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Decomposition of filtered chain complexes

Let 𝑛 ∈ N, 𝑠 ∈ [0,∞) and 𝑒 ∈ [𝑠 ,∞].

Theorem
Every filtered chain complex decomposes uniquely up to isomor-
phism into a finite direct sum of interval spheres.
=⇒ applying homology, we get the persistence diagram of the
associated persistence module
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Generators

Let 𝑋 be a filtered chain complex. There is a finite collection of
interval spheres {𝐼 𝑛𝑖 [𝑠𝑖 , 𝑠𝑖 )}𝑖=1,...,𝑚 and an epimorphism

𝜑 : ⊕𝑚
𝑖=1 𝐼

𝑛𝑖 [𝑠𝑖 , 𝑠𝑖 ) → 𝑋

𝜑 uniquely defines 𝜑𝑖 : 𝐼 𝑛𝑖 [𝑠𝑖 , 𝑠𝑖 ) → 𝑋 .

Each 𝜑𝑖 can be
identified with 𝑥𝑖 B (𝜑𝑖 )𝑠𝑖𝑛𝑖+1 (1) ∈ 𝑋 𝑠𝑖

𝑛𝑖+1, with a degree and an
entrance time function:

deg (𝑥𝑖 ) = 𝑛𝑖+1 ent (𝑥𝑖 ) = 𝑠𝑖

Definition
The set G = {𝑥1, . . . , 𝑥𝑚} is called a set of generators of 𝑋 . If G
is minimal degreewise, then it is called a quasi-minimal set of
generators.
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Generators

The simplices of a filtered simplicial complexes form a quasi-
minimal set of generators.

Consider the interval sphere 𝐼 𝑛 [𝑠 , 𝑒 ). A quasi-minimal set of
generators of it isG = {𝑥𝑠 , 𝑥𝑒 }, with deg (𝑥𝑠 ) = 𝑛, deg (𝑥𝑒 ) = 𝑛+1.

Consider the interval sphere 𝐼 𝑛 [𝑠 ,∞). A quasi-minimal set of
generators of it is G = {𝑥𝑠 }, with deg (𝑥𝑠 ) = 𝑛.
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Standard persistence algorithm

Let 𝑋 be a filtered chain complex with quasi-minimal set of
generators {𝑥1, . . . , 𝑥𝑚}, totally ordered first by entrance time.
Let𝐷 be its boundary matrix.

For the 𝑗 -th column of𝐷 , 𝑙𝑜𝑤 (𝑗 ) denotes the row index of the
lowest element of such row. If column 𝑗 is zero, set 𝑙𝑜𝑤 (𝑗 ) = 0.

Definition
Amatrix𝐶 is called column reduced if 𝑙𝑜𝑤 (𝑗 ) ≠ 𝑙𝑜𝑤 (𝑗 ′) for
all non-zero columns 𝑗 ≠ 𝑗 ′. The element𝐶 𝑖

𝑗
is called a

column pivot (of𝐶 ) if 𝑖 = 𝑙𝑜𝑤 (𝑗 ).

Theorem
The column pivot pairing of a reduced boundary matrix
provides the barcode decomposition of the associated persistent
module.
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Clear and compress

Two time optimisations of the standard persistence algorithm
are the clear and compress.

CLEAR: A generator that gives birth to an homological class
cannot kill one.
COMPRESS: A generator that kills an homological class cannot
give birth to one.
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Dualisation of the standard persistence algorithm

Let 𝑋 be a filtered chain complex with quasi-minimal set of
generators {𝑥1, . . . , 𝑥𝑚}, totally ordered first by entrance time.
Let𝐷 be its boundary matrix.

For the 𝑖-th row of𝐷 , 𝑙𝑒 𝑓 𝑡 (𝑖 ) denotes the column index of the
leftmost element of such row. If row 𝑖 is zero, set 𝑙𝑒 𝑓 𝑡 (𝑖 ) = 0.

Definition
Amatrix 𝑅 is called row reduced if 𝑙𝑒 𝑓 𝑡 (𝑖 ) ≠ 𝑙𝑒 𝑓 𝑡 (𝑖 ′) for all
non-zero rows 𝑖 ≠ 𝑖 ′. The element 𝑅 𝑖

𝑗
is called a row pivot (of

𝑅) if 𝑗 = 𝑙𝑒 𝑓 𝑡 (𝑖 ).

Theorem
The row pivot pairing of a reduced boundary matrix provides
the barcode decomposition of the associated persistent module.
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Number of operations
Let𝑋 be a filtered Vietoris-Rips complex, whose quasi-minimal
set of generators is ordered first by degree. Let 𝑣 be the number
of generators in degree 0 and𝑁 themaximal non-trivial degree
of 𝑋 .
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Algorithm for filtered chain complexes

Decomposition into interval spheres

Input: Totally ordered quasi-minimal set of generators {𝑥1, . . . , 𝑥𝑚}
Output: List of interval spheres

1 List = ∅
2 𝐷 = BOUNDARYMATRIX(𝑥1, . . . , 𝑥𝑚)
3 while exists non-zero row 𝑖 in𝐷 do
4 𝑥𝑖 , 𝑥𝑗 = PAIR(𝐷, 𝑖 )
5 Append 𝐼 deg(𝑥𝑖 )

[
ent (𝑥𝑖 ) , ent

(
𝑥𝑗
) )
to List

6 SPLIT
(
𝑥𝑖 , 𝑥𝑗 , 𝐷

)
7 for all indices 𝑖 of remaining rows in𝐷 do
8 Append 𝐼 deg(𝑥𝑖 ) [ent (𝑥𝑖 ) ,∞) to List
9 Return List

15



Algorithm for filtered chain complexes

SPLIT
Input: Boundary matrix𝐷 , pair of splittable generators

𝑥𝑖 , 𝑥𝑗
Output: Reduced boundary matrix𝐷

1 for 𝑘 with𝐷𝑘
𝑗
≠ 0 do

2 Add to the 𝑘-th row the 𝑖-th rowmultiplied by
−(𝐷 𝑖

𝑗
)−1𝐷𝑘

𝑗

3 Delete row 𝑗 from𝐷

=⇒ COMPRESS

4 Delete row 𝑖 and column 𝑗 from𝐷

5 Delete column 𝑖 from𝐷

=⇒ CLEAR

16
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Conclusions

• Algorithm to decompose filtered chain complexes into
interval spheres

• The algorithm does not require a fixed order on
generators, intrinsically adopts both the clear and
compress, and produces the barcode decomposition as a
byproduct

• "Novel" algorithm to retrieve the barcode decomposition
using row operations, dualising the standard persistence
algorithm

Invariants for tame parametrised chain complexes,
W. Chachólski, B. Giunti, and C. Landi, 2020

Algorithmic decomposition of filtered chain complexes,
W. Chachólski, B. Giunti, A. Jin, and C. Landi, 2020

Notes on pivot pairings, B. Giunti, 2021
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Conclusions

Future directions:

Test the performances of the different algorithms
Optimise the PAIR algorithm

- Using local properties of filtered simplicial complexes
- Parallelising

Explore different orders
- To improve memory access
- To improve (co)faces generation and retrieval

Thank you for your attention!
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