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Abstract

Let G be a semisimple Lie group without compact factor and I' < G a torsion-free, cocompact,
irreducible lattice. According to Selberg, periodic orbits of regular Weyl chamber flows live on maximal
flat periodic tori of the space of Weyl chambers. We prove that these flat periodic tori equidistribute
exponentially fast towards the quotient of the Haar measure. From the equidistribution formula, we
deduce a higher rank prime geodesic theorem. These counting and equidistribution results also hold in
the non cocompact, finite covolume case for G = SL(d,R) and I" < SL(d, Z) a finite index subgroup.

1 Introduction

Let G be a semisimple, connected, real linear Lie group without compact factor. Let K be a maximal
compact subgroup, A be a maximal R-split torus, AT C A a closed positive chamber such that the Cartan
decomposition G = KATK holds. Denote by M := Zx(A) the centralizer of A in K, by a := Lie A the
Cartan subspace, by a™ the closed positive chamber in the Lie algebra and by a™™ its interior.

Let I' < G be a torsion-free, cocompact lattice. The double coset space I'\G/M is called the space of
Weyl chambers of the symmetric space T'\G/K. We study the counting and equidistribution of the compact
right A-orbits in the space of Weyl chambers.

1.1 Pioneering works on hyperbolic surfaces

In this case, G = PSL(2,R) is the isometry group of the Poincaré half-plane H?, the space of Weyl chamber
is the unit tangent bundle of the hyperbolic surface I'\H? and the right action of A on I'\G /M corresponds
to the geodesic flow. Periodic orbits of the geodesic flow project in the surface to primitive closed geodesics.

Prime geodesic theorems In 1959, Huber [Hub59] proved a prime geodesic theorem for compact hyper-
bolic surfaces. He obtained an estimate of the number of primitive closed geodesics as their length grows
to infinity. More precisely, let N(T') be the number of primitive closed geodesics of length less than T on a
hyperbolic surface. He proved that as T tends to infinity,

N(T) ~ "' /T.

This term is similar to the asymptotic x/log z given by the prime number theorem! for the number of primes
less than z. In 1969, using dynamical methods, Margulis [Mar69] extended the prime geodesic theorem to
negatively curved compact manifolds. He proved that the exponential growth rate of N(T) is equal to the
topological entropy of the geodesic flow. Later on, relying on Selberg’s Trace formula, Hejhal [Hej76] and
Randol [Ran77] obtained a precise asymptotic development of the counting function in terms of the spectrum
of the Laplace-Beltrami operator. In 1980, Sarnak [Sar80] extended their precise asymptotic development to
finite area surfaces.

Let us state one of the various equivalent formulations of the prime geodesic theorem. For a closed geodesic
c on T'\H?, denote by £(c) the length of this geodesic. Let cy be the primitive closed geodesic underlying c.

Then as T — +o00 T
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co c,l(c)<T

1See Pollicott’s research statement §1.2 [Pol]



where the first sum is over all primitive closed geodesics, the second sum is over all closed geodesics. This
sum is similar to the second Chebyshev function: the weighted sum of the logarithms of primes less than a
given number, where the weight is the highest power of the prime that does not exceed the given number.
The second Chebyshev function is essentially equivalent to the prime counting function and their asymptotic
behaviour is similar.

Equidistribution of closed geodesics Margulis in his 1970 thesis? and Bowen [Bow72b], [Bow72a] inde-
pendently studied the spatial distribution of the closed orbits of the geodesic flow. They proved that closed
orbits uniformly equidistribute towards a measure of maximal entropy as their period tends to infinity. In
the second 1972 paper, Bowen proved the uniqueness of the measure of maximal entropy for the geodesic
flow. As a consequence, the measure of maximal entropy of the geodesic flow is equal to the quotient of the
Haar measure. Later, Zelditch [Zel92] generalized Bowen’s equidistribution theorem to finite area hyperbolic
surfaces.

Let us recall Bowen and Margulis’ result for a compact hyperbolic surface. For every (primitive) periodic
orbit ¢ C T\PSL(2,R), denote by P. the unique probability measure invariant under the geodesic flow
supported on c. For every T' > 0, we denote by G,(T') the set of (primitive) periodic orbits of minimal period
less that T. Bowen and Margulis proved that for every bounded smooth function f,
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where mp is the measure of maximal entropy, which also corresponds in our case to the quotient measure of
the Haar measure on I'\PSL(2, R).

The following non exhaustive list [DeG77], [GW80], [PP83], [Rob03], [Nau05], [MMO14] provides some of
the many subsequent works tackling the counting and equidistribution problem in several different rank one
generalisations.

1.2 Main results

In this article, we focus on the higher rank case® for G, meaning that dimg A > 2.

Definition 1.1 (Maximal flat periodic tori). For any right A-orbit F' in T\G /M, we define the set of periods
of F' as

AF):={Y cal|ze¥ =2 Vz€ F}.
A period Y in A(F) is called regular if Y € att. When A(F) is a lattice of a, we say F a maximal flat
periodic torus or a compact periodic A-orbit.

Denote by C(A) the set of maximal flat periodic tori in I'\G/M. For every F € C(A), we denote by Lg
the quotient measure on F' of Leb,, the Lebesgue measure on a. Note that Ly is not a probability measure.

Its total mass, denoted by voly(F), is the Lebesgue measure of any fundamental domain in a of the lattice
A(F).

Main counting result We use vol to denote the Haar measure on G whose quotient on the symmetric
space X := G/K equals the measure induced by the Riemannian metric. Denote by || || the Euclidean
norm on a coming from the Killing form on g and by B, the balls for this norm. For every T > 0, set
B (0,T) := Bq(0,T) Na™ and Dy := K exp (Ba(0,T)) K, which is the preimage by the quotient map
G — X of the ball of radius T" centered at eK in the symmetric space X.

Theorem 1.2. Let G be a semisimple, connected, real linear Lie group without compact factor and I' < G
be a torsion-free, cocompact irreducible lattice or G = SL(d,R) with d > 2 and T' < SL(d,Z) a finite index
subgroup. Then there exist constants Cq > 0 and u > 0 such that for T >0
> IAF) N B0, T)| vola(F) = vol(Dr)(Ce + O(e ™). (2)
FeC(A)

We deduce this counting result from the subsequent equidistribution statement.

2See Parry’s review [Par]
3more precisely, we do not have restrictions on the rank of G



Main equidistribution result Denote by 7 : G — I'\G/M the projection and by mr the quotient
measure of the Haar measure vol. We normalise mr to obtain a probability measure that we denote by mr.
We obtain a higher rank version of the Bowen-Margulis equidistribution formula with an exponential rate of
convergence.

Theorem 1.3. Under the same hypothesis and for the same constants Cg > 0 and u > 0 as in the previous
Theorem 1.2, for all T > 0 and every Lipschitz function f on T\G/M we have

1 ++ _ —uT .
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VO](DT) FeC(A) \G/M
The asymptotic behaviour of the main term as T' tends to infinity is vol(Dy) ~ CoT gt e%T  where
0o > 0 is determined by the root system of g, the Lie algebra of G and Cy > 0 is given by the Borel-Harish-
Chandra formula.

Cn{al <o <bT}

Figure 1: This is a positive Weyl chamber for SL(3,R) and 7' > 0 is large. In blue, our counting re-
gion Bf(0,T). In green, Deitmar-Gon-Spilioti’s [DGS19] counting region. In red, Guedes Bonthonneau—
Guillarmou—Weich’s [GBGW21] counting region where C is a convex cone strictly inside a™* delimitted by
the red dashed lines, 0 < a < b are real numbers and ¢ is a linear form strictly positive in a*.

Remark 1.4. Note that in the rank one case, any flat periodic torus F' corresponds to a primitive closed
geodesic. Furthermore, both voly(F) and its smallest regular period correspond to the length of the geodesic.
Therefore Theorem 1.2 is a higher rank version of the prime geodesic theorem (1).

1. In the compact case, Spatzier in his thesis [Spa83] computed, using the root spaces of the Lie algebra of
G, the topological entropy of every regular Weyl chamber flows: right action of exp(RY') on I'\G/M, where
Y € att is non zero. Furthermore, dy, the exponential growth rate of vol(Dr), is a sharp upper bound of the
topological entropy of regular Weyl chamber flow. He also proved that dg is equal to the exponential growth
rate of the sum over maximal flat periodic tori of the smallest regular period less than t of vol,(F), as t goes
to infinity. Knieper [Kni05] studied the equidistribution of periodic orbits of regular Weyl chamber flows in
the same setting. He obtained an equidistribution formula towards the measure of maximal entropy of the
most chaotic regular Weyl chamber flow, whose topological entropy is dg.

1.1 In the finite volume case, Oh [Oh04] proved that the number of maximal flat periodic tori of bounded
volume is always finite.

2. In the compact case, Deitmar [Dei04] used a Selberg trace formula and methods from analytical
number theory to prove a similar version of Theorem 1.2. He later on generalized this counting result to the
non compact finite volume case SL(3,Z)\SL(3,R), in a joint work with Gon and Spilioti in [DGS19], with a
different summation region in the Weyl chamber, the one in green in Figure 1.

3. Recently and for the compact case, Guedes Bonthonneau—Guillarmou-Weich [GBGW21, Theorem
2, equation (0.3)] obtained an equidistribution formula. The region where they count the multiplicity of
periodic tori is defined using any convex non-degenerate closed cone C strictly inside a™, any choice of
positive numbers 0 < a < b and any linear form ¢ that takes positive values in a* as shown in red in Figure



1. They take a different approach, relying on the spectral properties of the A-action via their previous study
of Ruelle-Taylor resonances with Hilgert [GBGHW20].

4. Because our counting region is different (shown in blue in Figure 1), our first asymptotic term is new
in higher rank. It would be interesting to see whether we could generalise our methods to the regions in red
and green to recover the results of [Dei04], [GBGW21].

None of the above works provides estimates on the speed of convergence. The decay rate u in Theorem
1.3 only depends on a parameter n(G,I') from spectral gaps, so it is uniform over all congruence subgroups.

5. For the non-compact, finite volume case SL(3, Z)\SL(3, R), Einsiedler-Lindenstrauss—Michel-Venkatesh
in [ELMV11] use the classification of diagonal invariant measures and subconvexity estimates to deduce an
equidistribution result for the following collection of tori. They take sets of flat periodic tori of the same vol-
ume and prove that the sum of Lebesgue measures on those tori, normalised by the total mass, equidistributes
towards the quotient measure of the Haar measure as the volume goes to infinity.

6. By using a dictionary between closed geodesic orbits of hyperbolic surfaces and objects coming from
number theory, [Sar82] could deduce counting results on class numbers of totally real quadratic orders. Later,
[DGS19] did the same for SL(3,Z). It would be interesting to use a dictionary between compact periodic
A-orbits and number theory to deduce a number-theoretic version of Theorem 1.2.

1.3 On the proof of the main theorem

The proof of the equidistribution result in the cocompact case follows Roblin’s proof [Rob03] closely, where
he proved counting and equidistribution results for some infinite covolume hyperbolic manifolds. We replace
all the ingredients from hyperbolic geometry with their higher rank counterparts, such as Hopf coordinates,
Patterson-Sullivan measures, the angular distribution of lattice points. One significant difference in higher
rank cases is that we need to carefully treat the boundary of the Weyl chamber, while in the hyperbolic case,
it is just a point.

For the non-cocompact case of finite index subgroups I' < SL(d,Z), we first prove the equidistribution
(Theorem 1.3) on compact sets of I'\G/M. Then we prove the non-escape of mass for compact periodic A-
orbits. The critical observation is that there exist two large compact sets Qp, Q7. C T\G/M depending on the
parameter T'. For any compact periodic A-orbit F' with a regular period of length less than 7', the measure
of F outside the compact set, F'N Q5. is bounded by its measure inside the compact set, F' N (Qr \ Q).
Equidistribution is known for functions supported on 7. Therefore we bound the mass outside the compact
set Q7 of the measure in Theorem 1.3 (an average of measures on compact periodic A-orbits with a regular
period of length less than T') by the Haar measure of Qp \ Q- C ()¢, which decays exponentially fast as
T goes to infinity due to the choice of Q7.

Organization of the paper

In Section 2, we gather the basic facts and preliminaries about semisimple real Lie groups, the Furstenberg
boundary, Hopf coordinates, higher rank Patterson-Sullivan measure, volume estimates and the angular
distribution of lattice points.

In Section 3, we prove a lemma comparing the angular part of an element in G with its contracting and
repelling fixed points in the Furstenberg boundary. In Section 4, we relate loxodromic elements and periodic
tori.

In Section 5 and 6, we prove Theorem 1.3 for cocompact lattices and for I' < SL4(Z) acting on G/M
freely, respectively.

In Appendix A, we introduce the language of orbifolds to treat the general case of finite index subgroups
of SLd (Z)

In Appendix B, we follow the works of Gorodnik-Nevo [GN12a] [GN12b] and explain why their results
work in our setting.

Notation. In the paper, given two real functions f and g, we write f < g or f = O(g) if there exists a
constant C' > 0 only depending on G, I" such that f < Cg. We write f < g if f < g and g < f.
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2 Background

In the whole article, G is a semisimple, connected, real linear Lie group,
without compact factor.

Classical references for this section are [Thi07], [GJT98], [Hel01]. One also may refer to the exposition in
[DG21].

Let K be a maximal compact subgroup of G. Then X = G/K is a globally symmetric space of non-
compact type and G = Isomg(X). We fix a base point 0o € X such that K = Stabg(0). For every x € X, we
denote by K, := Stabg(x). Note that for any h, € G such that h,o = x, then K, = h, Kh, !, independently
of the choice of h,.

Geometric Weyl chambers Denote by g (resp. £) the Lie algebra of G (resp. K) and consider the Cartan
decomposition in the Lie algebra g = ¢ @ p. Let a C p be a Cartan subspace of g. Then A := exp(a) is a
maximal R-split torus of G. Denote by M := Zi (A) the centralizer of A in K. The real rank of G, denoted
by rg, is equal to dimg a. We say that G is higher rank when rg > 2.

For any linear form « on a, set g, := {v € g | Vu € a, [u,v] = a(u)v}. The set of restricted roots is
denoted by ¥ := {a € a* \ {0} | go # {0}}. The kernel of each restricted root is a hyperplane of a. The
Weyl chambers of a are the connected components of a\ U,ex ker(a). We choose a positive Weyl chamber
by fixing such a connected component and denote it (resp. its closure) by a** (resp. a®). In the Lie group,
we denote by ATt := exp(a™™) (resp. AT := exp(at)). Denote by Nk (A) the normalizer of A in K. The
group Nk (A)/M is the Weyl group, denoted by W. The Weyl group also acts on the Lie algebra a by the
adjoint action, which acts transitively on the set of connected components of a \ U,ex ker(a).

A geometric Weyl chamber is a subset of X of the form g.(A"0), where g € G. The base point of the
geometric Weyl chamber gA™o is the point go € X. In [DG21, §2], we obtained the following identifications
between the space of Weyl chambers and the set of geometric Weyl chambers of X,

G/M ~ G.(A%o). (4)

Cartan projection

Definition 2.1. For any g € G, we define, by Cartan decomposition, a unique element a(g) € a* such that
g € Kexp(a(g))K. The map a : G — a™ is called the Cartan projection.

The Cartan projection allows to define an a®-valued function on X x X, denoted by d,. For every
z,y € X, any choice hg, hy € G such that hyo = = and hyo =y, we set

do(x,y) := a(hy " hy).

This function does not depend on the choice of h, and h, up to right multiplication by K. By [HelOl,
Chapter V, Lemma 5.4], we endow a with a scalar product coming from the Killing form on g. We denote



by ||| the associated norm on a and define the G-invariant riemannian distance on X

The following fact is standard for symmetric spaces of non-compact type.

Fact 2.2. For every x,y € X, there is a geometric Weyl chamber based on x containing y. If furthermore,
da(z,y) € at™, such a geometric Weyl chamber is defined by a unique element hyyM € G/M such that
hzyo = and hzyed&(”/)o =y.

Proof. Fix z,y € X and choose hy, hy € G such that h,o = x and hyo = y. By Cartan decomposition of
h;'h, and Definition 2.1, there exists k,l € K such that

hyth, = kedel@v)=1,

Set hgy := hgk. Since K fixes o, we deduce that h,,0 = x and hwyed&(m’y)o =y.

For all ¥’,l' € K, the elements h,k’ and h,l’ also respectively send o to x and y. Note that we have another
Cartan decomposition of (hk") " hyl’ given by (k') 'k eda(®:v) =11 Applying the same construction, we
still recognize that h,k' (k' )’1k = hyy. Hence h,, does not depend on the choice of representatives h, and
hy, and it depends on the choice of k,{ € K in the Cartan decomposition.

It remains to show that h,, is unique up to right multiplication by elements of M when d,(z,y) € a™*.
In this case, the elements k,! € K given by Cartan decomposition are defined up to right multiplication by
elements in M. Hence the fact. O

Jordan projection Denote by X1 the subset of roots which take positive values in the positive Weyl
chamber. It allows to define the following nilpotent subalgebras n := @ ecx+80 and 1~ = Byes+d—a-
Denote by N :=exp(n) and N~ := exp(n~) two maximal unipotent subgroups of G.

By Jordan decomposition, every element g € G admits a unique decomposition g = gegrg, where g, gp
and g, commute and such that g, (resp. gn,g.) is conjugated to an element in K (resp. AT, N). The
element g. (resp. gn, gu) is called the elliptic part (resp. hyperbolic part, unipotent part) of g.

Definition 2.3. For any element g € G, there is a unique element A(g) € a™ such that the hyperbolic part
gn s conjugated to exp(\(g)) € AY. The map X : G — a% is called the Jordan projection.

Any element g € G such that X(g) € a™ is called loxodromic.

Denote by G'°® the set of lozodromic elements of G and for any subset S C G, denote by S'°% := S N Glo*.

Equivalently (Cf. §4 [Dan21]), loxodromic elements are conjugated in G to elements in AT M.

Asymptotic Weyl chambers Denote by P := M AN and by F := G/P the Furstenberg boundary. We
recall the interpretation of F in terms of asymptotic Weyl chambers.

Following the exposition in [DG21], we introduce the following equivalence relation between geometric
Weyl chambers:

g1Ato ~ ggATo <= sup dx(g1a0,gea0) < +oo.
a€At++

Equivalence classes for this relation are called asymptotic Weyl chambers. Denote by ng (resp. (p) the
asymptotic Weyl chamber of Ao (resp. (A1) !o). The set of asymptotic Weyl chambers identifies with the
Furstenberg boundary (see for instance [DG21, Fact 2.5] for a proof),

F~(G.(AT0)/ ~) ~ K/M ~ K.n. (5)

Remark that (o = k, 7o where k, € Nx(A) satisfies k, ATk 1 = (AT)~!. Furthermore, Stabg(ny) = P and
Stabg (o) = MAN .

In the remainder of the article, we identify G.(A%0)/ ~ with F and G.(A%0) with G/M. We prove that
a geometric Weyl chamber is uniquely determined by its base point in X and the asymptotic Weyl chamber
it represents.



Fact 2.4. The following G-equivariant map is a diffeomorphism:

G/M = X x F
gM — (go, gno).

For every (z,§) € X xF, we denote by g, ¢M € G/M the geometric Weyl chamber of base point 2 asymptotic
to .

Proof. Note that M € G /M corresponds to the geometric Weyl chamber Ao, of base point 0 and asymptotic
Weyl chamber 7. Since Stabg (o) = K and Stabg (ng) = M, we deduce that the map is injective.

Let us prove that the map is surjective. Fix x € X and £ € F. Choose a representative h, € G such that
hyo = x. By the identification F ~ K/M ~ K.ng in (5) there exists k, ¢ M € K/M, such that k, ¢no = hy 'E.
Hence, by G-equivariance and since k, ¢0 = o we deduce that hyk; cM € G/M maps to (z,€).

By G-equivariance, we only need to prove that the map is a diffeomorphism at M. By Bruhat decom-
position (Cf. [Hel01, Chapter IX, Cor. 1.8, Cor. 1.9]), g=n@m®a®n~ and T, F = n~. By Isawasa
decomposition (Cf. [Hel0l, Chapter IX, Thm 1.3]) G = NAK, we deduce that T,X ~ n @ a. Hence
TyG/M =n@adn” ~T,X x T, F. O

Busemann and Iwasawa cocycle For every £ € F and g € G, consider, by Iwasawa decomposition
KAN, the unique element o(g,{) € a, called the Jwasawa cocycle, such that if ke € K satisfies keno = &,
then

gke € K exp(a(g,&))N. (6)
The cocycle relation holds (Cf. [BQ16, Lemma 5.29]) i.e. for all g1,92 € G and & € F, then
0(9192:€) = o(g1, 926) + (g2, &). (7)

Note that restricted to K x F, the Iwasawa cocycle is the zero function, i.e. for every k € K and £ € F,
then o(k, &) = 0. This motivates the following Definition of the Busemann cocycle for two points of X and
an asymptotic Weyl chamber.

Definition 2.5. For every x,y € X and £ € F, we define the Busemann cocycle by
BE(xv y) = J(hglhyv hglg)
independently of the choice of hy, hy € G such that hpo = x and hyo = y.

Remark that for every x,y € X and £ € F, for all g € G and all z € X

Be(x,y) = Bye (92, 9y) (8)
ﬁf(xvy) :ﬂﬁ(xvz)+BE(zvy)' (9)

The first equation is the G-invariance of the formula, whereas the second is due to the cocycle relation of the
Iwasawa cocycle.

Transverse points in F The subset of ordered transverse pairs of F x F is defined by the G-orbit

F® = {(gn0,9¢0) | g € G} (10)

We say that &, n € F are opposite or transverse if (§,1n) € F@,

In terms of asymptotic Weyl chambers, £, n € F are opposite when there exists a geometric Weyl chamber
g.(AT0) asymptotic to & such that g.((AT)~1o) is asymptotic to . Note that (Cf. §3.2 [Thi07]) we have the
following identifications

F® ~ G/AM.



Definition 2.6. For every (£,n) € F®), for any choice ge.n € G such that ge (0, Co) = (§,m), we denote by

(€n)x = ge.n-(Ao)

the associated mazximal flat in the symmetric space X .

For every (z,€) € X x F, we denote by & € F the unique opposite point to & such that x € (£65)x.
Equivalently, &+ := 9z,6C0, where g ¢M € G/M corresponds (Cf. Fact 2.4) to the geometric Weyl chamber
of base point T asymptotic to &.

Remark 2.7. Note that (¢o)L = 19 and vice-versa.

Hopf coordinates Let H be the Hopf coordinate map of G/M (Cf. [Thi07, Chapter 8, §3.G.2] or [DG21])
H:G/M — F? xa
9M = (gm0, 960, (g, m0))-
Hopf coordinates are left G-equivariant and right A-equivariant in the following sense:

(i) the left action of G' on G/M reads in those coordinates equivariantly on F() and using the Twasawa
cocycle as follows. For all h € G and (£,7,Y) € F® x q,

h(§;n,Y) = (h&, hn, Y +a(h, §)). (11)

(ii) the right action of A on G/M reads for all (&,7,Y) € F® x a and a € A by keeping the first two
coordinates constant and translating the last one by log(a)

,H(Hil(gv 7, Y)a’) = (ga n,Y + log(a))'

Using the geometric Weyl chamber interpretation and the Busemann cocycle notations, the Hopf map
reads the same as in Roblin’s work [Rob03]:

XxF—FPxa
('Taf)'—> (gagivﬁf(oax))'

This translated map is also left G-equivariant in the sense that for every g € G and every (z,£) € X x F,
using the cocycle relation (8), the element (g, g€) has Hopf coordinates

(g€, g€+, Bye (0, go) + B¢ (0, 2)).

Note that Sge(0, go) = 0(g, ), therefore the notations are consistent.

(12)

2.1 The Furstenberg boundary

Representations of a semisimple Lie group Let us first recall a few facts about representations of a
semisimple Lie group. Let (V,p) be a representation of G into a real vector space of finite dimension. For
every real character y : a — R, we denote by

Vy i={v eV | p(u)v = x(u)v, Yu € a}
the associated vector space. The set of restricted weights is the subset
%(p) = {x | Vx #{0}}.
They are partially ordered using the positive Weyl chamber as follows.
(x1 < x2) & (xa(u) < x2(u), Yu € a™).

When the representation p is irreducible, the set of restricted weights admits a maximum, called the mazimal
restricted weight. The irreducible representation p is prozimal when the subspace of the maximal restricted
weight is a line.



Restricted weights of the fundamental representations For the adjoint representation, the set of
restricted weights coincides with the set of restricted roots Y. Denote by X7 the set of positive restricted
roots and by IT C X7 the set of simple roots. Tits ([BQ16, Lemma 6.32]) proved that for every a € II, there
exists an irreducible and proximal representation (p,, V*) of G such that the restricted weights are in

{Xa, X" —a, x*—a-— anb’ ng €Z+}. (13)

pell

Furthermore, the maximal weights (x®)aen of these representations form a basis of a*.

Distances in the projective space For every a € II, we choose a Euclidean norm ||.|| on V¢ such that
the elements in p,(A) (resp. po(K)) are symmetric (resp. unitary). Note that ||p(a)|| = exp(x“(loga)) for
all @ € A*. Abusing notation, we denote by ||.|| the induced Euclidean norm on V* A V. Remark that for
alla€ AT,

| Az pala)]] = exp((2x* — a) log ). (14)
We define the distance in the projective space for all z,y € P(V%) as follows,

_ v Ayl
) = o] 19)
independently of the choice of vy, v, € V such that x = Ru, and y = Rv,. For all z € P(V*) and ¢ € (0,1],
denote by B(x,¢) the ball centered at z of radius e for this distance.
Denote by ¢ € P(V®) the projective point corresponding to the eigenspace for the maximal restricted
weight x®. Since p,(A) are symmetric endomorphisms for the Euclidean norm on V¢, the orthogonal
hyperplane to z¢ is p,(A)-invariant and abusing notations we write

oL «
()™ = Bxes(pafxo} Yy -

For all projective point y € P(V®), we denote by y= C V¢ the orthogonal hyperplane and by ¢, € (V)* a
linear form such that ker ¢, = y*. For all z,y € P(V¥), we define (independently of the choice of non-zero
Uy € )
oy (va)|
Sy, z) = (16)
[y - vzl

By properties of the norms and distances on the projective space, the previous function is symmetric and for
all z,y € P(V?),

3(y,x) = d(z,y) = d(y",z) = d(y,a). (17)
Hence d(z%, (z$)*) = 1. For all € > 0, denote by VE((zi)l)G ={y* e P(VY) | 6(y*,2%) > €}. We prove
the following dynamical lemma.

Lemma 2.8. Let € > 0 and a € AT. Assume there exists o € 11 such that a(loga) > —2log(g). Then
pal@)Ve((z3) 1) C B(ag, ).

Proof. We use the notations in §14.1 [BQ16]. Let o € II such that a(loga) > —2log(e). Recall (14) that
| A2 pa(a)|| = exp((2x™ — @) loga) and ||pa(a)]| = exp(x*(loga)). We compute the gap between the first and
second eigenvalues of p,(a),

N2 pala —a(loga
71,2(/7&(&)) = ||||p2 (a)(||2)|| = emalose),

By assumption, e~*(°8%) < ¢2 hence 71,2(pala)) < €%. Then we apply Lemma 14.2 (iii) in [BQ16], for every
JAS Vs((x?f-)l)ca
d(pa(a)y,2$)0(z%,y) < 11.2(pala)).

By definition 6(y, %) > €, hence d(pa(a)y,z$) < € and we deduce that pa(a)VE((x‘i)L)c C B(z%,¢). O



Distances and balls in F Using the fundamental representations (pa)acr, Tits (Cf. [BQL6, Lemma
6.32]) also proved that the following map is an embedding;:

F— [ POV
acll
5 = /ﬂ?o — (xa(g))QGH = (Pa(k)xi)aen.

We thus define the following distance on F for all £,n € F

d(¢,n) := sup d(z*(§), = (n)). (18)

aclIl

For all £ € F and ¢ € (0,1), we denote the balls for this distance by

B(&,e) = {neF|d&mn) <e} (19)

Fact 2.9. The distance d is equivalent to the Riemanian distance on F induced from the embedding on the
product space aeriP(V'Y).

Proof. Recall that two distances d,d’ on a space X are equivalent if d < d’ i.e. there exists C' > 1 such that
for all z,y in X, we have
S ) < dw,y) < Cd ().

On the projective space P(V®), for each point Ruw, its tangent space is given by v, the hyperplane
orthogonal to v with respect to the Euclidean norm and we obtain a Riemannian metric by restricting the
Euclidean norm to v*. Denote by d,, the induced Riemannian distance on P(V%). The distance d, between
two lines is given by their angle in [0, 7/2]. Since the distance d between two lines defined in (15) is the sine
of the angle given by d,, we deduce that d < d,.

Let us now construct a Riemanian distance dp on the product space II,eP(V%) using the Riemanian
metric of the product space. Recall that on any product space (X xY, g) where (X, g1) and (Y, g2) are endowed
with Riemanian metrics g; and g, the product Riemanian metric is given for all (z,y;v,w) € Tz X x Y
where (z,v) € T, X and (y,w) € T,Y, by

9(x,y;v,w) = g1(x,v) + g2(y, w).
The Riemanian distance d associated to this product Riemannian metric g satisfies
rnax{dl, dz} S d S d1 + dg.

Since for every a € II, the distances d, and d are equivalent, we deduce that the Riemanian product
distance dp is equivalent to the maximal metric i.e. dp < d := sup,cd. Using Tits’ embedding of F in
to the product space I,enP(V®), we deduce that the induced metric is non-degenerate on F. Hence, the
Riemannian distance on F induced by dp is equivalent to the maximal distance d. O

Similarly, noting that (o)L = 1o, we set

§(¢,m) = inf 6(2%(€),2%(n;)) = inf d(2*(€),2%(n;)"). (20)

acll acll

For all £ € F and € € (0, 1), we denote the balls for § by

Ve(§) :i={ne Fldn¢) <e} (21)

Using the above notations given for the balls in F for § and d and their K-invariance, we upgrade the
dynamical Lemma 2.8 to elements in G whose Cartan projection is far from the walls of the Weyl chambers.

Lemma 2.10. For all g € G, choose k,l € K by Cartan decomposition such that g = kexp(a(g))l~t. Let
e > 0 and assume that d(a(g),dat) > —2loge, then gV.(1¢o)® C B(kno, ).

10



Proof. Note that «(v) < d(v, ker ) for all v € a™. Hence by taking the infimum over « € II, then using that
infaerr d(v, ker &) = d(v, Uger ker ) and finally, because a™ is a salient cone, dat = a® N (Ugern ker a), we
deduce that for all v € at,

d(v,0at) < Oiérelga(v).

Now using the underlying constant in <, we may assume that, inf,crpa(a(g)) > —2loge. Apply the dy-
namical Lemma 2.8 simultaneously for all a € TI, using Remark 2.7 that (¢o)Z = 79, we deduce that
e29Y_(¢0)® € B(ng, ¢). Finally, we deduce the Lemma by invariance of left K-action on both d and §. [

Action of G on F We want to understand how the left action of G on F distorts the balls for § and d.
Let Cy; > 1 be a positive constant such that for all v € a,

1
v|| < sup [x*(v)| < v/ Cqlv]-
mll | aenl ()] <V Callv|

This constant gives the comparison of the sup-norm induced by the dual basis (x*)aen with the Euclidean
norm || || on a.

Lemma 2.11. There exist Cy, C1 > 0 such that for all g in G and &,n in F, we have the following inequalities:
(i) (g€, gn) < CreCodx(@99)d(, n),
(i) 6(g, gn) < CreCodx(@99)5(¢ ),

(iii) ||o(g,€) = o(g,m)]| < Cre%Ix©99d(g, ),

(i) llo(g, Ol < Cadx (0, go).

Furthermore, for every x,y € X and £ € F, (i) is the same as

() [|Pe(z,y)l| < Cadx (z,y).

In particular, for all z € X we set C, := C1e09x (%) Then for all h, € G such that hyo = z and all £ € F
and every r € (0,C; 1), the inequalities given by (i) and (ii) imply

(i) B(ho§,Cr'r) C haB(&,7) C B(haf, Car),
(i) Vo-1,.(he€) C heVi(§) C Ve, r(haf).
Proof. For each V*, by (13.1) in [BQ16], we have

d(@*(9€),2%(gm)) < 1Pa(@)*palg™H)1*d(z(€), 2% (n)).

By (18) and ||pa(9)] = |lpa exp(a(g))|l = exp(x*(a(g))), we obtain the first inequality for Cy = 4C,.

For (ii), we first prove that (z%((gn)2))* = pa(g)z®(nL)*t. There exist ki, k € K such that n = ki1 and
gk1 = kan € KAN. Then due to k preserving o and the Euclidean metric on V¢, we obtain

(@ ((gm)y)" = (@ (k)5 )" = pa(k) (@ ((10)5)) "
Due to AN preserving (*((10)5)) " = (2*(o)) ™", we deduce that pa (k) (z*((110)5)) " = palghs)(@*((10)5)) "
Therefore, we obtain (x%((gn)))* = pa(g9)(z¥(nF))~. Then for all £, n € F,
8(z*(9€),2%((gm);)) = d(z*(9€), 2% ((9m)5)") = d(pal9)z*(€) ™", palg)z® (n;)T)
< llpa(@)Pllpale) ~HI* d(@®(€), 2 (15) ")

Therefore, since ||pa(g)||[lpa(g) 7| < exp(2sup(x®(a(g)), x*(ta(g)))) and Cy = 4C,, we deduce that
098, gn) = inf 8(x"(9€), 2" ((gn)5)) < Cre®1=D5(¢, ).

(iii) is given in [BQ16, Lemma 13.1].

(iv), see [DG21, Lemma 3.12] for a similar statement, and it is also a direct consequence of [BQ16, Lemma
6.33 (ii), Corollary 8.20].

Finally (iv’) is a consequence of the formulas f¢(z,y) = o(hy'hy, h,'¢) and dx(z,y) = |la(hy'hy)|
independently of the choice of h,, h, € G such that hyo =z and hyo = y. O
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2.2 Disintegration of the Haar measure

Patterson—Sullivan measures were generalized to the higher rank setting in [Alb99], [Qui02]. We follow
Thirion’s [Thi07, Chapter 9 §9.e] construction of higher rank Patterson—Sullivan measures on the space of
Weyl chambers for SL(d, R), which also works in our more general setting.

We start by his so-called Patterson densities. For x € X, let K, be the stabilizer group of x in G. Let p,
be the unique K, invariant probability measure on the Furstenberg boundary F. Then we have for g € G
and x € X

Gz = Hga, (22)
where g, i, is the pushforward of u, under the g action. This relation holds because the stabilizer of g, is

given by gK,g9 ' = K. Let p = %ZaEE «a be the half of the sum of positive roots with multiplicities. By
[Qui02, Lemma 6.3] or [Hel00, I 5.1], we have for g in G

dg. to R
L@ =, (23)

which is a G quasi-invariant measure. Then we will introduce the Gromov product to obtain a G-invariant
measure on F(2).

Definition 2.12. For a pair (§,n) € F@) | we associate it with the unique element in the Lie algebra a such
that for all weights x“

(€l =~ 1og3(a"(6).a° (1)) = ~ o A

where v € V™ — {0} is a representative of x*(€) and ¢ is a non zero linear form such that ker ¢ = x%(nt)=,.

Since the 6 function (17) takes value in (0, 1], then x*(&|n), € [0, +00). This definition already appears in
[BPS19, Section 8.10], [Sam15, Section 4] for semisimple Lie groups and [Thi07] for SL4(R). Our definition
of ¢ seems different from the one in [BPS19], [Sam15]. By using the correspondence between linear forms
and hyperplanes for Euclidean spaces, we can verify that they are the same. An important property is that
[Sam15, Lemma 4.12]: for all g € G and (&,71) € F®), we have

(9&lgm)o — (EIn)o = 1o (g,€) + o(g,n), (24)

where ¢ is the inverse involution on a. We also define the Gromov product at other points x in X by
G-invariance, by setting

(Elm)z = (hz €lhz " n)o,
where h, is some element such that h,o = x. Since by (24), the Gromov product at o is left K-invariant,

this definition is independent of the choice of h,. For all z € X and (£,7) € F®), we define the (0, 1]-valued
function

fw(£7 77) = eXP(—P(fV?)x)-

We define measures v, on F® by

Proposition 2.13. For all x € X, the measure v, is G-invariant and equal to v,. We denote it by v.

(25)

In the hyperbolic case, the measures u, are called Patterson-Sullivan and v ® Lebg is the Bowen-Margulis-
Sullivan measure. In the SL4(R) case, Thirion [Thi07] gave a construction of this measure and proved those
properties. We include a proof for completeness.

Proof. By (24), for all 2 € X, all (¢,7) € F®) and every h, € G such that hyo = x

fo&m) = fo(h & b n) = fo& ) exp(—p(o(hy ', &) + o(hy ' m))

On the other hand,

dypeg d(he)«pto oo (h=
CHz ¢y = M(f) — g—po(hh8)
dpo dpo

12



We obtain the same formula for . Combing the above two equations and using that pto(h; 1, &) = po(h; 1, €),
we obtain that
Uy = V.

By definition of the Gromov product, we have for all g € G
fa(9€:9m) = fg-12(&m)-
By equation (22) and using that vy-1, = v,

dpta (9€)dpa(gn) _ dig—12(§)dpg—12(n)
fm(g&gn) fg*lw(fan)

Hence v, is G-invariant. O

dv, (g€, 9n) = =dvg-1,(&,n) = dvg (€, 7).

Bochi, Potrie and Sambarino proved that the Gromov product (£|n), in norm is almost the same as the
distance between o and the maximal flat (én)x C X.

Lemma 2.14. [BPS19, Proposition 8.12] There exist C3 > 1,C" > 0 such that for any (£,n) € F®), we
have

Ci3||<s|n>o|| < dx (0, (¢n)x) < CsllElmoll + C.

By G-invariance, we deduce that for every z € X and (£,7) € F®
1
&, I€Imall < dx(w, (€m)x) < Csll(€ln)all + o
With this G-invariant measure v on F(), now we can disintegrate the Haar measure on G /M along Hopf

coordinates.

Proposition 2.15. The product measure v @ Leb on F®) x a is a disintegration in Hopf coordinates of a
Haar measure on G/M.

Proof. The product measure v ® Leb is G-invariant by Proposition 2.13 and the Hopf coordinates. So it is a
Haar measure on G/M. O

2.3 Cartan regular isometries

Recall that by Cartan decomposition, for every element g € GG there exist k,l € K and a unique element
a(g) € at such that g = kexp(a(g))!~!. Note that k and [ are defined up to right multiplication by elements

in Zg (exp(a(g)))-

Definition 2.16. For all x € X, we denote by a, : G — a® the map that assigns to every g € G the
at-distance between x and gz, i.e. a,(g) = dy(z,gz). We say that g is z-cartan regular if a,(g) € at™t.

Let g be an z-cartan regular element, consider h,h' € G such that ho = h'o = x with he%(9o = gz and
We:(9™ o = g tx. We set g := hno and g; := h'ng. In particular, when x = o, we can take h = k and
=1k,

Note that every g € G we have a,(g9) = a(h,'gh.), independently of the choice of h, € G such that
hzo = x. Furthermore, provided that g is xz-cartan regular,

gE = ha(hy'ghy)E. (26)

Remark that (z,g}) € X x F (resp. (x,g;,)) is the unique geometric Weyl chamber based on z containing

g (resp. g~'z). In the PSL(2,R) case, an element g is z-cartan regular when gz # x, then g € OH? (resp.

g, ) is the asymptotic endpoint of the half geodesic based on z going through gz (resp. g~ 'x).
Lemma 2.17. For all g € G, every x,y € X, the following bound holds:

la,(9) —a,(9)ll <2dx(z,y).
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Proof. By [Kas08, Lemma 2.3] in our choice of notations: for all h, i’ € G we have the following inequalities,
la(hh') — a(h)|| < |la(R’)]| and |la(R'h) — a(h)|| < |la(R')||. Let 2,y € X and choose hy, h, € G such that
hzo = x and hyo = y. We compare the Cartan projection of h = h;lghy to the Cartan projection of its
conjugate by b’ = hy 'h,, using that [la(h)| = [la(h'~")|| we get

la.(9) = a, (9)ll < 2lla(hy ha)]-

Since ||a(h, 'he)|| = dx(z,y), we deduce the Lemma. O

2.4 Volume growths and decay

We introduce here some subsets on G. They will be used to obtain the main term and the exponentially
decaying error term in our main Theorems 1.2, 1.3.
For t > 1, let
D; := K exp(Bq(0,1)) K,

and its subset of Cartan-regular elements
D := K exp(B4(0,t) Na™ ) K.
For 0 < s < t, let
D} :={g € D, |a(g) € Ba(9a%,5)}

be the set of elements in D; whose Cartan projection have distance at most s to the boundary of the Weyl
chamber.
For all x € X, we define similar sets
Dy(x) := hyDih; !,

DJ**(x) = hoa DJ*R",
D (z) := hy D3k

These sets are independent of the choice of h,.
For a subset S of G, its volume is defined as its Haar measure mg(S). Recall volume estimates from
[Kni97], [Hel00, Thm 5.8], [GOS09, Thm 6.1]. There exist Cyp > 0 and dp > 0 such that as ¢ — oo, we have

dim A—1

vol(Dy) ~ Cot ™ 2 et (27)
where dp := 2maxy¢p, (0,1) p(Y) and p is equal to the half of the sum of positive roots with multiplicities.
Lemma 2.18 (Prop. 7.1 [GN10]). The function t — logvol(D;) is uniformly locally Lipschitz for t > 1.

This means that there exists C' > 0 such that for all 0 < € < 1, we have

vol(Dyye) < e vol(Dy).

Lemma 2.19. There exists eq > 0 such that for every 0 < € < eg, there exists k(€) > 0 such that for t > 1

vol(Df") (e
ol = O(vol(Dy)~x()), (28)

Proof. The proof is similar to Lemma 9.2 and 9.4 in [GWO07]. Let a™(s,t) = {v € a™NB,(0,t), d(v,da™) < s}.
Then by Harish-Chandra’s formula (see [Hel00, Chapter I Theorem 5.8]), we have

(D7) = £(v)d,
VOl Ly /ﬁ(s’t) v)dv
where

£w) = [] sinh(a(v))™ < >,

aext
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and 2p = ) vy Mo where m, = dim g,. By Lemma 9.2 in [GWO07], if € smaller than some constant eq,
then by the strict convexity of a], there exists #’(e) > 0 such that

2 < §p — k' (e).
Jonax p(v) < dg — K'(€)

So by Harish-Chandra’s formula, we have vol(D¢") < tdimAe(%0—+"()t Due to the asymptotic of vol(Dy)
(27), the proof is complete. O

Lemma 2.20. Let T be a lattice in G, then for allt > 1,

T N D§t|

wol(Dy) = O(vol(Dy)~x(9)).

Proof. Let € > 0 be a small constant such that the ball contered at e with radius €’ satisfies B(e, €')2NI = {e}.

Then we have
vol(B(e, €') D)

vol(B(e, €))
By [Kas08, Lemma 2.3], we have for b’ € B(e,€') and h € D¢t

TN Dy'| <

la(h'h) — a(h)|| < [la(h)]| < £,
for some ¢ > 0. Therefore the product set

/ et et+-Le’
B(e,€')D; C Dy -

Hence we have

vol(D?JfE )
vol(B(e,€))’

which is O(vol(D;)'~#()) due to Lemma 2.18 and (2.19). O

DN Dt <

As a corollary, we have

Lemma 2.21. For 0 <e<eg/2,t>1 and x € X with dx(o,z) < min{2 S5 4(1’€ igs )}t we have

TN D ()|

— —k(2€)/2
(b = Ol ).

Proof. By Lemma 2.17, we have
lao(7) = az (V)| < 2dx (z,0).

Therefore by Lemma 2.20 with 2¢ we obtain

TN D (z) <|T'N D:tj??iiﬁxf | < vOl(Dyyady (2.0)) 3,

where we use the hypothesis that et + 2dx (x,0) < 2¢(t + 2dx (x, 0)).
By hypothesis, we have
(1 —k(2€))(t + 2dx(0,2)) < (1 — K(2¢)/2)t.

dim A 1

Then by vol(Dy) € [1/C, Cle®tt™™3— | we have
VOI(Dt+2dX(m’O))1_”(25) = O(Vol(Dt)l—n(Qe)/Q).

The proof is complete. O
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2.5 Angular distribution of Lattice points

Theorem 2.22. Let G be a connected, real linear, semisimple Lie group of non-compact type. Let I’ < G
be an irreducible lattice. There exist k > 0 and Cy > 0. Let x € X and (Bi(x))t>0 be Di(x)"9.Then
for all Lipschitz test functions ¢ € Lip(F x F), there exists E(t,1,x) = O(Lip(¢)Cy vol(Dy)™") when
t > Cydx(0,x) such that

1
vol(By)

> wm Ve) = A Gdpe ® pg + E(t, ), ).

YEB(x)N

(F\G) FxF

This is due to Gorodnik-Nevo in [GN12a]. We include the proof of this version for Lipschitz functions in
the appendix. As a corollary, combined with Lemma 2.21 we have

Lemma 2.23. There ezist C5 > 0 and C > 0 such that if t > Csdx (o, x), then

T 0 De()]
L I .
vol(Dy) — ¢

Proof. Due to the definition C,, = C1e%04x(*?) we know that if ¢ > dx (o, x), then by taking ) = 1 Theorem
2.22 implies that
TN D% (x)| < vol(Dy).

For the part |I'N (Dy(x) — Dy (x))|, if t > dx(o0,x), then we can use Lemma 2.21 to bound it. Combing
these two parts, we obtain the lemma. O

3 A configuration for being loxodromic

Recall Definition 2.3 that the elements in G' of Jordan projection in a™* are called loxodromic. Equiv-
alently, loxodromic elements are conjugated to elements in A*TM. Let g € G'°* be a loxodromic element,
choose hy € G such that h;'ghy € exp(A(g))M. Note that ghyM = hye* 9 M. Denote by gt := hyno (resp.
g~ = hy(p) the attracting (resp. repelling) fixed points in F for the action of g. They are independent of
the choice of hy. Hence for every Y € a, in Hopf coordinates

9(g",97.Y) =(g",97,Y + Ag))- (29)
3.1 Distances on G/M

Denote by d; the left G-invariant and right K-invariant Riemannian distance on G/M.

Distance for the Hopf coordinates For every pair (61,7, v), (nt,n7,w) € F® x a, we define

do (7,67, v), (0", 0, w)) :==sup(d(£T,n"),d(€,n7), lv — wl]). (30)

Due to the Definitions (18), the distance ds is not left G-invariant even though it is left K-invariant. Abus-
ing notations, for every z1,20 € G, we also denote by da(z1 M, 2o M) = do (H(le),H(ng)). For all
(€,67,0) € F® xa,all 7 € (0,15(6F,£7)), the ball of radius r for da centered in that element is

B(&*,r) x B(§7,7) X Ba(v,7).
Lemma 3.1. For g € G and z1, 22 in G, we have

da(gz1 M, gzo M) < sup (C’lecollg(g)”, 1)d2(le7 zoM).
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Proof. We write down 21 M and 2o M in Hopf coordinates, we denote by (&;,&7,v;) := H(z: M) for i = 1,2.
By (11) and Lemma 2.11 (i),(ii),(iii), we have

da(921M, 922 M) = d2((9€7, 9&1 01 + 0(9,€1)), (963, 9&5 s v2 + 0(9,&5))
= sup (d(g&]", 9&5), (981,962 ), llvi — vz + 0(g. &) — o(g.63)1)
< sup (C’leco”g(g)“d(ff',fg'), C’lec"‘lg(g)”d(ff,f;), CleCoHﬁ(g)Hd(gf-’g;) + |log — 'UZH)
< sup (CleCng(g)H’ 1)d2(le, zoM).

The proof is complete. O

Local equivalence Denote by By(zM,r) C G/M the ball of radius r centered on zM, for the distance d;.

Lemma 3.2. There exist a neighbourhood O of eM and Cs > 0 such that for every z1, 29 € O,

1
ad2(21,22) < di(z1,22) < Cada(21, 22).

The main idea is to use the fact that two Riemannian metrics on a manifold are locally equivalent. We
have already constructed a Riemannian metric dr on F and proved that it is equivalent to the supreme
distance d defined in (18).

On the product space F x F X a, we have the product distance dy from d on F and d, on a. We also
have the product Riemannian distance from dz on F and d, on a, which is denoted by d3. Due to d» and d
equivalent, dy and d3 are equivalent. Now we can use a lemma about comparing Riemannian distances. We
call two distances d, d’ locally equivalent if for any x € M, there exists an open set V' containing x such that
d,d’ restricted to V are equivalent.

Lemma 3.3. Let d and d' be two Riemannian distances on the same open manifold M. Then d and d’ is
locally equivalent.

The proof is classic and we skip it here.

Proof of Lemma 3.2. Applying Lemma 3.3 to dy, ds, we obtain Lemma 3.2 by noticing do and ds3 are equiv-
alent. 0

We will upgrade Lemma 3.2 to a version with base point eM replaced by any gM. We first obtain an
expanding rate estimate of the action of G on G/M with respect to the distance da.

Definition 3.4. Forxz € X, let
C, = 8CyCY exp(Codx (0, )). (31)

Fix
€ >0 (32)
such that O contains both balls centered at eM of radius €y with respect to dy,ds repsectively.
Lemma 3.5. For x € X and z1,22 € G/M with x = 7(21), if da(z1,22) < €0/Cy or di(z1, 22) < €, then
dy (21, 22) < Cpda(21, 22) /4.
Proof. We take h, such that h 12, = eM. Then we have either

da(hy 21, hy  2) < Coda(21,22) < €0,

(due to Lemma 3.1) or dq (h, 121, h,  22) = di(21, 22) < €9. Due to the choice of ¢, we can apply Lemma 3.2
and 3.1 to obtain

dl(zl,ZQ) = dl(h;1217h;122) S CQdQ(hglzl, h;lzg) S deg(zl,ZQ)/Zl.

The proof is complete. O
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3.2 Corridors of maximal flats

Recall from Definition 2.6, for every point y € X and every £ € F, we denote by EyL € F the opposite
element such that y € (ffj) X

Definition 3.6. Let 2 € X andr > 0. We denote by F? (z,7) the open corridor of maximal flats at distance
r of x
FO (,r) = {(&n) € F | dx(w, (En)x) <7} (33)

We denote by F@ (z,7) the set of Weyl chambers based in Bx (x,1)
]—T(E)(x,r) = {(g,fyl,ﬁg(o,y)) eF@ xa ‘ y € BX(:I:,T)}. (34)
By (12), we obtain

Fact 3.7. For allz € X and r > 0, F®(x,7) is the preimage of Bx(x,r) by the projection G/M — G/K.

Lemma 3.8. Let v € X and min{<, locgf} > 7> 0. Then for every e € (0,C;'r), all (€1,67) € FO(x,7),
B(¢t,e) x B(¢,e) € FO(a,2r).

Proof. We can find a point z € (£1,£7,a) (maximal flat of £¥,£7) such that dx(w(z),x) < r. For (§,7) €
B(£T,¢€) x B(£,€), we can find 2’ € (§,7,a) with the same a coordinate as z. Then

da(z,2') = d(§,€7) +d(n,€7) < 2 < &/Cy.
We can apply Lemma 3.5 to z, 2’ and we obtain

dx(m(2),m(2")) < di(z,2") < Crizyda(z,2') /4.

We have
Cr(z) = 8C2C1e%00x(0m(2) < O e@or < 20,
Therefore
dx(z, (") < dx(z,7(2)) + dx(7(2),7(2")) < r+2C.(2€)/4 < 2r.
Hence (¢,1) € F?) (x, 2r). O

Lemma 3.9. Let g € G and x € X. Assume there is a transverse pair (£1,67) € F?) of fixed points for the
action of g on F. Then there exists w in the Weyl group W such that

[w(A(9)) = ag(9)]] < 2dx(z, (€767 )x).

Proof. For every transverse pair (£7,£7), there exists, up to right multiplication by elements of AM, an
h € G such that h(no, (o) = (£1,£7).
By assumption, £ and £~ are fixed by g, i.e. gh € hAM. By Cartan decomposition, there exists w € W
such that for every p € hAMo, we have a,(g) = w(\(g))-
Since hAMo = hAo, which is equal to the flat (£7¢7)x. It then follows from Lemma 2.17 that for every
pe (e )x
w(A(9)) = a, (9 = lla,(9) — a.(9)]| < 2dx(z,p).

Taking the infimum over the points in the flat (§7¢7)x yields the upper bound. O
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3.3 The configuration
Recall that for all z € X, we defined the constant C, = 8CyC;eCodx (o),

Definition 3.10. Denote by ro the unique zero in (0,1) of the real valued function r — —logr—max{Cjs,2}r.
For alle > 0 and z € X we define some function

to(x,e) > 2log Cp — 2log(e),
where the constant underlying > s the same as in Lemma 2.10.

Proposition 3.11. For all z € X and r € (0,79) and € € (0,min{C'r,e0}), every v € G satisfying the
following conditions is loxodromic.

(i) a,(7) € o™ and d(a,(v), 9a*) > to(,e),
(it) (vF,v5) € F@ are transverse and dx (z, (viv; )x) <.
Furthermore, its attracting and repelling point satisfy v£ € B(yE,¢).

Proof. There exist k_+,l - € hy K (as h and W'k, in Definition 2.16), defined up to right multiplication by
elements of M and independent of the choice of representative h, € G such that v = kﬁ eﬂz("’)l;l. Apply

Lemma 2.10, to the element h;vh, = h;lkﬁeﬁw("f)(hgllw;)’l € KATTK,
W e Voo (b '7:)0 € B(hy ', O ).

We multiply by h; on the left 7thC;16(h;17;)C C hyB(h;'yF,C ). Using the properties of C, > 0
(Lemma 2.11), we deduce the following inclusions

o hyB(h;'v}, Crle) € B(vy,e),

x

i Va(’Yw_>B C hwvcglg(hgl%c_)c'

Hence yV.(v; )¢ € B(y;, ). Recall that ¢ is the opposition involution and k, € N (A) such that . = —Ad(k,),
then
v =1 ke (ke k)

Since 1a,(g) is at distance at most to from dat and (y~1)E = 4F, we deduce that v~V.(y;)¢ € B(y; ,e).
Due to dx (o, (h; 7)) (hz'v:))x) = dx(z, (V75 ) x) < 7, by Lemma 2.14 and Definition 2.12, we obtain

S(h 'yt hy ) > e
Then by Lemma 2.11, we have
S e ) = Ot o(hy 'y hytyy ) = O e 5T

Due to the choice of €, 7, we have C; 'e~ 5" > 2¢. Hence we have B(yE,e) € V.(7F)¢. Then we deduce that
7 (resp. v~1) has an attracting fixed point £+ € B(vy],¢) (resp. £~ € B, ,¢)).
Since v admits a fixed maximal flat (£t€~)x, we apply Lemma 3.9,

lw(A(7)) = a, (NI < 2dx (z, (§7€7)x),

for some w in the Weyl group. By hypothesis ¢ < C!r, Lemma 3.8 implies that B(v;, &) x B(v;,¢) C
F@(x,2r). Hence w(A(y)) € B(a,(7y),4r). Using that r < 7o and ¢ < C;'r, we get a lower bound
to(z,e) > —2logr > 4r. We deduce that B(a,(v),4r) C at™, therefore w = id and ~ is loxodromic.

Finally, because the bassin of attraction of ¥+ (resp. v7) is a dense open set of F, there are points in
B(v;t,¢€) (resp. B(v, ,¢)) that v (resp. v~1) will attract to 4+ (resp. v~). Since F is Hausdorff for d, we
deduce that v+ = €1 (resp. v~ = £7). O
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4 Loxodromic elements and periodic tori

In this part, we give a relation between conjugacy classes of loxodromic elements and periodic tori. We
denote in brackets the I'-conjugacy classes of elements in I'. Set G;,, the set of I'-conjugacy classes of
loxodromic elements and

Giox (t) == {[7] € [T"*] | A(7) € Ba(0,1)}. (35)

For every loxodromic element v € I''* denote by L., the measure of G/M supported on the A-orbit of Hopf
coordinates (y*,v7;a) such that its disintegration in Hopf coordinates is given by

Ly =D+ ®D,- @ Lebg, (36)

where D, + is the Dirac measure at 7*. Note that the quotient in IT'\G/M of the A-orbit (y*,y7;a) only
depends on [y]. Denote by Fj, the quotient of this A-orbit in T\G/M. By (29), that is v(y*,77,Y) =
(YF,77, Y +A(7)) for every Y € a, we obtain A(y) € A(F},)). If we take g, an element such that (y*,77,0) =
9(n0, Co,0), then the formula also implies g;lfyg,y € exp(A(y))M. With this g, the orbit F' can be written as
Fpy) = Tg, AM.

In this subsection, we always suppose that I' < G is a cocompact lattice of G. We have a lemma by
Selberg

Lemma 4.1. Let T be a cocompact lattice. Let F be a right A-orbit in T\G/M. If A(F)Na** £ 0, then F
18 a compact periodic A-orbit.

Proof. We can write F = I'gAM. For Y € A(F)Natt, by TgM = T'gexp(Y )M, we know there exists
a loxodromic element v € T' such that vg = gexp(Y)my. By Selberg’s lemma in [Sel60] or [PR72], we
know that I',\G, is compact with G, and I', the centralizer of v in G and TI', respectively. Since 7 is
loxodromic, so G, is a conjugation of a maximal torus. Now gAMg~! commutes with v, so G, = gAMg~!.
Then I''/\G, = (I' N G4)\G~ compact implies that T'gAM = I'G,g is compact in I'\G. So F is compact in
MNG/M. O

Let G(A) = {(Y,F)| Fe C(A), Y e A(F)na*t}.
Lemma 4.2. Let T be a cocompact lattice. If the action of T' on G/M is free, then we have well defined maps
V2 Giow = G(A), ] = (\(7), Fiy)

and
P : Q(A) = Glox, (Y; F) = [’YY]‘

We also have ¥ o ® = Idg4y and ® o ¥ = Idg,,_ .

Proof. For a compact periodic A-orbit F', we can write it as TgAM with some g € G. For Y € A(F)Na*™,
there exists a vy € T such that vy g = gexp(Y)my for some my € M. This 7y is unique. Otherwise, we
have v4-g = gexp(Y)m}, with m}. # my, then vy, 'v} = gmy'm}-g~'. This element 7y 74 in T fixes gM in
G/M and is not identity, which contradicts that I' acts on G/M freely.

This g is unique up to left multiplication by I" and right multiplication by AM. This defines a I'-conjuage
class [yy] in Giox, characterised by g~ 17y g € exp(Y)M. So the map ® is well-defined.

For [y] in Giox, we have already associated it to a unique periodic orbit Fj,, that is Fj,) = I'g, AM with
g such that g7 'vg, € exp(A(y))M. Due to A(y) € F,), by Lemma 4.1, this orbit F,; is a compact periodic
A-orbit.

For ¥ o ®, due to g~ 'vyg € exp(Y)M, we know that we can take g, = g and then ¥ o ®(Y,F) =
() = (¥, F).

For ® o U, from g5 'vg, € exp(A(7))M, we know that ® o U([]) = ®(A(7), Fiy) = 7. O
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5 Equidistribution of flats

For every loxodromic element v € I''°®, denote by L., the quotient measure on I'\G/M of L., (Cf. (36)).
Note that Ly, is supported on Ff,) and is equal to the measure Lp_, given in the introduction. It is also
given by the following construction: we push on Fj,j, the restriction of Leb, to any fundamental domain in
a of the periods A(Fj,), by right A-action of the exponential of such a fundamental domain, starting from
any base point on F[,;. The construction is independent of both the choice of the fundamental domain and
the base point on F[,;.

By Lemma 4.2, there is a bijection between G, and G(A). By summing over the compact periodic orbits
F € C(A) first, then summing over Y € A(F) N B 1(0,t), we deduce that

1 1

Lyy=—+~ A(F)NBS(0,4)|L 37

VOl(Dt) Z (] VOl(Dt> Z ‘ ( ) a ( ’ )| F, ( )
[V1€G10x(t) FeC(A)

the measure on the right hand side is exactly the measure in the Theorem 1.3. This formula is also a higher
rank analogue of the first part of (1). Set

. vol(T\G)
Mr = 20Dy 2. Lol
['Y]eglom(t)

Let mq/ar be the Haar measure on G/M, given by v ® Leb, from Proposition 2.15. Let mp\g /s be the
quotient measure on I'\G/M. The main theorem 1.3 is equivalent to the following one if T" is torsion free or
if it acts on G/M freely.

Theorem 5.1. Let I' < G be a cocompact irreducible lattice which acts freely on G/M. Then there exists
u > 0 such that for any Lipschitz function f on T\G/M, ast — oo

/ f dMl = / § dmpgar + 0 1), (38)

where the Lipschitz norm is with respect to the Riemannian distance di on T\G/M.

Remark 5.2. The constant Cg equals ||mp\ g ar|/ vol(I'\G), which comes from the choice of mg/n = v® Lebg
and only depends on G.

We can separate a Lipschitz function as the sum of its positive part and its negative part. So it is sufficient
to prove Theorem 5.1 for non negative Lipschitz functions.

We are going to prove Theorem 5.1 in this section. Before starting the argument, we fix the parameters
which will be used later. They come from Proposition 3.11. Choose u; > 0 small than min{eg, 1}/10, where
€c is the constant from Lemma 2.19. Set

g:=e "' and t; := 3uyt. (39)

Consider the decay rate function u — k(u) > 0 satisfying Lemma 2.19 and the decay coefficient £ > 0 given
in Theorem 2.22. Set

1

- - : — —ust
= Sdm(G/AM) min{dor(6uq), 0ok, u1} and r := e~ 2", (40)

ug

In this part we use Lips to denote Lipschitz norm with respect to the product distance dy on G/M or
the product distance on F), according to which space the function lives on.

We lift everything to G/M and prove a local version on G/M in Section 5.1 and 5.2. Then in Section 5.3,
we use the partition of unity to obtain a global version (Theorem 5.1) on T'\G/M.

5.1 Local convergence on corridors

Recall the notation a,(y) := du(x,v2) = a(h;'vhy). For every v € T such that a,(y) € a™™, the

geometric Weyl chamber based on = containing yz (resp. v~ 'z) determines v € F (resp. 7).
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For x € X and t > 0, we define the following measures on F x F:

vol(I'\G)

L= A NN D LwD 41
Yol T 0I(Dy) T R (1)
yeI'ND; 9 (x)
: vol(T\G)
=y D+ @D, -. 42
Ye2 T 01Dy v+ ® Dy (42)

yETlor DI (z)

Recall that (u.)zex denotes the Patterson-Sullivan density given in Proposition 2.13 and v is the associ-
ated conformal measure on F ). Let Lip} (F®)(z,r)) be the space of positive compactly supported Lipschitz
functions on F3) (x,r).

Lemma 5.3. Let T be an irreducible lattice in G. Fizx € X. Then for every test function € Lipt (F® (x,r))
for every t > Cydx(0,x), there exists a function E(t,¢,z) such that

e—CST/wdy — E(t,¢,x) < /wdv;,l < /wdv+E(t’¢a$) (43)

where E(x,1,t) = O(CyLip(yp) vol(Dy) ™) when t — oo.

Proof. By Theorem 2.22, we obtain the main term with the measure y, ® ... Since (€,7) € F®(z,7), so by
Lemma 2.14, we obtain
L< fol6m)™h < e

Using the relation dv(€,n) = %, we deduce that [diu, @ py < [1pdv < e [Ppdu, ® p,. Hence

the Lemma. 0

Lemma 5.4. Let I' be a lattice in G. Fiz x € X, for every t > 21%16”, for every test function ¢ €
Lipt (F® (z,7)),

0N Dy(2)| vol(T\G) I0'N DY (2)] vol(T\G)

dvl , — dvl | <eLi 0o
‘/1/} V:E,Q /’l/) Vrc,l >€ ZPQ(QZJ) VOl(Dt) +3||1/’H VOl(Dt) ’
where € and t; are given in (39).
Proof. We split the difference between V‘;?}%’ig) Jvdv. ; and V‘SERQ) Jvdvl ,,
DR C A ) S AN A I S e e ) SRR 1 CANE )
yEIND; Y (x) ~eTlerND 9 (z) ~ETND{ Y (x) yelleeND{Y (z)

+ Y U0 w) vt

yETlezA DT ()
For the first term on the right hand side, note that I'*** C T', hence
D O B S U C AR B > (i s)-
~ETND{ Y (x) yETlezND{Y (z) yE(T\Ttoz)ND{Y (x)
Note that ¢t > t; = 3uyt > 0 since u; < 1/10, hence we have the following inclusion
Di*(z) C D' (z) U (Dy(2) \ Dy (2)).

Using that ¢ > 21%10”7 we deduce that t; = 3uit > tg := 2logC, — 2loge = 2logC, + 2uit. Apply
Proposition 3.11 to every every v € Dy(x) \ Di*(z) such that (v},~v;) € F®(z,r). Any such element is
loxodromic i.e. Dy(z)\ Dy*(z) C G'*. Hence I' N (Dy(z) \ Dy*(z)) C I'°® is a set of loxodromic elements.
So the non-loxodromic must lie in (I'\ T''°*) N D;*’(z) C D}*(z). We deduce the following upper bound.

> (077 )| < [Wlleo T N DY ()] (44)

YE(T\Io)NDFI (x)
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For the lower term, we split the sum over the partition T N (D;(x) \ D}*(z)) and T N D{* ().

> () —vvtyT) = D AN I CR
yeTleeNDy“Y (x) yEDlow
YED¢(2)\D}* ()
+ > POV ) — (v ).

y€TtlorND} (2)ND; Y (z)
We bound the lower term.

)3 bOd ) — www)\ < 20¢]lsolT N D (). (45)

yeTtor D! (z)NDYe ()

By Proposition 3.11, the elements v € T' N (Dy(x) \ Di*(x)) with (v;,7v;) € F®(z,r) are loxodromic and
their attractive and repelling points are at distance at most ¢ of respectively 7. Using that v is Lipschitz
and supported on F?)(z,r), we bound above the last term.

‘ S wedm) - e w\ < cLipa(4) [T A Dy(a). (46)
~ELN(Dy(2)\ D} (z))

Finally, we use the triangular inequality, regroup the terms (44), (45) and (46), then multiply everything by

V\?(I)E&\)S) to obtain the main upper bound. E

5.2 From corridors to Weyl chambers

Lemma 5.5. Let 1; € Lipt (.7?21) (z,7)) be a compactly supported nonnegative, Lipschitz function and set
RES /{/?(, ; v)dv.
a
Then ¢ € Lipt (F® (x,7)) and the following norm bounds hold:
(a) Lipa(yp) < 2(2r)3 Lipy(1)).

(5) 19 llos < (2r) ¢} -

For z € X and t > 0, we define the following measure on F?) x a by

vol(I'\G
Mg o= voi(l\))) Z Ly =}, ® Leb,. (47)
V' ertosnDred (z)

Lemma 5.6. Let I' be an irreducible lattice in G. Fiz x € X, for every t > max{%,&;dx(o, x)}, for
every test function 1 € Lipt (F® (z,r)),

‘/JdM;,Q_/Jde/]V[

(2r)dima (E(t, U, x) + 2eLips (1)

< C’37‘/1dec/M +

[T N Dy(x)] vol(T\G)
VOl(Dt)

430 Dtl(x)|vol(1"\G)>7

VOl(Dt)

where E(z,¥,t) = O(CyLip(1) vol(Dy)™*) as introduced in Lemma 5.3 and e, t, are given in (39).
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Proof. We set (£1,£7) == fa {/;(fﬂff; v)dv. Using Fubini’s theorem on the a coordinate and Proposition
2.15 that mg/y = v ® Leb,, we deduce that

/ pdM: , = / Pdvf , and / bdme iy = / Wdv.

We only need to bound [dvi 5 — [4dv. By definition of these measures,

/wdu;2 — /¢du = /z/zdz/fg’l - /wdu+/¢du;2 — /wdugl.

Using Lemma 5.4 on the last term on the right, then Lemma 5.3, the convexity inequality e™" — 1 > —r and
nonnegativity of ¥ to the other term, we deduce the following bound.

/@ZJdl/i’2 —/wdu

< Cﬂ"/'d)dl/ + E(t, 'Q[Ja (E)
IT'N Dy(z)] vol(T\G) [T N DI ()| vol(T\G)
VOl(Dt) VOl(Dt)
By Lemma 5.5 (a) (b), the Lipschitz constants and norms between ¢ and ¢ satisfy Lipy(¢) < 2(2r)3m @ Lip, ()

and [|¢)]loe < (2r)4m|4)]|oo. We deduce the domination E(t,1, ) = (2r)3meO(Lipy(4)Cy vol(D;) ™) and
abusing notation we write

+ eLipa () +3[1Y

E(t,v,2) = (2r) "™ E(t, 1), z).
Replacing the Lipschitz constants and norms in the upper bound by abuse of notation on E(t,v,x) and lastly
applying Fubini on the first term yields

‘ / Ydvl , — / Ydv

(2r)dim @ (E(t, {/;, x) + 2eLips (7:[;)

< C3T/?dec/M +

IT' N Dy(z)] vol(T\G)

vol(Dy) 3¢l

T N D (2)] Vol(F\G))
VOl(Dt) '
0

From now on, to the end of this section, we suppose that I' is a cocompact irreducible lattice in G which
acts freely on G/M. The measure in equidistribution is denoted by

¢ . vol(I'"\G)
M= 0D, > oL, (48)
~eT o
Inl<t

Lemma 5.7. There exists C > 0. Fix x € X, for every test function 1; € Lier(]?(Q) (x,1)),

0N DYy, (x)] vol(I\G)
VOl(Dt)

Proof. By Lemma 3.9, for every loxodromic element g € G'* such that (g%, ¢~) € F® (x,r) then
IA(9) = @, (9)I| < 2r.
Hence using triangular inequality we deduce the inclusions
" 0 D% (2) N {y] (vF,77) € F@(a,r)} C
{y e [ IAll <tand (vF,77) € FP(z,r)}
C (T'" N D5, () U (T N DYy, (2)),
here the set I' N D, () is used to contain all the v in the middle set with a,(v) singular. By integrating

(1- C’r)/wd/\/lt 2 < /«Zth <1 +cr)/Jth+2’ + 19|00 (49)

77/1 over £, summing and using that {/: is supported on ]T"(Q)(:zz7 r), we deduce
vol(Dy—ar) t=2r o VOI(Dt) / ~ gt o Vol(Digor) / t+2r
< 0N D2

Finally, we multiply by Vfgf(FD\g), apply the local Lipschitz property of ¢ — log(vol(D;)) (Lemma 2.18). O
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5.3 Proof of the equidistribution

Fix a nonnegative test function ir € LipH (T'\G/M). We want to prove the following convergence and
dominate its rate

/{/;FdM% P /{Z;der\a/M-
For balls B(z,s) with z € G/M and s > 0, they will be balls with respect to the Riemannian distance d;.

Lemma 5.8. Recall ¢y from Lemma 3.5. For 0 < s < min{eo, (log2)/Co} and any z € G/M and x = 7(2) €
X, we have _
B(z,s5) € FP(z,s)

and for ¢ supported on B(z,s)
Lipa < Cy Lip@.

Proof. By Lemma 3.7, we have the first part.
By Lemma 3.5, we have for 21, 25 € B(z,s)

dl(Zl, 22) S Cﬂ.(zl)dg(zl, Zg)/4
Now due to the definition of C,, we have Cr(.,) < Cr(.) exp(Codx (7(2),7(21)) < 2Cx (). Therefore
d1 (Zl, 22) S Ca;d2(zl, 22).

Then use the definition of Lipschitz norm. O

Partition of unity By applying Vitali’s covering lemma to the collection { B(y,r/10)},ecr\q/a, there exists
a finite set {y;};cr such that B(y;,r/10) are pairwisely disjoint and U;e;B(y;,/2) is a covering of I'\G/M.
By disjointness, we know |I| < r~%m(G/M)  Fix a partition of unity of %—Lipschitz functions associated to
the open cover U;erB(y;,r). For the function Jp on I'\G/M, we can write it as QZ[‘ =D el Jm using the
partition of unity. For each y;, we can find a lift z; in G/M such that d(o, z;) is less than the diameter of
I'\G/M. By Lemma 5.8, we know that for x; = n(z;) € X

B(z;,r) C F? (@4,7).

We can take t large such that r = e~ “2! is smaller then the injectivity radius of I'\G/M. Then the two balls
B(z;,r) and B(y;,r) are homeomorphic. Let ¢; be the lift of ¢r ; on B(z;, ).
Furthermore, for every i € I, the function 1; is Lipschitz and satisfies the following norm bounds:

(p1) Lipa(t;) < CoLipty; < Co(Lipr + L[[0r]loo) < E= (4| Lip,
(02) [|%illoc < [19r]oos
(03) Yicr il < orlh,

where the first inequality is due to Lemma 5.8.

Local domination For every ¢ € I, due to Lemma 5.6 and 5.7, we have

i(/@th —/iz‘de/M> < T(C3+C)/@Zide/M +

|F n DtigT(mm VOI(F\G)
VOl(DtigT)

+ 4[|l

t1 .
(2r)tme (E(t + 27, 9y, ;) + 2e Lipa (1h;) L ) '

VOl(DtiQr)
Let’s estimate the error term in the lower part. By Lemma 5.3, (pl) and Lemma 2.18, we have
2

- ~ C -
E(t £2r,¢;,2;) = O(Cy, Lipa(v;) vol(Dy) ™") = O( ; VOl(Dt)HI/}F|Lip>.
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By compactness, the x; are in a bounded set, therefore the {C,, };cr are uniformly bounded. Hence
~ vol(Dy)™"% ~
ot 20 5w = O 2 el ). (51)

By Lemma 2.23 and (pl), we have

it r\Li G i
% Lips (%) |F N Dtjjl(gtf;;())l(r\ ) -0 (i |1/JF|Lip> ) (52)

Using that ¢ = 3uqt, we get by applying Lemma 2.21 and (p2),

[T N Diky, (1) vol(\G)
VOl(Dtigr)

(53)

~ vol(Dy) =" (6u1)
3llilloo :

= O(|[dr o vol(Dy) =) = O(Th/}rmp

Global domination By the partition of unity, we have
[oeamtt =3 [draami =3 [damt

and

/ermr\G/M = Z/JF,ide\G/JV[ = Z/Jide/M~

Therefore, by local dominations, |I| < r~@™(G/M) and (51)-(53), we obtain

[ deants ~ [ Gedmeygnn = o<rz bAh

iel

i vol(Dy)™ " ~ €, ~ vol(D,)~#(6u1)
+ pmdim(G/AM) <(rt)|1/}1“|Lip + ;|¢F|Lip + (t?rhpFLip) :
Using (p3) and |[¢r|; < lm G/l |¢r | Lip, we deduce that
~ ~ vol(Dy)™F + & + vol(Dy) ~#6u)\ ~
/wrd/\/ltr - /wrdmr\G/M = O((T + @ (G/AM) 11 lvr|Lip |-

Recall the choice of parameter in (40) where ¢ = e~ “* and r = e~ “2!. Collecting all the error terms
together, we obtain that there exists u > 0 such that

‘/JFdM% —/{/;der\G/M‘ = O(e " Yr| Lip)-

6 Finite index subgroups of SL;(Z)

In this section, G = SL(d,R) where d > 2 and T'; < T’y = SL(d, Z) is a finite
index subgroup of 'y which acts freely on G/M. We use I" to denote both
I'; and Ty before section 6.2. Starting from Section 6.2, we only use I' to
denote I'y.

Let us start with examples of finite index subgroups of 'y that act freely on G/M. For every prime
number p > 3, we claim that the finite index subgroup I'y := ker(T'¢ — SL(d,Z/pZ)) acts freely on G/M.
Indeed, assume ~; fixes an element G/M, then ~; is conjugated in G to an element m in the sign group M.
Its projection to SL(d, Z/pZ) has the same eigenvalues given by the projection of m. Since ;1 projects to the
identity and p > 3, we deduce that m is trivial.
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Torus in linear algebraic groups We recall some concepts from linear algebraic groups. For more
details please see [Bor91] and [BH62]. A subgroup T of GL(d,C) is a torus, if T' is diagonalizable over C and
isomorphic to (C*)™. Let k be a subfield of C. We say that T is a k-torus if it is defined over k i.e. if T as
an algebraic subvariety of GL(d,C) is defined by polynomial equations with coefficients in k. Denote by T}
the k-points of T. A k torus T is k-split (here we only need k = Q or R) if T can be diagonalized to (C*)™
by a matrix with coefficients in k. Let T be a Q-torus T, then by [BH62, Thm 9.4, Lem 8.4] the following
conditions are equivalent:

e Ty\Tk is compact.
o T is Q-anisotropic i.e. all the Q characters from Ty to Q* are trivial.

e T contains no non-trivial Q-split subtorus.

Systole of elements in I'\G' For g € G, let s(g) be the systole of the lattice Z%g in R? i.e.

s(g) = ve%gr\l{o}{llvll}-

Note that the systole is preserved by right multiplication by K since the norm on R? is Euclidean. Now I'
preserves Z% and the right action of the sign group M also preserves any lattice Z%g for all g € G. Hence,
this definition extends to 'gM in T'\G/M. For R > 0, let

Q(R) = {TgM € T\G/M] 1/s(g) < R}.
Then the Mahler criteria implies that (R) is compact. The union of Q(R) for R > 0 is the full space I'\G/M

and {Q(R), R > 0} is an increasing family of compact sets.

Siegel domains In [BH62, Section 4], Borel and Harish-Chandra define Siegel domains for the KAN
decomposition. We take the inverse of groups in their statement.

Let G = NAK be the Iwasawa decomposition, where N is the upper triangular maximal unipotent
subgroup.

Definition 6.1. [BH62] For all s > 0 and u > 0, set Ny :={n € N| ||n|| < s} and A, :={a € A| a;/a;41 >
u}. A Siegel domain is a subset of G of the form NyA,K, it is a standard Siegel domains if s > 1/2 and
0<u<+3/2.

In [BH62, Proposition 4.5], they prove that when NgA, K is standard, then
G =TyN,A,K,

which in some sense means that a standard Siegel domain is almost a fundamental domain for the left
action of I'g on G. Furthermore, for any standard Siegel domain, the number of elements v € I'g such that
YN ALK NN ALK # 0 is finite.

From now on, we will denote by n(g), a(g), k(g) the N, A, K components of g in the Iwasawa decomposition
NAK. Note that a(g) = exp(—a(g~*,m0))-

We give a relation between the systole and the Iwasawa cocycle in Siegel domains.

Lemma 6.2. For all0 <u <1 and g € NA,K, we have

aa(9)u™t < s(g) < aalg).

Proof. Using first the definition of the systole, then that the row vector e4 is right N-invariant and finally
that the norm on R¢ is K-invariant, we deduce the upper bound of the systole

s(9) < lleagl = lleaa(g)ll = aa(g)-

For the lower bound, it suffices to prove that for every v € Z%\ {0},

aq(g)u®™! < [lvgl|.
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First by K-invariance, ||vg| = |[|[v n(g)a(g)||- Let us write the coefficients of the row vector v = (v1,- -, vq).
Assume that the j-th coefficient v; is the first non-zero coordinate, where 1 < j < d. Then v n(g)a(g) is a row
vector with all its first j —1 coefficients equal to zero and its j-th coefficient is (v n(g)a(g)); = vjn;;(g9)a;(g).
Using first that n;;(g) = 1 and |[v n(g)a(g)|| > |(v n(g)a(g));|, then that a(g) € A, and |v;| is a non-zero
positive integer, we deduce that ‘

lvgll > [vjla;(g) > aa(g)u®™.
Finally for every v € Z%\ {0}, then d — j < d — 1 and since u € (0,1), we deduce that as(g)u?=t < |lvg|l,
hence the lower bound for the systole. O

Injectivity radius We find a lower bound of the injectivity radius in every point of Q(R) C T'1\G/M. For
every point z € I'1\G/M, denote by inj(z), the injectivity radius with respect to the Riemannian metric dy,
i.e. the largest radius for which the exponential map at z is a diffeomorphism.

Lemma 6.3. There exists C7 > 1 such that for all large enough R > 2, every z € Q(R),
inj(z) > R,
Furthermore, there exists a representative h € G such that z =T hM and
dx (o, ho) < Crlog R.

Proof. We first construct h. Let z € Q(R) and we start with a representative g € G such that z = T';gM. We
choose hg € NsA, K a representative in the coset I'gg, where NyA, K is a standard Siegel domain (Definition
6.1) with u € (0,1). Note that s(ho) = s(z) > 1/R by hypothesis, then by the above Lemma 6.2, we deduce

that aq(ho) > 1/R. Since a(hg) € Ay, then a;(hg) > “%J for all 1 < j <d. Hence
w1
R

from which we deduce that a;(hg) < R4™2y=U=D=(d=2(d=1)/2 for 3]l 1 < j < d. Since N,A, K is standard,
with u € (0, 1), one can write it as some negative power of R and deduce the following upper bound for a(hg)
that there is a positive constant C' > 0 such that

< a1(ho) = aa(ho)t...ag(ho) ™t < Ry~ (@=2)(d=1)/2

la(hg M)II, lla(ho)ll < R

Now since Ny is bounded and for the operator norm ||.|| of the action on row vectors induced by the Euclidean
norm on R, we deduce that ||ho|| = ||n(ho)a(ho)k(ho)|| < RC, similarily for ||hg (. Since I'y is a finite index
subgroup of T'g, there exists a finite set {;};cs such that I'g = Uje T'17y;. Therefore there exists 7; such
that I'yg = I'1y;ho. We set h := y;ho and deduce that

IR IR < RE. (54)

Let us compute the Cartan projection of h, using [Kas08, Lemma 2.3] and the compactness of N, and
finiteness of {v;};je,

dx (0, ho) < dx (0, hoo) = [las(ho)|| < llay(alho))|| < log R.

Denote by |.|; the Riemannian metric at e associated with the Riemannian distanced;. We choose ¢ > 0
such that for all Y € g of norm smaller than rg, the exponential map is a local diffeomorphism, so that we
have

[exp(Y) — el < [Y]1 < di(exp(Y),e).

We prove that if the exponential map for the ball of radius r € (0,7¢) centered at z = I'yAM is not injective,
then 7 > R~ for some positive constant C’. Assume there exist hy # hy € G such that I'thiM = T'1ho M
and hyM,hoM € B(hM,r). Abusing notations, since d; comes from the left G-invariant and right K-
invariant Riemannian metric on G, we can assume that hy, ho € B(h,r). Then there exists (y,m) € T'y x M,
with v # e such that vhy = hom i.e.

v = hamhit.
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Note that because I'; acts freely on G/M, then ~ cannot be conjugated to an element in the sign group,
therefore 72 # e. Since 4?2 is a matrix with integer coefficient, we deduce on one hand the lower bound

1

Ih='92h = e = A= (72 = )l = — .
| TR

On the other hand, set gy := h~'vh — m, so that h~'vh = gy + m and deduce the upper bound
A= 15%h — el = [lg5 + gom + mgoll < llg3]l + 2l go]l-

By triangle inequality, ||go|| = [|A~ hamh *h—m]| < ||h~ he —e||||h] k|| + |le = hy *h. Now hy, hy € B(h,r),
therefore ||go|| < r and

L l0ll? + 2llgoll <
T > 1190 9o .
AT

Finally, by (54), therefore 7 > R~ for some constant ¢/ > 0 and we deduce the lower bound for the
injectivity radius at z. 0

Action of the Weyl group

Lemma 6.4. There exists ¢ > 0, such that for any n € F, there exists w € W such that

§(wn,no) > c.

Proof. In the SL(d,R) case, the Furstenberg boundary F is the space of complete flats of R?. Therefore, there
exists a basis (v7)1<j<4 of R? such that n € F is represented by (Rvl,Rvt Av? - [Rol A--- Av?=1). The
Weyl group in the SL(d, R) case is isomorphic to the permutation group &4. It consists in square matrices
(wij) € K of coefficients w;; = d,(;; where 7 € &4. Left multiplication of (v])1<i j<a by an element of the
Weyl group permutes the columns, right multiplication by the transvection matrices in the upper triangular
unipotent group N correspond to operations on the lines of (v)1<; j<4. By Gaussian elimination, one can

assume that (v])1<; j<a, representative of wn for some w € W, is lower triangular and the coefficient in the
diagonal is the highest in norm of the whole column i.e.

vl =0, for all ] < j, and |v§| = max {|v/|} for all 1 < j <d. (55)
Jj<i<d

On one hand, using that A/R? are the Tits representations for SL(d, R) and ({y)+ = 1o in (20), we compute

of -+l

= i LacoAd N —inf —0—— 7T
d(wn, o) 1%?2(1(1(}1% A A7 (Rep A+ Aej)™) 1rj}f oA AT

On the other hand, v' A AV =30, o ) 42 ce, sign(r)v[l(l)...v;j(j)ell A...Ney, where sign(r) € {+1}
is the signature of the permutation 7. Hence for all 1 < j < d, by triangle inequality and (55)

, d\ A A
vt AL AV < (j)j! |U%’U;| <d! |U%’U;|
We deduce that §(wn, (y) > (d!)~!. The Lemma then follows by left multiplication by k, of wn and (o, which

by K-invariance of § does not change the inequality. O

Lemma 6.5. For any g € G, there exists w € W such that for any b = wb'w=! with b’ € exp(—at™), we
have
log a(gb) = logd’ + loga(g) + v, (56)

where v is a vector of bounded length in a with the bound only depending on c in Lemma 6./.
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Proof. Since NAK is a Iwasawa decomposition, we can compute the A part by the Iwasawa cocycle. We
have

loga(g) = —a(g™", o).
Then if we multiple on the right of g by an element b € A, we obtain

1 -1

loga(gb) = —c(b™ g™ ,n,) = —U(b_l,g_lno) +loga(g).

Due to b = wb'w~"! with w in the Weyl group and b’ in the negative Weyl chamber, then

log a(gb) = —a((t') ™, w™ g™ o) +logalg).
By Lemma 6.4, there exists w such that 6(w=tg~1n,,(,) > ¢. By Lemma 14.2(i) and Lemma 6.33 in [BQ16],
we finish the proof. O

6.1 Compact periodic diagonal orbits

The first difference with the cocompact case is that not every loxodromic element gives a periodic A-orbit
in the quotient I'\G/M. So Selberg’s lemma is not true. There is a general sufficient condition in [PR72]. For
SL4(Z), we know exactly when it fails. Recall for v loxodromic, we have defined an A-orbit Fj,; on I'\G/M.

Lemma 6.6. Let v € T be a loxodromic element. Then for the following conditions:
1 The A-orbit Fi,) is compact periodic;
2 The characteristic polynomial p,(x) = det(z — ) of v is irreducible on Q[z];
3 There exists no non-trivial subset I of {1,---,d} such that
> ti=0,
iel
where (t1,--- ,tq) is the Jordan projection of v;
we have that (1), (2) are equivalent and (3) implies (2).

Remark 6.7. Here we give an example when d = 4 that (1), (2) holds but (3) fails. We can find + in SL4(Z)
by using the companion matrix such that p,(z) = (22 + (5 —v/2)z +1)(2? + (5 + v/2)a + 1). This polynomial
p(x) is irreducible on Q[z] and has four different real roots. We can number them by their absolute values
as A1 to As. Then its roots satisfy that log|A1| + log |A4| = log |A2| + log |As] = 0.

Before proving Lemma 6.6, we need another lemma. Let G, be the centralizer of v in G.

Lemma 6.8. Let v be an element in I' such that its characteristic polynomial p. is irreducible. If B is an
element in G, with all eigenvalues rational, then § is identity or minus identity.

Proof. The element + is diagonalizable in the splitting field of p,, a Galois extension K of Q. There exists
a vector v; € K9 such that yv; = A\jv; with A\; € K. Since p~ is irreducible, the Galois group Gal(K/Q)

acts transitively on the roots of p,. We can get eigenvalues Ao, -+, Aq and eigenvectors vg, - - - ,v4 as Galois
conjugates of A\; and v; with yv; = Ajv;. The numbers A; are distinct, hence vy, - -+ ,vg form a basis.
Due to 8 commutes with -y, we have
Buj = pjv;
for some p; rational. Take o in the Galois group Gal(K/Q), then So(v;) = p;o(vj). The Galois group
Gal(K/Q) acts on the set {vq,--- ,vq} transitively (p, irreducible), which implies that p;’s are equal. Since
we are in SLg(R), we obtain the lemma. O

Proof of Lemma 6.6. We first prove (3) implies (2): If p,(z) is reducible then p,(z) = pi(2)p2(x) with pi,po
monic and constant terms of py, py equaling +1. Suppose the absolute values of roots of p; are exp(t;) for
i€l C{l,---,d}. Then we obtain ), ;¢; = 0 with I non-trivial.
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Now we prove that (1) is equivalent to (1’), a condition about the centralizer of v. Let T, be the centralizer
of vin SL(d, C). The A-orbit F}, can be written as Fj,) = 'gAM, and v € gAMg~! due to the definition of
Fj,). Because v is loxodromic, the centralizer G, of v in G equals gAM g1, the real points of the maximal
R-split Q-torus 7. Now [, is compact in I'\G /M is equivalent to I'N G, \G~ = T',\G., compact, where I,
is the centralizer of v in I'. Notice that I',\G is a finite cover of (I'g),\G, = (T5)z\(T5)r for the Q-torus
T.,. Then due to [BH62, Thm 9.4], (1) is equivalent to

1" T, is a Q-anisotropic Q-torus.

Then we prove (2) implies (1’). Take a « satisfying (2). If T, is not Q-anisotropic, then there exists a
Q-split subtorus [BH62, Lem 8.4]. Take 8 in the Q-points of this Q-split torus, then all the eigenvalues of
B is rational. Hence by Lemma 6.8, the element 8 must be +Idy. There is no nontrivial Q-split subtorus of
T,. We obtain a contradiction. So T is Q-anisotropic.

Finally, we prove (1’) implies (2). If p, is reducible, suppose A1, -+, A¢ with 1 < ¢ < d is an orbit of the
Galois group Gal(K/Q) on the roots of p,. Here K is the splitting field of p,. Set v; € K% the corresponding
eigenvectors of \;, which is also an orbit of the Galois group Gal(K/Q). For any § in the Q points of T,
since A;’s are different, we have for 1 < j </

ij = ,LLj’Uj.
On the symmetric power Sym‘R¢, we have
ﬁvl...vz :Ml"'ﬂé(vl"'vf)~

Now the vector vy - - - vp is fixed under the Galois group, so it is rational, hence p; - - - g is also rational. We
can define a Q character by x(8) = p1-- - tte. Due to 1 < /¢ < d, this Q character is non-trivial. So T, is not
QQ-anisotropic. O

Sparse set of loxodromic elements Let T''’” be the subset of I''°* whose elements also satisfy the
condition (1) or (2) in Lemma 6.6.

Lemma 6.9. There exists 1 > k1 > 0 such that fort > 1,
(D" \ T%) N Dy| < vol(Dy)' .

Before proving this lemma, we need a result similar to Theorem 1.8 in [GN12b]. The proof is given in
Appendix 8.2.

Proposition 6.10. Let h be a polynomial on SLg(R) with Z coefficients and not vanishing identically on
SL4(R). Then there exists kp, > 0 such that fort > 1

[{y € TN Dy, h(y) = 0}] < vol(D,)' .

Proof of Lemma 6.9. By Lemma 6.6, the number of elements «’s not satisfying condition (1) is less than
that not satisfying condition (3). The condition (3) in Lemma 6.6 can be translate to equations: h;(y) :=
det(1 — A%y) det(1 + Aly) = 0. Then by power saving of integer points in subvarieties (Proposition 6.10), we
obtain the result. O

As a corollary, we can replace o by another point = in X, similar to Lemma 2.21.

Lemma 6.11. For z € X with dx(z,0) < we have

Klt
4(171{1) ’
(L7 \ TL%) N Dy(x)] < vol(Dy)' /2.

Proof. By Lemma 2.17, we have

Fclt

lao() = g (Ml < 2dx(,0) < 57—
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dim A 1

Therefore by Lemma 6.9 and vol(D;) € [1/C, Clet , we obtain
t
[{y €T =T, a,(7) € Ba(0,0)}] < [{y € T"" = T¢*, a,(7) € Ba(0,¢ + ﬁ)}l
— K1
< VOI(Dt+2 ;121) )1—&1 < VOl(Dt)l_'ﬂ/Q.
The proof is complete. O

6.2 Equidistribution for compactly supported functions

In order to make I'\G/M a manifold, from now on we only consider I' = I';. Similar to the cocompact
case, we also need to change the formulation to conjugacy classes of loxodromic elements. Let GY°* be the
set of I' conjugacy classes of T'/%.

Lemma 6.12. There is a bijection between GL°* and G(A).

Proof. The proof is almost the same as the proof of Lemma 4.2. We replace the use of Lemma 4.1 by Lemma
6.6. The only difference is that we obtain vy from (Y, F), but we only know that vy is in I''°". Due to
F = F,, compact, from Lemma 6.6, we know that indeed 7y is in [lez, O

By the previous lemma, we obtain

' vol(T'\G) — vol( F\G
=" E AFYNB t)|L E L,.
Mt vol(Dy) FeC(A) A0 B (0.0l Er = lox
v]egl

IM( <t

We consider the lift of the measure Mk to G/M,

¢ . vol(I"\G)
M= wol(Dy) oL, (57)
eFloz
A<t

The main result of this part is the equidistribution on large compact sets.

Proposition 6.13. There exist ( > 0 and u > 0 such that for all t > 0 and all f € Lip.((eS?)),

‘M%(f) -/ fdmp\G/M' < fluip. (58)

Before starting the argument, we fix the parameters which will be used later. Choose u; > 0 smaller than
min{eg, 1}/10, where €¢ is the constant from Lemma 2.19. Set

g:=e " and ¢; := 3uqt.

Consider the decay rate function u — x(u) > 0 satisfying (2.19), the decay coefficient £ > 0 given in Theorem
2.22 and k1 given in Lemma 6.9. We set

)
Ug 1= ] min {§0n(6u1), O?K, uy, 50n1}, ri=e vzt (59)

1
4dim(G/M
Consider the constant C7 coming from the injectivity radius Lemma 6.3, the constant C5 from the counting
Lemma 2.23 and Cy coming from the growth rate of C, given in (31). Set the exponential decay rate of the
systole

1 K1 1 3uq K(6uq) Kkdg U1
C:*imln Uz, s ) YAy Y gy (¢
C7 4(1 — /{1) C5 2(1 - 6u1) 4(1 — f<¢(6u1)) 600 400

(60)
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Equidistribution of Weyl chambers We define

M, = YUNG) Yooz (61)

) VOl(Dt) 'yeFlcomﬁD;'eg(m)
The following Lemma is a direct consequence of the definition of MY , given in (47).

Lemma 6.14. For allt > 1, all x € X and for every test function {/; € Lipj(]?(z) (z,71)),

‘ [ o antsy— [0 ar,

The following statement and its proof is the same as Lemma 5.7 provided one replaces /\/1272 with /\/1373.

(Tlez \ Tle) N Dy(z)| vol(T\G)

|
<
- VOl(Dt)

1¥lloc-

Lemma 6.15. There exists C > 0. Fiz x € X, for every test function @Z € Lipj(]?@) (x,1)),

TN Dy, (x)| vol(I\G)
VOl(Dt)

(1—Cr) / JAMLE < / JAM' < (1+Cr) / FAMEZ 4 ]loo (62)

Partition of unity Then we only need to use a partition of unity to obtain the global version as in
Section 5.3. On the compact set Q(e‘!), by Vitali’s covering lemma, there exists a finite set {y;};cr in
Q(eSt) such that the B(y;,r/10) are pairwise disjoint and U;erB(y;,7/2) covers Q(e¢t). By disjointness,
|I| < r—4m(G/M) By the injectivity radius Lemma 6.3 and choice of ¢ in (60) such that C7¢ < ug, the
balls B(y;,r) are diffeomorphic to balls of radius r in G/M. We can take a partition of unity of %—Lipschitz
functions associated to the open cover B(y;,r). For each y;, by Lemma 6.3 we can find a lift z; € G/M such
that

dx(O, Z‘i) S C7Ct, (63)

where z; = wx(2;). We have the same Lipschitz bounds on Jl By Lemma 5.8 and (pl)

~ ~ ~ ~ Cy.  ~
suppyi C B(zi,r) € F@(z,7) and Lipa (1) < Cy Lip(t) < =[ir|Lip-

Hence, by the above equation (63), then Lipy (7:[;1) < £ |{Z;F|Lip.

r

Local domination By using Lemma 5.6, 6.14 and 6.15, we obtain similar local domination:

_ _ . Floz Fioz NnD : (T\G) ~
i( Jowame- | Mde/M) <r(Co+0) [uamgp + AT )Vol( D(;’” AL A
dima - > [TN Dygor (1) vol(I\G) ~ [T N Dy, ()| vol(T\G)
(2r) (E(t + 2r,4;, ;) + 2eLipa () vol(Drzar) + 4| |l o vol(Drear) ) .

For the right term in the first line, by choice of ¢ in (60) and Lemma 6.11, we deduce

|(L'02 \ %) 01 Dy (:)| vol(T\G)
VOl(Dt)

< (vol(Dy))~r/2,

The lower line contains terms similar to (51) (52) (53) that appear in the cocompact case. Now that z;
can be far from o, the constant C,, can be big. However, by (63), this distance is bounded above by Cr(t,
which implies the following upper bound of C’i:

Cgl _ (8C2C1)26260dx(wi,0) < 62C0C7Ct. (64)

Hence for the left-lower term, we deduce that

2

_ o2 o
E(t+2r, 4, 2;) = O( vol(Dy) H¢F|Lip> =0

r

62C0C7Ct -
( VOI(Dt)KW)FLip)-
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For the mid-lower term similar to (52), by Lemma 2.23 and since C5C7¢ < 1 according to the choice of ¢
in (60), we deduce that % <C.
3uy Kk(6uy)
1—6u1)’ 4(1—k(6u

For the right-lower term similar to (53), using that C7¢ < min{ ol

ITND?L,, ()| vol(T\G)
VOI(DtiQT)

))} as given in (60), the

hypothesis of Lemma 2.21 are satisfied. Hence < vol(Dy)~#(6u1),

Global domination Finally, by summing over the partition of unity and by |I| < p=dim(G/M) *then
collecting the above estimates together, we deduce that

‘/{/;F‘Wtr _/ifdmr\G/M’ < rllerlh + %vol(Dﬂ_%

[Yr|Lip

S dim(G/AM)+1 (62COC7Ct VOl(Dt)_K + eCoC7Ct€ + VO](Dt)_K(&“)),
r 1m

The proof of Proposition 6.13 is complete due to the choices of ¢ and r = e~ “2! in (59) and (60), where
g = e Wit

6.3 Non-escape of mass

In order to prove the equidistribution for all bounded Lipschitz functions, we only remains to prove that
ME(Q(e”)°) tends to zero as t tends to infinity, where we set

¥ =(/2.
Lemma 6.16 (non-escape of mass). There exists ¢4 > 0 such that
Mp(Qe”)") < e

Proof the main theorem for T < SL4(Z). Take a Lipschitz cutoff function ¢ supported on (e¢?) and equals
1 on Q(e?). Let fi = ¢f and fo = (1 — ¢)f. Then f; is supported on Q(e¢*) and f5 is supported on Q(e”*)¢
and with the same Lipschitz bound as f. By applying Proposition 6.13 to f; and Lemma 6.16, we obtain

‘ /fthr - /fde\G/M‘ < ’ /f1thr - /flde\G/M‘ + ’ /f2thr - /f2de\G/M’

< e | fulLip + mrya/ar (™)) faloo + ME(QUE™)) | faloo < e flLip,

here we need a volume estimate (see for example Proposition 7.1 in [KM99]), that is
mey g (Q(e”)°) < e
The proof is complete. O
For 0 < t; < to9 We define
Q(ty,t2) == {T'g € I\G/M, t1 < 1/s(g) < t2} = Q(t2) \ Q(t1).

Let’s state our key observation.
Theorem 6.17. There exists C > 0. Fort > C and v € T'°% with | A\(7)|| < t, then

Leb(Fi,) N Q(e”)%) < Leb(Fi,) N Q8 e™)).

From Theorem 6.17 to Lemma 6.16 . Take a Lipschitz function f such that f takes value in [0, 1], f equals
1 on Q(e’/8,¢%), the support of f is contained in the 1 neighbourhood of Q(e”*/8,e?t) and |Lip(f)| < 2.
Then we obtain

ME(Q(e”)7) < ME(Q(e/%,€7)) < ML (f).
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For an element in the support of f, we can write it as T'gh with g € Q(e?/8,¢%") and h € B(e,1). Then due
to the region of h we have for v € Z¢

loghll = l[(vg)hll € llvgll[1/C", C"]

for some C’ > 1. Therefore the 1 neighbourhood of Q(e?*/%,e%) is contained in Q(e¢?) if ¢ large. Applying
Proposition 6.13, we have

‘Mtr(f) - /f de\G/M’ < e " flLip-
Then by the choice of f, we obtain
ML(Q(e")°) < mF\G/M(Q(em/g/C”, C'e")) +e ™ < e,
here we need a volume estimate mp\ g /ar (/8 /C")¢) < e~ O

In order to prove Theorem 6.17, we start with a lemma between the systole of Z%g for I'g € F and the
length of an element in A(F). Since F itself is a torus, we can also interpret it as the relation between the
systole of the torus F' with the cusp excursion of F' on I'\G.

Lemma 6.18. There exists Cy > 0. For v € T and Fiy) a compact periodic A-orbit in T\G/M, we have

Fiy) € Qexp(CalAM))-

Remark 6.19. This lemma is inspired by the discriminant of compact A-orbit defined in [ELMV11]. Here we
give a direct relation without using the discriminant.

Proof. Take a point I'gM € F},}, then there exists a € AM such that a = g 'vg. The Jordan projection of
a is the same as 7, that is A(a) = A(9).
Take a nonzero vector « € Z%g. Then by Z%ga = Z%yg = Z%g, we obtain

Ta € ng, szt e ng.

Now z,za,--- ,za®"! generates a sublattice in Z%g. There is no j such that x; = 0, otherwise the length of
xb for b € A can be arbitrarily small, which contradicts the fact that F}, is compact. Hence its covolume
satisfies
vol(R¢/ (z,za,- ,xad*1>) =] H zjdet(1,a,---,a® ),
1<j<d

where in det(1,a,--- ,a%"!), the element a; is seen as a column vector. Now different coordinates of a are

different, so the determinant of the Vandermonde matrix in the above formula is nonzero. Hence the lattice
generated by x,za,--- ,za®" ! has rank d and its covolume is greater than 1. Hence

= <|det(1,a,--- ,a® ") < exp(CA(a)]]) = exp(CIAM))-
‘ngjgdxj‘

Therefore by the inequality of arithmetic and geometric means

1 1
max —— < max = < exp(CAM)NI/d).
beA [|lzbl| beA | H1gj§d(=’17b)j‘1/d TTi<j<a |1/
Finally, we obtain
i dgb) > i - :
mins(Z°gb) =, min Il > exp(=ClAM)]/d)

O

This lemma tells us that the compact periodic A-orbit appearing in Mk is always contained in Q(exp(Cjyt)).
In order to prove Theorem 6.17, we need another lemma describing the growth of systole under the A action.
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Figure 2: This is a neighbourhood of the positive Weyl chamber. Two blue dashed lines are lines with the
fundamental weight x(a) = loga; +logas equal to t and ¥¢t. Two blue points are log a(g) and two red points
are loga(g) +logb’. The point log a(gb) has bounded distance to the red point.

Lemma 6.20. There exist C,Cs > 0. Let y be an element in T\G/M with 1/s(y) € [e’!, exp(Cqt)] and
t > C, there exists b € A such that 1/s(yb) € (e”/*,e%"/2) and ||logb|| < Cst.

Remark 6.21. This lemma is similar to Proposition 4.1 in [TW03], where they also study the growth of systole
to prove that there exists a compact set which intersects each orbit of some maximal R-split torus.

The idea of the proof is that in the Siegel domain, the systole and a cocycle is comparable. Since this
cocycle is additive, we can estimate its value after A action, which in turn gives the estimate of systole.

Proof. We only give the proof for I'g, since our definition of Siegel domain only works for I'y. If we have an
element y in I'\G/M, we can project it to y’ in T'o\G/M and apply the lemma there to find a b. Then due
to the invariance of the systole under covering s(yb) = s(y'b), this b also works for y in the lemma.

For y in ['o\G/M with 1/s(y) € [e”, exp(Cgt)], with out loss of generality, we can find a g in a standard
Siegle domain Ny A, K such that y = I'ogM. Then by Lemma 6.2

aa(g)uf " < s(9) < aa(g)- (65)
For loga € a, we define a character
x(loga) =log(a; - -ag—1) = —log agy.
By (65), we obtain that a(g) is in
{a € Al loga; —logaji1 >1logug, 1 <j<d—1, x(loga) € [Ut,Cqt — (d — 1) log ug) }.

Using the affine coordinate, this is equivalent to say that loga(g) = v + Y, with v* € a, v) —v9,, = logu,
Y € att and
x(Y) € [9t,Cat — (d — 1) log ug] — (dlogug)/2.

Applying (56) to this g, there exists w in W such that for all b in the negative Weyl chamber, the equation
(56) holds. We can take a b’ = exp(—sY) with 0 < s < 1 such that

x(Y —sY) =9t/3.
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Then [[logd|| = ||sY|| < Cst if ¢ is large with respect to logug. Therefore, We have
loga(gh) =v° + (1 = s)Y +v=(v"+v) + (1 -5)Y

is in
{a € 4| loga; —logajt1 >logu, 1 <j<d-1, x(loga) € [Vt/3 — C,9t/3+ C]},

with some 1 > » > 0 and C > 0 only depending on ¢ in Lemma 6.4 and ug. By Lemma 6.2, we obtain that
aa(gb)u’™" < s(gb) < aa(gh).
When ¢ is large, we obtain gb with 1/s(gb) € (e”*/4,e"%/2). O

Proof of Theorem 6.17. The compact periodic A-orbit Fj,; is isometric to the flat torus a/A(F,)). We use
the quotient Euclidean distance on F},; and a ball B(x,r) for x € Fj,; and 7 > 0 will be a ball in F,; with
respect to this distance. We are working on the flat torus with a height function given by the inverse of the
systole, 1/s(z), which tells us how this flat torus is embedded in the large non compact space I'\G/M.

We can find a maximal family of points {z;};c; C F},] in Q(e”"/4,e"*/2) such that d(z;,z;/) > Cst
for j # j' and the union of balls Ujc s B(z;,2Cst) covers Fi, N Q(e’*)°. This is always possible, because
if the union of balls doesn’t cover Fi,; N Q(e’)¢. Then take a point = not covered by the union, so z has
distance greater than 2Cst to {z;};c;. Using Lemma 6.18 and 6.20, we can find zb with xb € Q(e?/4, 7*/2)
and d(z,xb) < ||logb|| < Cst. This point b has distance greater than Cst to {z;};cs. So we can add this
point. By this way we can find the desired family of points.

The Lebesgue measure is the quotient measure on the flat torus Fj,; ~ a/A(Fj,)). Then due to covering,

Leb(Fi, N Q")) < ZLeb(B(xj, 205t)) < ZLeb(B(a:j, 9t/8)). (66)
JjeJ jeJ

The last inequality Leb(B(z;,2Cst)) < Leb(B(x;,9t/8)) is due to that we can use a finite number of balls
of radius 9¢/8 to cover a ball of radius 2Cst in the flat torus and the number of balls needed doesn’t depend
on t. For any b € A and v € RY, by ||vb|| € ||v||{min; |b;], max; |b;|}, we obtain that for any = € T\G/M

s(xb)/s(x) € [eoebl ¢lllogbll),

For any y € B(z,,9t/8), we can write it as y = z;b with b € A and || logb|| < ¥t/8. Therefore we know that
B(x;,9t/8) C Q(e’t/3 "), The balls B(x;,9t/8) are disjoint by hypothesis that d(z, ;) > Cgt. Therefore

> Leb(B(x;,9t/8)) = Leb(Uje s B(x;, 9t/8)) < Leb(Fiy N Q% e™)). (67)
jeJ
The proof is complete by (66) and (67). O

7 Appendix A: Orbifolds and partitions of unity

Let T" be any finite index subgroup of SL4(Z). Its left action on G/M is no longer assumed to be free and
the space I'\G/M is now an orbifold. In Section 6, we used in the partition of unity argument that T'\G/M
is a manifold. Our primary purpose is now to find a covering compatible with the orbifold structure (Lemma
7.6). The partition of unity constructed from this covering will allow us to complete the proof in this case.

We start with the definition of orbifolds, following [Thu97, Chap 13]. An orbifold O consists of the
underlying Hausdorff space X and an orbifold atlas {(U;, ﬁi, T;, vi) bier such that different atlas’ should be
compatible and where

e cach U; is an open set of X and their union covers Xp,
e the family of sets {U, }ics is closed under finite intersection,

e cach set (71 is an open subset of R"™,
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e I['; is a finite group of linear transformations which fixes ﬁi,
e the map ; is a homeomorphism from U; to the quotient T}l /L.

Remark 7.1. If d is even, let p be the projection from SLg(R) to PSL4(R) = SLg(R)/{+id}. Then due
to —id € M, as double cosets, the space T'\SL4(R)/M is isomorphic to p(I')\PSL4(R)/p(M) and periodic
compact A-orbits are also isomorphic under the projection p. It is sufficient to prove equidistribution on
p(T)\PSL4(R)/p(M). We make the convention that if d is even, then we consider G = PSL4(R).

By [Thu97, Prop 13.2.1], since the finite group M acts properly discontinuous on I'\G, the space O :=
I'\G/M is an orbifold. Since the metric dy on G is left G invariant and right K invariant, we use the quotient
metric on I'\G/M denoted by d. For this orbifold, its singular locus is defined as

%(0) = {z € O] M, # {id}},

where the isotopy group M, is the stabilizer of the group action M at a lift of x. Since M is abelian, the
isotopy group M, is independent of the choice of the lift of x. This singular locus is the union of closed
subvarieties of O, which has zero measure (Newman’s theorem, see [Dre69] for a proof). If we are outside
this singular locus, we are in the normal covering situation. Similarly, we have another orbifold structure on
I'\G/M coming from the action of I on G/M. The singular locus of the I" action is the same as the singular
locus of M action due to the structure of the double coset. We use the same notation ¥(0).

Since the group M is much simpler, we will first find a good covering for the action of M on I'\G, then
pass to I' on G/M.

Lemma 7.2. Let F € C(A) be a compact periodic A-orbit in O, then FNX(0) = 0.

Proof. Let x =T'gM be a point in F, choose a lift T'g in I'\G. By definition, we have
M, :={me M, 'gm =Tg}.

For every m € M,, there exists v € " such that gm = ~g, i.e. ¥ = gmg~!. Using that F' € C(A), we choose
for any period Y € A(F) Na®™t an element vy € T'°® such that 7y = gexp(Y)myg~!. Now since M is
abelian, v € G, the centralizer of 7y in G and all its eigenvalues are rational. By Lemma 6.8, we deduce
that m = te. If d is even, then —e € M and we use the convention in Remark 7.1 to deduce that M, is

trivial for every x € F'. O

To construct a covering of balls of radius < r, which is compatible with the orbifold structure, we study
the right action of the discrete abelian group M on the manifold I'\G. The argument used to prove Lemma
6.3 gives a lower bound for the injectivity radius of 2(R), seen as a compact subset of I'\G.

Lemma 7.3. There exists Cog > 1 such that for all R > 2 and every z € Q(R) C T'\G,
inj(z) > R™°.
Furthermore, there exists a representative h € G such that z = Th and
dx(0,ho) < Cylog R, and sup(||], [[h~"[)) < R®.

We start with a general lemma about the action of M =~ (Z/2Z)% ! on any manifold. For any point z in
the manifold, we denote by M, := Stab(z).

Lemma 7.4. Let N be a complete Riemannian manifold such that M act on N isometrically. For any point
y € N, if there exists m € M \ M, and s € (0,inj(y)/5) such that B(y,s)m N B(y,s) # 0, then there exists
z € B(y,s) such that M, D (M,,m).

Proof. Consider y € N, an element m € M \ M,, and s > 0 as in the statement. Since B(y, s)mNB(y, s) # 0,
we deduce that d(y,ym) < 2s. By choice of s, the exponential at T, N identifies B(0,5s) with B(y,5s),
hence in this local chart, B(y,2s) C B(y,5s) identifies with some ball of radius 2s in B(0,5s). Now m is an
isometry of order 2 of N, hence (ym,y)m = (y,ym). The action of m preserves geodesics on N, hence in
the local chart induced by the exponential at T, /N, the element m reads as an isometry that preserves the
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geodesic segment [y, ym| and flips the endpoints. Therefore, the middle point z of this geodesic segment is
fixed by m i.e. m € M. Furthermore, z € B(y, s) since d(y,z) = 3d(y,ym) < s.

Similarly, M, acts isometrically in particular on the geodesic segment [y,ym]. Since M is abelian, the
action of M, fixes the endpoints. Due to the hypothesis of injectivity radius, it fixes the whole geodesic
segment. In particular M, D M,. O

Since the group structure is simple, we use the action of M on I'\G to obtain a covering that is compatible
with this action. Denote by Cjg := 11471, which only depends on d.

Lemma 7.5. For all R > 2 and s € (0, R~9°/C\y), there exists a covering of Q(R) C O consisting of balls
{B(xi, 7§) yier such that s; € [s,C108] and each larger ball B; := B(w;,s;) is compatible with the orbifold
structure. Meaning that for each ball B;, there ezists (El,Ml) C I'\G x M where M; is a subgroup of M,
such that El is M; invariant and B; is homeomorphic to EZ/MZ

Proof. In T'\G, the injectivity radius can also be defined as: for y = I'g € I'\G,

inj(y) = sup {for any vy #e, vB(g,r) N B(g,r) = 0},
ro>1>0
where 7 is the injectivity radius of the group G. For all z € Q(R), by the lower bound for the injectivity
radius at x given in Lemma 6.3 and the above characterisation of injectivity radius,

for every y € B(z,C108/2), inj(y) > Cros/2. (68)

Fix a point # € Q(R) C T\G/M and s € (0, R~ /C10). We define a family of radii r; = 11771 x 10s €
[s,C1ps] for 1 < j < d—1 and rg = s. We construct, by induction, a compatible ball containing x. Denote
by yo € T\G a lift of x = yoM. If B(z,s)M NX(0) = 0, i.e. B(yo,r0)m N B(yg,70) = 0 for all m € M, we
add the ball B(z,ry/10) to the covering of O, with B(yo,ro) € I'\G and My := M,, is the trivial group of
M.

Assume we have constructed for some 0 < k < d — 1 a family of points yo,...,yx € T'\G, a strictly
increasing family of sign subgroups My := M, C ... C M}, := M,, , such that

d(y;,y0) < r;j/10, for every j =0--- k- 1. (69)

Assume B(y, ri.)m N B(yk, 7,/10) = 0 for all m € M\ My, and we add the ball B(y,M, ry;) to the covering of
O, with B(yg,rr) € I'\G and isotopy group Mj. Otherwise, due to (68), we can apply the previous Lemma
7.4 to yi and r, > 0. We find yr41 € B(yk, ) with My = M strictly containing Mj,. By hypothesis,

Yk+1
d(Yr41,90) < d(Yrt1,yk) + d(yr, yo) < v+ 7%/10 = 1r341/10.

By this way, we construct yx4+1 and My satisfying the hypothesis of induction.

Since M is finite, we must stop at some k, which means that B(yg, rx)mNB(yg, rr) = 0 for all m € M\ My,
and we can add this ball to the covering.

We can do this for any « € Q(R), and the proof is complete. O

Now we use the orbifold structure from the action of I on G/M. We use the double coset relation to do
this step.

Lemma 7.6. For all R > 2 and s € (0, R~ /2C1y), there exists a covering of Q(R) C O consisting of balls
{B(w, {§) Yier such that s; € [s,Cho8] and each larger ball B; := B(w;,s;) is compatible with the orbifold
structure. That is for any B = B;, there exists (E, I'p) C G/M x T, where T'p is a finite subgroup of T, such
that B is I'p invariant and B homeomorphic to FB\E.

Proof. Once we have a ball B(w,r) = B(I'g,r) and M,, by Lemma 7.5. Since this ball intersects Q(R) and
s small, we have I'g € Q(2R). By Lemma 7.3, we can take this g such that ||g|, g~} < (2R)®*. For each
m € M,, there exists v, such that v,g = gm. Let I'y be the group generated by 7,,,. Through the conjugate
action g, the group I'y is isomorphic to M,,. Consider the pair B(gM,r) and I'y.

39



If there exists v ¢ I'y such that yB(gM,r) N B(gM,r) # ), then there exist g1, g2 € B(g,r) such that
yg1 M = goM € B(gM,r). We must have vg; = gom. But this means B(I'g,r) N B(T'g,r)m # (. So m is in
M, and B(T'g,r)m = B(I'g,r). But now, by similar computation as in Lemma 6.3

[vm =l = lgmg™" = gamg; M| = (g — g2)mg™" + gam(g™" — g DIl < 2rllgllllg™ || < 2C10sR* < 1

is small. By discreteness, we have v = ~,,, contradicts to v & T',,.
Therefore for any v ¢ I'y, we have yB(gM,r) N B(gM,r) = 0 and v € T, preserves B(gM,r), due to ~y
preserving the metric. O

Once we have a family of balls B(x;,s;/10) as in Lemma 7.6 which covers Q(R), by Vitali’s covering
theorem for metric spaces, we can find a subcollection B(y;, s;/10) which are disjoint and the union of larger
balls B(y;, s;/2) covers the union of B(z;,s;/10). In particular, the union of B(y;,s;/2) covers Q(R) and
B(yj,s;) is compatible with orbifold structure.

Lemma 7.7. There exists a constant C > 0. With the same assumption of s, R as in Lemma 7.6 There
exists a partition of unity {p;} subordinated to the open cover {B(y;,s;)} of Q(R) with s; € [s,C108] such
that for any x,y € B(y;,s;) N Q(R), we have

| Q

1pi(2) = pi(y)l/d(z,y) < —.
The number of balls B(yj, s;) is less than C's~4m&,

The construction of a partition of unity subordinated to a covering is classic. We add the proof for
completeness.

Proof. On each ball B(y;, s;) we take the function
pj(x) = max{0, 1 — 3d(x, B(y;,5;/2))/s;},

which takes value 1 on the ball B(y;, s;/2) and vanish outside of B(y;, s;) with Lipschitz norm bounded by
3/s. Let p; = p;/>_; pj- This is a partition of unity with respect the covering B(yj,s;). Let us compute
their Lipschitz norms, for z,y in B(y;,s;) N Q(R)

() — o) = pi(@) —piy)  ~ D) —puy) -
3 1 +3#{yz, xory € By, si)} 1
EDINZIC)) s X au(@) (X auly)
Due to z,y € Q(R) C U;B(y1, sj/2), we obtain that >, pi(x), >, pi(y) > 1. Since different y;’s have distance

at least s/10 to each other, by homegenity of the space, the number of y; such = € B(y,,s;) is uniformly
bounded. Therefore we obtain the lemma. O

For any ¢ Lipschtiz function supported on Q(R), let ©; = ¥rp;. Then ¢r = > 1;. For each 9;, by
Lemma 7.7, we obtain |¢;|rip < 1/s|¢r|rip. Take its lift ¢; on B;. Then since singular locus has zero
measure, and outside the singular locus ¥(O) it is a regular covering and B; ~ B;/I'g,, we obtain

1 ~
/wjdmr\G/M = m/"/}jde/M~ (70)

Due to F' € C(A) not intersecting singular locus (Lemma 7.2), M" being I" invariant and B; ~ Ej/FBj, we
obtain

1 -
/¢jd/wp = —/wdet. (71)

ITs|
Proof of Theorem 1.3 for general T' < SL4(Z). With (70), (71) and Lemma 7.3, we can redo the argument

as in Section 6.2 to obtain the equidistribution for compactly supported functions on the orbifold I'\G/M.
Then we use this equidistribution result to do the same argument as in Section 6.3 to finish the proof. [

40



We also need a version of Lemma 6.12 in this case
Lemma 7.8. There is a bijection between G°% and G(A).

Proof. The proof is almost the same as the proof of Lemma 4.2 and 6.12. The main difference is that we
may have two different vy, ~4 satisfying

Vg = ge¥ my, Vg = ge¥ ml.

Take v = 'y;l’yg/, then v commutes with vy and all its eigenvalues are +1. By Lemma 6.8, we know that
v = +id. By convention in Remark 7.1, we obtain that - is trivial. O

Remark 7.9. The same construction of the covering and the partition of unity for orbifolds I'\G /M also works
if G is R-split, in which case the group M is isomorphic to {£1}" for some r € N. But we need to prove
similar Lemma 7.2 and Lemma 7.8, which rely on Lemma 6.8. If we have s similar version of Lemma 6.8 for
a cocompact irreducible lattice I" in a R-split group G, then Theorem 1.3 also works without the torsion-free
assumption.

8 Appendix B

8.1 Proof of Theorem 2.22

We give a proof of Theorem 2.22 by redoing the proof of Theorem 7.1 in [GN12a] for Lipschitz functions.
Here we have one notation issue, the quotient I' is on the right G/T" to be consistent with [GN12a]. Fix
notation mg and dmg,r = dmg/V(I'), which is a probablity measure.

Recall the quantitative mean ergodic theorem on L?(G/T"), which is the main engine to obtain equidistri-
bution. For an absolutely continuous probability measure 8 on G, let 7(8)f = [7(g)fdB(g). By Theorem
4.5 in [GN12a], we have

w(@)f - [ f

where n(G,T) is an integer depending on G, I" and ¢ is any constant in [1,2) such that |||, < co. We will
explain in Remark 8.7 why Theorem 4.5 in [GN12a] works in our case.
Let

< Call Bl ™D £, (72)
2

€ing > 0

be a constant such that if € < €;,,;, then the map O, to O.I is injective from G to G/T.
We will prove this version

Theorem 8.1. Let G be a connected, real linear, semisimple Lie group of non-compact type. Let I' < G be an
irreducible lattice. There exist k > 0 and Cg > 0 only depending on n(G,T") and G. Let x € X and (By)i>o be
D}t . Then for all Lipschitz test functions 1 € Lip(F?)), there exists E(t, 1) = O(Lip() vol(D;)™*) when
t > Cs|log€in;| such that

1
vol(By)

£ = G d E(t
’YEBZtﬂF/l/}(FYo 7/70) VOI(F\G) /}_X}_QZ} o @ o + ( 7¢)7

where all the implied constants only depending on G and n(G,T).
Proof of Theorem 2.22. Due to (26) vt = hy(h;'vh,)}, we apply Theorem 8.1 to the lattice hy 'Th, and

0
the Lipschitz function ¢'(+,-) := ¢ (hg, hy+). This is the reason that we need a uniformed version for lattices
h;1Th, and we made dependence of constants in Theorem 8.1 more transparent. The constant n(G, h; 'Th,)

is the same as n(G,I") due to invariance of the Haar measure. For €;,,; of h;'T'h,, we have

. f d ,h_l hm > —Cdx(O,aC) . f d ’ )
Jeiiy do(ohs ha) 2 ¢ ety de(0)

By Lemma 2.11, the action of h; on F is C, Lipschitz. From these, we obtain Theorem 2.22. ]
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Step 1: The first step is to transfer the counting problem to integrals, which can be treated by the mean
ergodic theorem. _
Let O, be a neighborhood of identitity in G with radius e. Let A° = {exp(a), a € a™*, d(a,da*T) > §}.

Lemma 8.2 (Effective Cartan decomposition, Proposition 7.3 in [GN12a], first appeared in [GOS10]). There
exist 0 > 0 and ly,e; > 0. If € < €1, then for g = kiaks € KA‘SK, we have

090, C (O N Kk M(O1ye N A)aka (O K).

For ease of notation, when there is no confusion, we will use k1, a, k2 to denote elements come from the
Cartan decomposition g = kjaks. Let D! = {g € G,a € A% d(gK,K) < t}. Notice that by identifying F
with K/M, we have ki M =~} and ky ' M = v, . Let

pe(g) = 15, (@) (K1, k2),

where (k1 ko) = (k1 M, ky ' M) = ¢(gF, g5).
We introduce two auxiliary functions, which is the replacement of Lipschitz well-roundness of sets in

[GN12a]. Recall
Lip v = max {|¢|oo,sup WW}

Let

pie(9) = Lgs-10e(9)(W(k1, k2) + (Lipth)loe)

t+2e

p;e(g) = ]]'f)fjé(elﬁ (g) max{'l/}(klv k2) - (L@PQ/J)IOG 0}

From the definition, we know p, . < p; < p;fe.

Lemma 8.3. For g € OO, with € < €1 we obtain
Pre9) < pe(v) < pile(9)- (73)
Proof. 1f p; (9) # 0, then g € Bffé‘f By v € O.gO. and Lemma 8.2, we obtain
a(y) € (O N Aa(g) N Dy C DY,
So 153 (a(y)) = 1. By Lemma 8.2 and Lipschitz property of 1), we obtain
Y(k1(7), k2(7)) = (ki(g), k2(g)) — (Lipy)lge.

This proves the left hand side. For the other side, the proof is similar. O

Take 1. = Wl@e be the normalized characteristic function of Oc. Let ¢c(gI') = > cp Le(g7y). The
counting is connected to integral by the following.

Lemma 8.4. For h in O, with € < €1, we have

/ (g hD)pp (9)dma(g) <) puly) < / pe(g~ hD)pit (9)dma (9). (74)
~el’
Proof. By using (73), the proof is almost the same as Lemma 2.1 in [GN12a]. O

Step 2: This step will estimate the error terms in the mean ergodic theorem.
+

t,e

We want to apply the mean ergodic theorem to probability measures fp?. Before doing so, we need to
t

compute some integrals. The computation is a bit tedious. This step is to verify similar stable mean
ergodic theorems, the main consequence is (76) and (78).
Let’s first compute the difference.
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Lemma 8.5. We have

[ stame ~ [ piime < ( [o+ zoe<Lz'pw>)mG<Dt>. (75)

/pjjedmg — /ptfedmg

< ma(Di)( [ v+ oetwivn)) —ma(Bi) ([0 tuettivn))

= (me (Df3e) —ma (DY) ) / ¥+ loe(Lipt) (ma (DI42) +ma (D14

Proof.

< (e [0+ taetzipn) Jma(Dy),

where the last inequality is from the proof of Proposition 7.4 in [GN12a] about volume estimate and Lemma
2.18. O

Let 5, = pi'./ [ pie-

Lemma 8.6. There exists t1 > 0 which only depends on G,6,€e1 such that the following holds. For e <
min{ [¢/2loLipy, €1}, t >t and f € L*(G/T)

w01 = [ £l2 < B@I]2, (76)
with o I
E(t) = ( Dt — ( fl;}w) )n'z’ (77)

ke = 1/gn(G,T) and C > 0 only depending on G.
Fore<ey, t >t and f € L?(G)T)

In (@) f — / fll2 < B@®)|f]2. (78)

The main difference is that for p;: ., we don’t need an extra condition of € depending on .

Proof. We compute the integral of p; .. We have

/ predme > ma(Dy25)( / ¢ — (Lipy)loe).
Due to Lemma 2.19, we have mq(D?T0¢) = O(ma(D;_o.)' <) for some ¢; > 0, and Lemma 2.18, we obtain
ma(Dp15) = e 9“(1 = Cma(Dy) ™ )ma(Dy).

Hence if t > t; depending on C, J, €1, then
[ picma > me(Do( [ ¥ - (Lipt)ioe)

Therefore if € < [1/2lo(Lipy), €1, we obtain

/p;edmc > mG(Dt)/¢~ (79)
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Similarly for the integral of p:fe, we obtain if £ > #; and € < €7, then by Lemma 2.19
me (DY) > ma(D]) = ma(Dy) — Cme (D) =<, (80)

Therefore

/Pt dme = /Ptde (ma(Dy) — Cma(Dy)'~) /7/’>>mG (Dr) /1/’ (81)

After these preparation, we can start to compute the integral appears in error term of mean ergodic
theorem. By (79), we obtain when ¢ > ¢, and € < [ ¢/2lo(Lipt))

/[ it < [l me(D0) [0 < s @iny/( [ oy

For p/., by (81) and (80) we have

1 1 q q
ot/ [ pt) < s [+ @it/ [ )

oy

We obtain if ¢ > ¢4,

([ ot < s ity ([ v~ €2

Applying the above formulas for ,Bffe, combined with mean ergodic estimate (72), we obtain the lemma. [

o el

Step 3: The mean ergodic theorem only gives an estimate of L? norm, but what we need is an estimate
at some points. So we need to use the Chebyshev inequality. The remaining work is to collect the error
terms. This part is similar to the proof of Theorem 1.9 in [GN12a].

Proof of Theorem 8.1 . Applying (78) to f = ., by Chebyshev’s inequality, we obtain for any n > 0

mo{hlx(E ) 0T) = [ >} < <E(t>";”4'“>2. (83)

I (B pellz2/n)* < mer(06)/2 = ma(O:)/2V (D), (here we need e |32 ry = me(O0)/V(I).) we will

take n = 2B() , there exists h € O, such that
mag (Oe)

(3 (9o (BT) < + / .

Then by Lemma 8.4,

3" ki (7). k2(7)) < 7 (5 (pe) (AT) / ot < (n+ ﬁ) /p;

yND?

- V([;t) (L+9V(I) + O(e(Lipp)ma(Dr)),

where the last inequality is due to (75). Therefore

Yonps Yk (1) k2 (7)) 1 E(t) Lipt 1 E(t)  Lipy
I VD) S 2me0) e v S el Ty

where dj is the dimension of group G. By (80), we also have

|/Pt *mG(Dt)/W :/¢|ma(ﬁf) —mg(Dy)| §5mG(Dt)17C1/¢,
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and the trivial bound

mG(Oe~ D?) §+lo€ini\ —dimG — 1 —di
T D6 < inj D 0€inj\ —dim D 1-¢1 'd_sz'
| : t| - mG(Oemj) < mG( teing )emﬂ < mG( t) Cing ’
therefore
mag D
S 0k (), ka()) — V((F)) X
10Dy (84)
. _en —dim _ E(t Li
< ma(Dy)(Lippma(Dy) ™ e, G+/w (mg(Dt) “ # +e ﬁf’)).

We can take Cg large enough such that the term mg(D;) ¢ e;gimG is exponentially small on ¢.
In order to optimize the error term, we take

e= () [ w/Lip)/0+),
then the error term in the above formula is

Lipy —¢ Lipy —¢ Lipy
()1 (1+do) do/(1+do) ma(Dy)~¢ (dot+gr2)/(1+do) < ma(D,)~¢ ,
where the last equality is due to (77) and gre = 1/n(G,T') < 1, and where { = (¢ — 1)k2/(1 + do). Here €
should be less than €y, €5, but

< O f,(/} 1/(1+d0) - C 1/(1+d0) (85)
“= Une(Dy) @12 Lipy = \ne(D,)@Dra ‘

The condition on e is satisfied if ¢ is greater than some to > 0 and Cg|log €;,,;|. Therefore by (84), we obtain
one part of Theorem 8.1 for ¢ > ¢ty = max{t1,t2}, with ¢y not depending on ).

For p, ., we can obtain the same bound with extra condition that € < [ /2loLipy, that is if ¢ is large.
Otherwise, we have € > [1/2lyLipy, by (85), which implies

Lip > ma (D) / ¥, (6)

with {5 = (¢ — 1)ka/dy. Therefore by non-negativeness of v

ma(Dy ~laTs
5((”) (/w — Cme(Dy) <2szw) <0< %t P(k1(7), k2(7))-

By taking

= min = min ﬂ
K= {C7C1/27CQ} {Cl/za q(l—f-do)ﬂ(G,F)L

the proof is complete. O

Remark 8.7. We need to check the condition in Theorem 4.5 in [GN12a]. For real linear algebraic semisimple
Lie groups, we don’t need that the group is simply connected. This condition is only needed for the p-adic
case if we look into the proof of Theorem 4.5. Then the crucial condition is that the representation of G on
L3(G/T) is LP* and the rate n(G,T) in (72) equals 1 if p = 2 and 2[p/4] if p > 2. In [Oh02], an explicit
estimate on p is given for some cases. If G is a connected real linear algebraic semisimple Lie group and T is
an irreducible lattice, the condition should be true.

In Kelmer-Sarnak [KS09], they explained this for G = Gy x --- G, with each G, simple Lie groups and
centre free. There are two steps for proving this. If » = 1 and the real rank of G is 1, then the spectral gap
is true. Otherwise, due to Margulis superrigidity theorem, I' is commensurate to a congruence lattice. We
have a strong spectral gap (deep result from number theory); that is, each simple factor G; has a spectral
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gap on L3(G/T). Once we have the spectral gap, we can compute the matrix coefficients for each irreducible
subrepresentation, which will be in LP for some bounded p, due to the works of many people. From congruence
lattice to commersurable lattice, need the Lemma 3.1 of Kleinbock-Margulis [KM99]. We still need to prove
L3(G/T) is LP* from the property of its subrepresentations.

In [KM99], Theorem 3.4, they use a strong spectral gap to obtain an estimate of matrix coefficients for
smooth vectors, which implies that L3(G/T') is LP for some p. The idea is that if we know an irreducible
representation is L?, then Howe’s work tells us the matrix coefficients decay exponentially, and the constants
only depend on the group and p for K-finite vectors. Then since we know a strong spectral gap, we can obtain
each irreducible subrepresentation of L3(G/T') is strong LP for some finite p. Howe’s work gives a uniform
estimate of matrix coefficients of all the irreducible representations. We can obtain a matrix coefficients
estimate of L2(G/T) from its irreducible subrepresentations.

For specialists, they know well. But for us, the step from subrepresentations in LP to L3(G/T) in LP is
highly nontrivial.

Now the condition in Corollary 3.5 in [KM99] is that G is a connected algebraic semisimple Lie group
centre free without compact factor and I' is an irreducible lattice. If we can remove centre-free, then we are
satisfied.

If we have another group G; with non trivial center. Then we consider G := G1/Z; = 7w(G1), which is
centre-free, where Z; the center of G;. Let I'; be an irreducible lattice of Gy. Let I's =I'1Z7 and I' = 7(T'y).
Then G1/T's ~ G/T and L(G1/T2) ~ LE(G/T). Now for each simple factor of G, by Theorem 1.12 in
[KM99], it has no almost invariant vector on L3(G/T). So for simple factors of G1, it will also have no almost
invariant vector on L2(G1/I'2). Since I'y is a finite index subgroup of I's, by Lemma 3.1 in [KM99], for each
simple factor of Gy, it has also no almost invariant vector in L2(G1/T1). Therefore, we can use Theorem 3.4
in [KM99] to deduce the desired version.

Remark 8.8. Theorem 8.1 is exactly Theorem 7.2 in [GN12a] with an explicit error term, where no proof
of Theorem 7.2 is given. But we cannot obtain this Theorem directly from Theorem 7.1 for Lipschitz well-
rounded sets in [GN12a] by approximating Lipschitz functions by level sets because the level sets of a Lipschitz
function may not be uniformly Lipschitz well rounded. For one-dimensional cases, (i.e. SLs(R), Lipschitz
function on SO(2)), we can take a Lipschitz function ¢ as the distance to a Cantor set. Then the level sets
{ < 1/n} approximate the Cantor set. Each set is Lipschitz well-rounded, but the constant in Lipschitz
well-rounded blow up as n tends to infinity because the number of intervals in {¢) < 1/n} goes to infinite.

8.2 Integer points on subvarieties

For the proof of Proposition 6.10, we need Corollary 1.11 from [GN12a].

Lemma 8.9. Let T'(p) = {y € T, v = Id (modp)} for prime p. There exists € > 0 such that for all primes
p, Y€l andt > 1, we have

VOl(Dt)

[F : F(p)] Vo](F\G) + O(Vo](Dt)e—e )

{7 (p) N D} =

Proof. Recall Lipschitz well-roundness in [GN12a, Definiton 1.1]: there exist C' > 0,¢; > 0 and ¢; > 0 such
that for 0 < € < €1 and t > t;, we have

vol(O.D,O,) < (1 + Ce) vol(Ny, veo. uDyv),
where O, is the ball B(e,¢) in G. This is true for D;. Because of Lemma 2.18 we have
vol(OcD:O¢) < vol(Digse) < (14 Ce)vol(Di—ge) < (14 Ce) vol(Ny veo, uDyv).

We can use Theorem 4.5 [GN12a] and Lipschitz well-roundness of D; to verify conditions in Corollary
1.11 [GN12a]. Then Corollary 1.11 [GN12a] implies the result. O

Proof of Proposition 6.10. If we replace D; by the ball B, = { € SL4(Z), |tr(y'v)| < €'}, this proposition is
Theorem 1.8 in [GN12b]. Since there is no detailed proof of Theorem 1.8 in [GN12b], we give a proof for D;
for completeness. The idea of proof is similar, the main difference is in the estimate of the number of fibres.
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Let p be a prime number to be chosen later depending on ¢t. Let 7, be the map from SL4(Z) to SL4(Z/pZ).
Then {7y € SL4(Z) N Dy, h(7) = 0} is a subset in the preimage 7, '{y € SL4(Z/pZ), h(y) = 0}. This can
be seen as a fibre space, each fibre is given by 4I'(p) for some v € T with h(m,(y)) = 0. We only need to
estimate the number of fibres and the size of each fibre.

For the size of each fibre, Lemma 8.9 gives us an asymptotic.

For the number of fibre, we have

[{ € SLa(Z/pZ), h(y) =0} < p™™ 1, (87)

if h does not vanish on SL4(Z/pZ), which is true if p is greater than the coefficients of h. Here dim is the
dimension of SLy. This bound can be obtained from [LW54, Lemma 1] or Lemma 1 [Tao]. The constant in
the upper bound only depends on the degree of h and d.

Therefore, by Lemma 8.9 and (87), we obtain

VOl(Dt)
[[: T(p)] vol(T\G)

4 O(pdimleet)> )

|{y € SL4(Z) N Dy, h(v) = 0}| < p¥m~1! < + 0(vo1(Dt)e-6t)>

<9000 (5irvg

By the Bertrand-Chebyshev Theorem, there is always a prime p in the interval (n,2n) with n > 1. So we

can take a prime p of size /4" The proof is complete. O
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