r = 1) or m = 2i3k. In all other
cases Fr/Fm

r is infinite.

Hasse replied on July 15, 1952:

Was Ihr neues Resultat betrifft, so ist das ja in der Tat ganz aufregend.
Herr Witt, dem ich sofort davon Mitteilung machte, meinte, Sie hätten
wohl das Resultat nicht ganz präzis mitgeteilt, denn bei zwei Erzeugen-
den sei doch im Falle m = 5 bekannt, dass die Gruppe endlich sei . . .

Concerning your new result, this is indeed very exciting. I have
immediately informed Mr.Witt 45, and he thinks that you had not
stated the result in sufficiently precise form, for with two generators
and m = 5 it is known that the group is finite.46

And Hasse asked Grün to send him the precise formulation of the result.

We do not know Grün’s proof but since he did not reply to Hasse and did
not publish this result there was probably an error in it. Maybe Grün had
shown his proof to Magnus who pointed out the error. Note that Magnus had
published two years earlier another paper connected with Burnside’s problem
[Mag50], hence he was still interested and informed about the problem.

At the DMV-meeting 1953 in Mainz Grün had announced a talk mentioning
the Burnside problem and the Baker-Hausdorff formula in the title. In the same
year Grün published a paper [Grü53] on p-groups in the Osaka Mathematical
Journal in which some connections to the Burnside problem were given. The
paper was rated as an “interesting paper” by Suzuki in his Zentralblatt review.
But apparently nothing decisive concerning the Burnside problem came out of
these activities.

So this is another case where Grün had attempted to solve a famous great
problem but failed in the end, although he was able to contribute interesting
methods, formulas and lemmas.

45In 1952 Hasse and Witt were colleagues at the university of Hamburg.
46I am somewhat puzzled by Witt’s statement. As far as I know the Burnside problem in

the unrestricted sense is still open in the case r = 2 and m = 5. Did Witt have a proof which
he never published? Or did Witt refer to the restricted Burnside problem? But the text of
Grün’s letter indicates that he is concerned with the unrestricted problem.
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7 Later years (after 1945)

Grün had expressed in one of his first letters to Hasse that he did not particularly
like his commercial job, and that he wished to be free to do mathematical
research exclusively. In the year 1938 he finally had the opportunity to leave
his unbeloved commercial job (whatever it was). As he reports in his vita47:

Auf Bemühungen einflussreicher Mathematiker wurde ich 1938 Chef-
mathematiker am Geophysikalischen Institut in Potsdam.

Due to the help of influential mathematicians I was appointed chief
mathematician at the Geophysics Institute in Potsdam.48

But we are somewhat doubtful whether this new job did leave him much more
time for group theory research as did his former job. (Although, as we have seen
in section 5.2, he could participate in the Göttingen group theory conference
in 1939 .) In any case, during the war years until 1945, Grün was drafted to
work as an “expert” at the Navy Headquarters in Berlin49; from this work
there resulted a paper on theoretical physics (which was published later in 1948
[Grü48b]). Again it does not seem likely that in this period Grün had much
time to spare for group theory.

After the war Grün found himself in the devastated city of Berlin without a
job, hence free to tend exclusively to his mathematical research, but also without
any income. In this situation he was picked up by Hermann Ludwig Schmid.

7.1 H. L. Schmid and Grün

The mathematical scene in Berlin of the immediate post-war years has been
vividly pictured by Jehne and Lamprecht [JL98].50 H.L. Schmid was the main
figure who took the necessary initiative and started to rebuild Mathematics at
Berlin University and at the Berlin Academy from level zero. He was successful
to attract mathematicians of high standing to Berlin, like Hasse and Erhard
Schmidt (and others). He built and managed the new editorial office of the
Zentralblatt der Mathematik in Berlin. Against many obstacles he founded a
new mathematical journal, the Mathematische Nachrichten, and served as its
managing editor. Using his diplomatic skills he succeeded to create a quiet at-
mosphere where mathematical life could prosper, protected from an evironment
full of all kinds of basic day-to-day problems. He “led mathematics in Berlin to
a first revival”.51 For a time it looked like Berlin could become a leading center
in Germany for Mathematical Sciences.

47We are referring to the same vita from which we have cited in section 2.1.
48I do not know the identity of the “influential mathematicians” mentioned by Grün. It

seems unlikely that it was Hasse; the topic of Grün’s job in Potsdam was never mentioned in
their correspondence.

49“Sachverständiger beim Oberkommando der Marine”, according to his own words in his
vita. – We do not know whether it was the same military department where Hasse and a
group of other mathematicians (including Magnus) were working during the war years.

50Klaus Krickeberg has pointed out to me that the article [JL98] describes only part of
the “mathematical scene” in Berlin of those years. Another part was dominated by Erhard
Schmidt in the direction of analysis.

51Cited from [JL98].

32



H.L. Schmid took Grün under his wing and was able to get him some fi-
nancial support, first in the University of Berlin52 and since 1947 in the newly
founded Mathematics Research Institute of the Berlin Academy of Science.53

H.L. Schmid had been assistant to Hasse in 1935, and he had met Grün when
the latter visited Göttingen (see section 5.2). Since 1940 H. L. Schmid worked in
Berlin as an assistant to Geppert in the editorial office of the refereeing journals
Zentralblatt für Mathematik and Fortschritte der Mathematik. At the same time
he was Privatdozent at Berlin University. From then on H. L. Schmid lived in the
same city as Grün and it is quite probable that they had met there occasionally.
In any case, H. L. Schmid knew about the mathematical background and the
achievements of Grün, and he knew what Grün needed: namely a quiet place
to pursue his research on group theory. This was what he could offer now, with
remarkable consequences for Grün’s output of mathematical papers in the years
to follow (see section 7.2).

Grün’s salary at the Berlin Academy was not high, in fact it was quite small
and just enough to live on. But since Grün was single, this was acceptable to
him.54

In October 1946 Grün had received an offer for a teaching position from
the University of Greifswald, as he narrates in his vita written August 2, 1955.
However, they required there that he publicly committed himself to a political
party in the Sowjet occupation zone, and this he refused. Grün was a non-
conformist: in the 1930s he had refused to join the Nazi party, and now he did
the same thing with the communist dominated parties.55

Perhaps we are not wrong to assume that there was another reason for Grün,
conscious or unconscious, to reject this offer to Greifswald. For, he did not like
to teach. In fact, by all indications we know he was not a good lecturer. And
so he preferred to live on the small but sufficient income he got from the Berlin
Academy, free to pursue his studies on group theory without worrying about
teaching and administrative or political problems.

Already in 1942 Hasse had written to Grün explaining what possibilities
there were for him to obtain his doctorate. But at that time nothing came out
of this. Now in 1946 H. L. Schmid proposed to Grün to apply to the university
for admission to promotion for doctorate . It is reported (by hearsay) that Grün
was quite hesitating because he did not like formalities of any kind. For, there
had to be an extra permission because Grün had not been a student of Berlin

52In a letter to Hasse dated July 1, 1946 Grün wrote: “I am relatively well off considering
the circumstances. I am working at the university but as a researcher only, which after all
is what I wish to do.”. – After the war in 1945, the “Friedrichs-Wilhelm Universität” of
Berlin was short named “Universität Berlin”, and later in 1949 it was renamed “Humboldt
Universität zu Berlin”. It was situated in the Eastern (Soviet) sector of Berlin and is to be
distinguished from the “Free University” which had been founded in the Western sector.

53The documents of Grün’s employment at the Berlin Academy are preserved and available
in the Academy’s archive.

54H. L. Schmid was able to support also a number of other young (and not so young) math-
ematicians who needed help. One of them was Kurt Heegner, the man who later would be the
first to solve the class number 1 problem for imaginary quadratic fields [Hee52]. (Heegner’s
paper was formulated in too fragmentary style and hence it was not understood properly until
Deuring [Deu68] cleared up the situation.)

55Quite generally, people who knew him tell me that Grün’s opinions and beliefs were
remarkably independent of the Zeitgeist.
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University, in fact he had never attended any university. But H. L. Schmid finally
succeeded to persuade Grün.56

Thus on April 2, 1946 Grün submitted the necessary application form to the
dean of the science faculty of Berlin University. The fields in which he asked to
be examined were “Pure Mathematics, Applied Mathematics and Theoretical
Physics”. He submitted the thesis Contributions to group theory III which two
years later was published in the first volume of the new journal Mathematische
Nachrichten (See [Grü48a]). Officially H. L. Schmid signed as the first referee
for the thesis but he mentioned in his report that Magnus, as an expert in this
field, had checked it thoroughly.

The promotion documents for Otto Grün are preserved at the archives of
the Humboldt University. The examination took place on June 20, 1947 and
the final doctor’s diploma is signed on September 20, 1948. At this date Grün
was 60 years.

7.2 16 more papers

In section 5.2 we have cited a letter of Grün (dated May 9, 1935) in which
he claimed to have “a huge pile of notes which already contain the essential
ingredients of future publications.” Some of those publications, until 1945, we
have already mentioned. But it seems there was more in Grün’s pile of notes.
For, from 1948 to 1964 Grün published 16 more papers, 13 of them on p-groups
and related topics. (The first of those papers he used as his doctoral thesis as
mentioned above already.) About every year he completed a new paper. This
activity seems quite remarkable, considering that Grün in 1948 was of age 60,
and he was 76 at the time when his last paper appeared.

The first few of these papers were still checked by Magnus before publication,
but later, Magnus had emigrated to USA, Grün was at last able to work on his
own. He had learned to avoid erroneous conclusions in his publications and
had become a respected colleague among group theorists. He wisely stayed
away from great and famous problems, in view of his experiences he had gone
through in earlier years with Vandiver’s conjecture, Burnside’s problem and the
conjecture of Schur.57 His papers constituted valuable and useful contributions
for the specialists; they appeared in good journals in Germany and elsewhere.
Grün became a known expert in p-groups and related structures, and he was
consulted as a referee for doctorate theses etc.

Two of Grün’s papers from this time were on number theory: perfect num-
bers, and Bernoulli numbers. But these were only small notes.

In 1958 there was an increase in exchange of letters between Hasse and Grün,
and this concerned class groups of cyclotomic fields. Thus Grün had not com-
pletely forgotten this topic with which he had started in the 1930s. As a result
of this correspondence Grün obtained a theorem which, however, turned out to

56It is not unlikely that H. L. Schmid used the argument that if Grün had the title of “doctor”
then this would imply some increase of his (small) salary.

57In 1938 Grün had published a paper [Grü38] in which he claimed (among other results)
that every representation of a finite group of exponent m can be realized in the field of m-th
roots of unity. Schur had conjectured this in 1912 with the group order instead of exponent.
However, Grün’s proof turned out to be erroneous.
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be a special case of Leopoldt’s Spiegelungssatz [Leo58]. Leopoldt’s paper was in
press but not yet published. Hasse offered to publish Grün’s manuscript since,
after all, it had been obtained independently, but Grün withdrew his manuscript.
Nonetheless his letters show that Grün’s number theoretical interest was still
alive, and his standard was high.

7.3 Würzburg (1954-63)

The hope that Berlin would be able to establish itself as a center of Mathe-
matics in Germany dwindled soon. Around 1950 the “Gleichschaltung”, in the
communist sense, of academic (and other) institutions in the Soviet occupied
part of Germany was intensified. As a consequence many people tried to go to
West Germany. Hasse accepted a position in Hamburg in 1950, and a number
of younger people of his circle went with him. In 1953 H. L. Schmid changed
from Berlin to the University of Würzburg and again, a number of people went
with him there.

Otto Grün too was among those who followed H. L. Schmid to Würzburg.
The latter had been able to find means there for the financial support of Grün.
At first Grün became a member of the research center for applied mathematics
in Würzburg which H. L. Schmid had newly founded together with Bilharz.58

Later, after the early death of H. L. Schmid in 1956, Grün could be sup-
ported through a teaching job (Lehrauftrag) for group theory at the University
of Würzburg, which he received almost regularly for several years. There are still
people living who have attended Grün’s lecture courses, or at least have tried
to do so. The story is that each semester Grün announced a lecture on group
theory, and after 2-3 hours every student had dropped out because of Grün’s
“awkwardness in the presentation of material” (which Hasse had already ob-
served in 1939). After that, Grün was happy to be able to turn to his research
without having to worry about lectures.

Between 1954 and 1961 Grün attended every group theory meeting in Ober-
wolfach; these meetings were directed by Reinhold Baer, one of them by Jean
Dieudonné. Since participation in Oberwolfach meetings is possible by personal
invitation only, this shows that his results were appreciated by the international
group theory community. Four times Grün presented talks at those meetings
(1955, 59, 60, 61). The abstracts of those talks are still available in the Ober-
wolfach abstract books (Vortragsbücher), they show that Grün talked about the
results which he had obtained in his papers. But as some participants of those
meetings remember, his style of lecturing had not improved.

58Herbert Bilharz had been, like H. L. Schmid, a graduate student of Hasse. In his Göttingen
thesis [Bil37] he had solved Artin’s conjecture for primitive roots in the function field case –
assuming the Riemann hypothesis for function fields (which was finally verified by A.Weil).
Later he went to applied mathematics and worked for a time in the aircraft industry. In
Würzburg he held a chair for applied mathematics.
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8 Epilogue

In 1955 Grün was 67 years. It became clear that something had to be done
to secure for him some retirement pension.59 This was difficult since he never
had held a regular position in a university. In the archives of Würzburg Uni-
versity I have found a number of documents, between 1955 and 1962, written
by the Mathematics Department Head, with the intention to obtain some kind
of retirement pay for Grün.

In order to back those efforts, some leading group theorists were asked to
write their opinion on Grün. Let us cite excerpts of those opinions, all dated in
1955, in order to put into evidence that Grün was respected as a group theorist
throughout the world:

F.W.Levi, Berlin (Freie Universität): Es ist Herrn Grün gelungen, neue
Methoden für die Erforschung der endlichen Gruppen zu entwickeln und dadurch
dieses Gebiet neu zu erschliessen. Schon seine ersten Ergebnisse haben Auf-
sehen unter den Algebraikern erregt und sind schnell in die Literatur, sogar
in Lehrbücher übergegangen. Seit dieser Zeit hat er unermüdlich weiter gear-
beitet, wichtige Ergebnisse erzielt und dadurch anderen Mitarbeitern den Weg
zu neuer Forschung geebnet. . . . Herr Grün ist Autodidakt, hat nie ein Lehramt
bekleidet, aber er ist ein echter Gelehrter, und zwar ein Gelehrter von großer
wissenschaftlicher Bedeutung.

Grün succeeded to develop new methods for the investigation of finite
groups and thus to open this field from a new viewpoint. Already his first
results have attracted great attention among algebraists and were quickly
included into the literature, even into textbooks. Since then he has ever
continued to work, he has obtained important results and thus opened the
way for the research of other mathematicians. . . .Grün is self-educated,
has never had a teaching position, but he is a true scholar with great sci-
entific standing . . .

R. Baer, University of Illinois, Urbana: O. Grün ist unzweifelhaft einer
der führenden Gruppentheoretiker unserer Zeit. . . . In der fundamentalen Ar-
beit über die endlichen p-Gruppen ist es ihm gelungen, die Ph. Hallsche Theo-
rie der regulären p-Gruppen auf beliebige p-Gruppen auszudehnen, den dabei
entstehenden neuen Phänomenen Rechnung zu tragen und dadurch neues
Licht auf die Fülle der Erscheinungen in diesem reichen Gebiet zu werfen.

Without doubt Grün is one of the leading group theorists of our time. . . . In
the fundamental paper on finite p-groups he succeeded to extend Ph.Hall’s
theory of regular p-groups to p-groups of arbitrary structure. He was able
to deal with the new phenomena which showed up in this process, and
thus to throw new light upon the many aspects of this rich mathematical
discipline.

B.H.Neumann, Hull: Otto Grün muss heutzutage als einer der bekanntesten
und berühmtesten Gruppentheoretiker gelten, und zwar keineswegs nur in

59In a letter of Grün to Hasse of August 29, 1955, Grün writes that he gets only 160 DM
monthly.
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Deutschland, sondern überall, wo Mathematik getrieben wird . . . In drei so
verschiedenartigen Monographien wie “Lehrbuch der Gruppentheorie” von
Zassenhaus, “Gruppi astratti” von Scorza und “Teoriya Grupp” von Kurosch
werden die Resultate von Grün mehrfach herangezogen.

Nowadays Otto Grün has to be counted as one of the most prominent
group theorists, by no means in Germany only but wherever mathemat-
ics is present . . . In three quite different monographys like “Lehrbuch der
Gruppentheorie” by Zassenhaus, “Gruppi astratti” by Scorza and “Teoriya
Grupp” by Kurosh his results are repeatedly used.

J. Dieudonné, Evanston, Ill.: . . . confirmer tout l’estime et l’admiration que
j’ai pour les travaux de M. le Prof. O. Grün. Ses idées sur la théorie des
groupes se distinguent par une remarquable originalité et une profondeur peu
commune . . .

. . . the estimation and admiration which I harbor for the works of Prof. O.
Grün. His ideas about group theory are distinguished by a remarkable
originality and a rarely found depth . . .

W. Magnus, New York University: Grün ist ein Mathematiker von wohlbe-
gründetem internationalen Ansehen. Seine Arbeiten zur Gruppentheorie wer-
den von mathematischen Autoren aller Länder zitiert, und einige der von Herrn
Grün gefundenen Resultate gehören zum bleibenden Bestand der Gruppenthe-
orie, was darin zum Ausdruck kommt, dass sie in allen modernen Lehrbüchern
dargestellt werden (z.Bsp. Zassenhaus, Kurosch) . . .

Grün is a mathematician of well founded international standing. His pa-
pers are cited by mathematical authors of all countries, and some of his
results belong to the perpetual stock of group theory, which is evidenced by
the fact, that they are treated in all modern textbooks (e.g., Zassenhaus,
Kurosh) . . .

H. Zassenhaus, McGill Univ., Montreal: Im Bereiche der mathematischen
Forschung dieses Jahrunderts ist mir kein anderes Beispiel der Entdeckung
eines hervorragenden Mathematikers im vorgerückten Alter bekannt gewor-
den. Im neunzehnten Jahrhundert hat es die Fälle von Sophus Lie und Weier-
strass gegeben . . . Durch seine Arbeiten hat sich Otto Grün einen Namen
als ausgezeichneter tiefforschender deutscher Mathematiker gemacht, den ich
in England und in den Vereinigten Staaten immer wieder mit Achtung und
Bewunderung habe nennen hören.

In the realm of mathematical research I do not know any other example of
an excellent mathematician who was discovered in his midlife years only.
In the 19th century there were the cases of Sophus Lie and Weierstrass
. . .Through his work Otto Grün has become a well known name as a Ger-
man mathematician, doing deep research. I have heard mention his name
again and again in England and in the United States with respect and
admiration . . .

It is not clear from the Würzburg documents whether the initiative on behalf
of Grün was successful. I am afraid it was not.
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In any case, Grün returned to (West-)Berlin, his home town, in the year 1963
when he was 75. After that date there were still some letters exchanged between
Grün and Hasse but they were restricted mainly to birthday greetings and the
like. All the time Grün continued to respect Hasse as his teacher, the one who
opened mathematics for him, and he expressed his thanks and admiration for
Hasse in his letters.

Starting from 1971 we find in Grün’s letterhead the title of “Professor”.
Perhaps we can conclude from this that he had obtained from the government
this official title and, we hope, finally some adequate retirement pension in view
of his achievements.

In October 1974 Grün died at the age of 86. Among Hasse’s papers I found
a brief obituary, about half a page, dated October 10, 1974. But I do not know
where it had been published; perhaps it was a newspaper clip. There was no
obituary in the Jahresbericht of the DMV of which Grün was a member since
1939.
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[Grü34a] O. Grün. Über Substitutionsgruppen im Galoisfeld. J. Reine Angew.
Math., 170:170–172, 1934. 14
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[Grü35] O. Grün. Beiträge zur Gruppentheorie I. J. Reine Angew. Math.,
174:1–14, 1935. 14, 19, 20, 21, 26, 27
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der ersten 1

2 (λ−3) Bernoullischen Zahlen nicht vorkommen. J. Reine
Angew. Math., 40:130–138, 1850. 5

[Leh74] D. H. Lehmer. Harry Schultz Vandiver, 1882-1973. Bull. American
Math. Soc., 80:817–818, 1974. 8

[Lem97] F. Lemmermeyer. On 2-class field towers of some imaginary quadratic
number fields. Abh. Math. Sem. Hamburg, 67:205–214, 1997. 13

[Leo58] H.-W. Leopoldt. Zur Struktur der `-Klassengruppe galoisscher
Zahlkörper. J. Reine Angew. Math., 199:165–174, 1958. 35
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[Zas39] H. Zassenhaus. Über Liesche Ringe mit Primzahlcharakteristik. Abh.
Math. Semin. Univ. Hamb., 13:1–100, 1939. 29

Mathematisches Institut der Universität
Im Neuenheimer Feld 288
D–69120 Heidelberg, Germany

e-mail: roquette@uni-hd.de

43


	Introduction
	The first letters: FLT (1932)
	Grün and Hasse in 1932
	Vandiver's conjecture and more

	From FLT to finite groups (1933)
	Divisibility of class numbers: Part 1
	Divisibility of class numbers: Part 2
	Representations over finite fields

	The two classic theorems of Grün (1935)
	The second theorem of Grün
	The first theorem of Grün
	Hasse and the transfer
	Grün, Wielandt, Thompson

	Grün meets Hasse (1935)
	Hasse's questions
	Grün's visit

	The Burnside problem (1939)
	Dimension groups
	The group theory conference in Göttingen
	A letter of 1952

	Later years (after 1945)
	H.L.Schmid and Grün
	16 more papers
	Würzburg (1954-63)

	Epilogue
	References

