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0. Introduction

Around the mid 1990s, Borcherds developed the theory of his famous Borcherds products.
In [2], he gave a construction for them using a singular theta lift for the dual reductive
pair O(p,2) x SLs(R), also extending a number of previously known liftings along the
way. The singular theta lift of this type allows the construction of automorphic functions
with take their zeros and poles along algebraically defined divisors prescribed by the
Fourier expansion of the input function, a weakly holomorphic elliptic modular form. It
has been generalized in a number of ways and has found numerous applications.

For instance, Borcherds used his lifting to obtain a modularity result for a generating
series of divisors, see [3]. His argument is fairly algebraic in nature, using Serre duality
between different spaces of formal generating series.

At about this time, Kudla initiated what became known as the Kudla program [41]. It
asserts the modularity of certain generating series of ‘special cycles’ in the cohomology
on (integral models of) Shimura varieties for orthogonal and unitary groups. In a way,
this program can be viewed as an extension and a considerable refinement of his joint
work with Millson during the 1980s, where in a series of papers [44, 45, 46] they used
a theta lift to show the modularity of certain generating series in the cohomology on
symmetric spaces for orthogonal and unitary groups.

At the intersection of algebraic geometry and number theory, the Kudla program has
yielded many key insights into both fields. Speaking in broad terms, in this program
special cycles are interpreted as elements in the arithmetic Chow group of the Shimura
variety, using suitable Green currents for the complex points of these cycles, see [43] for
an overview. Hence, the construction of such currents is of key importance. Indeed, in
[41, 42], Kudla constructed one type of Green functions for special cycles on the hermitian
spaces of orthogonal groups O(p,2) via an exponential integral.

In [5] Bruinier extended the singular theta lift of Borcherds by taking Maass Poincaré
series as inputs, and obtained a lifting into the cohomology. This lifting can then be
utilized to construct a further type of Green functions [5], [11], [10].

Note that Maass Poincaré series span the space of weak harmonic Maass form, the
importance of which as a space of inputs was first recognized by Bruinier and Funke, who
in [10] used the singular theta lift to construct Green functions for the special divisors.
They clarified the relationship between the singular theta lift of Borcherds type and
the more classical theta lift of Kudla and Millson, in terms of the geometric currents
which can be associated to both. The underlying structure here is the dual reductive
pair O(p, q) x SLy(R).

The singular theta lift for unitary groups U(p, 1) was first studied in detail by the author
in his doctoral thesis [33] and subsequently in [34, 35], with weakly holomorphic inputs.
We note that while the construction from [33] uses an embedding U(p, 1) < O(2p, 2), the
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dual reductive pair U(p, 1) x U(1,1) is accessible via the singular theta lift of Borcherds
type, as U(1, 1) is isomorphic to SLy(R). The extension of this lift to weak harmonic
Maass forms has been utilized to again construct Green functions for the special cycles
in [14] and [15, 16].

Also, quite recently, Ehlen and Sankaran uncovered a fairly subtle relationship between
the difference of the two Green functions (i.e. those of ‘Kudla type’ and those of ‘Bruinier
type’). They showed, both for O(p,2) and U(p, 1), that the difference of their generating
series can be interpreted as a smooth modular form, of weight £+1 and p+ 1, respectively.

In [9], Bruinier studied the case of the Hilbert modular group. Here, faced with the
problem of the non-existence of weak harmonic Maass forms, he replaced them with
‘Whittaker-forms’ as input functions for the lift, again yielding Green functions for the
special divisors.

In the joint work of the author with Funke [25], we carried out the construction of
Green currents, actually Green functions, for the dual pair U(p,q) x U(1,1). On the one
hand, since U(1,1) =~ SLy(RR) this case is still accessible through a singular theta lift of
Borcherds type. On the other hand, the special cycles have codimension ¢ and hence for
g > 1 are no longer divisors.

Let us briefly mention some other results on the construction of Green forms for cycles
of higher codimension in the context of the Kudla program. Since Kudla’s original
[41] and the work of Liu [47], further progress has been made only quite recently by
Bruinier and Yang [12], who used star-products to construct Green forms for cycles
of higher codimension for O(p,2) and U(p, 1), and by Garcia and Sankaran [29], who
utilized Quillen’s theory of supercongruences. Actually, in this manner, they were able
to construct Green forms for cycles in any codimension in U(p, q).

In the context of the Kudla program and the developments described above, the
author’s own work has revolved around two main focal points, the first being Borcherds
products for U(p, 1) and related constructions such as local Borcherds products, with
some applications to modularity results for generating series [33, 34, 35, 37], and second,
more recently, the construction of Green functions and the singular theta lift for U(p, q)
[25].

It is the aim of the present postdoctoral thesis, on the one hand to present and
summarize this work in a uniform setting and notation, on the other hand, beyond this,
to present an explicit calculation of the Fourier-Jacobi expansion of the singular theta
lift of a weak harmonic Maass form in any signature U(p, q).

Structure The main text is organized as follows, a detailed overview of the results
presented in the Chapters 2,3 and 4 is given further below:

Chapter 1 provides the common setup and notation, for unitary groups and their Lie
algebras, hermitian lattices and special cycles. We give a brief review of the Schrodinger
model for Weil representation for the dual pair U(p, q) x U(1,1) and introduce the finite
WEeil representation via the transformation behavior of theta functions. Finally, we
introduce some spaces of vector valued modular forms.




In Chapter 2, we relate the author’s previous work in the setting of unitary groups
U(p, 1), from [33, 34, 35] and [37], the main focus of which is Borcherds products as well
as, in [37], local Borcherds products and applications thereof.

Chapter 3 treats the joint work of the author and Funke [25], in which we construct
Green functions and introduce a singular theta lift for the dual pair U(p,q) x U(1,1).
Two types of Green functions are constructed, one through a ‘singular’ Schwartz form
and another via the singular theta lift. We prove the analogue of the results of [10],
show the modularity of the difference of the generating series, along the lines of [19], and
finally consider a further kind of Green object, which we relate to the results of [53].

In Chapter 4, we explicitly calculate a form of the Fourier-Jacobi expansion for the
singular theta lift of a weak harmonic Maass form, adapting a fairly recent method for
the evaluation of the theta integral introduced by Kudla [40].

Appendix A contains some results from representation theory used in Chapters 3 and 4.

Appendix B gathers some useful formulas for special functions and their integral repre-
sentations, and for some Fourier transforms, mainly used in Chapter 4.

Overview of results Now, we give an overview of the results presented in the main
text.

Let V be a complex hermitian space with a hermitian form (-,-) of signature (p, q).
The associated symmetric domain D can be considered as the Grassmannian of negative
definite g-planes. Let F be an imaginary quadratic number field, which we will view as a
subfield of C. Denote by O the ring of integers and by Dy the inverse different ideal in
F. Let L be an even (hermitian) lattice of full rank in V, i.e. a projective module over
Or for the which the restriction of (-,-) is Op-valued, and with V = L ®¢, C. Here, in
the introduction, we assume L to be unimodular. Denote by I' a finite-index subgroup
in the stabilizer' of L in U(V). We define a quasi-projective variety of dimension pq by
setting X = I'\D.

For a vector of positive norm, define the subsymmetric space
D(z) ={z€D; z L x}.

Let I', be the stabilizer of z in ' and define the cycle Z(z) as the image of I',\D(z) in
X. Note that these cycles have codimension ¢. Further, for n > 0 set

Zn)= Y Z(x) €H"X)

el
(z,2)=n

and Z(n) = () for n < 0. Also, we let Z(0) = ¢,, the ¢g-th Chern form on . Finally, we
denote by D(n) the preimage of Z(n) in D.

Tn the main text, we consider finite-index subgroups of Fix(L*/L) C U(V), where L* is the dual
lattice.
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Chapter 2 In this chapter, we study the case of signature (p,1). It is based on the
author’s work on Borcherds products [33], [35] and [34] and local Borcherds products
[37].

In this signature, D consists of 1-dimensional negative definite lines. Let ¢, ¢ € L be
two isotropic lattice vectors with (¢,¢') # 0. Denote by D the definite lattice L N ¢+ N ¢+
and set W = D ®¢p, C. Then, the Siegel domain model for D is given by the set

Hep = {(T, o) € C x W; 208|37(6, ) — (0,0) > o}.

To each element (7,0) € Hyp, we associated a negative line 3 with Cz € D by setting
3(r,0) =0 +76(0',0){ + 0. The isotropic line [¢] = C{ corresponds to the cusp at infinity
of Hs . We remark that here the special cycles D(n) are usually called Heegner divisors.

In Section 2.5 we give a version of the main theorem on Borcherds products [see 35,
Theorem 4] based on [5] see Theorem 2.29 below. The construction is realized through
an embedding ¢ : U(p,1) — O(2p,2) and the induced embedding of H;, into the
symmetric domain for the orthogonal group. The embedding is developed in Section 2.3,
the necessary background on orthogonal groups is provided in Section 2.2.

Here, we reproduce the following simpler version of Theorem 2.29 for unimodular
latices [cf. 35, Corollary 1].

Theorem 0.1 (Corollary 2.30). Given a weakly holomorphic modular form f for SLy(Z)
of weight 1 — p, with a Fourier expansion of the form Y o a(n)e(nt). Assume that
f has integer coefficients in its principal part. Then, there is a meromorphic function
Us(7,0) on Hep with the following properties

1. Vs(7,0) is an automorphic form of weight a(0)/2 for U(L).
2. The zeros and poles of Wy lie on divisors of the form
) 1
div(¥y) = 3 Z% a(n)D(n),
a(n)#0

with the special cycles D(n) introduced above.

3. Near the cusp corresponding to ¢, the function Vs(T,0) has an absolutely converging
infinite product expansion, for every Weyl chamber W, of the form

oieor=ce(B) TT (e ()

neK
(1ex (W))g>0

where, as above, 3 =0 + 1(¢, 0'){ + o, C is a constant of absolute value 1 and
pr(W) is the Weyl vector attached to W; K denotes a Z-submodule of L. Here,
K can be written in the form K = Z(0 & 70 & D, with D positive definite. The
positivity condition (p,ex(W))g > 0 depends on the Weyl chamber.




The Weyl chambers occurring here are connected components of D defined by inequal-
ities depending on the principal part of f, and p;(WW) is the Weyl-vector attached to f
and W, see Section 2.5 for details.

Further, following [35, Sec. 9] we determine the value of U at the cusp, i.e. in the
limit 7 — 700.

Theorem 0.2 (Theorem 2.35). Let W be a Weyl chamber such that the cusp corresponding
to £ is contained in the closure of W (viewed as a subset of D). If the cusp is neither a
zero nor a pole of Wy, then the limit lim, o, V(ir, o) is given by

Tlirglo Uy(ir,o) = Ce (pf(W)e> H (1 — e (arp))" ™
ueK?®
pu=arpl
a€Q<o

Finally, in Section 2.6, we give a modularity statement for generating series of Heegner
divisors in the style of [3] from [35, Sec. 10].

Let CH'(X) be the first Chow group of the modular variety X. Recall that CH'(X)
is isomorphic to the Picard group Pic(X). Now, let 7 : X — X be a desingularization
and let B = B(X) the group of boundary divisors of X. We consider a modified Chow
group, the quotient CH'(X)/B. Put (CH'(X)/B)g = (CH'(X)/B) ®z Q.

Denote by L the sheaf of meromorphic automorphic forms on X. By the theory of
Baily-Borel, there is a positive integer n(I'), such that if k is a positive integer divisible
by n(I"), the sheaf L is an algebraic line bundle and thus defines an element in Pic(X).
The pullback of £, to X defines a class in CH'(X)/B, which we denote ¢;(£},). More
generally, if k is rational, we choose an integer n such that nk is a positive integer divisible
by n(T) and put ¢1(Ly) = +ei1(La) € (CHY(X)/B)g.

As the Heegner divisors are Q-Cartier on X, their pullbacks define elements in the
modified Chow group (CH'(X)/B)g.

Theorem 0.3 (Theorem 2.37). The generating series in Q[L'/L][[q]] ® (CHY(X)/B)g

given by
A(T) = cr(Loqy2) + Z

nez
n>0

is a modular form in My, with values in (CHY(X)/B)q, i.e. A(T) is contained in

Mis, ® (CH'(X)/B)g.

Local Borcherds products In Section 2.7 we review [37], where, inspired by the work
of Bruinier and Freitag [7], the author used ‘local’ Borcherds products to describe the
position of (local) Heegner divisors in the cohomology. The term local in this context
refers to a neighborhood of the boundary component.

Denote by Xt pp the Baily-Borel compactification of X. The local Picard group
Pic(XT, ¢) is defined as the direct limit of the Picard groups of the regular loci of the
open neighborhoods U (¢) of this cup,

Pic(Xr, ) = lim Pic (U7*9(0)).
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For the definition for U(¢) and a brief review of the compactification theory see Section
2.1.2.

Consider a lattice vector A € L of positive norm with A L ¢. Then, a local Heegner
divisor attached to A is defined by setting

D)= > D+ al).

aEDgl

Note that I" contains a Heisenberg group stabilizing ¢, which acts with only finitely many
orbits on the set {\ + af; a € Dy'}, hence this definition. A local version of the cycles

D(n) for n > 0 is then given by
n)y= Y _ D)

6eD
(6,6)=n

Now, the local Borcherds product W, (3) attached to A and D()\), is defined as

qu(a):agF(l—e(( )|+ ‘5;2})),

where 0(Sa) € {£1} is +1 if Ja > 0 and —1 otherwise. Note that Wy (3) is an absolutely
convergent product with D(\) as its divisor.

Denote by N the Heisenberg group in I'. We note that NV can be parameterized by
pairs [w,r] with r € Q and w from a sublattice Dr C D. The local Borcherds product
is only invariant under the action of the center of N, otherwise there is a non-trivial
automorphy factor, which can be utilized to determine the Chern class of D(A), in the
local Picard group. In this manner and with a torsion criterion from local cohomology
theory, one obtains the following theorem [cf. 37, Theorem 4.1])

Theorem 0.4 (Theorem 2.44). Let D be finite linear combination of local Heegner
divisors of the form
1
=5 Z a(n)D(—

neZ
n<0

with integer coefficients a(n). Then D is a torsion element in the Picard group Pic (H,\U,(¢))
if and only if for all w,w" € Dr the equation

> a(n) > {F,\(w,w’) — %)\i(w,w’)] =0 (0.0.1)
MEZ AeD p
n<0 Q\)=-n

holds. Further, as a necessary condition for this to be the case, the following equation

must hold for the bilinear form By(-,-) = (A, +)(A,-):

Z Z Z trace By, = 0.

heL meZ+Q(h) AeD!
n<0 A+D=mn(h)
Q\)=-n

10



Finally, as an application of Theorem 0.4 one can prove an obstruction statement in
terms of certain spaces of cusp forms [37, Theorem 5.1].

Theorem 0.5 (Theorem 2.45). A finite linear combination of local Heegner divisors of
the form

nez
n<0

with integer coefficients a(n) is a torsion element in the local Picard group Pic (H/\Uc({))
if any only if

> a(n)b(—n) =0 (0.0.2)

nez
n<0

for every cusp form g =3, ., b(n)e(nt) in SP, where SP denotes a space of cusp forms
spanned by certain definite theta series (see Section 2.7.J for the precise definition).

Chapter 3 In this chapter, we follow closely the joint work of the author and Jens
Funke [25]. The starting point for our considerations is the Kudla-Millson Schwartz form
introduced in [44, 45, 46]

e

prm € [S(V) © AT(D)]”,
which takes values in the closed differential (¢, ¢)-forms in ID. Under the action of the Weil
representation of SO(2) C SLy(R) ~ SU(1,1) it is an eigenfunction of weight p+¢. Then,
the associated theta series 0(z, 7, pxn) to L (T = u + v € H) is a (non-holomorphic)

modular form of weight p + ¢ for a congruence subgroup I" C SLy(Z) with values in the
closed differential (g, ¢)-forms in X. Furthermore, in the cohomology we have

[0(2"77—7 QOKM)] = Z[Z(m>]qm (C] - 62m7)'

m>0
The key observation for our construction, see Section 3.3 is

Theorem 0.6 (Theorem 3.3). There exists a Schwartz form

) e [S(V) @ A (D)) “

such that
Here w(L) is the Weil representation action of L = 5 ( _j =) € sl(C) ~ su(1,1)(C)

7
which corresponds to the Maass lowering operator L = L, for forms on the upper half
plane, and d and d° are the standard exterior derivatives acting on A*(D). Furthermore,

Y has weight p + q — 2 under the action of SO(2).

Note that the solution to the equation w(L)pky = dy’ was already constructed in
[46], in fact, more generally for the dual pairs O(p, q) x Sp(n) and U(p,q) x U(n,n).

11
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We explicitly construct ¢» and establish its properties using the Fock model of the
Weil representation (see Section 3.3.1), a brief review of the Fock model for the dual
pair U(p,q) x U(1,1) is given below in Appendix A.2.2. In [25, Appendix B] the
formulas for the Weil representation are developed in greater generality for the dual pair
U(p, q) x U(n,n). We remark that similarly to [46], our form ¢ can be used to solve the
higher rank equations for U(p, ¢) x U(n,n), too.

We then define the Green form of Kudla type by setting

> dt
U0z, z) = _/ w(\/ggv7 z)efrt(x,x)?
1

for nonzero x, and then for n € Q and w > 0 setting

=X (m,w)(2) :== Z U0 (V2w 2),

AELAAO
(A N)=n

which defines a (¢ — 1,¢ — 1)-form on X with singularities along the cycles Z(n) for
n > 0. For n <0, the forms are smooth. Note that the principle of this construction and
its properties for the form ¢’ mentioned above were already implicit in [10] in the case
O(p,2) and also have been outlined in [26]. Garcia and Sankaran [29] follow similar lines,
too, while using supercongruences to solve (0.0.3) for U(p, q) x U(n,n).

On the other hand, we define a singular theta lift (of Borcherds type) using the theta
series 6(z,7,1) as integral kernel. Namely, for f, a harmonic Maass form of weight
k=2—p—q, we set

reg

O(z, f) = f(2)0(z, 7, 9)dp(T).

I/\H
Here the regularization follows the by now standard procedure introduced by Harvey
and Moore [32] and Borcherds [2]. We then define for n > 0 the Green form of Bruinier
type by
G"(n)(2) = (2, F,).
Here F,,(7) denotes the Maass Poincaré series of weight & which has principal part ¢—"
and ‘shadow’ &.(F,) = P, the_holomorphic Poincaré series for I of index n and weight

2 — k =p+q. Here & = 2ivF 2 = v¥=2L; is the differential operator mapping forms of
weight k to weight 2 — k. For n < 0, we set GZ(n)(z) = 0. We show

Theorem 0.7 (Theorems 3.14, 3.18). The forms ZX(n,w) and GZ(n) both define Green
currents for the cycle Z(m). More precisely, as currents we have

A (=" ()] + (~0)8 (0 = [ers (. w)],
Ad°(G7 ()] + (~1)5 ) = [ddB(F,)].

Here fepr(n, w) = EAeL,()\,)\):n prcnm (V2wr)e? ™.

12



The proof employs the same Lie-theoretic set-up as in [10] and [26] for the orthogonal
case, see Section 1.1.2 and Appendix A.1. We first consider the analogous question for
U0(z), and as a consequence we obtain the Green property for =X (n, w). We then show
that G(n) has the same singularities as Z% (n,w), and thus yields the same residue.

We can identify the term dd°®(z, f) in the previous theorem explicitly as follows:

Theorem 0.8 (Theorem 3.19). Let f be a harmonic weak Maass form for I" of weight
= 2 — p — q with holomorphic constant term ag, and let &(f) be its shadow, a cusp
form of weight p + q. Then

dd°®(z, ) = (O(-, 2, 0xa1), &k (f)) g + a7 (0,0)cq

as differential (q,q)-forms on X. Here («, 3), denotes the Petersson inner product in
weight . In particular, dd°®(z, f) extends to a smooth closed (q, q)-form of moderate
growth and dd°®(z, f) = a™(0,0)c, for f weakly holomorphic.

This result is the analogue of the main result in [10], and the proof is fairly similar. It
can be viewed as an adjointness result between the Kudla-Millson lift and the singular
theta lift associated to 1.

Following ideas of Ehlen and Sankaran [19] we then compare the two Green forms in a
different way. We show

Theorem 0.9 (Theorem 3.23). Assume p + q > 2. Then for each z € D, the generating
series

F(r) = =log(v)(0)(2) = Y (EX(n,0) = G%(n)) (2) "

neQ

transforms like a smooth modular form of weight p + q. In addition, F' is orthogonal to
cusp forms and satisfies Ly, F (1) = —0(T, ).

Finally, we define a different Green object GZ(n)(z) (n > 0) depending on a complex
parameter s. It is given essentially? as ®(F},(s), z), where F,,(7, s) is the Hejhal Poincaré
series of weight k& with complex parameter s (at s = so = 1 — k/2 this is the weak Maass
form F,, introduced above). We show

Theorem 0.10 (Theoremen 3.29, Corollary 3.32). Let A be the Laplace operator acting
on differential forms on X. Then

AGP(n) = (25 — 1) - (250 — 1)?) G2 (n).

Furthermore, GB(n) agrees (up to a multiplicative constant) with the Green form con-
structed for n > 0 by Oda and Tsuzuki [55].

Due to slightly different regularization process GZ (n)(z) differs from ®(z, F,,) by a smooth form.
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0. Introduction

Chapter 4 In this chapter we calculate an explicit form of the Fourier-Jacobi expansion
for the lift ®(z, f) for a harmonic Maass form f of weight £k = 2 —p — ¢q. We adapt a
method of evaluating the theta integral introduced by Kudla [40] and work in the mixed
model of the Weil representation, for the setup of which see Appendix A.2.1.

Let ¢, ¢’ be isotropic lattice vectors with (¢,¢') = 1. For a vector x € V write x in the
form x = ol + xo + [, with 2o € W. To pass to the mixed model, one has to carry out
a partial Fourier transform in the variable . We denote the new variable by ' and set
n=1[6,5].

Now, the main idea for the evaluation of the regularized integral is that by invariance
under SLy(Z) the regularized integral can be decomposed by systems of representatives
of SLy(Z)-orbits of n (viewed as a rational 2 x 2-matrix). Thus, we set

2

O(z, f,) = Z(I)z’(Z,f, ¥), with

1=0
reg

D,(z, f,0) ::/S Z Z <f(77'),€n(77', z)>LU—2du dv.

L2(ZNH (5,61 /~ y€SL2(2),\SL2(Z)
rank(n)=t

Moreover, due to rapid decay of the integrand, the integrals can be evaluated for each
term separately, with fixed n, and summed up later, as

Oi(z, f0) = Y > > (@t (m)giln, )t +a (n)gi(n,n)"),

n=[8,8]/~ ¥ESLa(Z)\SL2(Z) n>>—oc0
rank(n)=i

for i = 0,1,2. Here, a*(n) denotes the Fourier coefficients of f in the mixed model, with
a™(n) from the holomorphic part f* and a~(n) from the non-holomorphic part f~. The
terms ¢;(n,n)* and ¢;(n,n)” are given by

reg ' reg
Mmﬁzé emwwwmm,@mmzé 6,(r, =)o du(r),

L2 (Z)n\H L2 (Z)n\H

reg )
and  ¢;(n,n)” = / (1 -k, 47r|n|)627”"“6’77(7, 2)dp(T) (n #0).
SL2(Z),\H

The domain of integration is the upper half plane H for i = 2, is given by SLy(Z) \H
for i = 1 and is the usual fundamental domain SLy(Z)\H for i = 0.

We remark that in general, we will not determine the ‘rank 0’ (i.e. i = 0) term, which
is given by the convolution integral of an indefinite theta series and contributes only an
additive constant to the lift. However, it falls out in signature (1,q) (an example we
treat prominently, see Example 4.12 and Corollary 4.16) and in signature (p, 1), where
the theta series is definite, it can be worked out the methods of Borcherds [2], [see 40)].

To facilitate calculation somewhat we first evaluate all terms at the base point zg € D,
the results are given in Theorem 4.9. Then, we apply the group action of G = U(V)
to obtain the Fourier-Jacobi expansion, see Theorem 4.14. As coordinates we use

14



the group elements of G in terms of the the Levi decomposition G = NAM, where
M ~SU(p—1,q—1), A~ GL([{]) and N is the Heisenberg group.

Since the notation is very involved, rather than reproducing Theorems 4.9 and 4.14
here, we will just consider a (simple) example:

If the signature of V' is (p, 1), the Schwartz form 1 is essentially the Gaussian, as
¥ = 21¢pp. In the mixed model and using the coordinates introduced above, it is given by

Upa(V2(n,20),7) = 2 exp (—2% [\ﬁ’ + 78" + 203 (6’6)]) e2mir(rom) @ 1.

Thus, the resulting contributions to the lift of a weak harmonic Maass form take a fairly
simple form, for example one has for fixed n and n

Salny )t () = L2

p . |
= 7|5‘B77_% exp (__71—|A77| (%Bﬁ) 2) e*QﬂZCn((xo,xo)Jrn)’

s
where A,, B, and C are defined as

A, (n,z0) = n+ 2|8 + (z0,20), C,= Re|(ﬁﬂ|;ﬁ) and B, =23 (6'5)2.

The other contributions ¢9(n,n)~ and ¢;(n,n)* can be found in Example 3.5.

For the Fourier-Jacobi expansion, we use the following coordinates. For z € D, let
g(z) € G be an element with g(2)zp = z. And let g(2) = n(w, r)a(t)p with n(w,r) € N
(we W,reR),a(t) € A(t>0)and u € M be the decomposition of g(z). Using w,t
and 7 := r +it? as coordinates (and omitting y), the lift of a weak harmonic Maass form
f € H; with Fourier coefficients a(n)* takes the following form (see Corollary 4.15):

1 )
520 fu) = colt,w) + Y clt,w)etm R,

rEQX
where the constant term cy(¢, w) is given by

1

Gregp PO

co(t,w) = 4rly + t2 Z [a_(O)

5l:(avb)

I
—

1 — "

> () )= DU e
n#0

| 5

Il
o

T

1 1
h’r _ e—47rt\5/||n|§ :| el = Re (ﬁ/(l‘ ,’LU)) ’
(mmmw) )] )

with a rational constant Iy, which can be evaluated using the methods of [2], see [40].
The coefficients ¢, (¢, w) (k > 0) take the form

Cn(t>w) = ZZAH(nv [ﬁ,ﬁ'])(t,w),

15



0. Introduction

wherein

V2UBL L - () 4z (i, w>)

Ar(n, 8, B])(t, w) = <a+(n)

N|=

- exp (—2#|Am(iﬂo — pw)| (5By)

with a term A, (n;t,w) from the contribution of the non-holomorphic part f~, given by

—2mi[C,, (o, o) + 1) + QCM%(QSO,@U)}) ;

— (4|n|m)" 2142 2
V2(p— 1)1 T B,

. (32 (w0 — Bu) — 26| (2In| = n)) *

) |

We remark that for f € M}, like in [40], it is possible to obtain another form of the
Borcherds product expansion from this Fourier-Jacobi expansion.

r=0

2
. hmaX{O,r—l} (% ((%Atn(l‘() - Bw) + 2t2|6|2(2|n| - n)) B”])

[N

The singular theta lift for U(p, q) x U(1, 1) offers many possibilities for future research.
For example, it should be of considerable interest, both in its own right and in view of
applications in the Kudla program, to consider suitable integrals of the singular theta
lift ®(z, f), say, along the lines of [42] or [11].

Also, it should be quite interesting to analyze the behavior of the singular theta lift at
the boundary components of suitable toroidal compactifications of X, in terms of the
Fourier-Jacobi expansion.

We hope to come back to these questions in the near future.

Finally, I would like to thank the many colleagues how have encouraged and inspired
me over the years. And especially, I would like to thank Jan Bruinier, Stephan Ehlen
and my coauthor Jens Funke for many helpful and interesting discussions.
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1. Setup

In the present chapter, we establish the setup and notation used. We introduce the
unitary group over an indefinite complex hermitian space V, its symmetric space and
its Lie algebra, following [25]. Further, we describe the setup of the Schrédinger model
of the Weil representation and the construction of theta functions. Through their
transformation behavior, we define the finite Weil representation p; associated to a
hermitian lattice L C V. We then review the definitions of some spaces of vector valued
modular forms transforming under p; and their properties. In the last section of this
chapter we introduce a regularized pairing and define regularized theta integrals, through
the standard regularization procedure used for singular theta lifts of Borcherds type.

1.1. The unitary group

1.1.1. The symmetric space

In the following let (V, (-,+)) be a complex space of dimension m with a non-degenerate
indefinite hermitian form (-,-) of signature (p, q), with p, ¢ > 1. We assume that (-,-) is
C-linear in the second argument and conjugate linear in the first.

We pick standard orthogonal basis elements vy, . . ., v, with (vy,v,) = 1fora=1,...p
and (v,,v,) = —1 for p = p+1,...,m, respectively’. We let z, and z, denote the
corresponding coordinate functions, so that for x € V|

x—Zzava—i-Zzuvw and (z, ) Z|Z"‘| + Z A

« o p=p+1

This choice of basis also gives rise to an orthogonal decomposition V' =V, & V_ into
definite subspaces.

Further, we will sometimes consider V' as a real quadratic space together with the
bilinear form (-,-)p = Re(,+) = 1 tracec/r (-, -). We denote this space by Vg. Then, an
orthogonal basis of Vi is formed by {va, 104, vy, 10, }a -

We let G = U(V) be the unitary group of V and let D = G/K be the associated
symmetric space of complex dimension pg. Here K ~ U(p) x U(q) is the maximal compact
subgroup corresponding to the basis of V' chosen above. We realize the symmetric space
as the Grassmannian of negative definite g-planes in V:

D~{zcCV:dim(z)=gq, (-,)]. <0},

!Throughout, we follow [46] in using ‘early’ Greek letters to denote indices ranging from 1 to p and
'late’ Greek letters for indices from p + 1 to m.

17



1. Setup

and fix 2z := spanc{z,; p =p+1,...,m} as the base-point of D.

Naturally, isotropic subspaces correspond to to boundary components of . Thus
beside the standard basis {v;};=1, ., introduced above we will also use basis containing
an isotropic vector, denoted by ¢ and a second vector ¢ with (¢, ¢') # 0. Unless stated
otherwise, ¢ is assumed to be isotropic, too.

Usually we take spanc{¢, ¢'} = spanc{vy, v, }, so that the set {¢,vo,... , vp_1,0} is a
basis of V. For example, we can set

V1 + Um

2 V2

Given z € D, the standard majorant (z,z), is given by

g:

(,2), = (2,0, 2,1) — (2., 2.),
where = x, + 2.1, using the orthogonal decomposition V = z @ z*. We also set
R(x,z) == —(x,,x,).

Note that R(z,z) > 0 with R(z, z) = 0 if and only if x € 1. In particular for z = z, we
have the decomposition 2g & 257 = V_ & V., hence R(z,20) = —(z_,z_), withz_ € V_.
When z has positive norm, let D(x) denote the codimension ¢ sub-Grassmannian

D(z):={z€D: zLla}={zeD: R(z,2) =0}. (1.1.1)

Also, for convenience, if z is non-positive, set D(z) = (.

Hermitian lattices Let F = Q (v/Dp) be an imaginary quadratic number field with
discriminant Dy, for which we fix of F into C. We denote by Of the ring of integers and
let dr be the square of the discriminant, with the principal branch of the complex square
root function. Further, denote by Dy ! the inverse different ideal, given by op 'Op. Finally,
we denote by xr a generator of O as a Z-module with Skp = %5[@‘, e.g. kg = %(D]F + Jp).

Let L C V be an even hermitian lattice, i.e. a projective module over the ring of
integers Op of IF, on which the restriction of (-,-) is Op-valued. If L has full rank, i.e. if
V = L ®p, C, we denote by V§ the space L ®o, F, understood as a hermitian space with
the restriction of (-,-). The dual lattice L is given by

L ={xeV;(x,\) € Dg', VA € L} = {z € V;traceg/g(z,\) € Z, YA € L}.

Note that L C L, hence L is integral. The quotient L*/L is called the discriminant
group of L.

Remark 1.1. Beside L*, more precisely called the Z-dual of L, one can also introduce
an Op-dual L%F, defined as

LEQF ={x e V;(z,\) € Op}.

Then, Lf = 511*:1[’%% (cf. [14, Section 4.1]).
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1.1. The unitary group

We also note that since L is even, (A, \) € Z for all A € L. Thus, L can be considered
as an even, integral lattice over Z, too. Indeed, equipped with the quadratic form
Q (M) == (A, A), the Z-module L is an even and integral lattice contained in the rational
space L ®z Q = Vg, which of course is isomorphic to Vg, considered as a vector space
over Q. Hence, we extend this quadratic form to V' by setting @ (z) = (z,z) = (z,2)p
for x € V. However, note that @ (-) is more commonly associated to a bilinear form?
which coincides with tracec/r(-, ) = 2(-, ) (see [33, 34, 35, 37]).

For n € Q and h € L¥/L, we define the special cycle D(n, k) in D by

D(n,h) = > D(A). (1.1.2)
(oA

Note that D(n, h) is locally finite. We let I';, = Fix(L# /L) C G and write
X =T;\D

for the resulting quasi-projective variety. Further, we let Z(x) and Z(n, h) be the image
in X of D(\) and D(n, h), respectively.

1.1.2. The unitary Lie algebra
We let gg = u(V') be the Lie algebra of G. We define the R-linear surjective map

2
ov: [\ LV —u(V)
by
ov(vAD)(z) = (v,2)0 — (0, z)v.
Note that we have
gbv(iv VAN 17) = ¢V(U AN —Zﬁ)
In the following we will abuse notation and drop ¢y and just write v A © € u(V'). Note

2
that in this way we realize u(V') as a quotient of /\ RV by the relation iv A0 +v Aiv = 0.

We have
go = spang{v, A vs, 10, A s}

We put
Xrs = U A\ g and Y, = tv,. A vs.

In the Cartan decomposition gg = €y @ po with €, = Lie(K) = u(p) x u(q), we note that
po = spang{ Xy, Yous 1 Sa <pp+ 1< p<ml.

We let {way,wp,} be the corresponding dual basis for pj. Furthermore, the natural
complex structure on py is given by X, — Yo, Yo, — —Xau-

*Denoting this form by B(z,y). One sets Q (z) = 1 B(x,z), see for example [5]. In this case, one has
the polarization identity B(z,y) = Q (z +y) — Q (z) — Q (y)-
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1. Setup

We let g = gg ® C be the complexification of gy, which we view as a right C-vector
space. We define

1 1
ARES §(er — Y1) and ARES §(Xm + Y1),
Note that Z!. = —Z' . In the Harish-Chandra decomposition

g=top op,
we see that

t = spanc{Z,, Z/’W}, pt = spanC{Z&M}, p = spanC{Z;’M}.
We let {¢,,} and {{;,} be the corresponding dual basis of p* and p~.

We let Ve =V ®@g C. We view V¢ as a right complex vector space of dimension 2m
and hence write vi for v ® i. Note that iv (internal multiplication of the left C-vector
space V') is not equal to vi. We decompose Ve = V' @ V" into the +i and —i eigenspaces
under left multiplication by 7. The maps

VU — 101 and v — v+ i

realize a C-linear isomorphism of (the left C-vector space) V' with (the right C-vector
space) V' and a C-anti-linear isomorphism with V' and V”. Hence we can view V" ~ V*
as C-vector spaces. We denote the natural bases of V' and V" by

Vo=, — i, and vl = v, + v,

respectively. Furthermore, we obtain decompositions V' =V, @ V! and V"' = V' @ V"
in the natural way. We have

Zys(v) = =(vs,v)v, and - ZL(vf) = (vr, ve)V

R

and we note that this realizes the isomorphism g ~ gl ,(C) by the action of g on V'.
More precisely, we obtain

¢ ~ Hom(V},V!) ® Hom(V', V'), p* ~ Hom(V', V), p~ ~ Hom(V,V').
Correspondingly, the action of g on V" realizes the dual of the standard representation

of g.

Recall how we consider V' as a real quadratic space (Vg, (+,)g), with an orthogonal
basis given by {va, 10, Uy, 10, }a - We let oy, be the Lie algebra of the orthogonal group
O(Vr). We now have the isomorphism

2
CbVR . /\ VR ~ O(VR)
given by
Pve(VAD)(2) = (v, 2)D — (T, 7).
We let ¢ : go = u(V) — o(Vg) be the natural embedding. We easily see
Loy (v AD)) = (VA D) + oy (iv A QD).

2
Note this realizes u(V') as the subspace of /\ RV which is fixed by (left)-multiplication
with ¢ in both factors.
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1.2. Schwartz forms and Weil representation

1.2. Schwartz forms and Weil representation

Let S(V') be the Schwartz space of V. We now describe the setup of the Weil representation
for the dual reductive pair U(1,1) x U(V) in the Schrédinger model, acting on S(V'). We
denote by 1 an additive character of R and by (w, ) the associated Weil representation.
Recall that all such additive characters are given by ¥, (t) = e(at) with a € R, where
e(t) = e*™ as usual.

Let ¢ € §(V') be Schwartz form. The unitary group G = U(V) acts linearly, through

w(g)p(z) = o9~ x).
The action of G' = U(1,1) ~ SLy(R) is given as follows.
w(n(b)) ¢(x) = Ya (3b(z,2)) ¢(x)  for n(b) = (3}
w(m(a)) p(z) = a™p(ax) m(a) = (§,%) witha>0, (1.2.1)
w(S) =" "(x)  for 5:(? o)

&

where ¢(z) = o™ J #(y)e (—(x,y)g) dy denotes the Fourier transform of ¢(x). Here, we
identify V and R?™ and dy is the usual Lebesgue measure.

Note that for a > 0 the representations (w,1,) are all isomorphic. Explicitly, the
intertwiner between (w, 1) and (w,1),) is given by ¢(z) — ¢ (v/ax).

For the time being, let o = 1, so that the additive character is given by t — ¢ = e(t).
We say that ¢ has weight r € Z if w(kj)¢ = e"¢ for kjy = ( %% 5n9) in K/ = U(1) =~
SO5(R). Now, the standard Gaussian

—m(z,T),

wo(z,z) =€

has weight = p — ¢. Sometimes, we will write p? for ¢y to emphasize dependence on
the signature.

For 7 = u+iv € H, let g. be an element of SLy(R) mapping i to 7, e.g. ¢g. =

(§w) (“0% , ) Then, for a Schwartz form ¢ of weight r, we set

-2

O, 7) = 075w (g;) Ox) = v ET GO (ow)emie
where we have set ¢°(z) = e™ @@ ¢ ().

Remark 1.2. We note that using 1), as an additive character here and the definition of
¢p allow us to maintain consistency with [25] and ultimately with the convention used
by Kudla and Millson in their construction of Schwartz forms in [45].

However, in dealing with theta functions, this will cause some technical difficulties, as
we shall see presently. In this context, the additive character 1, t — e(2t) presents a
better choice. Hence, we will use ¢; as an additive character in local calculations and
switch to ¥s when dealing with global objects like theta functions.
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1. Setup

1.2.1. Theta functions and the finite Weil representation

Let L be an even hermitian lattice with the hermitan form (-,-). For ¢ € S(V), and
h € L*/L, we define a theta function

0(g,2,0,h) = > wlg,va)d(),2).
Aeh+L
Further, if ¢ has weight r € Z, we get a function on the upper half-plane by setting
Oz, 70, h) =vE Y w(ghva)d(N2)= D ¢\, 2).
Aeh+L Aeh+L

However, since (A, A) is an integer, but not necessarily even, for o = 1, the function
o(z, 1, \) = v%(’”pﬂ)qéo(\/ﬂ)\, 2)e™ANT does not give rise to a g-expansion. Hence, we
introduce a factor of v/2, which amounts to switching from w = (w, 1) to (w,1by), with
a = 2. Thus, we get the theta function

0(z,7,0)n Zgb\/_)\Tz)

Aeh+L

which under the operation of the generators S and T = n(1) of SLy(Z) = I" transforms
as
w(T)O(r, 2, ¢)n = e ((h, 1)) 6(7, 2, O)n,

e (1.2.2)
w(S) (T, z, T, Z
(5)0(7, 2, 0)n = T MELW )0(T,2,0) -

This can be used to define a representation of I, the finite Weil representation py,
through which I acts on the group algebra C[L*/L] (cf. [10]). We denote by {en}ners/r
the standard basis elements of C[L?/L]. Now, introducing the vector

6(7_7 <3 ¢)L = (0(7—7 2, gb)h)heLﬁ/L = Z 0(7-7 Z, ¢)heha

heLt/L
we may define p;, by setting
O(7,2¢0)L = pr(7)O(7, 2;0),  forall y eI’

Hence, by (1.2.2) the generators of I act as follows

pr(T)en = e ((h,h)) en,  pr(S)en =

e.
\/|L /L MG;/L '

We denote by p} ~ pr, the dual representation.

Remark. We note that py is is essentially the finite Weil representation associated with the
quadratic module (L, Q (-)), since the factor /2 introduced above amounts to replacing
the bilinear form (-, ) with 2(-, ).
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1.3. Some spaces of vector valued modular forms

Now, let L~ be the same Op module as L but with the hermitian form —(-,-). Similarly
to L, there is a finite Weil representation pr- through which I'” acts on the group algebra
of L~. Note that p- ~ py.

Finally, we introduce the hermitian pairing on C[L*/L]

(,), :C[L*/L] x C[L}/L] — C, by setting (¢4, ¢,), = 0., (u,v € L}/L).
A similar definition is made for the lattice L.

Example 1.3. For the standard Gaussian, g, the theta series is given by

@<T7Z; QOO)L = Z Z SOO()UT? Z)eh,
heLt/L AeL+h
with
wo(A, 7, 2) = vlexp (2mi (A, N)u + (X, A),iv)) = vie (Ar, A )T + (A2, A)T) .

Essentially, this is the Siegel theta function for the lattice L; we will discuss this example
in somewhat more detail in the next chapter, see Section 2.4.

Remark 1.4. Consider O(Vg), the orthogonal group of the quadratic space Vg. For the
dual reductive pair SLy(R) and O(Vg) the Schrodinger model for the Weil representation
is isomorphic to (w, ?1), and the finite Weil representation of the lattice L (as a Z-module
with the quadratic form @ (-)) is isomorphic to py.

Somewhat more generally, if V' is a real quadratic space of signature (p, ¢), there is a
representation of the metaplectic double cover Mp,(R) of SLy(R), from which, if M is
an even lattice in V, one obtains a finite Weil representation of the preimage of SLy(Z)
in Mp,(R), acting on C[M*/M]. For both representations, the action of the generators
is similar to w and pr, except that in (1.2.1) and (1.2.2), p and ¢ are replaced by £ and
1, see [10] and [5] for details.

1.3. Some spaces of vector valued modular forms

For k € Z and v € SLy(Z), define the weight & slash-operation on functions C[L#/L] — C
as

Fler = (e +d)Fpr(y)7 f (7).

The slash-operation for the dual representation py ~ py- is defined similarly.
The following definitions for vector-valued modular forms transforming under p;, are
well-known.

Definition 1.5. For k € Z, let Sy 1, My and M}QL be the spaces of holomorphic
functions f : H — C[L*/L] which satisfy

L f ko (v) = f for all v € SLy(Z).

2. If fisin M}QL, then f is meromorphic at the cusp oo, while if f € My, it is
holomorphic at the cusp. Finally if f € S, it vanishes at oo.
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1. Setup

Clearly, Sp C Mg C M}C .- The elements of these spaces are called cusp forms,
(holomorphic) modular forms and weakly holomorphic modular forms, respectively.

As an example for cusp forms, we have the holomorphic Poincaré series.

Definition 1.6. Given h € L*/L and n € Z+ Q (h) with n > 0. Let k = (p+¢) — 2. A
holomorphic Poincaré series P, , € S, 1, of index (n, h) is defined as follows [cf. 5, Section
1.2.1]

Py = Z e(nt)en |nx A

AESLQ(Z)OO\SLQ(Z)
Next, following [10], we introduce harmonic weak Maass form.

Definition 1.7 ([see 10, Section 3]). For k € Z, let Hy 1, be the space of twice continuously
differentiable functions f : H — C[L*/L], which satisfy

1. f |k,L (’}/) = f for all v e SLQ(Z)
2. There exists a constant C' > 0 such that f(7) = O(e“’) as v — oc.
3. Apf = 0.

The elements of Hy, ;, are called harmonic weak Maass forms. Any such form f has a
decomposition f(7) = fT(7) + f~(7) into a holomorphic and a non-holomorphic part,
where the Fourier expansion of the holomorphic part is

A= > Y at(hn)e(nt) e,

heLt/L neQ

whilst that of the non-holomorphic part is

f(r) = g (a_(h,())vl_k + g a (h,n)T'(1 — k‘,47rnv)e(nu)) eh.
heLt/L neqQ
n#0

We denote by P(f) the principal part of f, i.e. the Fourier polynomial

P(f)(r)=P(f")(r)= >_ > a(hn)e(nt)e (1.3.1)

heLt/L neQ
n<0

Note that Hj ; contains the spaces of weakly holomorphic modular forms 1\/[}C ; and
holomorphic modular forms My, z,, with Hy 1, D M}C,L D Mg 1.
The Maass differential operators on smooth functions H — C[L*/L] are defined as

o k )
= 2%— + — L, = 2iv>—. 1.3.2
Ry, ZaT—i-v, k w o7 ( 3 )
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1.3. Some spaces of vector valued modular forms

For any smooth function f : H — C[L*/L] and ' € SLy(Z) one has

(Rif) k2 v = R(f & 7).
(Lif) lo—2 v = Li(f |r 7).
Hence, Ry and Lj are called the Maass raising and lowering operator, respectively.

Closely related to Ly, the operator & introduced in [10] affords an antilinear mapping
given by

0 I

G il — My, . flr)— 2w’f¥ = 2L, f (7). (1.3.3)
’ T

Now, the space H]j ; 1s defined as the inverse image of the cusp forms Sy_j ;. It follows

immediately from this definition that for f € H;,

as v — oo for some constant C' > 0. Further, by [10, Corollary 3.8|, there are exact
sequences

O — M;C,L — Hk"L i) M!Q—k,L7 — O,
and

00— M'11€7L — H—k’—,L i> Sg_k,Lf — 0.
+
kL=
sometimes called its ‘shadow’, while its holomorphic part f* is considered as a ‘mock-
modular form’. This terminology comes from the Zwegers’ seminal thesis [59].

Remark 1.8. For a harmonic weak Maass form f € H the image under & is

We now introduce a pairing between the spaces My_j - and HZF ;. as follows. For
g € My, 1~ with Fourier expansion g = >, b(h,n)e(n7)e, and f € H;;L with fT =
> nn @ (h,n)e(nT), put (see [10, (3.15) on p. 62])

{97 f}, - = Z Za+(h7 n)b<h> _n>

heLt/L n<0

= (h&(F)apr = D a (h,000(h,0).

heLt/L

Note that the induced pairing between Hz ./ M}f , and Sy - is non-degenerate [see 10,
Corollary 3.9].

Remark 1.9. For cusp forms, the pairing {-,-}’ is essentially the residue pairing, see
Section 2.6 below.

For the following result, see [5, Theorem 1.17], also [2, Theorem 10.3].
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1. Setup

Proposition 1.10. A Fourier polynomial in C[qg~'] ® C[L*/L]

Z Z m’)eh,

heL!/LneZ+Q(h
n<0

with a(h,n) = (=1)k+@=Pg(—h, n), is the principal part of a weakly holomorphic modular
form f € M}@L if and only if the functional

So—k.L- Bg—thn e(nr) Z Z h,—n)

h,n heLt /L neZ+Q(h)
n>0 n<0

is 2ero on So_j .

Further, by [10, Proposition 3.11], for any such Fourier polynomial @, there is weak
harmonic Maass form f € H; ; with principal part P(f) = Q) + ¢ with some T-invariant
constant ¢ € C[L*/L]. (The proof uses Proposition 1.10 and the non-degeneracy of the
pairing {-,-}".)

Following Ehlen and Sankaran [19], we generalize the setup by introducing two further

spaces of modular forms, Azlzd, and Ak ;- For the former space, we use the following,

slightly modified definition from [, Definition 3. 2]

Definition 1.11. Let AT%(p}) = A?Zd_ denote the space of C*-functions f : H —
C[L*/ L] satisfying
1. fler- (y) = f for all v € SLy(Z).
¢ o o

2. For all a,b € Zx, there is an r € Z such that 57— f(7) = O(v") as v — oo.

3. If f =2 ,cqc(m,v)e(mr) denotes the Fourier expansion of f, then the integral

/ c(0, 1)t > *dv,
1

has a meromorphic continuation to a half-plane Re(s) > —e for some € > 0. (The
integral converges for sufficiently large Re(s) > 0, since by 2., f is of polynomial
growth as v — 00.)

Definition 1.12 ([see 19, Definition 2.8]). Let A} (p}) = A}C’L_ denote the space of
C>-functions f : H — C[L*/L]" satisfying

1. fler- (y) = f for all v € SLy(Z).
2. There exists a constant C' > 0 such that f(7) = O(e?) as v — oo.

3. Li(f) € A5 (pY)-
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1.4. Regularized integrals

Hejhal Poincaré series We now introduce non-holomorphic Poincaré series of negative
weight, which span the space of weakly harmonic Maass forms, a good reference is [5,
Chapter 1.2].

Definition 1.13. Let k£ be a negative integer. The Hejhal Poincaré series, also known as
Maass Poincaré series®, of weight k and index (n, h) with h € L*/L and n € Z is defined
as follows, for 7 € H, s € C with Re(s) > 1:

1
4I°(2s)

Fun(r,s) = > M(drln|p)e™ e, |- A, (1.3.4)

A€T oo \SLa(Z)

where M, (t) = t_gM_g,S_%(t), with the usual M-Whittaker function M, ,(t) [see 56,
Chap. 13]. Note that this definition differs from [5, Definition 1.8] by a factor of 3.

Set sp=1— g For fixed s = sq the Poincaré series F), (7, s9) are weak Maass forms
F,1(7). They have principal parts

e(nt)en + (=) P De(nr)e_y

and span the space Hk ;- see [5, Proposition 1.12] and [10, Remark 3.10].
For example, let f € M,ﬁ ;- be a weakly holomorphic modular form of negative weight
k with Fourier coefficients a(h,n) (h € L¥/L,n € Z — Q (h)). Then,

= > Z on (T, 50) - (1.3.5)

helt/LneZ—-Q(h
n<0

Further, note that the ‘shadow’ of F}, 5(7), i.e. the image of F,, (7, s¢) under the operator
&k s given by (see [10])
ék (Fn,h) - P—n,fw

where P_, , is a holomorphic, cuspidal Poincaré series of index (—n, h) and weight 2 — k
as defined above, see Definition 1.6.

1.4. Regularized integrals

We now introduce a regularized version of the Petersson pairing using the by now standard
regularization procedure originally introduced by Harvey and Moore [32].

The (regularized) Petersson pairing For two modular forms, f,g € My, 1, of which at
least one is a cusp form, the weight k Petersson pairing is defined as usual,

<f7g>L7k = /]:<f7g>kad/L>

3We will use both names interchangeably.
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1. Setup

where F C H is a fundamental domain for the action of SLy(Z) on H and du = v—2dudv.
Similarly, for two modular forms f € My ;- and g € M_; ; we define the Petersson
pairing

(f.0)p- = /f (f,9), i

whenever the integral converges absolutely.
More generally, we introduce a regularized pairing as follows. Denote by F;, for t € Ry
the truncated fundamental domain given by

Fomf{r=utivlr>1,-} <u<}o<vsi).

For f € H]': ;- be a weak harmonic Maass form, and g transforming as a modular form

of weight x under pr, for the regularized pairing of f and g, we set

(Fa)i? = [ {.9), du
1.4.1
- CT[lim /F (f,g>Lv‘sdu], e

where the notation CT,—y denotes the constant term at s = 0 of the meromorphic
continuation of the limit* We say that the pairing exists if for sufficiently large Re(s) the
limit ¢ — oo defines a holomorphic function in s for which a meromorphic continuation
to some Re(s) < 0 exists, so that the constant term of the Laurent expansion around
s = 0 can be evaluated.

Regularized theta integrals Given a theta-function ©(7,2) = O(7,2;¢),, with a
Schwartz form ¢ of weight r € Z, and a weak harmonic Maass form f € HY . of weight
—r, the regularized pairing

.06 =T 1 [ (sn8Ga), a0

is called a regularized theta integral.

Remark 1.14. If in the Fourier expansion of f the term a™(0,0) is zero, in (1.4.1) a
somewhat simpler regularization procedure can be used: simply taking the limit t — oo
for the integrand with s = 0.

Regularized integrals of this type can be used to realize singular theta lifts (of Borcherds
type), see [32, 2, 5, 10]. In the following we will be studying such theta lifts and further
related topics. In Chapter 2 we will treat the case where the signature of V' is (p, 1),
in which case Vg is a quadratic space of signature (2p,2). In this setting, consider the
Gaussian gp‘g’l, which gives rise to the Siegel theta function from Example 1.3. Now,
for Vg and the reductive pair SLy(R) x O(Vg) (see Remark 1.4) we have essentially the

41f 0 happens to be a pole, a slight variation of this recipe is required, see [5].
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1.4. Regularized integrals

same Siegel theta function, and this kind of theta function® was used by Borcherds in his
seminal construction of Borcherds products in [2, Sec. 13]. One can exploit this fact to
obtain the theta lift and, in particular, the Borcherds products by using an embedding
between the symmetric domain D of U(V') and the symmetric domain of the orthogonal
group O(VR), see [33, 35]. We will explore all this in Chapter 2.

In Chapter 3 we will carry out the construction of a regularized theta lift in arbitary
signature (p, q) using a Schwartz form v which coincides with 900’1 in the special case of
signature (p,1). The construction of ¢ and the theta-lift ©(7, z; 1), is joint work of the
author and Jens Funke [25] and is based on previous work by Kudla and Millson, who,
somewhat implicitly, constructed ¢ in [46], and also on work of Bruinier and Funke [10],
who carried out a similar construction for orthogonal groups, i.e. for the dual reductive
pair SLy(R) x O(p, q).

Finally, in Chapter 4, we will explicitly calculate the lift of a weak harmonic Maass form
using the regularized theta integral against O(r, z;¢);, and determine its Fourier-Jacobi
expansion, up to an additive constant.

50f course Borcherds’ construction of a theta lift in [2] is much more general, and covers a considerable
numbers of previously known liftings for indefinite orthogonal groups. However, Borcherds products
require the symmetric domain of the orthogonal group to bear a hermitian structure, hence restricting
to the case where the quadratic space has signature (p, 2).
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2. The case of signature (p,1) and
Borcherds products

In the present chapter, we focus on the case where the signature (p, q) of V' is (p, 1) with
p > 1. References for this case are [33, 35, 37]. Asin Chapter 1, denote by D the symmetric
domain for the operation of G = U(V) given by {z C V; dim z = ¢, v neg. definite}. In
the present case, D can be identified with the projective cone

CU = {[Z)] S P1V§ (5’5) < 0}’

where PV denotes the projective space of V', and the elements of Cy are just the negative
definite lines in V.

First, in Section 2.1, we construct an affine model for D by choosing a representative
for each negative line z. After that, in Section 2.2, we will review the construction of
the symmetric domain for orthogonal groups for signature (2p,2). In Section 2.3 we
then introduce an embedding, originally from [33], between the symmetric domains for
U(V) and O(VR), which, after a brief review of Bruinier’s construction of the Borcherds
products (Section 2.4) is then used in Section 2.5 to construct Borcherds products for
the unitary group, in a slight variation on [33, 35].

In Section 2.6 the existence of Borcherds products is used (following [35]) to prove a
modularity statement for certain generating series, along the lines of [3]. At the end of
the chapter, in Section 2.7 we will briefly present the construction of ‘local’ Borcherds
products from [37], inspired by the work of Bruinier and Freitag [7].

2.1. The Siegel domain model

Let L be an even lattice in V, with dual L*. Denote by Isor(V') the set of one-dimensional
isotropic subspaces of V. Its elements are in one-to-one correspondence with the rational
boundary components of the symmetric domain. We fix an element I, in Isop(V) by
choosing a primitive isotropic lattice vector ¢ € L, and setting I, = F¢. Further, we
choose a primitive vector ¢ in L* with (¢,¢') # 0.

We denote by D the lattice LN+ N ¢+, where, naturally, the complement is taken with
respect to (-, ). Equipped with the restriction of (-,-), it is an even definite hermitian
lattice, with signature (p —1,0). Set Wy := D ®p, F and W := Wy @ C. Hence, W is a
definite p — 1 dimensional complex hermitian space.

Denote by vs, ..., v, the standard orthogonal basis' of W. Let § be a purely imaginary

IStrictly speaking, with the notation from Chapter 1, we are assuming here that ¢, ¢’ € spanc{vy, v},
which, of course, is possible without any loss of generality.
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2. The case of signature (p,1) and Borcherds products

constant with & € iR+, for example ¢ = dp. For 2z in D, choose a vector 3 € z, and write
3 in the form

3=3(r,0) =0 +76(0,0) + 0, (2.1.1)

with o € W. Then, since z is negative definite, we have
0> (5,3) = 2Re (70(¢, €)(€', 0)) + (0,0) + (¢, £') = =237[8][(£, )" + (0,0) + (¢, £),

whence

(0,0)—1—(5’,(’).
216]|(¢, &)

We can thus define an affine model for D as follows.

Definition 2.1. The Siegel domain model H, is the generalized upper half-plane given
by

Moy = {(Tz,a) eCxW; 29, 0PSr - (0,0) — (¢, ¢) > o} .
An isomorphism between H,, and D is given by

HZ,E’ — D7 (T7 U) — (Cj(T, U)
and D — Hyp, z— (1,0),

where 3(7,0) = '+ 75(¢,{'){ + o, and the converse map in the last line is the composition
of z — Cj (assigning to z a representative of the form (2.1.1)) with 3 — (7,0). We note
that the isotopic line I, c = C¢ = [{] corresponds to the cusp at infinity of the generalized
upper-half plane H .

In the following, we will assume that ', too, is an isotropic vector. Note that this is a
non-trivial assumption about the hermitan lattice L and its dual.

Remark 2.2. We note that H,, is not a tube-domain. This means for example, that
functions H,» — C which are translation invariant do not posses an expansion as Fourier
series, i.e. with constant coefficients, instead, there is a Fourier-Jacobi expansion with
coefficients depending on o, see Section 2.1.3.

Finally, we note that the action of G on H,, gives rise to a non-trivial automorphy
factor, explicitly given by the ¢-component of 3(7,0):

(¢,g03(7,0))

T (2.1.2)

j : G X HZ,@’ — CX7<g7(T70)) '—>j<97<7—70->) -

where g operates on the vector 3(7, ) through matrix multiplication.
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2.1. The Siegel domain model

2.1.1. Operation of the parabolic group

Denote by Py the stabilizer of the cusp [¢] i.e. of I;,c = I, ® C in G = U(V'). We denote
by N the unipotent radical of P,. Consider the Levi-decomposition G = NAM, where
the Levi-factor is given by the direct product of the groups M = SU(W) ~ SU(p — 1)

and A = GL([¢)).
Written as matrices in the basis £, v, ..., vp, ¢ the elements of A and M take the form
13 1
a(t) = 11 (teRso), p= I (1" € SUW)),

1 1

while the elements of N are parameterized by pairs (w,r) with w € W and r € R. We
will denote them either using the notation [w, r|, or as matrices n(w, r) = n(w,0) - n(0,r).
In matrix notation, we have

10 o)
n(0,r) = 1,1
1
1 —o' —5(¢,0)wto
n(w,0) = 1,4 (0, 0w
1

The operation on Hy s is given as follows (recall that w, o € W both have positive norm)

0,7]: (1,0)— (T+71,0),

(w,0) (w,w)

[w, 0] (T,J)»H(T—(S%g/)— % ,a+(£7g’)w>.

Note that the unipotent radical N has the structure of a Heisenberg group, the center of
which is formed by the transformations of type [0,r7]. The transformations of the type
[w, 0] are also known as Fichler elements.

By direct calculation, we derive the group law” for N,

o~ /
[w,r]o[w,r] = [w+w, r+r — —\3(1|U<57|w )}, (2.1.3)
and the commutation relation
x /
[w,0] o [, 0] = w+w’,—% (2.1.4)

Remark 2.3. We remark that the for transformation in N and M the automorphy
factor j(g,z) from (2.1.2) is trivial, while for the elements of A one has j (a(t),z) =t~

2The notational convention for concatenation used here is (¢’ o g)(v) = ¢’(g(v)), consistent with matrix
multiplication.
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2. The case of signature (p,1) and Borcherds products

If T is a discrete subgroup of G, e.g. the discriminant kernel I', we denote the discrete
Heisenberg group N NT' by Heis(I"). The stabilizer in I" of the cusp I, = F¢ is given by
the semi-direct product

Iy := stabp(¢) = Heis(T') x (UMW) NT) = P,NT.
—— N——
NAT MAr
Remark 2.4. Naturally, the description of N, A and K using matrices generalizes to
other signatures (p, ¢), with ¢ > 1. We will come back to this later, see Sections A.2.1,
4.1.1 and 4.4.

The following Lemma is well-known:

Lemma 2.5. Let I' be a discrete subgroup of U(V'), commensurable with T'y. Then, there
is a positive integer Nr, and a lattice Dr of finite index in D, such that n(w,r) is an
element of Heis(I') for all w € Dr and all r € Np,. Also,

Iy /
% € ZNry  for all w,w' € Dr.

2.1.2. Boundary components and compactification

Recall from Chapter 1 the definition of the discriminant kernel Iy as the subgroup
Fixg(L*/L) C G, and of the modular variety X = I';\D. Somewhat more generally,
let I' be discrete subgroup commensurable with I'; and denote by Xp the variety
I"\D, which is non-compact quasi-projective. In this section, we want to discuss two
compactifications which can be applied to modular varieties of tis type, namely the
Baily-Borel compactification and the toroidal compactification see [33, 34, 37] or [14].
For further background on the toroidal compactification see [38, Section 3.3].
With the affine model H; ., we have the following isomorphisms

Xr =D\D ~T\SU(V)(R)/ (SUW)(R) x SUW)(R)) == D\ Hep.

The Baily-Borel compactification, denoted Xy pp, is obtained by forming the union of
Xr with I for all rational isotropic subspaces I € Iso(V') and defining a topology and
complex structure on the quotient

I\ (Mo U {Ic; I €Iso(V)}).

Since compactification is a local process, it suffices for us to sketch the construction for
the istropic line C¢, which we denote I, ¢ here. It corresponds to the cusp at infinity [¢]
of Hee. A system of neighborhoods of this cusp is given by

_ . (3:3) "2 1
0.0 = {1d € v 2l > 0 - 7}

1
~ {(7’, o) € Heow; 2%T|5||(€,€')|2 —(0,0)>C = —} (e >0)

€

(2.1.5)

34



2.1. The Siegel domain model

A subset V' of Cy U I ¢ is called open, if V' N Cy is open in the usual sense and if further
Iyc € V implies U.(¢) C V for some € > 0. By repeating this construction for every
I € Iso(V'), one obtains a topology on Cj; = Cy U {I¢; I € Iso(V)}. Moreover, the
quotient topology yields a topology on I'\C§;.

The complex structure is defined through pullback under the canonical projection
Ch = CyU{lc; I €lso(V)} — X pp, locally for each cusp. We give a brief sketch, for
more details see [33, p. 30] and [35, Sec. 1].

Denote by pr the canonical projection pr: Ci; — I'\C{j. For an open set U C I'\Cy;, let
U’ € C{; be the inverse image under pr and let U” be the inverse image of U’ in Cy, as
depicted in the following diagram

Cy y G —2 T\C

o

u” > U’ > U.

Now, define O(U) as the ring of continuous functions f : U — C, which have holomorphic
pullback pr*(f) to U’ (and to U"). With the usual methods of algebraic geometry this
defines the sheaf O of holomorphic functions on X7 pp. Hence, this construction yields
the structure of a normal complex space on X7 pp. Its drawback however, is that in
general, there are still singularities at the boundary points.

The toroidal compactification®, denoted Xf, ., presents an alternative. In sketching
this construction, we can again restrict our attention to the boundary component I, c.
For more details see [14, Section 4.3]. In the following, identify the sets U (¢) C Cy with
the corresponding sets of representatives in Hyp from (2.1.5). Clearly, the Heisenberg
group N operates on U,({). For sufficiently small ¢, there is an open immersion

Heis(I')\U.(¢) — Xr.

Let Cy(I'r) denote the center of Heis(I'), i.e. Co(I'r) = {n(0,7) € NN TI}. Recall that
Cy(T') >~ ZNr 4, and set g, := exp(2mitT /Nr ).
The quotient Cy(I')\U.(¢) can now be viewed as bundle of punctured disks over W:

Ve(l) := Co(D\Ue(0) =~ {(%U); 0 < fge| < exp (%) } :

Adding the center to each disk, we get the disk bundle

Vi(0) = {(%0); |qe| < exp (%) } :

The action of Heis(I") is well-defined at each center, leaving the divisor ¢ = 0 fixed.
Also, if T" is sufficiently small, the operation is free, hence we get an open immersion

Heis(D)\U,(¢) — (Heis(T')/Cy(T)) \V.(0), (2.1.6)

3This type of compactification can also be approached as a resolution of the remaining singularities.
This point of view is taken in [33, Sec. 1.1.5].
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2. The case of signature (p,1) and Borcherds products

by which the right hand side can be glued to Xt, yielding a partial compactification. For
a point (0,0¢) € V.({), we define a system of open sets

Bs(0,00) = {(qg,a) eV.(0); (6 — 09,0 — o) <6, |qu| < 5} (0 >0).

Under the immersion (2.1.6) the images of these sets form a system of open neighborhoods
for the boundary point at (0, 0p).

Repeating this construction and the gluing procedure for every I'-equivalence class of
isotropic spaces in Iso(V') yields a compactification of Xt, which we denote XT tor

2.1.3. Modular forms

For v € G and (1,0) € Hy e denote by j(g, (7, 0)) the automorphy factor for the operation
of g on Hyp, as introduced in (2.1.2).

Definition 2.6. Let I' be a unitary modular group, i.e. commensurable with I'z, y a
character of I' and k an integer. A holomorphic automorphic form of weight k and with
character x for I' is a holomorphic function f : H,» — C which satisfies

f(yo(r0)) =i, (o) x(1f(ro) forallyel.
A holomorphic modular form which is regular at every cusp is called a modular form.

Meromorphic automorphic forms are defined similarly. Note that by the Koecher-
principle, if p > 1, holomorphicity on H,, automatically entails regularity at all cusps,
and hence any holomorphic automorphic form is already a modular form. (See [33, p. 33]
for a simple proof in the present signature.)

Immediately from the transformation behavior, it follows that an automorphic form
is invariant under the operation of the translations [0,7] € N. Hence, a holomorphic
automorphic form f with character x has a Fourier-Jacobi expansion of the form

f(r0) = cu(o)e®™, (2.1.7)
KEQ

where  in Ny é(Z +19) with Np, from Lemma 2.5 and non-negative constant ry € Z > 0.
Further, if f is a modular form, x > 0. The coefficients ¢, (o) exhibit the transformation
behavior of theta functions, i.e.

ex([10,0] 0 0) = X([1,0]) - x(0) - € (M ( (;?2 ‘;}> i <“’2’5w>)>

Hence, the coefficient ¢y = ¢o(o) is a constant.

Remark 2.7. In Chapter 4, where we allow V' to have arbitrary signature (p, q), and
in the absence of the tube-domain coordinate 7, we will use a slightly different (and
more general) notion of the Fourier-Jacobi expansion, based on the operation of the
translations [0, 7] in the Heisenberg group from Section 4.4.2. In the present case, for
holomorphic automorphic forms on H,, basically just consider (2.1.7) as an expansion
in Re 7 with coefficients ¢, (o, I7) = ¢, (0) exp (—27kST).
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2.2. Orthogonal groups

2.2. Orthogonal groups

In his seminal paper [2], Borcherds constructed a regularized lifting for the dual reductive
pair consisting of SLy(R) and an indefinite real orthogonal group O(b,,b_) of signature’
(by,b_), for which he used a (slightly generalized) Siegel theta function. If b_ = 2, the
symmetric domain for O(by,2) carries the structure of a hermitian symmetric domain.
In this setting”, Borcherds’ lifting gives rise to his celebrated Borcherds products and a
multiplicative lift.

A construction of Borcherds products for unitary groups of signature (p, 1) was de-
veloped by the author in [33], [35] and, for the case of signature (1,1) [34], using an
embedding from unitary into orthogonal groups. With a view to this embedding, we will
mainly consider the case in which the quadratic space is a real vector space Vg underlying
a complex hermitian space V' as in Chapter | and hence has signature (b, ,b_) = (2p, 2q).
Mostly, we will have ¢ = 1.

Later in this chapter, we will review the theory of Borcherds products for orthogonal
groups using a generalization of Borcherds’ work due to Bruinier [5].

2.2.1. Orthogonal groups and their symmetric domains

In this section, in view of the embedding from [33, 34], we use the following setup for
orthogonal groups. References for this, besides [33, Chapter 1.2] and [36], can be found
in [22] and [5, Chapter 3|. Consider Vi as a quadratic space of signature (2p,2¢) with
the bilinear form (-, ). Let L be an even lattice in V' (as in Section 2.1). Thus, L is
also an even lattice in Vg, with the quadratic form @ (-).

We denote by O(Vk) ~ O(2p, 2¢) the orthogonal group of Vg and by SO(Vk) the special
orthogonal group. Further, we denote by Do a symmetric domain for the operation of
O(VR), given as follows

Do = O(Vr)/Ko >~ O(2p,2q)/ (O(2p) x O(29))
~ {v C Vg dim(v) = 2¢, (-, ) l,< 0},
wherein o is a maximal compact subgroup. This set of two-dimensional definite
subspaces is also called a Grassmannian model for the symmetric domain.

Remark 2.8. We note that the same Grassmannian can also be viewed as a symmetric
domain for the operation of SO(Vg), since the group quotients are isomorphic

Do ~ SO(Vr)/Kso =~ SO(2p,2q)/S (O(2p) x O(2q)) .
Also note that Do is path-connected. If, alternatively, one considers the quotient of
SO(VR) by a maximal path-connected and compact subgroup,
D, :=SO(Vg)/ {max. path-connected} ~ SO(2p, 2q)/ (SO(2p) x SO(2q))
~ {v C Vg; dim(v) = 2¢, (-,)g |»< 0, v oriented},

4We will use this notation in the present chapter for the signature of an (arbitrary) indefinite orthogonal
group and reserve (p, q) for the signature of a hermitian space V' and its unitary group.

5Strictly speaking, this is the opposite of Borcherds’ convention for the signature in [2], but we prefer
the present setup to maintain consistency with [25] and [46]
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2. The case of signature (p,1) and Borcherds products

one obtains a realization of a symmetric domain for SO(Vg) as a Grassmannian of oriented
two-dimensional negative definite subspaces, which has two connected components, since
it contains spaces of both orientations.

Denote by SO* (V&) the subgroup of orientation preserving transformations in SO(Vg).
In the following exact sequence,

1 —— {£1} —— Spin(Ve) — SO(V) —— R*/R*?,

SO™ (V) is the image of the spin group Spin(Vx) in SO(Vk) and hence the kernel of the
map 6. It is thus called the spinor kernel (6 is known as the spinor norm), and is the
connected component of the identity in SO(Vg).

We denote by O(L) the isometry group with respect to (-, )y of L, and by SO (L) the
subgroup O(L) NSO™(Vg). By the discriminant kernel of L we understand the subgroup
I'? := Fixgo+ () (L*/L). We shall consider subgroups of finite index in the discriminant
kernel as (orthogonal) modular groups. We remark here that 'y, the discriminant kernel
in U(L), see Section 1.1.1, is contained as a subgroup in I'{.

Now, if ¢ = 1, Do is a hermitian space. It can be equipped with a complex structure by
a ‘spin-orientation’, a continuously varying choice of oriented basis. Indeed, let v € Dg.
After setting

U = Spanp (XL, YL) , with XL 1 YL, (XLaXL)]R = (YL, YL)]R < O, (221)

the two real vectors X, and Y7 can be interpreted as the real and the imaginary part of
a complex vector. Denote by Ve = Vg ®g C the complexifcation of Vg and extend (-, -)g
to a complex valued bilinear form on V. Note that V¢ has real dimension 2m. Now,
setting

ZL = XL + ’iYL,
we have
(Zp, Zp)p =0 and (Z1,21), = (X1, Xp)g + (Y2, Y1) < 0.

Thus, associating to v € Do the line CZ;, C V¢ affords an isomorphism of Dg to (a
connected component of) a negative-definite cone in a null-quadric in the projective space
PV of Ve. For an element [Z] € P!V, denote by Z the preimage under the canonical
projection 7c : Ve — P'Ve. Then, the null-quadric and the negative cone are given by

N ={Z]; (Z,2)y =0} C P(V¢)
and C={[Z]eN; (2,Z), <0},

respectively. We note that C has two connected components, which we write as C =
CT wC~. Either of these may be used as complex projective model for the symmetric
domain. Hence we choose one of the two and denote it by Co.

To construct an affine model, we take a rational hyperbolic plane in V', spanned by
two lattice vectors ey, ex € L, both assumed to be isotropic and with (eq, e2)p # 0. This
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2.2. Orthogonal groups

amounts to fixing a boundary component of Dg. Denote by K the lattice L Nei Nesy,
equipped with the restriction of the bilinear form. Now we can write Z; in the form

Zr, =ey+bey + 2 with Z € K ®,C.
In the following, assume that (ej,es)r = 1. Then,

ZL = €2 — %(Z7 Z)Rel +7Z = (_%(Za Z)]Rala )7

Xp=(-3X, X)p +2(V,Y)p, LX), Y= (—(X,Y)g0,Y). (2.2.2)

Note that Q (Y) = Q (Y1) = Q (Xy), since the projection px : & —= xx =z — (x, €1)ge2
is an isometry for any « € Vg with (z,e1)p = 0.

Also, we remark that for this construction, the assumption that es is isotropic is not
essential; dropping it one merely needs to add —(eg, e3)ge1 to Zp.

Now, denote by H* the two connected components of the set

H={Z=X+1iY, XY e K@z R, (YY) <0}.

We remark that the connected components are stabilized by the action of SO (V&) and
interchanged by the action of SO(V&)/SO™ (VR).

The tube-domain model is defined as the connected component of H mapped to Co by
the biholomorphic map Z +— [Z;],

Hy ={Z=X+iV; X,Y e K@z R, [(-3(Z,2)3.1,2)| € Co} .

1
2
Remark 2.9. Naturally, if we start out with the special orthogonal group and a Grass-
mannian model ]D)(SDO with two connected components for its symmetric domain, see
Remark 2.8, picking one component of C* and of H* is not necessary, as Dy, is isomor-
phic to the entire projective cone. In this case, Ht W H~ is an affine model.

Remark 2.10. The spin-orientations on the Grassmannian play the role of conjugacy
classes under complex conjugation. If for v € Do we have (X, Y7) as an oriented basis,
a basis with the opposite orientation is given by (X, —Y7), which obviously corresponds
to Z;, € V. Thus Ht and H~ play the role of upper and lower half-spaces. Indeed

H=K®R+i{Y € K@zR; (V,Y), <0},

and the set of imaginary parts is a quadratic cone with two connected components
switched by complex conjugation.

We note that the operation of SO (V&) on the tube-domain model gives rize to a
non-trivial automorphy factor, which we denote by J(g, Z) for g € SO* (&), Z € H,,.
Similarly to the unitary case (see (2.1.2)), the automorphy factor is explicitly given by

SO*(Ve) x H, — C, (9,2) = J(9,Z) = (921, €2)p, (2.2.3)

where, naturally, Z; is the element of 7o ! (CO) corresponding to Z € H,,.
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2. The case of signature (p,1) and Borcherds products

Coordinates for the Grassmannian We remark that beside the coordinates X; and
Y}, related to the tube-domain model, another system of coordinates is often used for the
elements of the Grassmannian (see [2], [5] or [54]).

For v € Dp, let v+ be the orthogonal complement, and denote by e, and e,. the
orthogonal projection (with repect to (-, -)z) of €; to v and v*, respectively. Define a
subspace w through the orthogonal decomposition v = w & Re,. Then, Vg can be written
as

Ve =v® vt = (w P Rey) ® (w O Re,r).
Consider the vector defined by
€y €yl €y el

= — = — — ) 224
N © * (evv ev)R * (evi-v evL)R “ " (eva ev)R 2(6117 ev)R ( )

71 .
We can express v through w and p, = ez, + %ev(ev, ey)gr » since

€L

v=w+Ru, and vt =wt+Rpy,..

Using w and p or pu, as coordinates for the Grassmannian has the advantage of being
independent of the definition of a complex structure. In fact, the use of such Grassmannian
coordinates is not limited to the present signature (2p,2). Here, they are related to the
tube domain coordinates in the following manner

1
,u:(—a(X,X)R,O,X), g =X, w=DRY,and wg = RY.

Remark 2.11. The definition of y follows [2] and [5]. The following version [see 54,
Theorem 3.3.11 on p. 111] can be used without requiring (eq, e2)p = 1:

(6vi7 62)1{{ (em 62)R
(Bv, ev)]R ° (evlv QUL)R

n=—es+

vl

2.2.2. Boundary components

Next, we will briefly describe the boundary components of H,, introducing a more refined
version of the coordinates Z = X + Y along the way (see e.g. [7]). Further, similarly to
2.1.1, we describe the action of the stabilizer of a boundary component.

The boundary components Let F' denote a (totally) isotropic subspace of Vg, and
Fe := F®gC its complexification. Isotropic subspaces of Vi define boundary components
of H = H, ¥ H,, which can be described as follows (see [7]):

(i) Let F' be a one-dimensional isotropic subspace of Vg. Then, F' represents a
boundary-point of H. A boundary point of this type is called special. A zero-
dimensional boundary component is a set consisting of one special boundary point.
Boundary points, which are not special, are called generic.
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2.2. Orthogonal groups

(ii) Let F be a two-dimensional totally isotropic subspace of Vg. Then, the set of all
generic boundary points, which can be represented by elements of F¢ is called a
one-dimensional boundary component.

Further, there is a one-to-one correspondence between boundary components and isotro-
pic subspaces of Vg of the corresponding dimensions. The boundary of H is the disjoint
union of all zero- and one-dimensional boundary components.

A boundary component is called rational if the corresponding isotropic subspace F
is defined over Q. Cusps are defined by equivalence classes of rational one-dimensional
isotropic subspace under the operation of an orthogonal modular group.

Following [7], we give a brief description of the neighborhoods in H,, of te cusp defined
by e;: Let Fg be a rational totally isotropic subspace in L ® Q, and let F, be second
such (i.e. rational and isotropic) subspace. (For example, a lattice of signature ([,2) with
[ > 5 splits two hyperbolic planes. So, if we assume p > 2, we have two two-dimensional
isotropic subspaces spanned by lattice vectors.)

We may assume e; € Fp and e € F). Then, there are vectors ez and ey, with the
properties

Fy = spang{ey, es}, F{) = spang{es, e4}
and (6]‘, ek)R = j15k2 + 5j36k4 (] S k’),

where ¢;; denotes the usual Kronecker symbol. Using this basis, we can write Z € H, in
the form
Z = zies + zes + 3 = (21,2, 3),

with 3 = X + %) contained in the definite space Ve ® CN F+ N P Then,
Zy =~ (n1z2 + 5(3,3)g) €1 + €2 + 2163 + 2264 + 3. (2.2.5)

Since 0 > (YY) = 1192 + (2,2)g, one can define an embedding of two complex upper
half-planes H x H into the boundary of the projective cone C via

(Zl, ZQ) — [(2122)61 + €9 + 2163 — 2264] - P1VC. (226)
Setting zy = it and taking the limit zo — 700 we get

lim [zyit, 1, 21, —it] = [21,0,0, —1].

t—o0

Thus, we have showed to first statment of the following remark.

Remark 2.12. A one-dimensional boundary component can be identified with a copy
of a complex upper half-plane.

Quite similarly, see [22, 23], the set of all boundary points attached to Fr = F ®@g C
(both special and generic) can be identified with HUR U {co}.

Now, we can use this observation to define a system of neighborhoods of the cusp
of ‘H, attached to e;. Let F' be the rational isotropic subspace spanned by e; and es.
For Fg, we use (2.2.6), to identify Fr N7z’ (OCT) with the complex upper half-plane H.
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2. The case of signature (p,1) and Borcherds products

Thus, for 2/ € H, let © = z’e; — e3. A fundamental system of neighborhoods of x is given
by the sets U(z,€) UV (z,€) (e > 0), with

Viz,e) ={" e H; [ — 2| < €},

2.2.7
U(z,e) = {(21,22,3) € Hyy 22 € V(x,€), —y1ya — %(@’@)R > 6—1}' ( )

Let T' be an orthogonal modular group. Then, a modular variety X? is given by the
quotient
XP =1\Co =~ T'\H,.

It has the structure of a projective variety, contained as a Zariski open subset in its
Baily-Borel compactification® X2* ~ I'\C&, where C& is the union of Co with all its
(rational) boundary components. For any point = € Cg), with stabilizer I'; in I, there is
an open embedding

' \CGH — IT\CG.
Now, if = is contained in a boundary component, it is easily seen that the stabilizer I',

of  is contained in the normalizer of that boundary component.

The normalizer of a boundary component We want to describe the centralizer and
the normalizer of a one-dimensional boundary component. Thus, let Fy = spang{es, es},
we denote the centralizer of F in SO (Vg) by Cr(Q) and by Ng(Q) the normalizer.
Thus,

Cr(Q) ={g9 €SO"(Vy); ¢ |py=1dp,} and Np(Q)={g < SO*(Vp); go Fo = Fo}.
For an explicit description of both, we use Eichler elements, defined as follows:

Definition 2.13. Let u € Vg be an isotropic vector and v € Vi a vector perpendicular
to u. Then, the Eichler element E(u,v) is a transformation defined by

E(u,v) : Vo = V&, @z — (z,u)gv+ (z,0)gu — 3 (v, 0)g(x, u)zu.
Obviously, for fixed u, Eichler elements are additive, with
E(u,v1) o E(u,v2) = E(u, v1 + v2).

Further, we note that Eichler elements are contained in SO (Vg) and that, if u and v
are contained in an even lattice L, then E(u,v) lies in the discriminant kernel of L.

Finally, if u, u’ are isotropic with v L «’ and v, v’ are both perpendicular to Ru + Ru/,
then the following relations hold

E(u,v) = BE(u',u)™!,
E(u,v) o E(u',v") = E(u/,v" + (v,v")gu) o E(u,v).

6For a detailed account of the construction of the (Satake-)Baily-Borel compactification see [22].
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2.2. Orthogonal groups

Denote by D the definite lattice K Nez N ey, and consider Eichler elements of the form
E(es, ), with 1 € D ®7 Q. Clearly, their action on Qe is trivial. Their action on #, is
given by

Z = (’2172:273) =
Z+ ((11,3)g — 5(1, Wgz2)es — zop = (21 + (1, 3)g — 5(1t )22, 22,3 — 2240).

Denote [0, i1, 0] := E(e3, j1), and set
A, 0,t] := E(es, te;) o E(e;,\) (t€ QA€ D®,Q).

Note that transformations of the type E(ej, \) act trivially on Qes. Also, the two types
of Eichler elements commute and hence form an additive group. On H,, the action of an
element [\, 0,¢] is given by

[)\7O7t] 14 = (21722,3) = (Zl + t7z273 - )\)
Further, one finds
[O’ K, 0] o [)" 0, t] = P" 0,t— (:u’ )‘)R] ° [07 M, O]

Hence the triples [, u,t], \,p € D ®7 Q, t € Q form a group, as a semi-direct product
with the direct factor consisting of elements of the form [0, 0,¢]. This algebraic group has
the group law

[)" K, t] © P‘lv :ulv tl] = [)‘ + X, H+ :ula t+t — (M? /\/)R]’

and thus is a (rational) Heisenberg group, which we denote by Heis(D). Its set of real
points Heis(D)(R) is given by {[\, pi, t]; A, p € D @ R, ¢t € R}, and it acts on H, via

[A7M7t] : Z = (2172273) — (Zl + t + (M)S)R - %(M?M)Rz272273 - )\ - H/ZQ) .

It is easily seen that the centralizer C'r(Q) of Fy is given by the semi-direct product
Cr(Q) = Heis(D) x SOT(D ® Q), while the normalizer Ng(Q) sits in the exact sequence

1 —— Cp(Q) —— Np(Q) —— GLj (Fp) —— 1.

Now, assuming that es, like e;, is contained in the even lattice L, those Eichler elements
from Heis(D) for which A, u € D and t € Z are contained in the discriminant kernel I'?
in SO*(L).

More generally, since u,v € L implies that E(u,v) lies in the discriminant kernel, for
any orthogonal modular group I', there are lattices KCcK ®zQ, D C D®y;Q and an
integer M € Z, such that [k,v,r] €[ for all k € K all v € D and r € MZ.
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2. The case of signature (p,1) and Borcherds products

Modular forms Automorphic forms and modular forms as complex-valued functions
on the tube domain H, are defined as usual, using the automorphy factor J(g, Z) from
(2.2.3).

Definition 2.14. Let I' be an orthogonal modular group, x a character of I' and k an
integer. A holomorphic automorphic form of weight £ and multiplier system y for I' is a
holomorphic function F': H, — C which satisfies

F(yoZ)=J(v,2)x(y)F(Z) forall y€T.

If additionally F' is regular on the boundary of H;, it is called a holomorphic modular
form.

If the signature of Vg is (by,b_) with by > 3 the Koecher principle implies that
holomorphic modular forms are automatically regular on the boundary of #H, (see [22,
Chapter IV.3] for a proof). Also note that in this case (i.e. by > 3) multiplier systems
are always of finite order by a result of Margulis [49]. In particular, this is the case for
Vi with the real bilinear form (-, ) of signature (2p,2) if p > 1.

2.3. The embedding

In this section, following [33, 35, 34] we describe the setup of the embedding between
the symmetric domains of U(p, 1) and O(2p, 2), which is used in Section 2.5 to construct
Borcherds products (see Section 2.4) via pull-back.

The underlying quadratic space The identification of V,(-,-) with the underlying
rational quadratic Vg, (-, )y induces am embedding of the unitary group U(V') into the
special orthogonal group SO(Vg) associated with the bilinear form (-, ). Thus, we may
consider U(V') as a subgroup of SO(Vg).

Similarly, an even hermitian lattice L C Vg is also an even lattice in Vg, with the
quadratic form @Q (), and the Z-dual L* is the dual of L both as a hermitian lattice over
O and as a quadratic module over Z. Thus, L*/L is the discriminant group, either
way, and the discriminant kernel I';, C U(L) is a subgroup of the discriminant kernel
'Y c SO*(L).

We introduce the following notation for endomorphisms of the real space Vi induced
from scalar multiplication on V' (which are trivial for real scalars, of course):

Definition 2.15. Let « be in C\ R. We denote by & the endomorphism of Vg, (-, )
induced from the scalar multiplication with « in the complex hermitian space V, (-, ).
For typographic reasons, the endomorphism induced by the complex unit ¢ is denoted 1.
Note that i € SO(VR).

We note that if o € F, then & is an endomorphism of Vg defined over Q.
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Embedding of symmetric domains If K is a maximal compact subgroup of U(V),
embedded into SO(VR), there exists a maximal compact subgroup Kso of SO(Vg) with
K — Kso. Thus, we can embed the respective symmetric domains given by the group
quotients

e: D =U(V)/K < SO(Vi)/Kso = Do. (2.3.1)

Also, since D ~ Cy, through this embedding, we can identifying an element [z] € Cy
with a subspace v = RX + RY}, contained in Dg. Further, the bijection between D¢
and Cp yields an embedding of Cy into Co. Like the bijection between Do and Co, this
embedding is real analytic. Moreover, by carefully choosing the oriented basis vectors
X1, Y7, for the image of [z] in Cg, it can be realized as a holomorphic embedding. Then,
finally, with suitable coordinates, we also obtain an embedding of H,, into the tube
domain H,.

To summarize, the embedding in (2.3.1) induces embeddings between the different
models, Grassmannian, projective cones or affine, for the symmetric domains of the
unitary group in the left column and the orthogonal group in the right column of the
following diagram:

E=EGr

z2€D —— Do 30

! ]

3] € Cv —2— Co > 7y, (2.3.2)

! ]

(7',(7) G’Hg,g/ &> HPBZ

To facilitate notation, we will usually denote all of these maps simply by ¢, since its should
usually be clear from the context which of them is the actual map under consideration.

Choice of cusp Assume that as in Section 2.1 we are given H,» with a fixed choice of
a primitive isotropic vector ¢ € L and of ¢ € L* with (¢, ') # 0. We want to explicitly
describe the embedding of the Siegel domain model H, into the tube domain model
H,,. Since the cusp at infinity of H, is given by a primitive isotropic lattice vector e;, we
set e; = £. Hence, ¢ corresponds to the cusp at infinity both for H,, and for H,.

Remark 2.16. With this definition, the parabolic subgroup P, C U(V) stabilizing ¢ is
mapped into the stabilizer of e; in SO(Vg). In particular, the elements of the Heisenberg
group Heis(I'z) are mapped to transformations generated by Eichler elements in SO™ (V).
For example, it is easily verified that a translation of the forms [0, r] can be identified
with an Eichler element of the form E(/, £if), see [33, Chapter 3.1.1].

Complex structure Now recall how on the one hand, for every projective line in Cy
represented by 3 € V, the negative definite line z = Cj (i.e. the corresponding element of
D) can be considered as a two-dimensional (real) subspace of Vi contained in Dg. While
on the other hand, for an element of Dg, the choice of an oriented basis (X, Ys), of the
form (2.2.1), determines an element [X; + 1Y, = Z;] in Co.
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2. The case of signature (p,1) and Borcherds products

Thus, for each representative 3 for [3] of the form (2.1.1), i.e. 3 = 3(7,0) we want to
fix the choice of X, and Y7, in such a manner that the map ¢,, : Cy — Co extends to a
homomorphism between the complex projective spaces P'V and P!V,

Consider the following diagram:

3 — (X1, Yy) —— Zp =X +iY,

l" l l (2.3.3)

Z5 e (iXL,iYL) e ZZL = —YL+ZXL

To the left and to the right of the diagram, the complex unit ¢ acts as a scalar of the
complex spaces V, (+,-) and Vg = Vg ® C, (-, ), respectively. In the middle column of
the diagram, by definition, it acts as the endomorphism 2 on the real space Vg > X, Y].
Note that all arrows in (2.3.3) represent R-linear maps. Thus, if (2.3.3) commutes, the
following diagram also commutes for every o € C \ {0}

— [ZL]
H

[3]
H
3] —— [aZL].

Then, the embedding ¢,, between Cy C P'V and Co C P'V¢ is indeed a homomorphism
of complex projective spaces. Moreover, the induced embedding e, between the affine
models Hyp and H, in (2.3.2) is holomorphic, too.

Since Xy, and Y}, are contained in Cj, we set X = zﬂ;,. Then, clearly (2.3.3) commutes
exactly if iX, = —Y;. Also, in this case, X, L Y, and X2 = Y2 = [¢|*(3.3) > 0, as
required in (2.2.1).

Normalization with respect to ¢;. Now, with X, = ¢3, Y, = —it)3 the point [Z1] in
P'Ve with Z;, = X + Y7, lies in the positive cone C of the zero quadric . We may also
assume that it lies in the correct connected component Co.

To complete the definition of the affine embedding e, : Hsp — H,, we should fix
1. Recall that for each point in the image of the map H* — C*, there is unique
representative of the form (2.2.2). Thus, for Z;, = X + 1Yy, to be of this form, we require

(XL,e1)g =Re(93,0) =1 and (Y5, e1)p = Re(—i3,¢) = 0.

Hence, we set ¢ = (é’,é)_l.
To summarize, for each z with z = Cj, a suitable choice of basis vectors for its image
v in Dg, is given by

X, = (M}—g,))Ag and Y — (ﬁ)} (2.3.4)

where 3 is a representative for [3] of the form (2.1.1).
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Lemma 2.17. The pullback of a holomorphic (meromorphic) automorphic form on H,
is a holomorphic (meromorphic) automorphic form on Hee.

Proof. Denote by 85 and CNU the preimages of Cop and Cy under the canonical projections
7:V = PW and 7¢c : Ve — PV, respectively. Denote by & the map V — V¢ induced
from e. Note that with the above choice, ¢ is C-linear.

Let f : H, — C be a holomorphic automorphic form of weight & for some modular
group I' € T'. Then, f can be identified with a holomorphic function f : 58 — C, which
is C-homogeneous of weight —k and invariant under the operation of I on V.

Consider the pullback & f. Since ¢ is C-linear, the pullback is holomorphic and also
C-homogeneous of weight —k. Further, it is invariant under IV := ' U(L). Clearly I"
has finite index in T';, € SO (L), as the index of T" in T'? is finite and T';, C I'?. Then,
e*f, the attached function on H,, is a holomorphic automorphic form of weight & on
I'". The proof for meromorphic f is similar. O

A choice of basis for the isotropic subspaces The four dimensional real subspace
of Vg defined by the C-span of ¢ and ¢ in V can obviously be decomposed into two
totally real isotropic subspaces F' and F’. Recall that we have set e; = ¢, we want
to find further (rational) basis vectors es, e3 and ey such that F' = spang{e;,es3} and
F' = spang{es, 4}, and satisfying (e;,e;)p = 0 for j € {1,...,4} and (ej,ex), = 0 for
J < k,unless (7, k) € {(1,2),(3,4)}.

In a basis with these properties, by (2.2.5), we can write a point Z, in the image of
the embedding ¢ (H ) in the form

Z1(1,0) = —z120€1 + €3 + 2163 + 244 + 3(0),
- : T N (2.3.5)
with 3 =X+ = <W>O'+l (W) 0.
Note that since X and ) have the same norm and X L ) (as (z,2z)g = 0 for all z € Vi),
Q(3)=Q(X)-Q(Y) =0, whereas (3,3),=Q(X)+Q(Y)>0.
To determine the basis vectors, we set
€3 = ’?f, €9 = CALE/, €4 = Bgl,

with complex parameters 7v,a,b € C*, with v, ¥ ¢ R, and find that a and b are given by

SR S S0 I
e\ TS ) TR ensy

leaving ~ as the only parameter, which we are free to choose.
Since Z;, = X + 1Yy is of the form (2.3.5), using (2.3.4), one finds

ZL = (_9’77—7 17 07—7 ’77 3) ;

where we have set 6 := 22 with & from (2.1.1).

PR

47



2. The case of signature (p,1) and Borcherds products

If one now chooses v with vy = ||, then # becomes 1. Also note that if v € Oy,
we have e3 € L and e, € LF. Further, if 6 = dg, let xp be a generator kg € Op with
O = 7Z + kpZ and iSkp = %511?- Then, after setting v = kg, one has

ZL = (—/_ﬂ]FT, 1,7’, RF,3> .
Further, in this case, the basis vectors e;, j = 1,...,4 are all contained in L*:

2/‘%}]}? y 2 f/
_RE
op(0,0) 7 (0,065

e1 =1, e3 = kpl, ey = (2.3.6)
wherein all complex factors are to be understood as scalars for the complex hermitian
space V', thus acting as endomorphisms of Vx.

The embedding on the boundary

Proposition 2.18. Boundary points of Hep are mapped to one-dimensional boundary
components of H,. The boundary point attached to the primitive isotropic lattice vector
{ is mapped into the boundary component attached to the rational isotropic subspace
Fo = Ql® Qipl C Vg of the quadratic space Vg, (-, -)g.

Proof. The boundary points of Hy» can be described by isotropic lines in V. Let
0 # x € V with (x,z) = 0. Then, in the quadratic space Vg, (-, "), the two vectors
x and fx, are isotropic and, for £ ¢ R, linear independent. Hence, F' = Rz @ Réx
is a two-dimensional isotropic subspace of Vg, (-, ) and corresponds to a boundary
component of H,,.

Further, if € Vg, the isotropic line Fz C Vp defines a two-dimensional rational (i.e.
contained in Vp) isotopic subspace of Vg, (-, -)p, and thus defines a rational boundary
component. In particular, this is the case for x = /. O]

We now examine how the neighborhood of a cusp behaves under the embedding . It
suffices to consider the cusp at infinity, [/].

Lemma 2.19. Consider the boundary point at infinity of Hee, attached to £. The inverse
image of every open neighborhood in the closure of Co of this the boundary point contains
an open neighborhood of infinity in Cy U I;c.

Proof. Consider the two-dimensional rational isotropic subspace Fgp = Qe; @ Qeg of Vp,
and let [z = F ®g C. Then Fr is the image of I, under . Let [x] be a point in the
one-dimensional boundary component of Co defined by F. Denote by m¢ the canonical
projection from V¢ to P!Ve. In the zero quadric A, a neighborhood of [z] is a union of
the form U UV, with U open in Co and V' a subset of 7m¢c(F) N ICo, open with respect
to the subset topology. For a more precise description, identify F N 7o 1(060) with the
upper half-plane H C C via (2.2.6). Recall the definition of the neighborhoods V'(z, €)
and U(z,€) of x from (2.2.7). Now,

tlgélo e(z(it,0)) = tli}?o [—itkp, 1,it, kp,e(0)] = [—F,0,1,0,0], (2.3.7)
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2.4. Borcherds products for orthogonal groups

we have ©x = Rpe; — e3. Now, for every Z € e(H,yp), clearly zo = Ry € V(z,¢€) for all
€ > 0. For Z € e(Hy), the imaginary part Y is given by

Y =SQres — |(25—|e4 — (i, 0) o
for some (7,0) € Hop. Thus, if Z € U(x,€) Ne(Hee), we have

J 1
+u%’r _ (o0) 0)2 > -,
2 (. OF €
It follows that (7,0) is contained in one of the neighborhoods of infinity U(€,¢), as
introduced in (2.1.5)
1
U, l) = {(T, o) € Hop; 23716)|(¢, ) = (0,0) > C = —} :

E/

where, in this case, C' = 2|(¢, £)|* Je. O

2.4. Borcherds products for orthogonal groups

2.4.1. The work of Borcherds and Bruinier’'s take

In [2], Borcherds used a generalized Siegel theta function on Do to construct a lifting of
weakly holomorphic modular forms to automorphic forms for the orthogonal group. In
our overall setting and with the notation of the current section, one can use the following
Siegel theta function. Let v € Do, 7 € H and r,t € Vi and set

O(r,v;r,t), = Z Z e (TQ (A + 1)) +TQ (A +1)) — (A +58,7)5) en-

heLt/L NEL+h

Now, we define the regularized theta lift of a weakly holomorphic modular form f € M5€7 -
of weight k =1 — p as

reg

B0) = [ (70BE,), dn = (602
SLy(R)\H L

with the regularized pairing and the regularization procedure introduced in Section 1.4.

Remark 2.20. We note that in [2] and [5] a slightly different definition of the theta

integral was used. In our signature convention (the opposite of that in loc. cit.) and for

the theta function ©(7,v) introduced above one could similarly define the regularized
lift of a weakly holomorphic modular form g & M;—l, ; transforming under p;, by setting

D,(0) = /S g OOC D

Essentially, this is a regularized form of the weight k& Petersson pairing for py defined
analogously to (-,-);?. See also [10, Remark 5.3].
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2. The case of signature (p,1) and Borcherds products

Borcherds’ approach to evaluating this type of integral involved using a partial Poisson
summation to express the integral in terms of Poincaré series for the lattice K = LNe{Ney
(a further reduction step also gives a contribution for the — in the present signature —
definite lattice K Nez Nef). This yields an additive lifting, the Fourier expansion of
which is essentially the logarithm of the absolute value of a function V(Z) (Z € H,)
(similar to (2.4.6) below), the multiplicative lift f. The function ¥(Z) is a meromorphic
automorphic form taking its zeros and poles along special cycles and with an absolutely
convergent infinite product expansion (see Theorem 2.24).

Bruinier generalized Borcherds’ construction by using a regularized pairing of Hejhal
Poincare series with the Siegel theta function. Set

D, 5(v,s) := lim (Fan(-,8),00,v)L) dp,

t—o00 F,

with the Hejhal Poincaré series of weight k& and index (n,h) and let sp = 1 — % Up to a
constant term resulting from the slightly different regularization procedure, ®,, (v, so)
agrees with ®, , (Z) see [5, Prop 2.11]. Since the Hejhal Poincaré series span the weak
harmonic Maass forms, the lift of a weakly holomorphic modular form f € M;g [, in
particular, can be expressed in terms of the ®,,;’s. Using these Poincaré series yiefds not
only the terms contributing to the product expansion but also further contributions which
allowed Bruinier to extend his lifting into the cohomology [see 5, Chap. 5]. In Chapter 3
we will use the pairing of Hejhal Poincaré series with the theta function associated to the
Schwartz form v (which replaces g for unitary groups in signatures (p, ¢) with ¢ > 1) in
a somewhat similar fashion to construct Green functions, see Sections 3.6 and 3.7.
First we review some of the results on the construction of Borcherds products from [5].

2.4.2. Special cycles and Weyl chambers

v Similar to (1.1.1) and (1.1.2), one defines codimension one sub-Grassmannians in Dg
associated to lattice vectors by setting

Do(z) == {v €Do;v L2} (z € LF,Q(x) > 0)
and Do(z) =0 (v LfQ(x)<0).

Further for an index (n,h) with n € Q and h € L*/L, one defines a special cycle, also
known as a Heegner divisor, by setting

Do(n,h) == > Do(A). (2.4.1)
AEL+h
(AN)=n
As in the unitary case, special cycles of this type are invariant under the action of an
orthogonal modular group hence can viewed as the preimage of a special cycle on the
modular variety.
We will use the same notation, Do(z) and Dg(n, k) to denote the corresponding special
cycles in the complex cone Cp and in the tube domain model H,,.
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2.4. Borcherds products for orthogonal groups

Now, assume that e; € L is primitive. Define N, as the unique positive integer such
that 2(L, 1)y = Ne,Z. Now, define a Z-submodule of the dual lattice L* as follows:

L} = {reL'; 2\ e)g =0 mod N, }.

Clearly, L C L) ¢ L* and L}/L C L'/L.

Remark 2.21. We remark that if L and L* are hermitian lattices in the sense defined in
Chapter 1 (i.e. projective modules over the ring of integers O in an imaginary quadratic
number field F), the lattice Lg is not, in general, hermitian in this sense, but the multiplier
ideal of L% is an order O of F, with N,, O C O C Op.

The Lorentzian space and Weyl chambers Next, we define Weyl chambers for an
index (n, h), where n € Q, h € L*/L, as connected components of H, (and the corre-
sponding subsets of Co and D). For this, we need to take a look at the Lorentzian space
K ®R, where K = LNej Ney, with the restriction of (-, ) to K @ R C V. The reason
for this lies in the reduction process described above.

Denote by Do (K) the symmetric domain for the operation of SO(K ® R) on K ® R.
Beside the Grassmannian model, which in this case consists of one-dimensional negative
definite subspaces, there is also a hyperboloid model and an upper half-space model, cf.
[5, Chap. 3.1] for details.

Now as before, define special cycles with Do (x) for x € K ® R as codimension one
sub-Grassmannians, i.e. as codimension one hyperplanes. Further, define Heegner divisors
Do (m, h) for m € Q and h € K*/K, as locally finite sums of special cycles Do (k), with
k € K+ h and Q (k) = n, similarly to (2.4.1). We note that the discriminant group
K*/K has cardinality |L*/L| = N2 - |K*/K|.

For n € Q and h € K*/K, Weyl chambers of index (n,h) in Do(K) are defined as
the connected components of Do (K) \ Do(n, k) in the hyperboloid model. If W is a
Weyl chamber of index (n, h), viewed as a subset of K ® R, then for any A € L*, with
Q(A\) =n and A = h (mod L), the inner product (A, z); has constant sign on W, i.e.
if (A, z9)gp > 0 for one xy € W, it is non-negative for every x € W [cf. 5, Lemma 3.2].
Hence, in this case, we write (W, \)g > 0, and similarly (W, \)p < 0 if (29, A)p < 0 for
any xg € W.

Further, one defines a projection from Lg to K* with the property that p(L) = K as
follows. If v is a vector in L with 2(v,v)y = N,, and A € L, denote by vg = pr(v)
and A\g = pr(A) the projections to the rational Lorentzian space K ® Q. Then, the
projection
2()\, el)R

Ne,

takes L to K and induces a surjective map from L /L to K*/K. Let x € K*. A system of
representatives for § € L§/L, with p(3) = k + K is given by 8 — 2(8, i) /Ne, + bey /N,,,
where b runs over a system of representatives modulo NV, .

Finally, one defines Weyl chambers in Do with index (n, h), with n € Q and h € L*/L,
by considering the projection p(h) € K*/K and the Weyl chambers in Do (K ) with index

p(A) = Ak — VK (2.4.2)

o1



2. The case of signature (p,1) and Borcherds products

(m,p(h)). Thus, if W is such a Weyl chamber in Do (K), the set
, Y
{Z:X—f—ZYEHp;meW}CHp,

is called a Weyl chamber of H,, also denoted by W. The corresponding subsets of Dg
are similarly considered as Weyl chambers.

Then, for a lattice vector A € L¥, the sign with respect to a given Weyl chamber W
is defined as the sign of the projection p(A) with respect to the corresponding Weyl
chamber of Do (K), i.e. as the sign of (z,p()))g for any x € W C K ® R.

2.4.3. Decomposition of the lift

As indicated at the beginning of this section, the lift @, ,(Z) of the Hejhal Poincaré
F,, series in [5] yields not only infinite product expansions of Borcherds type, but also
terms bearing on a lifting into the cohomology. To separate the two, one decomposes the

function ®,, ;(Z) as follows, see [5, Definition 3.11],

cbn,h(Z) = 77Z1n,h(Z) + gn,h(Z)'

For v € Lﬁ/L and ¢ € Z + Q (), denote by b(~y, £) = b,x(7, k) the Fourier coefficients of
Fon(r,1— —) The first component function &, 5, : H, — R is given by

Enn = 3V2IY] &5, = b(0,0)log (Y?) +— Yoo D b A)
AEK” seLl/L
QN0 p(o)=r+K (2.4.3)
1
> 7 e (0. e2)g +L(X X)) - Vot (RONY ], 70N, Y)g),

>1

wherein §nh is either zero, if (h, z)p # 0 (mod N.,), or, if (h,2)g =0 (mod N,), it is
given by { (k) defined in loc.cit. Deﬁmtlon 3.3. This is a part of the similar decomposition
of the lift CIfo () = fn’p m T+ ¢n7p the second part of which, wn,p in turn, contributes
to ¥y 1, the second component function of ®,, .. It turns out (see loc. cit. Theorem 3.4),
that 1/15]3(}1) is piecewise linear on Do (K), with singularities along the Heegner divisor
Do(n, p(h)). Hence, for a Weyl chamber W of Do (K), following loc. cit. Definition 3.5,
one defines a Weyl vector p,, ) (W) by setting (recall that our definition of F),; differs
from Bruinier’s by a factor of 1)

Unpy (V1) =1 4TV 2 (01, iy (W) g (2.4.4)

where vy is a vector of norm one contained in the hyperboloid model of Do (K) see
loc. cit. p. 66f for details.
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2.4. Borcherds products for orthogonal groups

The Fourier expansion of ¢, , can be written in the form (cf. loc. cit. (3.38))

Uni(Z) = Cop+87(oun(W), Y)g =4 Y logl —e(E(h,e2)g + (A Z)y)|
Aexp(h)+K
(AW)p>0
Q)=-n
—4 Z Z b(57 -Q (Y))10g|1 _€<<57 62>R+ (>‘7 Z)R)|7
ACK - serf/L

Qo M=K

where W is used to denote a Weyl chamber of Dy and the corresponding Weyl chamber
of Do (K), i.e. containing the normalized imaginary parts i of Z € W C Dg.

1Yl
Hence, for Z € H, with Q (Y') < |n|, one defines

Uon(2) =€ ((pan(W), 2)5) [ (1 —e(E(he)y+ (N 2)y))
Aexp(h)+K
(AW)p>0
QN=-n

’ H H (1 —€ ((57 eQ)R + ()‘7 Z)]R))b(&iQ()\)) :

ACK - sell/L

(2.4.5)
The product expansion is absolutely convergent for ) (Y) < n and, on the complement
of Do(n, h), satisfies

log |, 1| (Z) = —i (¥n — Con).- (2.4.6)

Further, ¥, ;, has a holomorphic continuation to H, and (2.4.6) holds on H, — Do(n, h).
The zero divisor of U, ;, can be described as follows [5, Theorem 3.16]: For a relatively
compact open neighborhood U C H,, define the set

Snn(U)={Aeh+L;Q(\)=-—n, (Z;,\)y =0 forsomeZ cU}. (2.4.7)

Then, the zeros of ¥, ,(Z) on U are located in (Z,\)g for A € S, ,(U), and their
multiplicity is given by the product []\cg , 1)(ZL; A)g, in other words, a holomorphic
and zero-free function on U is given by

Von(Z) [ (Ze.Mz:"

)\GSn,h(U)

Remark 2.22. We note that ¥, j, is not necessarily automorphic. However, by construc-
tion and through the properties of the theta-integral, the function

‘\yn,h’eﬁén,h

is invariant under the discriminant kernel F%.
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2. The case of signature (p,1) and Borcherds products

Remark 2.23. A twice continuously differentiable real function f on a domain D C C?
is called pluriharmonic if all mixed second derivatives vanish, i.e. if

0% f
azjﬁik

=0 (1<4,k<p).

If D is simply connected, a twice continuously differentiable function f is pluriharmonic
if and only if there is a holomorphic function i : D — C with f = Re(h) [see 31, Section
IX.CJ.

Also since the components of H* are convex, in particular, the multiplicative Cousin
problem is universally solvable on H, \ Do(h,n) [see 30, Section V.2]. Thus, there exists
a meromorpic function g = [[(Z, \)p with the same divisor as ®,,,. Then @, ;, — log|g|
extends to a pluriharmonic function on H, and hence there is a holomorphic function h
with Re(h) = ¥, — log|g|, and one can set ¥,,, = e"g. (For a detailed version of this
argument [see 5, p. 82ff] or [6, Lemma 6.6]).

2.4.4. Infinite product expansion

Next, we review the main result concerning Borcherds products for orthogonal groups of
signature (2p,2), [2, Theorem 13.2] in the version by Bruinier [5, Theorem 3.22]. First,
some further definitions.

For a weakly holomorphic modular form f transforming under the Weil representation
pr- with principal part

Z Z Ye(nT)ep,

heLt/LneZ—Q(h
n<0

the Weyl chambers of Do (K') with respect to f are defined as the connected components

of
heLl/L nei—fg(h)
at (h,n)#0

Let W be one of these Weyl chambers. Then, for every h € L} /L, and n € Z — Q (h)
with a*(h,n) # 0, there is a Weyl chamber W, ;, C Do(K) of index (—n,p(h)) with
W C W, hence W can be written as the intersection

w= [ (] W (2.4.8)
hELg/L n€Z—Q(h)
n<0
at(h,n)#0

Further, the Weyl vector attached to W and f is defined as

Z > @ (hm)pup(Wan). (2.4.9)

hELu /L nez— Q(h)
n<
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2.4. Borcherds products for orthogonal groups

where py, pn) (Wp,n) denotes a Weyl vector for W, , of the form (2.4.4). As before, the
subset of Do attached to W is also considered as a Weyl chamber attached to f and
denoted by W. In the tube domain, it consists of all Z € H,, with Y/|Y| € W C Do (K).

Theorem 2.24 (Borcherds-Bruinier). Let L be an even lattice of signature (2p,2),
with p > 2 and ey € L a primitive isotropic vector, e; € L' with (e1,e2)p = 1 and
K = LnNeiNes, and denote by p the projection defined in (2.4.2). Further, assume that
K, too, contains an isotropic vector.

Let f € ML 1_p be a weakly holomorphic modular form of weight 1 — k, the Fourier
coefficients a(h n) of whose principal part P(f) are integral for n < 0. Then,

I vz

heLt/LneZ—Q(h
n<0

is a meromorphic function on H, with the following properties

1. W(Z) is a meromorphic modular form of weight %a(O, 0) for I'? with some multiplier
system of at most finite order. If a(0,0) is even, the multiplier system is, in fact, a
character.

2. The divisor of V(Z) is gwen by

Z Z a(h,n)Do(—n,h).

heLﬁ/L neZ— Q(h)
n<0

3. LetW C H, be a Weyl chamber with respect to f and ng = min{n € Q;a(h,n) # 0}.
On the set of Z € H,, which lie in the complement of the set of poles of ¥(Z) and
which satisfy Q (V) < |n0], there is a normally convergent product expansion

U(Z)=Ce (( H H (I—e((h 62) + (u, AN ))a(h,—Q(u)) :
peEK®  heLl/L
(W)e>0 p(h)ep+K

where C'is a constant of absolute value one and py(W) is the Weyl vector attached
toW and f.

Remark 2.25. By part 3. of Theorem 2.24, the infinite product expansion is absolutely
convergent in a suitable neighborhood of the cusp at infinity of H,. In other words near
the zero-dimensional boundary component attached to the isotropic vector e;. Quite
recently, Kudla [see 40] came up with a different infinite product expansion for ¥(7),
which puts one-dimensional boundary components into focus. It is based on a slightly
different procedure for evaluating the singular theta integral. Interestingly enough, this
also avoids the reduction step from L ®7 R to K ®z R and hence, there is no immediate
equivalent to the Weil-vector term, which in Borcherds’ setup comes from the contribution
of &K (vy).

We will use an adaptation of Kudla’s method in Chapter 4 to evaluate the singular
theta lift to be constructed in Chapter 3.
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2. The case of signature (p,1) and Borcherds products

2.5. Borcherds products for U(p, 1)

Now, we will use the embedding ¢ to pull back the Borcherds products of Theorem 2.24
from H, to H. The main result of this section, Theorem 2.29 is a slight variation of the
main result of [33] and [35], where Borcherds’ original version [2, Theorem 13.3] was
subject to the pull back, with some results from [5] used for the Weyl chambers and Weyl
vector terms. First, we establish the analogue of Section 2.4.2 by studying the behavior
of the special cycles and Weyl chambers under pull-back.

Behavior of special cycles and Weyl chambers under pull-back

Lemma 2.26. Let A € L* be a lattice vector with (\,\) > 0 and D()\) the attached
special cycle, and denote by € : Hop — H, the embedding from Section 2.5. Then, the
image of the special cycle under € has the following properties:

1. 1t is given by the non-empty intersection € (D(X)) = (e(Hee) NDo(N)) C H,, where
Do(N) C H,, is the special cycle in H, attached to \.

2. For all u € O, the special cycles given by Do(aN) intersect in e (D(N)) C e (Hep)-
Further, if Do(n,h) is a Heegner divisor of index (n,h) in H,, we have Do(n,h) N
e (Hep) = (D(n, h)), with D(n, h) the special cycle of index (n, h) in Hep.

Proof. To show the first statement, we use the isomorphisms between Co and H, and
Cy and H, e respectively. Thus, for Z € H,, let Z;, € prg'(Co) be the attached vector
in Vg ® C, and for (1,0) € Hep, let 3 = 3(7,0) be the corresponding normalized
representative for a negative definite line in V. Assume Z; € e(Hs ). Then

3 . =13
A D Zr L =
L €Do(N) = 7 )\<:><<£7€,)+z<€,€,),>\>R 0

— (0,0)(3,\) =0 <=3 € D(N).

Also, since ¢ is injective and both D(X) C H,p and Do(A) C H, are non-empty, the
intersection e(Her) N Do(A) is non-empty.

The second statement is immediate.

Since both kinds of special cycles are given by linear combinations of special cycles of
the form D(A) and Dg(\), and for both, the \’s satisfy the same conditions concerning
their norm and their class in the discriminant group, the third statement follows from
the first two. [

Definition 2.27. Denote by V the collection of all Weyl chambers of Do (K) (which, of
course correspond to Weyl chambers of Dg), and let ex be map given by

——1

ex: (1,0) = RY(r,0) = R(—i(é, oy 5(r o—))

A Weyl chamber of H,, is a connected subset W with e (W) =V Neg(Hep) for some
V € V. We say that the Weyl chamber W C H, has index (n, h) if the corresponding
Weyl chamber V' C H, has this index.
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2.5. Borcherds products for U(p, 1)

Let V' be a Weyl chamber of Do (K) with index (n,p(h)). Recall that W can be
described through inequalities of the form =£(Y7, u)r > 0 with lattice vectors p with
p€p(h)+ K and Q (p) =n

Since for Yy, = ek (7,0) we have (Y7, p)gp = (Y, pt)g, it follows that a Weyl chamber
of index (n,p(h)) (n € Z,h € L*/L) in Hyp is defined geometrically (as a subset of
pr~'(Cy)) by a set of inequalities of the form

for p € p(h) + K, Q (1) =
Since from the properties of Weyl chambers in Do (K), it follows that the sign is
constant throughout the Weyl chamber, we will write these inequalities in the form

(kW) w)g >0 and  (ex(W), )y < 0.

For a weakly holomorphic modular form f with principal part

Z Z Je(nt)ep,

heLt/L nel—
n<0

by the above considerations, the Weyl chambers with respect to f in H, define Weyl
chambers in H; » which can be described as an intersection (cf. (2.4.8)) of Weyl chambers
of index (—n,p(h)) for h € LY/L, 0 > n € Z — Q (h) with a*(h,n) # 0. Thus, if
Vo C H,p is one of these Weyl chambers in H,, from (2.4.8), denote by W, 5, C H,p the
Weyl chamber with index (p(h),n) with ex (W},,) C Vi, Then, a Weyl chanber W

with respect to f is given by
NN W

heL? /L neZ=Q(h)
n<0
a(h,n)#0
2.5.1. Infinite products

We use the embedding to pull back the infinite products VU, from (2.4.5) on p. 53
associated to the lift of the Hejhal Poincaré series F,, ;, and get

Lemma 2.28. For h € L*/L and n € 7, the infinite product

qfn,h@):e((f;fj};,f)) 11 (1—6(11%(2(%2?)+§272)>))

Aep(h)+K
(ex (W),A\)g>0
QN)=-n (2.5.1)
[ T0 (1 (e (ZmU) Qo)
—e .
or(€,0) (€, 0)
pEK? heLﬁ/L
(1, sx(W)) 0 p(R)=p+K

Q(H)SO
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2. The case of signature (p,1) and Borcherds products

is normally convergent for g with (3,3) < 4|(¢, €’)\2|n]. Here, pp,, is the Weyl-vector from
(2.4.4).

Proof. This is an immediate consequence of the results of Bruinier, see [5], Lemma 3.15
and Theorem 3.16, with the properties of the embedding € with the choice of the basis
vector e, = al’ with a = (0p(0, )" ky. O

Now, we can formulate the main theorem of this section (cf. 33, Theorem 4.21] and
[35, Theorem])

Theorem 2.29. Let L be an even hermitian lattice of signature (p,1), with p > 1 and
¢ € L a primitive isotropic vector. Let {' € L* with ({',0) # 0 and assume that {' is also
1sotropic. Given a weakly holomorphic modular form f € M!L*,lfp with principal part
> hm alh,n) with a(h,n) € Z for n <0, the function

ST sl

heLl/L nGZ Q

with W, from (2.5.1), is a meromorphic function on Hyp with the following properties:

1. Wy s meromorphic modular form of weight %a(O, 0) for 'y with some multiplier
system x of finite order. If a(0,0) is even, x is a character.

2. The zeros and poles of Wy lie on the special cycles. The divisor in Hep of Wy is

given by
div (¥;) = Z > a —n, h).

heLﬁ/L neZ—Q(h)
n<0

The multiplicity of D(—n,h) is 2 if 2h = 0 € Ls/L and 1 otherwise. Note that
a(h,—n) = a(—h, —n) and that D(—n, h) = D(—n,uh) for alluw e OF, h # 0.

3. Let W be a Weyl chamber of Hp with respect to f, and ps(W) the attached
Weyl-vector. Then, U(3) has an infinite product expansion of the form

(pr(W),3) 2%z (h, ') (1, 3) | | Q)
—_— 1 —
ce(“m?) I I (e (e (o) + 65 ’
peK? he Lﬂ/

where C' is a constant of absolute value one and py(W) is the Weyl vector at-
tached to W. The product converges normally on the set of 3 in the comple-
ment of the set of poles of W¢(3) and satisfying (3,3) < 4|(¢, E’)|2|n0\ with ng =
min{n € Z;a(h,n) # 0}.
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2.5. Borcherds products for U(p, 1)

Proof. In principle, it is only necessary to apply the pull-back under the embedding ¢
to Theorem 2.24 and keep in mind our remarks concerning Weyl chambers and Weyl
vectors. However, we will reproduce some of the argumentation for the proof of Theorem
2.24 from [5, proof of Theorem 3.22].

Let f=>, >, a(h,n)F, (T, 1%1) be the decomposition of f € M |_p in terms of
Maass-Poincaré series. Set

O(3) =Y alh,n)e" (®na(2)),  £() =) alh,n)e" (nn(2)).

h,n h,n

From (2.4.3) we get

(3,3)? (=i o)
ghn 1 ’
0= 3 % atn)| A (’<\<3,5>ww>l>)

n<0

— b1 (0,0) log ( ||((§ 72’))|| H

Z > > a sy (hy —n)

NEK” seLf/L  heLf/L
QM)<0 p(§)= M+Kn€Z Q(h)

e (e[S ey o (W e (%)

m>1

Here, in the second line, the Fourier coefficients by, (0, —Q (1)) of the Maass-Poincaré
have been expressed in terms of the coefficients ps () of a holomorphic Poincaré series
via [see 5, Prop. 1.16]

b (0, —Q (1)) = —ﬁ “Ps.Quy (s =),

an explicit formula for these coefficients is given in [5, Theorem 1.4]. Since f is in ML% -
and the Poincaré series are contained in M;] 11,2, by the duality result in Proposition
1.10, one finds that the sum »_, . a(h,n)psq(u)(h, —n) vanishes. Thus, only the first
line in the above expression for £(3) remains. By similar arguments, one can show that
>opna(h,n)ER, is a rational function, which then implies, see [2, Theorem 10.3], [5,
Theorem 3.6, that the sum is identically zero. Thus, £(3) is given by the only remaining
term,

(0.0 Iog 1@:3)
£(3) = (070)1g’(€’€,>’2-

D(3) = —a(0,0) log + Y Z *(Yna) (3)-

heLt/L neZ—Q(h
n<0

Hence,
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2. The case of signature (p,1) and Borcherds products

Now, recall the definition of W, ;, and the location of zeros of W, ;, (see p. 53) these imply

that
) = Coxp(—7 S Z alh, 1)n(3))

heLt/LneZ—Q(h
n<0

with a real constant C'. Hence,

o (8 ) e (~326).

Since ®(3) is invariant under I'z, it follows that the left hand side of this equation is
invariant, too, and hence W;(3) is a modular form of weight 1a(0,0) with some multiplier
system for I'y. O]

The infinite product expansion in part 3. of the Theorem 2.29 can be simplified
considerable for suitable lattices L, for instance, we have the following Corollary [see 35,
Corollary 1].

Corollary 2.30. Assume that L is the direct sum of a unimodular lattice Opl + Dglﬁ’
and a definite lattice D. Then, in the notation of Theorem 2.29, for every Weyl chamber
W C Hew, the infinite product expansion of W¢(3) takes the form

Vy(3) = Ce <%) 11 (1 . (&%»a(u,—cz(m).

ueKt
(e (W))r>0

Proof. 1t easily seen that N., = Ny = 1, hence Ly = L. Further, the elements K f /K and
L*/L are in one-to-one correspondence, and one can identify u € K* with h € L*, its
preimage under the projection p. Finally, the /-component of p is given by uzes with a
rational number g3, and it follows by (2.3.6) that

H;F(/%g,) . -1 2 .
Re (—&F(& 7 ) = Re (05 '|kr| p3) = 0.

O

Remark 2.31. The pull-back £* can also be used directly on the Borcherds lift of a
weakly holomorphic modular form or, more generally, of a weak harmonic Maass form.
For example, the pull-back of the functions ®,, ,(Z) features in [14, Sec. 4].

Examples

Example 2.32. As an example, we consider the case where p = ¢ = 1, treated in [33,
Chapter 6] and [34]. In V = C?, consider the self-dual lattice L = Op ® Dy' spanned
by two isotropic vectors £ = 1 and ¢ = §~'. Then, H,p is just the usual complex upper
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2.5. Borcherds products for U(p, 1)

half-plane H = {7 € C; &(7) > 0}. The special unitary group SU(V) is isomorphic to

SL,(R) via
SL(R) 5 (i Z) — (Ce“_l fj) € SU(V),

wherein € := 0(¢',¢) and and where matrices are written in terms of ¢ and ¢’. The matrix
groups operate on H through fractional linear transformations, as usual.

Since the lattice L is unimodular, the discriminant group L*/L is trivial and the
discrete Weil represenation reduces to the usual operation on C.

A basis of Mj, is given by the family of modular forms with principal part ¢~™ and
constant term 0, j, = ¢~ 4+ O(q) for n > 1. For example, j; is the modular invariant
less its constant term, j; = j — 744, indeed, M}, = C[j]. Note also that j, can expressed
through the non-holomorphic Poincaré series F_,, though

Jn(T) = F_p(7,1) — 240(n),

where o(n) denotes the divisor sum »_, d.

In determining the Weyl vector for the lift of j,, it is necessary to take into account
the contribution of the constant term b, (0, 1) (see [34, Sec. 9]). The Borcherds product
for the lift of this term is given by

Wy (1) = (p(rn(—re)) 7.

Now, the (multiplicative) Borcherds lift ¥, of j, (n € N) is a meromophic modular
form of weight 0 on HI, with zeros poles lying along a special cycle given by

1
div(9;,) = 5 > Il
AL
(AMA)=n

where the [7,]’s denotes the I' -orbits of points defined by (3(7x),A) = 0, with 3(7\) =
U 4+ 1\0p(¢, 0)0. In fact, the 7, are Heegner points in the sense of CM-theory for elliptic
curves.

The Weyl chambers with respect to j,, are stripe-shaped regions of H defined as follows:
Denote by 1 =t <ty < ...tgqn) = n the positive divisors of n, arranged by their size
and set tp = 0 and ¢,,,1 = co. Then, the Weyl chambers are given by

W (ti, tix1) = {7 € C; |0p|t] < 287n < |6s|t7,,}, i=1,...,n
and
W(0,1)={reC; 0 <37 < ior|}, W(n,o0)={r€C; Lop|n <S7}.

For each Weyl chamber W (¢;,¢;11), we have a Borcherds product expansion, absolutely
convergent for all 7 in the complement of the set of poles satisfying |dg|S7 > 2n, given by

\Ij]n (7—7 W(tu tl—i—l)) = Ce (pQT - R:]Fpl) H (1 — e (ZT — /Z',]F))a(kl) ,
l,keZ
nl>—kt?
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2. The case of signature (p,1) and Borcherds products

where C' is a constant of absolute value one, and the components p; and py of the Weyl
vector are given by

n
p1=— E t, and py=— 7
tln tin
t>ti41 0<t<t;

Remark 2.33. In order to determine the Weyl vector in the previous Example 2.32, in
[33, 34] the additive Borcherds lift with respect to the quadratic space K @ R = Z? @ R
was explicitly calculated, too. For the functions j, € M}, it is given by

. 4\/§7T n n
(Y5 j,) = Z (’t?JQ + ;yl‘ — ‘t?/z + z%D .
>0

tin

Further, the additive lift for SO(2,2) and the multiplicative lift are explicitly determined
in [33, Chapter 6], thus covering a case not treated in [5] and [2]. The Borcherds product
expansion for the lift of j, is absolutely convergent for those Z in H, ~ H x H which are
not contained in the set of poles and satisfy 3(y;)S(y2) > n. It is given by

U(Z;jn) = e (pr22 + p221) H (1 —e(mz+ nZ1))c(mn) ’
m,nEL
((m,n),W)p>0
with p; and py from Example 2.32. The Weyl chambers here can be described as follows.
Denote by K~ the connected component of the quadratic cone from Remark 2.10 with
X(Z) € K~. Then (with similar notation to Example 2.32) one has

Wt tix1) ={Y € K75 7y < yan < t7,,y}.

Example 2.34. We mention that Yang and Ye in [57] use the results of [35] to construct
examples of modular forms for U(2,1). More precisely, in the first part of their paper,
they construct a basis for each of the spaces of weakly holomorphic modular forms of
negative integer weight for the congruence subgroup I'g(4) having poles at only one of
the three cusps {0, %, oo} of this group and with a quadratic character. They then use
an induction process to obtain vector valued modular forms for the hermitian lattice
L=7[i|®Zi] & %Z[z’], equipped with the form (x,y) = x1y3 + x391 + T205.

In the second part of their paper, they explicitly calculate the lift for forms F;, obtained
from a basis of M"Y (To(4), x*,), the space of weight —1 weakly holomorphic forms for
I'o(4), having a pole at co and with the quadratic character x_4(-) = (=% ). The lift is
an automorphic form of weight 32, X_a(n/d)d* + 2 D djn X_4(d)d? for T'. They give
an explicit description of the Heegner divisor, of the Weyl chambers and of the factors
in the Borcherds product. They also determine the value at the boundary using [35,
Theorem 5] (see Theorem 2.35 below).

2.5.2. Boundary values

The behavior of U near the cusp [¢] can be determined either by calculating the behavior
of Borcherds products on boundary components of #H,, (cf. the examples in [2, Section
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2.5. Borcherds products for U(p, 1)

13]) and pulling back under ¢, or by expanding the infinite products from Theorem 2.29
and taking the limit 7 — ico. The first approach was used in the proof of [33, Theorem
4.3.3], while the second approach was used in the proof of [35, Theorem 5]. Assume that
the width of the cusp [{] is given by N, = 1. One gets

Theorem 2.35. Let W be a Weyl chamber, such that the cusp corresponding to { is
contained in the closure of W (viewed as a subset of Cy). If the cusp is neither a zero
nor a pole of V¢, then the limit im,_,o, V(ir,o) is given by

lim Wy(ir,o) = Ce <pf(W)e> H (1 — e (akg))" @0

r—00
pEK!
u=akpl
a€Q<o

Proof. We denote the ¢- and ¢’-components of ps by p, and py and the definite part by
pp € D ®p, C. Since p; € K ®z Q, we have p,l = pses, ppl’ = pseq, where ps and py
denote the es- and es,-components. Similarly for a lattice vector A € K*¥, we write

A= )\gg + )\[/él + )\D = )\363 + )\464 + )\D-
With (2.3.6), which gives e3 and e, in terms of p, and py, we get
(pfvﬁ) = p€(€7 f’) + ﬁng(S]F‘(g/, 6)’2 + (pD7 U) = RFp3(€7 6/) - 27—:04(£= gl) + (PD, 0)‘

The Weyl vector in the product expansion of ¥y is thus given by

(@) = (o0 7).

Clearly, W (3) has a zero at infinity if p, < 0 and a pole if p, > 0. From now on, we
assume that lim, ,. W¢(7,0) is neither zero nor infinity.

Next, we claim that A4 is non-positive. To see this, consider the Weyl chamber condition
(ex(W),A)g > 0 for 3 with 7 =4r, r > 0 and o of fixed norm We have:

()\,3(@7‘, O')) = /2115‘)\3(6, gl) — 2i7“)\4(€, 6/) + ()\D, 0').

Clearly, for large r, the Weyl chamber condition, (ex(W), A)p > 0 is satisfied only if
A4 < 0. Since the corresponding factor in the product is trivial for Ay < 0, we can restrict
to A with )\4 = )\g/ = 0.

Thus, in a suitable neighborhood of infinity, ¥, can be written in the form

) I G S))

\eKt
Ay =0
(ex (W),A)p>0

As an automorphic form, W(7, o) has a Fourier-Jacobi expansion of the form

Ui(r,0) = ch(a)e (%T) . (2.5.3)

n>0
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2. The case of signature (p,1) and Borcherds products

Note that by the non-vanishing assumption, n € Z, and by regularity, n > 0. We thus
have
co = lim W¢(ir, o). (2.5.4)

r—00

Beside the Fourier-Jacobi expansion (2.5.3), the Borcherds product can also be rewritten
as a series by expanding each factor as a binomial series and taking the resulting product.
Thus, with the binomial series expansion, the right hand side of (2.5.2) becomes

c(et) IR () )

Apr=0
(ex (W),A)pg>0

By multiplying all remaining factors, we obtain

<pg + (< ) [1 +y > > b((Nini)izrn)e (im ((Z’;))N,

k>0 Alyesy Ak cKt n1 ..... ngEL =1
(ex (W), >\k) ni=20
Ap.or=0

with coefficients b(()\i, Ni)izt,.. k) indexed by tuples of lattice vectors \; € K* and integers
n;. We set \ = Zle n;\;. clearly, ) € K! and 5\5/ = 0, since K' is a Z-module.
Further, since the \; satisfy the Weyl chamber condition (ex (W), )i > 0 and the n; are
non-negative, each A also satisfies (5 (W), /~\)]R > 0. Comparing coefficients with (2.5.4)
gives

(e (W)3), 20

As the left hand side is constant, it follows that pp = 0 and further that Ap = 0 for all
A. Whence Ap = 0 for all those A\, which contribute non-trivial factors to the Borcherds
product (2.5.2). Thus, re-inserting into the right-hand side of (2.5.2) we get

lim Wy (ir,0) = Ce(py) H (1- e(/_\g))a(/\’o) .

T—>00
A=Al €Kt
(ex (W),A\)p>0

Since A = A/ is contained in K*, it follows that A\ = ae; = akpl, with a € Q. By the
Weyl chamber condition, 0 < S(akg) = —3|dr|a. Thus, a < 0,as claimed. O

2.6. Modularity of generating series

In this section, we review the result from [35, Sec. 10], which represents an analogue of
Borcherds’ result on the modularity of Heegner divisors in the case of modular surfaces
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for orthogonal groups from [3]. A result similar to our Theorem 2.37 below, has been
obtained independently by Liu in [47], using rather different methods. See [48] for some
newer developments in this direction.

We now introduce the residue-paring {-,-}, which is closely related to the pairing
{-,-} introduced in Section 1.3 (see p.25). Let C[L*/L][¢"'] be the space of Fourier
polynomials (including constant terms) and C[L’/L][[g]] the space of formal power series.
Now, a non-degenerate pairing between these two spaces, called the residue-pairing, can
be defined by putting

{f7 g} = Z a(h7 n)b(h7 _n)7
n<0
heLt/L
for f = Zh,ngo a(h,n)q* € C[L*/L][¢""] and g = Zh,mzo b(h,m)q™ € C[L*/L][[q]]. The
space M!L,l—p can be identified with a subspace of C[L*/L][¢~!] by mapping a weakly
holomorphic modular form to the non-positive part of its Fourier expansion. Likewise, the
space Mz - 14, can be identified with a subspace of C[L*/L][[g]] by mapping a holomorphic
modular form to its Fourier expansion.

Using Serre duality for vector-bundles on Riemann surfaces, in [3], Borcherds showed
that” the space M!L,’l_p is the orthogonal complement of My 14, with respect to the
residue-paring {, }. Since the pairing is non-degenerate and My, 1, has finite dimension,
My 14, is also the orthogonal complement of M- ;_,. In particular, the following holds
[cf. 3, Theorem 10.3] (see also Proposition 1.10)

Lemma 2.36. A formal power series Y., > _b(n, h)q"e, € C[L*/L] @ Cl[q]] is the
Fourier expansion of a modular form g € My, 14, if and only if

Z Z h,—nm) =0

helt /L neZ—-Q(h
n<0

for every f =73, alh,n)q"e, € M!L_,l—p'

By a result of McGraw [see 50, Theorem 5.6] the spaces M!L,’l_p and My, 14, have
bases of modular forms with integer coefficients. Thus, a statement analogous to Lemma
2.36 holds for power series and modular forms over Q. Moreover, it suffices to check the
vanishing condition for every f with integral Fourier coefficients.

Consider CH'(X), the first Chow group of the modular variety X = D/I';. Recall
that CH'(X) is isomorphic to the Picard group Pic(X).

Let 7 : X — X be a desingularization and denote by B = B (f( ) the group of boundary
divisors of X. We now consider a modified Chow group, the quotient CH'(X)/B. Put
(CH'(X)/B)q = (CH'(X)/B) ®2 Q.

Denote by L the sheaf of meromorphic automorphic forms on X. By the theory of
Baily-Borel, there is a positive integer n(I"), such that if k is a positive integer divisible
by n(T"), the sheaf £ is an algebraic line bundle and thus defines an element in Pic(X).

"In keeping with the notation from the beginning of Section 2.4, compared to [2], we have switched py,
and py-.
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2. The case of signature (p,1) and Borcherds products

The pullback of £, to X defines a class in CH*(X)/B, which we denote ¢;(£y). More
generally, if k is rational, we choose an integer n such that nk is a positive integer divisible
by n(T') and put ¢;(Lx) = Lei (L) € (CHY(X)/B)g.

As the Heegner divisors are Q-Cartier on X, their pullbacks define elements in the
modified Chow group (CH'(X)/B)g.

Theorem 2.37. The generating series in Q[L'/L][[q]] ® (CHY(X)/B)g given by

A(T) = (L 1/2 Z Z q Ch

heLt/L neZ+Q(h
n>0

is a modular form in M4, with values in (CHY(X)/B)g, i.e. A(T) is contained in

Mp14p @ (CHY(X)/B)g.

Proof. This follows from Theorem 2.29 and Lemma 2.36. Indeed, by the Lemma it
suffices to show that

a(0,0) - c1(L-1/2) Z Z D(—n,h) =0 in (CH'(X)/B)g,

heLt /L neZ—-Q(h)
n<0

for every f = Zh,n a(h,n)q" ey, in M!L,’l_p with integral Fourier coefficients. But this
follows immediately from Theorem 2.29, as the Borcherds lift U, of f is an automorphic
form with divisor § 7, , a(h, n)D(—n, h) of weight 5a(0,0), i.e. up to torsion a rational
section of L(0,0)/2- O

Theorem 2.37 is one of several modularity results for generating series, that we will
encounter in the following sections. See Theorem 3.23 in Section 3.6 and Theorem 2.45
in Section 2.7 below.

2.7. Local Borcherds products

In this section, we will give a brief overview of [37], concerning local Borcherds products.
Local here refers to a neighborhood of a cusp of the form U,(¢), a notation that we recall
from Section 2.1.2. Such local Borcherds products were introduced by Bruinier and
Freitag in the context of orthogonal groups [see 7] and have since appeared in different
contexts, e.g. Hilbert modular forms in [13, Chap. 2, Section 3.2] and Siegel modular
threefolds in [24].

The aim of [37] is to study the local Picard group over a boundary component of Xp
for a unitary modular group I'. Since the construction is local in nature, it suffices to
study one fixed boundary component, associated with the cusp [¢] of Hy e, as in Section
2.1.2.
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2.7.1. Local Picard group and local cohomology

With the notation of Section 2.1.2, we consider the fixed isotropic space Cl = I;¢
corresponding to the cusp at infinity [¢] of H,,. Using the Baily-Borel compactification
X7t pp, the local Picard group Pic(Xr, /) is defined as the direct limit of the Picard
groups of the regular loci of the open neighborhoods U,(¢) of this cup,

Pic(Xr, £) = lim Pic (U7*9(0)).

As the Heisenberg group H, := Heis(I") has finite index in the stabilizer Iy = stabr(¢)
of the cusp, the local Picard group can be described, up to torsion, through the direct
system Pic (H/\U.(¢)). Since I'y/ H, operates on the direct limit lim Pic (H\U(0)), for
the invariant part, we have

Pic(Xr, () ® Q = (lig Pic (H\U(£)) ® Q)"* .

Thus, to describe the position of local divisors in the Picard group, at least up to torsion,
it suffices to consider a Picard group Pic (H,\U.(¢)) for a fixed sufficiently small € > 0.

In the following, we will assume that € is small enough for the map H,\U, — Xr from
p.35 to be an open immersion.

Local divisors Recall the definition of the special cycles D(\) (A € L*) and D(n, h)
(n € Z,h € L*/L). Clearly, for D()\) to intersect the neighborhood U, (), the lattice
vector A must lie in the complement of ¢ with respect to (-,-). Hence, A = Aol + A\p with
Ap € Wp =D ®TF and D()\) is defined by an equation of the form

)\g(g, f') + ()\D,O') =0.

Now for such a A\ consider its orbit under the action of the Heisenberg group H,. Clearly,
since A L ¢, the action of the translations n(0,7) € Cy(I") is trivial. The orbit under
Hy/Cy(T), i.e. under the elements n(w,0) with w € Dr (recall Lemma 2.5), is given by

A—tl, with té€ {(w,\);we Dr} C D"

Hence, the group H, operates on the set A + Dp ¢ with only finitely many orbits and
therefore, the special cyle defined by setting

DA := > DA+ al)

aGDH‘Tl

is invariant under the action of the Heisenberg group H,. It thus defines an element of
the divisor class group Div (H,\U,(?)).

Now, to obtain a ‘local” version of the Heegner divisors D(n, h). Consider the following
commutative diagram

Div (Xr) —— Div (H,/\U(¥))

l l (2.7.1)

Div(Hs,e) — Div (Uc(0)),
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2. The case of signature (p,1) and Borcherds products

where maps from left to right are the pre-images under the open immersion H,\U,(¢) —
I'\"H,p» = X and the inclusion of the subset U,(¢) < Hy e, respectively, while from the
top to bottom they are given by the pre-image under the projection maps.

Now we define D(n, h), as the image in H,\U,(¢) of the divisor D(n, h) € Div(Xr) in
the diagram (2.7.1). We will use the same notation, D(n, h),, to denote the associated
Hy-invariant divisor in Div (U.(¢)).

If € is sufficiently small, the divisor D(n, h), is the restriction of D(n, h) to Uc(¢), and,
indeed, the restriction of the locally finite sum of component cycles D(A) of D(n, h).
However, here only the A’s with A L ¢ contribute.

Note that if D(n, h), is nonzero, then h is contained in the following subgroup of Lf/L

L:={pel'/L; 2(t,n)z =0 mod M; and |[0s[S(¢,u) =0 mod My},

where M; and M, are the integers uniquely determined by 2(¢, L), = M;Z and by
|0F|S(L, €) = MsyZ, respectively. Then, for h € £ the divisor D(n, h), can be written in
the form _

D(n,h)y= Y D+ h),

seD
Q(5+h):n
where we use the notation® that i denotes a representative of h € £, with helfn 0+,
fixed once and for all for every such h. Note that there is a surjective homomorphism
given by
m: L — D*/D, h— hp,

where hp denotes the definite part of A.

The local cohomology The Picard groups Pic (H,\U,(¢)) can also be described through
a local cohomology group. As usual, for a group G acting on an abelian group A, the
n-th cohomology group is defined as follows

ker <C’”(G, A) 2 o, A))
H™(G, A) =

im (O"—l(G, A) 2 ona, A)> ’

with C™ the set of n-cocycles, consisting of all functions f : G" — A, and with the
coboundary operator 9. Now consider G = Hy, acting trivially on A = Z.

Now denote by O, = O.(U({)) the sheaf of holomorphic functions on U(¢) and by O
the sheaf of invertible holomorphic functions. Through the action of H, on O, and O,
induced from the action on U (), the exact sequence

0 >y 7 —— O, —— OF —— 0 (2.7.2)
induces an exact sequence of cohomology groups

H!(H,, Z) — H'(H,,0.) — H!(H, 0?) % H2(H,,Z) — H2(H,, O,). (2.7.3)

8This notation was originally introduced in [7, Section 4].
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Now, Pic(H,\U.(¢)) is given by the cohomology group H' (H,\U.(¢), O). Since the open
neighborhoods U, (¢) are contractible, all analytic line bundles on U,(¢) are trivial. Thus,
in fact

Pic(H \Ue(¢)) = H' (H, O7) .

Now, denote by P, the functions in O, which are periodic for the action of ZNp, ~ Cy(T')
(see Lemma 2.5), similar for P*. Since Cy(I"), the center of the Heisenberg group, is a
normal subgroup satisfying H,/ZNr, = Dr, and as Ny ,Z\U.({) is contractible, we have
H? (H,, O.) = H? (Dr, P;) for p = 1,2,.... Therefore, from (2.7.2) and (2.7.3), we get
another exact sequence:

HOIH(DF, 7)5)

m — Pic (Hg\Ue(g)) — HQ(Hg,Z) — HQ(Hg,Oe) . (274)

Moreover, since Dr is a free group, the following sequence is also exact

0 —— Hom (Dr,Z) —— Hom (Dr,P.) —— Hom (Dr,PF) —— 0.
Thus, from (2.7.4) we obtain the new exact sequence

Hom (Dr,P?) —— Pic (H/\U.(¢)) — H?* (H,,Z) —— H*(H,,O,).

Thus, the local Picard group can be studied through H?(H,, Z).

2.7.2. Local Borcherds products

Now, our aim is to describe the position of the local Heegner cycles in the cohomology
group. For this purpose, given A € L* N ¢+, one defines an absolutely convergent infinite
product with zero-divisor D(\),.

From here on, until the end of the section, we assume that (¢',0) = 5151 and that the
constant ¢ in the setup of the Siegel domain He e is equal to dy.

Definition 2.38. Let A € Lf be a positive norm lattice in the orthogonal complement
of £. The local Borcherds product W, (3) is defined as

a

wis) = [T (1-¢ (@0 [no+ %)),
aeOp ‘5F|

where 0(Sa) € {£1} is +1 if Sa > 0 and —1 otherwise.

Clearly, W,(3) is an absolutely convergent infinite product with divisor D()\),. Note
that W,(3) can also be written in the form

nw= I1 (1-¢(o@ |0+ g6+ ).

p (mod Dg)
q€Z

69



2. The case of signature (p,1) and Borcherds products

where o(q) = sign(q) if ¢ # 0 and ¢(0) = +1. Further, we remark that without the
sign o, which of course assures the convergence of the infinite product ¥y, the (formal)
product would be invariant under the operation of H,.

As it is defined however, W, (3) is invariant only under the translations n(0,r) € Cy(T),
while the operation of the Eichler elements n(w, 0) with w € Dr gives rise to a non-trivial
automorphy factor, given by

_ ‘I])\ (n<w7 0)3)
Wa(3)

We will use this automorphy factor, viewed as a one-cocycle attached to D(\), to define
a two-cocycle, with which to find the Chern class of this special cycle. After a brief
calculation, one finds [see 37, Prop. 4.1]

J,\(n(w,r),;,) (TL(U),T’) S Hg) .

Proposition 2.39. The automorphy factor Jy associated associated with Wy(3) takes the
form

In(n(w,7),3) = € (<2 Del(\ 3) 0 ) — 200, w)2kz + (A, W)y (ke + 1))
where kg is element of O with Skr = %515‘ and Op = 7 + Zkp.

Now, one can define a two-cocycle a follows. One chooses a holomorphic function
A(g,3) which satisfies J)(g,3) = e(A(g,3)), and sets

c(g,9") = Algq',3) — Alg,9'3) — Ald',3) (Vg,¢' € Hy).

Thus, the map (g,¢') — c(g,g’) defines a two-cocyle. Note that ¢(g,¢’) is independent
of the choice of A(g,3) and changes only by a co-boundary after multiplying J\ with a
trivial automorphy factor. The two-cocycle obtained in this manner is a representative
for the Chern class of D()\), in the second cohomology group H?(H,,Z). Directly by
calculating ¢(n(w,0),n(w’,0)) with w,w’ € Dr (clearly, it suffices to consider Eichler
transformations from Hy) one finds the following Proposition [37, Prop. 4.2].

Proposition 2.40. The Chern class § (D(A\)y) of the local divisor D(X)e in H2(Hy, Z) is
determined by the two-cocycle

[ea] + (n(w, 0), n(w', 0)) — =2|0r| (A, w)g (A, w') = S (=[dr|(A, w)g (A, w')) -
We now define a bilinear form F)(-,-) by setting for a,b € Wy
Fa(a,b) = (0, a)g(A,B) = (@, \Y(A,B) + (A a)(\,b). (2.7.5)

Note that the value of Fy(-,-) depends only on the definite part Ap of .
Then, by Proposition 2.40 the Chern class § (D) of a finite linear combination

D:= Y a\MD\), (2.7.6)
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2.7. Local Borcherds products

with integer coefficients a(\) is determined by the two-cocycle

(n(w,0),n(w',0)) — Z S (|0 | Fx(w, w")) .
AELFNLL
QMN)>0
In particular, we can thus describe the Chern class 6 (D(n, h),) for a local Heegner divisor
of the form D(n, h),. Now, we want to find out when this Chern class is a torsion element

in H2(H,, 7).

2.7.3. Torsion critera

Bilinear forms in the cohomology Consider the set of real-valued bilinear forms

B : W ®W — R and denote this set by BIL. Naturally, BIL has the structure of a real

vector space. Let BIL; C BIL the subset of forms which are Z-valued on the lattice Dr.
Associate to every element B € BIL a two-cocycle in C*(Hy, O,) by setting

B(n(w,r),n(w',r")) = B(w,w") (n(w,r),n(w',r") € Hy),

and denote by [B] its class in H*(H,, O,). Similarly, we attach to every element of BILg
a class in H?(Hy,Z). By composition with the natural map from (2.7.3), H*(H,, Z) —
H%(H,, O,), we get a sequence

BIL; —— H?*(H,,Z) —— H?*(H,, O,).
This sequence turns out to be exact. Indeed, one can show the following [see 37, Prop.
3.1]:
Proposition 2.41. The image of BIL in H?(H,, O.) vanishes.

Proof. We give a brief sketch of the proof, see loc. cit. for details. It suffices to consider
two cases, either that B is the imaginary part of a symmetric complex-valued bilinear
form or that B is the real part of a complex hermitan form.
We consider the first case. Thus let G : W x W — C be a symmetric bilinear form
with G = B and consider the following O.-valued one-cocycle:
i

ulntwnr).5) = 5 (65°Glw.0) + 5Gw ) )

The image under the coboundary map is given by

ou(n(w,r),n(w',r"),3) = 2% (G(w',w) - % (G(w,w’) + G(w’,w)))

1
C2i
Thus, we see that B is trivialized by a cochain and thus [B] = 0 in H*(H,, O,).

The second case, where B = Re H for a hermitian form H is quite similar. (Clearly, it
suffices to consider these two cases.) ]

(G(w,w') — m> = B(w',w).

71



2. The case of signature (p,1) and Borcherds products

The following Lemma’ is crucial, since it gives a straight forward criterion for bilinear
forms to be torsion elements in the cohomology group H?(Hy,Z), which we can apply to
linear combinations of two-cocycles of the form [cy] from Proposition 2.40. For the proof
see [37].

Lemma 2.42 ([37, Lemma 3.1]). The kernel of the map BILg — H?(H,, Z) is the cyclic
group generated by the antisymmetric bilinear form

RNV

Nr4|0]

In particular, the image of an element B € BlLy is a torsion element in the cohomology
group H2(Hy, 7)) if an only if B and |0g|"'S(-,-) are linear dependent over Z.

Torsion criteria for local Heegner divisors Using the criterion from Lemma 2.42 and
Proposition 2.40, one can now give the following criterion for a linear combination of
local Heegner divisors to be torsion.

Lemma 2.43 ([37, Lemma 4.1, Corollary 4.1]). Let D be a finite linear combination of
local Heegner divisors of the form (2.7.6), i.e.

D= > a(AD),.
AeLinet
QN)>0

Then, the following statements hold

1. The Chern class 6(D) of D is a torsion element in H? (Hy, Z) if and only if the
following equation holds

> ay {Fx(w,w’)—m(w,w’) =0
Sh0%o

for all w,w" € Dr.

2. Let By be the complez-valued bilinear form defined by By(a,b) := (X, a)(\,b) for
a,b e W. If §(D), the Chern class of D, is a torsion element in H? (H,,Z), then

Z a(X) trace By, = 0.

AeLinet
Q(N\)>0

(Where the trace is taken with respect to the standard orthogonal basis vy, ..., Uy
Of V7 ('7 ))

9This result is originally due to Freitag.
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2.7. Local Borcherds products

Proof. By Proposition 2.40 and the subsequent remarks, the Chern class of D is given
by a linear combination of cocycles [c,] in H?(Hy,Z). By Proposition 2.41 the images of
the [c)]’s and hence that of §(D) in H?(Hy, O,.) vanish.

Further, by Lemma 2.42, 6(D) is a torsion element in H? (Hy, Z) precisely if there is a
rational number R for which the equation

, S(w, w’
S a0l S (Fr(w,w')) = R% (2.7.7)
AeLinet F
Q(N)>0

holds for all w,w’ € Dr. We can now extend this equation linearly to W = Dr ® C,
noting that Dr has full rank in W. We thus get

(w,w')
|0 |

> a(N)|o| - (Fa(w,w')) = R (2.7.8)

AeLfnet
Q(N)>0

Indeed, by multiplying any pair of vectors (w,w’) € Dr X Dr by a purely imaginary
multiple, from (2.7.7), one obtains a similar equation with real parts of F)\(-,-) and (-, ),
respectively. Adding the two equations yields (2.7.8).

Now, to determine R, we take the trace of both sides of (2.7.8), using the standard
orthogonal basis vy, ..., v,_1 for W. Of course, trace(-,-) = m —2 = p — 1. Recall
from (2.7.5) that we can write F) in the form (A, b)(A, a) + (A, b)(\, a). Thus, defining a
hermitian form by Hy(a,b) = (a, \)(\,b) (a,b € W), we can write F) = By + H,. An
easy calculation yields trace Hy = (A, ) and we get

R-(p—1)= > a(N|Ds|(Q(\) + trace By) .

AELENE

Q(\)>0
Repeating the same calculation using the trace for the basis iv;, j = 2,...,m — 1, which,
of course is a standard orthogonal basis for W, too, quite naturally, we get the same
result for the traces of the two hermitian forms (-,-) and H,. However, the new trace
of B, is given by —B,. Thus, we conclude that the contribution of the B) terms must
necessarily vanish, yielding the condition in the second part of the Lemma. Hence R is
given by

_ QM)

R= Y a(A).|DF|p_1.
AeLinet
QR(N)>0

Reintroducing this into (2.7.8) completes the proof of the first part and thus of the
Lemma. ]

We can now formulate one of the main results of [37]. It describes the position of local
Heegner divisors of the form D(n, h), in the local Picard group. Note that such cycles
are given by a finite linear combination of local divisors D(\), and, as we have seen, the
Chern class § (D(\),) depends only on the projection Ap.
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2. The case of signature (p,1) and Borcherds products

Theorem 2.44 ([37, Theorem 4.1]). Let D be finite linear combination of local Heegner

divisors of the form
1
=3 > > alh,n)D(—n, k),

heLl meZ+Q(h)
n<0

with integer coefficients a(h,n) satisfying a(—h,n) = a(h,n). Then D is a torsion
element in the Picard group Pic (H\U.({)) if and only if for all w,w’ € Dr the equation

> Z ) > [R(w,w’)—%(w,w’) = 0. (2.7.9)

heL neZ+Q(h AeD!
n<0 A+D=m(h)
Q(\)=-n

holds. Further, as a necessary condition for this to be the case, the following equation

must hold for the bilinear form By(-,-) = (A, +)(A,-):

Z Z Z trace By = 0.

hel neZ+Q(h \eDt
n<0 AD=n(h)
Q\)=—n

Proof. We give an abridged version of the proof from [37], see there for more details.
First note that if D is a torsion element, the first equation (2.7.9) follows from the first
part Lemma 2.43 and second equation follows from the necessary condition in the second
part of that Lemma.

For the converse, assume that (2.7.9) holds for all w, w’ € Dr. One now uses Proposition
2.39 to explicitly construct an automorphy factor Jp(g,3) for g € H, and 3 € U.(¢),
describing D in Pic(H,\Uc(¢)). One then has to show that all factors of Jp can be
expressed through (suitable) powers of trivial automorphy factors and factors of finite
order, and hence that D is a torsion element in the local Picard group.

An automorphy factor for D is given as follows

Io(g.3) = ]I H T, i(g.3)e

h inl
neZ+Q(h) Q(/Hrh)

— H H e<—2\DF|<u+h,3) <,u+hD,w)R

hZ”é)L(h) neD
nezZ+ h)=—
n<0 Q(/H_h)_ "

. 2 . a(h,n)/2
—2(,u—|—hD,w)Rf<aF—|— <,Uz—|—hD,w)R(liF+l)) .

Since a(—h,n) = a(h,n), the last terms, being linear in u + hp cancel. Now, write
(1 + h 3) = (p+ hp,g) + (h - hp,g). Since h L ¢, the second term is given by hy(¢, )
and one can write the factors in Jp in the form

a(h,n)

e (—20ehe s+ hpw) ) e(=2IDs|F, i, (w,0) = 265 Re £y (ww)) |7
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2.7. Local Borcherds products

Applying (2.7.9) to the second factor, and writing \p = pi-+hp (and omitting the sa(h,n)
power for the time being), we get

e (~2irn,we) e (22000 (w0 + G2 ) e (2R QM @(w))
(2.7.10)

Clearly, the last factor has finite order, and is thus a torsion element in the Picard group.
To deal with the first and second term consider the following trivial automorphy factors

jl(n(w7 0)73) =¢€ (5151()‘1371”)) j2(n(w7 0)73) =€ (C (_(w’ U) + (2(515‘)_1(10,10)))

which arise from the action of the Eichler elements of the form n(w,0) € H, on the two
invertible functions fi(3) = e ((Ap,0)) and fo = e(c7) with ¢ € Q*. Now, the second
factor in (2.7.10) is a rational power of j,. For the first factor in (2.7.10), bear in mind
that |0g|Shy is rational (in fact, half-integer). Further, after multiplying with suitable
powers of j;, since |05|S(Ap,w) and Re h, are rational numbers, only a torsion element
remains.

Thus, each of the finitely many factors in Jp is either of finite order or a rational power
of a trivial automorphy factor. Hence, D is a torsion element in Pic(H,\U.(¥)). O

2.7.4. Application to modular forms and an obstruction result

Now, let | = p + 1, and consider the space of cusp forms S; ;- of weight [ transforming
under the Weil representation for L.

We will introduce a subspace S?L, of 5; .- spanned by certain theta series. For this,
define polynomials p; (u, v, w) and ’pg(u, v, w) by setting

_ Q (u)
p1(u, v, w) == Re F,(v,w) — . 1(v,w)R,
pZ(U, ’U,U)) T JFu(“a w) - pTl\S(w,U).

Note that, using these polynomials, we can write (2.7.9) in the form

SN atn) Y Ovw )+ ip(hw, )] = 0.

heLl meZ+Q(h) \eD!
n<0 AD=n(h)
QMN)=-n

Now set P(u,v) := p;(u,v,v). Note that P is homogeneous with degree two in u and
harmonic in both indeterminates. Then, by a well-known results from the theory of theta
series [cf. 2, Theorem 4.1], for every v € W, v # 0, the definite theta series defined as

Op(T;v) = Z P\ v)e(Q(N)T) e

AeDt
> X (X Pow)cmne (2.7.11)
pED! /D ne€Z—Q (1) \eDt
n>0 AM-D=p (mod L)
Q(N)=n
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2. The case of signature (p,1) and Borcherds products

is a cusp form of weight p + 1 transforming under p;-. The second line in (2.7.11) gives
the Fourier expansion, and we note that the Fourier coefficients are exactly the inner
sum in (2.7.9) with the pair (w,w’) restricted to the diagonal of Dr x Dr. Now letting
the parameter v vary over W, we define Sz - 83 the subspace of cusp forms spanned by
the theta series Op(7;v) (v € We).

With these considerations the following is merely a restatement of Theorem 2.44.

Theorem 2.45. A finite linear combination of local Heegner divisors of the form

D=- Z Z (—=n, h)q,

heﬁ neZ+Q(h
n<0
with integer coefficients a(h,n) satisfying a(—h,n) = a(h,n) is a torsion element in the
local Picard group Pic (H/\U(?)) if any only if

> Z 7(h),—n) =0 (2.7.12)

heL neZ+Q(h
n<0

for every cusp form g = ZueDﬁ/D ZneZ_Q(M) b(p,n)e(nt)e, in SSL,.

Remark 2.46. While the construction of local Borcherds products is quite unrelated
to that of Borcherds products through a singular theta-lift, the two are related through
the Heegner divisors and such obstruction statements as Theorem 2.45. Indeed, the
argument in the proof of Theorem 2.37, obtained by combining Theorem 2.29 and
Lemma 2.36 can be stated as follows: A given linear combination of special cycles
H=7>3 > _,a(h,n)D(—n,h) is the divisor a Borcherds product if and only if the
sum », > oa(h,n)b(h,—n) vanishes for every cusp form g € S;;, - with Fourier
coefficients b(h,n). In particular, since S9 Upp.r- 18 contained in Sy4, -, in this case the
restriction of Hy also fulfills (2.7.12) (note that only h € £ can occur).

We remark further, that if H the divisor of a Borcherds product W¢(3), there is a
linear combination Hgo of Heegner divisors of the form Do (—n, h) C H, which restricts
to H on the image ¢ (H, ). Since by a result of Borcherds in [3], the obstruction space
for Borcherds products for the orthogonal groups is Sy 14,, the same as in the case of
Borcherds products for unitary groups. Thus, Hp is the divisor of a Borcherds product
on H, (the pull-back of which under ¢ is just Ws(3)).

By the results of Bruinier and Freitag [7], the divisors of Borcherds products on #,
restrict to torsion elements in local Picard groups for boundary components of H,, and
these, moreover are the divisors of local Borcherds products there.

Finally, since the embedding ¢ is well-behaved when it comes to the neighborhoods of
the cusp, the restriction of a special cycle H to Pic (H,\U(¢)) can be interpreted as the
preimage of a local Heegner divisor (like in [7]) in a neighborhood of the boundary of H,,,
which is just the restriction of Hop.

Thus, if H is the divisor of a Borcherds product on U(p, 1), not only is Ho the divisor
of a Borcherds product on O(2p,2), but both divisors also restrict to divisors of local
Borcherds products, unitary or orthogonal, respectively.
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3. The singular theta lift in arbitrary
signature (p, q)

In this chapter, we present the construction of a Schwartz-form 1, which coincides with
o in signature (p, 1) and takes its role in arbitrary signature. We use it to construct two
types Green functions, one through a ‘singular’ following [43] and another using a singular
theta-lift of Borcherds type associated to ¢, which generalizes important properties of
the Borcherds lift.

For the most part, we follow the joint paper of the author and Jens Funke [25] fairly
closely. Some introductory remarks are in order first.

3.1. Introduction

Besides the infinite products expansions, the Borcherds lift in signature (p,2) for orthog-
onal groups has a number of remarkable properties, a few of which we have already seen
in Chapter 2. It takes its zeros and poles along arithmetically defined special cycles
prescribed by the Fourier expansion of the input functions. By the work of Bruinier [5]
these geometric properties extend to a lifting into the cohomology, which can be utilized
in the construction of Green objects related to special cycles, see for example [8, 11].
And, hence further can be employed to show the modularity of generating series, two key
aspects of the Kudla program [41], see [43] for an overview.

Similar properties are shared by the unitary version in signature (p,1). While the
product expansion in [33, 34, 35] and the modularity result from [35] (see Section 2.6)
represent merely first steps in this direction, the deep arithmetic-geometric results from
[14], [19] and [15, 16] demonstrate the usefulness of the geometric lifting in the unitary
setting, similar to the orthogonal case.

Of course, beside the Gaussian ¢y there are many other Schwartz forms which can
be used to construct a singular theta lift of Borcherds type. In fact, Borcherds’ fairly
general construction of the singular theta lift in [2] encompasses many previously known
examples for theta lifts, such as the Shintani lift [55], Niwa’s realization of the Shimura
lift [52] or the Doi-Naganuma lift [18, 51, 58].

Generalizing to arbitrary signature (p, ¢), the theta lift constructed using the Gaussian
¢b? retains some useful properties. For example, the eigenvalue equation proven by
Bruinier in [5, Chapter 4] generalizes to any signature (see Hufler’s thesis [39] for a proof
of this for unitary groups). However, other features are less salient.

In the seminal paper [10] Bruinier and Funke found a suitable generalization of the
geometric Borcherds lift (for orthogonal groups), which works across all signatures. For
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3. The singular theta lift in arbitrary signature (p, q)

this, they turned to the work of Kudla and Millson, who in a series of papers, [44],
[45] and [46] constructed a geometric lifting using a Schwartz form ¢g s valued in the
differential forms. In fact, Kudla and Millson constructed two versions of this form, one
for orthogonal and the other for unitary groups. We will review the properties of the
unitary version of ¢gps in Section 3.2 below.

Somewhat more implicitly, Kudla and Millson also constructed a second Schwartz
form v’ related to pg s via di)' = Lok, where L denotes the Maass lowering operator.
Denote by % the Schwartz form with d) = . This form coincides with ¢ if the
signature is (p,2) or (p, 1) for orthogonal or unitary groups, respectively.

Now, Bruinier and Funke introduced a lift of Borcherds type using the Schwartz form®
Y" and studied the relationship between this lift on the one hand and the Kudla-Millson
lift with the Schwartz form g, on the other hand.

In particular, they established an adjointness result between the two geometric theta
lifts, and, further, under a more geometric point of view, they showed a current equation
for the theta lift they had introduced.

In the present chapter, in Section 3.3 we will give an explicit construction of a Schwartz
form ¢ with dd“¢) = @ for unitary groups U(p, q). We will then proceed to construct
Green forms, first through a ‘singular’ Schwartz form W associated to ¢ following Kudla
[43]. Second, following Bruinier [5], using the geometric singular theta lift of Borcherds
type for the Schwartz form . Also, we examine the properties of this singular theta
lift and establish analogous results to those in [10], concerning current equations and
adjointness to (the unitary version of) the Kudla-Millson lift.

Furthermore, we show a modularity result for a generating series of the differences
between the Green forms of Kudla type and the Green forms of Bruinier type, along
the lines of [19] (see Section 3.6). Finally, in Section 3.7, we introduce a Green form
depending on a complex parameter s and identify it with a Green form constructed by
Oda and Tsusuki [53].

3.2. The Kudla-Millson form ¢y,
Recall the notation from Sections 1.1 and 1.2. Consider the complex [S(V) @ A*(D)]°

of G-invariant Schwartz functions on V' with values in the differential forms on . Note
that evaluation at the base point zy yields an isomorphism

SV @A)~ [sV)e A\ (p)]"
We use the same symbol for corresponding objects. Note also
o(x,2) € [S(V) @ AD)]“,

and evaluation at the base point gives po(x) = @o(z, 20) = e XilEl ¢ S(V)k.

! Actually, in signature (b*,2) they considered the ‘original’ version with the Gaussian form .
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3.2. The Kudla-Millson form g

Following [44, Proposition 5.2] and [46, Section 5|, we define the two differential

operators
L s oy . Do A
~m I (e rm) o 4u =3 Z & Aoy
a=1 @ p=p+1

p=p+1
1 o < 10
"
wd D= T[4 (st ) ol b =3 1T zp oA,

pn=p+1 a=1 p=p+1
where % =1 % - 28‘3 and 82 =1 % + i%). Further, A, and A}, denote
the left multlphcatlon by &5 aps Tespectively. Also, we have set

1 0 —
Dyi=|2a ———— d Da::<a—l@).
(z - 8za) an Za = 275

Now, the Kudla-Millson Schwartz form from [44] is defined as

Thus, using multi-index notation with a = {a1,...,a,} and 8 = {B,..., 5}, it takes
the form

1 —
OrM = ﬁ ZDQDEQOO & Qq(gaé))
W}

where D, = D,,; and

j 1

. o !
Qq(% ﬁ) = 5a1p+1 ARERNA 5ocqurq A fﬁlp-ﬁ-l A gﬁqp-ﬁ-q
—1)/2
= (_1>q(q ) £a1p+1 A g61er1 ARERNA ga aP+q A 5fﬁ’qﬁDJrq

The properties of the Schwartz form ¢g s are summarized in the following theorem.
Theorem 3.1 (Kudla-Millson). The Schwarz form ¢k has the following properties:

i) wrn 18 an eigenfunction of weight p + q under the operation of K' [see }4].

ii) As a differential form, i (x, z) is closed for every x € V' [see 44, Section 4].

ii1) The Thom Lemma holds for i [see 45, Theorem 4.1, i.e.,

/ nAexu(r)=i" (/ 7]) e~ (o)
z\D Iz \D(z)

for any compactly supported closed differential 2(p — 1)q form n on T';\D.
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3. The singular theta lift in arbitrary signature (p, q)

3.3. The Schwartz form )

We define another Schwartz form i by setting

2i(—1)77! -
vi= S 2. DPaDsvo®@ Q@)
g:{al ..... aq—l}

ﬁ:{ﬁl 7777 ﬁq 1}

where

Qg-1(e ﬁ)

q
—-1)/2 / "
- (_1)q(q / ngp-i-l/\gﬂw—kl/\ gpﬂ gpﬂ a S'ozq 1p+q fﬁq 1p+q°
j=1

The notation here indicates that in the j-th term of the sum, & and £” with second index
p + j are omitted.
In Section 3.3.2 we will employ the Fock model of the Weil representation to show

Proposition 3.2. The Schwartz form 1 has the following properties.

(i) It is invariant under the operation of K, that is,
¢—lg-1 K g— G
Vie A\ (p)]" = [S(V) @ AT (D))

(11) Under the operation of K', 1 is an eigenfunction of weight p + q — 2.
The main property linking ¢y and @ is the following.

Theorem 3.3. Let d = % (6 + 5) and d° = % (8 5) be the standard exterior deriva-
tives acting on A*(D), and let L, = —221} = be the Maass lowering operator of weight k
acting on functions on the upper half plcme Then

Lygporm(x, 7, 2) =dd¢(z, T, 2).

This implies
0
U%SO%M(\@% 2) = ddy°(Vvz, 2).

Proof. The proof is carried out in Section 3.3.2, again using the Fock model. n

In order to derive a more explicit description of the Schwartz form 1), when evaluated
at the base point zy, we examine the properties of the differential operators D, and
D, for a € {1,. .., p}. First, we note that all the differential operators commute, i.e.
D Dg—DﬁDa,D Dg—DﬂD and D DB—D Dﬁ for all a BE {1 ..,p}

Further, by direct calculation, we get

DaSOO — 22019007 ,[)a(PO = 22(1()00 and Da@agpo = (4"‘7’04’2 - %) ¥o-
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In fact (see e.g., [45, p. 303 (6.41))]),

k
DEDEpy = (Daf)a)k o = (%) 25K Ly (272a) 0, (3.3.1)

where L(t) = i—f, (i)k (e7't*) is the k-the Laguerre polynomial. More generally, we get

l min(m,k) n
= [ en ke [T k! -1
’DQDZQDO = 2k E (m) E Zé Z(’; (n) m (7) ©o- (332)
m=0 :

n=0

Hence the Schwartz form v can be expressed using (in general non-homogeneous) poly-
nomials P 2q > € P(V) as follows:

2¢(—1)4"" 22
U(x,20) = 5B ZPM (z)po(z) @ Qi1 B), (3.3.3)
a8
WOz, 20) = 22 - 1 Z P2q 2 e~ 2mR(z,20) & Qy1(e; é)‘ (3.3.4)

The following lemma is easily obtained.

Lemma 3.4. For any pair of multi-indices o, 8 € {1,...,p}? Y, the attached polynomial
ijgQ(:z:) has the following properties:

1. It has degree 2q — 2 and depends only on V..

2. The leading term is given by

22(a—1) Hzal H25k
=1

3. All monomials occurring in Péfgz(x) have even degree.

4. The constant term is non-zero if and only if for every o € {1, ..., p} the multiplicity
of ain the multi-indices o and [3 is the same. In which case, Piqﬁ_z(x) 1S a product
of Laguerre functions, and the constant term is given by N

(1 o
ga-1 [ 2 !
(Z) T
aca
where m(«v) is the multiplicity of «.

In particular, the situation in part 4 of the lemma occurs when =z = z,v,, and only the
terms with a = 8 = (o, @, ..., a) are non-zero.
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3. The singular theta lift in arbitrary signature (p, q)

Example 3.5. Consider the special case of signature (1,¢). Then, there is only one
multi-index o = 3 = 1. Hence, by (3.3.1)

%(—1)L o
Yrq = % (DlDl)q 0o ® Qy-1(1,1)

211 (g— 1)l
o 2(‘1_1) 7'("1_1

Lq—l (27T|Zl|2) Yo Y Qq—l(la l)

We write
Py(x, 2) = 22“) ZPW ® Q1 (a; ) (3.3.5)

for the polynomial part of ). Furthermore, it will be convenient to write Péfg? as a sum
of its homogeneous components, B

with 2¢ the respective weight. Note that P> .5 (W) = |w\2ZPa2qﬂ 2() for any w € C.

Remark 3.6. Note that besides (3.3.2) the polynomials Pg%2(:z:) can also be expressed

using derivatives of Laguerre functions by (3.3.1) or, alternatively through Hermite
functions in the real and imaginary parts of the z,’s as indeterminates.
For this, recall the definition of the Hermite polynomials Hj, for k£ > 0. They are given

by
d\" d\"
_(_1\k 2 [ & —t2 _ t?/2 @ —t2/2
Hi(t) = (—1)" (dt) e e (t dt) e :

Since the operators D, and D, commute for o € {1,...,p}, with (3.3.1) we get

k
DEDEpy = <_71) 2°k! Ly, (2] 24") 0 = (Daﬁa)k%

2 27k
1 d n 1 d
e o _ — :Ca —_
Yol 2mdx, 2 on dzy vo

(2) ’fz< )HM 0 (V27201 ) Hot (V27 209) 0 (3.3.6)

Hence, for all € {1,...,p} one has the identity

k
Dk-l—lpk _ —k— %Z ( ) |:H2(k:fl)+1 <\/ 27T$a,1> Hgl (\/ 277—1'04,2)
=
— i Hyg—y) (V 277%,1) Hoyq (V QWIa,z)] ©o

Proceeding inductively, one can use this to work out further factors of P;j;?
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3.3. The Schwartz form 1)

Remark 3.7. We note that D,y = D,po. Indeed, by Remark 3.6

D 1 d _ 1 d
a = xa _ — — 1 xa _——
Yo 1 2 da:a’l 2 2 dxa’g Yo

= \/% (Hl(mﬂn) - iHl(mxa,2)> ©0 = (To — Wa)Po = Datpo.

Remark 3.8. We remark that ¢ can be also be defined using a so called ‘homotopy’
operator h, somewhat like in [46]. Set

H H (zo/-l-% Z/) (zﬁiai)@f“’* A"

p=p+1 a,a’=1

where A7 denotes the left multiplication with the dual of £, ,. Then, one has the
following relation between 1 as ¢y, which can serve as an alternative definition for v

2
Y= h g

We sketch a proof of this using the Fock model of the Weil representation in Remark
3.11 below.

3.3.1. Calculations in the Fock model

In this section, we prove the main properties of the Schwartz functions introduced above.
We use the polynomial Fock model for the Weil representation, see Appendix A.2.2.
We use the intertwining map ¢ : S(V) — P(C2P*+9) between the Schrodinger model
and the space of complex polynomials in 2(p + ¢) variables, on which the action of the
Weil representation w is given by the Fock model. Note that ¢(pg) = 1. Further main
properties of the intertwining operator are summarized in Lemma A.3.

We abbreviate the variables in the Fock model for U(p,q) x U(1,1) by 2! = 2!,

! A ! no__ n .
Zo = Zogs 2, = 2, and 2, = z7,,. We then have (see Lemma A.3):

D= ( )HZZ"@@A;W and D—22q( )szﬁ A

wooa=1 wo p=1

By applying this to 1 ® 1 = (o ® 1), we see that @ is given by

_1>q " "o ’ 0O .
YEM = 93q-2¢ Z Zoy T Fag 2 2, @ Qglan, g Brs o By),s

21
@Z) = W Z Zgl o qu 1251 . Z/ﬂq71 ®Qq_1(041,...,Oéq_l;ﬁl,...7ﬁq_1).
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3. The singular theta lift in arbitrary signature (p, q)

3.3.2. Proof of Proposition 3.2

We first verify that 1 has the correct transformation behavior under the operation of
¥ ~ s0,(R).

Lemma 3.9. Under the operation of ¥, the form 1 has weight p 4+ q — 2. That is,
w( Do) =ilp+q—2).

Proof. We use the formula for the operation of the generators of ¥ through the Weil
representation from Lemma A.5 on p. 140. As su(WW) ~ sly(R), we are mainly interested
in the behavior of ¢ under the operation of (_{§) (while of course, (§?) generates the

center). We have

01 pt+q . 8 p+q , a .
w(—lo): Z aa //+Z ozal - Z Zu’y_ Z Z“@Z” +i(p—q).
a=1 w=p+1 I p=p+1 H

Bearing in mind that ¢ doesn’t depend on z), and zj; the claim now follows from

Z%z,,w Zaa, = (g - Dy,

a=1 a’'=1

which is easily checked. [
Lemma 3.10. The Schwartz form 1 is invariant under the operation of €.

Proof. We need to show Z(1)) = 0 for all Z € £. Using the explicit formula for ¢ given
above (and ignoring constants), this means, using that Z acts as a derivation,

O = Z (.U(Z) (Zgl .. qu 1Zﬁ1 Z,IBq—l) ®Qq,1(041, e ,Oéqfl;ﬁl,. .. ,ﬂqfl)

+ Z Z/oil .. qu 12/31 Z%q—l ®Z (Qq_l(al,...,aq_l;ﬁl,...,Bq_l)).

Now let Z = Z ; € Hom(V, V). Then the Weil representation action gives
w( (Ilﬁ) <Z(/)/[ .. Z(/)iq 12/31 Z;;q_1> & qul(aly e ,Oéqfl; 517 Ce ,ﬁqfl)

= —Z g gl.. . qu,12/61‘..2/5q71®Qq_1(a17”"/67'.'7aq_1;/817..'”6q_1)

—

+ZZ .. Oéql Z/ﬁl"'zzaj"'Z/ﬂq—l®Qq71(a1""706‘1*1;B1""’a""’ﬁqfl)'
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3.3. The Schwartz form 1)

Now & ~ Hom(V}, V) acts on p; ~ Hom(V_, V) by composition. We obtain
Zéé,B Z/ (5604] Qs
and hence for the dual action we see
Z;ﬁ.gfw = 506%'5,5#‘

In the same way we see
ZagE5, = 088, Sau
This gives

" 1 / !/

Zal Ce Zozq_lzﬁl oo zﬁq—l ® Z;B.qul(al, e ,Oéqfl; 51, Ce ,ﬁqfl)

q—1
_2 : " " " / .
= Zal"'Za" Zaq 1251 Zﬁq_qufl(Oél,...,ﬂ,...O[qfl,ﬁl,...,ﬁqfl)
Jj=1
q—1
_ " " / / / .
= — Zay  Zag1al AR --za;ﬂQq_l(al, e 013 Py ey By).
i=1

Combining all this shows Z/ ;1) = 0, as desired.
We now consider the action of Z},, € Hom(V”,V"). The Weil representation action on
¢ clearly vanishes. Now the action on p™ is given by Z,,.Z,, , = 6,,+Z,,, and hence

Z//u/é'(/xju’ = _51’#1/5;]-;1, and Z:wé'gj,u’ = 5'“’#15,6/]"/‘
From this it is easy to see that
Z;WQq_1<C¥1, e ,Oéq_l; 61, e aﬁq—l) = 0

for all multi-indices o = {a1,..., g1}, B={B1,..., By-1}. ]

Proof of Theorem 3.3

Recall (8 5)
1 B _
== d° = dd® = ——00. 3.
5 (0+0), yPan yo L 96 (3.3.7)
In the Fock model, the differential operators 0, 0 are given by (see Lemmas A.4, A.5)
1 0? - 1 o?
(9 = — [EZZZL — 47TW:| ® A/a;u (9 = % [EZI/BZI/// — 47(% ® A//V.

For the lowering operator L, we have by Lemma A.5(ii)

]‘ " _/!
= —dn Z 82”82 47T Z “pFu
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3. The singular theta lift in arbitrary signature (p, q)

To simplify notation, we drop all constants and consider

/ o " 1! ! ! ! ! !
PrM = Z Ray T Ragtp T By, ® §a1p+1 AN 'faqm—q A éhﬁw—i-l ARRENA é“qu+q7
Qa1,...y0q

Bl?"'?ﬁq
r "o n )
w - § : Zon Zaq 12/31 Zﬁq—l

Ql,...,0g—1

B1ye-sBg—1
q
! ! 7 1!
® Z €a1p+1 A gpﬂ o sozqf1p+q A SB1p+1 ARERRA Spﬂ A 5/3qflp+q‘

Then the claim is equivalent to
Lhers = (—1) 14wy,

which we show by a direct calculation of both sides. We have

—

_ E E MG cey
4m Oa;Bk%ar """ 2oy " Pag_ V2B, 2, 2.,

! ! /! 1! 1!
® émt)qp-i-l AEREA éuosz-i-j AR 'gaqp—s-q A gﬁlp-&-l ARERNA gﬁkp-ﬁ-k’ AR fﬁqp-Irq'
On the other hand,
= 1
DO = > (A @&, NG, ¥
a7/87lll/7l/
0
" " ! ! /
_ Zm...z%_la_%(ZB%...%_I)

aq,...,0g—1
517---754—1
a,B,p

! 1 !
® 50<M A 5 A Z §a1p+1 A p+J A 5th71p+q A SBqurl A pﬂ A fﬂq 1p+q°

For the first term, it is easy to see that only the terms with y = v contribute and one

obtains
1
(1) 11672 (Z Zl,t/ ,:1) Prear-
o
For the second, only terms with © = p + j contribute and one obtains

(_1)q Z aq 125a0f8kzﬁozﬁ1 5 ”Z,ﬁqfl

Q15,001

ﬂl?"'aﬁq 1
0,80
! ! ! 1!
® Z Sc)z110—|-1 ARERNA Sozozu—i-j A ’Sozq—1p+q A 5,31p+1 A fﬁop—irj A 66(1 1t
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3.3. The Schwartz form 1)

Now comparing the formulas for L), and 90 gives the claim.

The auxiliary form d“y

Beside v itself, we also use the form d®), see Section 3.4.1. Here, we give a more explicit
description of this auxiliary form. Consider (47)~ 9. It is given by

i 1 "ol M /
—a¢ WQWZZ Z f’y,u/\Qq 1( 6)
7ﬁ
V.0
_ i " P ] 1 5
T 93¢—2,2¢-1 szzal T Rag 1Zﬂ Z “pti

e
B
!
® €a1p+1 A gwpﬂ A éaq71p+q A g,8'1z7+1 A p+] A f’ﬁq 1+

Similarly, (47)~'0v is given by

1 /A n_r ! / !
— .. q+j M
47T87’D 23q 27T2q 1 Zz “yEBy Zﬂqﬂ Z( 1) “p+j

j=1

/
® €a1p+1 AN -/p+j A Saq71p+q A SB1p+1 A SWP-H A gﬁq 1p+q°

Now by (3.3.7), d“ is the difference of these two terms.
Finally, in the Schrodinger model, d“y takes the following explicit form (note that
Do = 2Z,0.): We have

) 1 _ _

dY(x) = o 51 {Z DoD;Dspo() @ Qo () ZDQD 5p0(2) © Qg (7) |-
) 8
(3.3.8)

Her Qavﬁ( x) and Qa,@"y( x) are given by

Q/gmé( )

q . /\
- Z(_l)j_lzpﬂ' ® éht/>c1p+1 A '€;p+j oA §;q71p+q A §61p+1 A p+J FA fgq 1p+q
j=1
Qgﬁﬁ@)

—_—

q
_ +is ! /
- Z(_l)q ]Zpﬂ' ® é“ozlerl AR -/p+j A é“ocq_urﬂrq A £ﬁ1p+1 A gvpﬂ A gﬁq 1p+q°

Remark 3.11. Taking up Remark 3.8, we note that in the Fock ngodel, the explicit form
of ¢ can be easily recovered from the alternative definition ¢ = {-hyky, and we give a
brief sketch of how this can be used to prove of Theorem 3.3.
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3. The singular theta lift in arbitrary signature (p, q)

In the Fock model, the homotopy operator h takes the form
1% 1%
h = Z Z 82”32‘ ®A aMA &
p=p+1 a,a’=1

By a straightforward calculation (the omitted constants can be easily checked), one has
82
/ 1% n* " 1 / !/
hQDKM = Z—az//azl &X AOZ/J«A o' Z Zoq . Zaqzﬁ1 e Z,Bq (%9} Qq (0417 - ,Oéq,ﬂl, N ,ﬁq)
a,l of

- Z Zgl" qu 1251 Z,qul ®Qq—1 (alw"70511—1761""7511—1) :¢,’

QAlyeeey Qgq—1

/Blm“'vﬁq—l

Now for theiproof of Theorem 3.3. Since pg s is closed, one can use anticommutators to
calculate 00hg . A short calculation using Clifford identities [see 46, p.158f] shows

that
_ 0 B
{0,h} oxm = ¢ (Z . 7 ® A, ) PKM-

a,v

Quite similarly,

0 1%
{8 h}(pKM:q (Zzua, ®A //>§0KM-

6/ V,

Now, set 0 = &= >, ez and O =Am - 82,8—;2,/, the the first and second term of 0
) o W

in the Fock model (see p. 3.3.2). Similarly, define 0, and 9_ as the first and second term
of 0. Then

90 (hoxgar) = {357 h} VKM = {8+5+ +0_0_, h} OKM,

since (’“)z;: and 02!, both kill gy and hpgy. Further, 0_¢pxy = 0. Now, again by a
calculation involving Clifford identities, and somewhat similar to [46], one gets

2
O0h@iy = Z—L@KM-
T

We remark that the auxiliary form d“) can be calculated directly from the anticommuta-
tors via

2) 47

02 () = o= (911 = {0.1) e = =5 (10,01 ~ {2:0}) o

4

dp =
Moreover, one may define two new homotopy operators
hy : 0,h hs = d,h
0 47m i L b o 47?2 { }

with d*) = (ho — hg) @xar.
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3.4. A singular Schwartz form

3.4. A singular Schwartz form

Analogously to Kudla [43] for O(p,2), we define for x # 0 the singular Schwartz form
0 =0 dt
Uo(x, z) = — (0 (\/z_fx,z)7 (3.4.1)
1

The form W° has its singularities where R(x,z) = 0, i.e., precisely along the cycles D(z).
Thus, in particular, ¥°(z, 2) is smooth for (z,z) < 0. We also set

U(z,2) = W(z, z)e @),

Recall the definition of the incomplete I'-function, I'(s,a) = faoo ttetdt (see Appendix
B). The following lemma is obtained by a straightforward calculation.

Lemma 3.12. At the base point z = zy, the singular Schwartz form W is given by

Wz, z) = 2D Z Z P22 (1) (20 R(x. 20)) T (€, 20 R (z, )

22 q— 1 =
® Qq-1(a; B).

We conclude that R(x, )7 'W°(x, 2) extends to a smooth differential (g —1,q — 1)-form
on D.

While it should be emphasized that W is not a Schwartz function on V', we nonetheless
define (as if ¥ had weight p + )

U(z,7,2) = VO (o, 2)e™ @™ (7 € H).

This is motivated by the second statement in the Proposition below. Note

W(z, 7 2) ( / WO (Vi z)dt> Rl (3.4.2)

From the definition of ¥ and the properties of ¢, we get
Proposition 3.13. Outside the singularities, W(x, T, z) has the following properties:

1. For d and d°¢ the standard exterior differentials on A®*(D), we have outside D(x)

dd°V(z,T,2) = oxm(x, T, 2).

2. We have
Ly V(x,1,2) =9Y(x,T,2),

with the Maass lowering operator Ly, as before.
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3. The singular theta lift in arbitrary signature (p, q)

Proof. 1. This follows from Theorem 3.3 and the rapid decay of the Schwartz form
PKEM:

o dt .
dd°V(z,7,2) = — ( / ddcw(\/%:c,z)7) emi@z)T

v

= — </ &SO(I](M(\/%JJ,Z) dt) "I = oy (w, 7, 2).

2. Immediately from the definition,

or
2 R A\ iwayr _ 4o )
= — 8_/ ) (\/l_fx,z)7 eI = 0 (Vux, 2)e™ 5T = (x, T, 2),
v v

> A
Lypyq¥(2,7,2) = 2iv (/ VO (Vi 2)7) i@ )T

again by rapid decay. O]

3.4.1. The current equation

We denote by A¥(ID) the space of compactly supported differential forms on D of degree k.
Recall that a locally integrable degree k-form w on D defines a current, i.e., a (continuous)
linear functional on the compactly supported forms of complementary degree, via

w](n) = /D nAw (n € AZ17F(D)) .
Furthermore, for the exterior derivatives of a current [w] we have
dd*w](n) := [w](dd"n).

The goal of this section is to prove the following generalization of the Thom Lemma, see
Theorem 3.1 iii), the proof will be carried out in the next two subsections, using the
same method as employed in [10] and [26].

Theorem 3.14. Let x € V and let 5, denote the delta current for the special cycle
Z(x). Then

dd°[T° ()] + (=)0 22y = [P s ()]

as currents on I';\D. In other words, we have

/ dden A TO(z) + (—i)° / n = / 0 A e (@)
Iz \D Z(x) z\D

for any n € AXP"VI(T,\D).

90



3.4. A singular Schwartz form

With this we can now define a Green current for the special cycles Z(n,h) C X.
Namely, for m € Q, h € L*/L satisfying n = (h,h) mod Z and a real parameter w > 0
we introduce the Green form of Kudla type on X by setting

=¥ (n,w,h)(2) = ) WO(V2w), 2). (3.4.3)
AEL+h
(AN)=n
AA£0
Then by Theorem 3.14 we immediately obtain the following
Corollary 3.15. The singular differential (q—1,q—1)-form ZX(n,w, h) defines a Green
current for the cycle Z(n,h) on X.

Local integrability

Proposition 3.16. Let x € V.. Then V°(z) and d“U°(z) are locally integrable differential
forms on D.

Proof. We view a top-degree differential form ¢ € A%"4(D) via the Hodge *-operator as a
(K-invariant) function on G. We pick suitable coordinates on D, using the decomposition
G = HAK, where H is the stabilizer of the first basis vector v; of V, A is a one
parameter subgroup A = {a; = exp(tXi,44); t € R}. Set Ag = {a; : t > 0}. Now, using
Flensted-Jensen theory with the quantity §(H) determined in Appendix A.1, see (A.1.1),

e /D b= /G bg)dg = C /A 0 /H 6(ha,)d(H)dhdt

_C’/ /gzﬁ(hat) sinh(t)*~! cosh(t)*~* dh dt,
Ao JH

with C' a positive constant, depending on the normalization of the invariant measures,
see [21, Sec. 2] or [53, Section 2] for further details.
Now ¥°(z) is smooth unless (z,x) > 0. In that case we may assume that x = \/nvy,

for some n > 0. Then for n € AEW‘(Q‘”)(D). We set ¢ =n A U(x) and see
d(hay) = n(hay) AV (a; ' h™ /nvy),

(3.4.4)

wherein

a; 'h™'/nvy = cosh(t)y/nv; — sinh(t)y/nu,.,.

Hence,
(at_lh_l\/ﬁvl)zo = —sinh(¢t)v/nv,,, and (at_lh_l\/ﬁvl)zOL = cosh(t)y/nv;. (3.4.5)

Thus, we have (see Lemma 3.12),

0, —17-1 2i(—1)7" [ 12t 19
U0(a; ' h nvy) = e (2rnsinh®(t)) T (¢, 2rnsinh?(t))
=0

. ZP;EQQZ(R ncosh(t)vl) ® Qq_1(a; B).
o
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3. The singular theta lift in arbitrary signature (p, q)

We conclude that the integrand of (3.4.4), i.e.,
n(ha;) A 90 (a; ' h™'/nv;) sinh(¢)*~ ! cosh(t)* !

is bounded, in fact, vanishes, as ¢ — 0. Further, as n has compact support, the integral
is convergent.

For the local integrability of d°W¥(x) the reasoning is similar, but a bit more tedious.
Again, we may assume that z = y/nvy, with n > 0. Further, note that we only need to
consider highest-degree terms.

Note d°U°(z) = — [7 d“¢°(/sz)%, which can be evaluated similarly to Lemma 3.12.
By (3.3.8), d“¢ consists of two parts. Both involve polynomials of degree 2¢ — 1 which
depend on the positive coordinates of x (note that there is no constant part). If by
(3.4.5), we set x = cosh(t)y/nvy, only the polynomials which depend exclusively on the
first vector can contribute to d°¥°(z). From their highest-degree terms, we get

9~ (2a-1) Cosh(t)Qq_lnq_% st

Also, in (3.3.8) there are linear homogeneous polynomials in the negative coordinates,
Qagag,_ry and @, o From them, again by (3.4.5) we have contributions of

q—1)
—+/s /nsinh(t)

Hence, gathering the contributions of the non-vanishing highest-degree terms, we still
have the integral

/1 s 12 R@20) gs — (27 R(x, 20)) " T'(q, 2w R(z, )
= (2rsinh?(¢)) 9 T(g, 27 sinh?(t)).

Thus, up to sign, for t — 0 the behavior of d*¥(a; 'h~'y/nv,) is dominated by terms of

the form -
(_22)% sinh(¢) cosh(¢)*~" (sinh®(¢)) I (g, 2 sinh®(2)) . (3.4.6)

In particular, it follows that the integrand in
/ / n(hay) A (d°®(a; 'h™"/nvy)) sinh(¢)*9~" cosh(¢)*~ dh dt,
Ao JH
remains bounded as ¢ — 0, and hence the integral converges. [

Proof of the current equation

Proof of Theorem 5.1/. Let n € Az(pfl)q(Fx\ID)), not necessarly closed. First note using
(dd°n) A WO (x) = (dn) A d°U°(x) — d°(dn A ¥°(x)) and Stokes’ theorem

/1“ \D(ddcn) AU (z) = —/ (dn) A dU°(z) 4 lim (dn) A dU°(z),

I, \D =0 Jr\0D-Ue(2))
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3.4. A singular Schwartz form

where U, (¢ > 0) denotes an open neighborhood of the cycle D(z). Next we show that
the limit on the right hand side vanishes. We may again assume x = /nvy, with n > 0
and use the HAK coordinates introduced in the proof of Proposition 3.16 and Appendix
A.1. Then for € > 0, an open neighborhood of D(v,) is defined by

U =D (HxA,), (3.4.7)

with A, = {a; : t > €}. With the analog of the integral formula from (3.4.4) and (A.1.1),
the limit can be written as

Clim n(hac) AW° (a7 h™"v/nvy) sinh(e)*~" cosh(e)” dh

e—0 Fvl\H
for some constant C. Only the highest degree term of W(a; 'h~!y/nv) (see Lemma 3.12)
can contribute. Further, note that, since (a; 'h™'\/nvy)_. = cosh(t)\/nv; by (3.4.5), we
0
have Pifgfq_z (v/ncosh(t)vy) # 0 only for a = = (1,...,1), thus, up to constants, the
highest degree term is given by
(n sinh2(t))_(q_1) I' (¢ —1,2nsinh?(t)) (2y/ncosh(t))*".

Hence, comparing powers of sinh(t) we see that the integrand goes to zero for ¢t = € — 0,
and the limit vanishes as claimed.
Now, since dd“VU(x) = @ (), we have

— d dU0(x) = ddeUO(z) — d AUz
4MfmA () 4MnA () AN>WA ()

:/ nAap?{M(:v)%—lim nAdC\PO(:v),
I, \D =0 Jr\oD-U.(2))

again by applying Stokes’ theorem. Thus it remains to show that
lim nAdU(z) = (—i)q/ 7.
=0 Jr\oD-U.(x)) Z(x)
We have to consider the limit of the same integral as in the proof of second part of
Proposition 3.16:
C' lim n(hac) A d“U°(a_.h~v/nv;) cosh(e)*~* sinh(e)*?~* dh, (3.4.8)
€E— F'Ul\H
with a non-zero constant C', independent of . With (3.4.6) we see that for both parts of
d¥%(z), the integral is bounded as ¢ = ¢ — 0. We have

C hl% n(hac) A (dc\l’o(a_eh_lx/ﬁvl)) cosh(e)? ! sinh(e)?~* dh
€E—> H

—OLMMM,
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3. The singular theta lift in arbitrary signature (p, q)

with a constant C independent of . By Kudla-Millson theory [see 45, Theorem 6.4], we
see that C' = (—i)? for 1 closed, see Theorem 3.1 iii)..

To summarize, we have showed that for all n € Ai(p‘”q(rr\ﬂ)),

/Fz\;dd‘fn) A = [ A ) = (i / o

as claimed. O

3.5. The regularized theta integral

In the following, we set Kk = p+qg—2 and k = —k = —(p + q) + 2. We define a
vector-valued theta function for the Schwartz form v introduced in Section 3.3, following
the general recipe from Section 1.2.1. Hence, we set

O(1,2) = 0O(T,z;¢) = (0(h72’¢)h)heLﬁ/L = Z O(r,h,p)e, (T €H,zeD),
heLt/L
with
O(t,z,0) = Z Y (\/5)\,7', z) (h e L*/L).

AEL+h

(Recall Remark 1.2 concerning the factor of V2 in the exponential.) Explicitly,

O(r,z) = Z Z Py (\/5@&2) Ao )M g, (3.5.1)

heLt/L NeL+h

where Py(z,2) € [P(V)® A‘(]D))]G is the polynomial part of ¢, see (3.3.5).

Following [2, 5, 10], for a weak harmonic Maass form f € H;, , we consider the

regularized theta integral (evaluated using the regularization procedure from Section 1.4)

reg

oz f.0) = [

SL»(Z)H

< F(r), 00, z)>Ldu. (3.5.2)
We call ®(z, f,1) the regularised lift of f.

3.5.1. Singularities and current equation

Let f be a harmonic weak Maass form with holomorphic Fourier coefficients a™t(h,n),
he€ L*/L,n € Q. We define a locally finite cycle D(f) on D by

D(f) := Z Z a’ (h,n)D(n, h)

heL¥/L n€Q<o

and denote by Z(f) the image of D(f) on X.
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3.5. The regularized theta integral

Proposition 3.17. The reqularized lift (z, f, 1) converges to a smooth differential form
on D with singularities along the cycle D(f). In a small neighborhood of w € D, the
singularities are of type

— Z Za+(h,n) Z UO(V2), 7, 2),

heLt/L neQ AEL+h
n<0 (AN)=—
AEwt

i.e., the difference of ®(z, f,1) and this sum extends to a smooth form.

Proof. The argument closely follows [10, Sec. 5]. It suffices to consider the integral up to
smooth functions. Due to the rapid decay of the non-holomorphic part of f, the integral
converges for f~ to a smooth form, and we only need to consider

i GO

Also, since the integral over JFi is smooth, it suffices to consider the integral over v > 1:

t—00

lim / / ; (7, 2, )= 2du do. (3.5.3)

Now, the integration over u picks out the constant term in the Fourier expansion of the
integrand, which in the notation of (3.5.1) is given by

v 0D at(hy (A N)Pu(vV20), 2)et ™),

h AeL+h

For (3.5.3) we therefore obtain

Za*()\,—(k,)\))/ Py (V20), z)et™PeAy=s =1y, (3.5.4)
1

AeLt

For a relatively compact open neighborhood U C D, define the set
Si(U,e) ={re L*;a" (A, —(\,N) #0 and |(A\.,,A\.)] <e forsomezeU}.

By reduction theory, this set is finite, as f* has only finitely many non-vanishing Fourier
coefficients in its principal part.

Using standard arguments, like in [10], one finds that in (3.5.4) the sum of all terms
with A € L* — Sy(U, €) is majorized by a convergent sum, >, ;; exp (—C(A,\),) for
some C' > 0, and hence converges. Further, in (3.5.4), the term with A = 0 is given by
a*(0,0)Py(0,2) [° —%5dv, which falls out after regularization.

Finally, all that remains of (3.5.4) is the following finite sum, which dictates the
singularities in U:

> =) / Py(V20M, 2)et™ReAs) =51 gy
1

0£NES) (Use)
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3. The singular theta lift in arbitrary signature (p, q)

Clearly, the integral has meromorphic continuation to the entire s-plane, and for s = 0 is
equal to —W°(v/2), 7, 2), cf. (3.4.1). Hence, the singularity for z € U is dictated by

= > a (A=A T(V2A T 2).

)\ESf(U,e)
A0
In particular, z is a singular point precisely if R(A,z) = —(A,, A,) = 0 for some A €
S¢(U,e) —{0}. O

The singular theta lift as a current Using the relationship between the singular theta
lift and the singular Schwartz form W, already seen in the proof of Proposition 3.17, we
derive a current equation for ®(f, ). The role of @y in Theorem 3.14 is now played by

Ay(f) 1= dd°®(z, f, ), (3.5.5)
where f € H]:L,.

Theorem 3.18. The singular theta lift ®(z, f,v) and the lifting Ay(f) satisfy the
following current equation on X:

dd[O(f, )] + (=) "0z = [Aw(F)]-

Proof. This follows directly from Theorem 3.14. For x € V', we have

dd*[W°(2)] + (=) 0r(@pp(@) = [Pren ()] (3.5.6)

As usual, denote the Fourier coefficients of f* by a*(\,n) for A € L¥, n € Q. For any
relatively compact open neighbourhood U C D and any e > 0, we consider the set S¢(U, ¢)
from p. 95. Then, from the left hand side of (3.5.6), we get

dde >0 at O =) [PV (ST @t =0 A)dz.
)\ESf(U,G) )\ESf(U,e)
A0 A0

Now, by Proposition 3.17, and after taking the (locally finite) union over neighborhoods
U containing singular points, we get the current associated to (the singular part of)
®(z, f,v) plus the delta current for the cycle Z(f):

dd*[D(f, )] + (=1)"0z(p).-

(Note that, through Stokes’ theorem, the current is determined by the singular part.)
Repeating the same steps on the right hand side of (3.5.6), by using the identity
ddV(z,T,2) = prm(z, T, 2) (see Proposition 3.13), we recover the current

[dd“®(f, )] = [Ay(f)],

as claimed. O
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3.5. The regularized theta integral

3.5.2. Adjointness to the Kudla-Millson lift

We now show an adjointness result analogous to [10, Theorem 6.1, Theorem 6.2]. Denote
by O(T, z, o) the theta function for the Schwartz form gy, from Section 3.3 (see,
[44, 45, 46]). By Theorem 3.3 it is a closed differential (g, q)-form (in z), which has
weight p + ¢ as a modular form (in 7). The Kudla-Millson lift Ay, is now defined for
any rapidly decreasing 2(p — 1)g-form 7 through the assignment

n+— A (n) 3—/ nAO(T, 2, prm).
X

This map factors through the de Rham cohomology with compact supports on X. By
[46, Theorem 2] if n is closed, A(7,n) is a holomorphic modular form.

From Section 1.3 recall the definition of the pairing {-, -}’ between the spaces My, ;-
and Hy ;: For f € Hy | with f* =37, a*(h,n)e(nT)e, and g € My, - with g-expansion
9= pnb(h,n)e(nt)ey, the pairing is given by

19, f}, = (ga’fk(f))sz,L - Z a+(h7 0)b(h,0) = Z Za+<h7 n)b(h, —n).

heL¥/L heLt/L neQ
n<0

The following theorem is analogue of results by Bruinier and Funke in the setting of
orthogonal groups [see 10, Theorem 6.1 — 6.3].

Theorem 3.19. The lift Ay, has the following properties:

1. Let f € H; . Then

(OC 2, 0r0), & (f))g g+ @ (0,0)0x0 (0) = Ay (f)

as differential forms on X. In particular, Ay(f) extends to a smooth closed (q,q)-
form of moderate growth.

2. The Kudla-Millson lift Ay and Ay are adjoint in the sense that
(77’ Aw(f))X = {AKM(U)> f}/
for any f € H, _ and any rapidly decreasing closed 2(p — 1)g-form 1.
We note that, in particular, if f € M;C,L,, we have Ay (f) = a™(0,0)pxn(0).

Corollary 3.20. For any rapidly decreasing closed 2(p — 1)q-form n and any f € Hy p,
we have

(1 A(F))x = / o

Proof of the Theorem. 1. We have

LQ,k@(T, Z, @KM) = @(7', Z, ddcw),
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3. The singular theta lift in arbitrary signature (p, q)

since Lo (0) = dd®)(0), Hence, we have

B reg B
lim / <L2_k®(7', 2, QK M), f> dp = / <L2—k@(77 2, PKM), f> dp
Fi F

t—o00

- [ it

and this quantity defines a smooth form on D — D(f), which extends smoothly to
D. With [10, Lemmas 6.6, 6.7] we get the following identity, valid outside D(f):

(02 o), E6(F )y = /_F O, 2 ddow), T dy + 0 (0, 0)pxcar (0).

Now, the statement follows by showing that

/ <®(7‘, z,dd“y), f> dp = ddc/ <@(7‘, z,), f> djs. (3.5.7)
F F

First, note that

/f (O, 5 ), F) du = lim /f ((6(r. 2 0). F) — a*(0,0)0) dju + Ca*(0,0),

(3.5.8)
with a constant C', coming from the regularization of the constant term. Arguing
along the same lines as in the proof of Proposition 3.17, we see that in the integrand,
the sum over A € L* — S;(U, €) (see p. 95) converges uniformly for any relatively
compact open neighborhood U C D and any € > 0. For the remaining terms, with
A € S¢(U, €) the integrand decays exponentially.

Thus, switching the order of differentiation from the right hand side of (3.5.7) and
the limit from (3.5.8) is justified, which completes the proof.

2. The second statement follows from the first, the proof is exactly like the one of [10,
Theorem 6.3], which we briefly reproduce here. Denote by (-, -) v the natural pairing
between closed forms of complementary degree (where one is rapidly decreasing
and the other of moderate growth). We have

(0, Ap())x = (0, (OC, z,060), & (F)ior) ¢
= ((777 @<'7Z7()0KM))X 7£k(f>>k7L = {AKM(U)a f}

Note only that the order of integration can be switched by absolute convergence.
m

3.6. Comparison of the two Green forms

In this section, we compare the Green forms of Kudla type G (m,w,h), for m € Q,
h € L¥/L and w € R.g, and those of Bruinier type GZ(m, h) (see below). The aim is
to transfer some of the results of Ehlen and Sankaran from [19] to the present setting.
Thus, we obtain a modularity result for the difference of the generating series of the two
Green forms.
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3.6. Comparison of the two Green forms

3.6.1. Green form of Bruinier type

We first introduce the Green form of Bruinier type.
Recall Definition 1.13 for Hejhal Poincaré series of weight k and index (n, h), h € L*/L,
n € Z for T € H, s € C with 0 = Re(s) > 1:

1

(7, 8) = AT (25)

> M (4rln|v)e? ™ e, |- A, (3.6.1)

AET 50\SL2(Z)

where M,(t) = t’gj\/L%’Sf%(t), with the M-Whittaker function M, ,(t).
Set sg =1— g For fixed s = s¢, the Poincaré series F}, (7, so) have principal part ¢g™ey,

and form a basis of H: ;- [see 5, Proposition 1.12]. Note further that by [10, Remark

3.10] the image under the &-operator, & (F, (T, So)) is a holomorphic, cuspidal Poincaré
series of index (—n, h).

We now introduce two Green forms through the regularized pairing (see p. 28) of
the Hejhal Poincaré series with ©(7, z). First, we define the Bruinier type Green form
GB(n, h) by setting

GP(n,h)(2) == (Fun(7,50),0(-, )7, (3.6.2)

i.e., the regularized theta lift of the weak Maass form F, ;(7,s¢). By Theorem 3.18
GB(n, h) is thus a Green current for the cycle Z(n, h).

3.6.2. The Kudla type Green form as a theta lift

Following [19, Section 2.4], we introduce truncated Poincaré series P, ,, , with n € Z,
w € Rog and h € L*/L, of weight k =2 — (p+ q):

1
P =5 S [oulr)g o] leo-A.

A€T 50 \SLa(Z)

where 0,(7) = {

1 if v>w
0 if v<w.

Further, if n ¢ %(h, h) + Z we set P, .5 = 0.

Proposition 3.21. The reqularized pairing (P, (-, 2))} 2 exists. On D\ D(n,h), it
satisfies the identity

(P, O+, 2))2 = —Z8(n,w, h) — 31.00n,0(0) log(w).

The Kudla type Green form =5 (n,w, h) can thus be expressed as a reqularized theta lifting.
This also affords an (albeit discontinuous) extension of =X (n,w, h) to all D.
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3. The singular theta lift in arbitrary signature (p, q)

Proof. Assume that z ¢ D(n, h). We evaluate the regularized pairing by unfolding using
the modularity of © and see

(Prw,n, O+ 2));2 = CT lim 5 g "p(V2u\ v dp
s=0 t—oo
]:t_fw é\ef/)th

:9:10“/:0 D (V20 2 dw.

A\EL+h
(AA)=n

Now, for n # 0 this extends smoothly to the entire s-plane and for s = 0, we obtain
— Z TO(V2uM, 2) = —E5(n,w, h).
AeL+h

(AA)=n

Similarly, for n = 0 we obtain —Z%(n,w, h) from the sum over A # 0. The term for

A = 0 contributes

(0) EZJ(; tlgilo/w v v = —1(0) SC:TO tlggoi (t° —w™®) = —1(0) log(w). O

3.6.3. The difference of the two Green forms as a modular form

Now, with the results of [19], we can show that the difference of G¥(n,v) and GZ(n) is,
essentially a modular form.

Lemma 3.22. The difference
(Pn,w,h7 @<7 Z))ze—g - (Fn,hv 6(7 Z))Zeg
extends to a smooth differential (¢ — 1,q — 1)-form on D.

Proof. Since the principal part of F,, is given by ¢~ "¢, this is immediate from Proposi-
tion 3.17 and Proposition 3.21. O

We now assume p + ¢ > 2. Using [19, Theorem 1.1], we show the following:

Theorem 3.23. Assume p+q > 2, and fix z € D. The generating series

F(r,2) = —log(v)¥(0)eg — > (EX(n,0) = G (n)) (2) ¢"
neQ

is an element of AL, ;. Furthermore, F satisfies Ly, q(F)(7,2) = —O(7,2) and is

orthogonal to cusp forms.

100



3.7. Poincaré series

Proof. We observe that ©(7, z;1), as a function on H is contained in the space A?;,idq,g), s

see Definition 1.11. Clearly by Proposition 3.21 the generating series above can be written
as

YD Puvh = FunsOn(52) 1 e

n€EQhelt/L

Since k is an integer and satisfies kK = p+¢—2 > 0, by [19, Theorem 1.1], this generating
series, as a function on H, is the g-expansion of a modular form F' in A; +q.1» Which satisfies
L, ,(F) = —0, has trivial principal part and trivial cuspidal holomorphic projection, i.e.

for every cusp form G in S 1, the (regularized) Petersson product (F, G)"* vanishes. [

Remark 3.24. We note that Theorem 3.23 also gives a different approach to the duality
statement Theorem 3.19. Namely, consider dd“F(7) and take the Petersson inner product
with the holomorphic Poincare series & (F,, (T, so)) of index (—n, h). This vanishes and
computing the inner product explicitly (using the formulas for holomorphic projection)
one obtains Theorem 3.19. We leave the details to the reader.

We thank Stephan Ehlen for this comment.

Remark 3.25. As Stephan Ehlen also pointed out, it should be possible to show that
the generating series from Theorem 3.23 also satisfies a current equation.

3.7. Poincaré series

In this section we introduce and study the form GZ(n,h) depending on a complex
parameter s and identify it with the Green form constructed by Oda-Tsuzuki [53].
Namely, for s € C with Re(s) = ¢ > 1, we define

GE(n,n)(2) := lim [ (Fo,u(1,s),0(r,2)), du

t—o00 Fi

Similar to Section 2.2 in [5] it can be seen that the (regularized) integral converges for o
sufficiently large and can be analytically continued to the region o > 1 with s # s,.

Remark 3.26. We can also define GZ(n, h)(z) for s = sq as the constant term of the
Laurent expansion of GZ(n,h)(z) at s = so. We note that GZ(n, h), see (3.6.2) and
Qf) (n, h) are not quite identical; due to the different regularization procedures, they differ
by a smooth term. See [5, Proposition 2.11] for further details in the orthogonal case.

To ease the comparison with the work of Oda-Tsuzuki, we use the identification of

differential forms on D with K-invariant functions on G with values in /\ p*. In our

. . . . . . . q_lvq_l
situation, this means to consider GZ(n, h) as a function on G with values in /\ *

by first setting v (x, g) := ¥ (g 'x, z) for g € G and then defining

gsB(n> h)(g) = lim <Fn,h(7—7 S)a G(Ta g)>L dj.

t—o00 Fi

It is then clear that GZ(n, h) is holomorphic in s in the convergent range.
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3. The singular theta lift in arbitrary signature (p, q)

3.7.1. An eigenvalue equation

Now, we show that the Green form GP(m, h) satisfies an eigenvalue equation under the
action of the Casimir element for U(p, ¢) as the one in [53], Theorem 18 (iii) (with a
different normalization of the holomorphic parameter s). The overall strategy follows of
[5, Chapter 4.1] using results of Shintani [55] and additionally Hufler [39]. We denote
by Csr,, Cu(p,q and Cozp2g) the respective Casimir elements of SLy(R), U(p, q) and
O(2p, 2q) in the universal enveloping algebra.

Let ¢ = ¢(x,T,20) be a Schwartz form and x the weight of ¢(7) under the Weil
representation. As ¢ satisfies condition (1.19) of [55] with m = 2k, by [55, Lemma 1.4]

we have o2 52 5
w(gr)Csr, ¢(z) =4 [02 (% + %> — /ﬂ'?)%} w(gr)P(x)

— 4 [A,@ — maﬁ] w(gr)o(x),

(%

Vv uﬁfll
o

4A0:0(x,7) = Kk = 2)6(,7) — v 2w(g;)Csr, B(2).

wherein ¢, = ( ) By a brief calculation we thus have

Now, by [55, Lemma 1.5] we have with m = dim¢(V) =p+¢

Csr, #(z) = [Copaq +m(m — 2)] ¢(x).

We note that the operation of SLy(R) by the Weil representation commutes with Co2p,2q)-
Hence, we get

ADo(w,7) = [k(K = 2) = m(m = 2)] ¢(x,7) = Coap.2g) ¢(, 7).

Now, by a result of Hufler [see 39, Satz 6.10], who carries out the analogous computations
for the Schwartz form g,

Cu(pg) ¢(2) = Copag@(r) — 2 (% (Z ZJ%)> o(x). (3.7.1)

Now set ¢ = 1. The second term on the right hand side of (3.7.1) vanishes for ¢ and
with k =p+q¢—2=m — 2, we get

AN = —4k) — Cy(pg) -
The following Lemma is an immediate consequence.

Lemma 3.27. The theta function ©(T, z), considered as a function on H, satisfies the
following differential equation:

AN,O(T, z0) = [—4/—1 — CU(p,q)} O(T, 2p).
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Noting that the Poincaré series F,, j is an eigenfunction of A with eigenvalue %2 +
5 +5(1—s) [see 5, p. 29], we have the following analogue of [5, Lemma 4.4], the proof of
which is quite similar:

Lemma 3.28. For the reqularized pairing of ©(7, z) and the Maass Poincaré series F,, p,
of weight —k, we have

(B DO 2)) 2 = (A eFop, O0, ) = 1 (Fup, ©(,2)))
= (5 =5+ 50— 9) (Fun O, 2.

By combining the two Lemmas we get

Theorem 3.29. Recall kK = p+ q— 2. The Green form GB(n,h) is an eigenfunction of
the Casimir operator Cyp,q), with

Cutpay G2 (n. 1) = (25 = 1)° = (k4 1)?) G2 (n, h). (3.72)

Proof. Due to locally uniform convergence of the regularized lift and all partial derivatives,
we have

CU(PQ) (£ h( ,5), O, ))Teg = (F n(+8), Cqu o(, Z));e;q
= =4 (Fapn(8), (AO) (-, 2))17 — 4k (Fon(-,8), O, 2))17

by Lemma 3.27. The statement then follows by Lemma 3.28. O]

3.7.2. Unfolding against the Poincaré series

In this section, we calculate G(n, h)(zp) by unfolding the theta integral against the
Poincaré series Fy, 5 (7, s). To facilitate notation we write

Py ()\) == 22(q1 ZPQB% ) @ Qq1(a; B) (3.7.3)

for the homogeneous component of degree 2¢ of the polynomial part Py () of the Schwartz
form 1.

Theorem 3.30. We have

k
27|n|)" 2
B 1 _ (@rfn)"2
G h) = =rag
q—1 . F(S—%—f—ﬁ) N i |n|
X Z ZP%(A 57%+Z2F1 5—§+£,8+§;2S;()\—)\l)
ML (2r0gy) 0

Here oI denotes the standard Gaussian hypergeometric function.
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3. The singular theta lift in arbitrary signature (p, q)

Proof. From the definition of F,,, (3.6.1), and using the unitarity of p;, and the transfor-
mation property of ©(7) we have

G; (n, h)
1 reg ' | )
T AT(2s) / (> MArln|S(A7))e>™™ U (A7) ey, pL(A)O(r, 20)) 1 dp
P A€l \SLa(2)
1 wm e T
AT (2s) / . M (47[n|S(AT))e " RAg, (AT, 20) dp.
F AGFOO\SLQ

Now, arguing exactly as in [5, p.55f], the unfolding (justified by absolute convergence for
o >1+£+1)is allowed, and we obtain

1
M (47 |n|v)e*™ ™ 0, (1, 20)v ™2 du dv.

v=0 J u=0

2
G (nh) = fri3s

Inserting the Fourier expansion of 6,(7, z) and integrating over u one sees

,E B

4 2 o

7T|n| / Z M ks 47r|n| ) 47T()\zo7)\zD)U*27T()\,)\)’U/U—%_1 Z veP;”Z(\@/\)
U /=0

2I7(2s)

0 Aeh+L
(>\>\
47r|n\ pY p- 51 270 (AA
= Tor(2s) ZE: 25321P2z . Mg o (drlnfo)e Y du,
()/\\ih—i-L {=0

The integrals are Laplace transforms, which can be evaluated as usual [see 20, p. 215].
We get for each integral
)
z zOL)

(47|n|)® n|
(At A

(e r))

and the result follows. O

k k kE.9e.
%J%3—§+@2ﬂ(3—5+&5+52&

We denote the individual summands for GZ(n, h) in Theorem 3.30 by ¢,()), that is,

¢s(A) =

_k 1 k
(2rn))* 2 < [(s—34+0) K k.oe. __Inl
ar(2s) 2P cr P be gty )
=0 (27]'()\2 7)\2 )) “0 20

Proposition 3.31. Assume m > 0. Let H be the stabilizer of X\ in G. Then
(1)
- (g=1),(g—1)
o0 e (- mrym N )

104



3.7. Poincaré series

(ii) ¢s(A) is holomorphic in s.

(iii) Let A = v/nvy and consider g = a; = exp(tX1p1q) as in the proof of Proposition 3.10.
Then there exists a non-zero constant C' such that

lim tz(q_1)¢s()‘a at) = CVQq—l (la l)

t—0

(iv) With the hypothesis as in () we have
bs(\, ay) = O(e CRel)rtan)

ast — oo.

Proof. (i) and (ii) are clear. Now assume A = y/nv; and take g = a; = exp(tXipiq)-

Then a; 1>‘Z& = cosh(t)y/nvy, and we calculate
1 &
Os(h 1) = 355 D Py
=0
I(s—%+10) 1
F (s—k+€,s+k;2$;—)
(27n)" (cosh ¢)2F 2 o 2 2 cosh? t
R I'(s—%+0) 1
= P, (v 2 F(s—5+€,s+@;28;—>
QF(QS) —o 26( 1) (27T)£ (COSh t)25_k 21 2 2 COSh2t
R I'(s—%+0) [sinht\ % 1
- P! 2 F(s+5—ts— 525 — ).
2I'(2s) <= 26(2}1)(27?)( (cosh )" (COSht> SEACRE IR T cosh? t

Here we used o F(a,b; ¢, 2) = (1—2)"*% F(c—a,b—a;c,z). Then (iii) follows from the
second line of the previous equation, while (iv) from the third line, properties of PY,(v;)
and oFy(s+% — (¢ —1),s — 5,25;1) =T(2s)['(¢ — 1)/T(s — £ + ¢ — DI'(s + &). O

Oda and Tsuzuki in [53], Theorem 18, show that the properties (i)-(iv) in Theorem 3.31
together with the Casimir equation uniquely determine the function. Using Theorem 3.29
we conclude

Corollary 3.32. The Green forms GB(n, h) agree (up to a constant) with the (global)
Green forms constructed by Oda and Tsuzuki in [53].

Remark 3.33. Similarly one can evaluate the regularized pairing of ©(7, z) with the
non-holomorphic Eisenstein series

Eh(T,S) = Z vseh |I<:,L— A,
A€l s \SL2(Z)
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3. The singular theta lift in arbitrary signature (p, q)

corresponding to GZ(0, h). After unfolding, and integration one has

q—1
re F(S + 6) s
(Eh('vs)a@('a'Z))L—g z2=z0 2 (27T)s+£ Z (AZOa)\ZQ) ZPIQZ}g()\)
=0 AeL+h
(AN)=0

This expression can be written in terms of Eisenstein series for the discriminant kernel
'y in G =U(V). After setting

Cha(s Z Nr/g(a)™?, P(L) = {\ € L*; X primitive, (\, \) = 0}.

ae(’)><
a)\EL+h

where, as usual, F is the underlying imaginary quadratic field, one obtains

-1

Z O iS;;TEL_Z Z Ch)\ ) Z (/\7207)‘)_8_6'

=0 Xel'\P(L vel'L A\I'L

Here, I';, » denotes the stabilizer of A in I'y.
The properties of these Eisenstein series should be of interest for future investigation.
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4. The Fourier-Jacobi expansion of the
singular theta lift

Our intent in the present chapter is to evaluate the singular theta lift ®(z, f, ) with f
a weak harmonic Maass form from H;: ;- and to explicitly determine its Fourier-Jacobi
expansion. For this purpose, we adapt a method introduced by Kudla in [40]. We will
explain this procedure in Section 4.2, and evaluate the actual unfolding integrals in
Section 4.5. From this, we recover an explicit form of the Fourier-Jacobi expansion in
Section 4.4. For our approach it is advantageous to use the mixed model of the Weil
representation, thus, as a first step we will translate the Schwartz form v into the mixed
model in Section 4.1, using the intertwining operators from Appendix A.2.1.

Some problems remain open for future work. For example, it should be interesting
to study the behavior of the lift on the boundary of I in terms of the Fourier-Jacobi
expansion. In particular, this seems quite feasible in signature (1,q) where the com-
pactification theory is essentially the same (via complementary spaces) as that for (p, 1)
described in Section 2.1.2. Also, we should mention that for p,q > 1 we determine the
Fourier-Jacobi expansion only up to a constant (see Remark 4.7). To explicitly calculate
this final contribution is thus also left open for the time being.

4.1. Passage to the mixed model

As usual, let (p, q) be the signature of the complex hermitian space V. In the following,
to emphasize the dependence on the signature we will denote Schwartz functions ¢ in
[S(V) @ A*(D]® by ¢,,. Recall that evaluation at the base point 2y € D yields an
isomorphism

SV)eA D]~ [sv)e N @]~

Further, recall the definition of the Schwartz form ¢ = 1, , contained in [S(V) ®
A4 (D)) from Section 3.3,

with D, and D; as defined in Section 3.2, and finally, recall that v, , has weight r = p+q—2
under the operation of SLy(R) ~ U(1,1).
We now use the notation from appendix A.2.1. Thus, let ¢ and ¢ be two isotropic

vectors, defined as ¢ = \%(vl +v,) and ¢ = \%(vl —Uy,). The complement V N -0+ s
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4. The Fourier-Jacobi expansion of the singular theta lift

denoted by W, and for x € V, we write © = («, zo, ) = ol +x¢ + 50, with zg € W. The
real and imaginary parts of the coordinates are denoted by subscripts, e.g. a = a1 + iqs.
Now, as in Section A.2.1, passage to the mixed model is obtained by a partial Fourier
transform in «, the coordinate attached to . We denote the new (-coordinate by S’
The partial Fourier-transform of 1, 4, evaluated at the base-point is given as follows
(with the partial Fourier-transform of ¢f? from (A.2.1)):

Proposition 4.1. For a multi-index v denote by n., the multiplicity of 1 in v and denote
by v the multi-index obtained from v by removing all occurrences of 1.
The partial Fourier transform of 1, , is given by

@(ﬁg Zo, ﬁ) =

i(—1)e1 4 ny+tng 3 .
2152((11)1) 2 ( j/?) (B =)™ (B' = iB)" Py 5(w0.+) 80" ® Qg-1(1:9)-

Here, P ; 5(zo4) denotes the polynomial in the positive components of xg, i.e. za, ... zp,

obtamed by applying D+Dj to po. Its degree is 2q — 2 —n., — ns. Further, @5 is given by
@8,(1 = exp (—7‘( <!ﬁ/ _ 15‘2 + 2% (5/6) + Qi(:z:o,mo)z())> .
In particular, for (p,q) € {(p,1),(q,1)}. we have
o1 =208 @1 and (4.1.1)
2T gy (F — i) g Q,1 (11 4.1.2
wlq 2300 1) (8" —1iB) (5 —25) 00! ® Q1 (1;1). (4.1.2)
Proof. Follows immediately from Lemma 4.2. m

Lemma 4.2. Denote by ¢, i, the Schwartz function given by Dlel wo. Then, the
partial Fourier transform of ¢, r, with respect to a is given by

R / —iﬁ k1+k2 . bt pia
%hwﬁmﬁ(\@) (8 —i8)" (3 —iB)" gpe.

Proof. If ky = ks, pr(z) takes the form

(%)k 28k Ly (27|21 *) o (2) = (;)k 2"k! Ly, (27| + B1%) o (),

and the statement follows from Lemma B.4 and the conclusions immediately following
that Lemma, see p. 145. Indeed,

™

(8, B, w0) = (%)k ((6{ — B+ (B — iBs) ) 5
=C§Ywuwfw—w>W?
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4.1. Passage to the mixed model

For the general case, we can assume k; > ko. Further, it suffices to consider @41, as
the rest follows through symmetry and by induction. Set x; = o; + 3, i = 1,2. By
Remark 3.6 we have

1 — 1 _
(2m)" 2 DM DYy = (2m)F 2Dy (DD o) =

i (I;) [HQ(k—l)-H(\/%ZEl)Hﬂ(\/%IQ) - @'H2(k—l)(mx1)ﬂ2’“(m$2)] oo

Thus, with Lemma B.3, and arguing as before, the Fourier transform of ¢y, with
respect to « is given by

o 2k+1_*
%Z (k> (87 = iBy)2EDH (B — i)™ — i(B] — iB1)*F (B — iBa)* ] @b
0

2\
= i/ () (8~ i) — 05— i8) (85— 1B + (85— i82)%) @b

. , = VKL L
= VA=) = iB) (- iB)" b
This proves the Lemma. ]

4.1.1. Intertwining for G’ and G.

Up to here, through Proposition 4.1 one has v, , in the mixed model only at the base-
point zy of D, and with 7 fixed at the base point i of the complex upper-half plane H.
Moving away from the respective base points is accomplished by applying the intertwining
operators for G’ = SLy(R) from Lemma A.1 and for G from Lemma A.2.

Intertwining for G'. First the operation of G’. With the notation from Proposition 4.1,
let P 5, denote the homogeneous component of weight ¢ of the polynomial P ;:

2q—2—n~—ns

Pﬁ,S(IO,H = Z P:Y,S;g(x(),-&—)- (4.1.3)
=0

—1
Using Lemma A.1, which gives the intertwining for the operation of g, = <‘f “\/\/5,1 >,

we get 1, ,(x, 7) in the mixed model, given by @(m, T) = F(w(g:)pq(2)) (B, B).
Proposition 4.3. In the mized model the Schwartz form 1, ,(x,T) takes the following

form:
—— 2i(—1)7! L\nytng s e
Upqa((n,20),7) = a1 Z (—im2)" " (20) 2 (B +78)" (B +7B)
y={115Yg—1}
5={61,...09-1}

2q—2—n~—ns

¢ —
> vrPs(os) 9" @ Qe (7;9),
=0
(4.1.4)
with the polynomials P 5., from (4.1.3).
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4. The Fourier-Jacobi expansion of the singular theta lift

Proof. The Proposition follows directly from Lemma A.1 with (A.2.1). Recall only that
Yp.q has weight r = p +q — 2. O]

A special case of the proposition, when the signature of V' is (1, ¢), is the following:

Corollary 4.4. In the mized model, {1 ,(x,T) is given by

— 2ia—1 ko k__
Dral(m,20),7) = Smyv ™ (18,8195, [1,1]) (15: 990 [1,7]) @ © Q41 (Li1)
. q—l 3 _ 3
- 52?;_1) o ) (B TE) T @ Qe (L),

Note that for the special case of signature (p, 1), the Schwartz form ¢ (x, 7) is given by
the GauBian 2i¢!" (z, 7) and hence, by (A.2.1) the partial Fourier transform at the base
point is given by

—_— . 7T _ —
Do ((n,20),7) = 2iexp (== (18 + |78 + 2uRe (#'5) ) +2n7 (w0, 70) )
= 2iexp <—% (\5’ +78)* + 2vRe (ﬁ’B)) + 277 (20, :L’o)> .
Intertwining for G Now, the intertwining operators for the operation of GG, with the

Levi decomposition G = NAM are given by Lemma A.2 (see p. 138). From Proposition
4.3, we thus get

Proposition 4.5. Let g = m(w,0) o m(0,7) o a(t). Then, @(gzo) is given by

/\ 29(—1 g—1 1\ nedn _nytng ny+n
Up.q((1,%0), T)(g20) = % Z (—im2) v (20) 2 t*t ’

We note that the intertwining operation for the action of uy € M ~ SU(p —1,q — 1) is
the identity.

4.1.2. Fourier expansion of a weak harmonic Maass form in the
mixed model

Let f € H; ;- be a weak harmonic Maass with weight k = 2 — (p + ¢) under the discrete

Weil representation of pr—. Let a™(h,n) and a~(h,n) denote the Fourier coefficients of
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4.2. Evaluating the singular theta lift, Kudla’s approach

its holomorphic part and non-holomorphic part, respectively. The Fourier expansion of f
in the mixed model can be described as follows, see [40, p. 23]:

f(T) = Z d+(n)qn + d_(())vl—k + Z d—(n)r (1 _ ]{?,47T|7”L|?J) p2minu
n>—00 nPo oo

where for the Fourier coefficients we have set

at(n):= Y a*(\na= > a*(An)e(-X-B)en

A=Al A + A 8 A=Al AWw A L
\eLt/L AeLt/L

4.2. Evaluating the singular theta lift based on Kudla’s
approach

To evaluate the regularized theta integral and to calculate the Fourier-Jacobi expansion
of ®(z, f,4) from Chapter 3.5 we employ a method recently introduced by Kudla in [40].
The key observation is that, due to invariance under the action' of I' = SLy(Z), the theta
function can be decomposed along I'-orbits of n = [, ']

O(r.zithpg) = > Y. F(w(grthya) Ypa(X2)) e

heLi/L AeL+h
A=(a,0,8)

- Z Z @ <\/§(77;I0),T, Z) en

heLl¥/L (nxo)EL+h
772[5”3/}790061/‘/

:Z Z 677](7—’2)7

n/~ yery\I'
with

O(T2) = Y Y @(ﬂ(ng,xo),fﬂ)eh

helt/L zo€W
(7771'0)€L+h

Here, I, denotes the stabilizer of n in I', and 7/ ~ denotes the orbit of  under the action
of I'. A set of orbit representatives is given by the following lemma.

Lemma 4.6. ([see 40, p. 20]) The orbits of matrices in My(Q) under the operation
of SLo(Z) with their respective sets of representatives and stabilizers in SLo(Z) are the
following:

1. The zero orbit, stabilized by the whole of SLy(Z).

"'While I would be more in keeping with our convention that G’ = SLy(R), in this chapter, to lighten
notation, we denote the elliptic modular group by I'.
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4. The Fourier-Jacobi expansion of the singular theta lift

2. The orbits of rank 1 matrices. A set of representatives is given by

(8 Z) witha >0 o0ora=0 and b > 0.

They are stabilized by SLa(Z)s = {({7); n € Z}.

3. The orbits of rank 2 matrices. A set of representatives is given by all matrices of
the form

(8 2) witha,a € Q*,a >0 and beQ mod aZ. (4.2.1)

The stabilizer of any such orbit is trivial.

Consequently, the hermitian product in the integrand of the regularized integral

[, (10.8G),

decomposes along [-orbits, which can be sorted according to the rank of their represen-

tatives,
<fv@>L:Z Z Z <f(’77')797n(7'72)>L

Since each term is [-invariant, the regularized integral can be decomposed similarly.
Thus, we write

Oz f,0) =D @ilz [,0),  with

z, [,1) /F\H Z Z <f v7), 0, (T, z)> v 2du dv.

n=[8,8' ]/N yETH\T

rank(n)=t

Moreover, due to rapid decay of the integrand, the integrals can be evaluated for each
term separately, with fixed n, and summed up later, as

iz fo) = Y > > (aT(m)i(n,m)T +a (m)gi(n,m)T) (6= 0,1,2),

n=[B,8']/~ yETH\I' n>>—00
rank(n)=t

with a* the mixed model Fourier coefficients introduced in Section 4.1.2, and with

reg 4
bi(n,m)* = / TG, (7, 2) dyu()

n\H

bi(nm)” = / O kAT 0,7, 2) () (n #0)
:eg

6i(0,m) = / 0, (r, 20" dy(r).
T, \H
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4.3. The lift at the base point

While for ¢ = 0, the domain of integration is the usual fundamental domain I"'\H, for
i =1, it is given by ', \H. Finally, for i = 2, integration ranges over the whole upper
half plane.

An advantage of this approach is that the Fourier-Jacobi expansion of the theta lift is
more easily calculated this way. In fact, the constant term of the Fourier expansion is
obtained from the rank 1 terms of the lift and the zero-orbit, while the remaining terms
can be read off from the terms for non-singular 7, see Section 4.4 below.

To facilitate calculation across different signatures, we will first evaluate the integrals
at the base point z = 2y € D and apply intertwining operators for the operation of G to
the individual terms ¢;(n,n)* after integration. These unfolding integrals are evaluated
in Section 4.5.

Recall the NAM decomposition of G from Sections 2.1.1 and A.2.1 (see p. 138).
Assume that for every z in D a continuous choice of n(w,r) € N, a(t) € A and p € M
has been fixed such that z = (n(w,r)a(t)u)(20). We will use w,r.a and u as coordinates
to describe the Fourier-Jacobi expansion, see Theorem 4.14. Since the Fourier-Jacobi
expansion is closely linked to the operation of the Heisenberg group N, this appears as a
natural choice for our purpose.

Remark 4.7. As mentioned in the introduction to this chapter, we should point out that
we will not evaluate the rank 0 term ®g(z, f, 1), in general, at least not if p,q > 1. This
term is given by a convolution integral of the harmonic Maass form f with an indefinite
theta series for the lattice LN W. Of course, if ¢ = 1, there is no contribution of the rank
0 term, so &y = 0. While if p = 1, the theta series is definite, and this kind of integral, at
least for f € M'k -, has already been treated by Borcherds [see 2, Sec. 9]. Hence, in this
special case, the value of ®y(zo, f) can be deduced from Borcherds’ results, see cite [40].

4.3. The lift at the base point

In this section, we state our first main result, an explicit expression for the singular theta
lift of a weak harmonic Maass form f evaluated at the base point. Our Theorem 4.9
covers the general case of signature (p, q) with p,q > 1 and p + ¢ > 2. The calculations
for this are carried out in Section 4.5. Two special cases, where either ¢ =1 or p =1 are
treated in Examples 4.11 and 4.12.

Recall the kernel function from Proposition 4.3. We have

— 2i(— g-1 n~+ns , — N\N§ [ DI — 2\
a2l o), m) = 2T S (i) @ R (B4 76)
1:{717"'7’7(]*1}
0={d1,...,0q-1}

2q—n~y—ns—2
(=n~y—ng) 27T _ —
Z 2§U Syonel P%S;K(xo7+) exp <_7 <’5/ _|_7—5’2 + 20 (5/5)>>
/=0
: e(%(:zc07,, o) + 7(Z0,4, $0,+)) ® qul(% 0),
(4.3.1)
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4. The Fourier-Jacobi expansion of the singular theta lift

where n, and ns denote the number of 1’s occurring in the respective multi-index, and
7 and 4 denote the remaining multi-indices after striking out all occurences of 1. The
ranks of 4 and 5 are q—1—n,and ¢ — 1 — ng, respectively.

First, we introduce some notation which will be used in this and the following sections:

Notation 4.8. If n = [, f'] is non-singular, define A,, A,, A,, B, and C, by setting

A, (n,x0) :=n+ 281> + (z0, ), A n(n,m0) == n — 2|81% + (0, o)
Ay (n, o) = % (n+ (20, 20))” + 2IB|" + 2|B] (x0, 20)., + 2|6/, (4.3.2)

1
= §A77(n7 370)2 - 4(1’07,, 370,7)

and

Re(5'5)
5P

When n or z are fixed, we will drop either (or both) and just write, e.g. A, if both
and n are fixed. We note that both B, and A, are non-negative real numbers, and if
B # 0 they are both positive.

Further, generalizing [5, (3.25)], we introduce the following special function

B, =2 (|18 ~ Re (8'8)") =23 (#/8)" and C, := (4.3.3)

V(A B,c) = / (N —1,cv)v e 2B dy (N >2,Re(A + ¢),Re(B) > 0)
0

—1

A+ T
:2( —2 'Zr— ( B ) KT+1—H (2 (A"—C)B) y
r=0
(4.3.4)

see Lemma B.1 concerning the evaluation of the integral. Also note that for N = p+ g
onehas N—1=1—kand N —2=—k = k.

Now, with the notation from Section 4.2, consider the terms ¢;(n,n)*, i = 1, 2. Since
the differential form part €,_1(v, ) of the Schwartz form v, , depends on the multi-indices

v 0eq{l,. .. ,p}7!, each term ¢;(n, )= can be decomposed as
+ 2Z( ¥,0 5 Q 5
®i(n,m) _WZ¢ (n,m)* ®Qq1 (7.90) -

Hence, for f € H, _ the regularized integral ®(z, f, 1) can be written in the form

k,L—

(I)(Z()? f7 w) = @12(207 f w) + (I)O(Z(b f7 W
Z i(z0, [T, 0) + @i(20, [, ) + Polzo, f,7)
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4.3. The lift at the base point

with

oo ) = DTS (Y Y Y @ me ) © 9 (2.0).

18 n=[B,8']/~ vETH\I n>—00
rank(n)=1

The individual terms ¢, (n n)* (i = 1,2) are calculated in Section 4.5. The Lemmas
there are the basis for the proof the main result of this section, Theorem 4.9.

We fix some more notation. Given n,,n; as defined above, with 0 < n,,ns <q—1,
and 0 < M < n, + ns, set

M1 QU2 QIMs—p1 QIM~y—2 Ty
Rn(g,n»y(n’ Z B 6 5 B (Nl) (:uz).

0<u1<ng
0<p2<ny
p1tpe=M

Now, we can state the Theorem.

Theorem 4.9. For a weak harmonic Maass form f € Hk - with Fourier coefficients
a*(h,n) (h € L*/L,n € Q,—oo < n) the reqularized theta integral ®15(2o, f, 1) is given
by

@12(207 fa w> 2222 (g—1) Z {Z Z

=1 n=[B,8']/~
rank(n)=t

XS (@ o+ e ) ) @ s (),

YELH\I" n>—00

where for fited m and n the contributions to the inner sum are the following:

1. The non-singular terms ¢y (n )t (z) and ¢y° (n 1)~ (z0) are given by the sum

2q—2-ny—ns ot
S0 S Rt
=0
QU=
2 LZ b (s gy (M =27 ML (435
7l h+3y h JHM = 2j)!

=0 h=0

at(n;n) exp(—QWiCn (o, o) + n))

The factor a;f(n;n) in the inner sum, with index v ="h+j+ 3({ —n, —ns — 1)
takes the form

v

o (n:m) (%)_QK (E (A,B,) ) (4.3.6)

n

(ST
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4. The Fourier-Jacobi expansion of the singular theta lift

for qﬁ%’é(n, n)*(z0), while while for gb%’é(n, n)~(z0) if n # 0, it is given by

_ A B
a, (11;1m) = 5Vorg1 v <7T (ﬁ - 2n> , ;7,47T]n]) : (4.3.7)

I8

Finally for n = 0, the non-holomorphic part $7%(0,n)~ takes the same form as
$22(0,1) but with a shifted index, as v is replaced by v — k + 1.

2. The terms gzﬁ%’é(n, 1) " (20) and qﬁ%’é(n, 1)~ (z0) consist of a sum

2qg—2—n~—ns

. Ny TN ny Q/n £
(—iv/m)" g " 22 P (w4 )bE (i m),

=0

wherein the factor b(n;n) with index v =1 (€ — n, —ns) — 1 is given by
by (1) = 218" (2l(zo,— 20 )1)"* K, (292718 (wo, 30,1
for the holomorphic term and by
b (17:17) = Vpsaa (27(w0, w0 ), 7|8, 4] )

for the non holomorphic term if n # 0.

For n = 0, the contribution for the non-holomorphic part is the same as for the
holomorphic part, but with index shifted by —k+1, i.e. with b,,(n;0) = b,_, _,(n;0).

Proof. Follows directly from the calculations in Section 4.5. The results for the non-
singular terms can be found in Lemmas 4.22 and 4.23, for the results on rank 1 terms
see Lemmas 4.24 and 4.25. O

Remark 4.10. In Theorem 4.9, whenever the index v is a half-integer, i.e. v = %
(mod 1), the Bessel functions can be expressed through Bessel polynomials.

For example, for the non-singular terms, if 3 (€ — n, —ns —1) = 1 (mod 1), the Bessel
function in (4.3.6) can be replaced by an expression of the form

1 _1 -1 2m
5181 (4,B,) 7 By ((zm/AnB,,) >exp <_W (A,B,)
with v/ = |v| — % Likewise, in this case, the Bessel functions occuring in the expansion
of Vyiq1—v in (4.3.7) can be replaced by a similar expression, with v/ = |[v 4 r| — 1 and
A, replaced by A, + 4|n||8]* — 2n|8[>.
For the rank 1 terms, if 1 (¢ —n, —ns) = 3 (mod 1), the Bessel functions in the

[N

) : (4.3.8)

holomorphic term qﬁ%’é(n, n)* can be replaced by expressions of the form
1, -1 _1 , 1\ 1
S1817E (2o m0)) " b ( (2V2r18 (@00 )2) )

with / = |v| — 5. Similarly for the Bessel function in the expansion of V,,41-, of the
non-holomorphic terms, but with v/ = |[v +r| — £ and 2(xo, zo) shifted by 4|n|.
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4.3. The lift at the base point

Example 4.11. The lift for signature (p, 1) presents an interesting example. Recall that
in this signature the Schwartz form is given by
2m
v

Up1 (V2(n, ), 7) = 2iexp ( [Iﬁ’ + 78 + 208 (B’B)D e2riT(@0,70) @ 1

so the polynomials and the differential form are trivial. It is thus not surprising that,
that the expressions from Theorem 4.9 simplify considerably.

For the non-singular terms, the contribution to the lift of of f € Hf_p ;- due to the
holomorphic part f* is given by (for fixed n and n)

1
A\ 1 9 .
¢2(n77])+<2‘0) = \/5 (B—n> K_% (# (Aan)é) e—?ﬂ'zC,,((xo,xo)—l-n)
1
V2 _1 2m I\ e e
= 5 1BIBy "2 exp <—| |2! 0l (%Bn)z) ¢~ 2miCa((@o0,0) 7).

using (B.1.4). Note that here A, = %A% The contribution of the non-holomorphic part
f~ (for fixed n and m) is given by

A
balmsn) (o0) = L2V, (” Y AL

—2miCy ((xo,z0)+n)
— — — 21N, — ,4|n|7r) e " :
2 |5l 18]

Since the index v = % is a half-integer, after expressing V. 23/2 as a sum, we can use
Bessel polynomials to write ¢o(n,7)” in the form

p—1 r r or—1
Ga(n,m) " (20) = V2(p — 1)! (Ml?') (A + 28 (2ln| = n)) * B,?
r=0 )
2T 9 i -t
: hmaX(O,rfl) ([W ((An + 2’5’ (2‘77" - n)) Bn) :| )
o (2 (4 200 2 =) By) ) e,

The rank 1 terms ¢;(n,n)" are easily calculated directly. For a ‘one-line’ version of the
calculations in Section 4.5.2, note that the domain of integration is given by 0 <u <1
and 0 < v < co. Thus, the integral over u just picks out the constant term of the Fourier
expansion and terms are non-zero only if (xg, z9) = —n (note that xq is positive definite).
Then, recalling that n = [0, (a, b)'], the integral over v is given by

& 2r e
ont ) (o) = €T | [ (<21 ) o]
s= 0
1
0 C 2ma?+ b2

- (27r|5’|2) s +1) T(1).

S=
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4. The Fourier-Jacobi expansion of the singular theta lift

For the contribution of the non-holomorphic part, one has (for n # 0) :

(p—1)
_ " r_1o el 1 a1l 5
Sr(n,m) " (z0) = (p—D! Y — (@n)2 |8 20, | ——— | e IME
=0 47| ||n|?

For n = 0, one has ¢1(0,7) (20) = (27(a® + b?))~®*UT(p + 1), from (B.1.1) with
l—k=r+1=np.

Example 4.12. Another important example is the case of signature (1,¢q). As we have
seen in Proposition 4.1 the Schwartz form {Z)\Lq takes a fairly simple form, as there is only
one pair of multi-indices, given by v =¢ = (1,...,1). Thus ns =n, = ¢ — 1 and there
are no polynomials Ps 5(o ). Hence,

O(z, f,9) = 22((] 1 <Z Z Z Z n)¢i(n,n) >®Qq—1(l7l)~

i=1 n=[8,8]/~ vy \I' n>—00
rank(n)=t

We note that index from Theorem 4.9 is half-integer and Remark 4.10 applies. Thus, the
non-singular terms — excluding the case n = 0 for the non-holomorphic part — are given

/32D 4]
1, o
da(n, 1) (20) = Z Ry-1,4-1(m; )Z j|5| A=)
M-2j .
: Zj LA"(—C )M —2i=h) g 2h=2+1 M-25\ M
e oh+3j 1 7 b AL 2]

2 1
. (_W (A,B,) ) ¢ (—C, ((z0,70) + )
A

“s-igs-ty (1P
772 4Bﬁ 4hl/’ T for ¢+’
2 (AyB,)?
= (4nc|n|)"  _wgr_ 1 v a1 18]
(g —1)! ' A, 2 B, Thy . for ¢,
= 21 (A, B,)?
wherein
— _ _1 _1
Rt = 3 oM e (e (1) (1),
0<p1,u2<g—1 M1 1)
p1+pe=M

whilst the indices v, v/ and v are given by

1 1 1
u:h+j—q—§, 1/:|y|—§, 1/’:|1/+7“|—§.
" g—r—h—j53—1 i ¢>h+j+r,
So, for example V= _ )
r+h+j—q otherwise.
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4.4. Determining the Fourier-Jacobi expansion

As before, for n = 0, the terms for the non-holomorphic part (both rank 1 and rank 2)
can be obtained from the respective holomorphic term after an index shift by —k + 1.

For the rank 1 terms one has for n #£ 0, by part 2. of Theorem 4.9, the holomorphic
term

br(n)* o) = (—m) 8 @A K, (2v2R18 Il
Note that the index v = —¢ and that (x¢_,z¢_) = —n. For n # 0 the non-holomorphic

term is given by

-1

¢1(n,m)" (20) =2(=m)" 18" (g Z IBI

r=0

(Q (@) + 2n]) T (W!xf Q)+ 20l

\ )’

while for n = 0, one has

61(0,m)* (20) = (=) 181" (21Q (w0, ))? K, (2v27111Q (w0,-)2)
and  61(0,m)" (20) = (=) BV K (2V27|B1Q (w0, )17

4.4. Determining the Fourier-Jacobi expansion

In this section, we determine the Fourier-Jacobi expansion of the lift ®(z, f, ) for
fe Hk - by applying the action of the parabolic subgroup to the lift at the base-point
from Section 4.3.

4.4.1. Operation of the parabolic subgroup in I

To begin, we study the operation of P, on ®(zg; f) through the intertwining operators
from Lemma A.2. For this, keep in mind that the theta function O(r, z) is formed using
a factor of v/2 in i and zg, see Sections 1.2.1 and 3.5, which has to be taken into account
in all exponential factors from Lemma A.2.

On rank 2 terms: Let us first consider the action on the non-singular terms. Recall
the definitions of B,,, C, adn A, from Notation 4.8 above.

Clearly, B, and C,, are invariant under the operation of n(w,r) € N and p € M, as
they do not depend on zy. Further, under the operation of a(t) € A, the expression C,
is invariant, while a(t)B,, = By, = t*B,. The quotient B% |8|7? is again invariant. Quite
contrastingly, we have

n(w,0)A,(m, xg) = Ay(n,zo — fw) (n(w,0) € N),
(1)1, 70) = Benlom, ) (alt) € A), o, 7o) = A, o) (1 € M),
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4. The Fourier-Jacobi expansion of the singular theta lift

and similarly for A, (n,z¢) and A, (n,zo). Also recall that by part 3. of Lemma A.2 the
entire expression has to multiplied with #2.
The operation of the translations n(0,7) € N is most easily described: The terms

¢%’é(n, n)* are just multiplied with a factor (see Lemma A.2) of
exp ((2mirS (26'8)) = exp (—4riraa) .

The operation of n(0,w) is more complicated. It affects the polynomials P; S,Z(xovf)' and

all factors containing either A, and A,. From the last factor in (4.5.2) and (4.5.3), one
has
e(=Cy (n+ (zo — fw, z0 — fw))) =
(=, (n+ (w0,30))) - € (~Cy [|8(w,w) — 2 Re (B0, w))]) .
Further, again by Lemma A .2, the term gbg’é(n, n)* gets a factor of
e (Re (26'8) 3(w, w) — 2Re (B (o, w))) .
Multiplying the two factors, we have
e ([—C77|/6’|2 + Re (8'B)] (w, w) — 2C, Re (B(z0, w)) — 2Re (8’ (z0, w)))
= (Re [(2Re (5'5) 8" —268") (w0, w)]) (4.4.1)
= ¢ (Re(zo, w) (22 — 2b) + 203 (o, w)) = € (20 (o, w)).
since f =a >0 and ' = b+ ia.

Remark 4.13. For the case of signature (p, 1), studied in Example 4.11 on p. 117, we
get a somewhat simpler expression for the operation of the elements n(w,0) € N. Recall
that in this signature A, = $A2. Thus, in the exponential, from (4.4.1) we have (with
B=a,f =b+ia)

N|=

2
exp (—#L&n(iﬁo — pw)| (5By)

Considering the first term, since B, = 2a%a? and a > 0 one has

) e(—=C, ((xg, z0) + n) + 203 (zo, w)) .

2T (1g)} x9) — 2 Re (B(zg, w 2(w,w)| ) =
exp (W (4B,)¥ |Ay(r0) — 2Re (Bro, w)) + 52w, >»)

exp (—;%|An(xo)| (%Bnﬁ) - exp (—271'6/% [a*(w,w) — 2a Re(xo,w)D . (442

where we have set € := sign(aA, (zo — aw)) (recall that o # 0). Collecting the second
factor in (4.4.2) and the factor e(—C,(n + (zo, o)) + 20 (zo, w)) we get

e(z’e'a (a(w, w) — 2Re(xg, w)) + 20 (zg, w) — g (n + (o, xo))>

_ {e(— (n+ (20, o)) + ta (a(w, w) — 2(zo, w))) (@A, (g — aw) > 0),
e(=2(n+ (wg,20)) + i (—a(w, w) + 2(w, xo))) (@A, (o — aw) < 0).

ISEISESHISH

120



4.4. Determining the Fourier-Jacobi expansion

On rank 1 terms: Now, for the operation on the rank 1 terms. Now, n = [0, 5’| with
f" = a+ib. The elements a(t) € A and u € M operate as usual, so a(t)s’ = tf" and
i wg +— ptxg. The operation of the Heisenberg group is much simpler in this case:
n(0,r) operates trivially, while n(w,0) only operates through the multiplicative factor
from Lemma A.2, given by

e (— Re <\/§(a +ib) (\/ixo,w>>> = e(—2Re (B'(zo, w))).

4.4.2. The Fourier-Jacobi expansion

Now, we want to determine the Fourier-Jacobi expansion of ®(z, f,), i.e. an expansion
of the form
(I)(Z, f7 ¢) _ ZCLN(O')GQMHRGTZ,
REQ
where 7, is coordinate attached to the /-component. Let us assume that for the base
point Re7, = 0. This can easily be realized through a suitable choice of coordinate in
D. For example, in the Siegel domain model of the symmetric domain (see (2.1.1)) in
signature (p, 1), we have 7, = 7, and the base point is given by i.
Consider z = gzo with g = n(w, 0)n(0,7)a(t)p € G, and write ®(z, f,1) in the form

@(9207 f7 w> = C()(t, w, /1,) + Z CH(U), t’ T, Iu)e%rinr.
KEQX

Now, only the non-singular part of the lift, ®5(z, f, 1) transforms under the action of
the center of N, while the rank 0 and rank 1 contributions are invariant. Hence, the
constant term of the Fourier-Jacobi expansion is given by

Co(tvwnu’) = (I)O(Zv.ﬂ W + (I)l(za f7 1/})7

and all other terms, for k > 0, come from ®5(z, f,1). In this case, kK # 0 is given by
(possibly a constant multiple of) aa. Hence,

cu(t,w,rp) =
SODD e (= heB) [at A m)F(@) 0 63" () + a” (A m)F () 0 63 (n, )
veoob oA
(4.4.3)

These terms, as well as the rank 1 contribution to ¢y (¢, w, i), can be obtained by applying
the group operation to the results from Theorem 4.9.

Theorem 4.14. For z € D, denote by g, € G an element with g,zo = 2, and let t,w,r, p
be the parameters of its NAM decomposition, i.e. g, = n(w,0)n(0,r)a(t)u. Then, the
Fourier-Jacobi expansion of the singular theta lift ®(z, f, ) for a weak harmonic Maass

form f € HZL_ is given by
22(¢g—1) 22(q—1) orir
W‘b(z’fﬂﬁ) = W(D(gzzm fo0) = coltw, ) + D cult,w, p)e™,

rEQX
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4. The Fourier-Jacobi expansion of the singular theta lift

where for k # 0 the Fourier-Jacobi coefficients can be written in the form

Wt w0, ) Z Z(ZZZA“ nA(82)) (s pe(=Xe8) ) © Qa(1,9),

@, .0 b
(4.4.4)
while the constant coefficient co(t,w, 1) consists of a contribution of rank 1 terms, which
can be written in the form

SIS B A (5) (b w, e(—%a8) ) @ 0 1(2,0) (4.4.5)
¥0 ab n A

and, if p > 1, a contribution of the 0-orbit, which we omit. (However, see Corollary 4.15
for the case of signature (p,1).)

The coefficients in (4.4.5) and (4.4.4) are given as follows®: For the rank 1 contributions
to the constant term one has (as usual f' = (}))

Blé(?% A, ﬁ,) (t, w, N) =
2q—2—n~—ns
(_iﬁ)nw—na tnw+n5+25/n75m(s Z 2§+1P;Y757£(:)30’+)6 (_ Re (ﬂ,(l’o, w))) ‘
£=0
et BE(E ) + () B (851)]
(4.4.6)

wher B (8';t) and B, (f',t) denote contributions of the holomorphic and the non-

holomorphic terms, respectively. Setting v = %(f —n, +ns), they are given by

B (3) = 181" (2l(wo,-, 20, ) F Ky (2v2mt]8 (0, 0,)|?) |
Brj(ﬁl; t) = %CL()U n)_VIH—q,l—V (271’(1‘0’_, $07_), 7Tt2|ﬁ/|27 47T|n|> (n 7é 0)7

k—v—1

By (858) = 78 2l om0 )T - Koo (2V2r0 8o, w0,)[?)

The coefficients for k € Q*, coming from the contributions of the rank 2 terms are given
as follows (withn = (&2)):

AR (n, A7) =
2¢—2—n~y—ng ny+ns L%J 1
. nytns . 4n 41
(—iy/m) etz N 9B P (o — Bw) Y Ruga, (1, M) -
=0 M=0 j=0
M-2j , |
, U Ah v \M=2—h ,—on-2j) g~2h-2 [ M — 2] M!
S g beo —u) (Ot (V) S

. e(—Cn ((wo, z0) + n) + 203 (o, w)) . [(ﬁ()\, n)Ar(n;t,w) +a” (AN, n)A, (n;t, w)} ,
(4.47)

2Since the notation is already quite heavy, we have suppressed the p-dependence here, writing z

instead of u/'~lxg.
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4.4. Determining the Fourier-Jacobi expansion

wherein A (n;t,w) and A, (n;t,w) denote contribution, which come from the holomorphic
and non-holomorphic terms, and are given by

A (it w) = £ (M)K (,2’ (g0 — ) By)

Ay (2o —
Al (it w) = $Vpig1-v (7r (W - 2n) 5P Bm,4]n]7r) (n #0),

v—k+1

Al (;t,w) = t2F+D (At—"(x]og_ Bw)) 2 K, i1 <| 3P 5 (A (o — fw)By) )
n
Proof. After setting
AZ (A ) w, 1) o= at (0 m)F(§) 0 ¢ (n,m) T+ a~ (A, n)F(§) 0 63" (n,m) ™,
BY(n, A, ) (t,w, ) = a™(\n)F(G) 0 67 (n, )" +a (A, n) F(§) o 672 (n, )",

the results follow directly from Theorem 4.9 and the consideration concerning the group

operation on the terms ¢;(n, n)* from the beginning of this Section (see pp. 119), including
the factor of ¢* from the intertwining operation of a(t) from Lemma A.2.3. [

N

N|=

Corollary 4.15. In signature (p,1) the Fourier-Jacobi expansion of %@(2, f,1) takes
the form

colt,w) + > ealt, w)e R,

rEQX
where the constant term co(t,w) is given by
1
tw) = dnly + 12 { A0 T(p+1) +
ol 0 % ; Samaipy P
1 " r_1 1 _1
at(\n)——— +a” p—1)! (4n|)z" 2t 2|8 2
> (" Oy Z (]34

1 nl 3
h, | ———— | e74mtAlInI2 1 e[ —=Xa3" — Re (B (2o, ,
(47rt|,6”||n|2> g ) e( 2" — Re ('(xo w)))

with a rational” constant Iy, which can be evaluated using the methods of [2], see [}0].
The coefficients c.(t,w) (k > 0) take the form

Co(t,w) = ZZZA n,\, [, B (t, w)e 8

wherein

An(n,%[ﬁ,ﬁ'])(t,w)z(a+(k V200, <A,n>An<n;t,w>>

2 B2

1

.exp(_gﬁmtn( _ buw)| (1B )—27ri[Cn((xg,xo)—|—n)+2a%(x0,w)]),

3In fact, Iy is an integer for f € Mk -

123



4. The Fourier-Jacobi expansion of the singular theta lift

with a non-holomorphic term A, (n;t,w), given by

(N

p—l r r—1 _
Vap — S I v g 5 (102, (0 — ) — 22167 2| — m)
El )
' hmaX{O,r—l} a5 ((%Atn<x0 - ﬁw) + 2t2|ﬁ| (2|n| - n)) Bn)

ol

21

) |

Proof. Follows directly from Example 4.11 and Remark 4.13 after taking into account
the factors of ¢* from the intertwining operation of a(t). O

The case of signature (1,¢). In this case where p = 1, there is no contribution to from
the 0 orbit, since ﬁlﬁq((o,xo),ﬂ = 0. In other words, ®¢(z, f,%) = 0. Hence, Theorem
4.14 gives the complete Fourier-Jacobi expansion in this case. Thus, with Example 4.12
we get the following.

Corollary 4.16. In signature (1,q), the singular theta lift of a weak harmonic Maass
form f € Hy - with Fourier coefficients a™ (X, m) and a~ (X, m) has the following Fourier-
Jacobt expansion

22(¢—-1)

W‘H%ﬁ@ = | co(t,w) + Z Cult, w)e™ | @ Q141 (L, 1),
rEQX

with
co(t,w) => Y N BY(m, A (§)) (tw)e (—Aao(a+ib))  and
ce(tw) =Y "N NN AL (m, A (@0)) (tw)e (—Xa(a+ b)) (k #£0).

)
a=kK

Herein, the coefficients BYL are given by
B, ()6, ) = (=)= [alh, )8 2lnl) K, (2201l
+a(m) EODBPIIY, s (20Q (o, )t Axlnl ) | (— Re (8 (zo,w))
forn # 0 and by

B0, A, (§))(tw, 1) = (=m)7'267 8|72 (= Re (8 (20, w))
a0, 0)*1Q (w0, )| Ky (2571811Q (w0, )17 ) + a2, 0)" #1181 Ko (247181 (w0,

D=

)

forn =0.
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4.5. Calculation of the unfolding integrals

The coefficients AL are given as follows (withn = (*t)):

«

2(q 1)

A%l (TL, )\,7]) ( W)q thq 1 Z Rq 1,4—1 na )

L | —2j . .
1 M—2j—h oh—2j q1—2hn—2j [ M — 2] M!
il Z i (%0 = fw) (=Cy) — ho )M —2))!

: [a A, n)A (i t,w) +a= (N, n)A, (n;t, w)} : e(—Cn ((xo, o) + n) + 2a3(xo, w)),

oS

0

where A}, the contribution from the holomorphic part, is given by

A,t(n;t,w:t?”1<Am<xo—ﬁw>>—5‘iBn5—iexp( ;;,T (Aun(o ﬁw)Bnﬁ)

" ( 8 )
21 (A (zo — fw)B,))?

with the index v given by h+j+1—q and V' = |v| — % =max(q—1—h—j,h+j—q).
The contribution of the non-holomorphic part A, is given by

,_l

AL (it w) = (g = 1)! (47Tl7') (Benzo — Bw) + 221517 (2] — ) "F 74

r

Il
=)

(1'B,) 5 e (2%, () + 2615 2lnl ~ ) B )

i
s ('2' (Augla — Bu) + 26%|3 <2|n|—n>>%B;5>,

with V" = v + 1| — 5 for n # 0. For n =0, we have

A (n;t,w) =
2
L vik 1y k_1 p
t2 k+1 (Atn(«fo ﬁw)) 212 4B772 274 'h|y,k|,% ( | | 1) )
27 (A (2o — fw)B,))?
Proof. Follows immediately from Theorem 4.14 and Example 4.12. m

4.5. Calculation of the unfolding integrals

In this section, we will evaluate the unfolding integrals for the theta lift, providing all
the Lemmas used in the proof of Theorem 4.9 above. We use the notation introduced in
Section 4.3 (in particular, see Notation 4.8).
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4. The Fourier-Jacobi expansion of the singular theta lift

4.5.1. Non-singular terms

First, we calculate the contribution of the terms where the matrix n = [/, 5] is non-
singular. By Lemma 4.6 a set of representatives for these n under the operation of SLy(Z)
is given by the rational matrices

(g 2) €My(Q) with a>0, a#0andb (mod aZ).

Since the stabilizer is trivial, for fixed 7, the unfolding integrals take the form

S (@ (s, m) (o) + (), 1) (20) =
= i) /Teg g <\/§(777$0), T, zo> 2T 2T, =52 oy dy

H

reg o )
-+ Z a (n) / Z Up.a(V2(1, o), T, 20)e>™ ™ T (1 — k, 4 |n|v)v™*"2du dv.
- H

~yely\I'

Now, the inner integral, over u ranging through R, is simply a Fourier-transform, which
we shall calculate first. For the outer integral over v, ranging over R+, we will make use
of the integral representations of Bessel functions (cf. Appendix B.1).

Preliminary lemmas

Let us first gather some lemmas. The first three will help us to calculate the Fourier
transform.

Lemma 4.17. The Fourier transform

o0 —
/ e—%(lﬂ’|2+\r\2lﬁl2+2uRe(ﬂ’ﬁ))+27riu(fﬂo,:co)+27rv(($o,—@o,—)—(wo,+azo,+))e2ﬂinudu7
—00
with n # 0 s given by

€+2wnv% exp <—%An — ﬁBn) 6(—0,7 ((xo, :Co) + n)),
with Ay = 5 (n+ 18] + (950,560))2 — A(zo4, 0 1) |, 3B, = 181%18° — Re (5'5)2 and
C, = Re (8'B) 18172 from (4.3.2) and (4.3.3).

Proof. With (B.2.1) setting
i1BJ" 20 (35
A= 0 B = ;Re(ﬁ B) + (zo,z0) and
leds

(Y

(4.5.1)

C =i+ ulBP + 0 (@0,55204) = (@0, 20,))].
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4.5. Calculation of the unfolding integrals

one obtains the Fourier transform

Vu ( n* nB B2
_— 2 _— e — e
Vs P\ A oA T T ¢
n’ n(xo,J?o) (%;%)2

G <_
V215 T “[mm” ERETT:
T [2|/3/|2 _ 2Re (5’6)2] ., _Re(8'5)
v

+2 ((To4, To 1) — (To,—, To.—)) + 2|8°

W ZWiW (o, o) +n)>

—2mnv

After multiplying with e , one has

\/;56’ exp G% B (n+ 218 + (20, 20))” = 4o, 20, )| 8" 2n|6|2} e

2 2 2 —2mi RGP (2,20)+n)
e
_ %6I;37IT2A”U|Z|2]37;6—2MC¢,(($0,$0)+”)
/8 )
as claimed. -

Lemma 4.18. The Fourier transform

/oo (ﬁ/ + 77'/6)]61 (6/ + 77_3)]@26_27”(|B/‘2+|B‘2‘7—|2+2uRe(ﬁ’E))+27ri(7—(:r0,+,a:0,+)+7'—(:r0,,,107,))627rz‘nudu7
1S given by

e+27rm; \/5 v m ) 6727TiCn((xo,x0)+n)

ﬁ‘mﬁn(?}v n)exp (_ ’mzAn - U|6’2Bn

with a polynomial p,(v,n) of the following form

Y

,_
SIS
| E—

ki%z% A S° S VA (O ML (M =2
2o k) L 2 g i M =21\ k)
wherein
i 5 ()
0< <k H1 H2
0<p2<ks
p1+p2=M

Note that if k1 = ko = k, the coefficient Ry y(n, M) is real and can be written in the form

= wmsenien) (4)(2)

0<p1,u2<k H1 P2
p1+po=M
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4. The Fourier-Jacobi expansion of the singular theta lift

Proof. We need only calculate the contribution of the polynomial, the rest follows from
Lemma 4.17. Rewrite the polynomial in the form

ki1 k2
(6 + Tﬁ)kl (5 + Tﬁ Z Z 7—#14’#25#1/3#26/1@ Mﬂlk 142 (kl) (kfg)

H#1=0 p2=0 H1 H2

k1+ko

- Z %MRkl,]Q([ﬁaﬁ/]?ML
M=0
with Rk, x, ([0, 5], M) as above. Setting A, B and C as in (4.5.1) from the proof of

a? ) and obtains

Lemma 4.17, by Lemma B.2 one has to apply exp (8 7

Sl=

k1+ko L

> % s

’ ; M!
:| 71M*2]mRkl’k2<[ﬁ’ﬁ/]’M)’

where, further 7 is to be replaced by

n+ B

e W Re(8'8) 1w
24 2//*

= A —C,.
8> 28"

Thus, the polynomial part of the Fourier transform is given by

(n— 1B + (20, 70)) —

M
k1+ka 5

1 1
— R SUAD P
n) Z: k1,k2(777 g 7{'] |/8| (M— ])

M—2j3 o K ) .
) S\ M—2j—r (M — 27 M!

. A (R ! ! —_—.

; vy A (= Re (55)) ( G )J’!(M—2j)!
With the definition of C,, this gives the claimed form. O]

Lemma 4.19. The integral

/ ) (8" +78)" (B + 78)*e(u(zo, 20))

27T !/ 15}
exp (=2 (194 161+ 2uRe (95)) + 200 (- 0-) = (a0 ) o
18 given by

v T 1 7 A
D (U,O) exp (—U—A (0) —~ " B ) 6—27‘(’LC"(J}07$O)7
\/§|/B‘ n |5|2 n v |5|2 n

where P, is the polynomial from Lemma 4.18, and A, (0) is given by

(218 + (z0,70))” — 4(xo.4,70.4) |8

DO | —
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4.5. Calculation of the unfolding integrals

Proof. The integral is a Fourier transform. Arguing similarly to the proof of Lemma
4.17, with

z|6[ 21

a="L B=ZRe(sp)

we get the exponential factor

exp | —mv <x0’x0) To_, T — (204, _T
P< [ 2187 — 181> + (w0, wo—) — (o4, 0,+))] "

Re(B’B)Q_ /12
S

)

The polynomial is calculated as in Lemma 4.18, up to the last step where, now, 7 is
replaced by

(rog, ) — B . v
——— = o
|5

Re(FB) _ v 4 w_0)—C,

a2
((aos0) = 19) = =057 = 5

N
N
()

]

Once the inner integrals are evaluated using the previous lemmas, the following two
lemmas allow us to evaluate the outer integrals.

Lemma 4.20. Let ¢ be an integer. We have the following identity

1 [ 1, T T

— v 2 exp [ — A, — B, | dv

w/o p( B olBP )
2 (An)i(S”%)K (27r B2>

= — _— s 1_ .
18] \ B, BN e

Now, for an integer k > 0 denote by hj. the Bessel polynomial of index k and set h{ =
Then, for s =0, we have if ¢ <0:

£—1
AT

7;/2 h/_z < ’m ) eXp (—_AQBQ)
B o AQB 18/

whereas, if £ > 0, we have

-1
2
Ay h, |5| exp ——A2B2
2/2 '7=1
B, 2rAZ B2 18]
Proof. Recall that A, and B, are both positive (as 5 and " are both non-zero). Thus,

the first equality is immediate from (B.1.3), while the second, for s = 0 follows by (B.1.5).
For the third, use K_, = K, from (B.1.4) and argue similarly. O
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4. The Fourier-Jacobi expansion of the singular theta lift

Lemma 4.21. Let ¢ be an integer. Then, the value at s = 0 of the integral

1
_SM_*F (k — 1,4x|n|v) et*™ exp (—i {UA +-B }) dv,
A nfe) e oAt B

where Kk = p+q — 2, is given by

B 2 o\ 5(6-3) « r
2 (A= 2|+ anjs - lirln)
18] B, 7!

r=0

T

A, — 20l + 4ln)187 ° 2 :B:

" 18
1 A B
=—V o1 <7T (—77 —2n> ,—n,47r|n|)
B 2T\ 8P° LR

Proof. Follows from Lemma 4.20 with A, shifted by —2n|3|* and Lemma B.1, which in
turn is a consequence of the finite series expansion of the incomplete Gamma function in
(B.1.2). O

The contribution of the holomorphic terms

Let us now calculate ¢y~ (n n)T, the contribution due to the lift of the holomorphic part
of the weak harmonic Maass form f, with Fourier expansion f*=3%" . a*(n)¢". We
have

r~+7Ts

8 . ny+n ’
¢y (m,n)t = (—ivm)" Z 22P; 5. (20,4
/=0

.CT /OO Ueiméints =82 o= 2m(v(20,4,%0,+)+(20, 20, )) p 2TV /0o (5/ + %B)M (B/ + 7,_6) ny
0

s=0

2 _ ,
- exp (—% (]B’]z + \7"]2\6|2> — 27y (B’B) + 2miu(xo, xo)> 2™ du do,

After using Lemmas 4.17 and 4.18 to evaluate the inner integral, the integrand of the
outer integral is given by

1

272 N~y—N, . vm i —271 T0o,T n
T e (< o = B, ) e

with p,(v,n) the polynomial from Lemma 4.18, with k; = ns and ks = n.,. Evaluating
with Lemma 4.20, and using (B.1.5), we get the following result:
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4.5. Calculation of the unfolding integrals

Lemma 4.22. For fized n and n and at the base point zy, the rank two term (b%’é(n,n)J“
15 given by

5 2q—2—n~—ng " ny+tns

9 . N~y+n, funt 3

¢% (na 77>+ = (_Z\/E) ! ’ Z 27 Pﬁ/,g,é(x07+) Z Rn(;,nw (777 M
£=0 M=0

1S } M —2j M! 459
ks AP (M2 2h—2j oM (452
i 2 i A (=Cn) 18] ho ) (M —2j)!

'(Q—Q_ZK (‘257 (A,B,) )exp(—Zm'Cn((xo,xo)—i—n)),

=

where v = h+ j+ 1 ({ —ny, —ns) — 1. Furthermore, if v = 3 (mod 1), the K-Bessel

)

functions in the last line can be replaced by

N[

1 _1 1\ 1 27
5161 (,B,) " ((zw (4,B,)7) )exp (—W(Aan)
where h,, denotes the nth Bessel polynomial.

The contribution of the non-holomorphic part

7é — . . . _
Now, we calculate qﬁ% (n,n)~, the contribution due to the non-holomorphic part f~ of a
weak harmonic Maass form, with a Fourier expansion of the form

o)y =a (0" +) a () (1 — k,4x|nlv) ™.
neQ

n#0
Let us briefly examine the contribution due to the constant term. Using Lemma 4.19
to evaluate the inner integral over u, we get
273
5]

as the integrand of the integral over v, which can be evaluated exactly like for the
holomorphic terms, with n = 0 throughout and index shifted by —(k — 1).

1 .
p 2 ks (lony—ng)=s Pn(v,0) exp (—% (vAn(O) — ;Bn>) e~ 2miCn(0,20)

Terms with n # 0: The argumentation is similar, as previously for the holomorphic
part. The inner integral, over u, is evaluated exactly as before. The integrand for the
integral over v takes the form

1/p_ _ .3 — YT A, ——T B _ .
UQ(Z ny—ng)—s 2])77(7] n)F (k?—i—l 47T|7L|U) 27rn1)€ 1825 T 2 g 27rzCn((z0,xo)+n)7

with p, (v, n) from Lemma 4.18. The integral is now evaluated using Lemma 4.21, yielding

131



4. The Fourier-Jacobi expansion of the singular theta lift

Lemma 4.23. Let kK = p+ q — 2. For fixed n and n and at the base point zy, the
contribution of the rank two orbit to the lift of the non-holomorphic part f~ of f is given

by

2q—2—n~y—ngs ny+ng
7é — . TL—Y mn Hil
¢ (mm)” = (—ivam)" Y 25 P (r0r) Y Rugu,(n, M)
=0 M=0
R I M —2j M! (4.5.3)
. M—25— —2h—2j - e 0.
z e O (M) s
B .
( (| = ) ,|5—|;7,47r|n|) exp (—21iC, (0, 20) + 1))

where v="h+ j+ 3 ({ —n, —n;) —

l\’)l»—l

We recall that by the definition of the special function V), , (A, B, ¢) we have

A 7B 47r\n\
Vn+2,2—u(”(# >,’ ’n4 m|n |)-/—clz

) —373
(At AT e (2 (Al - 201 B ).
B, 18I

N

Further, in every term where v + r is a half-integer, one can set v/ = |r +v| — % and
replace K, , with

))

N

1 _1
3191 (8 + 413 ~ 2005) B,) s (25 (8 -+ 415 - 2005) B

)

Now, let consider the case where n = [, #'] is of rank 1. Recall from Lemma 4.6 that a
set of representatives for the orbit under SLy(Z) operation is given by

N

2
- exp G# ((Ay + 4fnllBI” — 2n]5") B,)

4.5.2. Rank one terms

[0,5’]:(8 Z), with either « > 0 or a = 0 and b > 0.

Further, the stabilizer in this case is SLy(Z). So the domain of integration is given by
DAN={u+iv; 0<u<1,0<v<o0}.

Again, we begin with the contribution of the holomorphic part.
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4.5. Calculation of the unfolding integrals

Holomorphic part

For a fixed pair of multi-indices v, ¢, and fixed 7 = [0, 8], the rank one term " ( )T
is given by the integral

2g—2-—ns—n~

P £
B/ngﬁmv Z 22 P’%&E (IO,—i—)

=0

1
T/ / ,U%(E—n.y—ng)—Q—s ——|B |2 27rzu(a:o,a:0) 27FU(Q($0,+)—Q(:E077))ezﬂianud,U.
R>o

ny +'n5
2

xJ A\ nay 0
o1 ()t = (=i)" "o

The integral over u just picks out the constant term. Hence, n = —(xg, ) for all
non-vanishing contributions. Now, (zo _, o) — (To4,T0.+) — 1 = 2(zo,_, T ). Since
the norm of xy _ is negative, the integrals over v take the form

> 2
CTE/ 2=y =ma) =25 oy (—47rv](a:07_, zo_)| — —W\ﬁ’|2) dv. (4.5.4)
s=0 J, )
Q (zo—) # 0, by the integral representation of the Bessel-functions (B.1.3), setting
= 1(¢ —n, —ns) — 1 and evaluating at s = 0, one obtains

2181 2rncsan ) K, (20181 Bl ).

Further, if v is a half-integer, by (B.1.5), this equals

y -1 , 1
917 @lancs 0 ))F gy (VRIS oo ) ) 2Bt

with the Bessel polynomial h,, v/ = [v| — 5. If Q (xo,) = 0 the integral (4.5.4) can be
evaluated using the integral representation of I'-functions, see Example 4.11.

Lemma 4.24. For fized n and fized n = [0, 5], at the base point z, and assuming that
Q (xo—) # 0, the rank one term is given by

2qg—2—n~—ns

8 . n~y+n n~y A £ vV v
o1 ()t (z0) = (=iv/m)"™ T FEN DT 25 (0|81 28 (o w0 )|

=0
2K, (2v2 7T|5'||($0—7I‘0, >|%)
fv=3l—-ny—ns)—1=0 (mod 1)

1

(2($0,—,$0,—)|5/| ) ' % 2ﬂ|5/‘|2($0,—’$0,—)| 2) exp <—2\/§’5/‘W|($0,—7I0,—)|§>

with v' = v| — %, ifv =4 (mod 1) .

Note that v ranges from —MTW —1ltog—2— _Wgrné'
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4. The Fourier-Jacobi expansion of the singular theta lift

Non-holomorphic part
As for the lift of the holomorphic part, when n # 0 the inner integral over u picks out
the constant term. The outer integral now is of the form

CT/ v%(f*nv*%)*Q*SF(,ﬁ + 1,47T’n’)e*%W|2627”)((330,—»Io,—)*(r0,+vwo,+))dv,
s=0 0

with k = (p+ ¢q) — 2. Hence, using Lemma 4.21, we get the following.

Lemma 4.25. For fized n # 0 and fixred n = [0, f'], at the base point zy, the rank one
term is given by

2q—2—n~—ns

(b%é(nﬂ?)i(zo) _ (—iﬁ)nﬁ_ns ﬁln'YB/n(s Z 2%+1PA~/’57€(:C0,+)

=0
K r _vdr
(drlnl)” (2o, x0,) +4n]\ 2 ,
K . T KV+T(2W|5/|(z(xo,_,xo,_)+4|n|)2>
r=0
2q—2
—Ny—N§

N~+ng _
= (=imd) A N 25 (w0)  Viesaaw (27(wo, w0, ), w8, 4xln])
(=0

where, as usual Kk = p+q—2 and v = %(ﬁ—nw —ng) — 1. Note that if v+ r is a
half-integer, the Bessel functions in the second line can be replaced by

B
2 (|6/))

[NIES

(2(zo -, x0—) + 4]n!)_% hy ({ﬁﬂﬁﬂ\/(xo,_, To_) + 2|n\] >

exp (2t (o) + 2
wherein h, is the Bessel polynomial of index v/ = |v 4 r| — %

For n = 0 the contribution of the non-holomorphic part gb%é((), n)~ is similar to the

holomorphic part qﬁ%’é(o, n)" (see Lemma 4.24), but with index shifted by —k + 1 due to
the power of v in the constant term of f—.
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Appendix A.

Tools from representation theory

In the present chapter, we will gather some results form representation theory used
later on. Recall the notation from Chapter 1. The Lie algebra of G = U(V') is denoted
by go, whilst g = go ® C is its complexifcation, viewed as a right C vector space. We
have the Cartan decomposition of gy = £, & £y and the Harish-Chandra decomposition
g=toptaop .

A.1. Flensted-Jensen theory

In [21, Sec. 2] Flensted-Jensen derived an integral formula for connected, non-compact
semi-simple Lie groups. In the following, we establish the multiplicities that go into this
formula for the Lie group G = SU(p, q). Following [21] and [45, Sec. 4], we consider the
following sub-algebras of go:

First, for the sub-algebra &y, associated to the maximal compact subgroup K C G. We
have the decomposition

go =% +po

into £1 eigenspaces of the Cartan-involution 6. Second, the sub-algebra h associated to
the stabilizer in G of the fist vector v;, H = stabg(v1). Note that H is the fixed point
set of the involution 7 = (_1 1m71) in G. Note also that H is connected. Again, we get
a decomposition into +1 eigenspaces of, in the case, 7:

go = ho + dqo.
Hence there is a decomposition of gg
go = £o N ho + o N qo + po N ho + £ N dgo.

Using the euclidean basis vq,vs,... of V, we will describe the subalgebras in this
decomposition through their matrices. For €yNh ~ s(u(1) x u(p—1) x u(q)), the matrices
have vanishing trace and block diagonal form (here and in the following all omitted
matrix entries are zero)

a

A with a €iR,A=—A' B =B
B
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Appendix A. Tools from representation theory

While for py N by we have

X |, with XeM, ,C),X" =X.
Xt
Finally, the spaces po N qo and €, N qo are given by matrices of the forms
Tt 0 —7
and Y with 2 € C%,y e CP

X

By direct calculation, we see that the maximal abelian subspace by of pg M qq is given by
the following set of matrices:

by = ;o te RUIR
t

We study the action of by on its complement in py N qo. For this purpose, we set

1 ) —1
H — s H =
1 7
Clearly, b = RH + RH. Further, for a column vector z € C7! define
0
p(x) = " € Po Mo, k’(l‘) = —r € £ Nho.
0 0
We have
[H, p(z)] = - x| = k(z),
A 0
0
[, k(z)] = —| = = p().
0

Thus, 8 = 1 is a positive root of by, the intersection of its root space with €N by +po Mo
is given by {p(z) + k(z); x € C?'} and has (real) dimension pg = 2¢ — 2. Also, since

2
[H, H] = c (L)) =e,

we conclude that f = 2 is a positive root of by, too. The attached root space is
one-dimensional and contained in £, N hy + po N qo.
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A.2. Models for the Weil representation

Now, for the operation of by on £y N qg + po N ho. For a column vector x € CP~1, we set

0 0 =zt

p/(x) = * € poN bg, ]{?,([L') = - c E() M qo-

—T

[H,p'(z)] = =K(z), [HK(2)]= =p'(z).
0 7
Thus, for the root g = 1 the intersection of its root space with €, N qo + po N by, given by

{p'(z) + K (z); x € CP~'}, has real dimension ¢z = 2p — 2.
Now, the quantity 6(H) occurring in [21, p. 263] is given by

6(H) = ]] Isinh((8, H))|"* cosh((5, H))"
peat (A.1.1)

— 2sgn((B, H)) sinh((8, H))~" cosh((8, H))>~".

A.2. Models for the Weil representation

Beside the Schrodinger model of the Weil representation, introduced in Section 1.2, we
will use two further models, the mixed model and the polynomial Fock model. In this
section, we describe their setup and give the intertwining operators.

First, we treat the mixed model, which is used in Chapter 4.

A.2.1. The mixed model

The passage to the mixed model of the Weil representation can be realized through a
partial Fourier-transform. We use hyperbolic coordinates (cf. Section 1.1.1) by setting

1 1
0= — (v + ), 0= —(vy — V),
\/5(1 ) \/5(1 )

and write z in the form of + xg + 8¢’ = (o, 29, B), with zg € W := V NNt We
denote the real and imaginary parts of the coordinates by writing @ = a; + ias and
B = b1 +ifs.

Now, passing to the mixed model amounts to calculating the partial Fourier transform
with respect to the hyperbolic coordinate o attached to ¢ . Since « is a complex variable,
one has to calculate the partial Fourier transform in the two real variables a; and as.
The new coordinate is denoted by f' = 31 + i85. Hence, for a Schwartz form ¢, we set

-~

(b(ﬁI?:CO?ﬁ) = /R2 ¢(a7x07/8)62ﬂi(a1ﬁi+azﬁé) dOéldOég.

Note that the integral converges since the integrand is a Schwartz function.
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Appendix A. Tools from representation theory

Intertwining for SLy(R) Now, we determine the intertwining operators for the operation
of SLy(R) ~ SU(1, 1). To facilitate notation, set G’ = SU(1, 1). Following [40], we define

ni=18.81= (5 0) € Ma().

Lemma A.1. Let ¢ be a Schwartz function, and r its weight under the operation of
K'=U(1). The intertwining operators for the action of G' are given by

1.
F (¥ i )o)) (8,8) = o575 5 (&8, i)

Fw(t1)e() (8,8) =& (B +uB,B).

Thus, g, = (\f

S-Sk

) operates as follows:

F(@(gp)e() (8,8) = v 5572 (& (8 +uB) ,v/oB)
Proof. Direct calculation. O

Using the Lemma, one quickly obtains the (partial) Fourier transform of the Gaussian
wo(z,7) = bz, 7). It takes the form
@0 ((n, o), 7)
7T _
= exp (—; (|B’]2 + |78)* + 2uRe (6’6)) + 277 (wo,—, wo,—) + 27T (0,4, xo,+)> (A.2.1)

= exp (‘% <|5/ + 77'5|2 + 208 (5’5)) + 277 (wo,—, wo,— ) + 277 (T 4, $0,+)> :

Intertwining for the operation of the parabolic subgroup P, C G To determine the
intertwining operators for the action of G, we recall the Levi decomposition G = NAM
introduced in the context of signature (p, 1) in Section 2.1.1. In signature (p, q), we have
M ~SU(p—1,9g—1) and A ~ GL([¢]) the elements of A and M are written as matrices
in the form

a(t) = L1 1 (teRso), p= u’ (1 € SUW)),
t~ 1

while the elements of the Heisenberg group are given by matrices of the form

1 0 r
n(0,r) = L1 (r e R),
1
1 - —i(w,w)
n(w,0) = L1 w (weW),

and satisfy the group law n(ws,0) o n(wq,0) = n (wy + wq, —(we, wy)).
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A.2. Models for the Weil representation

Lemma A.2. Let ¢ be a Schwartz form. The intertwining operators for the operation
of the subgroups N, A and M are given as follows:

1. F(n(0,r)p):
¢ (([8, 87, 20), 7, 20) € (rS(B'B)) -

2. F(n(w,0)¢):
(8.8, z0 — Bw), 7, z0) € (5 Re(5'B) (w, w) — Re (5 (o, w))) -

3. Fla(t)p):
( 90) t2§5 ((t[ﬁ, ﬁ/]a l’o), T, ZO) :

4. F(ip):
& (18,8, ™' w0), 7, 2) -

(Note that if either p or q is 1, M is compact.)

Proof. Since
99 = (2,7, 920) = (g~ ', 7, %),

the operation of N and the elements of the Levi-factor are given as follows:

n(0,7)¢ = ¢(x,7,n(0,r)z0) = (o — irf, zo, B), 7, 20),
n(w,0)p = p((a, zg, B), 7, n(w,0)29) = p(n(—w,0)(a, zo, B), T, 20)
= o((a + (w, 29) — B3(w,w), xg — wP, B),T, 20),
a(t)e = ¢ ((a, 20, B), 7, a(t)z0) = ¢ ((t v, o, tB), 7, 20)
me = o((a, zo, B), 7, pz0) = @((cv, ™ 0, 8), 7, 20).

The claim follows easily by calculating of the partial Fourier transform in «. m

A.2.2. The polynomial Fock model

We briefly recall the setup of the polynomial Fock model of the Weil representation for
the dual pair U(p, ¢q) x U(1,1) used in the construction of ¢ in Chapter 3, see Sections
3.3 and 3.3.1. For a review of the Fock model (for U(p,q) x U(r,s)) we refer to [25,
Appendix BJ. For more on the background, see Kudla and Millson [46, 44], Adams [1]
and Funke and Millson [see 27].

Recall that the Schrodinger model is given by the space of Schwartz functions S(V)
on V. The K’-finite vectors in S(V') form the polynomial Fock space S(V'). It consists
of functions on V' of the form p(z)po(2), where p(z) is a polynomial function on V' and
¢o(z) is the standard Gaussian on V. We use the coordinates z1,. .., z, in V| relative to
the basis {vq,v,}.

From the action of U(1,1) x U(p, q) on S(V') one obtains an action of the Lie algebra
u(1,1)(C) x u(p,q)(C) on P(C?™), denoted w = wy (with a central character A, here
A = 27i). We then have a intertwining operator ¢ : S(V') — P(C?™) satisfying ¢(¢g) = 1.
It is given by the following Lemma (see [25], Lemma B.3).
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Lemma A.3. The intertwining operator between the Schréodinger and the Fock model
satisfies

L(z _li) = ! 2 L(Za—l—li) =2 2ii/,
T 024 \/_7r T 024 02!,
( _;a_za) = z " L(zoﬁ—%aiza) fl:Qﬁi%@’
(‘ W@@) ”, L (EM + %%) = —2@@'%,
( ﬂ%) L (zﬂ " %a%) Y, af;;-

In the Fock model, the Weil representation acts as follows (see loc. cit. Lemma B.1)
Lemma A.4. For the action of g ~ u(p,q)(C) on P(C*™), we have the following:

(i) The elements Z. 5, Z\5 and Z,,,, Z7,, in € act by

v
wA(Zyg) = —w(Zg,) = —zgaazg + zg%,
w(Z,,) =-w(Z,,) = —zl’,aa% + Zza(zg‘
(i) The elements Z,,, of p* and Z,, of p~ act by
(Za) = 47TZZZ;‘ B Wazf;zl’j’
w(Zgﬂ) —47?82(/?;% + %Z;zz

Let ¢ ~u(1,1)(C) and g’ = ¢ @ p'" @ p”~ be the standard decomposition. For the
following see [25, Lemma B.2.].

Lemma A.5. For the action of g’ ~u(1,1)(C) on P(C*™), we have the following

i) The generators of € act b
9 Y

p a p+q a
w(Nh) =i | D 2 = D A | Hilp— ),
La=1 Q@ p=p+1 H
[ p 8 p+q 8
w($?) =i Zz‘/laz' -y Zugn | TP —a).
La=1 @ u=p+1 K
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A.2. Models for the Weil representation

(ii) In p'®, consider the elements L and R, given by

2 T N 4 B I N
L‘§(—@' —1)6’“ ! R_E(i —1)6” |

On the Fock model, they act by

P o2 p+q
. / //
L= _47TZ 0z .02, 47T Z i
p+q 82
o " /
N 477)\Zz +dm Z 82’ 8z”
p=p+1

Note that L and R which give rise to the classical Maass lowering and raising

operators of SLs.
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Appendix B.
Useful formulas

B.1. Special functions

In this section we recall the integral representations of some special functions and their
properties.

The incomplete Gamma function First, for the convenience of the reader, we recall
the integral representations of the Gamma function and the incomplete Gamma function.

F(s):/ t e tdt, F(s,a):/ tte tdt. (B.1.1)
0 a

For n € Ny, we note the following identity [cf. 5, p. 74]:
—a _ —a - a’
I'(n+1,a) =nle %e,(a) = nle ZO ok (B.1.2)
Relations for the K-Bessel functions The following integral representation for Bessel
functions is well-known to number theorists, see [20, 6.(17), p. 313]

/ v’ Lexp (—cw — bv’l) dv =2 (2)_; K, <2\/%) (Rea > 0,Reb > 0).
0 b
(B.1.3)

Beside this integral representation, we also make frequent use of the following relations
[cf. 17, 10.27.3, 10.33.2]:

1

K_,(z) = K,(z), KL%(ZW’) = K%(Zmﬁ) = 57’75672”?, (B.1.4)
1 -1 _ r
and Kn+%(27rr) =51z hy (5£)  (n€Z,n>0). (B.1.5)

Here, h,, is the n-th Bessel polynomial, explicitly given by
= (k) a\k
in(@) = kz:% (n— k) &l <2> '

A further special function, which generalises [5, (3.25) on p.74] is usful for the Fourier-
Jacobi expansion of the singular theta lift ®(z, f, 1) (see Chapter 4).
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Appendix B. Useful formulas

Lemma B.1. Forn € Z, n > 2, Re(A+c¢) >0, Re B > 0, the special function defined
as

Vo (A, B, c) ::/ ['(n— 1,cv)v’”e’A”’B%dv.
0

s given by
p—r—1

n—2 p=r=2
T A 2
n—2 'Z% ( +C> Kr+1_ﬂ(2 (A+C)B)
r=0

Further, if p = 3 (mod 1), we have

n—2

2)lms < $(u—r)—% plr—p+i (A+c)B T
WQZT‘ (A+c)2 i B3 ie” hr_“_i_% (2 (A—FC)B)'

r=0

Proof. Since n — 2 is a non-negative integer, we can use the formula (B.1.2), and by
(B.1.3), obtain the following:

/ I(n—1,co)v e B dy =
0

n-2 , 00
n_Q[ZC_' —Hp—cv— Av— Uld?):
—rl o
n—2 A+ T+1 rel=p
c’ c
n—2|zﬁ ( = ) K, 1(2v/(A+c)B).
r=0
The rest follows directly from (B.1.4) and (B.1.5). O

B.2. Fourier transforms

Now, we gather some formulas for Fourier transforms, which come in useful for the
evaluation of theta integral and for switching between the Schrodinger model and the
mixed model of the Weil representation (cf. Section A.2).

For the following Lemma, see [2, Corollary 3.3].

Lemma B.2. Let © be a real indeterminate and p(x) € Cz] a polynomial. Then, the
Fourier transform of the Schwartz function

p(x)GZWi(A:E2+Bx+C)
s given by
. _1 Z dQ 13 B . 62 ¢B B2
(—QZA) 2 exXp &T_A@ (p(t)) (_ﬁ — ﬁ) exp (27TZ [—m T 94 T 44 -+ C]) s

wherein & denotes the transformed variable.
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B.2. Fourier transforms

Now, consider a special case, the Fourier transform of p(a:)e‘”Q. It is given by

b (454 ) (O = e (B.22)

From this, one can immediately conclude the following statements

—7T.Z’2

1. The Fourier transform of p(z + c)e is given by p(& — ic)e ™.

—7'('(22

2. The transform of p(—ﬂc)e_””““2 is given by p(§)e

Now, we turn to the Fourier transform of the special polynomials introduced in Chapter
3 above. Recall the definition of Hermite polynomials and Laguerre polynomials (cf.
Section 3.3). For k > 0, the Hermite polynomial Hj, is given by

o (d\" o e d\" .
H(t)= (=1 [ =) e =2 [t — =) /2
k() = (—1)% (dt) e e (t dt) e

Its Fourier transform is given by the following Lemma [see 28, Lemma 4.1]:

Lemma B.3. The Fourier transform of the k-th Hermite polynomial Hy(x) is given by

1 2 oo 2
: =Hy(—/mx)e ™ 2™ dy = (—\/7_ri§)ke_”g : (B.2.3)
V2T

Now, for the Laguerre polynomials. Recall the definition of the k-th Laguerre polyno-

mial Ly (k> 0),
e (d F ek
Li(t) = T\ z (e7't").

Its Fourier transform can be derived from the formula for the Fourier transform of the
Hermite polynomials.

Lemma B.4. Let z = x + iy be a complex variable. The Fourier transform in z of the
Laguerre polynomial

k 2
— |w|*e I, (B.2.4)

2 . .
Ly, (7r|z|2) e s given by ST

with the transformed variable w.

Proof. Recall that by (3.3.1) (see p. 81), (DaDo) @0 = Li(27|24]). Thus, the claim
follows directly from Lemma B.3 via Remark 3.6 (see (3.3.6) on p. 82). Indeed, since

(22) ey o = ()5 (5) i ) 1 () o)

Jj=0

after applying (B.2.3) twice and writing w = £ + in, in the Fourier transform we get

X kz( e = (-1l

as claimed. 0
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