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Persistence diagrams as descriptors for data
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dataset 1-parameter family of spaces _> persistence diagram
geometry) (algebraic
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Pros: Cons:
e strong invariance and stability: e slow to compare
dy(dgm(R(X)),dgm(R(Y))) < dgu(X,Y) e space of diagrams is not linear
e information of a different nature e positive intrinsic curvature
e flexible and versatile




Persistence diagrams as descriptors for data
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A solution: map diagrams to Hilbert space and use kernel trick
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Supervised Machine Learning

Input: n observations + responses (x1,41),..., (Tn,yn) € X XY
. o
A o
. ¢ ° .
Y =R o o
% ° o %
regression ® e e X =R

X = Images,
Y = {cat, dog, horse}



Supervised Machine Learning

Input: n observations + responses (x1,41),..., (Tn,yn) € X XY

Goal: build a predictor f: X — Y from (z1,y1),...,(ZTn,yn)




Empirical Risk Minimization

Optimization problem (supervised regression / classification):

f* = argmin —ZL yi, [(x:)) + Q(f)

JeF

F is the class of predictors

L : X x X — R is the loss function

() : F — R is the regularizer

L(y:, f(xi)) Name

Ly, f () Zero-one
max{0,1 — y; f(x;)} hinge
exp(—y; f(x;)) exponential
log(1 + exp(—y; f(xz;))) | logistic

(yi — f(:))? squared

— Bayes

— Support Vector Machines
— Adaptive boosting

— Logistic regression

— Least squares



Empirical Risk Minimization

Optimization problem (supervised regression / classification):

f* = argmin % Z L(yi, f(x)) + Q(f)
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Empirical Risk Minimization

Optimization problem (supervised regression / classification):

f* = argmin —ZL yi, [(x:)) + Q(f)

JeF

F is the class of predictors
L: X x X — R is the loss function

() : F — R is the regularizer

— use regularizer to avoid overfitting



Empirical Risk Minimization

Optimization problem (supervised regression / classification):

f* = argmin —ZL vi, [(x:)) + Q(f)

JeF

F is the class of predictors
L : X x X — R is the loss function
() : F — R is the regularizer

F ={fuw:we R}

Q(w) Name
w|3 ¢ (Tikhonov) — differentiable
w1 ¢1 (LASSO) — sparse
a|lw||z + (1 — a)||lw||; | elastic net



Empirical Risk Minimization

Optimization problem (supervised regression / classification):

f* = argmin —ZL yi, [(x:)) + Q(f)

JeF

F is the class of predictors
L: X x X — R is the loss function

() : F — R is the regularizer

Complexity of the minimization grows with the one of F

Easy to control when F is a Reproducing Kernel Hilbert Space



Reproducing Kernel Hilbert Space

Def: Let 2 C R Hilbert, with inner product (-, -}y

Then, Hisa RKHS on X if d® : X — H s.t.: reproducing
property
Vo € X, Vf e H, f(z) = (f,®(x))xn
Terminology: Case X Hilbert space:

H=X" &x)=(r,)x
$ isometric isomorphism [Riesz]
o feature vector ®(x) (Vg = (P71(), @) x

o kernel £ = (P(-), P(1))y : X x X - R

e feature space H, feature map o

X & b




Reproducing Kernel Hilbert Space (Theory o Reproducing

Kernels, Aronszajn, Trans.
Amer. Math. Soc., 1950]

Def: Let H C R* Hilbert, with inner product (-, -)%
Then, Hisa RKHS on X if d® : X — H s.t.: reproducing

Ve € X, Vf eH, flz)=(f,®x))y property

Prop: Given X, the kernel of a RKHS on X is unique.
Conversely, k£ is the kernel of at most one RKHS on X.

Thm: The function £ : X x X — R is a kernel iff it is positive
(semi-)definite, i.e. VYn € N, Vxq,...,z, € X, the Gram matrix
(k(xi,x;)); 4 is positive semi-definite.

Examples in X = (R, (-,-)):

o linear: k(z,y) = (x,y) H = (RY* &(z)=(z,)

e polynomial: k(z,y) = (1 + (z,y))" = Z (nl N nd)lx?l "'xgdl TR T

.....

nitetng=N x ®(x)
2
e Gaussian: k(xz,y) = exp (— Iz —yli2 ) o>0. HC Ly(RY

202



[A  correspondence  between

Reproducing Kernel Hilbert Space Bayesion ctmason on stochasi

processes and smoothing by
splines, Kimeldorf, Wahba, The
Annals Math. Stat., 1970]

Def: Let H C R* Hilbert, with inner product (-, -)%
Then, Hisa RKHS on X if d® : X — H s.t.: reproducing

Ve € X, Vf eH, flz)=(f,®x))y property

Thm: (Representer)
Given RKHS H with kernel k, any function f* € H minimizing

w21 L(yis £(22) + Q| fll2)

is of the form f*(-) = > 7| ajk(z;,-), where ay,...,a, € R,

1 & L -
~ argmin— g L Yi E Oéjk(xj,%') + E :Oﬁiajk(xivxj)
o n - : =
'L:]_ jzl ?’7.]:1

- o T

only the k(xz;,x;) are
where o = and K = (k(xiaxj))ij required to minimize
Oty (kernel trick)




Ick

Kernel Tr

[ ) [ ]
® oo%o
8oe §
5 @ PE
%CO 8@
D O

1.5

0.5

featlire spae@.5

-1.5

2.5

1.5

0.5

-0.5

-1.5

1 1 (] 1 a 1 1 1
0 —~ °o N W
— < -
= 1 1 1 1 1 1 1
R o ..
(]
° ° °
» ® L ) °
°
°
o ®
i o0’ ° o % .
° “ o0 %. .. [}
° ° o ¢
000
o S o o0 o o°
o ¢
o« * ® o ° U
. o0 L )
°
LI R LA ) o o
no o.o ®o ¢ L} o0 A % o °®
° ° . oo °
. °, om o0
R ° o ° ° o
¢ H o ° ® o0
° ) ) [} ° °
)
| o © ° 0 LI
[ ] ° [ ]
[ ] ¢ ° o © ° ¢
B ooo ° ¢
° °
[ ] [ ] o ..
o o ° o
R o °
- 1 1 1 1 1 1 1
0 - 0 ° 1 - 5
- e < i

-2.5

1.5

0.5 |




Kernels for persistence diagrams

Three approaches:

e build kernel from kernels (algebraic operations)

- sum of kernels «+— concatenation of feature spaces

o (2,y) + ka(z,y) = ((320)) 5 (32)) )

- product of kernels «+— tensor product of feature spaces

ki(z,y)ka(x,y) = (P1(2)P2(x) ", 1 (y)P2(y)")

Q: prove it.



Kernels for persistence diagrams

Three approaches:

e build kernel from kernels (algebraic operations)

e define explicit feature map ® : X — H (vectorization)




[A  correspondence  between

Ke r n e | S fOr p e rS i Ste n Ce d i a g ra m S Bayesian estimation on stochastic

processes and smoothing by
splines, Kimeldorf, Wahba, The
Annals Math. Stat., 1970]

Three approaches:

e build kernel from kernels (algebraic operations)

e define explicit feature map ® : X — H (vectorization)

e define kernel from metric via radial basis function

Thm:

If d: X x X — R4 symmetric is conditionally negative semidefinite, i.e.:

VneN, Ver,...,xn € X, Zai :O:>>:>:Oéi()éjd($i,$j) < 0,

then k(x,y) = exp (—%) is positive definite for all o > 0.

Q: does this apply to persistence diagrams?



Space of persistence diagrams

Persistence diagram = finite multiset in the open half-plane A x R+

Given a partial matching M : X < Y
cost of a matched pair (z,y) € M: cp(x,y) := ||z — y||5
cost of an unmatched point 2 € X LY ¢,(2) := ||z — Z||%

cost of M:
1/p

cp(M) = Z cp(z,y) + Z cp(2)

(x, y) matched z unmatched

Def: p-th diagram distance (extended metric):

dp(X,Y) = inf cp(M)

\

Def: bottleneck distance:

Ay (X,Y) = lim dp(X,Y)



Space of persistence diagrams

Persistence diagram = finite multiset in the open half-plane A x R+

Given a partial matching M : X «< Y: _
P S d, is NOT cnsd

cost of a matched pair (z,y) € M: cp(x,y) Bl I Al N R 120 (= 0 IR s [oY =1 o] o] [Tel] o] [

cost of an unmatched point 2 € X LY ¢,(2) := ||z — Z||%
cost of M:
1/p
cp(M) = Z cp(z,y) + Z cp(2)
(x, y) matched z unmatched (2) A
:/.
Def: p-th diagram distance (extended metric): Y
dp(X,Y):= inf M
p(X,Y) = inf (M) 5

Def: bottleneck distance:
dp(X,Y) := plg]go dp(X,Y)




Kernels for persistence diagrams

State of the Art: define ¢ explicitly (vectorization) via:

e images [Adams et al. 2015]

e finite metric spaces [Carriere et al. 2015]

e polynomial roots or evaluations [Di Fabio, Ferri 2015] [Kalignik 2016]

{p]_ 7777 pn}'_> (P]_(p]_ 7777 Pn) 7777 P’I”(p]_ 7777 p’n):)

e discrete measures: I

0

— histogram [Bendich et al. 2014] °*

— convolution with weighted kernel [Kusano, Fukumisu, Hiraoka 2016-17]

— heat diffusion [Reininghaus et al. 2015] + exponential [Kwit et al. 2015]



Kernels for persistence diagrams

metric discrete
Images spaces polynomials | landscapes| measures
ambient Hilbert space | (R%, ||.|[2)| (R%,].]|2) ) Lo(N x R) | La(R?)

positive (semi-)definiteness

v

v

v

v

lo() = ()l < @(dp)

v

v

v

lo(-) = @)l = ¥ (dp)

X

X

X

Injectivity

X

X

v

universality

X

X

> 4RNP {ANENE

v

algorithmic cost

f. map: O(nz)

kernel: O (d)

f. map: O(n2)
kernel: O (d)

f. map: O(nd)
kernel: O (d)

v
X
v
X
O(n?

)

O(n?)




Kernels for persistence diagrams

metric discrete
Images spaces polynomials | landscapes| measures
ambient Hilbert space | (R%, ||.|[2)| (R%,].]|2) l2(R) Lo(N x R) | La(R?)

positive (semi-)definiteness

lo() = ()l < @(dp)

Injectivity

universality

algorithmic cost

f. map: O(nz)

kernel: O (d)

f. map: O(n2)
kernel: O (d)

f. map: O(nd)
kernel: O (d)




Kernels for persistence diagrams

State of the Art: define ¢ explicitly (vectorization) via:

e images [Adams et al. 2015]

e finite metric spaces [Carriere, O., Ovsjanikov 2015]

e polynomial roots or evaluations [Di Fabio, Ferri 2015] [Kalignik 2016]

{p]_7 apn}H(Pl(pla 7pn)7°" 7P7“(P17‘°° 7p?’b>>"°>

e landscapes [Bubenik 2012] [Bubenik, Dtotko 2015]

e discrete measures: I

0

— histogram [Bendich et al. 2014] °*

0

— convolution with weighted kernel [Kusano, Fukumisu, Hiraoka 2016-17]

— heat diffusion [Reininghaus et al. 2015] + exponential [Kwit et al. 2015]



EXpl iCit Feat U re M a p i n Rd [Persistence Images: A Stable Vector

Representation of Persistent Homol-
ogy, Adams et al., JMLR, 2017]

data diagram B diagram T(DB) image

: " .
- . ..a'. c
- 7
© o e

8 Ve

' Xfiee

* RN
birth | birth
Compute PD Rotate PD Pixelate- m---0 UH -
-+ concatenate Into vector
Discretize plane into one or several grid(s): — )

For each pixel P, compute I(P)=# DNP

Concatenate all I(P) into a single vector PI(D)



EXpl iCit Feat U re M a p i n Rd [Persistence Images: A Stable Vector

Representation of Persistent Homol-
ogy, Adams et al., JMLR, 2017]

data diagram B diagram T(DB) image
: '..:‘. §
© o e
3
. ..E.;:.'I. ”*
birth | birth
Compute PD Rotate PD Pixelate- w0 UH -
+ concatenate Into vector
y N
Stability — weight points: wy(x,y) =17 > 1
. 3
— blur image t Y

(convolve with Gaussian — details forthcoming)



EXpl iCit Feat U re M a p i n Rd [Persistence Images: A Stable Vector

Representation of Persistent Homol-
ogy, Adams et al., JMLR, 2017]

data diagram B diagram T(DB) | image
birth bll‘th“- =t
Compute PD Rotate PD Plxelate- . N B0
-+ concatenate Into vector
Prop:
o |[PI(D) — PI(D") |00 < C(w, ¢,) dy (D, D’)
e |[PI(D) — PI(D')||2 < VdC(w, ¢,)d1(D,D’)




Kernels for persistence diagrams

State of the Art: define ¢ explicitly (vectorization) via:

e images [Adams et al. 2015]

e finite metric spaces [Carriere et al. 2015]

e polynomial roots or evaluations [Di Fabio, Ferri 2015] [Kalignik 2016]

{p]_7 apn}H(Pl(pla 7pn)7°" 7P7“(P17‘°° 7p?’b>>"°>

e landscapes [Bubenik 2012] [Bubenik, Dtotko 2015]

e discrete measures: |

0

— histogram [Bendich et al. 2014] °*

— convolution with weighted kernel [Kusano, Fukumisu, Hiraoka 2016-17]

— heat diffusion [Reininghaus et al. 2015] + exponential [Kwit et al. 2015]



EXpI iCit Feat u re M a p i n Rd [Stable topological signatures for

points on 3D shapes, Carriére,
Oudot, Ovsjanikov, SGP, 2015]

finite metric space

L3
L —_— distance matrix
= e b1 T Tp T3
r1|] 0O 4 5
. Def: & — ®30Pp0d, @3l 5 3 0O
T1 . — X3 2 1 - -
(57473707"' 70)
finite-dimensional vector
@2

®3

sorted sequence
with finite support

(57473707"')



Explicit Feature Map in R?

I3 o*

L2

L1

(7.2,7.2,5.6,4,4,4,0, )

[Stable topological signatures for
points on 3D shapes, Carriéere,
Oudot, Ovsjanikov, SGP, 2015]

distance matrix

Dij = min{

finite-dimensional vector
(7.2,7.2,5.6,4,4,4,0,---,0)

sorted sequence

r; — ajooo,
Ti — Til|loo,
Tj — ZTjlloo} |

P2

with finite support



Explicit Feature Map in R?

[Stable topological signatures for
points on 3D shapes, Carriere,
Oudot, Ovsjanikov, SGP, 2015]

distance matrix

Dz’j = min{

T3
m
To -
x3
T2 i
. 4 finite-dimensional vector
xr
! (7.2,7.2,5.6,4,4,4,0, - ,0)
Prop:

o [|B(D) — (D)]|oc < 2de (D, D)
o |B(D) — (D)||2 < 2Vd doe (D, D)

r; — ajooo,
Ti — Til|loo,
Tj — ZTjlloo} |




Kernels for persistence diagrams

State of the Art: define ¢ explicitly (vectorization) via:

e images [Adams et al. 2015]

e finite metric spaces [Carriere, O., Ovsjanikov 2015]

e polynomial roots or evaluations [Di Fabio, Ferri 2015] [Kalignik 2016]

ip1, - spnt = (Pr(pr, - s pn), o

7P7“(P17‘°° 7p?’b>>"°>

e landscapes [Bubenik 2012] [Bubenik, Dtotko 2015]

e discrete measures:

0

— histogram [Bendich et al. 2014] °*

— convolution with weighted kernel [Kusano, Fukumisu, Hiraoka 2016-17]

— heat diffusion [Reininghaus et al. 2015] + exponential [Kwit et al. 2015]



Explicit Feature Map in Function Space

[Statistical Topological Data Analysis using
Persistence Landscapes, Bubenik, JMLR, 2015]

0 2 4 6 8 10 12
birth

Use boundaries of

Rotate PD rank function

Compute rank function

r<y=—= f"1(—00,2) C f!(~00,y)
W H(f Y (—o0,z)) = H(f 1(—o00,y)) induced linear map

Rank function is defined as A(x,y) = rank (Y



Explicit Feature Map in Function Space

[Statistical Topological Data Analysis using
Persistence Landscapes, Bubenik, JMLR, 2015]

0 2 4 6 8 10 12
birth

Use boundaries of

Rotate PD rank function

Compute rank function

Boundaries of rank function: A\;(t) =sup{s > 0: A(t — s,t +s) > i}
Landscape A : R? — R is defined as: A(7,t) = A (t)



Explicit Feature Map in Function Space

[Statistical Topological Data Analysis using
Persistence Landscapes, Bubenik, JMLR, 2015]

124
0 'S
10 1
! A
8 1 2 -
-~
4;36 '53 2 0 1 ) 1
© 0
4 / 5 X
2 0 2 4 6 8 10 12
>
0 2 4 6 8 10 12
birth\/
Rotate PD Use boundaries of
Compute rank function rank function
Prop:

¢ [AD) = A(D)]loo < doo(D, D)
¢ min{17 C(Dv D/)HA(D) - A(D/)HZ} < dQ(Dv D,)



Kernels for persistence diagrams

State of the Art: define ¢ explicitly (vectorization) via:

e images [Adams et al. 2015]

e finite metric spaces [Carriere, O., Ovsjanikov 2015]

e polynomial roots or evaluations [Di Fabio, Ferri 2015] [Kalignik 2016]

{p]_7 apn}H(Pl(pla 7pn)7°" 7P7“(P17‘°° 7p?’b>>"°>

e landscapes [Bubenik 2012] [Bubenik, Dtotko 2015]

e discrete measures: |

0

— histogram [Bendich et al. 2014] °*

— convolution with weighted kernel [Kusano, Fukumisu, Hiraoka 2016-17]

— heat diffusion [Reininghaus et al. 2015] + exponential [Kwit et al. 2015]



Explicit Feature Map in Function Space

[Persistence weighted Gaussian kernel for topological data anal-
ysis, Kisano, Hiraoka, Fukumizu, ICML, 2016]
<
< )
L/ %I g
@x
KD -
I weighting I
birth
x

D . discrete
A I
D : ZxED ’UJ(ZE)5

measure
birth
HD =

MD — ZCBGD 538

death

birth

Pb: up is unstable (points on diagonal disappear)

w(x) := arctan (cd(x,A)"), ¢,7 > 0



Explicit Feature Map in Function Space

[Persistence weighted Gaussian kernel for topological data anal-

ysis, Kisano, Hiraoka, Fukumizu, ICML, 2016]
5 7 B
° ¢ © I
° X
D 1
D discrete IILL weighting ——
. A A -
measure I convolution /
birth birth birth
O w 0 —_—
o = Y e O i = 3 ep w(z)3s
~w . W
ip = pp * N(0,0)

Pb: up is unstable (points on diagonal disappear)

w(x) := arctan (cd(x,A)"), ¢,7 >0
Def: ¢(D) is the density function of ufy * N (0,0) w.r.t. Lebesgue measure:

|- —93H2>

202

d(D) := \/17”7 a;)arctan(cd(x,A)r) exp <_

k(D,D’) := (¢(D), ¢(D/)>L2(A><R+)



Explicit Feature Map in Function Space

[Persistence weighted Gaussian kernel for topological data anal

ysis I.(isano Hiraoka, Fukumizu, ICML, 2016]
g : § I 5@‘1 .
o T |
D discrete IILLD weighting IJ j ,d |
o A I A = _ﬁ\]’ N
measure convolution [ "
birth birth w birth
MD =) cp Oa 1D = D _ep W(T)0z
Prop: ap = pup * N(0,0)
o |¢(D) — (D)l < cstdp(D, D).

e ¢ is injective and exp(k) is universal

Pb: convolution reduces discriminativity — use discrete measure instead

- —wH2>

202

Z arctan(cd(z, A)") exp (

¢(D) = \/%

k(D,D’) := (¢(D), ¢(D/)>L2(A><R+)



Kernels for persistence diagrams

metric discrete
Images spaces polynomials | landscapes| measures
ambient Hilbert space | (R%, ||.|[2)| (R%,].]|2) l2(R) Lo(N x R) | La(R?)

positive (semi-)definiteness

lo() = ()l < @(dp)

Injectivity

universality

algorithmic cost

f. map: O(nz)

kernel: O (d)

f. map: O(n2)
kernel: O (d)

f. map: O(nd)
kernel: O (d)




[Sliced Wasserstein Kernel for

One kernel tO rU |e them a | | . nm persistence diagrams, Carriére,

Cuturi, Oudot, ICML, 2017]

Sliced Wasserstein Kernel

No feature map
Provably stable
Provably discriminative

Mimicks the Gaussian kernel

View diagrams as discrete measures w/o density functions



Persistence diagrams as discrete measures

birth birth

Pb: d,(D,D") &« W,(up,up’) (W, does not even make sense here)

— given D, D’, let pD 1= Z Oz Z ZING)

xeD yeD’/
D! 1= Z Oy + Z O ()
yeD’/ xED

Then, d,(D,D") < W, (ip, ip’) < 2d,(D,D’) Pb: fip depends on D’



Persistence diagrams as discrete measures

death
8
>—»
*—»

a

birth

Pb: d,(D,D") &« W,(up,up’) (W, does not even make sense here)

Solution: transfer mass negatively to up:
c Mo(Rz)

,aD .= Z Oz — Z 57TA(:I:)

rxED xeD

— signed discrete measure of total mass zero

metric: Kantorovich norm || - || x



Persistence diagrams as discrete measures

Hahn decomp. thm: For any u € Mo(X,X) there
exist measurable sets P, N such that:

(i) PUN =X and PN N = 0) [ I
(ii) u(B) > 0 for every measureable set B C P | I |
(iii) u(B) < 0 for every measureable set B C N I

Moreover, the decomposition is essentially unique.

VB e X, let pt(B) = u(BNP)and = (B) := —pu(BNN) € M (X)
Def: |uflx :=Wi(u", p7)

Prop: Yu,v € My(X), VV1(,LLJr +v v +u ) =llu—v|k

I

for persistence diagrams: KD HD

~

Ap  Up
Wi, i) = [[ap — Ao | x



A Wasserstein Gaussian kernel for PDs?

Thm:
If d: X x X — Ry symmetric is conditionally negative semidefinite, i.e.:

Vn € N, Voi,..., 2, € X, Zai :O:>>:>:C¥iajd($i,$j) <0,

then k(z,y) := exp (—%) is positive semidefinite.

Pb: W7 is not cnsd, neither is d;

Solutions:
e relax the measures (e.g. convolution)

e relax the metric (e.g. regularization, slicing)



[Sliced Wasserstein Kernel for

Sliced Wasserstein metric bersistence dingrams,  Coritre

Cuturi, Oudot, ICML, 2017]

Special case: X = R, u, v discrete measures of mass n

QU= Z?:l Op;, V= Z?:l Oy,

Sort the atoms of i, v along the real line: x; < x;4+1 and y; < y;41 for all ¢

Then: Wi(u,v) = Z;’;l zs — yi| = ||(z1, - ,zn) — (Y1, ,yn)|

— W1 is cnsd and easy to compute (same with || - ||k for signed measures)



[Sliced Wasserstein Kernel for

Sliced Wasserstein metric bersistence dingrams,  Coritre

Cuturi, Oudot, ICML, 2017]

Def: (sliced Wasserstein distance) for p,v € M4 (R?),

1
- 27T 0cSl

SWi(p,v) : Wi (me#u, mo#v) do

where my = orthogonal projection onto line passing through origin with angle 6.

— from integral geometry: /
Gr(1,2)



[Sliced Wasserstein Kernel for

Sliced Wasserstein metric bersistence disgrams,  Canibre

Cuturi, Oudot, ICML, 2017]

Def: (sliced Wasserstein distance) for p,v € M4 (R?),

1
- 27T 0cSl

SWi(p,v) : Wi (me#u, mo#v) do

where my = orthogonal projection onto line passing through origin with angle 6.

Props: (inherited from W; over R)
- satisfies the axioms of a metric
- well-defined barycenters, fast to compute via stochastic gradient descent, etc.

- conditionally negative semidefinite



[Sliced Wasserstein Kernel for
persistence diagrams, Carriére,
Cuturi, Oudot, ICML, 2017]

Sliced Wasserstein kernel

Def: Given o > 0, for any pu,v € M (R?):
SWi(, V))

202

kSW(:U'a V) .— €XP <_

Cor:  (from SW cnsd)
ksw is positive semidefinite.
Ox
— application to persistence diagrams: & :UI I
D+— HUD ‘= ZCBED 63; I I‘ ‘IT('A(IQ’J)
birth

— (D = KD — TAFFUD
|mo#iip — mo# i || x dO
- positive semidefinite

SWl(D,D/) Z:/
fecS!t
SW1(D, D’))
207 - simple and fast to compute

ksw (D, D) := exp <—



[Sliced Wasserstein Kernel for
persistence diagrams, Carriére,
Cuturi, Oudot, ICML, 2017]

Sliced Wasserstein kernel
The metrics d; and SW; on the space Dy of persistence diagrams of size

Thm:
bounded by NN are strongly equivalent, namely: for D, D’ € Dy,
! d,(D,D') < SWi(D.D) < 2v2d;(D,D’)
2+ 4N(2N —1) 'V = 2T = 1D,
Q: prove it.
5;le
(x)

birth

— application to persistence diagrams:
0

xeD ¥

[)F+-ﬂ{):=:§:

— (D = KD — TAFFUD
|mo#iD — mo#fin ||k dO

;SVViGD,IY):::j/

pcSt
SW1(D,D’)
202

ksw (D, D) := exp <—



[Sliced Wasserstein Kernel for

S | |Ced Wa SSG rStel n kernel persistence diagrams, Carriere,

Cuturi, Oudot, ICML, 2017]

Thm:

The metrics d; and SW; on the space Dy of persistence diagrams of size
bounded by NN are strongly equivalent, namely: for D, D’ € Dy,

1
2+ 4AN(2N — 1)

d;(D,D") < SWi(D,D") < 2v2d:(D,D")

Q: prove it.

Cor: The feature map ¢ associated with ks is weakly metric-preserving:
g, h nonzero except at 0 such that godi < ||¢(-) — d(¢)||ln < hods.



Metric distortion in practice

2.9 1

1.9 F

0.5

Distance in RKHS

0.2 0.4 0.6 0.8
First Diagram Distance



Application to supervised shape segmentation

Goal: segment 3d shapes based on examples
Approach:
- train a (multiclass) classifier on PDs extracted from the training shapes

- apply classifier to PDs extracted from query shape

Torso

\

¥ 0

Foot Hand
Training Test



Application to supervised shape segmentation

Goal: segment 3d shapes based on examples
Approach:
- train a (multiclass) classifier on PDs extracted from the training shapes

- apply classifier to PDs extracted from query shape
(training data)

Y PLe | FLLLH
FFELF x| X IFAK




Application to supervised shape segmentation

Goal: segment 3d shapes based on examples
Approach:
- train a (multiclass) classifier on PDs extracted from the training shapes

- apply classifier to PDs extracted from query shape

Error rates (7o) using TDA descriptors (kernels on barcodes):

TDA | geometry/stats | TDA + geometry/stats
Human 26.0 | 21.3 11.3
Airplane | 27.4 | 18.7 9.3
Ant 7.7 9.7 1.5
FourLeg | 27.0 | 25.6 15.8
Octopus | 14.8 | 5.5 3.4
Bird 28.0 | 24.8 13.5
Fish 20.4 | 20.9 7.7




Application to supervised orbits classification

Goal: classify orbits of linked twisted map, modelling fluid flow dynamics

Orbits described by (depending on parameter 7):

Tn41 Tn +T7Yn(l —yn) mod 1

Yn+1l = Yn +7Tnt1(l —2Tnyr1) mod 1

Label = 1 Label = 5

Label = 2 Label = 3



Application to supervised orbits classification

Goal: classify orbits of linked twisted map, modelling fluid flow dynamics

Orbits described by (depending on parameter r):

(

Tp +7Yn(l —yn) mod 1

Ln+1
Yn+1 = Yn T Txn—l—l(l — :Un—l—l) mod 1

\

Accuracies (%) using only TDA descriptors (kernels on barcodes):

kpss kpwa ksw I |
Orbit | 64.0£00 78.7+0.0 83.7X1.1 (PDs as discrete measures)

Running times (in seconds on N-sized parameter space from 100 orbits):

kpss kpwa ksw
Orbit | N x9183.44+65.6 N x69.2+09 38:,8+02+ NC




Application to supervised texture classification

Goal: classify textures from the OUTEXO00000 database

Textures described by CLBP (Compound Local Binary Pattern)

— apply degree-0 persistence on 1st sigh component

200 50 100 150 200 250

0 50 100 150 200 250

Label = Canvas Label = Carpet Label = Tile



Application to supervised texture classification

Goal: classify textures from the OUTEXO00000 database

Textures described by CLBP (Compound Local Binary Pattern)

— apply degree-0 persistence on 1st sigh component

Accuracies (%) using only TDA descriptors (kernels on barcodes):

kpss kpwa hsw |
Orbit | 98.7 £ 0.06 96.7+04 96.1L0.1 |  (PDs as discrete measures)

Running times (in seconds on N-sized parameter space from 100 orbits):

kpss kpwa ksw
Orbit | N x 10337.44+140.5 N x45.940.6 1264+0.2+ NC




Statistics on Persistence Diagrams

(X, d) metric space
(. probability measure with compact support X,

Examples:
- F(X,) = Rips(X»)
Sample . points - F()gn) — CeCh(Xn)
- F(Xy) = sublevelset filtration of d(., X,).

according to L.

Questions:

A

e Statistical properties of D(F(X,)) ? D(F(X,)) =7 as n — +00?

A

e Can we do more statistics with persistence diagrams?



Statistics on Persistence Diagrams

(X, d) metric space
(. probability measure with compact support X,

Examples:
- F(X,) = Rips(X»)
| - F(X») = Cech(Xy,)
Sample n points _ f(Xn) = sublevelset filtration of d(., X,,).

according to L.

Stability thm: dy,(D(F(X,)),D(F(Xm))) < 2den (X, Xn)

So, for any € > 0,

P (db (D(f(XM)),D(;E(Xn))) > 5) <P (dGH(XM,Xn) > %)



[Convergence rates for persistence diagram estima-

DeVi atiO n i n eq u a | ity tion in Topological Data Analysis, Chazal, Glisse,

Labruere, Michel ICML, 2014]

./\‘ ° ..
X1, Xo,o 0, X o Xno U
I.I.d. sampled ‘. L

according to L. e o.°

For a,b > 0, u satisfies the (a, b)-standard assumption if for any z € X,, and any
r > 0, we have u(B(z,7)) > min(ar®, 1).

Thm: If u satisfies the (a, b)-standard assumption, then for any £ > O:

P (db (D(]:(XM)), D(]:(Xn))) > 8) < min {S—b exp (—nae—:b) ,1} .

aeb

n— oo T

Moreover lim P (db (D(f(XM)),D(f(Xn))) <, <logn>1/b> N

where C'; is a constant only depending on a and b.



[Convergence rates for persistence diagram estima-

DeVI atIOn I n eq u a | Ity tion I'I:) Topo_logica/ Data Analysis, Chazal, Glisse,
Labruere, Michel ICML, 2014]
’/ﬂ ® 0.
X1, Xo,.o, Xn o Xn r
I.1.d. sampled ‘. .
according to L. e o.°

For a,b > 0, u satisfies the (a, b)-standard assumption if for any x € X,, and any
r > 0, we have u(B(z,7)) > min(ar®, 1).

Sketch of proof:
1. Upperbound P (dH(XM,Xn) > %)

2. (a,b) standard assumption = an explicit upper bound for the covering number

of X,, (by balls of radius €/2). 7

3. Apply “union bound” argument.
C(e) < P(g/2)
+ w(B(z,e/2)) > a(e/2)"



[Convergence rates for persistence diagram estima-

M i n i m aX ra te Of COnve rgen Ce tion in Topological Data Analysis, Chazal, Glisse,

Labruere, Michel ICML, 2014]

Let P(a,b, X) be the set of all the probability measures on the metric space (X, d)
satisfying the (a, b)-standard assumption on X:

Thm: Let P(a,b, X) be the set of (a,b)-standard proba measures on X. Then:

B [(D(F(X), DEF)) < 0 ()

pEP(a,b,X) n

where the constant C only depends on a and b (not on X'!). Assume moreover that

there exists a non isolated point z in X and let ., be a sequence in X \ {z} such
that d(z, z,) < (an)™'/® . Then for any estimator D,, of D(F(X,)):

A

liminf d(z, z,)~"  sup E[db(D(]:(XM)),Dn)]>C’

=09 pEP(a,b,X) B

where C’ is an absolute constant.

Rem: we can obtain slightly better bounds if X, is a submanifold of RP,



[Convergence rates for persistence diagram estima-

N u m e ri Ca | i | | u St ratio n S tion in Topological Data Analysis, Chazal, Glisse,

Labruere, Michel ICML, 2014]

0.4

Muttiplicity 2~ : i
Multiplicity 2 — .
ol Multiplicity 4 7 ) |
- w: unif. measure on Lissajous curve X,. T =
- F: distance to X'u 1 RQ. 335 |y =0.9928% +2.2274 linear H
- sample £k = 300 sets of n points for n = 34} -
[2100 - 100 : 3000] 345+ .
= Compute 35k -

> -3.55

E, = E[dy(D(F(X,)), D(F(Xn)))):

-3b

- plot log([E,,) as a function of log(log(n)/n). =&

1 | 1 | |
-5 595 59 585 HB 575 57 ABS 5B 545




[Convergence rates for persistence diagram estima-

N u m e ri Ca | i | | u St ratio n S tion in Topological Data Analysis, Chazal, Glisse,

Labruere, Michel ICML, 2014]

: -1 | | | | ' T+
- p: unif. measure on a torus X,,. ol * ot |
- F: distance to X,, in R”. B e

- sample k = 300 sets of n points for n = .
- compute 215
-2.2
B, = Bldy(D(F(X,)), D(F(Xa))]. 2
-2.3

- plot log(EE,,) as a function of log(log(n)/n). 2| :

24 ! ! ! ! ! L

-b.0 H.7 -b.b -B.5 +H.4 -b.3 -b.2



Numerical illustrations: confidence for landscapes

[On the Bootstrap for Persistence Di-
agrams and Landscapes, Chazalet al.,
Model. Anal. Inform. Sist., 2013]

Example: Circle with one outlier.

XN + (0,0) Diagrams Dy, and Dy, (dim 1) 1st Landscape (dim 1)
o _ <
— \ - N
N - landscape of Xy
o A o = |andscape of Yy
o ] 0 _ -
- "J:" o
S [ ES i = -
Lo
o - g - ”D" -
A DXN

o _ o _ v P o
C | | | r 7 | | | | < | | | |

-1.0 -0.5 0.0 0.5 1.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0



Numerical illustrations: confidence for landscapes

[On the Bootstrap for Persistence Di-
agrams and Landscapes, Chazalet al.,
Model. Anal. Inform. Sist., 2013]

Example: 3D shapes

Average Landscapes Dissimilarity Matrix
+ =« camel
g |= = ele. 2
o flam. S

0.03
|
ele.

0.02
|

flam.

lion

| l J | J ' J camel ele. flam. lion

From k = 100 subsamples of size n = 300



Numerical illustrations: confidence for landscapes

[On the Bootstrap for Persistence Di-

d Land , Chazal l.,
(Toy) Example: Accelerometer data from smartphone. ol A P 2?)21""3‘]“ °
fred Walking Experiment with iPhone app
- © Dim 0, Mean 2nd Landscape with 95% band
o T °© —  fred
a7 © fabri
a o | — bertrand
gV .
| | | | | | | S ]
1000 1020 1040 1060 1080 1100 1120
o
fabri o
— e | | |
u
N 0.0 05 1.0 1.5
o
o Dim 1, Mean 1st Landscape with 95% band
e = | | | | | | Q4
1000 1020 1040 1060 1080 1100 1120 e
Ly
E —
betrand
- _
ﬁ ] o
. A 5
— o
© | 8 _
e | | | | | | | S| | | | |
1000 1020 1040 1060 1080 1100 1120 0.0 0.5 1.0 1.5

- spatial time series (accelerometer data from the smarphone of users).
- no registration/calibration preprocessing step needed to compare!



Persistence Diagrams and Machine Learning

BBB =
BBBBBB
s :

e Classifier (RF, SVM, NN etc.)
e Dim. red. (PCA, MDS, UMAP, t-SNE)

e Clustering (DBSCAN, K-means, etc.) -

What filtration to choose?

persistence

Etc.




The space of persistence dIagrams o biams in sermabic Hisert Spoces

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < 400 s.t. Ad(-,) <d'(-,-) < Bd(-,")

Prop: H Hilbert with dot product (-, )% and distance || - ||%. Assume
dy and d or d, are equivalent.

(i) H = RY = Impossible

even if the PDs are included in [—L, L]* and have less than N points

(2¢) H separable, p =1 = either A -0 or B — +©
when L, N — 400

Q: prove (i7).



[On the Metric Distortion of Embedding Persis-

T h e S pa Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < +oos.t. Ad(-,-) <d'(-,-) < Bd(-,")

Proof:

(77) The space of PDs with possibly infinite number of points
Is not separable with respect to d;

Consider S = {DU}uE{O,l}N
®
WhereDu:{(k,kJr%) :ukzl} ®
1/k ® o
S is not countable with d;




[On the Metric Distortion of Embedding Persis-

T h e S pa Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < +oos.t. Ad(-,-) <d'(-,-) < Bd(-,")

Proof:
S = {Du}ue{O,l}N

Indeed, let S” C S be a dense set and € > 0

D
VD, €S, 3Dy € S : d1(Dy, Dy) < € ‘O
. O
Supports of u' and u must differ on a finite Q.
number of terms onl O
y ““

= card(S") >|card(S/ ~) | uncountable!

where Dy, ~ D, < supp(u) A supp(v) < o



[On the Metric Distortion of Embedding Persis-

T h e S pa Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < +oos.t. Ad(-,-) <d'(-,-) < Bd(-,")

Ex: Persistence surface

(D) = X ep w(p) - exp (—L552)

where w((z,y)) = arctan (C'ly — x|*) with C,a > 0

If a > 2, S i1s in the domain of ®



[On the Metric Distortion of Embedding Persis-

T h e S p a Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < 400 s.t. Ad(-,) <d'(-,-) < Bd(-,")

Proof:

(7) is a little more tricky

Def: Let (X, d) be a metric space. Given a subset £ C X and r > 0,

let N,.-(E) be the least number of open balls of radius < r that can cover
E. The Assouad dimension of (X, d) is:

dimy (X, d) = inf{a : IC s.t. sup, Ny, (B(x,r)) < Cp~*, 0 < B <1}

dim 4 is preserved for equivalent metrics
dim 4 (D, d,) = +o0o whereas dim4(R%) = d



[On the Metric Distortion of Embedding Persis-

T h e S p a Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

Q: What happens in general when one embeds PDs in Hilbert?

Def: Two metrics d,d’ are equivalent if
10 < A, B < 400 s.t. Ad(-,) <d'(-,-) < Bd(-,")

Proof:
Ildea: Consider the ball of radius r
) R B .............. o around the empty dlagram and dla_
Tv.. .......................... - grams with single points at distance

r from A and from each other

5 5 The number of such diagrams in-
; creases to +o00 as J goes to 0

“«—>

dim 4 is preserved for equivalent metrics
dim 4 (D, d,) = +o0o whereas dim4(R%) = d



[On the Metric Distortion of Embedding Persis-

T h e S pa Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

lllustrations:

We generate diagrams by
uniformly sampling into the
upper unit half-square

14 351

12 4

L1 1

=l
| BRI e | ohntl

1.0 = 0
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

PD Cardinality PD Cardinality PD Cardinality




[On the Metric Distortion of Embedding Persis-

T h e S pa Ce Of p e rS i Ste n Ce d i a g ra m S tence Diagrams into separable Hilbert Spaces,

Bauer, Carriere, SoCG, 2019]

lllustrations:
We generate diagrams by
uniformly sampling into the
upper unit half-square

0.0 0.2 0.4 0.6 0.8 1.0

Idea: Stay in Euclidean space RY but

learn best vectorization with Neural Net

14
17
10 .
= =
< T ;5 < 250
~ 8- 0 = -
= T = = 200 -
@ I @ @ _
ol g = = i
v E =8 = E 150 -
- n
41 E' H 100
51 [ D
2 %I 1 50 4 %
| = N -
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

PD Cardinality PD Cardinality PD Cardinality



[Deep Sets, Zaheer, Kottur, Ravanbakhsh, Poc-

The Deep Set a rCh iteCtu re zos, Salakhutdinov, Smola, NeurlPS, 2017]

Deep Set is a novel neural net architecture that is able to handle sets instead
of finite dimensional vectors

Input: {x1,...,2,} C R instead of z € R?

Network is permutation invariant: F(X) = p (>, &(x;))

= F({z1,..y2n}) = F{Zs1)s s Tom) }), VO
X

o3 ¢ p
*3 . > | | [ [ ]| > [ ]

oo [T T T T TT] EEELE
sum

In practice: ¢(z;)) =W -x; + b



[Deep Sets, Zaheer, Kottur, Ravanbakhsh, Poc-

The Deep Set a rCh iteCtu re zos, Salakhutdinov, Smola, NeurlPS, 2017]

Deep Set is a novel neural net architecture that is able to handle sets instead
of finite dimensional vectors

Input: {x1,...,2,} C R instead of z € R?
Network is permutation invariant: F(X) = p(>_. ¢(z;))

Universality theorem

Thm:

A function f is permutation invariant iif f(X) = p(>_. ¢(z:))
for some p and ¢, whenever X is included in a countable space



Application to PDs



[PersLay: A Neural Network Layer for Per-

A p pl icatiO n to P DS sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Permutation invariant layers generalize several TDA approaches

[Time Series Classifica-

— persistence images  — landscapes — Bettl curves tion via Topological Data

Analysis, Umeda, Trans.
Jap. Soc. for Al, 2017]

But not all of them since R? is not countable

Using any permutation invariant operation (such as max, min, kth largest
value) allows to generalize other TDA approaches

PersLay(D) = p (op{w(p) - ¢(p) }pep)

.

Permutation-invariant Point transformation

operation v
Weight function




. . [PersLay: A Neural Network Layer for Per-
Appl |Cat|0n tO P DS sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Parameters 1, --- ,{, € R A, (t1)
Ap(tQ)
w(p) — 1 ¢A . p : op = tOp—]C

Ap(tq)_

1:-2

1.0+ 3

| Apl

0.8+

0.6 O

0.4+

0.2
Ap/c\
0.0

0. , | | | |
—21.0 -0.5 0.0 0:5 1.0 1.5 2.0

IS(0




. I [PersLay: A Neural Network Layer for Per-
Appl |Cat|0n to P DS sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Parameters ¢q,--- ,t, € R? T, (t1)
Fp(t2)
w(p) = w((x,y))  Prip—> | op = sum

Dp(tq)_

2.0 10

L4 0.8

0.8- 0.6

02 0.4

-0.4- 0.2

10 | | ' ' 0.0

-1.0 -0.4 0.2 0.8 1.4 2.0



. . [PersLay: A Neural Network Layer for Per-
Appl ICatIOn to P DS sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Parameters Ay, -+, A, € [—g, g} (D,en,) + ba,

b —
bA17. o 7bAq c R ¢L p'ﬁ <p’ 6A2.> Ao w(p) 1

op = top-k

-<p’ 6A<1> bAq_

2.0

1.5;

1.0;

0.5;

0.0

—-0.5
—-0.5

1.5 2.0



- - [PersLay: A Neural Network Layer for Per-
Appl ICatIOn tO P DS sistence Diagrams and New Graph Topologi-
cal Signatures, Carriere, Chazal, lke, Lacombe,

Royer, Umeda, AISTATS, 2019]

R o
F w(.)gb(.)[ﬁ op I~ |

I

i

i

w .

data o o S _-‘1%_ -
E w<.>¢<.)F op I

& w(-)qb(-)[m °P -

i

i

=

features



A |' - P D [PersLay: A Neural Network Layer for Per-
pp ICatIOn to S sistence Diagrams and New Graph Topologi-
cal Signatures, Carriere, Chazal, lke, Lacombe,

Royer, Umeda, AISTATS, 2019]
from perslay.perslay import perslay channel

perslay parameters["layer"] = "1im"

perslay parameters["image size"] = (20, 20)

perslay parameters["perm op"] = "sum" , hh:ﬂﬂ|”””||| ﬁhﬂ

perslay channel(output = 1list v, # outputs _LL
name = "perslay", # name of this layer
diag = YOUR DIAGS, # diagrams

**self.perslay parameters)

FF - F S ]
V w()o(+) op . ] T

data rl--'s‘u _ [ e B ||| —
o w()o() oo I I

= w()6 () op Iff-

features I




[PersLay: A Neural Network Layer for Per-

Appl ication tO gra ph ClaSSification sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Let G = (V, F) be a graph, A its adjacency matrix
D its degree matrix

and L, (G) =1 — D~'/24AD~'/2 its normalized Laplacian.

L.,(G) decomposes on a orthonormal basis ¢ ... ¢,
with eigenvalues 0 < \{ < .- < )\, <2

Def: Let ¢t > 0, and define the Heat Kernel Signature of param t:
hksg ¢ : v = >0 exp(—Agt)Pr(v)?



[PersLay: A Neural Network Layer for Per-

Appl ication tO gra ph ClaSSification sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

’
- :/‘
-
-
-
-
-
-
-
-
4
4
4
4
~
~
~

Def: Let ¢ > 0, and define the Heat Kernel Signature of param ¢t:
hksg ¢ : v = >0 exp(—Agt)Pr(v)?



[PersLay: A Neural Network Layer for Per-

Appl ication to gra ph ClaSSiﬁcatiOn sistence Diagrams and New Graph Topologi-

cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Graph from the Corresponding extended
PROTEINS dataset persistence diagram
> 6 e ®




Application to graph classification

[PersLay: A Neural Network Layer for Per-
sistence Diagrams and New Graph Topologi-
cal Signatures, Carriere, Chazal, lke, Lacombe,
Royer, Umeda, AISTATS, 2019]

Dataset

Input (e.g. graphs) ; ; @
.\_\_‘—\—-—

SVI RetGK*® FGSD T GCNNT GIN°® PERsLAy
Mean Max
REDDITSK 56.1 e 520 570 || 556 56.6
- REDDIT12K 8.7 16.6 177 491
R COLLAB 810 80.0 0.6 8.1 || 764 T8RO
fon Ord) it b L R - IMDB-B 729 719 736 73.1 43 || 712 726
Illil::l]i_gtl[-»_f Diagrams 3 ].il.if,'“'“f:.l[’ -.1 features (optional) IMDE-M 50.3 477 52.4 50.3 521 || 488 520
(" oo (g Hxtp) e v CoX2* 78.4 80.1 809 816
) DHFR® 78.4 815 803 809
= T i ' MUTAG® 8.3 00.3 02.1 86.7 800 || 808 0915
g J s ) PROTEINS® | 72.6 5.8 73.4 76.3 750 || 748 759
y y | NCI1® 716 845 0.8 784 @7 || 75 740
1
\ NCI109* 0.5 788 605 T0.1
I I Il [l !
L]
1
1
!
1 L] u
1
- Weight function learnt
Il
' 10
1
| Y | i | iy | f-:'.‘m : 0.0 ‘—.
“I[.](.'J[.:l ér Hl[.](.;.[-] o “I[-](l')[.] i H'['jl’.'}['] o :
A @Or i A wr
v ‘ : 25 1 08
: 50
: 06
: 51 m
[
! 10.0
1
! - 0.4
ERTRY) AL ELUIT | -"‘”_'“ : 125 1
op B op i op op i - S
Eth largest kih largest kth largest kth largest ! 1
i ¢ v 15.0 U .
. |
H—— bV b 5 — R — 175
I\__ I'\- Y_ J J — T T T T
concatenate 0 3 10 15 —- 0.0

- —— L R — =

Bateh normalization + fully-connected

_—_—

labels

p
'

(after training on the
MUTAG dataset)



Persistence diagrams and optimization

BBB What filtration to choose?
.e persistence
. o C
e ° Persistence diagram
e Classifier (RF, SVM, NN etc.) k(o5 0) = (D), () > o
e Dim. red. (PCA, MDS, UMAP, t-SNE) A o o o o
e Clustering (DBSCAN, K-means, etc.) - >0 °
o o H
Etc. >




Problem setting

Q: How to define VD?

Q: Given a parameterized family of functions F = {fy : 0 € ©}, how to
define VQDk(fg)?

Q: Given a point cloud X C RY, how to define VxDy(Rips(X))?

Idea: Let's go back to the PD construction...



Computation with matrix reduction ;

Input: simplicial filtration

6 5
(Persistent) homology can be computed by us- 7
ing the fact that each simplex is either:
positive, 1.e., it creates a new homology class | 1 5

negative, I.e., it destroys an homology class

3 l I

® ®
2 1 2

3 3 3 3
A 3 A T )
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i
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Computation with matrix reduction

Input: simplicial filtration

Output: boundary matrix
reduced to column-echelon form

O simplex pairs give finite intervals:
2,4), 3,9), [6,7)

unpaired simplices give infinite intervals: |1, +00)

1121314567
1 * *
2 * | %
3 * | %
4 *
D *
0 *
7

3
5
7
1 4
112(3]4|5 7
! -
2 @*
3 (1)
4 *
: *
; ©
7




Computation with matrix reduction

Input: simplicial filtration

Output: boundary matrix
reduced to column-echelon form

O simplex pairs give finite intervals:
2,4), 3,9), [6,7)

A persistence diagram D is made of all
(F(oy),F(o_)) € R?* where o (resp.
o_) is positive (resp. negative), and F is
the filtration function.

Thus we can define the gradient of a point
p=(F(oy), F(o-)) €D as

Vp = [VF(04), VF(0-)

unpaired simplices give infinite intervals: |1, +00)

1

2

3

(r—\:;% H~

O,

(—) * | *

J| | Y | W[ DN =




Example: Vietoris-Rips gradient

Q: Define and compute Vietoris-Rips gradient?



.....

Example: Vietoris-Rips gradient

Persistence barcode

2., .

Given k-dim. simplex o = |vg, ..., vg|, one has

F (o) = max; j||v; — vj|]

Let p = (F (o), F(0-)) € Di(Rips(X))

with o = {vg,..., v} and o_ = {wyg, ..., wks+1}



.....

Example: Vietoris-Rips gradient

Persistence barcode

2., .

|

= () L ” (v§f) — fuj(.il)) if i =¢* (5°) and 0 otherwise

y 8% Hwa* — Whp=

Vxp = [a_XHUi* — Uy

%@Hvi* — Uy

With this gradient rule, one can do gradient descent with any function of
persistence!



the number of holes in that

point cloud.

We can use gradient descent to

minimize loss

LX) == |lpl3,

with p € D1 (Rips(X))

Persistence barcode
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Exampl

........

.....

e: Vietoris-Rips gradient

Pomt cloud X,

Persistence barcode

., .

Point cloud at epoch 1000

the number of holes in that |
point cloud. ) e
We can use gradient descent to .
minimize loss .
2 ", .
LX) == 3" [1nll3 A R
D | .- o o °® | P | o © |

with p € D1 (Rips(X))



Example: V

. .

...........

i PR Point cloud X,

Persistence barcode

i

., .

Let's say we want to maximize Point cloud at epoch 1000
. 1001 L0 0g0 o800 0 gq (0000000300 000 0,0,
the number of holes in that I 2 M “ %
pOIﬂt cloud. 0.50 - ::'..- .--:.- ..'l-“'.."-... ..-'.
° H o - $
. . . . 02541 % --.. o? .-..-
We can use gradient descent to minimize | A Y ) s J
IOSS . =: :: ® ---.: 000, ..:‘I. b i:
—0.50 :. ......:... g o .‘ s .:
p— 2 ~ o? %0 .-'- ¢ o000 *0**
L0 == I3 +dX,0),  emi  FmTT
p _100] %00 qee® 0000, ceeSo%0ccet®es ¢ o o°

T T T T T T T T T
-1.00 -0.7Y5 -050 -0.25 0.00 0.25 0.50 0.75 1.00

with p € D1 (Rips(X)) and C' unit square



Example: Sublevel sets

Given k-dim. simplex o = |vg, ..., vg|, one has
.F(O) — IMax; f@(vi)
Vop = [ fo(vis), 25 fo(wg-)]

Let's say we want to remove
the stains in that image.

Image at epoch 0

We can use gradient descent to minimize
loss
L(X)=>_llpll3.
p

with p € Do(I)




Example: Sublevel sets

Given k-dim. simplex o = |vg, ..., vg|, one has
.F(O) — IMax; f@(vi)
Vop = [ fo(vis), 25 fo(wg-)]

Let's say we want to remove
the stains in that image.

Image at epoch 3000

We can use gradient descent to minimize
loss
L(X)=>_llpll3.
p

with p € Do(I)




Example: Sublevel sets

Given k-dim. simplex o = |vg, ..., vg|, one has
.F(O) — IMax; f@(vi)
Vop = [ fo(vis), 25 fo(wg-)]

Let's say we want to remove
the stains in that image.

Image at epoch 3000

We can use gradient descent to minimize
loss

L(X) =) lpll3+ ) max{|P|,[1—-P[},

Pel

with p € D()([)



[Optimizing persistent homology based func-

TOpOlogical gradient descent tions, Carriere, Chazal, Glisse, lke, Kanna,

Umeda, ICML, 2021]

For a fixed ordering of the simplices in a simplicial complex K, the correspond-
ing persistence diagram always has the same number of points: its gradient
is well-defined!

If the ordering changes, the boundary matrix can have a new reduced form
and the persistence diagram can have a new, different number of points.

Prop: Let K be a simplicial complex and let ® : A — RI¥| a (parameterized)
filtration of K. There exists a partition A = SO U--- U O s.t. all the
restrictions ® : O, — RI¥ 1 are differentiable.

The O;'s are the parts of A where the ordering of the simplices of K is
preserved, and S is the boundaries of all O;'’s.

Q: What is S for Vietoris-Rips? Sublevel sets?



[Optimizing persistent homology based func-

TOpOlogical gradient descent tions, Carriere, Chazal, Glisse, lke, Kanna,

Umeda, ICML, 2021]

Def: The Clarke subdifferential OL of L is the set:
0L = conv{lim,, ,,VL(x;) : L is diff. at x;},

where conv denotes the convex hull.
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[Optimizing persistent homology based func-

TOpOlogical gradient descent tions, Carriere, Chazal, Glisse, lke, Kanna,

Umeda, ICML, 2021]

Let {Ozk}k, {Ck}k S.t.
ap >0, > ar =400 and >, a5 < 400

(x random variables s.t. E[(;] = 0 and E[||(x||?] < C for some C > 0

Thm: As long as £ o Pers o ® is locally Lipschitz, the sequence

a1 = ar — ax(gr + Ck),

where g € O, (L o Pers o ®), converges to a critical point of L o Pers o .

Q: Does this result apply to dp and d,? What is the gradient?



[A gradient sampling algorithm for

Topological stratified gradient descent s map v sopicatons

topological data analysis, Leygonie,
Carriere, Lacombe, Oudot, 2021]

Better guarantees can be obtained by smoothing the gradient definition.
Def: The smoothed topological gradient of Pers o ® is defined as:

V, = argmin{||g|| : g € conv(S,)}

where S, = {Vy : d € O;,0; € N(O,)}, where O, is the stratum associ-
ated to a, and MV (O,) is the set of strata that are close to O,.

Intuitively, close strata means that their corresponding orderings are very sim-
ilar, e.g., they differ by single swaps, or their distance is bounded by ¢ > 0.

Thm: Let ¢ > 0. As long as £ o Pers o ® is Lipschitz, the sequence
Ap+1 — A — €~ @ak/H@ak H?

converges in finitely many iterations to @ s.t. 3a : V; =0 and ||a —al| < e.



Example: filter selection

Assume we have a supervised classification task. The goal is to find a filtration
from a family F such that the corresponding persistence diagrams give the
best classification score.
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Example: filter selection

Assume we have a supervised classification task. The goal is to find a filtration
from a family F such that the corresponding persistence diagrams give the
best classification score.

Idea: minimize:

= 2yi—y, = Ap(Dg (i), Dy (z5))
£(f)—§l: > i1 dp(Dy (i), Dy(xy))

one can also use Sliced Wasserstein for speedup.

Dataset || Baseline || Before After Difference Dataset || Baseline || Before After Difference
vs01l 100.0 61.3 99.0 +37.6 vs26 99.7 08.8 98.2 -0.6
vs02 99.4 08.8 97.2 -1.6 vs28 90.1 96.8 96.8 0.0
vs06 09.4 87.3 08.2 +10.9 vs29 99.1 91.6 98.6 +7.0
vs09 994 86.8 98.3 +11.5 vs34 99.8 9904 90.1 -0.3
vslé 99.7 89.0 97.3 +8.3 vs36 99.7 990.3 99.3 -0.1
vs1l9 99.6 84.8 98.0 +13.2 vs37 98.9 94.9 97.5 +2.6
vs24 09.4 08.7 08.7 0.0 vs57 99.7 90.5 97.2 +6.7
vs25 99.4 80.6 97.2 +16.6 vs79 90.1 85.3 96.9 +11.5



[A Topological Regularizer for Classi-

MOre exa m ples fiers via Persistent Homology, Chen,

Ni, Bai, Wang, AISTATS, 2019]
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[ Topological — autoencoders,  Moor, Reconstruction loss
Horn, Rieck, Borgwardt, ICML, 2020]
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