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The Σ-sets Σn(G) of a group G are sets of homomorphisms χ : G → R
that refine the finiteness properties Fn. The definition of when a given χ lies
in Σn(G) involves filtering an appropriate G-CW complex by the super-level sets
of a height function associated to χ, and then χ lies in Σn(G) precisely if this
filtration is essentially (n− 1)-connected. This is the motivation for an ongoing
joint project with Ilaria Castellano and Kevin Klinge, where we establish a
straightforward method for reading off the essential connectivity properties of
cube complexes obtained as products of trees equipped with height functions. I
will present this criterion and explain how we use it to compute the full Σ-theory
of a class of groups which we call higher Baumslag–Solitar groups. The key idea
is that these groups enjoy multiple descriptions as HNN extensions, which are
compatible in a way that allows us to control their action on the product of the
respective Bass–Serre trees.
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