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Warmup: Calculate <Tr -16483203
.

-

SAGE : 256

Google: O
- What's going

on
?

Phone :

- 288

Wolfram: 743 .999999999999

Eday: 2 parts I
.

EC with CM & the main the of CM

#
. Heegner constructions

I
. Towards the Main Thi of CM

Ref. An piccoe Elk is a smooth projective algebrac wive

of genus 1 together with a given point 0 -E(R)
.

↳ can define a group law on E With Oxidentity

If char(k) #21
3,

then SA,BER sit
. (E ,0) is isonophic to a

Weierstigs equation

y2 = x3 + Ax+ B <P2 , 70:1:0]

or to an eg. of the form

yz = 4x3 -

g2x -

93 ,GGER
sit

. Ai= gl-2793 F0
.

Its jurant is

jE):

= 1728 -



Uniformization Reorem: If E is an EC/K
,

*
latice ACK sit

.

/ -> E(K) Jiso. of complex (e groups)
--> [fn(z): ((z): 1]

Idea of proof: We learned last week that 5 function

j: S =

D

More precisely: For TelH
,

let := IT***& and

gz(z): = g2(n +) = = 60
den- 10474

T

- b

93(t): = g3(nz) :
= 140E -

-en(0)

A(t): = 92(t)" - 279(E)

j(t): = 1728
So pick I sit

. j(t) = > .

A few steps of algebra then show that

-

for a= 29+ with a=#.gs,
We have

q(x) =

q2, g3(N) =

gs·

Once we have such a
n,

the ison, is given by I ,

where
On

is the Weiersties so-function of A . Al



Notei Eg. of E Diff · eg. for On-

Bemerk: The isom· Es "vey transcendental":

"Is" involves
on ,so complex analysis

" "can be give by integrating the invariant differential
& & is also called the peried lattice of E

.

Example: Take + = i. Then i .
+

=

151 so g3(1) = -g3(n) = 0

-s EC y
2

= 4x3 - q(M) some transcendental number

which is isomorphic (ove 4) to the EC

E:

y
= x + X

from before - Note: E is defined over
! (dj (c) = 1728-j(E)

with a little bit more of complex analysis, it's not difficult to show

Hom (P
,
P = {xeC/ ancNY

I (z1xz]

isogenies
Ceither analytic

or algebrai)
In particular, /n = */ for some JEIH.

We get a category equivalence

E& EC/C) Es las
On iso-classes, this gives

{EC//iso =
Elatices (¢Y/homothuty E stull

.



[PI]-1 (M] ME]

This connects EC to the picture drawn last week .

PAUSE FOR QUESTIONS

Lemma subring of Ok

-

let E= Prz. Then contening a Orbasis

ofK.

either End(E) = R ↓

or i is imag .quadr, End(E)
= D CK=R(t) is an order

"Wlog"
and ACK is a proper fractional Orideal

. 0=

0K
-

&

I f. g.

0-submodule of K

i.e . [BERIBAA) = 0
↑ not just"2"

Prof: let acEnd(E):R,
i.

e.
de & with ANCR>,

i. e. Fab ,
c,
dET:

(1) a = = a + bt

(2) x = c + dt ( => RCK)

Plug one eg.
into the other was a integral over I

,
herce so is R

. *RCOK

· If RE,
take <ER- (i.

e
-dF0. Ply (2) in (1) =K/Q imeg. quadr

.

-

By def .,

0 acts on =
K asEIR

& A

-
is a proper fractional O-ideal

T

& If End(E)=0 #L, sayEby 0.

↑ "multiplication" as endos act by mult .;

complex as imeg.
quadratic

Lowexample: Must have End(E) = <[i]
· (x,y) + (x,

- y): - 1eEnd(E)

· :(x,y) + (-x
,iy) - p=

-

1, so 1



#igression: Orders in IQNFs
-

can ignore this if you prefo 0=017

· If 0=lxFB is an order of K, define its minant by

Di det ( = [0:072
- * "fundamental
=if conductor discriminant"

Then DCO and D=0,1 (4)

Conversely, for any such DEZ 5: order 0 in some IQNF K with disc = D
.

· For a fractional ideal or of an ordr 0 in an IQNF
, have :

or proper > or invertible
.

Why? "" holds in general

"

- "Check that =NO for some (explicit) Nel .

Gauß!
· The Class group of 0 is

- class gp of posidef

EinvertiblefrDeals primitive binary quadi
el(: forms of disc= D

* For 0zOk:
usual

Es(0) is finite . ideal class greys

PAUSE FOR QUESTIONS
careful: better to telk about

Back to EC : E {(E,

L
: 0 -End(El) 1 EEC3/iso

.

&servation:
{ECE/K with End (E) = 04/

iso

- (0)

[*/] <-1 [0]

Ly? Lemma = well-defined & sujective

injective also easy .



[/, Pn+ FRA [E] Also have CM

Picture IH K points here: they-i &EC, / Yo(N) E
TIN) ave defined Over A

& ean describe↓ I Galors-action.

H j

SEC/D3/iso
.

= YH) Sl -> D
~

UI O

&
aIHCM j

EC/ wh am/s SL(7) -> E

Il2 S

-(0) [1]- dleH
↓ know Gal-action

Clay
: If Ehel CM by 0,

then jE) > * of degree =#2(0)

MIRACLE

Proof : For seAut(K), WE:
y

= 4x3 -

ex -

G
also has CM

by 0~

(just act by o on the coeff- of the rate fet describing an isogeny of
Eiy = 4x3-

gux- g3)

Sothereer mansfo the fer
TE) j(R)

as
;

is a rational fet
In fact, more is tre:

in coeff . Gu ,93 All

Theorem: If E has CM,
then j(E) is an algebraic

ger

Sketch: (3 proofs: this is the "l-edic one")

La: SIE) integral > E has potentially good reduction
3

J "": E good red. means Ac, , hecej = eO)

By Néron-Ogg-Shafererich crition, pot-good red at w

E In acts by a finite quotient on TrE
Cany ste)



So assume I & all endos of E are def. Over a local field (

of reside char
. p Fl .

Gal, G Fle] & action commutes with action of 0=End(E)

=> -> Auto E[22] --> Aut E[lY]Gal
-

=> (%er)",
as ETe] is free e-module

of -K 1

Thus Gely G TrE factors through Gal . By CFT:

T

pro-p ab
I 112

X ,(1)
1-

0,
-> 0

,

- (0)" - 1

↓
1- G(z(ke), -> Aut Tel- Glz/e) - 1

↑

pro-l

=> im)0*- Aut TeE) - GLz(*/e) finite
-

fomite index

in OP = done. I

PAUSE FOR QUESTION

Can do evon better, namely determine the freld in which j(E) lives
.



sort of going up & down

&igression: Ring Class felds in 0k/0
↳

let 0 be

an orde in
an

a
Eidepine to 7

lass groupElif(0):= (20k) < = 1 mod fOk)

By class field theory (in the ideal-theoretic formulation):

K(f)

ea[ es
It is called the eless freld assoc to 0

.

Note: 0 = 0K = E(0)= en(0) =

Elk

& H = Hilbert class field of K.

minder: (K): E(C
- Gal(H/H

↑

[p] > withmetic Robenins of pArtin map ↑

for p an Oprine ideal ,

prime to f & unram. in H/K .

↑AUSE



nTheorem
of CM let E be an EC with CM by e

say E= /b for a proper fi.
0-ideal b

.

Then KIj(E) is the ring class field H of 0
-
& [QEiQ]

-> [KGlEliK]

d()((b) = jote).

↑ ↑

algebraic action analytic action

(wa Galois & (FT)

Later: Moreover, can also describe Galk- "action" on forsion points of E .

LaofProf.: study the "module equation" to know enough about the mipo ofj

(2) "algebraic": Note: ICC) G {ECWithCMby0Y/iso
· simply transitively

a* (P/): = /N
ab

=> get hom
. F: Galk -> U(C) given by

could do this with Gala,
but then would depend -E = F(x) * E VE Vr

on choice of E

of course,
F factors through a finite quotient Gal(LIK)

.

For simplicity:
0z OK.

&mains to show: For almost all p split in K, say p=pp:

F( =[p)
1 = F = inverse of the Artin map

= Kj(E)) FloP - #)

To show this, look at E (ets) Over some very large field of def. M

& use reduction modulo a good prime 118 of M
.

The CM reduces,
too!



For simplicity, assume o is principal, 6 = (1). Theni

#Z 2 XZ
K ->-> /N ~ /N

Il 11 H
d i

E -> p*E -> #~
vie differential

~w

Module 13,
one checks that op is inseparable, of deg=4

As & iso = is insep, of degp

=> " "p-power Probenius

Id is a lift of it)
This translates to what we wanted

!

#

Corollary:
let E be an EC with CM by OK .

Then
-

K(j(E)) is the Hilbert class field of K
.

Ele: a) E:

y
=x +x,

0 = <[1], j
= 1728E

6) 0=IT] elk=1 (the smallest/largest IQNF with
2k

= 1)

Thi = j(z)= F + 744 + 1968849%.

-

Ic- j)) =

TT163
744 + (-)

-
T

+ ...-e t

- -

81 ↑ tiny
- (6403203 => almost an infeger;

in fact: = 262537412640768743.

99999999999925 ,

so within 10 of the integr 64032031744
.



igression Hilbert's 12th problem,
Kronecker's Jugendtraummi

i.e . explict CFT:

We saw:
· j(E) gives abelian ext

. of K

Interesting history (see Schappache): Hildert "wanted"

Ka = K(j(E) I all E with CM by some OCK) Q ,

=K(j(t) /EEK): very similar to -(e*a)
but: not true

Instead, also need values of other "elliptic functions", namely 6

:

# one EC E with CM by some ordr OCK
. Theni

Kab = K(j(E), x(P): PC Etos) unless
j

=

0,1728

↑
see beginning

: adjoir values
of On(t) at TCK

.

To prove this, need extension of Main Thu of CM that

also determines the Galk-action on torsion points ↑

(but ideas very similal

To sum up: back to picture

& can actually extend to CM points of Yo(N) .

PAUSE FOR QUESTIONS

# Heegner constructions

Have a supply of rational points lover explicitly given abelian ext. of K)

on Yo() & Yo(N) .
Offen called "Heegue points"

-

-



&: If 0: XIN) - X is def. /Q,

also get rational lover those fields) points of X .

3 examples: X d
-

singular moduli Al j

elliptic units Cam modular unit

Heegner points EC EIQ modular param
. TL: X(N)-E

↑ by modularity)
doesn't matter

if CM or not


