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Abstract
On arithmetic surfaces over henselian discrete valuation rings we ex-
amine whether a geometric point has a basis of étale neighborhoods whose
c-completed étale homotopy types are of type K(m, 1) with respect to a
full class ¢ of finite groups.

1 Introduction

In [1] Artin proves the comparison theorem of classical with étale cohomology
for a variety over the complex numbers. A crucial point in the proof is the
construction of a special type of neighborhoods now called good Artin neigh-
borhoods. They are open subschemes which admit a successive fibration into
affine curves X — B with smooth compactification X — B such that the com-
plement X — X is étale over B. This type of fibration is called elementary
fibration. The construction of a good Artin neighborhood uses Bertini’s theo-
rem in order to find a suitable linear subspace of the ambient projective space
such that projection along this subspace locally yields an elementary fibration.
These neighborhoods are so useful because topologically they are particularly
simple. They are examples of K (7, 1)-spaces, i.e. of spaces whose only nontriv-
ial homotopy group is the fundamental group. This property can be drawn from
the long exact homotopy sequence associated with an elementary fibration.

The scenario where X is a smooth variety over an algebraically closed field of
positive characteristic was treated by Friedlander in [6]. He examines whether
an étale neighborhood is K (m,1) with respect to a prime number ¢ different
from the characteristic of X, i.e. if it is K(m,1) after f-completion of the étale
homotopy type. He also uses elementary fibrations and the homotopy sequence
associated with these fibrations. The major problem he has to deal with is
non-exactness of c-completions for a full class of finite groups ¢. If ¢ is the class
of finite ¢-groups, he can prove that under certain conditions ¢-completion is
indeed exact by using special features of /-groups.

In the arithmetic setting, i.e. considering schemes flat and of finite type
over Z or Z,, the above approach is not promising. In fact, étale bases of
neighborhoods which admit an elementary fibration never exist (see [11], Chap-
ter 3). In case of arithmetic surfaces 7 : X — B this is quite obvious because
for U — X étale the restriction of m to U is the only possible fibration into
curves (unless the generic fiber is rational but in this case X may be replaced
by an étale neighborhood). Even if X is smooth and projective over B, there are



open subschemes with no étale neighborhood admitting an elementary fibration.
One just has to take the complement of a non-smooth divisor in X.

As a consequence we cannot expect to work with smooth fibrations of arith-
metic schemes. This makes it hard to use the machinery of long exact sequences
of homotopy groups associated with a fibration. The problem is the lack of a
simple relation between the homotopy theoretic fiber and the geometric fibers.
Instead, we follow a more explicit approach working directly with the Leray
spectral sequence associated with a fibration. Furthermore, we restrict our at-
tention to arithmetic surfaces, the one-dimensional case having been dealt with
in [19].

The present work examines arithmetic surfaces which are of finite type over
some local ring of integers of residue characteristic p. In contrast to Friedlander
we do not need to restrict our attention to f-extensions for a single prime ¢ # p
but can consider more general classes of finite groups. We say that a noetherian
scheme X is K (m, 1) with respect to a full class of finite groups c¢ if the pro-c-
completion of the étale homotopy type of X is K(m,1). Writing N(¢) for the
submonoid of N consisting of all cardinalities of groups in ¢ the main result reads
as follows.

Theorem 1.1. Let B be the spectrum of the ring of integers of the completion K
of an algebraic extension of Q, with finite ramification index. Let ¢ be a full
class of finite groups such that the residue characteristic of B is not contained
in N(c) and for all but finitely many primes £ € N(c) the extension K (ue)| K is
a c-extension. Let Y /B be an arithmetic surface and §j — Y a geometric point.
Then § has a basis of étale neighborhoods which are K(mw,1) with respect to c.

In particular, there exist K (m, 1)-neighborhoods with respect to any class of
finite groups of the form ¢(¢1,...,¥,) for prime numbers ¢; prime to the residue
characteristic of B. Here, ¢(¢1,...,£,) denotes the class of finite groups whose
order is divisible at most by the primes ¢1,...,¢,. If the residue field of B is
separably closed, we can take any full class of finite groups with p ¢ N(¢). In
particular, we may take the class of all finite groups whose order is prime to p.

Let us explain more closely what a K (m, 1)-scheme is. Consider a connected,
locally noetherian scheme X with geometric point Z. Following [2] we asso-
ciate with (X,Z) the étale homotopy type X, which is a pro-object of the
homotopy category of pointed, connected CW-complexes. We obtain homo-
topy pro-groups m,(Xe) and for an abelian group A with a m(Xe)-action
cohomology groups H™(Xet, A). The first homotopy pro-group of Xe, m1(Xet),
coincides with the "pro-groupe fondamentale enlargi" defined in [5], Exp. X, §6
(see [2], Corollary 10.7). If X is geometrically unibranch (e.g. normal), 71 (Xet)
is profinite and coincides with the usual fundamental group defined in [10],
Exp. V. Moreover, for an abelian group A with a 71 (Xg)-action the cohomol-
ogy groups H™(Xe, A) coincide with the étale cohomology groups H"(X, A).

Let n be a positive integer and G a pro-group, which is assumed abelian if n >
1. There exists a pointed, connected pro-CW-complex whose n*" homotopy pro-
group is isomorphic to G and whose remaining homotopy pro-groups vanish. It
is unique up to f-isomorphism (i.e. up to morphisms inducing isomorphisms
on homotopy pro-groups) and called Eilenberg MacLane space of type K (G, n).
We say that a connected, locally noetherian scheme X with geometric point &



is K(m, 1) if the canonical morphism
Xey = K(m(X,7),1).

is a f-isomorphism.

We are interested in a slightly refined version of the K (m,1) property: For
a full class of finite groups ¢ and a pro-CW-complex Z we denote by Z(c)
the pro-c-completion of Z (which exists by [2] Theorem 3.4). We say that X is
K (m,1) with respect to ¢ if X¢(c) is K(m,1). Note that in general, being K (7, 1)
neither implies nor is implied by being K (7, 1) with respect to ¢. The reason is
the following: For any pro-CW-complex Z there is a natural isomorphism

~

m1(2)(¢) = mi(Z(c))

but the higher homotopy pro-groups of Z(¢) are not necessarily isomorphic to
the c-completion of the respective homotopy pro-groups of Z.

There is a criterion for a scheme to be K (, 1) with respect to ¢ which involves
only étale cohomology. In order to explain it let us fix some terminology: A
Galois c-covering of X is a Galois covering with Galois group in ¢. A c-covering
is a covering which is dominated by a Galois c-covering. The étale coverings
of X constitute a Galois category by [10], Exp. V, §7. From this it is easy to
deduce that the same holds for the c-coverings of X. We have the following
characterization of schemes of type K (m,1) (see [18], Proposition 2.1):

Proposition 1.2. Let ¢ be a full class of finite groups and X a locally noetherian
scheme. The following assertions are equivalent:

(i) X is K(mw,1) with respect to c.

(i) Leti =1 and A = Z/UZ with ¢ € N(c). Then, for every c-covering X' — X
and every class ¢ € H (X', A) there is a c-covering X" — X' such that ¢

maps to zero under 4 4
H'(X',A) —» H' (X", A).

The reader not familiar with étale homotopy theory may safely take this
criterion as a definition of the K(m,1)-property. Throughout the rest of this
article we will work exclusively with the above cohomological characterization.
Note that the condition on the first cohomology group is automatically satisfied
as HY(X',A) classifies Galois coverings of X’ whose Galois group is a quotient
of A and these coverings are c-coverings.

Let us now consider the situation on arithmetic surfaces: We fix a base
scheme B which is the spectrum of an excellent Dedekind ring of dimension
one. In this article we are mainly interested in the case where B is a henselian
discrete valuation ring but in view of future work on global arithmetic surfaces
we formulate most results in more general terms. It is only in Section 6 and in
Section 10 that we restrict our attention to arithmetic surfaces over a henselian
base. By an arithmetic surface over B we mean an irreducible, normal scheme U
of dimension 2 which is flat and of finite type over B with geometrically con-
nected generic fiber. Take a full class of finite groups ¢ such that all prime
numbers in N(c) are invertible on B. Proposition 1.2 leads us to the question
whether a given cohomology class ¢ € H*(U,A) for i > 2 can be killed by a
c-covering.



Assume there is a compactification X of U/B and an open subscheme X of X
containing U such that X — X is the support of a nonempty regular horizontal
divisor intersecting all vertical divisors transversally. Setting Z = X — U (with
the reduced scheme structure) we have the following exact sequence:

.= Hy(X,A) - H(X,A) > H'(U,A) > HS N X, A) — ... (1)

This reduces the task of killing cohomology classes in H!(U, A) to killing classes
in H;"H(X,A) and HY(X, A).

Let us first have a look at Hi"' (X, A). Using resolution of singularities we
achieve that Z is a tidy divisor. This property is slightly stronger than being
an snc divisor (see Section 2 for a definition). For a tidy divisor Z we can
handle H?l(X ,A) using absolute cohomological purity. Roughly speaking, a
cohomology class in H, (X, A) is killed by a c-covering which is sufficiently
ramified along Z (see Section 5).

The cohomology groups H!(X, A) are accessible because 7 : X — B is quite
close to being an elementary fibration: There is a base change theorem which
asserts that for every geometric point b — B we have

(R'myN)y = H? (X5, A)

(see Proposition 4.3). In particular, Rim A = 0 for j > 3. Moreover, Xj is
an affine curve for all b where Xj is regular. As there are only finitely many
singular fibers, this implies that R?m4A is a skyscraper sheaf.

Let us specialize to the case we are primarily interested in in this arti-
cle, namely where B is the spectrum of a henselian discrete valuation ring R.
As mentioned before, H'(X,A) automatically vanishes in the limit over all c-
coverings. This leaves us to cope with the second cohomology. Unfortunately,
H?(X,A) is not necessarily killed by a c-covering. However, a glance at se-
quence (1) reveals that it suffices to show that

coker(HZ(X,A) — H*(X,\))

is killed by a c-covering. In Section 6 we give conditions for this to be true.

Having carved out conditions for an arithmetic surface to be K (m, 1) with
respect to ¢ we set out to construct étale neighborhoods U on a given arithmetic
surface satisfying these conditions. The main difficulty lies in ensuring that U
has enough c-coverings that are sufficiently ramified along the boundary (see
Section 9).

This article is based on parts of my thesis written under the supervision
of Alexander Schmidt. I would like to thank him for posing this interesting
question and supporting me during the process of answering it. Moreover, my
thanks go to the referee whose suggestions helped me a lot in improving the
overall structure of the paper.

2 Tidy divisors on arithmetic surfaces

Let X be a noetherian scheme. Throughout this article we identify effective Weil
divisors on X with the associated closed subschemes of X whenever this does
not lead to confusion. If the ambient scheme is normal, we can do the same for
effective Cartier divisors. Remember that an effective Cartier divisor D on X



has simple normal crossings at a point x € D if X is regular at x and there

is a local system of parameters f1,..., f, at x and mq,...,m, € Ny such that
1"t o fimnoprovides a local equation for D. The effective Cartier divisor D is

a simple normal crossings (snc) divisor if it has simple normal crossings at each
point. We say that two effective Cartier divisors D and D’ intersect transversally
at a point z € D n D’ if they have no common irreducible component passing
through x and D + D’ has simple normal crossings at x.

Suppose now that X/B is an arithmetic surface. An effective Cartier di-
visor D on X is tidy at a point x € D if it has simple normal crossings at x
and intersects each vertical divisor of X passing through z transversally. A tidy
divisor on X is an effective Cartier divisor D which is tidy at every point of D.
In particular, the horizontal irreducible components of a tidy divisor do not in-
tersect. For a proper closed subscheme Z < X we say that a closed point z € Z
is a special point of Z if either Z is not a tidy divisor at z or Z is tidy at z
and Z,.q is singular at z. The special points of a tidy divisor D are precisely
the points where two irreducible components of D intersect. If D is not tidy
but only snc, the special points are the singular points of D,.; and the points
where D intersects a vertical divisor non-transversally.

Let Z < X be a proper closed subscheme. We define a minimal desingular-
ization of (X, Z) to be a proper morphism of pairs ¢ : (X', Z’) — (X, Z) such
that X’ is regular at all points of Z’, the morphism (X’'—Z2’) — (X —Z) is an iso-
morphism and ¢ is universal with this property, i. e. any other proper morphism
¢" (X", Z") — (X, Z) as above factors through ¢. Minimal desingularizations
of (X, Z) exist by [14] and are unique up to unique isomorphism.

Definition 2.1. Let X/B be an arithmetic surface and Z < X a proper closed
subscheme. A tidy desingularization (X', Z') — (X, Z) of (X, Z) is a birational
morphism X' — X such that Z' is a tidy divisor of X' and (X', Z") — (X, Z)
factors as

(X', 2") = (X, Zn) = ... > (X1, Z1) — (X0, Zo) — (X, Z),

where Xo — X is the minimal desingularization of (X,Z) and fori=1,...,n
the morphisms (X;, Z;) — (X;—1,Zi—1) are blowups of X;_1 in special points
Of Zi—l .

Proposition 2.2. Let X /B be an arithmetic surface and Z < X a proper closed
subscheme. Then a tidy desingularization of (X, Z) exists.

Proof. We may assume that X is regular at all points of X —Z as X is singular in
at most a finite set of closed points, which we can remove from X if they do not
lie on Z. By [3], Theorems 0.1 and 0.2 there is a desingularization (X', Z') —
(X, Z) which is an isomorphism over the complement of Z such that Z’ is an
snc-divisor. Moreover, we can assume that (X', Z') — (X, Z) is obtained from
the minimal desingularization by successive blow-ups in singular, hence special,
points. Let D’ be the union of Z’ with the finitely many vertical prime divisors
containing the points where Z’ intersects a vertical divisor non-transversally.
After removing from X’ all points of D’ which are not contained in Z’ and
where D’ is singular, we may assume that the special points of D’ are contained
in Z’. By construction, they coincide with the singular points of D/ _,. Blowing
up in singular points of D! _, we achieve that D’ is an snc-divisor. This is
equivalent to saying that Z’ is tidy. O



Let ¢ be a full class of finite groups and denote by N(¢) the submonoid of
the positive integers formed by the orders of all groups in ¢. For an arithmetic
surface X/B such that all elements of N(c¢) are invertible on X and a tidy
divisor D on X we want to examine whether U := X — D is K(m, 1) with
respect to ¢. The cohomological criterion spelled out in Proposition 1.2 leads
us to study the c-coverings of U. We can extend a c-covering U’ — U to a
finite morphism X’ — X by taking the normalization of X in U’. We obtain
a c-covering of (X, D), i.e. a finite morphism of pairs (X1, D;) — (X, D) such
that X; — D1 — X — D is an étale c-covering. Any c-covering of (X, D) is tame,
i.e. the valuations of K(X) associated with the irreducible components of D
are tamely ramified in the corresponding function field extension. Otherwise
there would be an irreducible component Z of D whose function field is of
characteristic p > 0 dividing the degree of the covering. However, we assumed
the orders of all groups in ¢ to be invertible on X, hence not divisible by p.

For a tame covering (X, D1) — (X, D) the divisor D; is not tidy in general.
But we find a tidy desingularization (X', D) — (X1, D;) using Proposition 2.2.

Definition 2.3. A desingularized tame covering (X', D’) — (X, D) is the
composition of a tame covering (X1,D1) — (X,D) and a tidy desingular-
ization (X',D’) — (X1,D;). In this case we define the exceptional divisor
of (X',D") — (X, D) to be the exceptional divisor of X' — X;. A desingu-
larized c-covering is a tame covering (X', D') — (X1, D1) — (X, D) such that
(X1,D1) — (X, D) is a c-covering.

3 Setup and Notation

Let ¢ be a full class of finite groups. Remember that a profinite group G is
called ¢-good if for all G(c¢)-modules M € ¢ and all ¢ € N the inflation

HY(G(c), M) - H'(G, M)

is an isomorphism. If G is the absolute Galois group of a field k, this is equivalent
to saying that Speck is K(m,1) with respect to c. We need a slightly stronger
version: Denote by H the kernel of the surjection G — G(c). We say that G is
strongly c-good if for all G-modules M € ¢ and all : € N

H'(G(c), M™) - H'(G, M)
is an isomorphism. This is equivalent to saying that for all j > 1
H(H,M) = 0.

One example for a strongly c-good group is Z, the absolute Galois group of a
finite field. For a prime p ¢ N(c) take an algebraic extension of Q, containing
the £ roots of unity for every prime ¢ € N(c). Then its absolute Galois group
provides another example for a strongly c¢-good group.

We now set up the notation for Section 5 and Section 6. We fix an excellent
Dedekind scheme of dimension 1. Furthermore, we take a full class of finite
groups ¢ such that all prime numbers ¢ € N(c) are invertible on B and p, = Z/{Z
on B. We assume that the absolute Galois groups of the residue fields of B at
closed points are strongly c-good.



Over B we fix a proper arithmetic surface X with geometric point z — X
lying over a closed point z € X. Let D € X be a tidy divisor whose support
does not contain z. Let Dj, be the maximal subdivisor of D with support on the
isolated horizontal components of D, i.e., on the horizontal components which
do not intersect any other component. Set X = X — Dy, and U = X — D and
denote by D € X the restriction of D to X. We write D, for the maximal
vertical subdivisor of D and Dj for the maximal horizontal subdivisor, such
that D = D, + D;,. Notice that D, is also the maximal vertical subdivisor of D.
The maximal horizontal subdivisor of D is given by D, + Dj,. Let W denote
the union of all vertical prime divisors which are contained in a singular fiber
of X — B but not in D. Put differently, W is the Zariski closure of the union
of all reduced fibers (Up),eq Where X is singular. Denote by S the finite set of
special points of D, i.e., the set of singular points of D 4.

We denote by J g py the category of all pointed desingularized ¢-coverings
of (X, D). We will see in Proposition 7.4 that J(x,p) is cofiltered. Viewing 7
as geometric point of B we write Jg for the category of pointed finite étale ¢c-
coverings of B. By

(B'— B)— (X xg B',D x5 B') - (X, D))

Jp becomes a full subcategory of J ¢ p)-
For (X', D) — (X, D) in Jx.p) let

X' - B - B

be the Stein factorization of X’ — X — B. Then X' is an arithmetic surface
over B’. We use analogous notation for (X', D’) as for (X, D): We write U’
for X’ — D' and Dj, for the maximal subdivisor of D’ with support on the
isolated horizontal components of D’ and so on. Moreover, we write E’ for the
exceptional divisor of X’ — X.

Lemma 3.1. Let 7 : (X', D') — (X1,D1) — (X,D) be a desingularized c-
covering. Then w* Dy, = Dj and Dj, is the horizontal part of 7* Dy,.

Proof. By the definition of Dj, and Dy, it suffices to show that 7 maps the ir-
reducible components of Dj, to Dy, and those of D} to Dj,. By the logarithmic
version of Abhyankar’s lemma ([9], Thm. 7.3.44) (X1, D) — (X, D) is Kum-
mer étale, hence flat. Therefore, D; — D is flat and moreover proper and of
finite presentation. It is thus open and closed. We conclude that a connected
component of D, is mapped surjectively onto a connected component of D. Fur-
thermore, connected components of D’ are mapped surjectively onto connected
components of D;. Every irreducible component of D;l is thus mapped to an
irreducible component of Dy,.

Since Dj, is regular and does not intersect the other components of D, the
tame covering (X1, D1) — (X, D) has regular branch locus in a neighborhood
of Dy. By the generalized Abhyankar lemma (see [10], Exp. XIII, 5.3.0) the
preimage Dy, 1 of Dy, in X is again regular and X is regular in a neighborhood
of Dy 1. In particular, Dy, ; does not contain special points and thus *(Dj,)
is contained in D;L. Hence, the image of every irreducible component of Dj is
contained in Dj,. O



As a consequence of Lemma 3.1 we have 7*X = X’ and n*D, = D,. The
preimage of Dy, is the sum of Dj, and a divisor with support in E’.

Our objective is to investigate whether U is K (, 1) with respect to ¢. In
this article we treat the case where B is local henselian. The above setup is
more general because we plan another paper on the global case, i.e. where B is
an open subscheme of the spectrum of the ring of integers of a finite extension
of Q. A great part of the proof is not much more difficult in the global case.
Hence, we prove many propositions in a more general setting and specialize to
the local case only when this is considerably easier.

For a morphism of schemes f : Y — S, a closed subscheme Z of Y, and a
sheaf # on the étale site of Y we write R’ fF for the higher direct images with
support in Z. They are the derived functors of the functor which sends an étale
sheaf F on Y to the sheaf

(8" 8) > ker(F(Y x5 8') > F((Y —Z) x5 8) = Hy, s/ (Y x5 8, F)
on the étale site of S.

Proposition 3.2. In the above notation assume that B is a henselian discrete
valuation ring and that for all primes ¢ € N(¢) setting A = Z/lZ the following
conditions are satisfied:

. Z / — . >
(1) h_r)nj(x[)) Hy (X',A) =0 fori>3 and
(2) lim, coker (HO(B', R m,A) — HO(B', R*m,A)) = 0.
Then U is K(m,1) with respect to c.

Proof. By Proposition 1.2 it is enough to show that for any ¢ > 2 and A = Z/(Z
for a prime ¢ € N(c)

lim H'(U',A) =0,

U'—U
where the limit is taken over all c-coverings of U. Taking the limit of the
excision sequences associated with (X', D’) for all desingularized c-coverings
(X', D) — (X, D) we obtain a long exact sequence

.- lim H(X',A) - lim H'(U',A) - lim H'(XA)— ...
Jx,p) Jx,p) Jx,D)
Using condition (1) we obtain
i HU(UA) = lim HY(X',A)
J(x.D) J(x.D)
for i > 3 and an exact sequence
lim Hp (X',A) — lim H*(X',A) — lim H*(U',A) — 0.
Jx,D) Jx,D) Jx,D)

For a desingularized c-covering (X', D') — (X, D) consider the Leray spectral
sequence _ ' o
Hi(B', RPr,A) = HI*I (X', A).



Let b’ — B be a geometric point of B’ lying over the closed point b of B’ (com-
patible with ). In Section 4 we will see that absolute cohomological purity and
proper base change for X/B imply that (R/z,A); = H'(Xj,,A) (see Propo-
sition 4.3). Since X7, is a curve over an algebraically closed field, H7 (X7, A)
vanishes for j > 3. Moreover, for i > 1

lim H (B, R/w, \) = lim H'(k(V'), H (X}, A)) =0

Jprs Jprs

as the absolute Galois group of k(V') is strongly c-good by assumption. In
total the above limit vanishes whenever ¢ + j > 3 and for (4,j) = (1,1) and
(7,7) = (2,0). This implies that

lim H'(X',A)=0

J(x.D)
for ¢ > 3 and

lim ker(H*(X',A) “% HO(B', R*m,A)) = 0. (2)

J(x,p)
Consider the diagram

lim Hp(X',A) ———— lim H*(X',A) — lim H*(U’,A)

J(x.,D) J(x.,D) J(x,D)

~J{edge \[edge

lim H°(B',R}m,A) — lim HO(B',R*m,A).
Jx.0) J(x.0)

The left vertical arrow is an isomorphism because due to purity R{DW*A =0
for j < 1. The surjectivity of the lower horizontal arrow is due to condition (2)
and the injectivity of the right vertical arrow is stated above (see (2)). We
conclude that the upper left horizontal map is surjective, whence

lim H*(U’,A) = 0.

J(x.,D)

4 Absolute cohomological purity

Before we go into the details of discussing condition (1) in Proposition 3.2
we draw some conclusions from Gabber’s absolute purity theorem that will be
crucial in the treatment of cohomology groups with support.

Let X be a noetherian, regular scheme and Z < X a regular closed sub-
scheme of pure codimension c¢. Then (X, Z) is called a regular pair of codimen-
sion ¢. Fix a positive integer m invertible on X and set A = Z/mZ. The absolute
cohomological purity theorem proved by Gabber in |7] provides a canonical iso-
morphism

Hy(A) =

0 for n # 2¢
Az(—c) forn=2c.



which is induced from the cycle class map sending 1 € A to the fundamental
class sz/x € HZ(X,A(c)). Since the étale site of a scheme is equivalent to
the étale site of its reduction, the statement also holds if only X,.q and Z,.q
are regular. We call (X, Z) a weakly regular pair if (X, eq, Zreq) is a regular
pair. Taking into account that the pullback of the fundamental class sz _,/x .,
under a morphism (X', Z") — (X, Z) of weakly regular pairs of codimension ¢
ise-s 27 ,/X! where e denotes the ramification index, we obtain the following
compatibility of purity isomorphisms:

Proposition 4.1. Let f : (X', Z") — (X, Z) be a morphism of weakly regular
pairs of codimension c. Suppose that Z and Z' are irreducible and as cycles
on X, ., we have f%,Zwq = €- Z!,, with a positive integer e (the ramification
index). Then, for any m € N invertible on X the following diagram commutes

Hy(X,2/mD) > H"72(Z,Z/m1(~c))

|

H™2¢(Z! Z/mZ(—c))

l.e

HY,(X', 2/mZ) &= H""2%(Z', Z/miL(~c)),

Corollary 4.2. Let X be a noetherian, regular scheme and f : X' — X a
tamely ramified covering such that the branch locus D < X is regular. Let Z be
a reqular closed subscheme of D and let Z' denote its preimage in X'. Then,
for any integer m dividing the ramification index of each irreducible component
of Z', the canonical map

HY(X,Z/mZ) — H (X', Z/mZ)
is the zero map for all n € N.

Proof. Without loss of generality we may assume that Z is integral. The scheme
X’ and the underlying reduced subscheme of Z’ are regular because the branch
locus D is regular. Denote by Zj, for k = 1,...,r the irreducible components
of Z'. For each k we can now apply Proposition 4.1 to the morphism

_U4*X

itk
to conclude that
Hy(X,Z/mZ) — Hy, (X' - | | /,2/mZ)
1#k
is the zero map. But
Hy(X',Z/mZ) = @ Hy, (X' - | ] 2/, 2/mZ),
k 1#k

and the corollary follows. O

Using Gabber’s absolute purity theorem we can prove the following refined
version of the proper base change theorem.

10



Proposition 4.3. Let (X,Z) be a weakly regular pair of codimension ¢ and
setU=X—Z. Letm: X —Y be a proper morphism such that Z intersects X,
transversally for any closed pointy of Y. Set A = Z/mZ for an integer m prime
to the residue characteristics of X. Then for any geometric point y — Y and
any integer d the base change morphisms

(R"(mv)«A(d))g — H" (Ug, A(d))
are isomorphisms for any n = 0.

Proof. Without loss of generality we may assume Y is the spectrum of a strictly
henselian local ring with closed point y. Then, p,, = Z/mZ on X and it suffices
to prove the lemma for d = 0. We need to show that

H"(U,A) — H"(Uy, A)
is an isomorphism. Consider the following diagram of excision sequences

. — H2(X,A) — H"(X,A) — H"(U,A) — ...

| | |

<. — Hy (Xy,A) — H"(Xy,A) —— H"(Uy,A) — ...

The homomorphisms H™(X,A) — H"(X,,A) are bijective due to proper base
change. Since by assumption Z intersects X, transversally, (X, Z,) — (X, 2)
is a morphism of weakly regular pairs of codimension ¢ yielding a commutative
diagram

H2(X,A) ——— H"2¢(Z,A(—c))

! |

H}y (Xya A) — Hnch(Zyv A(_C))

The horizontal maps are purity isomorphisms and the vertical map on the right
is an isomorphism by proper base change. Hence, the vertical map on the left is
an isomorphism and the lemma follows by applying the five lemma to the above
diagram of exact sequences. O

Finally, we prove the following technical result which is a variant of (and
follows from) the compatibility of the purity isomorphisms associated with sub-
schemes Y € Z < X such that (X,Y), (X,Z) and (Z,Y) are weakly regular
pairs:

Proposition 4.4. Let X/B be an arithmetic surface and D < X an snc-divisor.
Let S < D be a set of closed points containing the set Dypng of singular points
of D. Denote by Dy the normalization of D and set Sy = S xp Dy. Then
the following diagram of cohomology groups with coefficients in A = Z/mZ (m
prime to the residue characteristics of X ) commutes
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4

T

H3 (X —8,A) —— H3(X —5,A) —>—— HL(X,A)

purityT~ pum’ty]\~

HY(D — S,A(-1)) H°(S,A(-2))

‘ ‘ HOT”T)’LT

~

H'(Dy — Sy, A(—-1)) —2— HZ (Dn,A(-1)) <=— H°(Sy,A(-2)).

purity
All maps § are connecting homomorphisms of excision sequences.

Proof. Denote by D; for i = 1,...r the irreducible components of D. Since

H%—S(X - SvA) = @H%7—S(X - Sa A)7

it suffices to prove the proposition for each component D; separately. We may
thus assume without loss of generality that D is a regular irreducible curve. In
this case the above diagram reduces to

[

T

H3 (X —S,A) —— H3(X —8,A) —2— HL(X,A)

purityT~ purityTN

HY(D = 8,A(-1)) —— HE(D,A(-1)) £ HO(S,A(-2)).

Consider the commutative diagram

H},_g(X — 8, A) 2 HA(X, A)
Hl(D_Svﬂ%fs(X_SvA)) : Hg(DaEQD(X’A))

HI(D — 8,A(~1)) ® H}_s(X — 5, A(1)) 225 12(D, A(—1)) ® H3 (X, A(1))
~T®SDfs/xfs ~|®sp/x

HY(D — §,A(-1)) g H2(D,A(-1)).

The restriction
res: Ho(X,A(1)) — H5_g(X — S, A(1))

is an isomorphism which maps the fundamental class sp/x to sp-s/;x_s. For
this reason, the homomorphism § ® res~! in the third line of the diagram is
well defined and the lowermost square commutes. Commutativity of the middle
square follows because H ,(X) is a free sheaf which restricts to Hp_¢(X — 5)
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on D — S. The upper square commutes due to compatibility of the spectral
sequences

HE(D, Hp(X,A) = H5 (X, A),
HY (D — S,H}, (X —S,A)) = Hi7 (X — S, A).

Furthermore, by [7], Proposition 1.2.1 the following diagram commutes

Hg(X,A)

HE(D,H}(X, A))

HE(D,A(-1)) ® Hp (X, A(1))
"T@SD/X

HZ(D,A(-1)) +—=—— H(S,A(-2)).

purity

purity

Putting the two diagrams together, the assertion of the proposition follows. [

5 Killing cohomology with support

In the setup of Section 3 we derive conditions for hypothesis (1) in Proposi-
tion 3.2 to hold. The idea is to kill cohomology classes with support in D by
c-coverings of (X, D) which are sufficiently ramified along D (compare Corol-
lary 4.2). More precisely we need the following notion:

Definition 5.1. Let Y be an arithmetic surface and Z <Y a Weil divisor.
We say that (Y,Z) has enough tame coverings at a closed point y of Z if for
every irreducible component C of Z passing through y there is f € K(Y)* with
support in Z such that deg~(f) > 0 and degy (f) = 0 for any other prime
divisor W passing through y. We say that (Y, Z) has enough tame coverings if
it has enough tame coverings at every closed point of Z.

If (Y, Z) has enough tame coverings at a point y and C is an irreducible
component of Z passing through y, we can construct c¢-coverings of (Y, Z) of
arbitrarily high ramification index in C' by taking the normalization of Y in a
function field extension K (Y)(/f)|K(Y) with f chosen as in Definition 5.1. In
a neighborhood of y this covering ramifies only in C.

Unfortunately, in order to treat condition (1) in Proposition 3.2 we cannot
directly apply Corollary 4.2 as D is not necessarily regular. Instead we proceed
in two steps using the excision sequence

= Hy(X,A) —> Hp(X,A) > Hpp_g(X = S,A) — ...

and applying Corollary 4.2 to (X — S5, D — S) and (X,S). In case i = 3 the
argument is a bit subtle and we need to understand the kernel of the map
H} (X —T,A) - H7(X,A) for a vertical divisor Z < X and a finite set
of closed points T' containing the singular points of Z. By Proposition 4.4
the purity isomorphisms translate this map to a map H*(Z — T,A(-1)) —
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H'(S, A(—2)) which is defined entirely in terms of curves. The following lemma
describes its kernel.

Lemma 5.2. Let C be a projective curve over an algebraically closed field k
with only ordinary double points and let I'c denote its dual graph. Let T <
C be a finite set of closed points containing the set Cgpng of singular points
of C. Define Cn := [, C;, where C; are the normalizations of the irreducible
components of C. Set Ty = T'xcCy. Form € N prime to the characteristic of k
consider the homomorphism B of cohomology groups with coefficients in Z/mZ
defined by
HY(Cy —Tyn) —2— H%N(C’N) ~— HYTN)(=1) = HO(T)(-1),

purity norm’

H —/
HY(C -T)

where « is the connecting homomorphism of the excision sequence associated
with (Cn,Tn). Then
ker(8)
ker(a)

>~ Hi(T¢,Z/mZ),

where Hi (Do, Z/mZ) denotes singular homology with coefficients in Z/mZ.

Proof. The group Hi(T'¢,Z/mZ) can be calculated using a cellular chain com-
plex. The zero-skeleton (I'¢)g consists of the nodes of the graph which corre-
spond to the irreducible components C; and the one-skeleton (I'c); is all of I'c.
Thus, the one-cells are the edges of the graph, which correspond to the points
in Cying. We give each edge s a direction by choosing an initial node C(s) and
an end node Cs(s). Then Hy(T'¢,Z/mZ) is the first homology of the sequence

0 — Hy((To)1, (Te)o, Z/mZ) 5 Ho((Te)o, Z/mZ) — 0

and the map d can be identified with

@ z/mZ-s— PZL/mL-C;.

$€Csing %

s+ Csy(s) — C1(s).
Let us now compute ker(3)/ker(a).

ker () HY(C -T) o
ker(«) ker ( ker(«) — HAT) 1)>
= ker(Im(a) — H°(T)(—1))
— ker(ker(HE, (C) — HA(Cw)) — HO(T)(~1))
= ker(H7, (Cn) — H*(Cn)) nker(H7, (Cn) — H*(T)(-1)).

We identify the map H7, (Cn) — H?(Cy) with
@D zZ/mZ-sy - PZ/mZ-C;,

sNETN 7

SN —> C(SN)
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where C(sy) is the component of Cy which contains sy and H7 (Cn) —
HO(T)(—1) with

@ Z/mZ-sy - PL/mL-s, (3)

sNETN seT
sy — s(sn) (4)

where s(sy) is the image of sy in 7. In particular, we obtain an isomorphism

@ Z/nZ-s—ker( @ Z/nZ-sy — PZ/nL-s),
5€Csing sNETN seT
s> (sn)2(s) = (sn)1(s)
where (sy);(s) € Ci(s) are the two preimages of s in Cy. Therefore, ker(3)/ ker(a)
is isomorphic to the kernel of the composition

@D z/mZ-s— P Z/mL-sy —PDL/mL-C;,

SECSMQ SNETN 7

which maps s € Cypg to Ca(s) — Ci(s). Comparing with the calculation
of H1(I'c,Z/mZ) at the beginning of the proof we see that

ker(8)
ker(«)

~ H, (T, Z/mT). O

In the following we call a (not necessarily integral) projective curve C over
a field k a rational tree if H1(C,O¢) = 0. By flat base change C is rational
if and only if its base change C to the separable closure k of k is rational.
This is the case precisely if every irreducible component of C is isomorphic to
]P’]lc and moreover the dual graph of C is a tree, i.e. simply connected (see [4],
Definition 4.23).

Lemma 5.3. Let Z < D, be a subdivisor whose connected components are
rational trees. Suppose that for every geometric point b above a closed point b € B

the natural map ~ -
m1(b,b)(¢) — m1 (B, b)(c)

is injective. Then

limy H, (X', A) — lim H}, g/ (X", A)
jB jB

is surjective (Remember that S’ is the set of special points of D'.)

Proof. Using the excision sequence for S’ < Z/ u 8" < X’ we see that the
required surjectivity is equivalent to the injectivity of

lim HY, /(X' — 5" A) — lim Hg, (X', A).
jB :‘B

In other words, for B — B in Jp and ¢ € Hj, (X' — S’,A) we have to
construct B” — B’ in Jp such that ¢ maps to zero in Hg, (X", A). As the
assumptions are stable under étale base change, we may assume B’ = B. By
Proposition 4.4 we have the following commutative diagram
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Hgfs(X_SaA) — Hg’(XvA)

] |

H'(Z — 8, A(~1)) 22 go(5,A(~2)),

where (—1) is the (—1)-twist of the map S defined in Lemma 5.2. It thus
suffices to show that the kernel of 8 vanishes in the limit over Jz. Without loss
of generality we may assume that Z is connected. In particular, it is contained
in a single closed fiber of X — B over some point b € B with residue field k(b).
Let k(b) be an algebraic closure of k(b) and denote by Z and S the base change
of Z and S, respectively, to k(b). Moreover, write Zy for the normalization

of Z and Zy for its base change to k(b). Consider the diagram of cohomology
groups with coefficients in A

H2(k(b))! ——— H?(k(b))

| [

0 —— HY(Zx)% 0 —— HY(Z — §)Crr — 5 [0(8)(=1)Cre»

| | f

00— H'(Zy) —— HY (Z - §) —2— HO(S)(~1),

| |

H (k(b)? ———— H'(k(b))?

| |

0 0

where d is the number of components of Zy. The vertical sequences are induced
by the Hochschild-Serre spectral sequences

Hi(k(b), H (Zxn),A)) = H™ (Zy, A),
H(k(b), H (Zx — Sn,A)) = H W (Zy — Sy, A).

The upper horizontal sequence is exact by the following reason: According to
Lemma 5.2, the first homology group H;(I'z,A) of the dual graph I'z of Z is
isomorphic to ker(3)/ker(a), where & denotes the connecting homomorphism
of the excision sequence associated with Sy <> Zn. As Z is a rational tree, I'y
is simply connected, and thus its first homology group vanishes. It follows that
the kernel of 5 equals the image of the map

v Hl(ZN,A) QHl(ZN —SN,A) = Hl(Z—S,A)

Taking G, ()-invariants we obtain the upper sequence of the above diagram,
which is therefore exact. A diagram chase now shows the exactness of the lower
horizontal sequence.

Again by the rationality assumption on Z, the cohomology group H'(Zy)
vanishes. The above diagram shows that the kernel of 3 equals H!(k(b))?. By
the assumption on fundamental groups it vanishes in the limit over Jp. O

Proposition 5.4. Suppose that the following conditions are satisfied:
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(i) (X, D) has enough tame coverings.
(ii) Every connected component of D has at least one horizontal component.
(iii) For every geometric point b above a closed point b € B the natural map
71(b,b)(¢c) — w1 (B, b)(c)
18 injective.
Then, for any n = 3

lim Hp, (X', A) = 0.

J(x,D)

Proof. Let (X', D') be an object of J(x,p) and ¢ an element of Hp, (X', A). We
have to show that there is a desingularized c-covering (X”, D") — (X', D') such
that the image of ¢ in HE, (X", A) is zero. We will see in Proposition 8.1 that
the property of having enough tame coverings is stable under desingularized
tame coverings. Moreover, it is easy to check that this is true for the remain-
ing assumptions as well. Hence, we may assume (X', D’) = (X, D). We first
construct (X', D’) in Jx p) such that the image of ¢ in Hp, (X', A) lifts to
HZ (X', A).

Let us treat the case n = 3. Since (X, D) has enough tame coverings, there
is a desingularized c-covering

(leD/) — (X1,D1) — (X, D),

such that m divides the ramification index of each irreducible component of D; .
We have the following commutative diagram of excision sequences with coethi-
cients A:

HE(X) ——— Hj(X) ———— Hj)_4(X = 8)

! | !

HE (X)) —— HY(X') —— H3 g m (X — S U E).

Let ¢ denote the image of ¢ in H3,(X’,A). Applying Corollary 4.2 to X' —
S'"UE — X — 5, we conclude that the rightmost vertical map is the zero map.
Consequently, ¢’ is mapped to zero in H?, ¢ (X' — S U E',A). Hence,
there is ¢} € H3, (X', A) mapping to ¢’. In Proposition 7.1 we will see that
the exceptional fibers of a desingularized c-covering are always rational trees.
Therefore, we can apply Lemma 5.3 with Z = E’ to obtain a finite étale c-
covering B” — B’ and thus via base change a finite étale c¢-covering X” — X’
such that the image of ¢} in H3,_ p. (X", A) lifts to an element ¢} € H3, (X", A).
Changing notation we may assume that ¢ lifts to ¢ € H3 (X, A).

Now assume that n > 4. By the same argument as for n = 3 there is a desin-
gularized c-covering (X', D’) — (X, D) such that the image of ¢ in H%, (X', A)
lifts to HZ g (X', A). In particular, it lifts to H”,U(X’,A) and thus we may
assume that ¢ lifts to Hp (X, A) right away.

Consider the excision sequence

= Hy(X,A) —» Hp (X,A) » Hp _g(X =S, A) — ...
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By purity we have
Hp, _g(X — S,A) =~ H" *(D, — S, A(-1)).

For each component Z; of D, lying over a closed point b; € B with geometric
point b; consider the Hochschild-Serre spectral sequence

HT (b, H*((Z; — S);,, A)) = H™*(Z; — S, A).

Since (Z; — S)p, is an affine curve over an algebraically closed field, its cohomo-
logical dimension is less or equal to one. Moreover, for r > 1, H" (b;, H*((Z; —
S)p,,A)) vanishes in the limit over Jp as the absolute Galois group of k(b;) is
c-good and 7y (b, b)(¢) — 71 (B,b)(c) is injective. We conclude that H"2(Z; —
S, A) vanishes in the limit over Jp for n > 4. As before we replace X by X’
and may assume that p; maps to 0 in Hp (X — S,A). Hence, ¢; lifts
to w2 € HZ(X, A).

Having lifted ¢ to ¢2 € HZ(X,A) for any n > 2 we now construct (X', D’)
in Jx py such that @2 maps to zero in H?,(X',A). The cohomology group
HZ(X,A) is the direct sum of all H'(X,A) for the finitely many points s €
S. For s € S choose an irreducible component D, of D passing through s.
Since (X, D) has enough tame coverings, we find a desingularized c-covering
(X', D") — (X1,D;) — (X, D) such that m divides the ramification indices of all
irreducible components of D, lying over D, and is unramified in all other prime
divisors passing through s. Since the branch locus is regular in a neighborhood
of s, the pair (X, D) is regular at all preimage points s}, ...,s. of s. Hence,
X’ — X, is an isomorphism in a neighborhood of s},...,s.. Therefore, by
Corollary 4.2, the homomorphism

HI (X, A) - @D H (X, A)

is the zero map. Take a desingularized ¢-covering (X",D") — (X, D) dominat-
ing the coverings (X', D’) — (X, D) constructed for each s € S.
We obtain a commutative diagram

Hg(X,A) —— HJ(X,A)
Hg g (X", A) —— HB, (X", A),

where the left vertical homomorphism is the zero map. This implies the asser-
tion. [

6 Killing the Cohomology of higher direct im-
ages

In this section we still keep the notation of Section 3 and examine condition (2)
of Proposition 3.2, i.e. we strive to kill the cokernel of

HY(B, R4 A) — H°(B, R*mA)).
In the following lemma we explain how to relate this homomorphism with the

intersection matrix of the irreducible components of the singular fibers.
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Lemma 6.1. Suppose that B is strictly henselian with closed point s. Denote
by p the intersection matriz of the components of the special fiber of 7 : X — B.
Then, for any integer c the following diagram commutes
H%v(X,A(c +1)) ———— H*(X,A(c+1))
purityT~ ~lbase change
H(D.y, Ac)) H*(X,, Ac + 1))
T~ ~ldeg
@D Ale)-C —2— ) Ac) - C.

ccD, CcX,,CAnDp=g

Proof. Tt suffices to prove the lemma for ¢ = 0. Consider the commutative
diagram

HIQD,,(X7/J‘M) - H2(X7/J'm) —_— HQ(Xsnum)
P HLHX,Gn)®A —— Pic(X)®A —— P Pic(C)®A
ccD, CﬁDh:Q

ﬁ {(degc)c
@ A-C @ A-C

ccD, CnDp=g

The direct sums on the right hand side run only over irreducible components
of X, with trivial intersection with Dj, as these are precisely the components
of Xy which are proper over B. The upper right horizontal isomorphism comes
from Proposition 4.3. The upper vertical maps are connecting homomorphisms
of the Kummer sequence. The concatenation of the left hand side vertical arrows
yields the purity isomorphism and the right hand vertical arrows give the degree
map on H?(Xj, ). The restrictions

Pic(X) — Pic(C)

are given by D — D - C where D - C' denotes the intersection product of the
divisor D with the curve C. Composition with deg- yields the intersection
number (D - C). We conclude that the lower horizontal map is indeed given by

the intersection matrix pc,.c, = (C1 - C2). O
We set
Z(c) = lim Z/mZ= || Z.
neN(c) £eN(c) prime

Lemma 6.2. Assume that (X, D) has enough tame coverings. Then, for every
integer d € N(c) there is a desingularized c-covering (X',D") — (X, D) such
that the image of

Hp (X, Z(c)(1)) — Hpy (X', Z(c)(1))

is divisible by d.
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Proof. By purity we have

@D Z(c) - C > HpH (X, Z(0)(1)).
ccD

Moreover, if (X', D') — (X, D) is a desingularized c-covering, the induced map

@D Z)-C—> D Zc)-C'

ceD c'ep’
is given by the pull-back of divisors. Let C € D be an irreducible component
and c € C a closed point of D. Since (X, D) has enough tame coverings, there
is f. € K(X)* with support in D such that in a Zariski neighborhood U.. of ¢
we have div f. = m.C with m, > 0. Denote by m/, the maximal factor of m,.
contained in N(¢). Let ¢. : (X., D.) — (X, D) be a desingularized c-covering
with function field extension

K(X.) = K(X)( "/ fo) [ K(X).

Then div f. is divisible by m/d as an element of Div X.. Thus, ¢*|y. (C|y.)
is divisible by d, i.e., the coefficients of all irreducible components of ¢*(C)
whose generic points lie over U, are divisible by d. This property is conserved
by further desingularized coverings.

There are finitely many closed points ci,...,¢, € C such that the open
subschemes Uy, , ..., U, cover C. Let (X', D') — (X, D) be a desingularized c-
covering dominating all coverings (X.,, D.,) — (X, D) constructed above. Then
the pullback of C' to X' is divisible by d. O

Lemma 6.3. Let By be the strict henselization of B at a geometric point of B
over a closed point. Denote by X and Dqy the base change of X and D, respec-
tively, to By. Assume that Dy, is nonempty and meets all irreducible components
of W. If (X, D) has enough tame coverings, the cokernel of

Hp,, (Xo,Z(c)(1)) — H?(Xo, Z(c)(1))
vanishes in the limit over J 5 py.

Proof. We may replace B by By. We just have to check that all tame coverings
of (Xo, Dg) occurring in the proof come from coverings of (X, D). It suffices to
prove that the cokernel of

¢ Hp, (X, Z(c)(1)) — H*(X, Z(c)(1))

vanishes in the limit over J 5 5y as Hp, (X,Z(c)(1)) is a direct summand of
H%(X,Z(c)(1)). Taking the inverse limit over all A =~ Z/nZ with n € N(c) of
the diagrams in Lemma 6.1 and setting ¢ = 0, we obtain

HY (X, 2(0)(1)) —2— H*(X,Z(c)(1))
purityT~ ~J{base change
H°(D,, Z(¢)) H?(X,,Z(c)(1))

) o

@D Z(c)-C —L— P Z(c)- C.

ccD, ccD,
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Since we assumed that Dj, meets all irreducible components of W, we have that
C n Dy, = & if and only if C < D,.. By [15], Theorem 9.1.23 the intersection
matrix of the components of the special fiber is negative semidefinite and its
radical is generated by a rational multiple of the special fiber. Since we assumed
that Dy, is nonempty, the support of D does not comprise all irreducible com-
ponents of the special fiber. Hence, the restriction p of the intersection matrix
to the components of D, is negative definite. We conclude that

¢®Q: Hp (X, Z(c)(1)) ® Q — H*(X,Z(c)(1)) ®Q

is an isomorphism and thus the cokernel of ¢ is c-torsion. Take d € N(c) such
that d-coker ¢ = 0. By Lemma 6.2 there is a desingularized ¢-covering (X', D') —
(X, D) of (X, D) such that the image of

HE (X, Z(c)(1)) — Hpy (X', Z(e)(1))

is divisible by d. Taking into account that multiplication by d is injective
on H%(X',Z(c)(1)) this proves the result. O

We can now specify sufficient conditions for assertion (2) in Proposition 3.2
to hold:

Proposition 6.4. Assume tfzathh is nonempty and intersects all irreducible
components of W and that (X, D) has enough tame coverings. Then

coker( lim H°(B',Rhm,A) — lim H°(B',R’m,A)) = 0.
3<X D) Jx.D)

Proof. Since the assumptions are stable under desingularized tame coverings
(see Proposition 8.1), it suffices to show that the cokernel of

HY(B, Ry ) — H°(B, R?my M)

is killed by a desingularized c-covering. We have a direct sum decomposition
indexed by the irreducible components D; of D:

REmiA = @@ R}, miA.

It is sufficient to prove that the cokernel of the vertical part vanishes after a
desingularized c-covering. Both R% T\ and R2?7, A are skyscraper sheaves
with support in the singular locus of 'X — B. We can treat each singular fiber
separately and thus assume that B is a henselian discrete valuation ring. We
only have to make sure that the constructed desingularized c-covering extends to
a desingularized c¢-covering above the initial base scheme. We have the following
diagram of exact sequences

HO(B, R}, miZ(c)) <™ HO(B, R} msZ(c)) — H(B,R% miA)

! b G

HO(B, R*mZ(c)) —™— HO(B, R%m,Z(c)) ——» HO(B, R%mA).

The exactness of the above sequences can be checked by using the explicit de-
scription of the cohomology groups involved.
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In order to show that the cokernel of the right hand side vertical map
in diagram (5) vanishes after a desingularized c-covering it suffices to show
that the cokernel of the middle vertical map does so. The stalk of the mor-
phism R}, m.Z(c) — R*m,Z(c) at b is

Hp (X", Z(c)) — H*(X*", Z(¢)).
By Lemma 6.1 it is given by the intersection matrix p of the components of Dj.
Since Dy does not contain all components of the geometric special fiber, p is
injective. Denote by F the cokernel. By Lemma 6.3 there is a desingularized c-
covering (X', D’) — (X, D) such that ¥ — F’ is the zero map (where F' is the
respective cokernel defined on X’). We have an exact sequence

0 — H%(B, R}, myZ(c)) — H°(B, R?myZ(c)) — H°(B, ).

So the cokernel of H%(B, R}, m4Z(c)) — H°(B, R*m,Z(c)) is a subgroup of F.
This shows the result. O

7 Exceptional fibers

Remember that we postponed the discussion of three issues: Firstly, we have to
show that the category J x p) is cofiltered. Secondly, we have yet to see that the
dual graph of the exceptional divisor of a desingularized tame covering is simply
connected. Finally, we need that the property of having enough tame coverings
is stable under desingularized c-coverings. All three assertions rely upon an
examination of the exceptional fibers of a desingularized tame covering. In this
section we describe the structure of these exceptional fibers and answer the first
two questions. The treatment of the third question is completed in Section 8.

Let us call curve a noetherian scheme whose irreducible components are one-
dimensional. We say that a curve C is a chain of P! ’s if it is a scheme of finite
type over a field k whose irreducible components C1,...,C, are isomorphic
to IP}W for i = 1,...,n — 1 the curve C; intersects C;,1 in exactly one point,
which is moreover k-rational, and C; n C; is empty for |i — j| > 2. If C' is a
closed subscheme of another curve Cy, we say that C is a bridge of P!’s in Cy
if C' is a chain of P'’s and C intersects exactly two of the remaining irreducible
components of Cy and this intersection takes place in two k-rational points
c1 € C1 and ¢, € C,.

The following result was proved in case B is the spectrum of a discrete
valuation ring with algebraically closed residue field by Viehweg (see [20]). In
general, it boils down to the fact that logarithmic singularities on a surface are
of type A,. This should be well known. However, the author was not able to
find a good reference. Therefore, we include a proof.

Proposition 7.1. Let X /B be an arithmetic surface and D < X a tidy divisor.
Let (X1,D1) — (X, D) be a tame covering of (X,D) and (X|,.n, Dhin
(X1, D1) the minimal desingularization of (X1, D1). Then D) .. is a tidy divisor
and the exceptional fibers of X! ., — Xi are bridges of P’s in D! .. (i e.
the singularities of X1 at points in D1 are of type A,, or Hirzebruch-Jung
singularities). In particular, (X .., Diin) — (X, D) is a tidy desingularization

of (X, D). Moreover, for any other desingularized tame covering (X', D') —
(X, D) the exceptional fibers are bridges of P1’s in D', as well.

) —
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Proof. We view (X, D) as a log scheme with log structure given by the divisor D.
Since D has normal crossings, (X, D) is log-regular and the corresponding log
structure is toric. The tame covering (X1, D7) — (X, D) is Kummer étale by the
logarithmic version of Abhyankar’s lemma (see [9], Thm. 7.3.44). In particular,
it is log-smooth and thus (X7, D;) is log-regular and the corresponding log struc-
ture .#p, — Ox, toric, as well. In section 10 of [13] Kato associates a fan Fp,
to the log scheme (X7, D;). In this context a fan is a monoidal space which is
locally isomorphic to Spec P for a sharp monoid P. As a topological space the
fan Fp, is the subspace {x € X;|I(x, #p,) = m,} of X1, where I(z, #p,) is the
ideal generated by .#p, .\-#p, ,. The structure sheaf is given by the inverse
image of .#p,\Ox,. Since the log structure of (X1, Dy) is toric, the fan Fp,
corresponds to a classical fan A, i.e. a fan of convex polyhedral cones in a
two-dimensional lattice L as described in [8]. We may work locally and thus
assume that A consists of one two-dimensional cone o together with its two
one-dimensional faces 7 and 7’ and {0}. The faces 7 and 7’ correspond to prime
divisors P and P’ on X; constituting the irreducible components of Dy (see [13],
Corollary 11.8). They intersect in one point x1 € X1, which is the only possibly
singular point of X;. By [8], section 2.6 we can find a subdivision A" of A in
cones which are isomorphic to N2. In dimension 2 a subdivision of ¢ is given by
inserting additional rays 71,...,7,_1 forming the faces of cones o1, ...,0y,.

T

01

T3 . . . . . .
a.
! 4 !

By [13], 10.4. this provides us with a resolution of singularities (X', D’) —
(X1, D1) such that D’ has strictly normal crossings. The exceptional fiber
consists of prime divisors F1, ..., E,_1 corresponding to the rays m,..., 71
and FE; intersects F;1; in one point corresponding to the cone ¢;. The strict
transforms of P and P’ correspond to the rays 7 and 7/. Hence, P intersects 7
in one point and P’ intersects 7,,_1 in one point. It remains to see that the E;
are rational. By the proof of [13], Proposition 9.9 we have

X/ = X1 XZ[A] SpecZ[A/].
The exceptional fiber is thus given by
Spec k(x1) xzia) SpecZ[A'].

Locally this is the spectrum of k(z1)[o;’ /o¥], which is readily checked to be
rational. |

Corollary 7.2. In the situation of Proposition 7.1 let x1 be a special point
of Dy. Let Z1 be an irreducible component of D1 containing x1. Denote by Z'
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its strict transfer in X .. and by Z its image in X. Let Eq,...,E, be the
irreducible components of the exceptional fiber of X! . — Xi above x1 such
that E; intersects E; 11 and Z' intersects E1. Then above an open neighborhood
of x1 the pullback of Z to X| .. is given by

n
aoZ’—|—a1E1 +...a,FE,
with ag > a1 > ... > a, > 0.

Proof. Denote by b the image of z in B and by ¢ the morphism X/ . — X.

In order to simplify notation, we set Ey := Z’. By the projection formula and
Proposition 7.1 we have

0=p*Z-E, = (aEo +aE1 +...a,E,) - B, = [k(21) : k(b)]an_1 + a, B2

Since the desingularization X/ ; — X is minimal, E,, cannot be a (—1)-curve
and thus E? < —[k(z1) : k(b)]. (The self-intersection of E,, has to be negative
by [15], chapter 9, Theorem 1.27.) Hence,

Ap1 = —anE,QL > ay,.

By induction we may assume that a;11 < a; for 0 < k < i < n. Again by the
projection formula we obtain

0=9*Z-E), = [k(z1) : k0)](ap—_1 + aps1) + apE3.

By induction and using E? < —2[k(x1) : k(b)] we conclude that

ag

I S B 5y 2 ) O
ak—1 Ak+1 [o(z1) : k(0] k ag+1 + 20 > ag

Corollary 7.3. Let X/B be an arithmetic surface and D € X a tidy divisor.
Let (X1,Dq) — (X, D) be a tame covering of (X, D) and (X',D’) — (X1, D1)
a desingularization of (X1, D1). Assume that every irreducible component of an
exceptional fiber of (X', D") — (X1, D1) intersects the other irreducible compo-
nents of D' in at least two points. Then (X', D’) — (X1, Dy) is a tidy desingu-
larization.

Proof. We can factor (X', D’) — (X1, D) as
(X',D") = (X],D}) > ... > (X1,D}]) = (X{, D) — (X1, D),

where (X{, D{) — (X1, D;) is the minimal desingularization of (X3, D;) and
for i = 1,...,n the morphism (X!, D)) — (X/_,,D}_,) is the blowup of X|_;
in a closed point d;_; of D;_;. By Proposition 7.1 the minimal desingulariza-
tion (X{, D{)) — (X1, D;) is a tidy desingularization. Moreover, blowing up in
closed points does not destroy the tidiness of a divisor. Hence, D} is a tidy
divisor of X/ for all ¢ = 0,...n. Suppose that (X’,D’) — (Xi1,D;) is not a
tidy desingularization. Then there is an index ¢ such that d;_; is not a special
point of D}_,, i.e., d;_; is a regular point of D} ;. Let ip be the biggest such
index. Then the exceptional fiber of (X ,D; ) — (X _;,D; ;) has only one
intersection point with the other irreducible components of D; . This does not
change by blowing up D;U in special points. We thus obtain a contradiction. [
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Let D be a tidy divisor on an arithmetic surface X and z - U = X — D a
geometric point. The explicit description of the exceptional fibers in Proposi-
tion 7.1 enables us to prove that the category J(x p) is cofiltered:

Proposition 7.4. The following assertions hold:

(i) If (X', D') - (X, D) and (X",D") — (X', D') are both desingularized c-
coverings, the composite (X", D") — (X, D) is again a desingularized c-
COVEring.

(i) If (X', D') - (X, D) and (X", D") — (X, D) are desingularized c-coverings,
there is a commutative diagram of desingularized c-coverings

(X', D'

\

)
\

(X", D") (X, D).
/

/

()(I/7 DI/)

Proof. (i). Let X7 be the normalization of X in K(X') and X» its normalization
in K(X”). Furthermore, denote by X/ the normalization of X’ in K(X”). We
obtain a Cartesian diagram

D' —— Dy —— D

LT

X" — X, —— X.

Since U’ = X’ — D’ is the normalization of U = X — D in K(X’) and U" =
X" — D" is the normalization of U’ in K(X"), we conclude that U” is also the
normalization of U in K (X"). It is thus an open subscheme of Xo and U” — U is
a finite étale c-covering as finite étale c-coverings are stable under composition.
Hence, X” — X5 is birational and an isomorphism on U”. Moreover, D" <
X" is a tidy divisor. The only remaining question is whether X” — X, is
obtained from the minimal desingularization of (X2, D) by successively blowing
up in special points. By Corollary 7.3 it suffices to show that every irreducible
component of an exceptional fiber of X” — X meets the other irreducible
components of D" in at least two points. The morphisms X” — X’ and X' — X
factor as

(X', D) = Yy Zn)— ... — (Yo, Zo) = (X1,D1)— (X, D),
(X//aD//): (Ynazn) .. (Y’m+1vzm+1): (XivD/l)_) (leDl)v

where (Yy, Zy) — (X1, D1) and (Yini1, Zm+y1) — (X1, D)) represent the min-
imal desingularizations of (X7, D7) and (Xi,D;), respectively, and for i =
1,...,mand ¢ = m + 2,...,n the morphism (V;,Z;) — (Yi—1,Z;—1) is the
blowup of Y;_; in a special point z;_; of Z;_1. Let E be an irreducible compo-
nent of an exceptional fiber of X” — X5. Thereisi € {1,...,m}u{m+2,...n}
such that the image of E in Y; is one-dimensional and its image in Y;_; is a
closed point. This closed point is precisely the point z;_; and we obtain a finite
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morphism from F to the exceptional fiber of Y; — Y;_1. Since X; — X,_; is the
blowup of X; 1 in z;_1 and z;_; is a special point, its exceptional fiber intersects
the other irreducible components of Z; in two points. The intersection points
of E contain the preimages of these two points and thus there are at least two
intersection points.

(ii). Let K" be the compositum of K(X’) and K(X”) and X3 the normal-
ization of X in K". This defines a c-covering (X3, D3) — (X, D). We obtain
rational maps X3 --» X’ and X3 --» X”, which, restricted to U3 = X3 — Ds,
are finite étale c-coverings of U’ = X' — D’ and U” = X" — D’ respectively.
Using elimination of indeterminacies and the existence of tidy desingulariza-
tions we find a desingularization (X"”,D"”) — (X3, D3) dominating (X', D’)
and (X", D") such that D" is tidy. Suppose there is an irreducible compo-
nent F of an exceptional fiber of X" with only one intersection point with the
other irreducible components of D”. Let us write

(X", D) = (XU, DUf) = ... = (X{', DY) = (Xa, Dy),

where (X{', D{) — (X3, D3) is the minimal desingularization of (X3, D3) and
for ¢ = 1,...,n the morphism X" — X/”, is the blowup of X", in a closed
point d;—; € D! ;. There is i € {1,...,n} such that the image of E is the
point d;_; and the image of E in X" is the exceptional fiber E; of X" — X" ;.
Since E has only one intersection point, the same holds for F;. Furthermore,
the blowup points dy_; for k =i+1,...,n must not lie above F; except possibly
above the intersection point z;_1 of E;_1 with the other irreducible components.
One checks that after blowing up in z;_1 the strict transform of E; is still
a (—1)-curve. Therefore, we can contract E. Moreover, by similar arguments
as in the proof of part (i) the image of F in X’ as well as in X” is a point.
Hence, the contraction still factors through X’ — X and X” — X. After
finitely many contractions we may assume that all irreducible components of
exceptional fibers of X" — X3 have at least two intersection points. Then the
same holds for the exceptional fibers of X” — X’ and of X” — X" as these
are contained in the exceptional fibers of X" — X3. The assertion now follows
from Corollary 7.3. O

8 Stability of enough tame coverings

Let us fix an arithmetic surface X/B and a tidy divisor D € X. The aim of
this section is to show:

Proposition 8.1. Let 7 : (X', D') — (X1,D;1) — (X, D) be a desingularized
c-covering. If (X, D) has enough tame coverings, the same holds for (X', D").

For the proof of Proposition 8.1 we need to investigate the multiplicities of
the irreducible components of the pullback to X’ of a prime divisor on X.

Definition 8.2. Let f : (X', D') — (X,D) be a desingularized c-covering.
Let 2’ € D’ be a closed point and denote by x € D the image of ' in X. Let us
call Dy, ..., Dy (necessarily n = 1 or n = 2) the irreducible components of D
passing through x and DY,..., D). (m < n) the irreducible components of D’
passing through x’. Restricting f to a suitable neighborhood of x’, the pullback
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of Cartier divisors via f induces a homomorphism
QD:1®..®#Q-D,»Q-D|®..®Q- D,

We call this morphism multiplicity homomorphism at 2’ and its transformation
matriz with respect to the above bases multiplicity matrix at z’.

Multiplicity homomorphisms are compatible with composition. If (X", D”) —
(X’,D’) is another morphism as above and x” a closed point of D” mapping
to 2’ € D', the multiplicity homomorphism of (X", D") — (X', D’) at 2" is the
composition of the multiplicity homomorphism of (X", D”) — (X', D’) at z”
and the multiplicity homomorphism of (X', D') — (X, D) at z'.

Lemma 8.3. Let (X', D) — (X, D) be the blowup of X in a special point x
of D. Then all multiplicity homomorphisms are surjective.

Proof. Denote by Dy and D5 the irreducible components of D passing through x
and by D} and D) their strict transforms in X’. Furthermore, let E denote the
singular fiber of X’ — X. On E € D’ there are two points z} and z/, where D’
is singular, namely the respective intersection points with D7 and D). The
pullback of D; is given by D} + E. Hence, the intersection matrix at z as well
as at x5 (with respect to the bases {(D1, D), (D}, E)} and {(D1, D2), (E, D5)},

respectively) is
10
1 1)’

which is invertible. If 2’ € E is a nonsingular point of D', its multiplicity matrix

1S (1 1) ’

which is nonzero and thus its multiplicity homomorphism is surjective. The
multiplicity homomorphism at any other closed point of D’ is the identity. [

Lemma 8.4. Let ¢ : (X',D') — (X1,D1) — (X, D) be a desingularized c-
covering. Then all multiplicity homomorphisms are surjective.

Proof. By Lemma 8.3 we may assume that X’ — X7 is the minimal desingular-
ization of X;. Let 2’ € D’ be a closed point and denote by z; and z the image
of ' in X; and X, respectively. If 2’ is a regular point of D’, there is only
one irreducible component of D’ passing through z’. Hence, the multiplicity
homomorphism at 2’ is surjective if and only if it is nonzero, which is clear by
taking the pullback of any irreducible component of D passing through z.

Suppose that x’ is a singular point of D’. Then also z; and x are singular
points of D; and D, respectively. There are two irreducible components Z;
and Wy of Dy passing through x; mapping to the irreducible components W
and Z of D passing through x. According to Corollary 7.2 we have in a neigh-
borhood of 2’

©*Z =agZ' + a1 E1 +...a,E,

with ag > a7 > ...a, >0 and
QO*W =bE+...0,F, + bn+1WI
with by < ... < b, < byy1, and where Z' and W’ denote the strict transforms

of Z; and W1y, respectively, in X’. Setting Ey := Z’ and E,,,1 := W’ we know
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that there is an integer ¢ with 0 < 7 < n such that 2’ is the intersection point
of E; with E; ;. The multiplicity matrix at z’ is

oty )
ait1 bit1

det < i bl > = (libﬂ_l - ai+1bi > aibi - aibl— =0
ait1 bit1

and

as a;+1 < a; and b; 11 > b;. Therefore, also in this case the multiplicity homo-
morphism is surjective. O

Proof of Proposition 8.1. Assume that (X, D) has enough tame coverings. Let
2’ € D' be a closed point and Z’ an irreducible component of D’ passing
through z’. We have to find f € K(X’')* with support in D’ such that
deg, (f') > 0 and degq (f') = 0 for all other irreducible components C’ of D’
passing through «’. Let Zy,...,Z,. (for r = 1 or r = 2) denote the irreducible
components of D passing through the image point 2 € D of 2’. Since (X, D) has
enough tame coverings, for ¢ = 1,...,r there is f; € K(X)* with support in D
such that deg, (f;) > 0 and deng(fi) = 0 for i # j. The projections of div f;
to

Q- Z1®..0Q- 2,

constitute a basis of this vector space. Let Z' = Z1, ..., Z! denote the irreducible
components of D’ passing through z’. Lemma 8.4 provides the surjectivity of
the multiplicity homomorphism

¢ Q- 21®..00Q0-Z, Q- Z1®...®Q- Z,
at =’ induced by pullback. We obtain integers d, k1, ..., k, with d > 0 such that
d- 71 = ¢p(kidiv f1 + ... k.div f,).
In other words, setting f = f{“ -... f* we have in a neighborhood of z’
div f=d-7',

what we wanted to prove. O

9 Neighborhoods with enough tame coverings

At this point we have completed the discussion of conditions (1) and (2) in
Proposition 3.2. As a result we know that under the assumptions listed in
Proposition 5.4 and Proposition 6.4 the arithmetic surface U is K(m,1) with
respect to ¢. The remaining task is to construct neighborhoods on a given
arithmetic surface satisfying these assumptions. The property of having enough
tame coverings is the most difficult to realize. It is the aim of this section to
explain how to construct neighborhoods with enough tame coverings. We need
the following variant of prime avoidance.
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Lemma 9.1. Let A be a noetherian ring and p1,...,p, and qq,...,qs prime
ideals such that for i # j q; is not contained in q;. For j < s define the
integer m; by
; i+1
pr-... P C q;ny\q;”_ﬁ‘ .
Then there is a € A such that for i < r we have a € p; and for j < s we
have a ¢ q;”“.

For the rest of this section we use the following notation: For an integral
closed subscheme Z of an affine scheme Spec A we denote by pz the prime ideal
of A corresponding to the generic point of Z. Moreover, we write m,,(Z) for the
multiplicity of a closed subscheme Z in a point x.

Lemma 9.2. Let X/B be a quasi-projective arithmetic surface such that B is
a discrete valuation ring with finitely generated quotient field. Let x1,...,x, be
finitely many points of X. Then there are horizontal prime divisors G1,...,Gs,
Gsi1,...,Gy such that Gy,...,Gs and Ggsi1,...,G, each generate the Weil
divisor class group CHl(X) of X. Furthermore, the supports of G; for i =
1,...,7 do not contain x; for j = 1,...,n and the supports of G; and G;
fori < s and j > s are disjoint.

Proof. The generic fiber X,, of X — B is a smooth curve over a finitely generated
field. By a generalization of the Mordell-Weil theorem due to Néron (see [16])
its Weil divisor class group is finitely generated. Denote by Ci,...,C; the
irreducible components of the special fiber. The Weil divisor class group of X is
generated by the Weil divisor class group of X,, and by C1,...,C;. It is therefore
also finitely generated, by prime divisors D1, ..., D,,, say.

Since X is quasi-projective over an affine scheme, there is an affine open

subscheme Spec A € X containing z1,...,z,, as well as the generic points
of Dy,...,Dy, and of Cy,...,C; (see [15], Proposition 3.3.36). By Lemma 9.1
we can choose fi,..., fm € A such that fori=1,...,m

fi € pDz\p2D17
fig el P or =1,

fi ¢ prj !

1
* forj=1,...,n.

Viewing f; as elements of K (X)* we obtain divisors Dy —div f1, ..., Dyp—div fp,
generating the Weil divisor class group. The supports of the divisors D; —div f;
do not contain x1,...,x, and the coefficients of C4,...,C; are zero, i.e., D; —
div f; are horizontal. Denote by G1,...,Gs the prime divisors in the support
of Dy —div f1,...,Dy —div fp,. Then Gy, ..., Gy are horizontal prime divisors
generating the Weil divisor class group whose supports do not contain x1, ..., x,.

Denote by zi,...,2 the intersection points of Gi,...,Gs with the spe-
cial fiber. By the same argument as above we find horizontal prime divisors
Gsi1,- .., G, generating CHl(X) whose supports do not contain x1,...,x, nor
21,...,%. Hence, the support of G; for ¢ < s is disjoint from the support of G
for j > s as z1,..., 2 are the only possible intersection points of G; with another
divisor. O
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Lemma 9.3. Let X/B be an arithmetic surface and let G1,...,G4 be horizon-
tal prime divisors generating the Weil divisor class group CH' (X) of X. Let x
be a closed point of X of codimension 2 such that X is regular at x and x
is not contained in any G; for j = 1,...,s. Denote by X' — X the blowup
of X in x. Let G be a horizontal prime divisor disjoint from G1,...,G, with
nontrivial intersection with the exceptional locus E. Then G1,...,Gs,G gener-
ate CH'(X') ® Q.

Proof. The Weil divisor class group of X’ is generated by Gi,...,G, and E.
Let Gy denote the image of G in X. Since G1,...,G, generate the Weil divisor
class group of X, there are n; € Z such that

G() = Z TLjGj
j=1

in CH*(X). By [15], Chapter 9, Proposition 2.23 the pullback of Gy to X’ is
given by

G+ mz(Go) -E.
Since = € Gy, the multiplicity m,(G) is positive. In CH'(X’) ® Q we thus have
1 S
E=—— n;G; — G). O
M (GO) (]; 77 )

Lemma 9.4. Let X be a projective arithmetic surface over a discrete valuation
ring B and D a tidy divisor on X. Let x,z,...,2z; € X be closed points such
that X and the reduced special fiber X, rcq are regular at x. Assume moreover
that x is not a special point of D. Then there is a horizontal prime divisor D,
passing through x and disjoint from z1,...,z, such that D, + D is tidy.

Proof. Denote by s = Speck the special point of B and by n = Spec K the
generic point. Choose an embedding X — Pg . This induces embeddings X —
P& and X, — PX. Let T be the finite subscheme of PY which is the disjoint
union of all singular points of X, all singular points of X, r.q and all special
points of D (they are all contained in the special fiber). In order to prove the
lemma it suffices to find a hyperplane H of PY intersecting X transversally,
passing through x, and disjoint from 7" such that D, := H Xpy X is regular and
D, + D is tidy. By [12], Lemma 1.3 a hyperplane H satisfies these conditions if

(i) H, intersects X, transversally, passes through x, and is disjoint from T,

(ii) H, intersects X, transversally.

Assume first that & is finite. By [17], Thm. 1.2 there is a hypersurface Hj
of IPIIX intersecting X, rq transversally, passing through z, and disjoint from 7.
Changing the projective embedding we may assume that H, is a hyperplane.
If £ is infinite, the existence of the hyperplane H, follows by the classical Bertini
theorem.

Let H be any hyperplane of Pg with special fiber the hyperplane H; con-
structed above. We claim that the generic fiber H,, intersects X, transversally.
Let y € X, be a closed point in the intersection and choose a point y, of the
special fiber which is a specialization of y. Then y, is not contained in T as H
is disjoint from 7. Hence, Hy intersects X, transversally at ys. Since y is a
generalization of y, this implies that H,, intersects X, transversally at y. O
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Proposition 9.5. Let Y /B be an arithmetic surface such that B is a discrete
valuation ring with finitely generated quotient field and x € Y a closed point
in the special fiber. Then there is an open neighborhood V. < Y of x and a
compactification X /B of V such that D = X —V is a tidy divisor and such that
the following assertion holds: For every closed point y € X and every prime
divisor Z of X passing through y there is f € K(X)* with support in Z U D
such that deg,(f) > 0 and degy, (f) = 0 for all other prime divisors W passing
through y.

Proof. Take an affine open neighborhood V' of x such that the complement
contains all singular points except = and all vertical prime divisors not passing
through z. Since V' is affine, we can choose a projective compactification V’
of V' over B. Set D' = V' — V' with the reduced scheme structure. By [14]
we can replace (V,D’) by a desingularization (in the strong sense) and thus
assume that x is the only possible singular point of V/ and D’ is a Cartier

divisor. Choose prime divisors G, ...,G, of V' not passing through z as in
Lemma 9.2. Making V' smaller we may assume that Gi,...,G, are contained
in D'

Let (X, Do) — (V',D’) be a tidy desingularization, which exists by Propo-
sition 2.2. Since V' is regular at every point in D’, the morphism X — V'
is a consecutive blowup in closed points over D’. Moreover, the exceptional
fiber of each blowup in a closed point z is isomorphic to }P’,lc(z) (see [15], Chap-
ter 8, Theorem 1.19). Denote by Fj, ..., E, the irreducible components of the
exceptional divisor of X — V’. For each i = 1,...,n choose two different
closed points y;, z; € E; in the regular locus of Dy. By Lemma 9.4 there is a
(horizontal) prime divisor D, intersecting F; transversally at y; and disjoint
from yo,...,Yn,21,...,2n such that Dy + D is tidy. By the same argument
there is a prime divisor D intersecting F5 transversally at yo and disjoint from
Y3y« -y Yny 215 - - - » 2n Such that Dy + Dy + Dy is tidy. Continuing this way we
obtain for ¢ = 1,...,n horizontal prime divisors D; and K; intersecting F;
transversally at y; and z;, respectively, and such that

D:=Dyg+D+...+D, + K, +...+ K,

is tidy. We set V = X — D.

We claim that (X, D) has the required properties. Let y € X be a closed
point and Z a prime divisor of X passing through y. Either G1,...,G, or
Gs+1,. .., G, donot pass through y, say Gy, . .., G,. Similarly, either D1, ..., D,
or Ki,..., K, do not pass through y, say D1,...,D,. By Lemma 9.3 the prime
divisors G1,...,Gs, Dq,..., D, generate the first Chow group CHl()_() ® Q.

Hence, there are m,my,...,muy,n1,...,ns € Z with m > 0 and f € K(X)*
such that
n S
mZ = Z m;D; + 2 n;G; + div f
j=1 j=1

The prime divisors Dy,..., D, and G1,...,G, do not pass through y. There-
fore, degy, (f) = 0 for all prime divisors W different from Z passing through y
and deg,(f) = m > 0. Furthermore, Dy,...,D,,G1,..., Gy are contained in D
and thus f has support in Z u D. O

As a direct consequence of Proposition 9.5 we obtain:
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Corollary 9.6. In the situation of Proposition 9.5 let U <V be a neighborhood
of x such that D' = X — U is the support of a tidy divisor. Then (X, D') has
enough tame coverings.

10 The main result

We are now in the position to construct neighborhoods on an an arithmetic
surface Y/B satisfying all assumptions made in Proposition 5.4 and Proposi-
tion 6.4. Note that the assumption on the fundamental group of B is automatic
in the local case.

Theorem 10.1. Let B be the spectrum of a henselian discrete valuation ring R
which is formally smooth over a discrete valuation ring with finitely generated
quotient field. Let ¢ be a full class of finite groups such that the residue char-
acteristic of R is not contained in N(c). Assume that p; S R for all primes
¢ € N(c¢) and that the absolute Galois group of the residue field of R is ¢-good.
Let m .Y — B be an arithmetic surface and x € Y a point. Then there is an
open neighborhood U of x and a compactification U < X of U — B such that
the complement D of U in X is a tidy divisor with the following properties.

(i) The horizontal part of D has nontrivial intersection with all vertical prime
divisors on X.

(ii) (X, D) has enough tame coverings.
As a consequence U is K (1) with respect to c.

Proof. Without loss of generality we may assume that z is a closed point lying
over the closed point b of B. The arithmetic surface Y/B is of finite presentation.
Hence, it is the base change to B of an arithmetic surface Yy/Byp such that By is
a discrete valuation ring with finitely generated quotient field and B is formally
smooth over By. Formally smooth base change does not affect the tidiness
of a divisor, nor does it disturb properties (i) and (ii). Therefore, it suffices
to construct U with properties (i) and (ii) for B local with finitely generated
quotient field.

Choose an open neighborhood V of  and a compactification X /B as in
Proposition 9.5. Denote by D’ the complement of V' (with the reduced scheme
structure). On every irreducible component C of X}, take a closed point cc #
in the smooth locus of C' and not contained in any other irreducible component
of X;,. Using Lemma 9.4 we construct a horizontal divisor D” passing through c¢
for every vertical prime divisor C such that D := D’ + D" is tidy. Then (X, D)
has enough tame coverings by Corollary 9.6. Moreover, (X, D) has properties (i)
and (ii).

Setting U = X — D we conclude that U is K (7, 1) with respect to ¢ by
combining Proposition 3.2, Proposition 5.4, and Proposition 6.4. Note that the
assumptions on the roots of unity and the residue field of R are part of the
general setup described in Section 3. They are thus implicit in Proposition 5.4
and Proposition 6.4. O

Notice that the absolute Galois group of an algebraic extension of a finite
field is ¢-good for any class of finite groups ¢. Moreover, completion in formally
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smooth. Therefore, Theorem 10.1 implies Theorem 1.1 as stated in the introduc-
tion. The following corollaries give more explicit examples of situations where
Theorem 10.1 applies. Remember that for given primes /1, ..., ¥¢,, we denoted
by ¢({1,...,4,) the full class of finite groups whose orders are contained in the
submonoid of N generated by ¢1,...,4,.

Corollary 10.2. Let Y be an arithmetic surface over the spectrum B of a
discrete valuation ring and y € Y a point. Let ¢ be a full class of finite groups
such that the residue characteristic of B is not contained in N(c). Then there is
a basis of Zariski neighborhoods of y which are K(m,1) with respect to ¢ in the
following cases:

(i) B is the spectrum of the ring of integers of a finite extension K of Q, and ¢
is of the form c(fy,...,¢y,) for primes {1, ..., L, # p such that pe, < K.

(i) B is the spectrum of the ring of integers of the completion of the mazimal
unramified extension of a finite extension of Q.

Corollary 10.3. Let Y be an arithmetic surface over the spectrum B of a
discrete valuation ring and § — Y a geometric point. Let ¢ be a full class of
finite groups such that the residue characteristic of B is not contained in N(c).
Then there is a basis of étale neighborhoods of § which are K (m,1) with respect
to ¢ in the following cases:

(i) B is the spectrum of the ring of integers of a finite extension of Q, and ¢
is of the form ¢(¢y,...,L,) for primes £q,... b, # p.

(ii) B is the spectrum of the ring of integers of the completion of the mazimal
unramified extension of a finite extension of Q.
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