
RAMANUJAN IDENTITIES OF HIGHER DEGREE

J. FRANKE

Abstract. We use techniques regarding generalized Dirichlet series developed in [6]
to obtain formulas for a wide class of L-functions at rational arguments. It is shown
that these values are related to special functions on the upper half plane which possess
similar properties as modular forms. Several formulas of Ramanujan involving values of
L-functions at integer arguments turn out to be special cases of the main theorem.

1. Introduction

This paper continues the study of L-functions at rational points which was done in the
case of Dirichlet L-functions in [6]. In that paper the author generalized some classi-
cal identities for Dirichlet L-functions by Ramanujan, for example the following formula
involving values of the Riemann zeta function at integers

α´N

˜

1

2
ζp2N ` 1q `

8
ÿ

k“1

1

k2N`1pe2αk ´ 1q

¸

“ p´βq´N

˜

1

2
ζp2N ` 1q `

8
ÿ

k“1

1

k2N`1pe2βk ´ 1q

¸

(1.1)

´ 22N
N`1
ÿ

k“0

p´1qk
B2k

p2kq!

B2N`2´2k

p2N ` 2´ 2kq!
αN`1´kβk,

where N ą 0 is an integer and α, β are positive real numbers such that αβ “ π2. A proof
for this relation is also given in [2]. One notes that the terms 1

2
ζp2N ` 1q on both sides

and the finite sum over the Bernoulli numbers come from the residues of the completion
Λpsq :“ p2πq´sΓpsqζpsqζps ` 2N ` 1q at the points s “ 0 and s “ ´2N (note that
ζp0q “ ´1

2
), and s “ ´2N ´ 1,´2N ` 1, ...,´1, 1, respectively. The infinite sums are of

Lambert type but can be rearranged to power series in z “ e´2α (and z “ e´2β) with
coefficients identical to those of the Dirichlet series ζpsqζps` 2N ` 1q.
The formula (1.1) is associated to the number field K “ Q, but for example the following
new formula corresponds to the case where K “ Qp

?
Dq is a real quadratic number field:

let N P N, dK and χDpdq be the discriminant and character associated to K. Let

cpnq :“ 2
ÿ

d|n

χDpdqσ´2N´1pdqσ´2N´1

´n

d

¯
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2 J. FRANKE

be the coefficients of the Dirichlet series 2ζKpsqζKps`2N`1q, where ζKpsq is the Dedekind
zeta function associated to K. Then we have for all α, β ą 0 with αβ “ 4π2d´1K :

α´2N

˜

´ζ 1Kp0qζKp2N ` 1q `
8
ÿ

n“1

cpnqK0p2α
?
nq

¸

“ β´2N

˜

´ζ 1Kp0qζKp2N ` 1q `
8
ÿ

n“1

cpnqK0p2β
?
nq

¸

`

2N´2
ÿ

`“0
` even

α2N´2`´2

ˆ

ζ 1Kp`´ 2N ` 1qζKp`` 2q ` ζKp`´ 2N ` 1qζ 1Kp`` 2q

p2N ´ `´ 1q!2

`
´2ζKp`´ 2N ` 1qζKp`` 2q logpαq

p2N ´ `´ 1q!2
` 2

H2N´`´1 ´ γ

p2N ´ `´ 1q!2
ζKp`´ 2N ` 1qζKp`` 2q

˙

`RKζKp2N ` 2qpα´2N´2 ´ β´2N´2q,

(1.2)

whereK0 is the bessel function, Hn :“
řn
j“1

1
j
is the n-th harmonic number, γ “ 0, 57721...

is the Euler-Mascheroni constant and RK is given by

RK “
2 logpεqhK
a

|dK |
,

where hK is the class number and logpεq the regulator of K. This new result is analogous
to (1.1) in the following sense: the infinite sums now involve functions of higher degree, the
terms ´ζp0qζp2N ` 1q in (1.1) are replaced by ´ζ 1Kp0qζKp2N ` 1q and the finite sum now
also involves values of ζ 1K at integer arguments and a logarithmic term since the degree of

K is not n “ 1 but n “ 2 and the completion D̂psq “
´

4π2

dK

¯´s

Γpsq2ζKpsqζKps` 2N ` 1q

has also poles of order 2 in the critical strip. At this point the reader shall be hinted
to a connection to Maass Eisenstein series. Indeed, the coefficients apnq :“ χDpnqσ0pnq
generate the Dirichlet series ζQp?Dqpsq

2 and

uDpzq :“ y
1
2

8
ÿ

n“1

apnqK0

ˆ

2πny

|D|

˙

sin

ˆ

2πnx

|D|

˙

, z “ x` iy,

is a corresponding Maass Eisenstein series on ΓD :“ Γ0pDq Y SΓ0pDq with eigenvalue 1
4

with respect to the hyperbolic Laplacian operator. Here S :“

ˆ

0 ´1
1 0

˙

is the inversion

and

Γ0pNq :“

"ˆ

a b
c d

˙

P SL2pZq
ˇ

ˇ

ˇ

ˆ

a b
c d

˙

”

ˆ

˚ ˚

0 ˚

˙

mod N

*

the usual congruence subgroup with level N . In this paper we consider the situation that
K0p˚nyq sinp˚nxq is replaced byK0p˚

?
´niτq, which is (when looking at the corresponding

gamma factor) is a function of degree 2. Note that in [11] Lewis and Zagier study the
exchange by e´˚inτ , which is a function of degree 1.
The theory behind the curious formula (1.1) can be explained by the fact that the values
ζp2N ` 1q appear as coefficients of certain period polynomials (or rational functions more
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generally speaking) of Eichler integrals

Ef pτq :“ ck

i8
ż

τ

pfpzq ´ ap0qqpz ´ τqk´2dz, τ P H p“ upper half planeq,

where f is a modular form of weight k with Fourier expansion fpzq “
ř8

n“0 apnqq
n (where

as usual q :“ e2πiz) and ck is some normalizing constant. An example of the situation
looks as follows. Let χ be a primitive character with conductor m ą 1 and Gauß sum

Gpχq. We denote the weight k slash operator for
ˆ

a b
c d

˙

P GL2pRq` as usual by

f |k

ˆ

a b
c d

˙

pzq :“ pad´ bcqk{2pcτ ` dq´kf

ˆ

az ` b

cz ` d

˙

.

We now find that if

Fkpτ, χq :“
Gpχq
m

8
ÿ

n“1

m
ÿ

`“1

χp`nqqn{m

nkpe2πi`{m ´ qn{mq
,

we have

pFk ´ CFk|1´kSq pτq “ P pτq,(1.3)

where C “ χp´1q and P is a polynomial which degree is at most k. The coefficients
of P are related to values of L-functions at integer arguments. In particular, one can
compute

P pτq “
k
ÿ

`“0

p´1q`

`!
Lp´`, χqLpk ´ `, χq

ˆ

´
2πiτ

m

˙`

.

As easy corollaries we obtain identities in the spirit of Ramanujan, e.g.

Lp2, χ5q “
5
?

5

2π

8
ÿ

n“1

χ5pnq

n3

„

1

e2πn{5ζ5 ´ 1
´

1

e2πn{5ζ25 ´ 1
´

1

e2πn{5ζ35 ´ 1
`

1

e2πn{5ζ45 ´ 1



.

Here, ζ5 “ expp2πi{5q. To receive this formula one chooses χ to be the Legendre symbol
modulo 5 and substitutes τ “ i into (1.3). For more about the general theory of Eichler
integrals and period polynomials the reader is referred to [5]. In [7] transcendental values
of Eichler integrals are investigated.
In [6] this author generalized the above identities to the case of not only integer but
rational arguments. We proved the following: let χ “ χ0 be a primitive character modulo
m, k and b be positive integers and k ” 1 mod 2. We define Mk,bpτ, χq as a holomorphic
function on the upper half plane given by a generalized Fourier series

Mk,bpτ, χq “
8
ÿ

n“1

λk,bpn, χqq
bn1{b{m, q :“ e2πiτ ,(1.4)

where the coefficients λk,bpn, χq are defined by the identity
8
ÿ

n“1

λk,bpn, χqn
´s
“

b
ź

j“1

L

ˆ

s`
j ´ 1

b
, χ

˙

L

ˆ

s`
j ´ 1

b
` k, χ

˙

.

Then we have
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Theorem 1.1 (see [6], p. 94). Let

γ` “

ˆ

2πb

m

˙´`
p´1q`

p´`q!

b
ź

j“1

L

ˆ

`` j ´ 1

b
, χ

˙

L

ˆ

`` j ´ 1

b
` k, χ

˙

if 1´ bk ´ b ď ` ď 0 and γ` “ 0 otherwise. Then we have the modular identity

Mk,bpτ, χq ´ p´1qBp´iτqbk´1Mk,bp´1{τ, χq “
b
ÿ

`“1´bk´b

γ`p´iτq
´`,

where B “ bpk ´ χp´1qq{2.

As a result, products of values of Dirichlet L-functions at rational arguments are linked
with objects which have similar properties like classical modular forms.
The purpose now is to generalize this concept to a much wider class of L-functions.
The main problem here is that the gamma factor γpsq of L-functions in the completion
Λps, Lq :“ γpsqLpsq (which continues to a meromorphic function on the complex plane
and satisfies a functional equation of the standard type) is not of he form γpsq “ AsΓpsq
in general. Consequently, the exponential terms in (1.4) are replaced by functions which
arise as special cases of the Meijer G-function

Gm,n
p,q

ˆ

a1, . . . , ap
b1, . . . , bq

ˇ

ˇ

ˇ

ˇ

z

˙

“
1

2πi

ż

L

śm
j“1 Γpbj ´ sq

śn
j“1 Γp1´ aj ` sq

śq
j“m`1 Γp1´ bj ` sq

śp
j“n`1 Γpaj ´ sq

zsds,

where 0 ď n ă p, 0 ď m ă q are integers and L describes a suitable path of integration
in the sense of an inverse Mellin transformation. For any further details the reader may
wish to consult [1], p. 374.
To arrive at this point, we consider generalized Dirichlet series

ř8

n“1 apnqn
´s{b, collected

in the vector space Dppγ, γ˚q, σ, kq, with absolute abscissa σ and properties described in
Definition 2.5 in detail, such as a functional equation under s ÞÑ k´s. They are completed
by gamma factors of the form

γpsq “ abs
n
ź

j“1

Γpaj ` sq
cjΓpbj ´ sq

dj

specified in Definition 2.1 with exponential decay in vertical strips. This is a very general
situation and many important Dirichlet series do fit into this family. The main formalism
of this paper now is the following theorem.

Theorem 1.2 (cf. Theorem 2.8). Let µ P N and γ̃ “ pγjq1ďjďµ and γ̃˚ “ pγ˚j q1ďjďµ be
collections of gamma factors in Wa,b,c,d. We then have a map

Tµ :
µ

ą

j“1

Dppγj, γ˚j q, σ, kq Ñ D
``

Gµ
a,b,c,dpγ̃q, G

µ
a,b,c,dpγ̃

˚
invq

˘

, µσ, µk ´ µ` 1
˘

pD1, ..., Dµq ÞÑ

«

s ÞÑ
µ
ź

j“1

Dj

ˆ

s` j ´ 1

µ

˙

ff

.
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The maps Gµ come from a generalized Gauß formula for gamma factors explained in
Proposition 2.3.
The Dirichlet series in the image of the Tµ may contain information about L-series at
rational arguments. Indeed, with the help of a converse theorem Theorem 2.7 presented
in section 2 we obtain curious holomorphic objects on the upper half plane with certain
transformation properties tied to constants of interest.
We shall be especially interested in the case that γpsq is of the form γpsq “ AsΓpsqn for
some integer n ě 1. Explicitly, we can then write this functions for each n P N and c ą 0
as

Wnpτq :“
1

2πi

c`i8
ż

c´i8

Γpsqnp´iτq´sds, τ P H.

We say that the function Wn has degree n (this denotation seems natural by the appli-
cation to number fields). In the case n “ 2, for example, when studying L-functions of
quadratic number fields, the expressions W2 are K0-Bessel functions. An example looks
as follows.

Theorem 1.3 (cf. Theorem 3.4). Let w ą 1 and b ą 0 be integers with w ” 1 mod 2.
Let K̃ “ pK1, K

1
1, ..., Kb, K

1
bq be a collection of real quadratic number fields as above. For

all τ P H we define the (holomorphic) function

Ew,bpτ ; K̃q “ 2∆b
8
ÿ

ν“1

cw,bpν; K̃qK0

ˆ

4πb 2b

c

ν

D

?
´iτ

˙

,

where D “

b

|dK1 ¨ dK11 ¨ ¨ ¨ dKb ¨ dK1b | and ∆ is some constant depending on the collection

K̃. Then, for all τ P H, we have an identity

Ew,bpτ ; K̃q ´ p´iτqbw´1Ew,bp´1{τ ; K̃invq “

w`1
ÿ

α“0

Pαpτq ` logp´iτqQαpτq,

where the Pi and Qj are rational functions with Pα ” Qα ” 0 whenever 1 ă α and α ” 0
mod 2.

The coefficients cw,bpν; K̃q arise from products of Dedekind zeta functions corresponding
to the fields K1, K

1
1, ..., Kb, K

1
b, the explicit definition is given in (3.5).

The paper is organized as follows. In the second section we use generalizations of the
Hecke converse theorem to reveal connections between generalized Dirichlet series with
certain properties (such as a meromorphic continuation to the entire plane) and functions
which transform similarly as modular forms and are related to values of Dirichlet series
at rational arguments.
In the third and fourth section we apply our results to some special cases such as the
Dedekind zeta function of number fields and L-functions associated to modular forms of
half-integral weight. In the last section we formulate some obvious questions which are
motivated by our results.

Notation. We will use the symbol 1 to denote the vector p1, 1, ..., 1q P Rn, where n
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shall be clear in the context. Also, for arbitrary a P Rn, we write sa “ 〈a,1〉 “
řn
ν“1 aν

as the sum of all entries in a.
Let S be a set (or class) and o :“ po1, ..., onq P S ˆ ¨ ¨ ¨ ˆ S be a tuple. We will then
use the notation oinv “ pon, ..., o1q several times. Sometimes we will use the notation
expµpxq :“ µx.

Acknowledgements

The author is very grateful to Winfried Kohnen for many helpful comments as well as
the referees for their careful reading and their useful suggestions which improved the
paper.

2. Dirichlet series and general modular relations

The matter of this section is to explain the term Ramanujan identity and to summarize
the concept in a formal definition. Like in the special case of modular forms there is a
1:1 correspondence between Dirichlet series with certain properties (such as a functional
equation) and functions which are holomorphic on the upper half plane and are related to
interesting rational functions. The examples given by Ramanujan only referred to values
of L-functions at integer arguments. However, by including generalized Dirichlet series of
the form

Dpsq “
8
ÿ

ν“1

apνqν´s{b

for some b P N it is possible to develop an analogous theory for L-functions at rational
arguments. To formalize this theory we need the following.

Definition 2.1. Let a P Rˆ, b P Rą0, a “ pa1, ..., anq,b “ pb1, ..., bnq be in Rn and
c “ pc1, ..., cnq,d “ pd1, ..., dnq be in Zn. We define the corresponding gamma factor by

γa,b,a,b,c,dpsq “ abs
n
ź

j“1

Γ paj ` sq
cj Γ pbj ´ sq

dj .

Observe that in the case n “ 1 we have Euler’s formula:

γ1,1,0,1,1,1psq “ ΓpsqΓp1´ sq “
π

sinpπsq
.

It is obvious that products of gamma factors are again gamma factors and we obtain that
the set W of all gamma factors carries the structure of a multiplicative abelian group. We
will simply write γpsq instead of γa,b,a,b,c,dpsq when the parameters are clear. We have the
following formal trick.

Proposition 2.2. For µ “ 1, 2, 3, ... we have multiplicative operators

Gµ : WÑW

γpsq ÞÑ
µ
ź

j“1

γ

ˆ

s` j ´ 1

µ

˙

.
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Proof. It is well-known that

GµpΓpaj ` sqq “ p2πq
pµ´1q{2µ1{2´s´µajΓpµaj ` sq PW,

and similarly we obtain
GµpΓpbj ´ sqq, Gµpab

s
q PW.

Since Gµ is a multiplicative map (in fact, a group homomorphism) our assertion follows.
�

If we fix real vectors a,b P Rn in the expression above, we obtain the subgroup Wa,b. We
then have restricted homomorphisms

Gµ : Wa,b ÑWµa,µb´pµ´1q1

by Remark 2.4. As we will see later, for some applications the above Gamma trick is still
too restrictive. But by fixing c “ pc1, ..., cnq and d “ pd1, ..., dnq in Zn, we eventually
obtain mappings

µ
ą

j“1

Wa,b,c,d ÑWµa,µb´pµ´1q1,c,d.

This is explained in greater detail in the following proposition. Note that Wa,b,c,d is not
a group with the operation declared above.

Proposition 2.3 (Generalized Gauß formula). We have mappings

Gµ
a,b,c,d :

µ
ą

j“1

Wa,b,c,d ÑWµa,µb´pµ´1q1,c,d

given by

pγαj ,βj ,a,b,c,dpsqq
µ
j“1 ÞÑ

µ
ź

j“1

γαj ,βj ,a,b,c,d

ˆ

s` j ´ 1

µ

˙

.

We explicitly have
µ
ź

j“1

γαj ,βj ,a,b,c,d

ˆ

s` j ´ 1

µ

˙

“ γA,B,µa,µb´pµ´1q1,c,dpsq,

where the real numbers A,B are given by

A “

˜

µ
ź

j“1

αjβ
pj´1q{µ
j

¸

p2πqpµ´1q{2¨psc`sdq expµ

´sc ` sd
2

´ p〈a, c〉` 〈b,d〉qµ` pµ´ 1qsd

¯

and

B “

˜

µ
ź

j“1

βj

¸
1
µ

µsd´sc ,

respectively. Recall that sv “ 〈v,1〉.
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Proof. Expanding the product shows
µ
ź

j“1

γαj ,βj ,a,b,c,d

ˆ

s` j ´ 1

µ

˙

“

µ
ź

j“1

αjβ
ps`j´1q{µ
j

n
ź

`“1

Γ

ˆ

a` `
s` j ´ 1

µ

˙c`

Γ

ˆ

b` ´
s` j ´ 1

µ

˙d`

and we use
śµ

j“1 Γpbj ´
s`j´1
µ
q “

śµ
j“1 Γpb` ´

s
µ
´

µ´1
µ
`

j´1
µ
q to obtain

“

µ
ź

j“1

αjβ
ps`j´1q{µ
j ˆ

n
ź

`“1

”

p2πq
µ´1
2 µ

1
2
´µa`´sΓpµa` ` sq

ıc`
”

p2πq
µ´1
2 µ

1
2
´µb``s`µ´1Γpµb` ´ s´ µ` 1q

ıd`
.

Sorting the terms leads us to

“ γA,B,µa,µb´pµ´1q1,c,dpsq,

as required. �

Sometimes we will leave out the indices of G when the parameters should be clear.

Remark 2.4. Proposition 2.3 provides us with the explicit formula

Gµpγa,b,a,b,c,dpsqq “ γAµ,bµ´psc`sdq,µa,µb´pµ´1q1psq,

where

A “ aµbpµ´1q{2p2πqpµ´1q{2¨psc`sdq expµ

´sc ` sd
2

´ p〈a, c〉` 〈b,d〉qµ` pµ´ 1qsd

¯

.

The next definition comprises all relevant Dirichlet series for our purposes.

Definition 2.5. Let b P N. We say that a (generalized) Dirichlet series of the form

Dpsq “
8
ÿ

ν“1

apνqν´s{b

has signature ppγ, γ˚q, σ, kq where pγ, γ˚q PW2 and k P R, if the following conditions are
all satisfied:

(i) Dpsq is absolutely convergent in the right half-plane ts P C | Repsq ą σu and has
a meromorphic continuation to the entire complex plane with possible poles at argu-
ments s P R.

(ii) There is a dual (generalized) Dirichlet series D˚psq also absolutely convergent in
ts P C | Repsq ą σu with a meromorphic continuation to the entire plane such that
the completions

pDpsq :“ γpsqDpsq

and
xD˚psq :“ γ˚psqD˚psq

are related by the functional equation
pDpk ´ sq “ xD˚psq.
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(iii) The function pDpsq is bounded on every vertical strip t´8 ă σ1 ă Repsq ă σ2 ă
8u X t|Impsq| ě 1u.

We denote the space of such generalized Dirichlet series Dpsq by Dppγ, γ˚q, σ, kq. In the
case γ “ γ˚, we simply write Dpγ, σ, kq.

From now on let us fix some gamma factors γ, γ˚ with the property

γpsq, γ˚psq !σ1,σ2 |s|
νσ1,σ2e´

π
2
|Impsq|, νσ1,σ2 ą 0,(2.1)

on every vertical strip σ1 ă Repsq ă σ2. For lots of applications this follows by application
of Stirling’s formula

Γpsq “
?

2πss´
1
2 e´s`Hpsq

in C´ with holomorphic H with the property

lim
|s|Ñ8

´π`δăArgpsqăπ´δ

Hpsq “ 0

for all fixed values δ P p0, πq. Let Spfq Ă U denote the set of poles the meromorphic
function f in its domain of definition U . For fixed σ we define

θ0 :“ maxtx P Spγq Y Spγ˚q | x ď σu, θ1 :“ mintx P Spγq Y Spγ˚q | x ą σu.

In the case that γ, γ˚ have no pole z with Repzq ą σ, we simply set θ1 “ 8. Note that
we have a holomorphic inverse Mellin transform of γ

M´1
σ pγ, xq “

1

2πi

c`i8
ż

c´i8

γpsqx´sds, σ ă c ă θ1,(2.2)

on the half plane Repxq ą 0. By the usual argument including contour integration we
see that (2.2) is independent from the choice of c. We can estimate the integral (2.2)
uniformly for all ´iτ P Wδ :“ tz P Cˆ | |Argpzq| ď π

2
´ δu by

|M´1
σ pγ,´iτq| ď

|τ |´c

2π

8
ż

´8

|γpc` itq|eArgp´iτqtdt !γ,c,δ |τ |
´c.(2.3)

Definition 2.6. Let f : H Ñ C be a holomorphic function. We say that f induces a
modular identity (of the Ramanujan type) of signature ppγ, γ˚q, σ, kq (where k P R and
γ, γ˚ PW satisfies condition (2.1)) if the following conditions are satisfied:

(i) We can expand f in series of the form

fpτq “
8
ÿ

ν“1

αpνqM´1
σ pγ,´iτν

1{b
q, b P N,(2.4)

such that αpνq ! ν
σ
b
´1 in this case.
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(ii) There is a dual function f˚ with expansion

f˚pτq “
8
ÿ

ν“1

α˚pνqM´1
σ pγ

˚,´iτν1{b
˚

q, b˚ P N,

α˚pνq ! ν
σ
b˚
´1, and also real numbers k´σ ă c1, ..., c` ă σ and polynomials P1, ..., P`

with transformation property

fp´1{τq “ τ kf˚pτq `
ÿ̀

j“1

Pjplogp´iτqqτ cj .

We denote the space of such functions by Rppγ, γ˚q, σ, kq. Again, if γ “ γ˚ we write
Rpγ, σ, kq. As in classical theory, we will sometimes call k the weight of f .

Theorem 2.7. Let γ, γ˚ be gamma factors which satisfy (2.1), and k P R with k ă 2σ.
Then we have an isomorphism between spaces

ϑ : Dppγ, γ˚q, σ, kq Ñ Rppγ, γ˚q, σ, kq

given by

ϑ : D ÞÑ

»

–τ ÞÑ
1

2πi

c`i8
ż

c´i8

γpsqDpsqp´iτq´sds, σ ă c ă θ1

fi

fl ,

with inverse

ϑ´1 : f ÞÑ

»

–s ÞÑ
1

γpsq

8
ż

0

fpixqxs´1dx, σ ă Repsq ă θ1

fi

fl .

Note that the representation of ϑ´1pfq is not defined for all s but its meromorphic con-
tinuation is an element of Dppγ, γ˚q, σ, kq.

Proof. We omit a rigorous proof but sketch the main ideas. For the map ϑ let τ “ iy with
y ą 0 and complete the integrals

1

2πi

σ`ε`i8
ż

σ`ε´i8

pDpsqy´sds´
1

2πi

k´σ´ε`i8
ż

k´σ´ε´i8

pDpsqy´sds(2.5)

where 0 ă ε ă θ1´σ, to a limit of closed contour integrals by adding horizontal segments
to form a rectangle (the boundedness condition for the Dirichlet series on vertical strips
allows us to use the Phragmen-Lindelöf principle (for details see for example [12] on p.
118) which means that the horizontal parts will vanish). Note that the coefficients α and
α˚ satisfy the growth condition because of the convergence of the Dirichlet series. After
the substitution s ÞÑ k ´ s in the right integral, expression (2.5) equals to

8
ÿ

ν“1

αpνqM´1
σ pγ, yν

1{b
q ´ y´k

8
ÿ

ν“1

α˚pνqM´1
σ pγ

˚, ν1{b
˚

{yq.



RAMANUJAN IDENTITIES OF HIGHER DEGREE 11

Finally, the residue theorem gives the desired error terms

ÿ̀

j“1

ress“cj

´

pDpsqy´s
¯

“
ÿ̀

j“1

Pjplogpyqqy´cj ,

and the result follows (after adjusting the objects notation) by analytic continuation.
For the other direction one obtains the Dirichlet series by construction (since the coeffi-
cients grow not to fast) by

8
ż

0

fpixqxs´1dx “
8
ÿ

ν“1

αpνq

8
ż

0

M´1
σ pγ, xν

1{b
qxs´1dx “ γpsqDpsq

on the strip σ ă Repsq ă θ1. Note that switching integral and sum is allowed using
absolute convergence and Lebesgues theorem (split the integral into two parts I0 and I8
from 0 to 1 and 1 to8, respectively, and choose values Repsq ą c1 ą σ and c2 ą Repsq ą σ
satisfying (2.3) for estimating the first and second integral). The dual integral is defined
analogously and with the transformation property one obtains the functional equation
back. In particular, since cj ă σ for all 1 ď j ď `, one has

8
ż

0

fpixqxs´1dx “

8
ż

1

fpi{xqx´s´1dx` I8psq

“

8
ż

1

˜

pixqkf˚pixq `
ÿ̀

j“1

Pjplogpxqqxcj

¸

x´s´1dx` I8psq

“ ikI˚8pk ´ sq `
ÿ̀

j“1

P̃j

ˆ

1

s´ cj

˙

` I8psq,

where the dual integral converges since k ´ Repsq ă k ´ σ ă σ and the P̃j are some
polynomials. Hence

γpsqDpsq ´ ikI˚8pk ´ sq ´
ÿ̀

j“1

P̃j

ˆ

1

s´ cj

˙

“ I8psq.(2.6)

With the same arguments (note that k ´ σ ă cj) one obtains

ikγ˚psqD˚psq ´ I8pk ´ sq ´
ÿ̀

j“1

P̃j

ˆ

1

k ´ s´ cj

˙

“ ikI˚8psq,(2.7)

and it follows that I8psq and I˚8psq and hence Dpsq and D˚psq have meromorphic con-
tinuations to the entire plane, since the vertical half planes tRepsq ą maxtk ´ θ1, σuu
and tRepsq ă θ1u have a non-empty intersection, with possible poles only at real values.
The functional equation becomes clear with (2.6) and (2.7) (after adjusting the dual by
rescaling with the factor ik).
The growth conditions are clear for vertical strips in tRepsq ą σu and tRepsq ă k ´ σu
due to the functional equation. For the critical strip tk ´ σ ď Repsq ď σu one uses the
standard estimate of the integrals I8 and I˚8 along vertical lines. �



12 J. FRANKE

For more about converse theorems the reader is referred to e.g. [4] (p. 336 – 338: Lemma
1 and Theorems 2 and 3) where general Dirichlet series

ř8

n“1 apnqe
´λns (as usual, λn is a

real increasing sequence with λn Ñ 8) and modular relations of the type

8
ÿ

n“0

apnq expp´λnxq “ x´δ
8
ÿ

n“0

bpnq exp
´

´
µn
x

¯

are investigated. In Lemma 1, the effect of the residue integral on the modular error term
is described in detail. Although Bochner assumes θ1 “ 8 for the Mellin integrals the
arguments are similar.
We can now use the generalized Gauß formula to introduce a general method to extract
analytic objects related to L-functions at rational arguments from those related to integer
arguments. This is summed up in the next theorem.

Theorem 2.8. Let µ P N and γ̃ “ pγjq1ďjďµ and γ̃˚ “ pγ˚j q1ďjďµ be collections of gamma
factors in Wa,b,c,d. We then have a map

Tµ :
µ

ą

j“1

Dppγj, γ˚j q, σ, kq Ñ D
``

Gµ
a,b,c,dpγ̃q, G

µ
a,b,c,dpγ̃

˚
invq

˘

, µσ, µk ´ µ` 1
˘

pD1, ..., Dµq ÞÑ

«

s ÞÑ
µ
ź

j“1

Dj

ˆ

s` j ´ 1

µ

˙

ff

.

Proof. Firstly, we show that the above map is indeed well-defined. To do so, we have to
check that the image of some tuple pD1, ..., Dµq is a generalized Dirichlet series with sig-
nature

``

Gµ
a,b,c,dpγ̃q, G

µ
a,b,c,dpγ̃

˚
invq

˘

, µσ, µk ´ µ` 1
˘

as introduced in Definition 2.5. Since

µσ ă Repsq ùñ σ ă Re

ˆ

s

µ

˙

ď Re

ˆ

s` j ´ 1

µ

˙

,

the convergence part of condition (i) is clearly satisfied. As a product of meromorphic
functions in the complex plane the resultant function is meromorphic too and still has
poles only in R as every factor does. For part (ii) we use the functional equations of the
individual factors:

{TµppDjqqpµk ´ pµ´ 1q ´ sq “
µ
ź

j“1

xDj

ˆ

k ´
s` µ´ j

µ

˙

“

µ
ź

j“1

{D˚µ´j`1

ˆ

s` j ´ 1

µ

˙

.

With

TµppDjqq
˚
psq “

µ
ź

j“1

D˚µ´j`1

ˆ

s` j ´ 1

µ

˙

we have found the dual which also converges absolutely for all s with Repsq ą σ, with
corresponding gamma factor Gµ

a,b,c,dpγ̃
˚
invq. It is plain that (iii) is satisfied and this proves

the theorem. �
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3. Application to Dedekind zeta functions of number fields

In this section, we will construct identities of higher degree by looking at the specific
gamma factors γpsq “ absΓnpsq for integers n “ 1, 2, 3, ....

Definition 3.1. Let n P N be an integer. We define for all τ P H

Wnpτq :“
1

2πi

c`i8
ż

c´i8

Γpsqnp´iτq´sds,

where c ą 0 is some real number.

Let K1 and K2 be two number fields of degree n and the same signature pr1, r2q, where r1
and r2 denote the numbers of real and complex embeddings of K1 and K2, respectively.
We now consider the special gamma factor

γK1,K2psqn “

˜

a

|dK1dK2 |

p2πqn

¸s

Γpsqn.

Here, dK1 and dK2 denote the discriminants of K1 and K2, respectively. We are interested
in the space DpγK1,K2 , 1, kq. But before starting, we just revise some basic facts.
Let K be a number field with degree n and signature pr1, r2q. We can then define its
Dedekind zeta function by

ζKpsq :“
ÿ

a

1

Npaqs
,

where the sum extends over all non-zero ideals of the integral domain OK and N is
the norm of an ideal. It is a well known result by Hecke [8] that the corresponding
function

ξKpsq :“

˜

a

|dK |

2r2πn{2

¸s

Γ
´s

2

¯r1
Γpsqr2ζKpsq

has a holomorphic continuation to Czt0, 1u with simple poles for s P t0, 1u and fulfills the
functional equation

ξKp1´ sq “ ξKpsq.

Proposition 3.2. Let K1 and K2 be two number fields of degree n and same signature
pr1, r2q, w ą 0 an odd integer and

ψwps;K1, K2q :“ γK1,K2psqnζK1psqζK2ps` wq.

Then we have the functional equation

ψwp1´ w ´ s;K1, K2q “ p´1qr1pw´1q{2`r2ψwps;K2, K1q.(3.1)

In other words, we have ζK1psqζK2ps` wq P DpγK1,K2 , 1, 1´ wq, and

pζK1psqζK2ps` wqq
˚
“ p´1qr1pw´1q{2`r2ζK2psqζK1ps` wq.(3.2)
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Proof. We will first show that

ψwps;K1, K2q “
1

p2
?
πqr1

˜

a

|dK2 |

2r2πn{2

¸´w w´3
2
ź

j“0

ˆ

s` 1

2
` j

˙´r1 w´1
ź

`“0

ps``q´r2ˆξK1psqξK2ps`wq.

This is a simple calculation involving the duplication formula ΓpsqΓps`1
2
q “ Γp2sq21´2s

?
π.

We obtain

1

p2
?
πqr1

˜

a

|dK2 |

2r2πn{2

¸´w w´3
2
ź

j“0

ˆ

s` 1

2
` j

˙´r1 w´1
ź

`“0

ps` `q´r2 ˆ ξK1psqξK2ps` wq

“
1

p2
?
πqr1

˜

a

|dK1dK2 |

22r2πn

¸s

Γ
´s

2

¯r1
Γ

ˆ

s` 1

2

˙r1

Γpsq2r2ζK1psqζK2ps` wq

“
1

p2
?
πqr1

˜

a

|dK1dK2 |

2r1`2r2πn

¸s

p2
?
πqr1Γpsqr1`2r2ζK1psqζK2ps` wq

and since n “ r1 ` 2r2 we conclude

“

˜

a

|dK1dK2 |

p2πqn

¸s

ΓpsqnζK1psqζK2ps` wq,

as required.
Now we show the functional equation by using the above representation in terms of ξKj
with j “ 1, 2. Obviously, the term ξK1psqξK2ps ` wq changes to ξK2psqξK1ps ` wq under
the transformation s ÞÑ 1´ w ´ s. We have

w´3
2
ź

j“0

ˆ

1´ w ´ s` 1

2
` j

˙´r1

“ p´1qr1pw´1q{2
w´3
2
ź

j“0

ˆ

s` 1

2
`
w ´ 3

2
´ j

˙´r1

“ p´1qr1pw´1q{2
w´3
2
ź

j“0

ˆ

s` 1

2
` j

˙´r1

and similarly

w´1
ź

`“0

p1´ w ´ s` `q´r2 “ p´1qwr2
w´1
ź

`“0

ps` w ´ 1´ `q´r2

“ p´1qwr2
w´1
ź

`“0

ps` `q´r2 .

Since p´1qw “ ´1, the claim follows. �

We are interested in formulas for L-functions at rational arguments. To gain those, we
have to construct a proper generalized complete Dirichlet series.
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Definition 3.3. Let w ą 1 and b ą 0 be integers with w ” 1 mod 2. Also let K̃ “

pK1, K
1
1, K2, K

1
2, ..., Kb, K

1
bq be a collection of number fields with the same degree n, such

that Kj and K 1
j have the same signature pr1,j, r2,jq for all 1 ď j ď b. Then we define

Φw,bps; K̃q “
b
ź

j“1

ψw

ˆ

s` j ´ 1

b
;Kj, K

1
j

˙

.

For the sake of simplicity, we write Dw
K1,K2

psq :“ ζK1psqζK2ps ` wq. Now one can apply
Theorem 2.8 to the data pDw

K1,K11
, ..., Dw

Kb,K
1
b
q P

Śb
j“1DpγKj ,K1j , 1, 1 ´ wq to obtain the

functional equation

Φw,bp1´ bw ´ s; K̃q “ p´1q
řb
j“1 r1,jpw´1q{2`r2,jΦw,bps; K̃invq.(3.3)

For the convenience of the reader we want to demonstrate this general principle by the
explicit case of real quadratic number fields. So assume that the above collection now
only contains real quadratic number fields. A calculation shows

Gb
0,0,2,0ppγKj ,K1jq1ďjďbq “ ∆b

ˆ

2πb
2b
?
D

˙´2s

Γpsq2

where D “

b

|dK1 ¨ dK11 ¨ ¨ ¨ dKb ¨ dK1b | and ∆ “
śb

j“1 |dKj ¨dK1j |
j´1
2b and hence we have

Φw,bps; K̃q “ ∆b

ˆ

2πb
2b
?
D

˙´2s

Γpsq2
b
ź

j“1

ζKj

ˆ

s` j ´ 1

b

˙

ζK1j

ˆ

s` j ´ 1

b
` w

˙

.(3.4)

Obviously, the central object of studying yet is the generalized Dirichlet series

Dw,b

K̃
psq :“

b
ź

j“1

ζKj

ˆ

s` j ´ 1

b

˙

ζK1j

ˆ

s` j ´ 1

b
` w

˙

“

8
ÿ

ν“1

cw,bpν; K̃qν´s{b,(3.5)

where the generating coefficients cw,bpν; K̃q are defined by the product in the above equa-
tion.

Theorem 3.4. Let w ą 1 and b ą 0 be integers with w ” 1 mod 2. Let K̃ “

pK1, K
1
1, ..., Kb, K

1
bq be a collection of real quadratic number fields as above. For all τ P H

we define the (holomorphic) function

Ew,bpτ ; K̃q “ 2∆b
8
ÿ

ν“1

cw,bpν; K̃qK0

ˆ

4πb 2b

c

ν

D

?
´iτ

˙

,

Then, for all τ P H, we have an identity

Ew,bpτ ; K̃q ´ p´iτqbw´1Ew,bp´1{τ ; K̃invq “

w`1
ÿ

α“0

Pαpτq ` logp´iτqQαpτq,
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where the Pi and Qj are rational functions with Pα ” Qα ” 0 whenever 1 ă α and α ” 0
mod 2. The functions Pi are explicitly given by

P0pτq “
b
ÿ

`“1

p´iτq´`Ap`qRKb´``1
p`´ 1q!2

b
ź

j“1
j “b´``1

ζKj

ˆ

`` j ´ 1

b

˙ b
ź

j“1

ζK1j

ˆ

`` j ´ 1

b
` w

˙

P1pτq “
0
ÿ

`“1´b

p´iτq´`Ap`q
ζ 1K1´`

p0qζK11´`pwq

b

b
ź

j“1
j “1´`

ζKj

ˆ

`` j ´ 1

b

˙

ζK1j

ˆ

`` j ´ 1

b
` w

˙

Pwpτq “
b´bw
ÿ

`“1´bw

p´iτq´`Ap`qRK1b´bw`1´`

ζ2Kb´bw`1´`
p`q

2b2p´`q!2

ˆ

b
ź

j“1
j “b´bw`1´`

ζKj

ˆ

`` j ´ 1

b

˙

ζK1j

ˆ

`` j ´ 1

b
` w

˙

where RK :“ ress“1ζKpsq, and for all 2 ď α ď w ` 1 with α ” 1 mod 2 and α “ w

Pαpτq “
b´bα
ÿ

`“1´bα

p´iτq´` rΨ1p`q `Ψ2p`q `Ψ3p`qs

where

Ψ1p`q “ Ap`qp´1q`
H´` ´ γ

p´`q!2

b
ź

j“1

ζKj

ˆ

`` j ´ 1

b

˙

ζK1j

ˆ

`` j ´ 1

b
` w

˙

,

Ψ2p`q “ Ap`q
1

bp´`q!2

«

b
ÿ

µ“1

ˆ

ζ 1Kµ

ˆ

`` j ´ 1

b

˙

` ζ 1K1µ

ˆ

`` j ´ 1

b
` w

˙˙

Zµp`q

ff

Ψ3p`q “ ´2 log

ˆ

2πb
2b
?
D

˙

Ap`q
1

p´`q!2

b
ź

j“1

ζKj

ˆ

`` j ´ 1

b

˙

ζK1j

ˆ

`` j ´ 1

b
` w

˙

,

with

Apsq “ ∆b

ˆ

2πb
2b
?
D

˙´2s

and

Zµp`q “
b
ź

j“1
j “µ

ζKj

ˆ

s` j ´ 1

b

˙

ζK1j

ˆ

s` j ´ 1

b
` w

˙

.

The functions Qj satisfy Q0 ” Q1 ” 0 and

Qαpτq “ ´
b´bα
ÿ

`“1´bα

p´iτq´`Ap`q
1

p´`q!2

b
ź

j“1

ζKj

ˆ

`` j ´ 1

b

˙

ζK1j

ˆ

`` j ´ 1

b
` w

˙

as α ě 2 and α ” 1 mod 2.
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Proof. We remember that 2K0p2
?
xq “ W2pxq. From (3.3) we conclude

Dw,b

K̃
psq P DppGb

0,0,2,0ppγKj ,K1jq1ďjďbq, G
b
0,0,2,0ppγK1b´j`1,Kb´j`1

q1ďjďbqq, b, 1´ bwq

with dual series
´

Dw,b

K̃

¯˚

psq “ Dw,b

K̃inv
psq.

Since we clearly have 1 ´ bw ă 2b, we can use Theorem 2.7. The calculations all base
on investigating the residues of the completed Dirichlet series. For example, poles of first
order are given in s “ 1, 2, ..., b. The residues here are given by the summands of P0pτq.
The details and the further calculations are omitted. �

Note that (1.2) follows by this new identity by setting b “ 1 and α “ 2πd
´ 1

2
K

?
´iτ and

β “ 2πd
´ 1

2
K ¨ 1?

´iτ
.

4. Application to L-functions for modular forms of half-integral
weight

We can apply the developed methods to find new identities for L-functions assigned to
modular forms of half-integral weight. We consider the Hecke group Hpλq Ă SL2pRq,

which is by definition generated by the elements S “
ˆ

0 ´1
1 0

˙

and Tλ “
ˆ

1 λ
0 1

˙

where

λ ą 0 is some real number. It was shown by Hecke that Hpλq is discrete if and only
if λ ě 2 or λ “ 2 cos

`

π
m

˘

with an integer m ě 3. Let f be a cusp form of weight
k P 1

2
` N0 for Hpλq. Then f has a Fourier expansion fpτq “

ř8

n“1 apnqq
n{λ and satisfies

the functional equation f
`

´ 1
τ

˘

“ p´iτqkfpτq. Furthermore, the coefficients apnq shall be
bounded by apnq !f n

k
2 (for λ ă 2 this is always the case, for λ ě 2 we assume it). The

corresponding Hecke L-function Lf psq “
ř8

n“1 apnqn
´s is absolutely convergent in the

half-plane tRepsq ą k
2
` 1u and extends to a meromorphic function on all of C. Kohnen

and Raji show in [10], that φf psq “ Lf ps ` k ´ 1q is an element of Dpγhalf , 2 ´ k
2
, 2 ´ kq

with corresponding gamma factor

γhalfpsq “
1

π

ˆ

2π

λ

˙´s

ΓpsqΓ

ˆ

1

2
` s

˙

Γ

ˆ

1

2
´ s

˙

“

ˆ

2π

λ

˙´s
Γpsq

cospπsq
.

Now we can assign f the series

E˚f pzq “
8
ÿ

n“1

apnqn1´kHp2πinz{λq,

where the functionH is given byHpzq “ 1?
π

´

ezΓ
`

1
2
, z
˘

´ 1?
z

¯

, here, Γpσ, zq :“
ş8

σ
e´ttz´1dt

denotes the incomplete Gamma function. Note that H is a holomorphic function on the
upper half-plane and Hpzq “ Op|z|´

3
2 q. Given apnq !f n

k
2 it is easy to see that E˚f is a

holomorphic function on the upper half-plane. In [10], Kohnen and Raji used this series
to start a cohomology theory in the case of half-integral weight. It is shown that

E˚f pτq ´ piτqk´2E˚f
ˆ

´
1

τ

˙

“ Pf pτq `

ˆ

2πiτ

λ

˙´ 1
2

Qf pτq,
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where Pf and Qf are polynomials of degree at most k ´ 1
2
. In the case k ě 3 this result

follows also by D P Dpγhalf , 2´ k
2
, 2´ kq,

M´1
1
2

pΓpsq secpπsq, xq “ Hpxq(4.1)

and Theorem 2.7 by studying the poles of D̂psq at half-integral values. Note that the
natural embedding

D
ˆ

γhalf , 2´
k

2
, 2´ k

˙

ãÑ D
ˆ

γhalf ,
1

2
, 2´ k

˙

and hence the values σ “ 1
2
and θ1 “ 3

2
are used. We want to apply the main theorem to

construct curious formulas for the functions Lf at rational arguments.

Lemma 4.1. Let µ P N. We obtain

Gµ
pγhalfqpsq “

?
µ
´

2π
?
λ
¯µ´1

ˆ

2πµ

λ

˙´s
Γpsq

cospµ´1qpπsq
.

Proof. This is routine, observe that
µ
ź

j“1

cos

ˆ

π
s` j ´ 1

µ

˙

“ p2πq1´µ cospµ´1qpπsq.

�

Let pfjq1ďjďµ be a finite collection of cusp forms with same weight k P 1
2
` N0. One can

now use Theorem 2.8 to show that
µ
ź

j“1

φfµ

ˆ

s` j ´ 1

µ

˙

P D
ˆ

Gµ
pγhalfq, µ

ˆ

2´
k

2

˙

, µ´ µk ` 1

˙

.

At this point we obtain an infinite number of new identities, the details are omitted.

Example 4.2. Let µ “ 3. We consider the Dedekind eta function

ηpzq “ q1{24
8
ź

n“1

p1´ qnq,

which is well known to be a holomorphic modular form of weight k “ 1
2
for SL2pZq with

certain nebentypus character. Due to the above discussed results we find that

φη “ Lη

ˆ

s´
1

2

˙

P D
ˆ

γhalf ,
7

4
,
3

2

˙

.

Hence
T3pφηq P D

ˆ

G3
pγhalfq,

21

4
,
5

2

˙

,

where
γ3psq :“ G3

pγhalfqpsq “ ´96
?

3π2
´π

4

¯´s

Γpsq secpπsq.

With residue calculus and (4.1) we find

M´1
21
4

pγ3, xq “ ´96
?

3π3{2e
π
4
xΓ

ˆ

1

2
,
πx

4

˙

` Epxq,
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where

Epxq “ ´
192
?

3π

x1{2
´

384
?

3

x3{2
`

2304
?

3

πx5{2
´

23040
?

3

π2x7{2
`

322560
?

3

π3x9{2
.

Put

φη

´s

3

¯

φη

ˆ

s` 1

3

˙

φη

ˆ

s` 2

3

˙

“

8
ÿ

m“1

λη,3pmqm
´s{3,

then we obtain

fpτq “
8
ÿ

m“1

λη,3pmqM´1
21
4

pγ3,´iτm
1{3
q P R

ˆ

γ3,
21

4
,
5

2

˙

.

The error term in the transformation law of fp´1{τq is now related to products of values
of Lη at arguments s P 1

6
Z. The calculations are analogous to those made in [6] when

proving Theorem 1.1.

5. Questions

It is natural to ask the following question at this stage.

Question 5.1. Is there a possibility to extract more detailed information about (products
of) L-functions at rational arguments using the introduced techniques?

The most promising way is probably finding a cohomology theory just as in the case of
modular forms of integer and half-integer weight to describe the period polynomials which
have occurred.
A second question refers to results of Jin, Ma, Ono and Soundararajan in [9], who proved
that the zeros of the period polynomial of a newform f P SkpΓ0pNqq lie on the circle
|z| “ 1{

?
N .

Question 5.2. What can we say about the zeros of the error polynomials related to L-
functions at rational arguments?
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