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Overview

© Setup: Hermitian spaces and unitary groups U(1, n).
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Overview

© Setup: Hermitian spaces and unitary groups U(1, n).
@ The Borcherds lift for U(1, n)

© Example case: U(1,1)

@ Further results & outlook.
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A hermitian space

o F=Q(Vd), d € Zg, d square-free.
@ Dp the discriminant, § = /Dy the different of F.

o Or ring of integers, Dﬂ?l inverse different ideal of F

Op =Z&CZ, Dp'=35"'0r
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A hermitian space

F = Q(Vd), d € Zo, d square-free.
Dy the discriminant, 6 = v/ Dy the different of F.
Or ring of integers, Dﬂ?l inverse different ideal of F

Op =Z&CZ, Dp'=35"'0r

Vr, (-, ) a hermitian space over F, of dimension g + 1

(-,-) a non-degenerate, indefinite hermitian form, of signature (1, q).
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A hermitian space

F = Q(Vd), d € Zo, d square-free.
Dy the discriminant, 6 = v/ Dy the different of F.
Or ring of integers, Dgl inverse different ideal of F

Op =Z&CZ, Dp'=35"'0r

Vr, (-, ) a hermitian space over F, of dimension g + 1

(-,-) a non-degenerate, indefinite hermitian form, of signature (1, q).

L C V an even hermitian lattice, L ®p; F = Vf, with Z-dual L
Fix two vectors u, v’ with u € L primitive, v’ € L' and

(uyuy =(d',u")y=0, (uu)#0
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The unitary group

Denote by U(V) be the unitary group of V.
(] U(L) == StabU(V)(L)
@ The discriminant kernel ', C U(L).

The symmetric domain is isomorphic to the quotient
U(V)(R)/C (C max. compact subgroup).

The modular variety Xr = ', \U(V)(R)/C is called a ball-quotient.
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The unitary group

Denote by U(V) be the unitary group of V.
(] U(L) == StabU(V)(L)
@ The discriminant kernel ', C U(L).

The symmetric domain is isomorphic to the quotient
U(V)(R)/C (C max. compact subgroup).

The modular variety Xr = ', \U(V)(R)/C is called a ball-quotient.
A projective model is given by the cone of positive lines in V/,

Ku = {[v]; (v,v) > 0} Cc P'C.
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The Siegel domain model

An affine model can obtained as follows:
For each [z] € Ky fix a representative of the form z = v — 76(v', v)u + o
(with o € VNultnu'* and 7 € C).

The Siegel domain model for the symmetric domain is defined as

Hy = {(1,0) € C x CI7L; 28716||(u, ) > —(0,0)} ~ Ky.

Eric Hofmann University of Heidelberg Borcherds Products for Unitary Groups

July 9, 2014 5/1



The Siegel domain model

An affine model can obtained as follows:

For each [z] € Ky fix a representative of the form z = v — 76(v', v)u + o
(with o € VNultnu'* and 7 € C).

The Siegel domain model for the symmetric domain is defined as

Hy = {(1,0) € C x CI7L; 28716||(u, ) > —(0,0)} ~ Ky.

Example ¢ = 1:
Here, SU(V) ~ SL,(R), and Hy just the usual complex upper half-plane,

H={reC; 37 >0},

on which 'y (~ SLy(Z)) operates as usual.
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Unitary modular forms

Definition
Let I be of finite index in [, and k € Z. Then, f : Hy — C is a unitary
modular form (for I with weight k), if
@ f is holomorphic on Hy.
Q@ ForallyeTl, f(y(r,0)) =j(v; a)kf(T,a).
© f is entire at the cusps of Hy.
(For g > 1 this follows from the Kécher-principle.)
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Unitary modular forms

Definition

Let I be of finite index in [, and k € Z. Then, f : Hy — C is a unitary

modular form (for I with weight k), if
@ f is holomorphic on Hy.
Q@ ForallyeTl, f(y(r,0)) =j(v; a)kf(T,a).
© f is entire at the cusps of Hy.
(For g > 1 this follows from the Kécher-principle.)

Modular forms on Hy can be developed as Fourier-Jacobi series

f(r,o0) = Z an(o)e(nT).

neQ
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The Borcherds lift

Vector valued modular forms

As a quadratic module over Z, the lattice L has signature (2,2q) (with the
bilinear form (-, -) := TrF/Q<.’ ).
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The Borcherds lift

Vector valued modular forms

As a quadratic module over Z, the lattice L has signature (2,2q) (with the
bilinear form (-, -) := Tr]F/Q<.’ ).

Now, the Weil-representation p; is a unitary representation of SLy(Z) on
the group algebra C[L'/L],

p(Tey = e(X(m))ens pu(S)e, = Y
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The Borcherds lift

Vector valued modular forms

As a quadratic module over Z, the lattice L has signature (2,2q) (with the
bilinear form (-, -) := Trro(-, ).

Now, the Weil-representation p; is a unitary representation of SLy(Z) on
the group algebra C[L'/L],

pi(T)ey = e(3(1)eys pL(S)ey = Y 3 e(~(7,6))es.

Define the usual |4, operation on functions f : H — C[L/L]:
( lip M)(7) = (e + d) *pr (M) (M7), M= (25) € SLy(Z).

Then M| (pL) is the set of holomorphic functions f : H — C[L'/L] with
flkp,M=f, VM € SLy(Z), and meromorphic around the cusp iooc.
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The Borcherds lift

Heegner-divisors

Let m be a negative integer and v € L'/L.
The Heegner-divisor of index (m,~) is defined a follows:

@ For A € L' with (A\,\) = m <0, set
H(\) :={(7,0) € Hu; (z(7,0),\) =

(Note: H(\) = H(u)\), for i € St N OF)
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The Borcherds lift

Heegner-divisors

Let m be a negative integer and v € L'/L.
The Heegner-divisor of index (m,~y) is defined a follows:

@ For A € L' with (A\,\) = m <0, set
H(\) == {(7,0) € Hu; (z(7,0),\) = 0}.

(Note: H(\) = H(u)\), for i € St N OF)
@ For the index (m,~) we may now define
H(m,~) = Z H()).
AEy+L
AA)=m
([, invariant divisor on Hy.)

More generally, any (integer) linear combination of divisors of this type is
called a Heegner divisor.
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Main theorem: The Borcherds lift

!

f(r)= > > c(ny)e(nr)e, € Mi_(p1)
yeL'/L nez;q(v)
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Main theorem: The Borcherds lift

=(z:f, W) = Ce (&2 I 761;% (1_e(<<5;2>>)>c(<*ﬂ>ﬁ>
(A W)>0 p(3) Atk

!

f(r)= Y > cln)e(nr)e, € My_g(pr),
yeL'/L nez;q(v)

with z=u —76(J,u)u+o

—~

© Meromorphic modular form for ', on Hy of weight ¢(0,0)/2.
@ The divisor of =(f) is a Heegner-divisor
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=(z:f, W) = Ce (&2 I 761;% (1_e(<<5;2>>)>c(<*ﬂ>ﬁ>
(A W)>0 p(3) Atk

!

f(r)= Y > cln)e(nr)e, € My_g(pr),
yeL'/L nez;q(v)

W a Weyl-chamber, p = p(f, W) Weyl-vector

—~

© Meromorphic modular form for ', on Hy of weight ¢(0,0)/2.
@ The divisor of =(f) is a Heegner-divisor
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Main theorem: The Borcherds lift

=(z; f,W) = Ce (((uz/,z) )\g{/ veg/L (1 —e (<5;2> ))C(<’\’)‘>’7)
(AW)>0 p(y) =3k

!

S Y el y)e(n)e, € My (pL),

vel'/L neZta(v)

n>>—oo

@ Meromorphic modular form for ', on Hy of weight ¢(0,0)/2.

(2]
div(= Z Z c(n,v)H(n,~)

'yeL’/L neZ+q()
n<0
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Example case: U(1,1)

Let Ve =F2 and L = Oy & Dy .
o [ ~SLy(Z):

SLy(Z) > (i Z) o <c:—1 12;) e SU(L),

with e = —d0(v, u).
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Example case: U(1,1)

Let Ve =F? and L = O @ Dy .

4 F,_ >~ SL2(Z)
SLy(Z) > (i 3) o (j Z) e SU(L),

when (u, /) =51,

@ The symmetric domain is just the usual upper half-plane,
H={reC; 37 >0}.
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Example case: U(1,1)

Let Ve =F? and L = O @ Dy .

4 F,_ >~ SL2(Z)
SLy(Z) > (i 3) o (j Z) e SU(L),

when (u, /) =51,

@ The symmetric domain is just the usual upper half-plane,
H={reC; 37 >0}.

The space of input functions is M, (SLa(Z)); a basis is given by

1L, jo=j—T48, jo, ...,
with  ja(7) =q "+ 0(q) (n€ Zo).
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Example: U(1, 1)

Heegner-divisors & Weyl-chambers

Let n€ Z, n> 0.
@ For A= X\u+ M\ €L, with (\,\) = —n <0,

— Tr()\1>\_2) + né
N(A2)

H()\) = [7‘)\], with 7\ =

a CM-point with CM-order Z + n'Op (with n" | n).
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Example: U(1,1)

Heegner-divisors & Weyl-chambers

Let ne Z, n> 0.
@ For A= X\u+ M\ €L, with (\,\) = —n <0,

— Tr()\1>\_2) + né
N(A2)

H(/\) = [7‘)\], with 7\ =

a CM-point with CM-order Z + n'Op (with n" | n).
H(—n)= > [n] (Heegner-divisor of index —n)
Ael
AMA)=—n

o Let d =t{t € Z>o;t | n}. Let t1,...,ty be the divisors of n, in
ascending order (t; < tj11). Set tp =0, tg4+1 = oo.

W(ti, tia) = {10167 < 2nS7 < |3t} },  (i=0,....d).
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The lift of j,

Theorem

=(7;jn) is @ meromorphic modular form of weight 0 on H satisfying
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The lift of j,

Theorem

=(7;jn) is @ meromorphic modular form of weight 0 on H satisfying

o It's divisor is given by div(Z) = SH(—n).
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The lift of j,

Theorem
=(7;jn) is @ meromorphic modular form of weight 0 on H satisfying
o It's divisor is given by div(Z) = SH(—n).
@ The product expansion attached to the Weyl-chamber
W = W(t;, tiy1) is given by:

=(rin W) = el = 20) T] (1-e(kr—12))™,

k,IEZ
ni>kt?
where p; = Z t, p2= Z t.
t|n t|n
t>tip1 0<t<t;

(absolutely convergent for ST > 2n|6| ™)

Eric Hofmann University of Heidelberg Borcherds Products for Unitary Groups July 9, 2014 12/1



Further Results & Outlook

@ Values around cusps: If = is regular and non-zero at [u], the value

lim:— 00 =(z; f) is @ CM-value of an eta-quotient.
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Further Results & Outlook

@ Values around cusps: If = is regular and non-zero at [u], the value

lim:— 00 =(z; f) is @ CM-value of an eta-quotient.
e Modularity of divisors (Borcherds-GZK): The series

A(T) = Cl(,c,l/g) + Z Z H(—n,ﬁ) q”eB,
Bel’/L nEZ—&-g(ﬂ)
n>

is a modular form contained in Mg )r ® (CHl(Xr/B))Q.
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Example: U(1,1)

Further Results & Outlook

@ Values around cusps: If = is regular and non-zero at [u], the value
lim; 00 =(z; f) is a CM-value of an eta-quotient.

e Modularity of divisors (Borcherds-GZK): The series

Ar)y=alloyp)+ >, > o« ,0))q"es,

BeL'/L neZ+(p)
n>0
is a modular form contained in My q,r ® ((]Hl()er)/ZS’))Q
@ Work in preparation: Local Borcherds products.
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Further Results & Outlook

@ Values around cusps: If = is regular and non-zero at [u], the value
lim; 00 =(z; f) is a CM-value of an eta-quotient.

e Modularity of divisors (Borcherds-GZK): The series

Ar)y=alloyp)+ >, > o« ,0))q"es,

BEL'/L neZ+¢(B)
n>0

is a modular form contained in M4 ® ((]Hl()er)/ZS’))Q
@ Work in preparation: Local Borcherds products.

@ Intersection theory, height functions, cf. [Bruinier-Howard-Yang '13].
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Example: U(1,1)

Thank you for your attention!
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