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Exercise sheet 2 - short

Constant curvature

Not to be handed in, will be discussed on November 2nd

Exercise 1. Show that the group of orientation-preserving isometries of H2, the upper half-
plane model of two-dimensional hyperbolic space, can be identified with PSL(2,R). Here, the

action of an element

(
a b
c d

)
∈ PSL(2,R) = SL(2,R)/{±1} is given by

z 7→ az + b

cz + d
.

Exercise 2. Consider the Klein model K2 of the hyperbolic plane. Define the cross-ratio of
four points p, q, r, s ∈ R2 as

β(p, q, r, s) =
|q − r||s− p|
|p− r||s− q|

,

where | · | denotes the Euclidean norm.
For any two distinct points p, q ∈ K2, let r and s be the points of intersection between the line
through p, q and the boundary ∂K2. Assume that they appear in the order r, p, q, s. Show that
the hyperbolic distance between p and q is then given by

d(p, q) =
1

2
| log β(p, q, r, s)|.

Exercise 3. In this exercise, we compute geodesics and the curvature of the model spaces Mn
k

for k 6= 0. The curvature will be computed by a different method from the one used in the
lecture.

(a) Show that a geodesic through the point x with initial tangent vector v ∈ TxMn
k = span(x)⊥

is given by

k > 0 : γ(t) = x cos(t
√
k‖v‖) +

v√
k‖v‖

sin(t
√
k‖v‖),

k < 0 : γ(t) = x cosh(t
√
−k‖v‖) +

v√
−k‖v‖

sinh(t
√
−k‖v‖).

(b) For orthonormal vectors u, v ∈ TxMn
k , a 1-parameter family of geodesics is given by

γw(s)(t) = expx(tw(s)),

where w(s) = u cos(s)+v sin(s). Use Jacobi fields to compute the curvature of Mn
k for both

k > 0 and k < 0.


