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Recap Affine Chabauty |



* X/Q projective curve e X:y24+y=x3-1

* D C X nonempty (‘cusps”) « D= {(¢4,0)|i=0,1,2}
- Y = X\ D affine curve cY:vi=u(UP+u+1)
+ S finite set of primes + S={487}

* X /Z regular model of X
* D the closure of Din X ]
Y =X\ D model of Y 00

Main goal: Compute Y (Zs) ( O
or bound #Y(Zs).

Y(Zs) contains
{(0>O)v(_1a_1)v(%v%)}' 1



Affine Chabauty diagram

Let ¥ = (X/), be a reduction type.
y(Zs)z —> y(Zs) — y Zp

lAJ Py lAJ Py lAJ po\

Sel(Py, L) —— Jy(Q) —— Jy(Qp) S, HO(Xg,, Q'(D))Y

Theorem (L.-Liidtke, 2025+)

If|r + #S+ m(D) + np(D) —
exist a log differential n and ¢ € Qp s.t.

p
V(Zg)s C {P € Y(Zp) ‘ /P n= C} =:V(Zp)n,c



Corollaries and variants

Corollary (LL)
If moreover p > 2g + n, then we have the
#y(Zp)n,C < #y(Fp) +29—-2+n.

Theorem (LL)

Letns,...,ng+n_1 be a basis of HO(X, Q' (D)). Let
Po, ..., Pgin—2 be known points in Y(Zs)s. Then every point
Pyin—1 € Y(Zs)x satisfies the equation

Pi
det <fP0 n/>1§/§g+n—1 =0.
1<j<g+n—1
Affine Chabauty over number fields
We have a “Restriction of Scalars” variant to compute
V(Ok,s)s-



The affine Chabauty method



VZs)s — V(Zs) — Y(Zp)

lAJ Py JAJ Py iAJ PO\

Sel(Po, T) —— Jy(Q) —— Jy(Qp) —2 HO(Xg,,Q'(D))”

We need to determine the kernel of the map log);, between
affine linear functions on HO(Xg,, 2'(D))" and Sel(P, ¥).

For F € DivP(Y) and 1 a log differential we have

o, (1) (F) = / .

F



Fundamental calculation

From now on: Simplifying assumption D(Q) = D(Q).

Let Gy, ..., G be a basis of J(Q). Then
F =37 x(F)G; + div(f) and hence

/F77 N ,z_r; (/G, 77) X(F)+ /div(f) 7
= ; ( /G | n) x(F)+ 3 Resq(n)log/(Q)

by the p-adic residue theorem (= Coleman reciprocity).

If £ < Sel(Py, ), get formula for prime factorisation of f(Q).



Linear algebra

Describe log}, : (H(Xg,, 2'(D))¥ )2 — Sel(Pp, T)aftin-,

* basis for LHS: w1, ..., wg,n1,...,1p-1,1
* basis for RHS: x4 D (2 (tg)ges, 1
* matrix of log}; w.r.t. these bases is

A B 0
ME)=|[0 D) 0
0 e(X) 1

and its entries look like

Bi, —/ Z Resamzlgmodz (Ve(Gj), Q) log .

& QeD(Q



Input
Curve Y, base point Py € Y(Q), prime p.

Precalculations
« Divisors Gy, ..., G, € Divo(Y) generating J(Q).
+ Vertical Q-divisor ®4(Gj) ~ V,(G)) = G; + P¢(G)).

» Basis wy,...,wg,n1,...,mn—1 Of log differentials and their
residues Resq(7;)-

Finding
- Compute the matrix M(X), i.e. compute [5 wj, [g 1), and
correction terms.
* Find (ay,...,aq,b1,...,bp_1,—c) in the kernel of M(X).

- i =)_;awi+ ) ;bmnjand ¢ .



Example Y: v3 = u(v® + u+1)

Input
X:y?+y=x3—1and D= {Q, Q:} with Q; = (1,0) and
Q. = (¢3,0), base point Py = oo, prime p = 7.
Precalculations

* r=1and Gy = (7,18) — oo generates J(Q)

» log differentials wy = 525,11 = 17255, 72 = 51 525
* Resq, (m) = %, Resoz(m) = %7 ReSQz(nz) = @
M(x)
fG1W1 fG17]1—(5-7+4-72+...) fG1772 0
0 SRR R 2.7+5.72+... 0

0 0 0 1



Example Y: v = u(u? + u+1)

M(E)

4.74+2-7° 5.74724+2.78 6-7+6-7° 0
0 5.7243.72 2.74+5.-7242.7° 0
0 0 0 1

n = ajwi + biny + bonp and ¢
(a1,b1,b2,c):(1,2+7+2-72+4-74,2-7+6-72,0)

and indeed
(216 438
487 7 487
n = 0.

o0



* Y(Zg)sx is contained in the vanishing locus of the integral
of a log differential 7.

» We can bound the size of this vanishing locus.

* We can compute 7 (and its vanishing locus) by computing

+ Coleman integrals of basic log differentials 7,
* their residues,
 and arithmetic intersection numbers with the cusps.
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Examples




More examples

Punctured elliptic curves
* 128.a2, D = {0, (0, 1)}: Z-points
« 243.a1, D = {(¢},0)}: Z-points and Zg-points with #S = 1.

Split even degree hyperelliptic curves of genus 2
* 6081.b.164187.1, D = {oco4 }: Z-points on
Y:y? =x542x5 —7x* —18x3 +2x2 + 20x + 9 are
{(—=1,£1), (0,£3), (1,£3), (—2,+£3), (—4,£37)}.
* 1549.2.1549.1, D = {oco }: -points on
Y:y?=x5—4x> +2x*+6x3 4+ x2 - 10x +1 are

{(0>:H)v (2711)7 (17i\/j3)}.
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* Y(Zg)x is contained in the vanishing locus of the integral
of a log differential 7.

» We can bound the size of this vanishing locus.

» We can compute 7 (and its vanishing locus) by computing

+ Coleman integrals of basic log differentials 7,
* their residues,
 and arithmetic intersection numbers with the cusps.

Thank you for your attention!
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