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In this paper we present a new proof, involving so-called nonstandard ar- 
guments, of Siegel’s classical theorem on diophantine equations: Any irre- 
ducible algebraic equation f(x, y) = 0 of genus g > 0 admits only finitely 
many integral solutions. We also include Mahler’s generalization of this theorem, 
namely the following: Instead of solutions in integers, we are considering 
solutions in rationals, but with the provision that their denominators should 
be divisible only by such primes which belong to a given finite set. Then again, 
the above equation admits only finitely many such solutions. From general 
nonstandard theory, we need the definition and the existence of enlargements 
of an algebraic number field. The idea of proof is to compare the natural arith- 
metic in such an enlargement, with the functional arithmetic in the function 
field defined by the above equation. 

1. INTRODUCTION 

We work over a given algebraic number field K of finite degree. We 
consider a plane algebraic curve I’, defined by an irreducible algebraic 
equation 

m, Y) = 0, 

whose coefficients are contained in K. In his classical paper [22], Siegel has 
proved the following theorem. 
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If F has genus g > 0, then there are only finitely many points (x, y) on 
r, whose coordinates are algebraic integers in K. 

Mahler [1 I] has extended this result by considering also those points 
(x, y) in r whose coordinates admit finitely many prime divisors in their 
denominators. More precisely, let 

be a finite set of prime divisors of the field K, and let us consider those 
algebraic numbers in K whose denominators are divisible by primes from 
6 only. For brevity, these numbers will be called the quasi-integers in K, 
with respect to G as the set of admissible denominatorial prime divisors. 
It is clear that every integer in the ordinary sense is also a quasi-integer. 
Now, the above theorem remains true if, in this theorem, the notion of 
integer is replaced by the notion of quasiinteger, with respect to a given 
finite set G of prime divisors of K. 

We shall refer to this statement as the Siegel-Mahler Theorem. Mahler 
[II] gave a proof for curves of genus g = 1, and he conjectured that the 
theorem is still true for curves of higher genus. This conjecture was 
verified by Lang [7] and, again, by LeVeque [9]. 

In the present paper we shall give a nonstandard proof of the Siegel- 
Mahler Theorem, i.e., a proof which uses the methods of nonstandard 
analysis or, as we should rather say in our case, of nonstaitdard arithmetic. 
Our main purpose is to exhibit the usefulness of these nonstandard 
methods in dealing with problems on diophantine equations. 

From general nonstandard theory we shall use the existence of enlarge- 
ments of our field K, for a higher order language [14]. For the convenience 
of the reader we shall explain the definition and the basic properties of such 
enlargements in Section 2. We shall try to keep these explanations self- 
contained, so that this paper can be followed also by those readers who 
are not yet acquainted with nonstandard arguments. Such a reader might 
perhaps prefer to look through Section 2 before proceeding further in 
this section, where we are now going to state a nonstandard version of the 
Siegel-Mahler Theorem. 

*K denotes an enlargement of the field K, fixed throughout the following 
discussion. *K is a certain field extension of K whose basic properties are 
explained in Sections 2 and 3; in particular, let us note that K is 
algebraically closed in *K. The elements of K are called standard, while 
the elements of *K not in K are called nonstandard. A point 
(x, y) E *K x *K is nonstandard if not both its coordinates x and y are 
standard. 
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Now let us assume that, contrary to the assertion of the Siegel-Mahler 
Theorem, there are infinitely many points on r whose coordinates are 
quasi-integers in K, with respect to a given finite set 6 of prime divisors of 
K. Then, according to the enlargement principle (see Section 2), there 
exists a nonstandard point (x, y) on r with the same property; i.e., the 
coordinates x and y are quasi-integers in *K with respect to the same 
finite set 6 of prime divisors. By construction, 6 consists solely of standard 
prime divisors; hence, we conclude that the denominators of x and y are 
not divisible by any nonstandardprime divisor of *K. 

As we have noted above, the field K is algebraically closed in *K. 
Hence, since the point (x, y) is nonstandard, at least one of its coordinates 
is transcendental over K. We conclude that (x, y) is a generic point over K 
of the curve r. Therefore, the field F = K{x, y) is K-isomorphic to the 
field of K-rational functions on I’. We may identify F with this function 
field; thus, the inclusion F C *K might be interpreted as a representation 
of the functions in F by means of (nonstandard) algebraic numbers. The 
genus of F in the sense of algebraic function fields equals the genus g of the 
curve r. 

By construction, F is generated by the two functions x and y which, 
when regarded as algebraic numbers in *K, do not admit any nonstandard 
prime divisor in their denominators. We assert that this is impossible if 
g > 0; if this assertion is proved, then we obtain a contradiction to our 
assumption about infinitely many quasi-integral points on F, and the 
theorem of Siegel-Mahler follows. 

Thus we are faced with proving the following theorem, referring to a 
given algebraic number field K and its enlargement *K. 

THEOREM 1.1. Let F be an algebraic function field of one variable over 
K, and assume that F is embedded into *K, so that K C F C *K. 

If F has genus g > 0, then every nonconstant function x E F admits at 
least one nonstandard prime divisor of *K in its denominator. 

We have shown above that the Siegel-Mahler Theorem is an immediate 
consequence of Theorem 1.1. It would be equally easy to show that, 
conversely, our Theorem 1.1 follows from the Siegel-Mahler Theorem. 
Thus 1.1 can be regarded as the nonstandard equivalent of the Siegel- 
Mahler Theorem. 

There is another version of Theorem 1.1 which refers to the prime 
divisors of the function field F I K, instead of to the nonconstant functions. 
Here, the notion of prime divisor of F / K is to be understood in the usual 
sense; these prime divisors correspond to the nontrivial valuations of F 
over K. We shall refer to these prime divisors of F 1 K as the functional 
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prime divisors, in contrast to the arithmetical prime divisors of *K which 
belong to the nontrivial internal valuations of *K. 

Now every nonstandard arithmetical prime divisor p of *K is trivial on 
K (see Section 3). Hence, p induces in F a valuation which, if it is not 
entirely trivial on F, belongs to some functional prime divisor P of F / K. 
We say that P is induced by p, and we write p / P. There arises the question 
whether every functional prime divisor of F is induced by some non- 
standard arithmetical prime divisor of *K. 

If this is the case, then the assertion of Theorem 1.1 follows immediately. 
Namely, according to the general theory of algebraic function fields, 
every nonconstant function x E F has at least one pole, say P, which is a 
functional prime divisor in the above sense. If we know that P is induced 
by a nonstandard arithmetical prime p of *K, then we have found a p 
which induces a pole of x and hence divides the denominator of x. 

Conversely, it follows from Theorem 1.1 that every functional prime 
divisor P of F ) K is induced by some nonstandard arithmetical prime 
divisor of *K. This is because, by the Riemann-Roth Theorem, there 
exists a function x E F admitting P as its only pole. Applying Theorem 1.1 
to this function, we find a nonstandard prime divisor p of *K which 
divides the denominator of x and hence induces in F a pole of x. Since P 
is the only pole of x, we see that p j P. 

The foregoing arguments show that the following theorem is an equiv- 
alent version of Theorem 1.1. 

THEOREM 1.2. In the same situation as in Theorem 1.1, we assume 
again that g > 0. Then every functional prime divisor P of F ) K is induced 
by some nonstandard, arithmetical prime divisor p of *K. 

If the hypothesis g > 0 is not satisfied, then Theorems 1.1 and 1.2 need 
not be true. For instance, consider the rational function field F = K(x), 
where x is some nonstandard integer in *K. Then g = 0. The denominator 
of x in *K does not contain any (nonarchimedean) prime divisor at all, 
standard or nonstandard; hence, Theorem 1.1 is not true for this function 
x E F. Theorem 1.2 is not true for the pole of x in F. 

However, our methods of proof will also yield some information in the 
case g = 0. We shall show that in this case there are at most two functional 
prime divisors of F 1 K which are exceptional in the sense of Theorem 1.2, 
i.e., which are not induced by any nonstandard arithmetical prime. This 
will yield a parametrization of those functions x E F which do not have any 
nonstandard arithmetical prime in their denominators. These results can 
be regarded as the nonstandard version of Siegel’s parametrization of 
curves of genus 0 which admit infinitely many integral points [22]. For 
details, we refer to Section 8 below. 
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2. GENERAL REMARKS ON ENLARGEMENTS 

Nonstandard methods are based on the fact that every mathematical 
structure M admits what is called an enlargement. Such an enlargement 
*M is an extension of M such that the following properties hold, which 
we shall state as “principles.” 

The first of these principles expresses the fact that *A4 is a model of M. 

2.1. PRINCIPLE OF PERMANENCE. Every mathematical statement about 
M has an interpretation in *M, and this interpretation is true in “M if and 
only if the original statement is true in M. 

Let us explain this in more detail. Mathematical statements about M 
are envisaged as being expressed in a formal language of higher order 
predicate calculus over M. This language contains names for all indivi- 
dual+ in M, as well as for all entities of higher type in M (e.g., sets of 
individuals, relations between individuals, relations between sets, etc.). 
Starting from these and from a sufficient supply of variables, every 
sentence in this language is built up in finitely many steps, according to 
the well-known rules of predicate calculus, with the help of the logical 
connectives and quantifiers. Quantification is permitted not only with 
respect to individuals but also with respect to entities of any given type. 

In most cases, of course, mathematical statements about M are not 
explicitly expressed in this formal language. Instead, one usually prefers 
to use the more informal common language to describe mathematical 
statements, provided it is clear that a translation into the formal language 
exists. For instance, the Siegel-Mahler Theorem in Section 1 can be 
regarded as a mathematical statement about K in the above sense. 

The basic property of nonstandard models, as given above, refers to 
the concept of “interpretation” of mathematical statements about M, in 
the enlargement *M. This interpretation is meant in a special way, namely 
according to the following provisions. 

(i) The interpretation of the logical connectives (“and,” “or,” “not,” 
“implies”) is the usual one. 

(ii) The name of any individual in M is the same in *M, and quantifica- 
tion with respect to individuals (“there exists a number,” “for all num- 
bers”) has its usual meaning in *M. 

(iii) The names of other entities in M (sets, relations, relations between 
sets, etc.) also denote corresponding entities in *M which are then called 

1 The individuals of a mathematical structure are the elements of its underlying set. 
If M is an algebraic number field, then the individuals of M are the algebraic numbers 
of that field. 
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standard entities. However, quantification with respect to these entities 
(“there exists a relation,” “for all sets,” etc.) does not refer to the class of 
all entities of that type in *M but to a certain subclass of them whose 
members are called internal entities (sets, relations, etc.). Among these are 
the standard entities.2 

As an example, let us consider the case M = N, the natural numbers, 
and Peano’s principle of mathematical induction which implies that every 
nonempty, bounded subset of N has a maximal element. This statement 
contains a quantifier with respect to sets. According to (iii), its inter- 
pretation in *N refers to internal sets only. Hence, every nonempty 
bounded internal subset of *N contains a maximal element; this is a true 
statement in *N since it is the interpretation of a true statement in N. The 
reader should note that there are nonempty, bounded subsets of *N, 
necessarily external, which do not contain a maximal element; for instance, 
N is bounded in *N, every nonstandard number x E *N being a bound of 
N. (This last argument uses the fact that *N is a proper extension of N, 
i.e., that there are nonstandard numbers in *N (see 2.4 below).) 

It should be observed that the notions of “standard” and “internal” 
entities belong to the definition of enlargement (in much the same way 
as the notion of “open” sets belong to the definition of topological space). 
More precisely, an enlargement *M of M is defined to be a higher order 
structure, extending A4, in which certain entities are distinguished as being 
“standard” or “internal” respectively, and such that the basic principles 
2.1-2.5 hold. 

The next principle is concerned with relations in the structure M. Let R 
denote such a relation, say an n-ary relation between individuals. 
According to (iii), R also denotes a certain standard n-ary relation in the 
enlargement *M. Let a, ,..., a,, be n individuals of M, and consider the 
statement that R(a, ,..., a,) holds. According to the principle of per- 
manence, this statement is true in *M if and only if it is true in M. In other 
words, the new relation R in *M is an extension of the original relation R 
in M. Thus we obtain the following principle which, as we have seen, is 
actuahy a consequence of 2.1 but which we prefer to state separately as a 
convenient reference. 

2.2. EXTENSION PRINCIPLE. Any relation in M extends naturally and 
uniquely to a standard relation of the same type in *M. The extended 
relation in *M is usually denoted by the same symbol as the original relation 

g The terminology of “internal” and “standard” is also applied to individuals. Namely, 
every individual in *A4 is internal; the individuals in A4 and only those are standard. 
With this terminology, (ii) can be regarded as a special case of (iii). 
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in M. Every property of the original relation which is expressible in the 
language of M does also hold for the extended standard relation, provided 
it is interpreted in *M as explained above. 

This principle holds not only for relations between individuals but also 
for relations between entities of higher type. We have used it already in 
Section 1 in the case M = K, an algebraic number field, where we have 
said that *K is ajeld extension of K. In order to see this, consider the two 
ternary relations which represent addition (a + b = c) and multiplication 
(a . b = c) in the field K. These relations extend to certain standard 
ternary relations in *K, also denoted in the same way as addition and 
multiplication. Now, the original relations in K satisfy all the axioms 
which make K into a field, Therefore, these field axioms are also satisfied 
by their standard extensions. This shows that, indeed, *K is a field exten- 
sion of K. As to the nature of this extension, we have already noted in 
Section 1 that K is algebraically closed in “K. This is an immediate con- 
sequence of the principle of permanence. Namely, let g(X) E K[XJ be any 
polynomial; we have to show that g(X) has a root in *K if and only if it 
has a root in K. In fact, the statement that g(X) has a root belongs to the 
language of K and hence it is true in K if and only if it is true in *K. 

We observe that principles 2.1 and 2.2 do not imply that *M is a proper 
extension of M; they are trivially valid in M instead of *M. In contrast, 
the next principle asserts that *M is sufficiently large such as to contain 
certain nonstandard entities; this explains its name of “enlargement.” 

We consider binary relations in M. Let R denote such a binary relation, 
say a relation between individuals. Let a be an individual in M. If there 
exists b in M such that R(a, b) holds, then a is said to be in the left domain 
of R. The relation R is said to be concurrent in M if the following holds: 
Given finitely many elements a, ,..., a,, in the left domain of R, then there 
exists b in M such that the relations R(ai , b) hold simultaneously for 
1 <i<n. 

2.3 ENLARGEMENT PRINCIPLE FOR BINARY RELATIONS. Zf the relation R 
is concurrent in M, then there exists x in *M such that R(a, x) hola!s simul- 
taneously for all a in M which are contained in the left domain of R. 

In other words, the (possibly infinite) system of conditions R(a, x) can 
be solved in the enlargement *M, provided any finite subsystem can be 
solved in M already. Of course, in writing R(a, x) we have to interpret R 
as a binary relation in *M according to 2.2, 

If M is infinite, then the enlargement principle guarantees the existence 
of nonstandard individuals in M. For, consider the relation of inequality 
a # b between individuals of M, the left and right domain of this relation 
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being M itself. Since M is infinite, this relation is concurrent and we con- 
clude from 2.3 the existence of x E *M which is different from every 
a E M; i.e., x is nonstandard. 

More generally, let S be any set in A& say a set of individuals. According 
to (iii), S determines a certain standard set *S in *M whose characteristic 
properties are identical with the characteristic properties of S in M, if 
these are interpreted in *it& From this it is clear that *S is an extension of 
S; more precisely, S consists exactly of the standard elements which are 
contained in *S. There arises the question whether *S is aproper extension 
of S, i.e., whether *S contains nonstandard elements. If S is finite, say 
with n elements, then *S coincides with S. This is because the statement 
that S consists of n elements belongs to the language of M and hence 
remains true in its interpretation in *M, which says that *S consists of n 
elements. On the other hand, if S is infinite, then we may consider the 
relation of inequality a # b, restricted to the set S; similarly as above, we 
deduce from 2.3 that there exists a nonstandard element in *S. Thus we 
have the following. 

2.4. ENLARGEMENT PRINCIPLE FOR SETS. Every set S in M determines 
naturally and uniquely a certain standard set *S in *M; ifs is described by a 
sentence in the language of M, then this same sentence, if interpreted in *M, 
yields a description of *S. The original set S consists precisely of the standard 
elements which belong to *S. If S is injkite, and only in this case, does *S 
contain nonstandard elements; i.e., *S is then a proper extension of S. 

We have used 2.4 already in Section 1 in order to deduce the existence 
of certain nonstandard points on our curve r. 

Enlargement principles 2.3 and 2.4 are valid not only for relations and 
sets of individuals but also for relations and sets of entities of higher type. 
Perhaps a further comment is necessary to explain the situation of S with 
respect to *S, if S is a set of entities of higher type (e.g., a set of relations or 
functions, etc.) In this case, the elements a E S are entities of higher type 
in M, and a priori they are not contained in the structure *M. However, 
every entity extends naturally and uniquely to a standard entity of *S; if 
we assign to every a E S its corresponding standard entity, then we obtain 
an injection from S into *S. It is with respect to this injection that *S is to 
be regarded as an extension of S, in the context of 2.4. Often it will be 
convenient, during the investigation of a given set S, to identify the 
elements of S with their corresponding standard entities, so that S becomes 
a subset of *S, viz., the subset of standard entities in 5’. For instance, we 
shall not distinguish between the prime divisors of the number field K and 
their corresponding standard extensions to *K. 
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It should be noted that every infinite set S in M, if regarded as a subset of 
*S in the way as explained above, is necessarily external. To see this, 
consider a denumerable infinite subset of S, which may be identified with 
the set N of natural numbers. There exists a surjective map ~JX S -+ N. In 
view of extension principle 2.2, cp extends uniquely to a standard map 
y : *S -+ *N. As a standard map, q : *S -+ *N is a fortiori internal and 
hence maps internal subsets of *S onto internal subsets of *N. Thus, if 
S were internal, then y(S) = N would be internal too. But we have 
already remarked above that N is an external subset of *N, as a conse- 
quence of Peano’s principle of mathematical induction. Thus we have the 
following. 

2.5. PRINCIPLE OF EXTERNITY. Every infinite set S which consists of 
only standard elements is necessarily external in *M. In other words, every 
infinite internal set in *M contains a nonstandard element. 

The enlargements *M of a given structure M are not unique. There are 
many ways of realizing enlargements, e.g., by ultrapower methods. Such 
explicit methods might perhaps yield a more graphic illustration of the 
notions of “standard” and “internal” entities, but it does not make any 
difference in our arguments. This is why we prefer to define enlargements 
by their relevant properties 2.1-2.5 only, without reference to their 
possible modes of construction. 

Assume that, for a given higher order structure M, we have chosen a 
definite enlargement *M. Let S be a set in M, either a set of individuals 
or a set of entities of higher type. We know that S determines naturally 
and uniquely a certain standard set *S in *M, consisting of internal 
entities of the same type as the entities in S. Now, let us regard S not only 
as a set, but also as a higher order substructure of M and, similarly, *S as a 
substructure of *M (with the notions of “internal” and “standard” as 
those which are induced by *M). Then it is easy to see that *S is an en- 
largement of S. Thus, our jxed enlargement *M of M contains naturally 
an enlargement *S for every substructure S of M. In other words, we have 
a well-defined functor 

from substructures of M to substructures of *M such that *S is an en- 
largement of S. By the basic property 2.1 of *M, this functor is faithful, 
not only with respect to the inclusion relation S C S’ between substructures, 
but also with respect to all those relations between substructures which 
can be expressed in the language of M. 
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In view of this it will be convenient, during the discussions of this paper, 
to adopt the following viewpoint. We work in a fixed universe M, in the 
sense that M as a higher order structure contains all mathematical struc- 
tures which are of interest in number theory, at least in the usual treat- 
ments and in any case in this paper. More precisely, A4 should contain all 
algebraic number fields and their completions with respect to their various 
valuations. We choose a fixed enlargement *M of M. This being settled, 
we regard every structure S occurring in our arguments as a substructure 
of M and, therefore, using the remark above, its enlargement *S is uniquely 
defined as a substructure of *M. In this way, we have eliminated all 
ambiguity concerning the choice of enlargements, and the star symbol 
will have a well-defined meaning throughout our discussion. 

As to the possible choice of the universe M, we may take M = N; more 
precisely, M is to be the full higher order structure based on the set N of 
natural numbers. The substructures of this universe are precisely those 
which can be described in the language of the natural numbers. Thus, M 
contains the integers Z (which can be described as pairs of natural num- 
bers-more precisely, as certain equivalence classes of such pairs). It 
follows that M contains the rational numbers Q (pairs of integers) and the 
real numbers R as well as the p-adic numbers Q, (sequences of rationals). 
If K is our algebraic number field of finite degree and if u1 ,..., u, is a basis 
of K, then we can describe the elements of K by means of their coordinates 
with respect to this basis, i.e., as n-tuples of rational numbers. Thus K is 
also contained in M. 

The above explanations should give the reader a general idea of the 
underlying theory and the nature of our arguments pertaining to non- 
standard arithmetic. He may consult [14] for a more systematic treatment 
of this theory, including an existence proof for enlargements (based on the 
compactness theorem of algebraic logic). We also refer the reader to 
Section 3, where he will find an opportunity for exercises in applying the 
general principles of this section, which will perhaps help him understand 
nonstandard methods. 

3. PRIME DIVISORS AND DIVISORS IN THE ENLARGEMENT 
OF AN ALGEBRAIC NUMBER FIELD 

As before, K denotes an algebraic number field of finite degree. *K is its 
enlargement as explained in Section 2. In this section we are going to 
discuss the arithmetic properties of *K, as far as they are relevant for our 
purpose. Also, we want to tix our notations which we are going to use in 
this paper. 
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The arithmetic structure of the field K can be described by means of its 
prime divisors, which are defined in terms of valuations. More precisely, a 
prime divisor p of K is defined to be a class of nontrivial valuations of K, 
with respect to the ordinary equivalence relation for valuations. There are 
two types of prime divisors of K: namely, the archimedean primes, which 
correspond to the archimedean valuations, and the non-archimedean 
primes, which correspond to the nonarchimedean valuations. 

Let p be a nonarchimedean prime divisor of K. Among the valuations 
belonging to p there is exactly one which is normalized such that its value 
group is Z, the additive group of integers. This valuation is denoted by up 
and is called the p-adic ordinal function of K. In addition to this ordinal 
function, we also consider the normalized absolute value, defined by the 
formula 

I/ x IID = Np-“p(“); (3.1) 

this is a multiplicative valuation belonging to p. As usual, Np denotes the 
norm of p, i.e., the number of elements in the p-adic residue field. 

Now let p be an archimedean prime divisor of K. Among all the valua- 
tions belonging to p there is exactly one which induces in Q the ordinary 
absolute value; this valuation is denoted by / x Ip . We also consider the 
normalized absolute value, defined by the formula 

As usual, p is called real or complex according to whether the p-adic 
completion of K is isomorphic to the field R of real numbers or to the 
field C of complex numbers. 

The absolute values of K are normalized in such a way that the following 
product formula holds for every nonzero element x E K: 

pp = 1. (3.3) 

Here, p ranges over all prime divisors of K, archimedean or nonarchi- 
medean. The product in (3.3) is essentially a finite product. For, given 
0 # x E K, there are only finitely many prime divisors p for which 
II x Ilp f 1. 

Sometimes in the literature, the term of prime divisor is restricted to 
denote nonarchimedean primes only. We shall not follow this terminology 
since we have to take the archimedean primes also into consideration, and 
it seems more natural to put them on equal footing with the nonarchi- 
medean ones. This is a well-established procedure in number theory. In 
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order to obtain unified formulas, we extend the above notations to include 
the case when p is archimedean: 

Np = e (base of the logarithm). 

With these notations, (3.1) holds also for archimedean primes. 
Now, let V be the set of all prime divisors of K. According to the general 

principles explained in Section 2, its enlargement *V is to be interpreted 
as the set of all internal prime divisors of *K. Here, the notion of internal 
prime divisor is to be defined as an equivalence class of nontrivial internal 
valuations of *K. As we know, every true statement in K concerning prime 
divisors yields a true statement in *K which concerns internal prime 
divisors by means of its interpretation. Therefore, the following statements 
hold. 

There are two types of internal prime divisors of *K: archimedean and 
nonarchimedean. Let p be a nonarchimedean internal prime divisor. 
Among all the (internal) valuations of *K which belong to p there is 
exactly one which is normalized such that its value group is *Z, the addi- 
tive group of standard or nonstandard integers. This valuation is denoted 
by up and is called the p-adic ordinalfunction of *K. Thus, for 0 # x E *K, 
its p-adic ordinal Z+,(X) is a standard or nonstandard integer. up is an 
additive valuation of *K in the sense of Krull, with the extra condition 
that up is internal, a notion which is inherent in the structure of enlarge- 
ment. The p-adic residue field of *K is not necessarily finite; however, it is 
starfinite in the following sense. There is an element N E *N and an internal 
bijection from the residue field onto the initial interval 1 < v < N in 
*N. It is clear that this notion of “star-finite” is the interpretation of the 
ordinary notion of “finite.” The above number NE *N is uniquely deter- 
mined and is called the norm of p: notation Np . In addition to the ordinal 
function, we also consider the normalized p-adic absolute value, defined by 
formula (3.1). This formula is now interpreted in *K. That is, x is an 
element in *K and (1 x [lP is a nonnegative element in *Q. 

Now let p be an archimedean internal prime divisor of *K. Among all 
the valuations belonging to p there is exactly one which induces in *Q the 
ordinary standard absolute value. This valuation is denoted by 1 x IP . We 
also consider the normalized absolute value 1) x IJP , defined by formula 
(3.2), which is now to be interpreted in *K. The prime p is called real or 
complex according to whether the p-adic completion of *K is internally 
isomorphic to *R or to *C. 

Now, product formula (3.3) holds in *K, since it is the interpretation of 
a true formula in K. In this interpretation, x denotes any nonzero element 



FINITENESS THEOREM 133 

in *K and p ranges over all internal prime divisors of *K. The product in 
(3.3) is essentially starhnite, for, given 0 # x E *K, the set of p E *V with 
I/ x & # 1 is starfinite. 

Perhaps it is useful to insert a few general remarks about starfinite 
products. Let A be any internal abelian group, written multiplicatively, 
and let ai be an internal sequence in A with starfinite support. That is, the 
index i ranges over an internal index set Z, the map i -+ a, is an internal 
map from Z to A, and the set of those i for which ai # 1 is starfinite. Under 
these conditions, the product &, ai is well defined as an element in A. 
This definition is the interpretation of the obvious definition of finite 
products in the usual sense. Starfinite products satisfy all the rules which 
are satisfied by finite products, as long as these rules can be expressed in 
the language of M. To be sure, the number of “factors” in a starlinite 
product need not be finite, and thus it is not a product in the sense of 
ordinary algebra. Nevertheless, the starfinite product is a certain operator 
which is inherent in the structure of enlargement. The notation and the 
name “product” are justified since it satisfies the usual rules for finite 
products, (The situation is much the same as in ordinary analysis, where 
one considers infinite “products”, these being not products in the algebraic 
sense but defined by limit operations.) It goes without saying that similar 
remarks apply to starfinite sums, etc., in abelian groups which are additi- 
vely written. 

Let us continue with the discussion of prime divisors. According to the 
general extension principle 2.2, every prime divisor p of K extends naturally 
and uniquely to a standard prime divisor of *K. This standard extension 
is denoted with the same symbol p, and it enjoys the same properties as 
the original prime divisor of K, as long as these properties are expressed in 
the language of K. For example, both norms Np coincide, regardless of 
whether we look at p as a prime divisor of K or as a standard prime 
divisor of *K. Also, if a E K, then its absolute value // a lip is same whether 
p is regarded as a prime of K or as a standard prime in *K.3 

Due to this notational convention, every prime p E I/ now appears also 
as a standard prime in *V. That is, the set V appears as a subset of * V, viz., 
the set of standard primes. (Note that V is an external subset of * V.) Since 
there are infinitely many prime divisors of K, we know that V is an infinite 
set and, hence, due to enlargement principle 2.4, we conclude that * V is a 
proper extension of V. In other words, there are nonstandard prime 
divisors of “K. The following lemma gives some of their fundamental 
properties. 

S If p is a prime divisor of K, then it can be shown that its standard extension is a 
p-extension in the sense of [19]. 
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LEMMA 3.1. Every nonstandard prime divisor p of *K is trivial on K. In 
particular, p is nonarchimedean. The norm Np is injinitely large. If x E *K 
is such that II x II+, > 1, then )I x &, is infinitely large. 

An element in *R is called infinitely large if it is greater than any 
standard real number. 

Proof. Let a be a nonzero element in K. The set S of those q E V for 
which 11 a Ilq # 1 is finite. Hence, this set is not enlarged in *V, due to 
enlargement principle 2.4. That is, if ‘q is any internal prime divisor in * V 
for which II a &, # 1, then q ES. In particular, since SC V, we see that 
every such q is standard. 

Now, since p is assumed to be nonstandard, it follows that (1 a [Ip = 1. 
This being true for any 0 # a E K, we see that p is trivial on K. As archi- 
medean valuations are nontrivial on Q, hence nontrivial on K, it follows 
that p is nonarchimedean. 

Since p is trivial on K, we see that K is isomorphically contained in the 
p-adic residue field of *K. In particular, the p-adic residue field of *K is 
infinite. On the other hand, we know from the above that this residue 
field is starfinite, and that there exists an internal bijection from it to the 
initial interval1 1 < v < Np in *N. We conclude that Np is nonstandard 
and, in fact, infinitely large. 

If I] x /IP > 1, then up(x) < 0. Now, up(x) is an element in *Z. Therefore, 
from v&r) < 0 we conclude v&r) < - 1. (This conclusion is valid in *Z 
since it is valid in Z.) In view of (3.1) we obtain 11 x I& >, Np; hence II x II4 
is infinitely large too. Q.E.D. 

Now let c 3 1 be a standard real number. Consider those elements 
x E K which are contained in the “parallelotope,” given by the conditions 

II x II&l G c (3.4) 

for all p E V. A well-known theorem of algebraic number theory says that 
the set of these x E K is$nite. Hence, in view of 2.4, this set is not enlarged 
in *K. Therefore, if an element x E *K satisfies the conditions (3.4) for 
all p E *V, then x is contained in K already; i.e., x is standard. In other 
words, if the element x E *K is nonstandard, then the conditions (3.4) are 
not all satisfied; i.e., there exists at least one prime p E *V such that 

This prime p E *V might depend on the choice of c E R. However, we 
claim there is a prime p E * V such that (1 x IIP > c holds simultaneously for 
all standard c E R. To show this, we distinguish two cases: Let 6, denote 
the set of those p E *V for which )I x I& > 1. 
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Case 1. 6, isjnite. In this case, we put successively c = 1, 2, 3,... 
and, by the above remark, find a sequence pl, pz , p3 ,..., E *V such that 
11 x (jP, > n for n EN. Every member p,, of this sequence is contained in 
the finite set 6,. Hence, there is an infinite subsequence which is constant; 
i.e., there is p E Gz such that p = p, for infinitely many n E N. By construc- 
tion, this prime p satisfies 11 x &, > n for infinitely many (and hence all) 
standard natural numbers n. In other words, I/ x /IP is infinitely large. 

Case 2. 6, is infinite. We remark that, according to its definition, 6, 
is an internal set. We know from 2.5 that every infinite internal set contains 
a nonstandard element. Thus, there is a nonstandard prime p which lies 
in G,, i.e., for which I/ x /& > 1. Lemma 3.1 now shows that // x jjP is 
infinitely large. 

We have proved the following. 

LEMMA 3.2. Let x E *K be nonstandard. Then there exists a prime 
divisor p E “Vsuch that [I x I& is injkitely large. 

We shall often prefer to work with the logarithmic values 

w&l(x) = -1% II x lip = v&d h!(m). (3.5) 

To say that jl x IIP is infinitely large is equivalent to saying that wP(x) is 
infinitely small, i.e., less than every (positive or negative) standard real 
number. 

If p is nonarchimedean, then wP is an additive valuation of the field *K 
in the sense of Krull; it differs from the normalized ordinal function up by 
the factor log(Np) only. Hence, in the nonarchimedean case, we have the 
following rules which express the properties of an additive valuation: 

W&Y) = w&d + wp( Y>, 

w& + Y) 2 mMw&>, wp( ~1). 

If p is archimedean, then we still have the first of these rules, which 
expresses the fact that wP : *K-+ *R is a homomorphism of the multi- 
plicative group of *K into the additive group of *R. The second rule has 
to be modified in the archimedean case, namely as follows. 

Recall that II x IIP = I x IP if p is real, and II x j/r = I x 1: if p is complex. 
Now, the ordinary absolute value ) x jr, satisfies 

I x + Y Ip B I x Ip + I Y Ip B 2 max(l x Ip, I Y Id 
If we square this relation, then the factor 2 is replaced by 4. Hence in any 
case, real or complex, we have 

II x + Y Ilp < 4 max(ll x I& , II Y lb> 

641/712-2 



136 ROBINSON AND ROQUETTE 

and therefore 

Compared with the corresponding rule in the nonarchimedean case, the 
additional term --lag(4) appears here. This term, although not negligible, 
is nevertheless standard, hence finite, and therefore it vanishes if we 
consider the infinitary orders of magnitude only. Let us explain this in more 
detail. 

A real number a E *R is called$&e if there exists a positive standard 
number c E R such that 

In particular, every standard real number is finite. If the above inequalities 
hold for every standard c > 0, then a is infinitesimal. Every finite number 
a is infinitely close to a standard number Oa, which is to say that a = ‘a + h 
with infinitesimal h. Namely, ‘a is the standard real number which re- 
presents the Dedekind cut in R determinded by a. 

The finite numbers form an additive subgroup of *R, which we denote 
by Rfln .4 If two numbers a, b E *R differ by a finite number only, then 
a, b are said to be of the same order of magnitude; notation: a f b.5 This 
means that a and b determine the same residue class in the factor group 

k = *R/Run. 

Note that R carries naturally an order relation, which it inherits from *R 
such that the natural projection *R --f R is order preserving. If a, b E *R, 
then we write 

a<b 

in order to indicate that the order of magnitude of a is less or equal to the 
order of magnitude of b. Explicitly, this means that there is a finite number 
c E Rfin such that b - a 3 c. It is easily verified that this indeed defines 
an order relation in the factor group k; this is due to the fact that, by 
definition, Rrrn is an isoZated subgroup of *R. (That is, if c, d E Rrrn , then 
&in contains every u E *R which lies between c and d.) 

4 On other qccasions [17], the group of &ite numbers has been denoted by R,, . 
However, we wish to reserve the index “0” for another purpose, namely for the group 
of divisors of size or degree 0 (see below). This is why we use the index “tin” to denote 
the group of finite elements, not only with respect to R, but also with respect to other 
groups in due course. 

5 This is the notation which has been proposed by Hasse [5] in this context. 
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This being said, let us return to our above formula involving -lag(4). 
Since this is a standard number, its order of magnitude vanishes. We 
conclude that for every prime p E *V the following formulas hold: 

W&Y> * wpw + W&l(Y), 

w& + Y) > mN+,dx), wp( Y)). 

These formulas say that the map 

which is obtained from w  P : *K -+ *R by applying the projection *R ---f R, 
is a valuation in the sense of Krull. This valuation is trivial on K. Namely, 
if 0 # x E K, then wP(x) = -log 11 x /IP is standard and hence finite; 
therefore, we have wP(x) G 0. (This holds also if p is nonstandard, since 
then W&X) = 0 in view of Lemma 3.1.) Thus we have seen the following. 

Every prime divisor p E *V defines naturally a Krull valuation ti, of *K, 
which is trivial on K and whose values are contained in the group &. By 
definition, G+,(x) is the order of magnitude of the logarithmic value wP(x) = 

--log II x Ilp * 

If p is standard (archimedean or not), then it can be shown that the 
value group of tiir, is the full group 8; its residue field is isomorphic to the 
p-adic completion of K. If p is nonstandard, then the value group of ti, is 
a proper subgroup of 8; the valuation ti, is in fact equivalent to the 
original valuation wP , and both have isomorphic value groups and residue 
fields. Since we shall not make use of these facts explicitly, we leave the 
proofs to the reader. 

If x E *K is nonstandard, then by Lemma 3.2 there exists at least one 
prime p E *V such that wP(x) < 0; this implies in particular that ti, does 
not vanish on X. Thus we see that K is the exact field of constants with 
respect to the set of valuations ti, . Therefore, these valuations may be 
used to build a divisor theory which describes *K relative to K as its 
ground field. The situation is much the same as in the corresponding case 
with function fields, where there is also a field of constants. In the rest of 
this section, we shall develop this divisor theory of *K. 

First, let us discuss the ordinary notion of divisor in the algebraic 
number field K. This notion is delined as usual, with the provision, how- 
ever, that the archimedean prime divisors should also be included. This 
leads to the following definition: The divisor group % of K is the direct 
sum 

a = CD’ @ TD)“, 
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where ID’ is the free R-module generated by the archimedean primes, and 
ID” the free Z-module generated by the non-archimedean primes. This 
definition implies that every divisor a E 2, has .a unique representation in 
the form 

a = c ap * P, (3.6) 
P 

where p ranges over the primes in V, and the coefficients alp satisfy the 
following conditions: 

(i) alp E R if p is archimedean; 
(ii) 0~~ E Z if p is nonarchimedean; 

(iii) cxp # 0 for finitely many p E V only. 

Thus, the divisor group I) can be represented as the group of all functions 
OL : V-t R satisfying these conditions (i)--(m). 

Every nonzero element x E K determines a divisor (x) E FD, namely its 
principal divisor, which is defined by 

(3.7) 

The map x F-+ (x) yields a homomorphism K + 3 from the multiplicative 
group of K to the additive group 3. Its kernel consists precisely of the 
roots of unity which are contained in K; in particular, this kernel is finite. 
Its cokernel CC = ID/K is called the divisor cZus.s group of K, whose structure 
we shall discuss later. 

Now let us interpret the above notions in the enlargement. *b is the 
group of all internal divisors. The internal prime divisors p E *V are 
contained in *ID, and every a E *D admits a unique representation in 
form (3.6), p ranging over the primes in *V. The coefficients olP in (3.6) 
satisfy the conditions (i)-(iii) which now have to be interpreted in the 
enlargement ; more precisely, 

*(i) (Ye E *R if p is archimedean; 
*(ii) alp E *Z if p is nonarchimedean; 
*(iii) the set of those p E *V for which alp # 0 is starfinite. 

Moreover, fyp depends internally on p, which is to’say that the function 
p t+ alp from *V to *R is internal. In other words, the group *D can be 
represented as the group of all internal functions (Y : *V - *R satisfying 
*(i)-*(iii). 

Again we have a direct sum decomposition 

*n = *II)’ @ *a”, 
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where *a is the archimedean component, and *a” the nonarchimedean 
component of *‘b. 

The principal divisor map K -+ 3 has a standard extension 

*K-+ *‘D 3 

which is described by formula (3.7). Since the kernel of K -+ 9 is finite, it 
is not enlarged in *K. That is, the kernel of ‘*K -+ *D is finite, and it 
consists of the roots of unity in K. The corresponding cokernel 

is the group of internal divisor cIasses. 
As a matter of notation, the coefficients 0~~ in (3.6) will be denoted by 

v,(a); they are called the p-adic ordinals of the divisor a. According to (3.7), 
this notation is coherent with the corresponding notation u&c) for x o *K. 

We also define the p-adic absolute value of a divisor a E *a by the 
formula 

11 a Ijp = N+Y-Ja), 

in analogy to (3.1). Most often we shall work with its logarithm 

wp(4 = --log II a lip = z’pb) b$NP). 

in analogy to (3.5). Recall that for archimedean p we have defined Np 
such that log(Np) = 1, so that wp(a) = up(a) in this case. 

Every divisor a E *a is uniquely determined by its logarithmic absolute 
values w+,(a), and the divisorial relations are reflected in corresponding 
relations between those values. For instance, the addition of divisors 
a + b is given by 

w,(a + b) = wp(a) + wp(b) 

for all p E *V. The order relation a < b is given by 

wpW G wpW 

for all p. If a < b, then a is said to divide 6; this terminology takes its 
motivation from the arithmetic background. Accordingly, min(a, b) is the 
greatest common divisor, and max(a, b) the least common multiple of a 
and b. 

The number 

49 = 2 wpC4 = c up(a) log(W) (3.8) 
P P 

is called the (additive) size of the divisor a. This formula is either to be 
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read in ID, in which case the size yields a homomorphism u : ‘D -+ R, or 
else we have to interpret the formula in *a (the sum being starfinite), in 
which case we obtain a homomorphism cr: *a -+ *R which is the standard 
extension of the former. In any case, IJ is surjective. The kernel of u is 
denoted by IDo resp. *ID,, . In view of the product formula (3.3), which can 
also be read as a sum formula 

we see that principal divisors are contained in ID,, resp. *a, . Let 
CC0 = Z&,/K resp. “6, = *IDJ*K denote the corresponding divisor class 
groups. 

We consider 2) as a subgroup of *b, viz., the subgroup of all standard 
divisors. A divisor a E *b is called finite if there is a standard divisor 
c > 0 such that -c < a < c. In particular, standard divisors are finite. If 
the above inequalities hold for every standard c > 0, then a is said to be 
injnitesimal; this implies that w+,(a) = 0 for nonarchimedean p, while 
w+,(a) is an infinitesimal real number for archimedean p. Every finite 
divisor a is infinitely close to a standard divisor ‘a, which is to say that 
a = ‘a + t) with q infinitesimal. 

The finite divisors in *I) form an isolated subgroup afin and the factor 
grow 

5 = *a/am 

is the group of divisorial orders of magnitude. As in the case with real 
numbers, we write a 6 b in order to indicate that a and 6 are of the same 
order of magnitude; this means that a and b determine the same residue 
class in 5. Also, a < 6 means that there exists c E IDnn such that b - a 2 c; 
this defines an order relation in 9 such that the natural projection *B -+ 9 
is order preserving. Moreover, the operations max and min are preserved 
by this projection. 

The group 9 will play a central role in our considerations. One may 
regard 5 as consisting of the same elements as *a, namely internal 
divisors, but with the equality sign = being replaced by the sign f, 
which indicates the same order of magnitude. In this sense the following 
lemma is, in fact, a statement concerning a. 

LEMMA 3.3. Let a, b denote internal divisors in *2). If a < 6, then 

wp(a) G e(b) for each p E *V, 

and conversely. In particular, it follows that the relation a + b is equivalent 
to 

w&9 5 w&9 for each p E *V. 
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Proof. If a < b, then there exists a standard divisor c such that 

b-a>c. 

It follows wP(b - a) = w&b) - w+,(a) >, wP(c). Since c is standard, its 
p-adic logarithmic value wP(c) is a standard real number. Therefore, 
WV(a) < WV@). 

Conversely, assume that wp(a) < wP(b) for every p E: *V. This means 
there is a standard real number yP such that w&b - a) > yP . By defini- 
tion, we have wP(b - a) = u,(b - a) log(Np). If p is nonstandard, then 
Np is infinitely large (Lemma 3.1) and so is log(Np). Therefore, if the 
ordinal v,(b - a) E *Z would be < 0, then v,(b - a) log@+) would be 
infinitely small and hence < yP , contradicting our assumption. We 
conclude that r+,(b - a) >, 0 and hence wp(b - a) > 0; this holds for 
every nonstandard prime p. 

Now let S denote the set of those p E *V for which wP(b - a) < 0. 
Then S is an internal set (since a and b are internal divisors). We have just 
seen that S does not contain any nonstandard divisor. Therefore, we infer 
from 2.5 that S consists of finitely many prime divisors only. Every p E S 
is standard, and hence log(Np) is a standard positive number. It follows 
that the numbers y,/log(l\rp) for p ES are standard. Let c be a standard 
lower bound for these finitely many numbers; we may assume c E Z. 
Then the divisor 

is standard, and it satisfies c d b - a. 
Namely, for p E S we have, by construction, 

w,(c) = c log(Np) < yv G WV@ - a). 

For p $ S we have 

wv(c) = 0 < w,(b - a), 

by definition of S. 
We have thus found a standard divisor c such that b - a > c; this 

shows that a < 6. Q.E.D. 

If a E *a, let us denote by $,(a) the order of magnitude of wP(a). Thus 
$,(a) E 8. According to Lemma 3.3, z&(a) depends on the order of 
magnitude of a only. In other words, if we regard a as an element in 6, 
then $,(a) is still well defined as an element in R. If p ranges over the 
primes in *V, then we obtain a function p t-+ tip(a) from *V to k; 
Lemma 3.3 shows that a E 9 is uniquely determined hy this function. In 
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this way, we see that the group $ can be represented faithfully as a certain 
group of functions from *V to #C6 

Now let x be a nonzero element in *K. Consider the principal divisor 
(x) E *9, and its image in $. The function representing this image is 
p ++ X+,(X), where tiir, means the Krull valuation of *K over K as introduced 
above; i.e., tip(x) is the order of magnitude of wP(x) = ---log 11 x J, . 
Hence, if we regard (x) as an element in 9, then this element comprises the 
information about the values of x at the Krull valuation zi+, simultaneously 
for all p E *V. In view of this situation, the element (x) E 6 is to 
be regarded as the “principal divisor” of x with respect to the set of Krull 
valuations tiP . If we assign to every x E *K its principal divisor (x) in 5, 
then we obtain the “principal divisor map” *K+ 9 belonging to the 
valuations ti, . (By definition, this map consists of first applying the inter- 
nal principal divisor map *K -+ *ID, and then projecting *2) onto 3.) In 
this connection, the elements in $ will be called “divisors,” and 5 the 
corresponding “divisor group.” 

If x is standard, then (x) is standard too and hence (x) A 0. On the 
other hand, if x is nonstandard, then (x) & 0 in view of Lemma 3.2. 
Hence, Lemma 3.2 can be regarded as describing the kernel of the principal 
divisor map *K -+ %, namely, this kernel is the multiplicative group of K. 
That is, the sequence 1 --t K -+ *K + $ is exact. We are now going to 
describe the image of the principal divisor map *K -+ 5. Let us consider 
the size u : *D + *R as defined in (3.8). If a G 6, then u(a) t o(b). Thus 
u defines a map u : $ - R which is surjective since the original u is 
surjective. Let 3, denote its kernel; it consists of those internal divisors a 
whose size a(a) is finite. (More precisely, 5, consists of the orders of 
magnitude of those divisors.) For any such a, we can find a divisor a, such 
that a,, * a and cr(a,) = 0. To see this, let o(a) = c; this is a certain finite 
real number. Let p be an archimedean prime; then cp is a finite divisor and 
u(cp) = c. Therefore, the divisor a,, = a - cp solves our problem. 

We have thus shown that every element in 3, can be represented by a 
divisor of size 0, i.e., by a divisor in *ID,. In other words ?+, can be 
described as being the image of *ID,, in a, consisting of the orders of magni- 
tude of divisors with vanishing size. 

As a consequence of product formula (3.3), we have seen above that 
the size function CJ vanishes on principal divisors. It follows that the image 
of the principal divisor map *K + 9 is contained in 9, . 

0 There arises the problem of characterizing those functions from *V to R which 
represent elements in 3. The exact condition for this is obtained by saying that this 
function must originate from an internal divisor as described above, and then by 
representing this internal divisor as an internal function from * V to R satisfying *(i)- 
*(iii). We leave the explicit formulation of this condition to the reader. 
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THEOREM 3.4. Every divisor in 9, is principal; i.e., 9, is the image of 
the principal divisor map *K -+ 9. Consequently, the following sequence is 
exact, exhibiting kernel and cokernel of the principal divisor map: 

Proof: Let a E *ID, ; we have to show that its image in $,, is principal. 
This means that there is an element x E *K such that a + (x), i.e., a = 
(x) + b with some finite divisor b. As usual, we use the symbol - to 
denote the divisor equivalence with respect to principal divisors; thus our 
contention is that a - b for some finite divisor b. We shall exhibit a 
certain standard divisor c >, 0 such that the following statement holds. 

Every divisor a E *DO is equivalent to some divisor b E *DO which satisfies 
-c fb <c. 

Since c is standard, these inequalities indeed show that b is finite. 
Now, the above statement is the interpretation in *ID of a statement in 

II), and hence it is true in *D if and only if the original statement is true in 
CD. Thus it suffices to prove the original statement; this reads as follows. 

Every divisor a E 3, is equivalent to some divisor b E Tz), which satisfies 
-c<b<c. 

Of course, this statement makes sense only if we have specified the divisor 
c. Rather than do this here, we leave this specification until the end of 
proof. 

According to the definition of ID, we have a direct sum decomposition 
D = a’ @ D’, where 9’ is the archimedean part and a” the nonarchime- 
dean part of the divisor group. If we consider only the nonarchimedean 
primes and their divisors, disregarding the archimedeans, then this means 
applying the projection 9 -+ %” which has kernel ‘I)‘. The resulting 
principal divisor map K --+ 9 --f ID” leads to a factor group 6” = V/F, 
this is the nonarchimedean part of the divisor class group 6. It is well 
known that 6” is finite, its order being the class number h of K. 

If the projection D --+ a” is restricted to Q, , then it is still surjective. 
To see this, let a” E ID” and put o(a”) = c. Let p be an archimedean prime. 
Then the divisor a” - cp has size 0, hence is in Q, , and it is projected 
onto a” in YXY. 

Because of the surjectivity of b, -+ a”, we can find divisors c1 ,..., 
ch E 9, whose images in ID” represent the different classes in 6”. Let 
c; ,..., c; denote these images. Now let a E 3, . Its image in CD” is equiva- 
lent (modulo principal divisors in XY) to one c; with 1 < j < h. In D this 
means an equivalence a - C~ + a’ where a’ has the image 0 in 9”; i.e., 
a’ E ID’ n YD, . 



144 ROBINSON AND ROQUETTE 

It remains to discuss the divisor a’. Let us put a,,’ = P’ n a, . This 
group is the kernel in 3’ of the size map u : 2)’ -+ R. By definition, a’ is 
the free R-module generated by the archimedean primes; i.e., 3’ is an r- 
dimensional real vector space, r being the number of archimedean primes 
of K. Since the size CJ : 9’ + R is R-linear, it follows that 9,’ is an (r - l)- 
dimensional hyperplane in ID’. This hyperplane contains those principal 
divisors which are contained in ID’, i.e., which have vanishing components 
at the nonarchimedean primes. These are precisely the principal divisors 
of the units u E K. By the Dirichlet unit theorem, the group of units is 
finitely generated of rank r - 1. Moreover, if u1 ,..., u,-~ are Z-indepen- 
dent units, then their principal divisors (Us),..., (u,.-,) form an R-basis of 
3,‘. In fact, this last statement is equivalent to the nonvanishing of the 
regulator of the field K; note that the principal divisor (u) has components 
up(u) = ---log 11 u I& at the archimedean primes p. 

It follows from the above that every divisor a’ E 3, has a unique 
representation of the form 

a’ = l,gr-l u4 

with real coefficients hi . Let ni denote the largest integer in Z which is 
< hi, SO that 

Then 
hi=n,+pi with O<pi<l. 

where u = u,“l a** z.&~ is a unit, and where we have put b’ = c pi( 
Since the coefficients pi are bounded, the divisor 6’ is contained in a 
bounded region. That is, we can find a divisor c’ > 0, independent from 
the pi , such that -c’ < 6’ < c’. Explicitly, we may take 

c’ = C maxto, C"i>, -(Ui>>. 
l<i<r-1 

We have shown that every a’ E ID,’ is equivalent to some 6’ such that 
-c’ < b’ < cl. Hence, by what we have seen above, every a E ID,, is 
equivalent to some cj + 6’ where 1 < j < h and -c’ < b’ < c’. Now we 
Put 

c = max(O, fc, ,..., &ch) + c’. 

Then the divisor b = ci + b’ is equivalent to a and satisfies -c < b < c. 
Q.E.D. 
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Remarks. We could have shortened our above proof by observing 
that the divisor class group (Xi0 is compact, and then using the nonstandard 
characterization of compactness: Every class in *a,, is near-standard, 
hence finite (see, e.g., [14]). We have preferred the proof as given above 
since this exhibits explicitly its sources, namely the Dirichlet unit theorem 
together with the theorem about the finiteness of the class number h. In 
fact, it is easily seen that these two theorems are equivalent to our 
Theorem 3.4. 

We would like to point out the similarity between Theorem 3.4 and the 
similar statement for rational function fields over K. In the latter case too, 
every divisor of degree 0 is principal. In this respect, the field extension 
*K 1 K behaves like the rational function field; this indicates that *K 1 K 
should be regarded in some sense as a function field of a simply connected 
space. In fact, our discussion in this paper will show that *K, in relation 
to a function field which it contains, looks very much like the field of the 
universal covering space. It would be desirable to investigate this situation 
and to explain this similarity which, as for now, appears to be purely 
formal only. 

4. FUNCTION FIELDS EMBEDDED INTO THE ENLARGEMENT OF 
AN ALGEBRAIC NUMBER FIELD 

According to Section 1, we consider the following situation: F 1 K is a 
function field of one variable which is embedded in *K, i.e., we have 
K C F C *K. Our aim is to investigate the divisor theory of P 1 Kin relation 
to that of *K 1 K. 

As mentioned in Section 1 already, the prime divisors of F 1 K will be 
called “functional” in order to indicate that they belong to F as a function 
field over K. By contrast, the internal prime divisors of *K as introduced 
in Section 3 will be called “arithmetical” in order to indicate that they are 
connected with the arithmetic properties of the field *K. This 
terminology-functional versus arithmetical-will also be used for 
divisors instead of prime divisors, etc. 

By definition, a functional prime divisor P is an equivalence class of 
nontrivial valuations of F which are trivial on K. There are no archi- 
medean functional prime divisors. Among all valuations of F which 
belong to the functional prime P, there is exactly one which is normalized 
such that its value group is Z. Again, this is called the P-adic ordinal 
function of P, notation v, . The P-adic residue field of F is an extension of 
K of finite degree: notation deg(P). If we put 

%(x) = t4-4 de@‘) 
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then we have the sum formula 

(4.1) 

which expresses the fact that the element 0 # x E F has as many poles as 
it has zeros. In this formula, P ranges over all prime divisors of F IR; the 
sum is essentially afinite sum, since w&) # 0 for finitely many P only. 

The group D of functional divisors of F is defined to be the free Z- 
module generated by the functional primes P. Thus every functional 
divisor A ED admits a unique representation 

where the (II, are integers, only finitely many of them being # 0. We 
define 

VP(A) = O~P 

and 

The number 

~~(4 = vp(4 d&P). 

de&@ = C WPW 
P 

is called the degree of A. This defines a homomorphism deg: D + Z whose 
kernel is denoted by DO , the functional divisor group of degree 0. 

Every 0 # ,x E F determines a principal divisor 

where we use brackets in order to distinguish this functional principal 
divisor in D from the “arithmetical” principal divisor (x) E *a as intro- 
duced in Section 3. 

The kernel of the principal divisor map F---f D is the multiplicative 
group of the field of constants K. That is, the sequence 1 -+ K -+ F---f D is 
exact. In view of the sum formula above, the image of F -+ D is contained 
in D, . The groups C = D/F and C, = DO/F are the functional divisor 
class group and the functional divisor class group of degree 0, respectively. 

This being said, we now start to investigate the connection between 
functional and arithmetical primes. Let p E *V be an arithmetical prime. 
In (3.5) we have defined its logarithmic absolute value Q,(X) = --log 11 x &, . 
In general, this function is neither a valuation of *K (namely if p is 
archimedean) nor is it trivial on K (if p is standard). However, we have 
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seen in Section 3 that the modified function G@(x), which measures the 
order of magnitude of W,(X), is a valuation which is trivial on K. Hence, 
the restriction of ti, to the subfield F, if it is not entirely trivial on F, 
yields a valuation of F 1 K which belongs to one of its functional prime 
divisors, say P. If this is the case, then p is said to be effective on F, or on P; 
we also say that P is induced by p, notation: p 1 P. In using this symbol one 
has always to keep in mind that not the logarithmic value wp itself, but 
only its modified valuation ti, induces in F a valuation which is equivalent 
to w, . Explicitly, the condition that ti, and wp are equivalent on F means 
that there is a real number pp > 0 such that 

w&4 + Pp+%W (4.2) 

for all x E F. The order of magnitude of pp is uniquely determined by this 
relation. Let v E F be a uniformizing variable at P; i.e., z+(r) = 1. If we 
Put 

ep = ~(4, f, = ~odWWegV) 

then we obtain from (4.2) 

It is clear that ep may be regarded as the p-adic ramification index, and fp 
as the p-adic residue degree of *K relative to F. However, we shall not 
consider these but work mainly with the invariant pp itself, which is to be 
regarded as kind of p-adic relative degree of *K over F. 

Our first result is the following. 

LEMMA 4.1. Every functional prime divisor P of F is induced by some 
arithmetical prime divisor p of *K. 

Proof. By the theorem of Riemann-Roth there exists x E F which 
admits P as its only pole. That is, we have wp(x) < 0, and P is the only 
functional prime of F with this property. Since x $ K, we infer from 
Lemma 3.2 that there is an arithmetical prime p such that wp(x) ;C. 0. This 
inequality shows, first, that p is effective on F and, secondly, that p induces 
in F a functional prime which is a pole of x. Since there is only one pole of 
x, namely P, we conclude p / P. Q.E.D. 

Lemma 4.1 can be found in [17] already. It shows that, in a sense, the 
functional divisor theory of F is induced by the arithmetical divisor 
theory of *K. This is not literally true, however, since we have pointed 
out above already that the valuations wp have to be modified first before 
they can be said to induce a valuation in F. Accordingly, in formula (4.2) 
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and in the next formulas to come, we see the sign 6 appear where in the 
ordinary theory one would expect the equality sign =. Apart from this 
difference, we shall develop our results in such a way that it is in complete 
analogy to the ordinary theory of extensions of valued fields. 

Our first task is to construct what is ordinarily called the conorm, which 
in our case is an injection i : D + 5 from the functional divisor group D 
of F into the arithmetical divisor group 9 of *K. (The appearance of 5 
instead of *D signifies that we have to use f instead of =, as has just been 
explained.) If A ED, then we would like its image iA E 3 to have the 
following p-adic values: 

P~wP(A) if P I P, wp(iA) + lo 
if p is not effective on F. (4.3) 

It is not yet clear that such a divisor iA E $ exists; if it does exist, however, 
then iA is uniquely determined in view of Lemma 3.3. The following 
lemma solves the existence problem and more. 

LEMMA 4.2. For every functional divisor A ED there exists an arith- 
metical divisor iA E *a satisfying (4.3). This divisor is uniquely determined 
in its order of magnitude; the resulting map 

i:D+$ 

is an injective homomorphism which has the following properties: 

strong order preservation, 
A<BoiA<iB; 

maximum preservation, 

i max(A, B) f max(iA, iB); 

minimum preservation, 

i min(A, B) 6 min(iA, iB); 

principal divisor preservation, 

i[x] f (x). 

Proof. First, we prove the existence of iA E *a satisfying (4.3). If 
A = [x] is the principal divisor of some x E F, then we can put iA = (x); 
Eqs. (4.2) guarantee the validity of (4.3) in this case. In general, we shall 
try to represent A in some way by means of principal divisors; then we 
shall use the same representation in *D to define iA. 
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To start with, we may assume without loss that A 3 0. Namely, if this 
is not the case, then we write A = B - C, where B = max(O, A) 3 0 and 
C = max(O, --A) > 0. If we know the existence of iB and iC, then we can 
put iA = iB - iC; note that conditions (4.3) are additive in character. 

So let us assume A 3 0; i.e., wp(A) 3 0 for every functional prime 
divisor P. There are only finitely many P with wp(A) > 0. Using the 
approximation theorem for valuations, we can find a nonzero element 
x E F such that 

w&) = wp(A) if wp(A) > 0. 

Again, there are only finitely many P with w,,(x) > 0; thus we find 
0 # y E F such that 

WP( Y> = w,(A) if wp(A) > 0, 

WAY) = 0 if wp(A) = 0 and wP(x) > 0. 

Now we have 

= wp(A) if wp(A) > 0, 
min(wp(x), wdy)) if wp(A) = 0 and wP(x) > 0, 

if wP(x) < 0. 

It follows that 

max(O, mW+dx), wp( ~1)) = w(A) 

for every functional prime divisor P, which is to say that 

max(O, min([x], [ y])) = A. 

This is the representation of A by means of principal divisors, as an- 
nounced above. Now we put 

iA = max(O, min((x), ( y))), 

which is the same expression in *YD as A in I). For every arithmetical 
prime p, we have 

wp(iA) = max(O, min(wJx), wP( y))). 

Now, if p is effective on P, then using (4.2) for x and y we obtain 

w&A) * pp ma@, mWW>, WA Y))) = pp ~(4. 

On the other hand, if p is not effective on F, then we(x) * 0 f wP( y) and 
it follows that wp(iA) * 0. We have proved that (4.3) holds. 
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As already said above, we have shown in Lemma 3.3 that any divisor in 
5 is uniquely determined by its p-adic values in 8. Hence, iA is uniquely 
determined in %J by conditions (4.3), irrespective of the choice of the 
elements x, y E F used above to construct iA. Thus we obtain a map 
i : D + a. It is clear that this map is a homomorphism, since the divisor 
addition in D resp. 9 is faithfully reflected in the addition of the local 
P-adic resp. p-adic values. (We have used this remark above already by 
saying that conditions (4.3) are additive in character.) For similar reasons, 
it is clear that i : D -+ 9 preserves the order relation of divisors, as well as 
the operations max and min. Formula (4.2) shows that if A = [xl, then 
iA k (x). It remains to prove the following strong order preservation 
property which at the same time yields the injectivity: 

iA < iB =t- A < B. 

Let P be a functional prime divisor. By Lemma 4.1 there exists an 
arithmetical prime divisor p which is effective on P. Since iA < iB, we 
have wp(iA) < wp(iB); in view of (4.3) this implies 

~44 G P~wPUO, 

which is to say that 

,w+(A) G P~WP@) + c, 

where c is a finite number. It follows that 

where h = c/p,, . 
~44 < wAB) + 4 

We know from (4.2) that pp 3 0; i.e., pp is infinitely large. Since c is 
finite, it follows that h is infinitesimal; in particular, we have h < 1 and 
therefore wp(A) < wp(B) + 1. Since wp(A) and wp(B) are (standard) 
integers, we have wp(A) < wp(B). 

Here P is an arbitrary functional prime divisor. Hence A < B. Q.E.D. 

Remark. The injection i : D -+ 9 is the nonstandard counterpart of 
Weil’s representation of functional divisors as so-called distributions 
123-251. In this sense, our Lemma 4.2 may be compared to what is usually 
called the “theorem of decomposition” for Weil distributions. 

Lemma 4.2 says that the map i : D + $ is injective and faithful with 
respect to all the relevant relations between divisors. We have already 
said above that this map should be regarded as an analog to the conorm 
mapping, in the ordinary theory of extensions of valued fields. Now, in 
that theory it is quite common to identifv the divisor group of the subfield 
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with its image under the conorm. We shall follow this procedure also in 
our situation. 

Henceforth we identify D with its image iD C 9 whenever this is con- 
venient and no misunderstanding seems possible. Accordingly, we shall 
regard functional divisors A E D as arithmetical internal divisors, with 
the provision, however, that the equality sign is replaced by G, which 
measures the order of magnitude only. 

Due to this identification convention, our formulas will become more 
lucid, leaving out the redundant symbol i. For instance, the p-adic logarith- 
mic value of iA is now to be regarded as the p-adic logarithmic value of A 
itself, and to be denoted by w,(A). Formula (4.3) now reads 

P~WPW if P I P w&4) f to 
if p is not effective on F. (4.4) 

This is in complete analogy to (4.2). The principal divisor property of 
Lemma 4.2 reads 

[xl + (4 6 En, (4.5) 

showing that the two principal divisors of x coincide in their order of 
magnitude. 

Every functional divisor A E D, if regarded as an element in %,, has a 
size u(A); according to Section 3 this is an element in R, i.e., a real number 
whose order of magnitude is uniquely determined by A. We thus obtain 
the size map IJ : D -+ R which is induced by the ordinary size 
map u : *a + *R in the manner as described, via the embedding D C 3. 
On the other hand, we have the functional degree map deg: D -+ Z. There 
arises the question as to the connection between these two invariants a 
and deg on D. 

Again, we use the ordinary theory of extensions of valued fields as a 
guide line and motivation. In that theory, the degrees of divisors of the 
ground field are multiplied by a fixed number p, if these divisors are 
regarded in the extension field by means of the conorm embedding. In 
fact, p equals the degree of the field extension. Now, in our situation the 
field extension *K over F is not finite; nevertheless, we can ask whether 
there is such a number p as above. Of course, the role of the degree in the 
extension field *K is taken by the size u. Hence we ask, more precisely, is 
there a number p 3; 0 such that, for every functional divisor A E D, we 
have 

a(A) * p deg(A) ? 

Now this is not true in general, the reason being the nonarchimedean type 

641 h/2-3 
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of the ordering of fi. Nevertheless, we shall show that quite a similar 
statement does hold, namely: 

where the symbol N means “infinitely close.” Let us first explain this 
relation; afterwards we shall state our main theorem. 

Let x, y E *R. We say that x is intnitely close to y if x = y + h with 
infinitesimal h E *R. Notation: x 1( y. It is clear that every infinitesimal 
number is finite; hence, x N y implies x + y. As in the case of finite 
numbers, the infinitesimal numbers form an isolated subgroup Rinr of *R; 
this implies that the factor group *R/Rr,,r inherits naturally its order 
relation from *R. Accordingly, we shall write x 2 y in order to say that 
x < y + h with infinitesimal h. 

By definition, both relations x < y and x r y are of additive character; 
they are in general not coherent with respect to multiplication. Their 
behavior with respect to multiplication can be described by saying that 
the finite numbers Rrrn form (not only an additive group but) a valuation 
ring of *R, and that Rinr is the maximal ideal of that valuation ring. For 
later references, we shall state the following lemma. 

LEMMA 4.3. Let p E *R be infinitely large. If x < y then x/p 2 y/p. 
In particular, if x * y then x/p N y/p. In other words, the map x H x/p 
is an order-preserving homomorphism from the additive group ti = *R/Rtrn 
onto *RfRinr , the real numbers module infinitesimals. 

Proof If x < y, then x < y + c, where c is a finite number. It folows 
that x/p < y/p + h, where h = c/p. Since by assumption p is infinitely 
large and c is finite, it follows that h is infinitesimal. Hence, x/p 2 y/p. 

Q.E.D. 

If A E D, then we know that a(A) is determined module finite numbers. 
From Lemma 4.3 we infer that the ratio u(A)/p is determined modulo 
infinitesimals. Thus we see that statement (4.6) is at least meaningful, and 
it is the best what we can expect. The following theorem says that it is true. 

THEOREM 4.4. There exists an infinitely large number p E *R such that 

44 - N deg(A) 
P 

for all functional divisors A E D. That is, the size on D is proportional to the 
degree, up to infinitesimals. 
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The number p is uniquely determined up to infinitesimals, in the following 
multiplicative sense: If A E *R is another such number, then p/X N 1. 

Proof Let us start by stating the formal properties of the size which 
are responsible for the validity of Theorem 4.4. 

(i) The size u : D ---f ti is an order-preserving homomorphism which 
vanishes on principal divisors of D. 

Namely, these properties are inherited from the original size function 
u : *a + *R, via the inclusion D C %. As to the vanishing on principal 
divisors, we mean of course functional principal divisors [x] where x E F. 
However, due to formula (4.5), these may be identified with their arith- 
metical principal divisors (x); we know that the original size function 
G : *D ---f *R vanishes on those (x), as a consequence of product formula 
(3.3). 

(ii) The size u : D -+ k does not vanish identically. In fact, for ewry 
A > 0 we have o(A) 3 0. 

For, if A > 0 in D, then A 3 0 in 5. Thus we have to show, for every 
internal divisor, a =; 0 3 o(a) 5 0. By Lemma 3.3, if a 5 0, then there 
exists p E *V such that wP(a) > 0. Therefore, it suffices to prove that 
a > 0 * u(a) > wP(a) for any internal divisor a and any internal prime p. 
Now this rule in 5 is clearly inherited from the corresponding rule in *%, 
namely a 3 0 ti u(a) 3 wp(a). But this is trivially true in view of defini- 
tion (3.8) of the size. 

This being said, we now start with the proof of Theorem 4.4. Let g 
denote the genus of the function field F [ K. If deg(A) > g, then 
the theorem of Riemann-Roth shows that there is a positive divisor 
A’ 2 0 which is equivalent to A, in the sense that A - A’ = [x] is princi- 
pal. From (i) it follows that u(A) 1 o(A’) > 0. 

If deg(A) > 0, then there exists a natural number n E N such that 
deg(nA) 3 g; we conclude that u(nA) = nu(A) 2 0 and hence a(A) > 0. 
Applying this to A - B instead of A, we obtain 

deg(A) > deg(B) * u(A) > U(B). 

We replace A, B by nA resp. mB, where n, m E Z. Thus, 

n deg(A) > m deg(B) 3 nu(A) > mu(B) (*) 

This statement remains true if m, n denote arbitrary rational numbers in 
Q. For, this may be reduced to the case of integers by multiplication with 
the least common denominator. 
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Now we choose a fixed positive divisor B > 0. Then deg(B) > 0. We 
know from property (ii) above that a(B) =; 0. Let p E *R be such that 
p f a(B)/deg(B); then p is infinitely large. In (*) we take n = 1 and 
m = r/deg(B), where r E Q; we obtain 

deg(A) > r => o(A) 3 rp * a(A)/p 5 r, 

the last conclusion in view of Lemma 4.3. This statement is true for 
every rational number r < deg(A). If r tends to deg(A), we see that 

On the other hand, formula (*) also holds if A and B are interchanged. 
We get, similarly, 

44 N 
p < kid4 

hence, 

44 - N deg(A). 
P 

It remains to show the uniqueness property of p, Quite generally, if x 
and y are real numbers and x is not infinitesimal, then x N y * V/X N 1. 
For, we have y = x + h with infinitesimal h, and hence y/x = 1 + k 
where k = h/x is again infinitesimal, due to the fact that x itself is not 
infinitesimal. 

Now, if h is as in Theorem 4.4, choose any divisor A of positive degree; 
then the relations 

4-Q 44 __ N deg(A) _N h 
P 

show that neither of the two quotients in infinitesimal; hence division 
leads to p/X _N 1 since u(A) cancels. Q.E.D. 

Remark 4.5. It is clear from our proof that Theorem 4.4 holds, not 
only for the size, but for an arbitrary function satisfying (i) and (ii). In 
other words, we have the following statement of Artin-Whaples type [l]. 

Lety:D+*b e any nontrivial order-preserving homomorphism which 
vanishes on principal divisors. Then v is proporttonal to the degree, up to 
inJinitesimals. That is, there exists dn ir#niteYy large. p such that 
v(A)/p -N deg(A)fir every A E D. ., 
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COROLLARY 4.6. Let A, B E D. Ifdeg(A) > 0, then o(A) Y 0 and 

44 de@) -N- 
44 - deg(A) * 

That is, the size quotient is infinitely close to the degree quotient. 

This follows immediately from Theorem 4.4 since the factor p cancels 
out. Note that the size quotient o(B)@(A) is well defined up to infinitesi- 
mals. 

Now let us consider a nonconstant element x E F, and let us take for A 
the divisor of poles of x in D. That is, 

A = -min(O, [xl) = max(O, -[xl). 

It is well known that deg(A) = [F : K(X)], the right-hand side denoting the 
field degree of F over the rational function field generated by X. On the 
other hand, if we consider A as an internal divisor, we have 

A * max(O, -(x)), 

which is the denominator of x in the arithmetic sense (including the archi- 
medean primes). To compute the size of this denominator, we notice that 

wP max(O, -(x)) = max(O, -W&K)) = log max(1, (j x $J. 

If we put 
H(x) = fl max(1, 11 s jjP), 

P 

then H is the height function as introduced by Hasse [4], and we have 
a(A) + log H(x). We conclude the following. 

COROLLARY 4.7. Let x E F be nonconstant. For every divisor B E D we 
have 

@O _I- N deg(B) 
logH(x) - [F: K(x)] l 

In particular, taking for B the pole divisor of another nonconstant 
y E F, we obtain the next corollary. 

COROLLARY 4.8. For nonconstant x, y E F we have 

bH( v) IF: K(y)1 
logH(x) = [F: K(x)] * 

That is, the logarithmic height quotient is infinitely close to the degree 
quotient. 
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This last formula has been obtained in [17] already. It can be regarded 
as the nonstandard equivalent of what is called the first basic inequality of 
Siegel [22]. 

5. EXCEPTIONAL DIVISORS 

Let P be a functional prime divisor of F. We know from Lemma 4.1 
that there is at least one arithmetical prime p of *K which is effective on P, 
i.e., p ) P. The contention of Theorem 1.2 is that among these arithmetical 
primes p there exists a nonstandard one provided the genus g of F is 
positive. Thus we have to study those functional primes P which do not 
admit a nonstandard p with p 1 P. These primes P are called exceptional; 
the contention is that exceptional primes exist in the case g = 0 only. 

It will be convenient to extend the notion of “exceptional” to divisors 
instead of prime divisors: namely, a functional divisor A E D is called 
exceptional if 

A=P,+P,+--.+P,, 

where the Pi are distinct exceptional prime divisors. This definition implies 
that exceptional divisors are positive and without multiple components. 

Our first aim is to obtain an estimate for the degree of an exceptional 
divisor A; this will at the same time give an upper bound for the number r 
of exceptional prime divisors of F (if there are any). As we know from 
Theorem 4.4, the degree is intimately connected with the size; this leads us 
to study the size of an exceptional divisor A. 

An arithmetical prime p is said to be effective on A if p is effective on 
some component of A. Notation: p 1 A. 

LEMMA 5.1. Assume A E D is an exceptional divisor of F. There are only 
jinitely many arithmetical primes p of *K which are effective on A. These 
primes p 1 A are characterized by the condition w,(A) 3 0, and we have 

a(A) * c w+,(A). 
PIA 

Notice that the sum on the right-hand side has finitely many terms only. 

Proof. If p 1 A, then there is some component P of A such that p j P. 
Using (4.4), we conclude that 

~~(2) + ppwp(A) 2 pp 3 0. 

Conversely, assume that wp(A) 3 0. Then (4.4) shows, first of all, that p 
is effective on F; i.e., there is some functional prime P such that p 1 P. 
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Moreover, (4.4) shows that w&t) > 0 for this prime P; i.e. P is a com- 
ponent of A and hence p 1 A. We have shown that p [ A if and only if 
wp(A) 5 0, which is one of the contentions of Lemma 5.1. 

In the above arguments, we had to regard A as an element of 5, 
according to the embedding D C 5 as explained in Section 4. Now let 
a E: *a be any internal divisor which represents A, i.e., such that a * A. 
We then have wP(a) e wp(A) for every p, which means that the (standard 
or nonstandard) real number wP(a) represents wp(A) E Ik Let S denote the 
set of those arithmetical primes p for which wP(a) > 0; then S is internal 
and, by what we have shown above, S contains every p which is effective 
on A. Moreover, if p E S is not effective on A, then wp(a) s 0. 

We claim that S does not contain any nonstandard prime. For, assume 
p E S would be nonstandard. Then p -r A (since A is exceptional) and hence 
wP(a) * 0. That is, the real number wP(a) = z+,(a) log(Np) would be 
positive and finite. But this contradicts the fact that Np is infinitely large 
(Lemma 3.1). 

NOW, since S is internal and does not contain any nonstandard prime, 
it follows that S is jinite (see Section 2). In particular, there are only 
finitely many p which are effective on A. 

Let us put 

a’ = C uP(a)p. 
PIA 

This sum contains finitely many terms only, and thus a’ is a well-defined 
internal divisor. By construction, a’ coincides with a at the primes p j A, 
and a’ vanishes at the other primes; hence, 

wP(a’) + E+,(A) 3 0 if p]A 

wP(a’) = 0 e wp(A) if p r A. 

We conclude that a’ + A; i.e., a’ is also a representative of A in *b. 
Hence, 

a(A) A a(a) = c wP(a) e 1 w,(A). 
PlA PIA 

Q.E.D. 

COROLLARY 5.2. Let A be exceptional as in Lemma 5.1; in addition, we 
assume that every component of A is of degree 1. Given any nonconstant 
element x E F which is A-integral, there are elements ap E K (for p 1 A) 
such that 

a(A) < C wp(x - aJ. 
PlA 
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An element x E F is called A-integral if none of the poles of x is a 
component of A, i.e., if wp(x) > 0 for every component P of A. 

Proof. If p ( A, let P denote the component of A on which p is effective, 
Let a,, denote the P-adic residue of X; since deg(P) = 1, we know that 
ap E K. By construction, x - ap has a zero at P, i.e., u,,(x - a& > 1. On 
the other hand, P is a simple component of A (see the above definition of 
exceptional divisors). This implies +(A) = 1 < vp(x - a&; hence, 
wp(A) < wp(x - a& and therefore, in view of (4.4), 

QA) < w& - apI. 

Now apply Lemma 5.1. Q.E.D. 

Our problem of estimating the sixes of exceptional divisors is now 
reduced to estimating finite sums, such as appear on the right-hand side 
of the formula of Corollary 5.2. To this end, we use the well-known 
theorem of Roth. Let us briefly recall its content. 

The theorem of Roth concerns the following situation in the number 
field K : Let S be a finite set of prime divisors of K, let a,, be elements in K 
belonging to the primes p ES, and let K > 2 be a real number in R. 
Referring to these data we have the theorem below. 

THEOREM OF ROTH. There are only finitely many elements x E K which 
satisfy the approximation conditions 

(5.1) 

Actually, the theorem of Roth in its usual formulation is somewhat more 
general, since the ap may be arbitrary algebraic numbers, not necessarily 
contained in K. Roth 1211 considered the case K = Q, and S consisting of 
one prime only, namely the archimedean prime of Q. The case of several 
primes was settled by Ridout [13], in the case K = Q. A proof in the 
general case, for an arbitrary number field K, can be found in the book of 
Lang [71. 

By the theorem of Roth, the set of elements x E K satisfying (5.1) is 
finite; hence it is not enlarged in *K. That is, if x E *K satisfies (5.1), then 
x is already contained in K; i.e., x is standard. In other words, if x E *K 
is nonstandard, then x does not satisfy (5.1). Thus we obtain the following 
statement in *K which, as we have seen, is the nonstandard version of 
Roth’s theorem. Let S be a finite set of standard prime divisors, let a,, be 
standard elements in K, belonging to the primes p E S, and let K > 2 be a 
standard real number. 

In this situation we have the following proposition. 
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PROPOSITION 5.3. For every nonstandard x E *K, 

I$lx-a,ll, >&. 

Taking the logarithm of both sides, this is equivalent to the additive 
inequality 

(5.2) 

Now, if we consider the situation of Corollary 5.2 and use (5.2) for the 
finite set of those p which are effective on the exceptional divisor A, then 
we find 

U(A) < K log H(X) 

for every standard number K > 2. Since log H(x) is infinitely large 
(Lemma 3.1), we conclude, in view of Lemma 4.3, that 

44 
log HO 

7 K. 

Since K > 2 is arbitrary standard, it follows that 

44 
log H(x) 

2 2. 

On the other hand, we know from Corollary 4.7 that 

Therefore, 

and hence 

44 
log H(x) -N [;y$$!)] * 

deg(A) 
[F : K(x)] ’ 2 

de&4 < 2 [F : K(x)], (5.3) 

since both sides are standard integers. 
We have proved formula (5.3) for every exceptional divisor A and every 

nonconstant x E F, under the additional assumptions of Corollary 5.2: 
namely, (i) x is A-integral; (ii) every component of A is of degree 1. But we 
claim that these additional assumptions are unnecessary for the validity 
of (5.3). That is, (5.3) holds for every exceptional divisor A and every 
nonconstant x E F, without further conditions. 
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In order to eliminate (i), we observe that formula (5.3) depends on the 
rational function field K(x) only and not on the choice of its generator x. 
Hence, if x should not be A-integral, then we choose another generator y 
of the same field K(x), such that y is A-integral; the validity of (5.3) for y 
then implies its validity for x, since K(x) = K(v). For instance, we may 
choose y = l/(x - c), where c E K is selected such that c is different from 
the finitely many P-adic residues of x, for every component P of A which 
is not a pole of x. 

In order to eliminate condition (ii), we use the method of constant field 
extension. If K’ is a finite algebraic field extension of K, then let F’ = FK’ 
denote the corresponding constant field extension of F. The divisor group 
D of F is naturally embedded into the divisor group D’ of F’; it is well 
known that this embedding is degree preserving. That is, if we consider A 
as a divisor of D’, then its degree (over the new constant field K’) equals 
the degree of A when considered in D. Moreover, for every nonconstant 
element x E F we have [F: K(x)] = [I;’ : K’(x)]. Hence, the validity of 
(5.3) in F’ 1 K’ implies its validity in F I K. Now, it is well known that K 
can be chosen in such a way that every component of A splits in D’ into 
primes of degree 1; such a field K’ is called a “splitting field” of A. Thus 
we know that (5.3) holds for A in F’ 1 K’ and therefore also in F I K, 
provided we can show that A, being exceptional in F, remains exceptional 
in F’. This can be shown as follows. 

The notion of “exceptional” refers to the embedding FC *K of F into 
the enlargement *K of K. The constant field extension F’ = FK’ is imbed- 
ded into the field compositum *KK’. Now, it is easily verified that this 
field compositum equals the enlargement *K’ of the field K’. Namely, let 
Ul ,**-, U, be a basis of K’ over K. The statement that these elements form 
a basis of K’ over K remains true in the enlargement, which shows that 
the ul ,..., ,, u form a basis of *K’ over *K. Hence, *K’ = *KK’, and this 
field compositum is linearly disjoint over K. In particular, it follows that 
the constant field extension F’ = FK’ is naturally embedded into *K’; it is 
with respect to this embedding F’ C *K’ that we claim A to be exceptional. 
In fact, let p’ be any arithmetical prime of *K’ which is effective on A; we 
have to show that p’ is standard. Let P’ denote the functional prime of P 
which is induced by p’; then P’ is a component of A. Let P be the prime 
divisor of F which is induced by P’; then P is a component of A in F I K. 
Moreover, let p denote the arithmetical prime induced by p’ in *K. We 
then have the situation indicated in Fig. 1, a diagram of fields and cor- 
responding primes. It is clear by construction that p is effective on P; since 
P is a component of A and A is exceptional in F, it follows that p is 
standard. In particular, p is nontrivial on K and hence p’, which is an 
extension of p, is nontrivial on K’. Consequently, p’ is a standard prime 
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of *K’, since nonstandard primes are trivial on the ground field K’ 
(Lemma 3.1). 

We also observe that the constant extension F’ = FK’ of F is unramijied, 
as is well known from the general theory of function fields. Hence, since A 
has no multiple components as a divisor of F j K, the same is true for A in 
F’ 1 K’. (Recall that the condition for A to be exceptional included the fact 
that A is without multiple components.) 

The above discussion shows that every exceptional divisor A of F 1 K 
remains exceptional in F’ I K’. Hence, if we choose K’ as a splitting field 
of A, we infer from the above that (5.3) is true over K’, hence also over K. 

We have now proved (5.3) in the general case, without the additional 
assumptions (i) and (ii). 

Let us denote by d the minimal degree of F over a rational subfield; i.e., 

d = $i [F : K(x)]. 
X$x- 

(5.4) 

This is a certain invariant of the function field F 1 K. From (5.3) we infer 
that deg(A) \( 2d for every exceptional divisor A of 1”. In particular, we see 
that the number of components of A is bounded by 2d. It follows that there 
are only finitely many exceptional prime divisors and their number is 
< 2d. 

Let us gather our results into the following. 

THEOREM 5.4. There are o&y finitely many functional prime divisors 
P 1 ,..., P, of F which are exceptional in *K. If weput 

A=P,+--+P,, 
then 

deg(A) < 2d 

where the invariant d of F 1 K is given by (5.4). 

Theorem 5.4 can be regarded as the nonstandard equivalent of the 
so-called second fundamental inequality of Siegel [22]. 
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COROLLARY 5.5. deg(A) < 2g + 2, where g is the genus of F / K. 

Proof. We have to verify that d ,( g + 1. In fact, if B is any functional 
divisor of F of degree g + 1 then, by the theorem of Riemann-Roth, we 
have dim(B) 2 2 and hence there are at least two different positive 
divisors B’, B” > 0 which are equivalent to B (modulo principal divisors). 
We have B’ - B” = [xl, where x E F is nonconstant, and [F : K(x)] < 
deg( B”) = deg(B) = g + 1. Q.E.D. 

Remark 5.6. In the argument just given, we have used the fact that 
there is a functional divisor of degree g + 1. In fact, every standard integer 
is the degree of some functional divisor of F. To show this, it suffices to 
exhibit at least one functional divisor of degree 1. Now, every algebraic 
function jield F ) K imbedded into *K has infinitely many prime divisors P 
of degree 1. This fact belongs to the fundamentals of nonstandard arith- 
metic and has been proved in [16] already. The argument is as follows. 

Let x1 E F be nonconstant, and let R denote the integral closure of 
K[x,] in F. Then R is a finitely generated K-algebra, say R = K[x, ,..., xm]. 
IA 

fibI ,a.*, Gn) = 0 (1 <j <r> 

be a system of defining relations of the x1 ,..., x,,, over K. Since these 
equations have a nonstandard solution-namely, x1 ,..., x,-it follows 
from 2.4 that there are infinitely many solutions in K. That is, there are 
infinitely many m-tuples a1 ,..., a, E K x **. x K such that 

ACal ,..., am) = 0 (1 <cj < r). 

Every such solution defines a K-homomorphism R + K which maps x3 
onto a, (1 <j < r); the kernel of this is a maximal ideal of R. Thus, R 
has infinitely many maximal ideals M such that R/M = K. On the other 
hand, we know from the general theory of function fields that R is a 
Dedekind ring; its maximal ideals M are in one-to-one correspondence to 
those prime divisors P of F whose valuation ring contains R (this means 
that P should not be among the poles of x1). In this correspondence, the 
valuation ring of P equals the quotient ring of R with respect to M, and 
the residue field of P is isomorphic to R/M. We conclude that there are 
infinitely many functional prime divisors P of F whose residue field is K, 
i.e., which have degree 1. 

The converse is also true: If an abstract function field F 1 K of 
one variable has infinitely many prime divisors of degree 1, then there is a 
K-isomorphism from F into *K. Again, this follows from 2.4 by reversing 
the above arguments; note that a nonstandard solution of the above 
equations is necessarily generic over K. See also Section 1. 
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6. UNRAMIFIED EXTENSIONS: ELLIPTIC AND HYPERELLIPTIC 
FUNCTION FIELDS 

We conserve the notations and assumptions of the foregoing section. 
Let A be an exceptional divisor of F, i.e., 

where the Pi are exceptional prime divisors, mutually distinct. The 
inequalities of Theorems 5.4 and 5.5 show that 

deg(A) < 2d < 2g + 2. 

If g = 0, then it follows that deg(A) < 2; we shall see in Section 8 that 
every possibility within these limits can indeed be realized by a suitable 
function field of genus 0. We now assume g > 0 and proceed to prove that 
in fact A = 0; i.e., there are no exceptional primes in F. We start from 
the above estimate and try to improve it such that finally deg(A) < 1; then 
it will follow that A = 0. In order to obtain the desired improved estimate, 
we shall study unramiJied extension fields of F in *K, the application of 
Theorem 5.4 to such extension fields will lead to the desired result. 

Let E be an extension field of F which is contained in *K, so that 
KC F C E C *K. We assume that the field degree [E : F] is finite, which 
implies that E is an algebraic function field of one variable with K as its 
field of constants. 

LEMMA 6.1. A functional prime P of F is exceptional if and only if 
every one of its extensions to E is exceptional. 

Proof. If P is exceptional, then by definition P is induced by standard 
primes p E *V only. Now, if Q is an extension of P to E, then every p E * V 
which induces Q on E will induce P on F. Hence, p is standard, showing 
that Q is exceptional. 

Conversely, assume that every extension of P to E is exceptional. Every 
prime p E *V inducing P on F will induce on E some prime Q which is an 
extension of P. Hence p is standard, showing that P is exceptional. Q.E.D. 

Now let Q, ,..., Q, be those’ functional primes of E which appear as 
extensions of one of the exeptional primes PI ,..., P, appearing in A. 
Lemma 6.1 shows that every Q, is an exceptional prime of E. If A is 
considered as a divisor of E, then it has the form A = e,Ql + ..’ + esQs , 
where ej denotes the ramification index of Qj over F. 

Now assume that E is unramified over F. Then A = Q, + --* + Q8, and 
we conclude that A is an exceptional divisor of E. (Recall that the definition 
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of exceptional divisors implies that every component should be simple.) In 
other words, the divisor A remains exceptional in E. Therefore, Theorem 
5.4 applied to E yields deg&) < 2d,, where dE denotes the field invariant 
appearing in Theorem 5; i.e., de is the minimum of the numbers [E : K(y)] 
with y E E. Moreover, deg,(A) denotes the degree of A if considered as a 
divisor of E; it is well known that 

deg.&) = [E : Fj - deg,(A). 

That is, if a divisor of F is regarded as a divisor of E, then its degree is 
multiplied by [E : FJ. Combining these observations, we obtain the 
following corollary. 

COROLLARY 6.2. Assume E to be unramified over F. Then every excep- 
tional divisor A of F remains exceptional in E. The degree of A in F is 
estimated as 

In particular, if E is constructed such that 

then we conclude that deg(A) = 0; i.e., A = 0. 
In view of this we are now going to construct unramified extensions E 

of F in *K, such that [E : F] is sufficiently large. This construction will be 
quite explicit and elementary if dF = 2, i.e., if F is a quadratic extension of 
a rational function field. This case will be discussed in this section, whereas 
the general case will be found in Section 7. 

Let us add one more preliminary remark, concerning constant field 
extensions. Let K’ be a finite algebraic extension field of K, and let F’ = FK’ 
denote the corresponding constant field extension. This is a subfield of 
the field compositum *KK’ which, as we have seen in Section 5, coincides 
with the enlargement *K’ of K’. Thus we have the situation K’ C P C *K’. 
The exceptional divisor A = PI + -*- + P, of F remains exceptional in 
I;‘, as has been shown in Section 5. Since I;’ is a constant field extension of 
F, the degree of A in F’ coincides with the degree of A in F. Also, I;’ has the 
same genus as I;. These remarks show that, in order to prove that F has no 
exceptional prime divisors, it is permissible to replace F by a constant field 
extension F’ and to prove that I;’ has no exceptional divisors. 

This simple remark will allow us to apply a suitable constant field 
extension before starting with our constructions; this will simplify our 
discussion considerably. (However, it should be remarked that these 
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constant field extensions are not really necessary; it is possible to use 
constructions which are rational over K.) 

This being said, we now proceed with the discussion of quadratic 
function fields. Thus, we assume that F is given as a quadratic extension 
of a rational subfield K(x), i.e., [F : K(x)] = 2. There is a generator y of F 
over K(x) such that y2 = f(x), where f(x) E K[x] is a polynomial without 
multiple roots. It is well known that the genus g of F is computed by means 
of the degree m = degf(x) in the form 

I 
&n - 1) 

g = &(m - 2) 
if m is odd, 
if m is even. 

Our assumption g > 0 thus means that m Z 3. If m = 3 or 4, then g = I; 
i.e., F is elliptic. If m >/ 5, then F is hyperelliptic. 

After applying a suitable constant field extension we may assume that 
the polynomiaIf(x) has at least two roots a, b E K, so that 

y2 = (x - a)( Y - 4 g(x), 

where g(x) E K[x] is of degree m - 2. Let P, be a functional prime at 
which x - a has a zero; then it follows from this equation that P, is a 
double zero of x - a, i.e., vP,(x - a) = 2, and that there is no other zero 
of x - a in F. (In other words, P, is ramified over K(x).) This shows that 
the principal divisor of x - a has the form [x - a] = 2P, - X, , where 
X, is the pole divisor of x. Similarly, [x - b] = 2P, - A’, , where 
P, # P, since a # b. Hence, the element 

x-a *=- 
x-b (6.2) 

has the principal divisor 

[z] = 2P, - 2Pb ) (6.3) 

which is seen to be divisible by 2; i.e., [z] is twice some functional divisor 
of F. As a consequence of this property of [z), we now claim the following. 

There is a constant 0 # c E K such that dZ E *K. 

Proof. According to Section 4, we may regard P, and Pb as divisors in 
9, and then we have (z) + 2P, - 2P,. Since the size a vanishes on 
principal divisors, we conclude 0 + a(2P, - 2P,) * 2a(P, - Pa). Let us 
recall that the sign * stands for the relation of equality in the group fi; 
since this group is totally ordered, it does not admit any torsion and there- 
fore 

o(P, - Pb) A 0. 
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Thus the divisor P, - Pb of 5 has vanishing size; we conclude from 
Theorem 3.4 that this divisor is principal in 5. That.is, there is an element 
t E *K such that (t) 6 P, - Pa. We have (P) = 2(t) + 2P, - 2Pb f (z) 
and therefore, in view of Theorem 3.4, t2 = cz with some c E K. Q.E.D. 

It follows from (6.2) that z and, hence, cz generate the same field as X; 
i.e., K(X) = K(z) = K(cz). Therefore, since t = 2/Z, we obtain 

K(x) C K(t) and [K(t) : K(x)] = 2. 

On the other hand, we know that [F : K(x)] = 2. If t would be contained 
in F, then F = K(t), contrary to our assumption that F has genus g > 0. 
Hence, t is a quadratic irrationality over F; if we put E = F(t), then 
[E : F’j = 2. Thus we have constructed a certain quadratic extension field 
E of F inside *K. We claim that E is unramijied over F. In fact, E is gene- 
rated over F by the quadratic radical t = G5; hence, every prime of F 
which is ramified in E appears in the principal divisor [cz] = [z] with an 
odd multiplicity. But there is no such prime; we have seen in (6.3) that 
every prime appearing in [z] has multiplicity 2. Therefore, there is no 
prime ramified in E. 

In our construction of this unramifred extension field E, we had assumed 
that F should be quadratic, i.e., quadratic over a rational subfield. Now, 
this property is inherited by the field E. Namely, we have E = F(t) = 
K(x, y, t) = K( y, t) and y2 E K(X) C K(t). Therefore,’ [E : K(t)] = 2; i.e., 
E is quadratic too. Hence, this construction may be repeated and applied 
to E instead of F, and so on. After n steps we have the following situation. 

After applying a suitabIe constant extension, we can construct an 
unramified extension Ecn) of F inside *Ksuch that 

[E’“’ : F] = 2” and dEtn) = 2. 

If n = 3, we see that condition (6.1) is satisfied; hence, F does not have 
any exceptional prime. Theorem 1.2 is proved for quadratic function 
fields of genus > 0, i.e., for elliptic and hyperelliptic fields. 

7. UNRAMIFIED EXTENSIONS M THE GENERAL CASE 

Now we drop our assumption that F is elliptic or hyperelliptic, and we 
consider the case of an arbitrary function field of genus g > 0. Again, our 
aim is to construct unramified extensions E of F within *K, which have 
large degree [E : FJ. More precisely, the degree should be large compared 
with dE , namely such that the inequality (6.1) holds: 
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Let n denote a standard natural number, fixed through the following 
discussion. Our constructions will be based on the following. 

LEMMA 7.1. Let T be a functional divisor of F such that nT is principal 
in F. Then there exists t E *K such that T e (t). This element t is an nth 
radical over F, i.e., tn E F. The extension F(t) is unramijied over F. 

ProoJ Because of the hypothesis, there exists u E F such that nT = [u], 
the functional principal divisor of U. According to Section 4, we may 
regard T as a divisor in 9, and then we have nT + (u). We apply the size 
map u : 9 -+ a and recall that u vanishes on principal divisors; it follows 
that o(nT) * nu(T) f 0. Therefore, G(T) + 0, because the group I% is 
totally ordered and hence does not admit any torsion. Now we apply 
Theorem 3.4, which shows that every divisor in $ with vanishing size is 
principal. We conclude that T e (t) with some t E *K. It follows that 
(u) e nT t (t”) and therefore tn = cu with some c E K. Hence t is an 
nth radical over F. If a functional prime P of F does not appear in the 
principal divisor [u] = [cu], then P is unramified in E = F(t). This 
follows immediately from the fact that the polynomial Xn - CU, which 
admits t as a root, has the discriminant &~(cu)n-~, whose divisor does not 
contain P. On the other hand, if P does appear in [u], then up(u) = n+,(T) 
is divisible by n; if we choose x E F such that r+(x) = v&F), then P does 
not appear in the principal divisor of U’ = UX-“. If we replace t by t’ = 
tx-l, which also generates E over F, then t’” = cu’; i.e., t’ is an nth radical 
of CU’. The above argument can be applied to u’ and t’ instead of u and t, 
showing again that P is not ramified in E. Thus, E is unramified over 
F. Q.E.D. 

In the following, C, denotes the so-called nth division group of C, 
consisting of those divisor classes of C which are annihilated by n. The 
hypothesis of Lemma 7.1 states that T should represent some class in C, . 
NOW let US consider all nth radicals t E *K such that (t) + T with some 
functional divisor T E D representing a class in C, . It is clear these t E *K 
form a multiplicative group W,, containing all elements # 0 of F. If we 
assign to each t E IV, the class of its corresponding divisor TE D, then 
we obtain a homomorphism W, -+ C, which, in view of Lemma 7.1, is 
surjective. Clearly, the kernel of this homomorphism is the multiplicative 
group of F, hence, we have an isomorphism W,lE; = C, . The field F( W,) 
is unramified over F, since it is generated by the unramified extensions 
F(t) for t E W, . If K contains the nth roots of unity, then Kummer theory 
shows that F( W,), being generated by nth radicals, is abelian of exponent 
n over F. Moreover, it follows from Kummer theory that [I;( W,) : fl 
equals the order of the radical factor group W,/F; hence (since C, is 

641/712-4 
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finite), [F(W,> : fl = 1 C, / , where the right-hand side denotes the group 
order of C, . 

Still assuming K to contain the nth roots of unity, we claim that F( W,) is 
the maximal extension of F within *K, which is unramified and abelian of 
exponent n. By Kummer theory, any such extension is generated by nth 
radicals; thus, we have to show that each of these radicals is contained in 
W,, . So let t E *li: be an nth radical over F, and assume that F(t) is un- 
ramified over F. Let us put tn = u E F. Since F(t) is unramified over F, it 
follows z+(u) = 0 mod n for every functional prime P of F. Hence the 
principal divisor [u] is divisible by n in the functional divisor group D; i.e., 
[u] = nTwith some T E D. This shows first that the class of Tis annihilated 
by n; i.e., this class is in C,, . Secondly, we have nT + (u) + (In) and 
therefore T * (t). Thus t E W, . 

We have shown the following corollary. 

COROLLARY 7.2, Assume that the nth roots of unity are contained in K. 
Then all the nth radicals t of Lemma 7.1 generate the maximal extension of 
F within *K, which is unramtjied and abelian of exponent n. The degree of 
this maximal extension equals ( C, j , the order of the nth division class 
group of F over K. 

If K’ is an algebraic extension of K, then we denote by F’ = FK’ the 
corresponding constant field extension of F. Also, c’ is the divisor class 
group of F’ and C,‘, its nth division group. The inclusion F C F’ defines 
a natural map C -+ c’ which is injective (since F’ is a constant field 
extension of F). Hence we may regard C as a subgroup of C’, and then 
we have C, = C n C,‘. If we take for K’ the algebraic closure of K, then 
it is known from the general theory of algebraic function fields that 
1 C,’ 1 = n2g. It follows that ( C, ) < n 2g. If 1 C, 1 = n2g, then we say that 
all the nth division classes of F are rational over K (more precisely, the 
nth division classes of all constant field extensions of F are rational over 
K). It is well known that this implies the nth roots of unity to lie in K. 
Hence, we obtain the following. 

COROLLARY 7.3. Assume that all the nth division classes of F are 
rational over K. Let E,, denote the maximal extension of F within *K, which 
is unramified and abelian of exponent n. Then [E,, : F] = n2g. 

This field E;, is called the nth division$eld of F within *K. So far, it is 
only defined if the nth division classes of F are rational over K. If K’ is a 
finite algebraic extension of K then, clearly, E,,’ = E,,K’ is the nth division 
field of F’ within *K’. 



FINITENESS THEOREM 169 

In order to define E, in the general case, with no assumptions about the 
rationality of division classes, we introduce the notion of semiabelian 
extensions. Let E be a finite extension of F within *K. Then E is called 
semiabeiian of exponent n over F if there exists a finite extension K’3 K 
such that E’ is abelian of exponent n over F’. (Here, E’ = EK 
and F’ = FK’.) Assume this to be the case and, in addition, that E is 
unramified over F. Then E’ is unramified over P’. In view of Corollary 7.2 
(applied to F’) we conclude 

[E : F] = [E’ : F’] < ) C,’ j < n20. 

This relation holds for every extension E of F with the following properties: 

(i) E is contained in *K; 

(ii) E over F is unramified; 

(iii) E over F is semiabelian of exponent n. 

Each of these properties is preserved under field composita. Thus there 
exists a maximal extension of F with these properties. Let E, denote this 
maximal extension. Then again, 

[En : F’J < n29. (7.1) 

If the nth division classes of F are rational over K, then we conclude that 
this field E, coincides with the field E,, of Corollary 7.3; in particular, it 
follows that equality holds in (7.1). We claim that this is true in any case. 

THEOREM 7.4. Let E, denote the maximal extension of F within *K, 
which is unraml@ed and semiabelian of exponent n. Then [E, : F] = n2V. We 
shall call E, the nth division$eld of F within *K. 

Proof. Let K’ denote a finite Galois extension of K such that all the 
nth division classes of F are rational over K’. Consider the constant 
extension P’ = FK’, which is imbedded into *K’, and let E,’ be the nth 
division field of F’ within *K’. We know from the above that [E,’ : F’] = 
n2g, and that E,,’ can be characterized as being the maximal extension of F 
in *K’ which is unramified and abelian of exponent n. This characteriza- 
tion shows, in particular, that every automorphism of *K’ which maps 
F’ onto itself does also map E,’ onto itself. 

Now let G be the Galois group of K’ over K. Every automorphism of G 
has a standard extension to *K’, and hence G appears now as the Galois 
group of *K’ over *K. The field I;’ = FK’ is mapped under G onto itself 
(since this is true for each component F and K’). Therefore, by what we 
have said above, G maps E,’ onto itself. Hence, G induces in E,,’ a certain 
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FIGURE 2 

group of automorphisms. Let E denote the field of fixed elements in E,,‘. 
This field E has the following properties (shown in Fig. 2): 

(i) E is contained in *K. For, since *K is the field of fixed elements 
in *K’, we have E = *K n E,,‘. 

(ii) E is unramified over F. For, we know that EC E,‘. But E,’ is 
unramified over F’ (by definition of E,‘) and F’ is unramified over F (as a 
constant extension). Hence E,,’ and therefore E too is unramified over F. 

(iii) EK’ = E,,‘. This follows from Galois theory since every 
nontrivial automorphism of G moves the elements of K’ and hence those 
of EK’. Now, since E,’ is abelian and of exponent n over F’, it follows that 
E’ over F’ is semiabelian and of exponent n. 

From (i)-(iii) it follows that E C E,, . Hence, from (7.1), 

[E : I;1 < [Ep) : Fj < n2g. 

On the other hand, we infer from (iii) that 

[E : FJ = [EK’ : FK’] = [E,’ : F’] = n2g. 

Thus we conclude that E = E, and [E, : r;] = n2g. Q.E.D. 

Theorem 7.4 shows the existence of unramified extensions E,, of F 
within *K, of arbitrarily large degree. Now we are interested in the degree 
invariants 

of these fields. As above, we write d = dF . 

LEMMA 7.5. There exists a constant y, depending on the genus of F 
only, such that d,, < ydn2gM2. 
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A proof of Lemma 7.2 has been given by Siegel [22], with y = g3. 
Siegel used the analytic theory of theta functions in his proof. There is also 
an algebraic proof available, using Deuring’s theory of correspondences 
of algebraic function fields and the inequality of Castelnuovo-Severi [18]. 
Since this proof has nothing to do with nonstandard methods, we have 
preferred to exclude it from the present paper and to publish it separately 
WI. 

Putting Theorem 7.4 and Lemma 7.5 together, we obtain 

If n is sufficiently large, we conclude that inequality (6.1) holds: 

As was explained in Section 6, this shows that there are no exceptional 
primes of F. Theorem 1.2 is proved. 

8. THE CASE g = 0 

Although our main interest in this paper is concerned with function 
fields of higher genus, let us briefly review our results obtained in the case 
of genus zero. Thus, in this section let us assume that g = 0; in view of 
Remark 5.6 this implies that F = K(t) is a rational function field. 

Let PI ,..., P, denote the exceptional prime divisors of F. Our aim is to 
describe these prime divisors, as well as the ring R of exceptional elements 
of F. Here an element x E F is said to be exceptional if its functional pole 
divisor is composed of exceptional primes only; this is equivalent to 
saying that, if x is regarded as an element of *K, then its denominator is 
not divisible by any nonstandard prime. (That is, Theorem 1.1 fails to 
hold for x.) It is clear that the exceptional elements form a subring R of F, 
containing K. 

According to Theorem 5.4, the divisor A = P, + P, + ... + P, has 
degree < 2. Hence, there are only the following four cases possible. 

Case 0: deg(A) = 0. In this case, there are no exceptional prime 
divisors, and R = K. 

Case 1: deg(A) = 1. We have r = 1. The only exceptional prime divisor 
P of F has degree 1. We can choose the generator t of F 1 K such that P is 
the only pole of t, and of order 1. If an element x E F = K(t) has no pole 
except P, then x is a polynomial in K[t], and conversely. Hence, R = K[t]. 
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Case 2: deg(A) = 2 and r = 2. There are two exceptional prime divisors 
PI and Pz , each of degree 1. We can choose the generator t of F 1 K such 
that PI is the pole and Pz the zero of t, both of order 1. If an element 
x E F = K(t) has no pole except PI and Pz , then x E K[t, t-l], and con- 
versely. Hence R = Kit, t-l]. 

Case 2a: deg(A) = 2 and r = 1. There is only one exceptional prime 
divisor P; it has degree 2. If t is any generator of F ) K, then P is the zero 
of some quadratic irreducible polynomial y(f) E K[t]. After a suitable 
linear transformation oft, we may assume rp(t) of the form p(t) = t2 - a, 
where a E K, but z/;i .$ K. If an element x E F = K(t) has no pole except P, 
then x is of the form x = &dgn h&, where the hi E K[t] are linear 
polynomials. This shows that x is representable as a polynomial in y-l and 
by-l. Hence R = K[q.+, tp-l]. 

Case 2a reduces to Case 2 over the quadratic extension K’ = K(VZ). 
For, the prime P splits in F’ = FK’ into two functional primes PI’ and Pi, 
each of degree 1, which are the pole and the zero of the generator 

,,=t+2/;; - 
t - da 

of F’ 1 K’. Therefore, R is contained in the ring R’ = K’[t’, f-l], and 
R=FnR’.Let 

7:+Gl-+-~ 

denote the nontrivial automorphism of K’ 1 K. Extended to an auto- 
morphism off;’ 1 F, we see that T sends t’ into PI. Also, R is the ring of 
tied elements under 7. This gives the description 

where 

R = Fix(I) K’[t’, t’“] , 

K’= K(h) and 7: 
I 

The foregoing discussion gives a clas.$ication of the subfields F C *K of 
genus zero, with respect to their exceptional behavior. It is complemented 
by the following existence statement: Each of the four cases 0-2a is 
realized by some subfield F C *K of genus zero. In Case 2a we may pre- 
scribe the quadratic irrationality G entering into its description. 

To prove this, one has to exhibit nonstandard elements tt E *K such 
that the function field Fi = K(tJ satisfies case i. We shall only state the 
mode of construction of these elements, leaving to the reader the straight- 
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forward verification that the conditions in the respective cases are indeed 
satisfied. 

First, let us deal with Case 2. Let u E K be any element which is neither 
zero nor a root of unity, so that ZP # Z.P for all n, m E N. Then we put 
t, = uz, where z is an infiniteZy large natural number in *N. It is easily seen 
that t2 is nonstandard and that F, = K(t,) satisfies Case 2, the exceptional 
prime divisors being the pole and the zero of tz . Now we put 

t, = t, + t;l, 

t, = t, + t;l. 

The fields I;; = K(t,) and F, = K(t& then satisfy Case 1 and Case 0, 
respectively. 

Finally, in case 2a we work over the quadratic extension K’ = K(6). 
We first put t,’ = zP, the same construction as t, above, but now we 
require in addition that TU’ = u’-l, T being the nontrivial automorphism 
of K’ 1 K. Such an element U’ E K’ can be found, for instance, in the form 

U+A u’=------, 
u-z/a 

where u E K is chosen such that U’ is not a root of unity. T extends to a 
standard automorphism of *K’ over *K, and we have Ttz’ = tl-l. 

Finally, we put 

t,’ + 1 
t,, = da 7 . 

tz - I 

Then rtsa = t,, ; i.e., t,, E *K. It is readily verified that the field 
F2’2a = K(t& satisfies Case 2a, the exceptional prime of degree 2 being the 
zero of y = t22, - a. 

The above results can be used to obtain Siegel’s classification of those 
curves of genus zero, which are exceptional in the sense that the Siegel- 
Mahler theorem does not hold for them. Namely, let I’ : f(x, y) = 0 be 
such a curve over K, there are infinitely many K-rational points on r 
whose denominatorial prime divisors all belong to some finite set 65;. As 
explained in Section 1, we then have a nonstandard point (x, y) on r 
whose denominatorial primes belong to 6, hence are standard. That is, 
the elements x, y are exceptional in the function field F = K(x, y) C *K. 
According to the above classification, we therefore have one of the follow- 
ing birational parametrizations of our curve r. 

Case 1. x = @p(t), y = Y(t), where @, !P are polynomials over K. 
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Case 2. x = Q(t), y = Y(t), where 0, Y are finite Laurent series 
over K. 

Case 2a. x = @(t’), y = Y(t’), where @, Y are finite Laurent series 
over the field K’ = K(G), satisfying the condition @(t’) = @‘(t’-1) and 
similarly for Y. Here, T denotes the nontrivial automorphism of K’ 1 K, 
and @’ is obtained from 0 by applying 7 to its coefficients. These state- 
ments do not refer any more to an embedding of the function field of r 
into *K. They are geometric in nature, showing how the points on p are 
parametrized by one parameter t. 

These parametrizations are not only necessary, but also sufficient for F 
to be exceptional. Namely, the substitutions t = tl (resp. t = t, resp. t’ = 
ti) yield a nonstandard point (x, y) of r such that x and y are exceptional 
in *K. Let G denote the set of those internal primes of *K which appear in 
the denominator of x or of y. We know that 6 is internal and does not 
contain any nonstandard prime; hence, 6 is ajinite set of standard primes. 
Since there is a nonstandard point whose denominatorial primes all 
belong to 6, there are infinitely many standard points with this property. 
Hence I’ is exceptional. 

EPILOGUE’ 

In the summer of 1973, Abraham Robinson visited Heidelberg where 
he gave a lecture on algebraic function fields and nonstandard arithmetic 
[16, 171. He expounded his ideas on embedding function fields into non- 
standard models of their ground fields, or into finite extensions of such 
models. If the ground field is an algebraic number field, then this yields a 
representation of algebraic functions by (nonstandard) algebraic numbers. 
In this way it should be possible to explain the arithmetic structure of 
function fields directly, using well-established nonstandard principles 
only, by means of the arithmetic structure carried by the ground field. 

In my opinion, these ideas of Abraham Robinson are of far-reaching 
importance, providing us with a new viewpoint and guideline towards our 
understanding of diophantine problems. It seems wothwhile to put these 
ideas to a test in order to verify their usefulness and applicability in 
connection with explicit diophantine problems. Perhaps a good test in this 
sense would be the explanation, in nonstandard terms, of Weil’s theory 
of distributions and, closely connected with it, the theorems of Mordell 
and Weil and of Siegel and Mahler. The preceding paper is meant to be 

’ By Peter Roquette. 
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just such a test and, as we believe, a successful one. Although we deal 
explicitly with the Siegel-Mahler theorem onlj, it will be clear to anyone 
familiar with the subject that Weil’s theory of distributions also can be 
explained in this context. 

The paper was written as a result of several weeks of close collaboration 
with Abraham Robinson at Yale. He completed the first draft by his own 
hand in November 1973. His severe illness and tragic death prevented 
him from participating in the discussion of the following versions. Hence, 
although I want to make it clear that the basic ideas are Robinson’s 
(compare also [16] and [17]), I have to take full responsibility for the 
form of presentation of the subject. In particular, this refers to Sections 2 
and 3, which are of introductory nature. We had in mind to provide an 
introduction, however short, for those readers who are not acquainted 
with nonstandard methods but want to understand the basic ideas of our 
proof. Therefore, these two sections have been added. I hope they serve 
their purpose: to interest number theorists in nonstandard arithmetic. (By 
the way, the use of enlargements is not really necessary; the whole proof 
can be carried out in an ordinary nonstandard model.) 

In Robinson’s first draft, there was also a section on effectiveness. There, 
it was pointed out that his methods yield a “relative” effective procedure, 
relative to the bounds provided by Roth’s theorem. This section has been 
excluded from the present paper; it is planned to publish it separately 
under the name of Abraham Robinson. 
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