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11.1. Consider the subgroup SO(p, q) < SL(n,R).

(a) Choose a point x ∈ Sn = SL(n,R)/ SO(n) such that SO(p, q) · x is a copy of
the positive Grassmannian embedded as a totally geodesic subspace of Sn.

(b) Compute the associated Lie triple system.

(c) Choose a point y ∈ Sn \ SO(p, q) · x. What is the stabilizer of y in SO(p, q)?

11.2. (a) Show that if the symmetric space X splits as the Riemannian product X1 ×
X2, then, for every Cartan decomposition g = t + p of g = Lie(Isom0(X ))
associated to a point x ∈ X , there are Lie triple systems n1, n2 < p such that
p = n1 ⊕ n2.

(b) In sp(2n,R) denote by n1 (resp n2) the vector subspaces

n1 =

{(
A 0
0 −A

)
| A symmetric

}
n2 =

{(
0 A
A 0

)
| A symmetric

}
.

Show that they are Lie triple systems and there is a Cartan decomposition
such that p = n1 ⊕ n2.

(c) Is the simply connected symmetric space associated to sp(2n,R) irreducible?

11.3. Let H denote the algebra of quaternions, H+ the vector space of quaternions with
vanishing real part, Q the multiplicative group of quaternions of norm one.

(a) Show that Q is a twofold cover of SO(3) Hint : define a norm preserving
action of Q on H+

(b) Show that Q×Q is a two-fold cover of SO(4) Hint : study the action

(Q×Q)×H → H
((x, y), X) 7→ xXy−1.

(c) Consider the Lie algebra automorphisms

s0 : so(3)× so(3) → so(3)× so(3) σ1,3 : so(4) → so(4)
(X, Y ) 7→ (Y,X) X 7→

( −1 0
0 Id3

)
X

( −1 0
0 Id3

)
Show that the orthogonal symmetric Lie algebras (so(3) × so(3), s0) and
(so(4), σ1,3) are isomorphic. Hint: consider the derivative of the homomor-
phism constructed in (b).

(d) Compute the orthogonal symmetric Lie algebras dual to (so(3) × so(3), s0)
and (so(4), σ1,3) respectively


