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Recap Affine Chabauty I



Setup

• X/Q projective curve

• D ⊂ X nonempty (“cusps”)

• Y = X \ D affine curve

• S finite set of primes

• X/Z regular model of X

• D the closure of D in X
• Y = X \ D model of Y

Main goal: Compute Y(ZS)

or bound #Y(ZS).

• X : y2 + y = x3 − 1

• D = {(ζ i
3, 0) | i = 0, 1,2}

• Y : v3 = u(u2 + u + 1)

• S = {487}

Y(ZS) contains
{(0, 0), (−1,−1), (216

487 ,
438
487)}. 1



Affine Chabauty diagram

Let Σ = (Σℓ)ℓ be a reduction type.

Y(ZS)Σ Y(ZS) Y(Zp)

Sel(P0,Σ) JY (Q) JY (Qp) H0(XQp ,Ω
1(D))∨

AJP0
AJP0 AJP0

∫
P0

logJY

Theorem (L.-Lüdtke, 2025+)

If r +#S + n1(D) + n2(D)−#|D| < g + n − 1 , then there
exist a computable log differential η and c ∈ Qp s.t.

Y(ZS)Σ ⊂

{
P ∈ Y(Zp)

∣∣∣∣∣
∫ P

P0

η = c

}
=: Y(Zp)η,c .
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Corollaries and variants

Corollary (LL)
If moreover p > 2g + n, then we have the bound

#Y(Zp)η,c ≤ #Y(Fp) + 2g − 2 + n.

Theorem (LL)

Let η1, . . . , ηg+n−1 be a basis of H0(X ,Ω1(D)). Let
P0, . . . ,Pg+n−2 be known points in Y(ZS)Σ. Then every point
Pg+n−1 ∈ Y(ZS)Σ satisfies the equation

det
(∫ Pi

P0
ηj

)
1≤i≤g+n−1
1≤j≤g+n−1

= 0.

Affine Chabauty over number fields
We have a “Restriction of Scalars” variant to compute

Y(OK ,S)Σ.
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The affine Chabauty method



Strategy

Y(ZS)Σ Y(ZS) Y(Zp)

Sel(P0,Σ) JY (Q) JY (Qp) H0(XQp ,Ω
1(D))∨

AJP0
AJP0 AJP0

∫
P0

logJY

We need to determine the kernel of the map log∗JY
between

affine linear functions on H0(XQp ,Ω
1(D))∨ and Sel(P0,Σ).

For F ∈ Div0(Y ) and η a log differential we have

log∗JY
(η)(F ) =

∫
F
η.
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Fundamental calculation

From now on: Simplifying assumption D(Q) = D(Q).

Let G1, . . . ,Gr be a basis of J(Q). Then
F =

∑
i xi(F )Gi + div(f ) and hence∫

F
η =

r∑
i=1

(∫
Gi

η

)
xi(F ) +

∫
div(f )

η

=
r∑

i=1

(∫
Gi

η

)
xi(F ) +

∑
Q∈D(Q)

ResQ(η) log f (Q)

by the p-adic residue theorem (= Coleman reciprocity).

If F ∈ Sel(P0,Σ), get formula for prime factorisation of f (Q).
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Linear algebra

Describe log∗JY
: (H0(XQp ,Ω

1(D))∨)aff.lin. → Sel(P0,Σ)
aff.lin..

• basis for LHS: ω1, . . . , ωg , η1, . . . , ηn−1, 1

• basis for RHS: x1, . . . , xr , (tℓ)ℓ∈S, 1

• matrix of log∗JY
w.r.t. these bases is

M(Σ) :=

A B 0
0 D(Σ) 0
0 e(Σ) 1


and its entries look like

Bi,j =

∫
Gi

ηj −
∑

Q∈D(Q)

ResQ ηj

∑
ℓ

iQmod ℓ(Ψℓ(Gi),Q) log ℓ.
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Algorithm

Input
Curve Y , base point P0 ∈ Y (Q), prime p.

Precalculations

• Divisors G1, . . . ,Gr ∈ Div0(Y ) generating J(Q).

• Vertical Q-divisor Φℓ(Gi)⇝ Ψℓ(Gi) := Gi +Φℓ(Gi).

• Basis ω1, . . . , ωg , η1, . . . , ηn−1 of log differentials and their
residues ResQ(ηj).

Finding η

• Compute the matrix M(Σ), i.e. compute
∫

Gi
ωj ,

∫
Gi
ηj , and

correction terms.

• Find (a1, . . . ,ag , b1, . . . ,bn−1,−c) in the kernel of M(Σ).

• Output: η =
∑

i aiωi +
∑

j bjηj and c
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Example Y : v3 = u(u2 + u + 1)

Input

X : y2 + y = x3 − 1 and D = {Q1,Q2} with Q1 = (1,0) and
Q2 = (ζ3, 0), base point P0 = ∞, prime p = 7.

Precalculations

• r = 1 and G1 = (7,18)−∞ generates J(Q)

• log differentials ω1 = dx
2y+1 , η1 = 1

y
dx

2y+1 , η2 = x−1
y

dx
2y+1 .

• ResQ1(η1) =
1
3 , ResQ2(η1) =

ζ3
3 , ResQ2(η2) =

√
−3
3 .

M(Σ)


∫

G1
ω1

∫
G1

η1 − (5 · 7 + 4 · 72 + . . . )
∫

G1
η2 0

0 5 · 72 + 3 · 73 + . . . 2 · 7 + 5 · 72 + . . . 0
0 0 0 1


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Example Y : v3 = u(u2 + u + 1)

M(Σ)

4 · 7 + 2 · 73 5 · 7 + 72 + 2 · 73 6 · 7 + 6 · 73 0
0 5 · 72 + 3 · 73 2 · 7 + 5 · 72 + 2 · 73 0
0 0 0 1



η = a1ω1 + b1η1 + b2η2 and c

(a1, b1, b2, c) = (1,2 + 7 + 2 · 72 + 4 · 74, 2 · 7 + 6 · 72, 0)

and indeed ∫ ( 216
487 ,

438
487 )

∞
η = 0.
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Take away

• Y(ZS)Σ is contained in the vanishing locus of the integral
of a log differential η.

• We can bound the size of this vanishing locus.
• We can compute η (and its vanishing locus) by computing

• Coleman integrals of basic log differentials ηj ,
• their residues,
• and arithmetic intersection numbers with the cusps.
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Examples



More examples

Punctured elliptic curves

• 128.a2, D = {∞, (0, 1)}: Z-points

• 243.a1, D = {(ζ i
3, 0)}: Z-points and ZS-points with #S = 1.

Split even degree hyperelliptic curves of genus 2

• 6081.b.164187.1, D = {∞±}: Z-points on
Y : y2 = x6 + 2x5 − 7x4 − 18x3 + 2x2 + 20x + 9 are
{(−1,±1), (0,±3), (1,±3), (−2,±3), (−4,±37)}.

• 1549.a.1549.1, D = {∞±}: Z[ζ3]-points on
Y : y2 = x6 − 4x5 + 2x4 + 6x3 + x2 − 10x + 1 are{
(0,±1), (2,±1), (1,±

√
−3)

}
.
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Take away

• Y(ZS)Σ is contained in the vanishing locus of the integral
of a log differential η.

• We can bound the size of this vanishing locus.
• We can compute η (and its vanishing locus) by computing

• Coleman integrals of basic log differentials ηj ,
• their residues,
• and arithmetic intersection numbers with the cusps.

Thank you for your attention!
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