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Abstract

This work examines the horofunction compactification of finite-dimensional normed vector spaces
with applications to the theory of symmetric spaces and toric varieties.

For any proper metric space X the horofunction compactification can be defined as the closure of
an embedding of the space into the space of continuous real valued functions vanishing at a given
basepoint. A point in the boundary is called a horofunction. This characterization though lacks
an explicit characterization of the boundary points. The first part of this thesis is concerned with
such an explicit description of the horofunctions in the setting of finite-dimensional normed vector
spaces. Here the compactification strongly depends on the shape of the unit and the dual unit ball
of the norm. We restrict ourselves to cases where at least one of the following holds true:

I) The unit and the dual unit ball are polyhedral.
II) The unit and the dual unit ball have smooth boundaries.
III) The metric space X is two-dimensional.

Based on a result of Walsh [Wal07] we provide a criterion for the convergence of sequences in
the horofunction compactification in these cases to determine the topology. Additionally we show
that then the compactification is homeomorphic to the dual unit ball. Later we give an explicit
example, where our criterion for convergence fails in the general case and make a conjecture
about the rate of convergence of some spacial sets in the boundary of the dual unit ball. Assuming
the conjecture holds, we generalize the convergence criterion to any norm with the property that all
horofunctions in the boundary are limits of almost-geodesics (so-called Busemann points). This
part of the thesis ends with a construction of how to extend our previous results to a new class of
norms using Minkowski sums:

IV) The dual unit ball is the Minkowski sum of a polyhedral and a smooth dual unit ball.

The second part of the thesis applies the results of part one to two different settings: first to sym-
metric spaces of non-compact type and then to projective toric varieties. For a symmetric space
X = G/K of non-compact type with a G-invariant Finsler metric we prove that the horofunction
compactification of X is determined by the horofunction compactification of a maximal flat in X.
With this result we show how to realize any Satake or Martin compactification of X as an appropri-
ate horofunction compactification. Finally, as an application to projective toric varieties, we give a
geometric 1-1 correspondence between projective toric varieties of dimension # and horofunction
compactifications of R” with respect to rational polyhedral norms.






Zusammenfassung

Diese Arbeit befasst sich mit der Horofunktions-Kompaktifizierung endlichdimensionaler normierter
Vektorrdume und Anwendungen derselben auf symmetrische Raume und torische Varietéten.

Die Horofunktions-Kompaktifizierung kann fiir jeden eigentlichen metrischen Raum X definiert
werden als der Abschluss einer bestimmten Einbettung des Raumes in den Raum der stetigen
reellwertigen Funktionen auf X, die an einem Basispunkt verschwinden. Die Punkte im Rand der
Kompaktifizierung sind heilen Horofunktionen. Bei dieser Definition fehlt allerdings eine ex-
plizite Beschreibung der Randpunkte. Im ersten Teil dieser Arbeit geht es um eine solche explizite
Charakterisierung der Horofunktionen fiir endlichdimensionale Vektorrdume. Hierbei hingt die
Kompaktifizierung des Raumes stark von der Form des Einheits- und des dualen Einheitsballes
der Norm ab. Wir beschrinken uns dabei auf Bille, die mindestens eine der folgenden Bedingun-
gen erfiillen:

I) Der Einheitsball und sein dualer Ball sind polyedrisch.
II) Der Einheitsball und sein dualer Ball haben einen glatten Rand.
III) Der metrische Raum ist zweidimensional.

Ausgehend von einem Resultat von Walsh [Wal07] geben wir fiir diese Félle ein Kriterium fiir die
Konvergenz von Folgen in der Horofunktions-Kompaktifizierung an, um die Topologie zu bestim-
men. AuBlerdem zeigen wir, dass in diesen Fillen die Kompaktifizierung homdomorph zum dualen
Einheitsball ist. AnschlieBend betrachten wir ein explizites Beispiel das zeigt, dass das Konvergen-
zkriterium im allgemeinen Fall nicht gilt und formulieren darauf aufbauend eine Vermutung iiber
die Konvergenzrate spezieller Folgen im dualen Einheitsball. Unter der Voraussetzung, dass die
Vermutung stimmt, verallgemeinern wir das Konvergenzkriterium fiir alle Normen, deren Horo-
funktionen Limiten von Fastgeoditen sind (sogenannte Busemann Punkte). Zum Abschluss dieses
Teils der Arbeit erweitern wir unsere bisherigen Resultate mit Hilfe der Minkowski-Summe um
alle Normen, die die folgende Bedingung erfiillen:

IV) Der duale Einheitsball ist die Minkowski-Summe eines polyedrischen und eines glatten Ein-
heitsballs.

Im zweiten Teil der Arbeit werden die Ergebnisse des ersten Teils auf zwei Situationen angewen-
det, ndmlich auf symmetrische Rdume von nicht-kompaktem Typ und auf projektive torische Va-
rietdten. Fiir einen symmetrischen Raum X = G/K von nicht-kompaktem Typ, der mit einer G-
invarianten Finslermetrik ausgestattet ist, zeigen wir, dass die Horofunktions-Kompaktifizierung
des Raumes bestimmt ist durch die Kompaktifizierung eines maximalen Flachs in X bestimmt
ist. Damit zeigen wir, wie jede Satake- und Martin-Kompaktifizierung von X als Horofunktions-
Kompaktifizierung beziiglich einer geeigneten Norm realisiert werden kann. Als Anwendung auf
torische Varietidten geben wir schlielich eine geometrische Bijektion zwischen n-dimensionalen
projektiven torischen Varietiten und der Horofunktions-Kompaktifizierung von R” beziiglich einer
polyedrischen Norm an.
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1 Introduction

The simplest compactification of a topological space is the Alexandroff compactification intro-
duced by Alexandroff in 1924 [Ale24]. It is also called one-point compactification by its way of
construction: Given a non-compact locally compact Hausdorff space X, construct a compact space
X, = X U {w} by adding an additional point w ¢ X called the point at infinity. A topology on
X, 1s given by the open sets as 7 = {U € X | U open } U {X,\C | C C X closed compact}. Then
X, is compact and contains X as a dense open subset. Moreover, the space X, is unique up to
homeomorphism.

The one-point compactification of the real line R can be imagined as first shrinking the real line to
the open interval (—1, 1) and then bending it such that the ends —1 and 1 almost touch each other
at the top. There we add the additional point w. The result is a circle and the one-point compact-
ification of R is indeed homeomorphic to S!. This concept generalizes to higher dimensions: for
the Euclidean space R” the one-point compactification R, is homeomorphic to the n-Sphere S".

There are many more compactifications of R” when we allow more points to create the compact
space. For example by retracting any point along a straight line centered at the origin, the space
R" is diffeomorphic to the interior of the unit sphere. Adding then the unit sphere gives another
compactification of R"”. Instead of shrinking the space homeomorphically into the interior of a
compact set, we can also add the sphere at infinity X(co) to the space. The sphere at infinity is de-
fined as the set of equivalence classes of asymptotic geodesic rays, where two rays are equivalent,
if they remain within bounded distance from each other as they go to infinity. This compactifi-
cation is called the geodesic compactification and can not only be obtained for R” but for every
simply connected non-positively curved Riemannian manifold. The picture of the space shrunk
into the interior of the sphere remains valid [BJO6, Prop. 1.2.3]: the sphere at infinity X(co) can be
identified with the unit sphere in the tangent space T, X for any basepoint py € X.

We want to keep this picture in mind when talking about the horofunction compactification, which
is the compactification we are most interested in.

The Horofunction Compactification

The horofunction compactification was introduced by Gromov [Gro81, §1.2] in 1981 as a gen-
eral method to construct compactifications of metric spaces. As horofunction compactifications
only require a proper metric space to be defined, they arise in many contexts. Alessandrini, Liu,
Papadopoulos and Su for example show that the Thurston compactification of the Teichmiiller
space and its horofunction compactification with respect to the arc metric are homeomorphic.
The horofunction compactification of a complete simply connected non-positively curved man-
ifold was identified with the geodesic compactification in [BGS85, §3] by Ballmann, Gromov
and Schroder. In this thesis we will focus on finite-dimensional normed spaces. Karlsson, Metz
and Noskov [KMNO6] describe horoballs for finite-dimensional normed spaces with polyhedral
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norm and for Hilbert metrics on simplices. In their recent paper [CKS20], Ciobotaru, Kramer and
Schwer describe the horofunction compactification of finite-dimensional vector spaces with asym-
metric polyhedral norms. They use the ultrapower of X with respect to a free ultrafilter and plan to
use their techniques and results to obtain compactifications of buildings in a follow-up paper (in
preparation). Related results of buildings were first obtained in [BriO6].

For the construction of the horofunction compactification of a proper metric space (X, d) with
possibly asymmetric metric one embeds X into the space of continuous functions C(X) on X
which vanish at a fixed base point pg. The embedding is given in terms of the metric d:

X — Cpy(X)
Y, =d(,z) — d(po,2).

The closure of the image is the horofunction compactification YZM of (X, d), where the structure
of the compactification crucially depends on the metric d. Though the embedding depends on
the basepoint pg, the compactifications with respect to different base points are homeomorphic.
Within the boundary dj,,(X) of horofunctions there are special elements called Busemann points
which are given as the limits of almost geodesic sequences in X. It is often difficult to determine the
horofunction compactification of a given space. One simplification sometimes is not to consider
all horofunctions but to determine the set of Busemann points.

So let us go to the setting of a finite-dimensional normed vector space (X, ||-||). There Walsh
[WalO7] explicitly described all horofunctions and showed that a necessary and sufficient condition
for all horofunctions to be Busemann points is a relatively low condition on the shape of the dual
unit ball. Given a norm on a finite-dimensional vector space X, its unit ball B determines a dual
unit ball in the dual space given as the polar of the convex set B:

B :={yeX*| Glxy>—1Yxe B}

As B is closed, compact and convex, the same holds for its dual B° and both sets contain the origin
in their interior. An extreme set of B° is a convex subset of the boundary dB° not containing any
line-segment in B° without its endpoints (Definition 2.3.3). When B° is polyhedral, the extreme
sets of B° are exactly its faces and all of them arise as the intersection of B° with some affine
hyperplane. But in the more general setting, this is not true any more. Any boundary point of B°
belongs to some extreme set and different extreme sets have disjoint relative interior.

Much work (like in [CKS20, KMNO6]) has been done on the horofunction compactification of
finite-dimensional normed spaces applying many different techniques. But as far as we know,
only polyhedral norms have been considered up to now. We will generalize the theory to norms of
the following classes:

I) The unit ball is polyhedral.
II) The unit and the dual unit ball have smooth boundaries.
III) The space X is two-dimensional.

The second case can equivalently be described as B° only having smooth extreme points as extreme
sets. In all three cases the set of extreme sets of B° is closed and we can use the results by Walsh.

In order to explicitly describe the set of horofunctions, we follow [Wal07] and introduce a set of
maps hg , : X — R depending on a convex set £ C X* and a point p € X by

hgp(x) = — ?elg (elp — x) + 225 (elp).



This then yields the following description:

Corollary 3.1.10 The set of horofunctions of X is given as
Ohor(X) = the, | E C B° is a proper extreme set, p € T(E)"},

where T(E)* C X is a certain subspace of X of the same dimension as E. )

The above result determines the set of horofunctions in the boundary but gives no statement about
its topology. We will define a topology in terms of the convergence of sequences.

An important result in this thesis is the description of the convergence behavior of sequences in the

horofunction compactification to obtain a topology on Yhor. To each extreme set F' of the unit ball
B we can assign a unique exposed dual extreme set F° of B° which is maximal among all those
extreme sets of B° that minimize the dual pairing with F. For an unbounded sequence (z,,)men and
a point x € X we consider its sequence of directions (”Z::i”)meN, which is a sequence of points
on the boundary of the unit ball B. Each such point lies in the relative interior of an extreme set
F(x) of B. Taking the associated exposed duals D,,(x) of F,,(x) gives a sequence (D,,(X))men
of extreme sets of B°. As the set of extreme sets of B° is closed, all accumulation points of this
sequence are extreme sets. By D(x) we denote the set of accumulation points of (D,,(x)),,. So for
each x € X the set D(x) is a set of extreme sets of B°. They play an important role when describing

convergent sequences and their limits.

Theorem 3.2.6 Let B C X be a unit ball and B° C X* its dual such that they belong to one of the
three cases I) — 111) defined above. Let (z,;)men be an unbounded sequence in X.

Then the sequence (Y, ),,c converges to a horofunction hg , associated to an extreme set E’ C B°
and a point p € T(E’)* if and only if the following conditions are satisfied:

1) E = aff{D(x) | x € X} N B° is extreme.
2) The projection (Zjn,g)men Of (Zm)men to T(E)* converges.
If (,,),, converges, then E’ = E and p = lim e Zm.E- o

We have to restrict ourselves to the three cases mentioned before because there the structure of the
extreme sets of the dual unit ball is sufficiently nice. Otherwise the statement is not true anymore as
will be seen by an explicit counterexample (more details in Section 3.2.6): Consider R? equipped
with a norm that has a cylinder as unit ball parallel to the z-Axis. Its dual is a rotated rhombus
with peaks on the z-axis, as shown in Figure 1.1.

B

Zm

[1zm ||

Figure 1.1: The cylindric unit ball (LeFr) and its dual (RIGHT).

For the sequence z,, = (-m? + a,m + b,—m* + ¢) with real parameters satisfying a — ¢ > % we

can explicitly compute the limiting horofunction and it is the map hg , associated to the extreme
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set E = conv{(0,0,1), (1,0,0)} € B° with parameter p = 3(a — ¢ — 3) - (1,0,-1) € T(E)".
But applying the theorem yields a horofunction /i 5 associated to the same extreme set but with a
different parameter: p = p+ Alf -(1,0,-1) € T(E)*. We see that the parameter which we obtained as
the limit of the sequence (z,,),, projected to the subspace T'(E)* is not the right one by an additive
constant. It actually turns out that we get the correct p by projecting not to 7(E)* but by projecting
each element z,, to a different subspace T'(E,,)*, where (E,;)men is a sequence of subsets of B° of
the same dimension as E and converging to E. Now the crucial point is that we can not take any
such sequence of subsets (otherwise £ would already do it) but the convergence has to happen
with the correct rate depending on (z,,),,: for every x € X the sequence (g, x)m S 0B° satisfying
(Gm.xlzm — x) = —||lzmm — xl|, approaches the set E,, faster than z,, goes to infinity.

Inspired from the above example we make the following conjecture for the general case:

Conjecture 3.2.12 Letuy,...,u; € X be points and foreach j = 1,...,k, let (Gmu)m S OB° be a
sequence of points satisfying <qm,uj| Zm — uj> = —|lzsn — ujl| for all m € N, such that the set

E, = aff{CIm,up ) Qm,uk} nB°

converges to E with dim(E,,) = dim(E) for all m € N. For each m € N and a point x € X
let ¢, € OB° be an extreme point dual to ”2::16” € OB and let e, € E,, a point such that the
sequences (qm,x)m and (en )m (or subsequences, if necessary) both converge to the same point

qx € E. Then it holds:

<em,x - Qm,x|Zm> — 0 VxeX o

We know that the left side of the pairing goes to 0 whereas the right side is unbounded and the
pairing can only be bounded, if the left side converges faster than the right one. That is, the points
em.x and g,  approach each other fast enough. Under the assumption that the conjecture holds, we
can generalize our result for the convergence of sequences in the horofunction compactification to
the general setting:

Theorem 3.2.14 Assume Conjecture 3.2.12 holds. Let B € X be a unit ball and B° its dual
such that the set of extreme sets of B° is closed. Let (z,,)men be an unbounded sequence in X and
E = aff{D(x) | x € X} N B°.

Letuy,...,u; € X be points with k = dim(E) + 1 and foreach j =1, ...k, let (GmuIm S OB° be a
sequence of points satisfying <qm,uj| Zm — uj> = —|lzsn — ujl| for allm € N, such that with

Ey = aft{qmu,s - Gmu} N B°
there holds
(A) dim(E,,) = dim(E) and
(B) E,, — E asm — o,

Then the sequence (¥,,),, converges to a horofunction hg: , for an extreme set E’ C B° and a point
p’ € T(E')* it and only if the following conditions are satisfied:

1) E as defined above is extreme.
2) The projection (zm.E, )m Of (Zm)m to T(E,)* converges.

If (y,,),, converges, then E’ = E and p = lim,,_,c0 Zm,E,,- o



Earlier we said that we want to keep the picture in mind that we obtain the compactification by
adding boundary components to the space. For the horofunction compactification we saw that the
boundary points, i.e. the horofunctions, are indexed by the extreme sets E of the dual unit ball and
parameters p in a subspace of the same dimension as E. We can keep this picture in mind by the
following consideration: imagine the space X to be mapped into the interior of the dual unit ball
B° and a horofunction Ag ;, from the boundary mapped into E in a way depending on p € T(E)".
This picture is maid rigorous in another main theorem of this thesis:

Theorem 3.3.10 Let (X, ||]|) be a finite-dimensional normed space with unit ball B C X and dual
unit ball B° belonging to one of the three cases I) — I11) above and such that B° has only finitely
many connected components of extreme points.

. . . hor . .
Then the horofunction compactification X s homeomorphic to B°. o

For the polyhedral setting, analog results using different techniques were also obtained in [KL18],
[CKS20] and [JS16].

The map that defines the homeomorphism has to respect the convergence behavior of sequences.
It is built out of several "smaller" maps m® : R” — int(C) that map R” into the interior of a
compact convex set C. Hereby the map m® generalizes the idea of a convex combination and is
inspired by the moment map from the theory of toric varieties. When C is a polytope, it can be
described as the convex hull of its extreme points ci,...,c; and the map mC is given as a real
convex combination over the extreme points of C:

ko peln

C
m-(x) = ;.
Z Zl;':1 el i

i=1

In the general setting where C has infinitely many extreme points, we can not take weighted sums
any more. Nevertheless, the same concept will be used then: we consider the weighted sum over
the finitely many isolated extreme points c; plus the sum over (the finitely many) integrals over
connected components A ; of extreme points:

kL —~cilx) .. l —(vlx)
-1 € C"C;+Zj:1fAje YWrydy

k —{¢; l - :
Zi:l e {cilx) + Zj=1 Lj e <W|X>dw

mC(x) =

The homeomorphism between the horofunction compactification and the dual unit ball B° is built
out of maps of the kind of m® in the following way, consistent with the picture we have in mind:

_hor . xeX —  mP (x) €int(B°),
m:X — B, { hep € OporX  +— mE(p) € int(E).

So far we had to restrict ourselves to settings where the unit ball of the norm satisfies some con-
ditions about its structure of extreme sets. There is a way to extend the class of allowed norms
by taking a norm that is the sum of two norms ||-||; and ||-||; that belong to the previously allowed
cases 1), II) and I1]):

-l == -l =+ (][l

Then the dual unit ball of our new norm ||-||3 is the Minkowski sum of the dual unit ball of the other
two norms. The only really new extension to the previous cases arises when we take one of the
norms to be polyhedral and the other one to be smooth. We want to follow the way we went before
and characterize convergent sequences with respect to the new norm and show that the resulting
horofunction compactification is homeomorphic to the dual unit ball. The first statement follows
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immediately by the construction of the new norm as a sum of two norms for which we already
know the convergence behavior: a sequence (z,)men converges to a horofunction A, with respect
to |||l3 if and only if (z,,),, converges with respect to both [|-||; and [|-||> to horofunctions Ag, ,, and
hg, p,, respectively. The limiting function g, then is associated to the extreme set E obtained
as the Minkowski sum of the extreme sets E; and E>. Given a point p in the Minkowski sum
M = A + D of two convex sets A and D, we can decompose the point p = a + d into summands,
such that @ € A and d € D, but if p is not an extreme point of M, this decomposition is not
unique. This is the reason why we can not sum up the maps m*! and m®2 to get the map m* for the
homeomorphism. Indeed, by doing so, we loose injectivity. But nothing prevents us from defining
mE and m in the same way as we did before. Doing so we can use the theory developed before for
norms belonging to the three cases to get the final result:

Theorem 3.4.7 Let X be a finite-dimensional normed space equipped with the norm

lI-ll3 = 11+ [1+]l2s

where |||, is a polyhedral norm and ||-||> is smooth. Denote by B the dual unit ball of ||-||3. Then
the horofunction compactification of X with respect to ||-||3 is homeomorphic to B5:

—hor

X = B3 °

So we have gained a new class of allowed norms:

IV) The dual unit ball arises as the Minkowski sum of a polyhedral unit ball and a smooth dual
unit ball with only extreme points.

Let us now explain what we actually did geometrically in terms of compactifications, a picture is
given in Figure 1.2. As Bj is the Minkowski sum of a polyhedral and a smooth set, the extreme
sets of BS are either extreme points obtained as the sum of each an extreme point of B} and B,
or polyhedral extreme sets, obtained as the Minkowski sum of a face of the polytope B} and an
extreme points of BS. By collapsing the connected components A; of extreme sets of B; to a point,
we get a homeomorphism from Bj to the polytope B]. On the other hand, shrinking every higher
dimensional extreme set of B to a points yields a homeomorphism from B3 to the smooth dual
unit ball Bj.

Figure 1.2: The Minkowski sum of a hexagon and a circle (Lerr) and the decomposition of
faces (RIGHT).

These identifications of extreme sets of B} and B with those of BS causes the identity map on X

. —hor —hor —hor —hor
to extend to continuous maps X, — X, and X, — X ,- In other words, we constructed

by taking the sum of two given norms the least common refinement:



—hor . —h —h
Theorem 3.4.13 X”,i_: is the least common refinement of X ||,T|T and X||~(|)|;' o

Constructing a new compactification out of given ones or identifying a given (new) compactifi-
cation with other well-known compactifications can reveal new aspects of the compactifications.
We will do so when dealing with the compactifications of symmetric spaces and compare the
horofunction compactification of the symmetric space with its Satake and its Martin compactifi-
cations.

Symmetric Spaces

Symmetric spaces arise in many areas of mathematics and physics and are an important class of
Riemannian or Finsler manifolds. They stand out due to their close relation to Lie groups and Lie
algebras. The class of irreducible symmetric spaces can be divided into three types - Euclidean
type, compact type and non-compact type. Symmetric spaces of Euclidean type are flat, i.e. have
sectional curvature equal to O and arise as the Riemannian product of some Euclidean R¥ and a
flat (n — k)-torus. A symmetric space of compact type is indeed compact as it has constant positive
Ricci curvature. A basic example is the sphere S” in the Euclidean space R"*!. We are interested
in symmetric spaces of non-compact type, which have non-positive sectional curvature, and are
diffeomorphic to R". One of the simplest examples of a symmetric space of non-compact type is
the hyperbolic plane H?.

Before we go on, let us have a closer look at the example of the hyperbolic plane H2. The group
SL(2,R) is a semisimple Lie group that acts isometrically and transitively on the upper half plane
by fractional linear transformations, that is

c d 'Z_cz+d

(a b) _az+b
for any z € H2. The stabilizer of the imaginary unit i is given by the subgroup SO(2). As
the action of SL(2,R) on H? is transitive, this yields an identification of H? with the quotient
SL(2,R)/ SO(2).

The occurrence of such an identification is not specific to H?, but instead is characteristic for
symmetric spaces of non-compact type: Any symmetric space X of non-compact type can be
identified with a quotient G/K, where G, the isometry group of X, is a semisimple Lie group and
K = G, is the stabilizer of a base point py € X, which is a compact subgroup of G. Therefore
symmetric spaces can be studied in terms of Lie groups and Lie algebras. Therefore denote by
g and t the Lie algebras of G and K, respectively, then there is a maximal abelian subalgebra
a € p, where p is the Killing-orthogonal of f in g. As a Lie algebra, a carries the structure of
a finite-dimensional vector space and we can apply our results from Chapter 3 to investigate its
horofunction compactification. In order to do that, it remains to determine a norm on a.

Symmetric spaces carry a Riemannian metric but they also carry a Finsler metric, which is much
more interesting to us. A Finsler metric is a generalization of a Riemannian metric as it is a
continuous family of (possibly asymmetric) norms on the tangent spaces, which are not necessarily
induced by an inner product. Any G-invariant Finsler metric on X induces a Weyl group invariant
norm on a and also on a maximal flat F' = exp(a).pg = RX. The flat F can both be seen as a metric
space of its own or as a part of the symmetric space X. A key result then is that both view points
lead to the same result:
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Theorem 4.2.18 Let X = G/K be a symmetric space of non-compact type. Consider a G-
invariant Finsler metric on X such that the dual unit ball belongs to one of the cases I) - IV) and

. . <h . . . .
such that its set of extreme sets is closed. Let X . be the horofunction compactification of X with

R . . . hor . . .
respect to this Finsler metric. Then the closure of a maximal flat F in X s isomorphic to the
horofunction compactification of F with respect to the induced metric. °

Comparison with other compactifications The above theorem allows us to compare the ho-
rofunction compactification of X with other well-known compactifications of by studying the
compactifications of the flat or of a. The first compactification we consider is the Satake com-
pactification.

Specific Satake compactifications have been realized as horofunction compactifications of Finsler
metrics before. Kapovich and Leeb [KL18] studied the polyhedral horofunction compactifica-
tion of finite-dimensional vector spaces in order to understand the Satake compactifications of
symmetric spaces of non-compact type. Satake compactifications have polyhedral unit balls in
a and we will come to the same conclusion in Chapter 4 but using different techniques. This is
also shown in [HSWW18] with respect to generalized Satake compactifications as introduced in
[GKW15]. Friedland and Freitas [FF04a, FF04b] described the horofunction compactification for
Finsler p-metrics on GL(n,C)/U, for p € [1,c0], which they showed to agree with the visual
compactification for p > 1. Additionally they proved that the horofunction compactification of
the Siegel upper half plane of rank n for the 1-metric agrees with the bounded symmetric do-
main compactification, a minimal Satake compactification. The two books [GJT98] and [BJ06]
explain many more compactifications of symmetric spaces and show how they are related to each
other. They additionally give a unifying approach of how to construct them by adding boundary
components.

Before stating the result more precisely let us shortly describe the basic construction of Satake

compactifications Xf as given by Satake [Sat60] in 1960. The index 7 signifies that they are as-
sociated to irreducible faithful representations 7 : G — PSL(n, C), which give rise to embeddings
X = G/K - P(H(C"), gK — [1(g)"1(g)], into the space of positive definite Hermitian matri-
ces. There are only finitely many isomorphism classes of Satake compactifications, determined by
subsets of the set of simple roots. The closure of a flat in a Satake compactification with respect
to the representation 7 is homeomorphic to the convex hull conv(‘W(2u.)) of the Weyl group orbit
of the highest weight u, of the representation as shown by Ji [Ji97]. Now we state

Theorem 4.3.22 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G, u, ..., u, the weights and u, the highest weight of 7.
With the Weyl group ‘W let D := conv(uy,...,u,) = conv(‘W(u;)) be the ‘W -orbit of the highest
weight. Let B = —D° define a unit ball in the maximal abelian subalgebra a C p C g. Then the

Satake compactification )_(f is G-equivariantly isomorphic to the horofunction compactification of
X with respect to the Finsler metric defined by B. o

The other compactification we want to examine more closely is the Martin compactification. It
is constructed using the spectrum of the Laplace-Beltrami operator and has no direct geomet-
ric meaning. When Ay denotes the bottom of the spectrum, then there is an associated Martin
compactification X U d,(X) for each 4 < Ap. A well know geometric interpretation of the Mar-
tin compactification is in terms of the maximal Satake and the geodesic compactification of X:
X U 0,,(X) is homeomorphic to the maximal Satake compactification )_(f of X and X U 0(X) is
the least common refinement of the maximal Satake and the geodesic compactification of X. Our
previous results from Section 3.4 then allow us immediately to realize any Martin compactification
as a horofunction compactification:



Theorem 4.4.2 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G with generic highest weight y, € a*. With the Weyl
group W let D := conv(‘W(u;)) be the ‘W-orbit of the highest weight. Denote the norm on a
defined by the unit ball By := —D° by ||‘||s. Let||:||[g be the Euclidean norm ||| on a.

Then for A = Ay, the Martin compactification X U 0,,(X) is homeomorphic to the horofunction
compactification of X with respect the Finsler norm given by ||||s on a.

For 1 < A¢(X), the Martin compactification X U 0,(X) is homeomorphic to the horofunction
compactification of X with respect to the Finsler norm given by the sum ||-|| = ||:||s + ||| ona. o

Toric Varieties

Our results about the horofunction compactification of a finite-dimensional normed spaces can also
be applied in a different setting, namely for toric varieties. Toric varieties provide a basic class of
algebraic varieties which are relatively simple. They are irreducible varieties over C that contain
the complex torus as a Zariski open subset such that the action of the torus on itself extends to an
algebraic action of the torus on the variety. A subclass of toric varieties are normal toric varieties
which can be described as an abstract toric variety Xy constructed by a fan £ C R”. A fan is a
collection of strongly convex rational polyhedral cones satisfying the same building conditions
as simplicial complexes: given a cone o € X, then also every face of o belongs to X and the
intersection of two cones is a common face of both. A polytope P in R" defines a fan Xp by taking
cones over its faces. But the converse is not true, there are fans that do not come from polytopes.
Therefore we restrict ourselves to projective toric varieties where it is known that the underlying
fan is induced by a rational convex polytope. It is well-known that many algebro-geometric and
cohomology properties of toric varieties Xs are determined by combinatorial and convex properties
of their fans. We use this correspondence to combine projective toric varieties and horofunction
compactifications of R". Every toric variety X5 has a nonnegative part Xs >0 and we show that this
nonnegative part can be identified with a suitable horofunction compactification:

Theorem 5.3.8 Let X = X5, be a projective toric variety of dimension n. Then the following are
homeomorphic:

1) the nonnegative part X>q of the toric variety X

2) the image of the moment map of the toric variety X

. . . —==h .
3) the horofunction compactification R" " of R" with respect to the norm ||-||p

These homeomorphisms give a bijective correspondence between projective toric varieties X of
dimension n and rational polyhedral norms ||-|| on R" up to scaling in every dimensionn > 1. o

The homeomorphism here is given by the (toric) moment map ¢ which provides a homeomorphism
between the nonnegative part Xy, > of the toric variety and the dual of the polytope P that defines
the fan Xp. This map is well-known in the context of toric varieties and can be found in standard
literature (like [CLS11, Prop. 12.2.5] or [Ful93, §4.2]), but with slightly different notations. A
similar convexity result about the image of the (symplectic) moment map is also well know in
symplectic geometry and goes back to Atiyah [Ati82] and Guillemin-Sternberg [GS82]. The map
that we use for the homeomorphism between the horofunction compactification and the dual unit
ball is inspired by the moment map. Apart from the toric or symplectic setting, the moment map
does not seem to be widespread, especially not in the context of convex sets where we used it.
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To show Theorem 5.3.8 we define a topological model Ty of the variety where we explicitly
describe the convergence behavior of sequences. The topological model is constructed as the
complex torus 7" to which we attach some boundary components. A key point then is to show that
the topological model T's and the usual construction of Xs as the variety obtained from a fan are
homeomorphic as T-topological spaces.

Structure of the thesis

We start in Chapter 2 with preliminaries about some concepts needed later, especially in the third
chapter. We first unify notations abouts subspaces in Section 2.1 and then go over to convex sets
and (asymmetric) norms in Section 2.2. Important for us is the structure of extreme sets and the
notion of dual convex sets and faces, this will be treated in Sections 2.3 and 2.4. Further we will
show some basics about the Minkowski sum in Section 2.5 and especially determine how faces of
convex sets behave under the sum. The last part in the preliminary chapter (Section 2.6) introduces
the maps hg j, that will later give the horofunctions.

Chapter 3 deals with the horofunction compactification, mainly in the setting of a finite-dimensional
normed vector space. After a general introduction into horofunctions and especially horofunc-
tions on a finite-dimensional normed vector space (Sections 3.1), we state the main result about
the convergence behavior of sequences in the horofunction compactification in Section 3.2. The

. <h . . . . . . .
homeomorphism X " ~ B° is deduced in Section 3.3 and generalizes a result of joint work with
Lizhen Ji that was published on the arXiv as [JS16]. The extension of the previous results to the
case where the norm is the sum of two other norms is the content of Section 3.4.

Chapter 4 starts with an introduction to the theory of symmetric spaces and of Lie groups and Lie
algebras in Section 4.1. The justification for determining the horofunction compactification of a
symmetric space of non-compact type by compactifying a maximal flat is given in Section 4.2.
We then compare the horofunction compactification with the Satake (Section 4.3) and the Martin
compactification (Section 4.4). The results on the horofunction compactification and the Satake
compactification of symmetric spaces are joint work with Thomas Heattel, Cormac Walsh and
Anna Wienhard and published on the arXiv as [HSWW18].

Chapter 5 treats the theory of toric varieties. The basics on toric varieties and their construction
from fans is given in Section 5.1. After defining the topological model of a toric variety in Sec-
tion 5.2, we show the homeomorphism of the nonnegative part and the dual polytope in Section
5.3. The results of this chapter were deduced in joint work with Lizhen Ji and a shorter version
containing all results was published as [JS17].

In Chapter 6 we state some open problems and questions for future research work.



2 Preliminaries

In this section we introduce some basic definitions, notations and concepts used later, especially in
Chapter 3. Throughout this section, let (X, ||-|]) be an n-dimensional normed real vector space. By
{:|y we denote the dual pairing of the dual space X* and X. For a subset A C X denote by A* C X*
its associated subspace by the identification of X and X*. By identifying X with R"” we get an inner
product on X from the Euclidean inner product on R”, which we denote by {:|-)x. The definitions
and statements are inspired by [Sol15], though the notations and names there sometimes differ.
Other references especially for convex sets and duality are [Bee93], [Mar77] and [Roc97].

2.1 Subspaces and Affine Spaces

We start by collecting some basic definitions and results about subspaces and affine spaces of R”
to unify notations.

Definition 2.1.1 Let S € X be a non-empty set. The smallest subspace of X containing S is called
the subspace generated by S and denoted by V(S). )

Definition 2.1.2 A non-empty subset K C X is a cone with apex a, where a € X, if for all x € K
and A > 0 it holds
a+ Ax—a) ek

1

If K is convex', we call it a convex cone. o

“a“ e

Figure 2.1: A convex (GREEN) and two non-convex cones (BLUE) in R?,
Remark 2.1.3 When the apex a € X of a cone is the origin, then we get the common condition
A-x€ Kforall 2 > 0and x € K to define a cone and will then just call it a cone. o

For any subset S C X we can get at cone over S by taking all non-negative multiples of points in
S:

Definition 2.1.4 Let S € X be a set. The cone K(S) over S is the smallest cone (with apex at the
origin) in X containing S, that is,

KS)={xeX|x=A1-sforsomel>0,5s€S} o

'see Def. 2.2.1 on page 14

11
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Definition 2.1.5 Let V C R” be a subspace. Then the orthogonal complement V*+ of V is the
subspace orthogonal to all elements of V:

Vii={yeX| (lx)y =0Vxe V] o
Remark 2.1.6 We could also have taken the quotient X/V(F) instead of F*, but since the orthog-
onal complement is more geometric, we use the complement V(F)*. o

A subspace V and its orthogonal complement V* are complementary, that is, V@& V*+ = X. There-
fore every element x € X can uniquely be written as

x=xy+x",

where xy € V denotes the orthogonal projection to the subspace V and x” € V* the orthogonal
projection to V*.

Definition 2.1.7 An affine subspace A C X is the translate of a subspace V C X, that means there
is a point a € X such that
A=a+V={x=a+veX|veV}

The empty set is also considered as an affine subspace. If 0 # A # X, then the affine subspace A is

called proper. o

Definition 2.1.8 Let S C X be a non-empty set. The affine hull aff(S') over S is the smallest affine
subspace containing S . o

The affine hull aff(S) of a set S can equivalently be defined as the intersection of all affine spaces
containing S .

Just as we do for subspaces, we speak of affine (in)dependency of a set of points and we can make
basic operations on affine spaces like sums and intersections. The exact definitions and results are
given now.

Definition 2.1.9 A set {x|,...,x;} C X is called affinely independent, if for A,...,; € R the
combinations

k k
Z/l,‘xl‘=0 and Z/l,‘=0
i=1 i=1
are only possible for 41 = ... = 44 = 0. Otherwise the set of points is called affinely dependent.
The empty set ) and every set {x} are considered to be affinely independent. o

Remark 2.1.10 For linear independency we do not require that }; 4; = 0. So a set can be linearly
dependent but affinely independent but not the other way round. o

Example 2.1.11 In R? consider the points

i =) el el

Then the set {x, x2, x3} € R? is linearly dependent but affinely independent. The set {x{, x2, x4} is
both linearly and affinely dependent. o

The following characterization helps to find affinely independent sets.

Proposition 2.1.12 ([Sol15, Thm 1.60]) The set {x1,...,xx} C X is affinely independent, it and
only if the plane aff(xy, ..., x¢) has dimension k — 1. o
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Proposition 2.1.13 ([Soll5, Thm. 1.4]) Intersections and finite weighted sums of affine spaces
are again affine spaces. o

Proposition 2.1.14 ([Sol15, Thm 1.2]) Let A C X be an affine subspace. Then A is the translate
of a unique subspace V C X given by

V=A-A={x—-y|x,ye A} o

Definition 2.1.15 The unique subspace of which the affine subspace A is a translate, is called the
space of translations of A and denoted by T'(A).
For a subset S € X we denote by T'(S) the space of translations of aff($'):

T(S) := T(aff(S)) = aff(S) — aff(§). o

To obtain the space of translations of A it is actually enough to consider A translated by a non-
empty subset L of A. This holds especially when L only consists of a single point.

Corollary 2.1.16 ([Soll15, Thm. 1.2]) Let A C X be an affine subspace and L C A a non-empty
subset. Then
TA)=A-L. o

Now that we assigned a subspace to every affine space A we can speak about the dimension of A.
It is defined as the dimension its space of translations:

dim(A) := dim(T (A)).
Similarly, for any non-empty set S C X we define ([Sol15, Def. 1.75]) the dimension of S by
dim(S) := dim(aff(S)).

Then dim(S) is the maximal number of affinely independent points in $ minus 1.

Let the subset L in the corollary above be a single point, then we see that the space of translations
T(A) is a translate of A and we intuitively would say that A and T'(A) are "parallel”. This statement
is also consistent with the definition of parallelism:

Definition 2.1.17 Two non-empty affine subspaces A1, A, are called parallel, if one of them con-
tains a translate of the other. o

Note that we do not require the affine subspaces to have the same dimension for being parallel.
Therefore parallelism is not an equivalence relation. An equivalent characterization of parallelism
of A and A, is to require that one of their space of translations contains the other one:

Proposition 2.1.18 ([Soll5, Thm. 1.13]) Let A;,A> C X be non-empty affine subspaces with
dim(A;) < dim(A,). Then A and A, are parallel if and only if T(A1) C T(A). )

Corollary 2.1.19 In the situation of the proposition, if dim(A;) = dim(A;), then A; and A, are
parallel if and only if T(A;) = T(A,), that is, A} and A, are translates of each other. o

Soltan [Sol15] calls affine subspaces planes. We keep the notation of affine subspaces, to avoid
confusion with the common definition of a hyperplane, that is, an affine subspace of dimension
n—1.

Important for us will be the following characterization of a hyperplane as the level set of the dual
pairing with some fixed vector:
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Proposition and Definition 2.1.20 ([Sol15, Thm 1.17]) An affine subspace H C X is a hyperplane
if and only if there is a point g # 0 € X* and a scalar A € R such that

H=HS:={xeX| (glx)=}. 2.1)
The above representation is unique up to a common non-zero scalar multiple of g and A:

kg _ g8
H = H), Yk # 0. o

We will mainly consider the hyperplanes for 4 = —1 and 4 = 0.

Corollary 2.1.21 ([Sol15, Cor 1.18]) Two hyperplanes H = Hﬁl and G = G* | in X are parallel if
and only if they are defined by the same point up to a scalar multiple: there is an @ € R such that

h = ag.
Therefore their (common) space of translations is given by
TH)=TG)={xeX|¢h|x)=0} o

With the notations introduced above in Equation (2.1), we see immediately that the space of trans-
lations of H is the orthogonal complement to the subspace generated by h:

T(H",) = (V(h)*) = H.

Every hyperplane H divides X into two closed half-spaces:

Definition 2.1.22 The affine half-spaces defined by a hyperplane H g will be denoted by:

Ve ={x e X| (hlx) > A)
VE i={xeX| (hx) < A},

and similarly for Vf , and Vﬁ 1 o

2.2 Convex Sets and Norms

In this thesis we will often deal with compact convex sets as they can be seen as unit balls of a
norm they define. Therefore we will now state some basic results about general (i.e. not necessarily
compact) convex sets and the norm they define.

Definition 2.2.1 A non-empty subset C C X is called convex, if for any two points x,y € C the
interval between them is contained in C, that is, for all 0 < A < 1 it holds:

Ax+ (1 -AyeC.

Also the empty set is defined to be convex. o
Generalizing the sum above to more than two points, we get a convex combination:

Definition 2.2.2 A convex combination of points xi,...x; € X is a sum Zf: 1 Aix; where A; > 0 for
all i and Zf;l A; = 1. When all scalars 4; are positive, we call it a positive convex combination. o
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The union of all convex combinations of two points gives the (closed) interval between them,
where the union of all positive convex combinations yields the open interval. Similarly all (pos-
itive) convex combinations of three points not in a line produce an (open) closed triangle. This
idea leads to the following proposition:

Proposition 2.2.3 ([Soll5, Thm. 2.3]) Let C C X be a non-empty set. Then C is convex if and
only if it contains all convex combinations of elements in C. °

Also on the set of convex sets basic operations are allowed:

Proposition 2.2.4 ([Sol15, Thm. 2.8/2.9]) Intersections and finite weighted sums of convex sets
are again convex. o

Definition 2.2.5 LetS C X be a non-empty set. The convex hull conv(S) over S is the intersection
of all convex sets containing . o

In Figure 2.2 we show some examples of convex hulls (green) over different sets (red). Note that
different sets can define the same convex hull. In the second and third example we have points in
the red set that are redundant for defining the convex hull, while in the example on the left, the
convex hull changes if we take away one of the red points.

Figure 2.2: Some examples of convex hulls (green) over different sets of points (red).

Whenever a convex set C is given as the convex hull of a set of points, C = conv(S), we often
want this set of points to be minimal, that is, we require conv(S) # conv(S \{s}) for all s € §. This
means that each point s is a proper extreme point? of C.

Similarly to Theorem 2.2.3 one can describe the convex hull conv(S) over a set S as the set of all
convex combinations of elements of S, see [Sol15, Thm. 3.3] for a proof. It is also easy to see that
conv(S) is convex, contains S and if R C § are two non-empty sets then conv(R) C conv(S).

Consider a (filled) square in R3 lying in the xy-plane. Then by the common definition? it has empty
interior. Nevertheless, the square is not empty, it is filled and considering the same definition not
in R3 but in the subspace of the xy-plane, we get the "filling" as the interior. This is the basic idea
of the definition of the relative interior of a set, see also Figure 2.3 for some examples.

Definition 2.2.6 Let S C X be a non-empty set. The relative interior relint(S) of S is the interior
of S within the affine subspace aff(S). In other words, a point ¢ € X lies in relint(S) if and only if
there is a p > 0, such that B,(c) N aff(S) € §.

The relative interior of the empty set is the empty set and the relative interior of a point is the point
itself.

Similarly, we define the relative boundary of A as 8r1(S) := (c1.§)\ (relint(S )) where cl(S ) denotes
the closure of S. )

We now state some facts about the behavior of the relative interior, the relative boundary and
convex sets and hulls.

ZExtreme sets will be defined in Definition 2.3.3 on page 19. A point x in the boundary of a convex set C is extreme,
if for all closed intervals / € C with x € [ the point x has to be an endpoint of the interval.

3Let S C X be a set. Then a point ¢ € X is interior of S, if there is a p > 0, such that B,(c) € S. Additionally
int(@) = 0. The union of all interior points of S is called the interior of S and denoted by int(S).
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R2

Figure 2.3: The relative interior of a line segment in R? is the segment between the two
endpoints. For a square in R? the relative and the normal interior coincide.

Lemma 2.2.7 ([Sol15, Cor. 2.22]) The relative interior relint(C) of a convex set C C X is convex.
o]

Proposition 2.2.8 ([Sol15, Thm. 3.2/3.17/3.19]) LetS C X be a non-empty set. Then it holds:
1) aff(convS) = aff(S).
2) conv(clS) C cl(conv §) with equality if S is bounded.
3) conv(relint §) C relint(conv §). )

As a consequence of the latter proposition, if S is compact, then so is its convex hull conv(S).

Definition 2.2.9 A set S C C is compact if every open cover has a finite subcover. That is, for

.....
.....

Proposition 2.2.10 (Heine-Borel) Let X be a finite-dimensional normed vector space and let
S C X be a subset. Then S is compact if and only if S is closed and bounded. o

A convex set can not only be described as the set of all convex combinations (which is an intrinsic
description) but also as the intersection of half-spaces. To obtain this, we first have to get to know
supporting hyperplanes.

Definition 2.2.11 Let A € X be an affine subspace and C € X a non-empty convex set. Then A
is said to properly support C if A intersects exactly the relative boundary of C: AN C # @ and
ANrelint(C) = 0. If either C C A or A properly supports C then we just say that A supports C. o

R? R3

&

Figure 2.4: Some examples of supporting hyperplanes (green) in R? (Lert, MIDDLE) and in R
(riGuT). The red line supports properly, but is not a hyperplane in R>.

The third picture in the example above shows that by the convexity of C, any affine subspace
properly supporting C can be enlarged to a properly supporting hyperplane. This is also the content
of the following proposition:

Proposition 2.2.12 ([Sol15, Thm. 6.8]) Let C € X be a convex set and A C X an affine subspace
properly supporting C. Then there is a hyperplane H C X containing A and properly supporting
C. o
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The affine hull of a convex set @ # D C 0,1 C in the relative boundary of a closed compact convex
set C C X is an affine subspace properly supporting C. Therefore D lies in a properly supporting
hyperplane to C. See [Soll5, Cor 6.9] for a proof.

Corollary 2.2.13 ([Sol15, Cor.6.10]) Let C € X be a proper convex set. Then a hyperplane H C X
properly supports C if and only if H Ncl C # 0 and C is contained in one of the closed half-spaces
determined by H. o

The following observation will help us later when dealing with the dual unit ball of a norm.

Corollary 2.2.14 Let C € X be a compact convex set and H = H’; ba a hyperplane properly
supporting C. Then

either (h|c) > A YceC
or <(hlc) <A Yc e C. )

As compact sets are bounded, it holds:

Corollary 2.2.15 (see also Prop. 2.3.1) Every closed compact convex set C C X has a supporting
hyperplane o

Hyperplanes are also used to separate convex sets:

Definition 2.2.16 Let S;,S, C X be non-empty set. Then a hyperplane H C X separates S
and S, if S and S, lie in the opposite closed half-spaces determined by H. The hyperplane H
properly separates S| and S, if §1 U S, € H. If there is a scalar p > 0 such that H separates the
p-neighborhoods B,,(S 1) and B,(S2), then H strongly separates. o

Proposition 2.2.17 ([Roc97, Thm. 11.1]) Let S and S, be non-empty sets in X

1) S and S, are properly separated by a hyperplane, if and only if there exists a point h € X*
such that

a) inf{¢hls) | s € S1} = sup{¢hlt) |t € So}
b) sup{(hls) | s € S1} > inf{{hlt) |t € S}
2) S1 and S, are strongly separated by a hyperplane, if and only if there exists a point h € X*
such that
inf{(hls) | s € S1} > sup{¢hlt) |t € So}. o
For convex sets, we even have:
Proposition 2.2.18 ([Sol15, Thm. 6.30/6.32]) Let C{,C, € X be two non-empty convex sets.
1) C; and C, are properly separated if and only if relint(C;) N relint(C,) = 0.
2) Cy and C, are strongly separated if and only if inf{||x; — x2|| | x; € C1,x € Cp} > 0. o

As mentioned before, compact convex sets in X are closely related to norms. We now show this
relation and start with the definition of an asymmetric norm:

Definition 2.2.19 An asymmetric norm ||-|| on X is a function ||-|| : X — Ry satisfying:
1) For any x € X, if ||x|| = 0, then x = 0.
2) Forany @ > 0 and x € X, ||lax|| = af|x||.

3) For any two vectors x,y € X, [|x + y|| < ||x]| + |[¥Il. )
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In particular, ||x|| and ||—x|| may not be equal to each other. If the second condition is replaced by
the stronger condition: |lax|| = |a|||x|| for all @ € R, then ||-|| is symmetric and is a usual norm on
X.

Remark 2.2.20 It is rather confusing in the beginning to consider asymmetric norms and to get
used to the fact that possibly ||x|| # ||-x||. But in the relation with compact convex sets, this
asymmetric definition is much more natural than the symmetric one. More about asymmetric
norms can be found for example in [Cob13]. o

Given an asymmetric norm ||-|| on X, the unit ball By of the norm is given by
B ={xeX[xl <1}

It is a compact convex subset of X which contains the origin as an interior point. Conversely, given
any convex compact subset C of X which contains the origin as an interior point, this defines an
asymmetric norm ||-||c on X by

llxllc :=inf{d > 0] x € AC}. (2.2)

If C is symmetric with respect to the origin then ||-||c is a norm on X.

It is easy to see that the unit ball of ||-||c is equal to C. Since any asymmetric norm [|-|| on X is
uniquely determined by its unit ball, it is of the form ||-||c for some closed convex domain C in X
containing the origin in its interior.

Definition 2.2.21 When P is a polytope, the asymmetric norm ||-||p is called a polyhedral norm.
If P C R" is a rational polytope with respect to the integral structure Z" C X, the norm ||-||p is also
called a rational polyhedral norm. o

Remark 2.2.22 (Connections to the Minkowski and Hilbert geometry) Finite-dimensional normed
vector spaces are sometimes also called Minkowski geometry or Minkowski spaces as in [Tho96]
or [FKO5]. This interplay between convex subsets of R” and norms on R” plays a foundational
role in the convex analysis of Minkowski geometry, see for example [Gru07] and [Tho96].

There is another metric space associated with a convex domain Q of R”. It is the domain € itself
equipped with the Hilbert metric defined on it. When Q is the unit ball of R?, this is the Klein’s
model of the hyperbolic plane. In general, the Hilbert metric is a complete metric on € defined
through the cross-ratio, see [dIH93] for details. Since 2 is diffeomorphic to R”, the Hilbert metric
induces a metric on R”".

The polyhedral Hilbert metric associated with a polytope P is isometric to a normed vector space
if and only if the polytope P is the simplex [FKOS5, Theorem 2].

These discussions show that polyhedral norms on R”, in particular rational polyhedral norms,
are very special in the context of the Minkowski geometry [Tho96] and the Hilbert geometry
[dIH93]. o

2.3 Extremal Structure of Convex Sets

In this section we will examine more closely the structure of the (convex) sets in the (relative)
boundary of a convex set. This will lead us to the notion of extreme sets and points, which play a
very important role in the description of horofunctions in the next section.
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Proposition 2.3.1 (Minkowski; [GalO8, Thm 3.17]) Let C € X be a non-empty, closed subset.
If C is convex, then there is a supporting hyperplane to C through c for every boundary point
cedC. °

When we require C to have non-empty interior, then the converse of the proposition is also true
([Gal08, Thm 3.18]). We distinguish between boundary points with exactly one or more support-
ing hyperplanes to it.

Definition 2.3.2 Let A € X be a d-dimensional affine subspace and § # C € A a closed convex
subset. A boundary point C € dC is called smooth, if the supporting hyperplane to ¢ is unique. o

Definition 2.3.3 Let C C X be a convex set. A non-empty convex subset F' € C is called an
extreme set or extreme face of C, if for any x € F' and every closed interval I € C with x € relint({)
there holds I C F. The empty set is defined to be extreme. F is called proper extreme if @ # F # C.
An extreme face F with dim F = 0 is called an extreme point and if it has dimension n — 1 then it
is called a facet. o

Note that we require the set F' to be convex to be an extreme face.

Definition 2.3.4 Let C be a compact convex set. The set of extreme points of C will be denoted
by 80. o

Figure 2.5 below shows a convex set C in R? and its extreme sets. Every orange point is an extreme
point of C. Every green line is a proper extreme facet. Note that there are infinitely many extreme
points where the boundary is smoothly curved.

Figure 2.5: A convex set with its proper extreme sets: green facets and orange extreme points.

Definition 2.3.5 An extreme point x € dC of a compact convex set C is called isolated, if there is
an £ > 0 such that x is the only extreme point of C in the £-ball B(x) around x. Otherwise x lies
in the closure of a smooth part of C. An isolated extreme point is also called a vertex of C. °

A proper extreme set always lies in the relative boundary of C. Indeed, assume an extreme set F
meets the relative interior of C, that is, F Nrelint C # . Let x € F N relint(C) be a point in this
intersection and ¢ € C be any point in C. Denote by g the line-segment starting at ¢ and going
through x until the boundary of C. Then x is an interior point of the line-segment g lying in F. By
extremality of F, c also lies in F. As ¢ € C was arbitrary F' = C. So as a proper extreme set, F
lies in the relative boundary of C and dim F' < dim C — 1. ([Sol15, Thm.7.4]).

Extreme sets are always defined relatively to the set they are subsets of. Therefore there are several
results about the behavior of extreme sets depending on the structure of C:

Proposition 2.3.6 ([Sol15, Thm. 7.2/7.3/7.4]) Let C C X be a convex set, then it holds:
1) Arbitrary intersections of extreme sets of C are again extreme sets of C.
2) Let F C C be an extreme set. If C is closed, then so is F.
3) A convex set F is an extreme set of C if and only if the set C\ F is convex and CNaff(F) = F.
4) Let F C C be an extreme set and G C F also be extreme. Then G is an extreme set of C.

5) Distinct extreme faces of C have disjoint relative interior. o
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The extreme points are special extreme sets as they are the smallest proper ones. Any compact
convex set of X has some extreme point in its relative boundary. The following proposition (see
for example [Sol15, Thm. 7.17/7.18]) shows that we get any compact convex set as a convex hull
of all its extreme points:

Proposition 2.3.7 (Krein-Milman Theorem) Let C € X be a compact convex set and E¢ the set
of all extreme points of C. Then for any subset S € C we have C = conv(S) ifandonly if Ec C S.
In particular it holds

C = conv(&Ee). o

So every point of C can be written as a convex combination of its extreme points. Even more, this
convex combination is not only finite but the number of extreme points needed is bounded above
by dim(C) + 1, see [Soll5, Cor. 7.19].

We know that an extreme set F' of a convex set C lies in the relative boundary of C intersected
with the affine hull over F. In other words, aff(F) is a supporting affine subspace to C with
F = aff(F) N C. This holds for any extreme set. If F is not only the intersection of C with an
supporting affine subspace of lower dimension but with a supporting hyperplane, we call this set
exposed:

Definition 2.3.8 Let C C X be a convex set. A subset F C C is called an exposed face of C, if
either there is a supporting hyperplane H C X to C suchthat F = HNCor FF =@or F = C. In the
first case, F is called a proper exposed face. )

Any hyperplane H satisfying F = H N C for an exposed face I of C is actually supporting C and
it is properly supporting it, if F is a proper exposed face (see [Sol15, Cor. 8.4]).

Proposition 2.3.9 ([Sol15, Thm. 8.2]) Every exposed face F' C C of a convex set C C X is also
extreme. o

The proposition follows from the convexity of C and because F lies in a supporting hyperplane
to it. Therefore every line with interior point in F also lies in the hyperplane and then has its
endpoints in F.

The opposite of the statement is not true as the following example shows.

Example 2.3.10 Consider the two convex sets given in Figure 2.6. The orange points are extreme
and exposed. The pink points are extreme but not exposed, as any intersection with a hyperplane
containing one of them also contains the neighboring one-dimensional extreme face. The green
lines are again both extreme and exposed. In the convex set on the right the green facets contain
the pink points as relative boundary points. o

Figure 2.6: Two convex sets and their extreme set. The orange points are extreme and exposed
whereas the pink extreme points are not exposed. In both cases the green lines are facets.

With the above proposition, some properties of general extreme sets stated previously can be taken
over to exposed faces directly.
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Proposition 2.3.11 ([Sol15, Cor. 8.3/Thm. 8.9]) Let C C X be a convex set and F C C be an
exposed face. Then it holds:

1) The intersection of exposed faces of C is again an exposed face of C.
2) If F nrelint(C) # 0, then F = C.

3) Then F C 0,¢)(C) and dim(F) < dim(C) — 1.

4) If C is closed, then so is F.

5) Distinct exposed faces of C have disjoint relative interior. o

Remark 2.3.12 The property of being an extreme set was transitive as seen in 2.3.6[(4)]. This
is not true any more for exposed faces as can be seen by the convex set on the right in Example
2.3.10, where the pink points are exposed faces of the green lines but not of C. Nevertheless, we
can find a sequence of sets such that each one is an exposed face of the next bigger one. °

Proposition 2.3.13 ([Soll5, Thm. 8.5]) Let C C X be a convex set and F C C an extreme set.
Then we can find a sequence S ; of sets such that

F=8,CS8S¢1C---CS1CSo=C
where S ; C § j_y is a proper exposed face forall 1 < j < k- 1. o

By the transitivity of extremality, each S ; in the proposition above is an extreme set of C.

Corollary 2.3.14 ([Sol15, Cor. 8.6]) Let C C X be a convex set of dimension m > 0. Then every
extreme face F' C C of dimension m — 1 is exposed. o

Although not every exposed point is extreme, the set of exposed points lies dense in the set of
extreme points:

Proposition 2.3.15 ([Sol15, Cor. 8.20]) LetC C X be a compact convex set, Ec the set of extreme
points of C and EP¢ those of exposed points. Then

EPc C Ec C cl(EPe). o

2.4 Duality of Convex Sets and Faces

From now on (if not stated otherwise) we denote by B C X a compact convex set of dimension n
containing the origin O in its interior. As mentioned before, such a set B defines a norm of which it
is the unit ball. This is why we will also name B a unit ball from now on. We will call extreme faces
just faces of B and state individually whether they are exposed or not. To any unit ball B in X we
can assign a set B° in the dual space X* which is also the unit ball of a norm. It this section we want
to explore the structure of this dual unit ball and of its faces and give a correspondence between
the faces of B and those of B°. The understanding of this extremal structure and correspondence
is crucial for the proof of Theorem 3.2.6.

Definition 2.4.1 Let B C X be a non-empty compact convex set. Then its dual B° is a subset of
the dual space X* and defined as the polar of B:

B°:={yeX"| (ylx) > -1V¥x€e B} o
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Remark 2.4.2 Some authors define the polar and thereby the dual of a compact convex set by the
condition (y|x) < 1 Vx € B. As long as B is symmetric, this makes as a set no difference. If B is
not symmetric, we get the same result with our definition by replacing x with —x and then acting
carefully with the signs. o

In Figure 2.7 there are given two examples of unit balls B in R” and their duals B°. The colors
indicate the pair of extreme sets that have dual pairing -1 with each other.

=

| (H,)o: H

G’=(G)

Figure 2.7: Two examples of a compact convex set B (LEFT) and its dual B® (riGHT) in R? and
R3. The color of faces indicate the pair of faces that have pairing equal to —1 with each other.

Coming from B C X we can define its dual B°, but what happens if we take the dual again, so how
can we describe B°° = (B°)°?. As for the origin (0|x) = 0 > —1 for any x € X itis clear that 0 € B°
and therefore also 0 € B°°. By definition it is also obvious that B € B°°. A precise description is
the following (from [Bee93, Thm. 1.4.6]):

Proposition 2.4.3 (Bipolar Theorem) LetS C X be a non-empty set. Then
S$°° = clconv(S U {0}). o
Corollary 2.4.4 Let B C X be a compact convex set with the origin {0} in its interior. Then

B°° = B. )

To determine the dual of a given convex set C can sometimes be difficult. In such a case it might be
helpful to see C as the intersection or union of other convex sets, whose duals are already known.
The following relations then help to get C°:

Lemma 2.4.5 Let A, B C X be compact convex sets containing the origin in their interior. Then
1) IfA C Bthen B° C A°.
2) (AUB)’ =A°NB°.

3) (AN B)° =conv(A° U B°). )
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Proof. The proof of the statements is a direct calculation using the definition of duality:

1) Let A C Band x € B°. Then (x|b) > —1 for all b € B. As B contains A we obviously have
x € A°.

2) Letx € (AU B)°,i.e (xla) > —1 and (x|b) > —1 for all @ € A and b € B. This is equivalent
to x € A° N B° which shows equality.

3) We use the previous result and the Bipolar Theorem 2.4.3 to compute:
(A mB)O = (AOO mBOO)O
=[(A")" N (B)°T°
— [(AO U BO)O]O
— (AO U BO)OO
= conv(A° U B°) |
We will now investigate how the extremal structure of B determines B°. By the previous corollary

all these results can be applied to B° to get back the structure of B.

Take an extreme point p € Ep. It defines us a hyperplane

H” ={yeX"| (ylp) =-1}

and out of this two closed affine half-spaces Vg_l and Vé’_l in X* (see Definition 2.1.22 on page
14). As the dual set B° consists of all points with dual pairing > —1 with all elements of B, it is
clear that B° C Vg_ , and H’ , supports B°. This is the basic idea of the following characterization
of B°:

Lemma 2.4.6 Let B = conv(Ep) C X be compact convex with the origin in its interior. Then

B = ﬂ v o

peSp

Proof. By the previous discussion the inclusion C is clear. For the other direction take a point
X € (Npesy Vg_ , and b € B. As x and b are arbitrary, we have to show that (x|b) > —1 to finish the
proof. By the Krein-Milman Theorem (Thm. 2.3.7) and the following comment on page 20 there
are finitely many extreme points p; € Ep and coefficients A; > 0 satisfying >}; 4; = 1 such that

b= Z ﬂipi.
i
Therefore, as (x|p) > —1 for any extreme point p € Ep:

(xlby = Z_Ai (xlpi) = —Zai =1,

as it was to show. O

Example 2.4.7 We calculate the unit balls of two standard norms in R".

1) Let{vy,...,v,} beasystem of orthogonal vectors in R” and D = conv{vy, —vy, V2, —V2,...,—V,}
be our unit ball. Denote by {v},...,v,} the dual basis in (R")*. For each j € {1,...,n} we
have

n
4y 1
H = avilai€eR, a; = F——
-1 i J %
i=1 <VJ|VJ'>
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by the orthogonality. So by the previous lemma,
n n
o Vi —V;
D° = ﬂvzgl n ﬁngl-
Jj=1 Jj=1

This dual set is a rotated n—dimensional cube with facets orthogonal to the basis vectors. If
we choose the standard basis vectors as the v;, then D is the unit ball of the L'-norm on R”
and D° is the unit ball of the L*-norm.

2) Let B := B,(0) C R" be the Euclidean unit ball of radius » > 0. We claim that
(B(0))° = B1(0). (2.3)

This is easy to see with the previous calculation, Lemma 2.4.5 and the Bipolar Theorem: Let

A
De

TUg

3=
%

U1

3 I=

U1 B°

Figure 2.8: 1erT: The Euclidean unit ball of radius r contains the (green) diamond D and is

itself contained in the (red) square C° RriGHT: The dual Euclidean unit ball has radius % It

contains the (red) diamond C° and is itself contained in the (green) square D°.

D = conv{vy, —v1,v2, —Vva, ..., —V,} be as in the previous example with respect to a system
{v;}j=1....,n of unit orthogonal vectors. In Figure 2.8 the two-dimensional case is shown.

Then B = B,(0) contains the set D and therefore D° contains B°. On the other hand, B is
contained in a cube C with facets of distance r from the origin, so C° is contained in B°. As
C° has vertices i%v;‘. and the facets of D° are orthogonal to i%v;‘. forall j =1,...,nand
this holds for any system of orthogonal vectors, claim follows. o

The above characterization of B as the intersection of closed half-spaces leads to the following
result.

Lemma 2.4.8 Let B be a compact convex set with the origin in its interior. Then B° is also
compact and convex and {0} € relint(B°). If P is polyhedral, then so in P°. o

Proof. 1t is obvious that B° is closed and contains the origin in its interior. Let » > 0 be maximal
such that B,(0) € B. Then B° C B.(0) by Equation 2.3 and we see that B° is bounded. For
convexity of B let x,y € B°and 1 € r[O, 1]. Then for the point m = Ax + (1 — A)y and any point
b € Bitholds

(m|by = A{xlb) + (1 = V) {ylb)
>-1-(1-2)=-1,
which means that m € B°.

For a polyhedral P, the set of extreme points is finite and by the previous lemma, P° is the inter-
section of finitely many closed half-spaces containing the origin in their interior and therefore also
polyhedral. O
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Our compact convex set B € X can not only be described as the convex hull of its extreme points
but also as the intersection of half-spaces Vil defined by hyperplanes H® , supporting B, where
g € X*. Actually, as B C Vil because {0} € B, we have g € B°. This gives us another way to
describe the dual B°, which is the complementary description to the previous one:

Lemma 2.4.9 Let B C X be compact convex with the origin in its interior. Then

B° = conv{g € X" | H®, supports B}. o

Proof. Let B = (Ngeq V;l be given as the intersection of half-spaces for a set G C X*. Then
each hyperplane H® , with ¢ € G supports B. The proof follows immediately by the third point of
Lemma 2.4.5: With B = (\V¢_, we get

B = (m Vil)o
= conv {(Vil)o | Hf’l supports B}
=conv{g |g € G},
because (Vil)o = conv(g, {0}). m|

Any boundary point v of B has at least one supporting hyperplane. When we intersect all closed
affine half-spaces containing the origin that are defined by the hyperplanes supporting B at v,
then we obtain an cone with apex v containing B. Figure 2.9 shows an example for a smooth
boundary point v; with a unique supporting hyperplane and for a boundary point v, with non-
unique hyperplane. Such a cone is minimal in the sense that we can not find a hyperplane passing
through v in the interior of the cone that does not intersect the interior of B. So the cone is tangent
to B at v and it is actually enough to consider the the hyperplanes tangent to B at v to define the
cone.

U1

U2

Figure 2.9: A convex set B with two tangent cones. LEFT: At a smooth boundary point v,
the hyperplane is unique and the cone is a half-space; RriGHTr: A point v, with infinitely many
supporting hyperplanes.

In the last section we talked about extreme and exposed faces of compact convex sets. As the
dual of a compact convex set is again compact and convex we can ask ourselves how faces behave
under duality. For this we first have to define duals of faces. Recall that for (extreme) faces we
have to distinguish whether they are exposed or not.

Definition 2.4.10 Let F C C be a proper face. The exposed dual F° of F is defined as the set
Foi={yeC|OIfy=-1VfeF} °

Definition 2.4.11 Let F' C C be a proper face. A proper extreme set E C C° is called dual to F if
either £ = F° or E C Oy F is not an exposed face of C.
By D(F) we denote the set of all duals of F. o
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Example 2.4.12 Two examples of compact convex sets B and their duals B° are given in Figure
2.10. The colors indicate the duality between the faces. In the polyhedral case (a) every face has
exactly one dual face.

a)

BO
FO

GO

Gr TN TV
F By |«
|// \\// \\
\ //’\\ ‘GO

Figure 2.10: Two convex sets and their duals with dual faces. In the polyhedral case (a), every
face has exactly one dual face. In the general case (), a face can have several dual faces.

In example (b), the face F has three faces dual to it: Eq, E5, E3. The face E» is the exposed dual
face and the other two are in its relative boundary and not exposed faces of B°. Such a duality
relation holds for any of the four points where the boundary is not smooth. In the smooth part of
the boundary of B, as for the extreme point G, we again have only one dual face. o

Lemma 2.4.13 Let F C C be a proper face. Then F° C C° is an exposed face given by

o __ f o
Fo=(H nc. o
feF

Proof. The characterization of the exposed dual face as the intersection of all hyperplanes follows
directly by definition:

Fo={yeC" Iyl f)=-1VfeF)
=(#/, nc.
feF
To see that F° is exposed we first show that the intersection is not empty. As an extreme set of C,
the set F is contained in some hyperplane Hy supporting C. So there is a point d € X* such that
Hp = Hfl , and therefore especially (d|f) = —1 for all f € F. For the intersection not to be trivial
it remains to show that d € C°. As Hp supports C and 0 € C we have C \ (HFr N C) C Vg, that is,
(d|x) > —1forall x € C\ (Hr N C). Together with {(d | x) = —1 forall x e Hr N C we have d € C°.
The next step is to show that F° is extreme. Recall that F° C C° is an extreme set, if some interior
point of a line in C° lies in F'°, then also both endpoints of the line. Therefore let y € F° be a point
and y;,y, € C° such that y = Ay; + (1 — )y, € F° for some A € (0, 1). For any x € F we have

-1 =010 = Al + A =) (2lx) = -1,

as both y{, y, € B°. Equality holds if and only if (y;|x) = (y2|x) = —1 and therefore y;,y, € F°.

As F° contains all points that have dual pairing —1 with every element of F, it is exposed. Oth-
erwise there would be an exposed face G € C° in whose relative boundary F° lies and also
(G | F) = —1 would hold in contradiction to the definition. ]



2.4. Duality of Convex Sets and Faces 27

Remark 2.4.14 In Example 2.4.12 above we saw that for a face F' there might be several faces
of B° dual to F. Actually, a face can have infinitely many faces dual to it. But they all are in
the relative boundary of a unique exposed dual face F°. As for a polytope every extreme set is
exposed, a face F of a polytope has a unique dual face and then D(F) = {F°}. °

We described F° as the intersection of B° with the hyperplanes H{ , forall f € F. Actually it is
also enough to either intersect all hyperplanes defined by the extremal points of F or to take just
one hyperplane associated to a relative interior point of F:

Lemma 2.4.15 Let F C B be a face and Ep the set of extreme points of F. Then there are the
following two descriptions of the exposed dual of F':

1) F° = ees, HS, N B°.

2) F° = Hfl N B° for any g € relint(F). )

Proof. (1) As every extreme point of F lies in the relative boundary of F, the inclusion C is clear.
For the other way round let y € (g, H?; N B°, then (y|e) = —1 forall e € Ep and (y [ x) > -1
for all x € B. We have to show that (y | f) = —1 for all f € F and not only for the extreme points.
By the discussion after Proposition 2.3.7 there are finitely many A; > 0 and e; € E such that

fIZ/lie,‘ and Z/li: 1.
i i
Then

<y|f>=ZA,-<y|e,->=—Za,-:—1.

(2) In the case where F is a single point, the statement in obviously true. So let’s assume F is not
a point. The inclusion C is again trivial and it remains to show that H*® (N B° CF° = yer H{ ]
for any g € relint(F). Lety € H® . N B°, that is, (ylg) = —1 where g € relint(F) is fixed, and
Olf) = —1 for every f € F by the duality of B and B°. We have to show that (y|f) = —1 for all
f € F. Assume there is an f € F such that (y|f) > —1 and let € > 0 be small enough such that
g +&(g— f)isapointin F. Such an € can always be found because F is convex and g € relint(F’)
and f € F. Then

Olg+e@—f=-1-e-Qlfy<-1-e+e=-1,

which means that g + (g — f) ¢ B. As & was arbitrary, this contradicts that g lies in the relative
interior of F, so we conclude (y|f) = —1 for all f € F. |

We conclude this section about the duality of faces by a look at the subspaces that are defined by
dual faces.

Proposition 2.4.16 Let F C B be a proper face and E € D(F) a face of B° C X* dual to F. Then
T(E)* C T(F°)* C V(F)*

and
dim(F) + dim(E) <n—1.

If B is polyhedral, then T(E)* = V(F)* and dim(F) + dim(E) = n — 1. o
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Proof. Let E € D(F) be an extreme set, E C F° C B°. The first inclusion is clear. To see
that T(F°)* C V(F)* we remember the definition of the space of translations (Def. 2.1.15):
T(F°)=F°—-F°={x—y|x,ye€ F°}. As every element of F° has dual pairing equal to —1 with
any element of F we have (f|f) = 0 forany € T(F°) and f € F, so T(F°)* C V(F)*.

For the statement about the dimensions we use that dim(V(F)) = dim(F) + 1 because 0 ¢ F and
thereby dim(V(F)*) = n — dim(F) — 1. As dim(E) < dim(F°) < dim V(F)* for any E € D(F) we
calculate

dim(F) + dim(E) < dim(F)+n—-dim(F)-1=n-1.

If B is polyhedral, then D(F) = {F°} and it remains to show that V(F)* C T(F°)*. By Corollary
2.1.21 we fix some z € F° such that T(F°) = aff(F°) — z. Let x € (V(F)*)* and & > 0, then

(z+ex|f)={df) +e{xlf)=-1 VfeF

As a polytope has only finitely many vertices, the pairing of z with any extreme point not in F
can be uniformly bounded away from —1 by some positive constant. So there is a 6 > 0 such that
(zle) > =1 +dforalle € Ep \ EF. By ey, ..., e let us denote the extreme points of B that are not
in F and by fi,... f; those contained in F. Set  := min; (xle;). Lety € B\ F and 4;,u; € [0,1]

such that ; 4; + 2 ;4; = 1 and
k l
= Z Aie; + Z,ujfj.
i=1 =1

Note that the coefficients A; and y; in the convex combination are not necessarily unique. Asy ¢ F
itis k > 1 and we can arrange the ¢; in a way such that 4; # 0. Then

(z+exly) = ZA <z|e,>+Zu, Af; +SZ<x|el>+gZﬂJ )

> — Z/l +(5Z/l Z#JJFEZA (xle;)

>-1+ Z/li(é + ea).
i

As ¢ and «a are independent of y, we can choose € small enough such that (z + ex|y) > —1 for all
y € B\ F. This implies that z + ex € F° or equivalently x € é(aff(F °) —z) = T(F°). Therefore
T(F°)* = V(F)* and the formula for the dimension follows in the same way as above. ]

For more details on polars and polyhedral convex sets see for example [Bee93] or [Roc97, §19].

In Theorem 3.2.6 we want to characterize sequences in X that converge to horofunctions in the

horofunction compactification Yhor. The structure of the compactification strongly depends on
the face structure of the dual unit ball B° of the norm we are considering. We will have to
split up the sequence into parts lying in different subspaces depending on the faces F C B and
EecD(F)CB.

Notation Let A C X be a subset and x € X. We fix the following notations for projections of x
onto the subspaces T(A) and T(A)*:

XA = XT(A) = prOJT(A)*(x)

./VL‘ T( ) = prOJ(T(A)l) (x)
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We use the same notation for projections with respect to subspaces of X* Let S C X* be a subset
and x € X. We fix the following notations for projections of x onto the subspaces dual to 7'(S') and
T(S)*:

Xs = XT(S) = pI‘OjT(S)*(x)

xS = _xT(S) = proj(T(S)l)*(x).
Note that (T(S)*)* = (T(S)*)*. °

According to the inclusions given in the previous proposition we have the following splitting up
of an element x € X:

Fo
X =Xy(F) + XE + (XFO)E + [XV(F)] .

o
As T(F°)* C V(F)*, the expression (xV(F )) means that we project to the orthogonal complement
of T(F°)* within the subspace V(F)*. By Proposition 2.4.16 we have the identities

()= () ) = ()

Figure 2.11 shows schematically how to obtain this splitting step-by-step.

Figure 2.11: Splitting up an element x € X into the various subspaces depending on a face
F C Band aface E € D(F) C B° dual to it.

Additionally we get

o
$E = Xy + (xFo)E + [xV(F)] ,
7o
KV = Xg + (xFo)E + [xV(F)] ,
xpe = xg + (xpo)F,

= v + [XV(F)] F° ‘

2.5 Basics about the Minkowski Sum

A nice way to obtain new unit balls out of given ones is to take the Minkowski sum of the unit balls.
This gives us a new unit ball (that is a compact convex set). In this section we first want to collect
some basic properties of the Minkowski sum and then examine in more detail the face structure of
the new unit ball and how it is related to the faces of the summands. In the following chapter we
will also see that the Minkowski sum behaves well with the horofunction compactification.
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Definition 2.5.1 Let A, D be two sets* in X. Then the Minkowski sum M of A and D is defined as
M:=A+D={a+dlacA,de D}. o

Remark 2.5.2 The Minkowski sum is associative and can therefore be calculated for arbitrarily
many sets. For simplifying notations we restrict ourselves to the sum of two sets. Nevertheless,
all results presented here are also true for more summands, the proofs go through the same. o

Lemma 2.5.3 The Minkowski sum commutes with taking the convex hull:
conv(A + D) = conv(A) + conv(D),

forsets A, D C X. o

Proof. We first show the inclusion C. Let m € conv(A + D) be an arbitrary element. Then m can

be written as a convex combination of elements mq,...,m; € A + D:
k
m= Z Aim;,
i=1
with 0 < Ay,..., A < 1 satisfying }’; 4; = 1. Moreover, each m; can be split into m; = a; + d;, with

ai€ Aandd; € Dforalli e {1,...,k}. Together we obtain:
k
m= > Alai+d) =) Xiai+ ) Aid; € conv(A) + conv(D),
i=1 i i

For the other inclusion 2 let m € conv(A)+conv(D) be arbitrary with a € conv(A) and d € conv(D)
such that m = a + d. Then we express a and d as convex combinations of elements ay,...,a; € A
anddy,...,d; € D:

~

k
= Z Aia;, d= Zﬂjdj’
i=1

=1

with coefficients 0 < Ay,..., 4 < land 0 < py,...,y < 1 satisfying >; 4; = 1 as well as
2.ji; = 1. These partitions of 1 are used in the next calculation, where we replace a and d step by
step by the above sums to obtain

i(ai+d)

k

2

k l

- 35 { Sy S
i=1 =1 j=1

k1

Z Z /l,-yj(ai + dj)

i=1 j=1

As both the sums over A; and y; are equal to 1, the coefficients in the last sum also add up
to 1 and we conclude that m is a convex combination of elements in A and D and therefore
m € conv(A + D). m|

“To minimize confusion, we avoid letters B and C for general (non necessarily convex) set in X.
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Lemma 2.5.4 Let Cy,C, be convex sets and &1,&, their sets of extreme points, respectively.
Then their Minkowski sum M is also convex and given by the convex hull of their pairwise sum
of extreme points:

M:=Ci+Cy=conv(& + &)
= COHV({el + e | e € 81,62 € 82}) o
Proof. By the previous lemma and the Krein-Milman Theorem (2.3.7) we get immediately:

M = Cq + Cy = conv(&Ey) + conv(&Er)
=conv(& + &)

= COHV({el + e | e] € 81,82 S 82}) O
Note that not all sums of points p; + g; in the Minkowski sum M are vertices of the polytope M.
Some of them will give interior or non-extreme boundary points.

Corollary 2.5.5 Let P = conv(pi, ..., pr) and Q = conv(q, - - ., g;) be two polytopes. Then their
Minkowski sum M is a polytope whose vertices are the sum of each a vertex of P and -

M:=P+Q=conv({p;+q;li=1,....k j=1,...,1}). o
Example 2.5.6 Let P be the cube with vertices (+1, +1, +1) and let

Q=conv((1,-1,-1),(1,-1,1),(-1,-1,1),(-1,-1,-1), (1,2, -1)).

Figure 2.12: The polytopes P and Q and their Minkowski sum M as in Example 2.5.6. The
colors indicate which faces of P and Q sum up to the corresponding face in M.

By the previous lemma we immediately get their Minkowski sum as

M:=P+Q=conv((l,-1,-1),(1,1,-1), (1,1, 1), (1,-1, 1), (-1, -1, -1),
-1L1,-1D),(-1,1,1),(-1,-1,1)). °

The Minkowski sum of the two convex sets C; = conv(&y) and C; = conv(&;) can be constructed
as the convex hull of the (shifted) convex sets Cy,, := C; + e, for each ex € &,. Therefore the
dimension of C1 + C» is at least the maximal dimension of C1 and C> and can not be bigger than
the sum of their dimensions. This consideration motivates the following lemma (see [Wei07, p.
16] for polytopes):

Lemma 2.5.7 Let Cy,C, be closed convex sets in X and M = Cq + C» their Minkowski sum. Then

max{dim(C), dim(C,)} < dim(M) < dim(C;) + dim(C>). o
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Given a point m in the Minkowski sum M, there might be several pairs of points (cy, c2) € C; X Co
such that their sum is equal to m. But for exposed faces of M the decomposition is unique (see
also [WeiO7, Thm. 3.1.2] for polytopes and [Sol15, Thm 8.10 (2)] for general convex sets), as the
following proposition shows:

Proposition 2.5.8 Let Cy, CysubsetX be compact convex sets in X and M = C; + C, their
Minkowski sum. Let F € M be an exposed face of M. Then there are unique exposed faces
FiCCy,F, CCysuchthat F = Fy + F». o

Proof. To not get confused by the notation, see Figure 2.13 for a visualization. Without loss of
generality, we assume that all sets contain the origin in their relative interior. As an exposed face,

H), Hy

H, H, Ho

Figure 2.13: The Minkowski sum of a square and a circle gives a bigger square with rounded
corners. The blue and green faces F' C M are exposed and uniquely the sum of exposed faces
F, C C] ansz CF,.

F is the intersection of M with a supporting hyperplane Hr, F = M N Hf. So there is a unique
h € X* such that Hr = Hﬁl = {x € X| (hlx) = —1}. Then h is a point in the boundary of
M° C X* but not necessarily an extreme set of it. For each j € {1,2} there are two hyperplanes
supporting C; that are parallel to Hr. Let H; be the one that has smaller dual pairing with 4. Then
as C lies entirely in one of the two closed half-spaces defined by H, the hyperplane can also be
characterized as

Hj:{xeX‘%u)=$thM»}.

The sets C;j are compact, so infyec; <h |q J-> is a scaler, the hyperplanes H, H, and H, are parallel,
as required. Set F'; := C; N H}, that is,

Fj={x€Cj

hlx) = inf (hlg;) .
() = inf ( Iq,>}
Then F; C C; are exposed faces and their sum gives back F:

F =

——

xeM| (hlx) = —1}

I
—N

x € M| (hlx) = inf <h|61>}
qgeEM

citceM=Ci+Cy

(hlcy + c2) = inf (hl|q +(12>}
q;€C;j

cirt+ceM=Ci+C,

(hlc1) +<(hlc)y = inf (hlg;)+ inf (A |612>}
q1€Cy q2€C

Il
!

1+F2.
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The last line in the calculation above enforces the uniqueness of the decomposition, as all the
points in C; \ F; have dual pairing bigger than inf cc, { |g; ) with h. O

Corollary 2.5.9 Exposed points of M are the sum of exposed points of C; and C,. o

Recall that every exposed face is also extreme but not vice versa. Nevertheless, the proposition
above is also true for extreme sets (see [Soll5, Thm. 7.15 (2)] for an alternative proof):

Proposition 2.5.10 Let C;,C, be compact convex sets in X and M = Cy + C, their Minkowski
sum. Let F C M be an extreme set of M. Then there are unique extreme sets F'; € Cy,F, C C»
such that F = Fy + F5. )

Proof. For a examples of the notation see Figure 2.14. If F is exposed, the statement is the same

Hg

H,

Gy

(&1

Figure 2.14: To get the decomposition of the orange extreme point F which is not exposed,
we consider the decomposition of the exposed blue face G.

as in Proposition 2.5.8 before. Therefore assume that F is extreme but not exposed. Then F
is an extreme set of an exposed face G € M and lies in its relative boundary. By the previous
proposition, G can uniquely be decomposed into two exposed faces G; € C; (with j € {1,2}):

G =G +Ga.

All supporting hyperplanes Hg and H; at G C C and G; C C}, respectively, that were constructed
in the proof of Prop. 2.5.8, were defined as supporting hyperplanes minimizing the dual pairing
with a fixed 2 € X*. Therefore all of them are parallel, that is, they all have the same set of
translations:

T(Hg) =T(Hy) = T(Hy) = T(H).

Now we consider orthogonal projections G, 5; C T(H) to this subspace, denoted by a tilde over
the set. Then there are s, 5; € T (H)* such that

G=G+s
Gj=G;+sj, (j €{1,2)).
Together with G = G| + G, :a+s1 +5;+S2 we get

G =G +Ga.
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The orthogonal projection F of F to T(H) is given such that F = F + s with the same s € T(H)*
as before and therefore F is an extreme set of G so that we now have the following situation in
T(H):

e G= 6} + E}z is the Minkowski sum of two compact convex sets,
e F C G is an extreme set.

If F is an exposed face of G in T(H), then we use Proposition 2.5.8 to decompose F=F +F,
and then set F; = F; + s; to be done. If F is not exposed, we conclude by induction that F can
be decomposed as the unique sum of two extreme sets. As dim(7'(H)) = n —1 < n = dim(X) and
since every extreme point in the boundary of a line segment is exposed, the statement follows. O

Every extreme set of a polytope P, that is not a facet, lies in the relative boundary of some higher
dimensional proper face or facet. This is not true for general compact convex sets, as the exam-
ple of the Euclidean unit ball shows. But if an extreme set is lying in the relative boundary of
another one, this structure is compatible with the Minkowski sum (see [Wei07, Cor. 3.1.5] for

polytopes):

Lemma 2.5.11 Let M = C| + C, be the Minkowski sum of two compact convex sets. Let F € G
be extreme sets of M with unique decompositions F = F| + Fy and G = G + G1. Then F| C G,
and F, C G, are extreme. o

Proof. The main idea of the proof is that extreme sets of a Minkowski sum can uniquely be
decomposed into extreme sets of the summands.

We first consider the case where G is exposed. As in the proof of Proposition 2.5.10 we project to
the subspace T'(H), where H denotes a supporting hyperplane to M such that G = H N M. Then
in T(H) we have

where E is an extreme set of 6}, respectively. Therefore F'; C G, are extreme sets. In the case
when G is not exposed, we project to lower dimensional subspaces until the projection of G is
exposed and conclude as before. As the relation of being an extreme set of another is remained
under orthogonal projections, the proof follows. |

We now show a proposition that explicitly constructs the faces F| and F; in the decomposition of
F by considering the decomposition of the extreme points of F.

Proposition 2.5.12 Let F = F| + F; be the decomposition of an extreme set in the Minkowski
sum M = C; + C, of two compact convex sets Cy, Cy. For each extreme point e € Ep lete; C F
and e, C F, be the unique extreme points such that e = e + e;. Denote by &; C F;, j = 1,2, the
set of all these summands. Then the faces F'| and F, are the convex hulls of the points & and &
respectively:

F; = conv(&)). o

Proof. By Lemma 2.5.11 we know that for j = 1,2, the points e; are extreme points of F,
respectively. Therefore all sums of the form e + e, give elements of F but not necessarily extreme
points of it.



2.6. A Pseudo-Norm and the Functions hg, ;, 35

Using this and Lemma 2.5.3 we get:

Fi+F,

F =conv(&r)
=convie =e; +ex|e€ Ep,e; € Ejfor je{l,2}}
= conv(&; + &)

= conv(&r) + conv(En).
By the unique decomposition of faces we immediately get F; = conv(&;) and F» = conv(Ey). O

Example 2.5.13 We look again at the polytopes given in Example 2.5.6, the colors illustrate the
unique decomposition of faces of M as given in Proposition 2.5.8. Label the vertices as given in
Figure 2.15.

mi1 10
M
P11 P9 = p1o 410 = gq11 M5 ¢
P mq
DPs 44 = 4gs
P35 Pa Mg
Jr
Ds m.
p7 =P8 me 3
P
p2 » Mg
m1 o
mg

Figure 2.15: The polytopes P and Q and their Minkowski sum M. The colors indicate which
faces of P and Q sum up to the corresponding face in M, the labels show the decomposition
of vertices.

This labeling shows the decomposition of vertices: m; = p; + g;.

The blue face of M for instance is the convex hull of my, ms, miy and m;;. In P the blue face
has vertices pa, ps, p1o and p1; as expected. In Q the vertices my4 and ms as well as mg and mq;
yield to the same vertices g4 = g5 and g10 = g1 and the blue face is just the line with these two
endpoints. This illustrates Proposition 2.5.12. o

2.6 A Pseudo-Norm and the Functions /i ,

In this preliminary part we want to introduce some notations and a "pseudo-norm” that will be used
in the end of this section to define some functions that will later turn out to be the horofunctions.
‘We start with a basic observation:

Lemma 2.6.1 Let F € B C X be a face and I'° C B° C X* its exposed dual. Then there is an
s € X* such that

Celf) = sl
foralle € F° and f € V(F). o

Proof. We know by Lemma 2.4.16 that the subspace T(F°) parallel to F° is orthogonal to the dual
subspace generated by F. Therefore there is an s € V(F)* such that

aff(F°) = T(F°) + s.
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So every e € F° can be written as e = ¢, + s for some ¢, € T(F°) C (V(F)*)". Then for any
f € V(F) it holds

(elf) = e+ slf) = (slf)
as it was to show. |
The lemma shows that all elements of F° have the same dual pairing with an element of . We
will sometimes write (F°|f) in such a situation when f C T(F°)*.

Remark 2.6.2 As all duals of F that are not exposed are in the relative boundary of the exposed
dual, the lemma above holds for every dual E € D(F) of F. o

In the proof of Proposition 2.5.8 on page 32 we defined a hyperplane (for j = 1,2) by

= {xex om0 = int (hlos) |
J J

where C; are two compact convex sets. The infimum on the right is attained at a point g € C; that
is "the furthest away" from h. More geometrically, take the orthogonal hyperplane Hg and shift
it in the direction away from A, such that the pairing of the hyperplane with 4 gets smaller and
smaller. Then g will be a point in the intersection of C; with the latest shifted parallel hyperplane
that has non-empty intersection with C;. So it is then is a supporting hyperplane.

This is a useful concept when dealing with duality and the basic idea of the pseudo-norm, see also
[Wal07, p.5]:

Definition 2.6.3 Let C € X™* be a convex set. For every x € X define

|x|c := —inf (g|x) . )
qeC

In general, this is not a norm. But by the polarity of the unit balls B and B°, |-|z- is a norm, since
|- = — inf (g]-) = [l
qeB°
Therefore we call |x|¢c the pseudo-norm of x with respect to C.

The following technical lemma will be used later in the proof of Theorem 3.2.6

Lemma 2.6.4 Let C be a compact convex set and Ec be the set of its extreme points. Then the
pseudo-norm over C is the infimum of the dual pairing with the extreme points of C:

|x|lc = — inf {e|x). )
ee&c

Proof. Define a function f : C — R via f(g) = (g|x). As C is compact and f is continuous and
affine, f takes its minimum and its maximum on the boundary of C. Indeed, if the extrema would
only lie in the interior of C, the derivative would be O there. As f is affine, it would be constant in
contradiction to the assumption that it takes its extrema not on the boundary. As the boundary of
C is the union of compact convex sets, we can conclude in the same way that f takes its minimum
and maximum on the extreme points E¢ of C. |

Corollary 2.6.5 If P = conv{p,..., px} is a convex polytope, then

.....



2.6. A Pseudo-Norm and the Functions hg 37

We now have all ingredients to introduce real-valued functions on X which will later turn out to be
the horofunctions of X with respect to our norm ||-|| (see [Wal07, p.5] for a different notation):

Definition 2.6.6 For every proper face E C B° € X" and every p € T(E)* € X we define the
function

hgp: X — R,
y+—p =yl = Iple. °

The above definition of /g, would also be well-defined for any p € X. We restrict ourselves to
p € T(E)" to gain uniqueness of functions as the following lemmas show.

Lemma 2.6.7 Let E C B° be an extreme set. Then for all p,y € X there holds

hep(Y) = |p = yle = |ple = |pE = YlE — IPEIE = hEp (D),

where as usual pg denotes the projection of p to T(E)*. o

Proof. Let E be the set of extreme points of E. Then as p* € (T(E)*)* and by Lemma 2.6.1 we
obtain

hiep) = |p =l = 1ple = = Inf (elp = y) + inf ¢elp)
ecEg e€Eg
— _ E . E
== Inf [(elpr = y) +¢elp™)] + inf [(elpr) + (elp®)]

= |pe = yle — IPElE- m]

As indicated in the proof above, shifting the extreme set E behaves well with the functions g j, in
the sense, that the shift can be added separately:

Lemma 2.6.8 Let E C B° be an extreme set and s € X* a parameter to shift E. Then for any
p eT(E) andy € X, we have

hE+s,p()’) = hE,p(Y) + (sly). °

Proof. Let Eg be the set of extreme points of E. Then the extreme points &g s of the shifted set
E + s are given by Egys = {e + sle € Eg}, and thereby

hE+S,P(y) == qégﬁﬂ(q'p B y> " qelglzi:‘+v<q|p>

= - elel}ng [Celp —y) + (slp — )] + eigafE [Celp) + (sIp)]
= - elélng (elp—y) + eier}g’f"E (elp) = (slp — y) + (slpy

= hip(y) + Gsly). 0

With the restriction p € T(E)*, the definition of the function A , is unambiguous: Two function
hg,, and hr,, are the same, if and only if £ = F and p = g € T(E)". In other words:

Lemma 2.6.9 Let E; # E; be two faces of B° with dual faces F, F» C B, respectively. Then
there are no points pi, p» € X such that hg, ,, = hg, p,. °
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Proof. Without loss of generality let dimE; > dim E,. Assume there are p; € T(E)* and
p2 € T(E>)" such that hg, ,, = hg, p,. Then

=|pile, = hE p,(P1) = hes p,(P1) = IP2 = P1lE,~|P2lE, - (2.4)

Now consider the cones K(F';) over the exposed duals F'; = E;’ C Bfor j € {1,2}. If the two cones
are not the same, choose y € X such that p; —y € K(F1) but p; —y ¢ K(F,). If the two cones
coincide, this means that £, C E| is an extreme set that is not an exposed set of B°. Then we can
choose y € X such that the infimum infeg, {(g|p1 — y) is not taken in E, but at some other extreme
point of Ej. In both cases we have (e | p1 —y) > inf eg (g | p1 —y) forall e € E; C F3. As Ey and
E, are compact convex, their infimum is attained in their boundary and we get

inf (g|p1 —y) > inf (glp1 —y).
qeEr qeE;
Using this and Equation (2.4) we compute
hg, p,(y) = — inf (glp2 — y) — |p2lE,

g€k

= —inf {{glp2 — p1) +{qlp1 = )} = Ip2lE,
q€Er

< |p2 = pilg, + inf {glp1 = ¥) — |p2lE,

q€E)
= —|p1lg, + inf {glp1 —y) = hg, p, ).
qeE;

This contradicts the assumption that hg, ,, = hg, p,, as we found a point on which they do not
coincide. O



3 Horofunction Compactification

The horofunction compactification was introduced by Gromov [Gro81, §1.2] in 1981 as a general
method to construct compactifications of metric spaces. Walsh described the horofunction com-
pactification of finite-dimensional normed vector spaces in [WalO7]. In the case when the convex
unit ball B is a finite sided polytope, the horofunction compactification has been described in detail
in [JS16], see also [KMNO6] for a description of horoballs.

This section is structured as follows: After a short introduction following [Wall4a] we will con-
centrate on the compactification of a finite-dimensional normed vector space. We explicitly de-
scribe (Theorem 3.2.6) the topology of the compactification using the convergence behavior of
sequences. Hereby we extend the results for polyhedral norms in [JS16] to all norms in a two-
dimensional space and to smooth norms in any dimension. Based on an example (Section 3.2.6)
we make a conjecture (Conjecture 3.2.12) for the general case with the only restriction that the
set of extreme sets of the dual unit ball is closed and that it only has finitely many connected
components of extreme points. Theorem 3.3.10 provides a homeomorphism between the com-
pactification and the dual unit ball B°. At the end of the chapter (Section 3.4) we generalize the
previous results (namely Theorem 3.2.6 and Theorem 3.3.10) to normed spaces where the dual
unit ball is the Minkowski sum of a polyhedral and a smooth norm.

Throughout the section, we will use the notation introduced in the preliminary chapter. If there is
no danger of confusion, we sometimes write (Z,,),, instead of (z,,)men for sequences in X.

3.1 Introduction to Horofunctions

We start with short introduction to the horofunction compactification of a metric space and then fo-

cus on finite-dimensional normed spaces. Finally we prove a convexity result (Convexity Lemma
3.1.16) that will be used in Section 4.2.

3.1.1 General Introduction to Horofunctions

For this general introduction let (X,d) be a locally compact not necessarily symmetric metric
space, that is, d(x,y) # d(y, x) for x,y € X is possible. Assume the topology to be induced by the
symmetrized distance

dsym(x’ y) =d(x,y) +d(y, x)

for all x,y € X. Let C(X) be endowed with the topology of uniform convergence on bounded sets
with respect to dyy,,. Fix a basepoint py € X and let C),(X) be the set of continuous functions on

39
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X which vanish at pg. This space is homeomorphic to the quotient of C(X) by constant functions,
C(X) := C(X) / const. The compactification is obtained by embedding X into C(X) via the map

Y X — CX) 3.0)
Y,
where for all x € X
Yz(x) := d(x,z) — d(po, 2). (3.2)

By using the triangle inequality it can be shown that this map is injective and continuous. If (X, d)
is nice enough, it is also an embedding with compact image:

Lemma 3.1.1 ([Wall4a, Prop. 2.2])

1 If dsym 1s proper, i.e. every closed ball is compact, then the closure of the set {yr, |z € X} in
C(X) is compact.

2) Let additionally X be geodesic, i.e., every two points are connected by a geodesic, and let
d be symmetric with respect to convergence, that is, for a sequence (X,)men in X and some
x € X the following condition holds:

d(x,,, x) — 0 iff d(x, x,) — O.
Then ¥ is an embedding of X into C(X). o
Definition 3.1.2 The horofunction boundary 0p,-(X) of X in 5(X) is defined as
Onor(X) := Ly () \ Y(X).

Its elements are called horofunctions. If cly/(X) is compact, then the set

—hor

X =clyX) = XU 0prX
is called the horofunction compactification of X. o
Remark 3.1.3

1) The definition of ¢, and therefore also those of ¢ and 9j,,(X) depend on the choice of the
basepoint pg. One can show by a short calculation (see also [Wall4a, p.4]) that if we choose
an alternative basepoint, the corresponding boundaries are homeomorphic.

2) All elements of cl y/(X) are 1-Lipschitz with respect to dyy,,. Indeed, by the triangle inequal-
ity, Equation (3.2) immediately turns to ,(x) < d(x,y) + ¢,(y) for all z € X. Similarly, for
horofunctions 7 € 9j,,(X) it holds n(x) < d(x,y) + n(y) for all x,y € X. o

From now on we assume all conditions from Lemma 3.1.1 to be satisfied such that ¢ is an em-
bedding with compact image and identify X with /(X). Then a sequence (z,,),, € X converges to
a horofunction 7 € dp,(X) if the sequence of associated maps converges uniformly over compact
subsets. We will use the following notation: ¥, — 7.

Rieffel [Rie02, Thm. 4.5] showed that there are special sequences that always converge to a
horofunction 1 € dp,,X, namely those along so-called almost-geodesics.

Definition 3.1.4 An almost geodesic in a metric space (X, d) with base point pg is a sequence
(Xm)men in X such that d(py, x,,,) is unbounded and for all £ > 0 and

d(po, Xm) + d(xpm, x,) < d(po, x,) + &, (3.3)

for m and n large enough, with m < n. o
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Note that this is a slight variation of the original definition by Rieffel [Rie02, Def. 4.3]. The main
difference is that his almost geodesics were parameterized to have approximately unit speed. The
equivalence to our definition can be found in [Rie02] as Lemma 4.4 .

Definition 3.1.5 A Busemann point is a horofunction in 0j,,(X) that is the limit of some almost
geodesic sequence in X. o

Note that not all horofunctions have to be Busemann points.

3.1.2 Horofunctions of Normed Vector Spaces

From now on we consider (X, ||-||) to be a finite-dimensional normed vector space where the norm
is not required to be symmetric. As basepoint we choose the origin. Then the map  for defining
horofunctions can be written as

Y(x) = llz = x| = lzll.

Note that we have to distinguish between ||z — x|| and ||x — z|| as the norm might not be symmetric.
In this setting, Walsh obtains a very nice criterion to answer the question when all horofunctions
are Busemann points:

Proposition 3.1.6 ([WalO7, Thm. 1.2]) Consider any finite-dimensional normed vector space.
Then every horofunction is a Busemann point if and only if the set of extreme sets of the dual unit
ball is closed. o

We assume from now on that the set of extreme sets of the dual unit ball of our space is closed.

The topology used in the proposition is the Chabauty topology on the space of all closed subspaces
of the dual unit ball: If X is any locally compact topological space, then the space Sub(X) of all
closed subspaces of F' is endowed with a natural compact topology called the Chabauty topology
(see [Bou63] for details). When X is metrizable, then Sub(X) is also metrizable, and a sequence
of closed subspaces (F,),en converges to F' in Sub(X) if:

e forany x € F, for any n € N, there exists x, € F,, such that the sequence (x,),en converges
to x, and

e for any sequence (x,),en in X such that for any n € N we have x, € F,, every accumulation
point of (x,), belongs to F.

As our space is locally compact and Hausdorff, the Chabauty topology coincides with the Painlevé-
Kuratowski topology used by Walsh. More details about the different topologies can be found in
[Bee93] or [Pat21, Prop. 2.11].

In the very same paper [Wal07] Walsh also gives a rather explicit description of the set of all
Busemann points. He describes them as the Legendre-Fenchel-transforms fE*’p of certain functions
depending on proper faces E C B° and points p € X:
fE,p : X* — [07 OO],
q — fep(@) = 1e(q) +{qlp) - ig;f(ylp>, (3.4)

where the indicator function Ig(q) is 0 for ¢ € E and oo elsewhere. The Legendre-Fenchel-
transform f* of a function f : X — R U {co} is given by

ff X" — RU {0},

W su}? (wlx) = f(x)).
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More about it can be found for example in [Bee93, §7.2]. The result of Walsh can be stated as
follows.

Proposition 3.1.7 ((Wal07, Thm. 1.1.]) Let (X, ||||) be a finite-dimensional normed vector space
and the notations be as above. Then the set of Busemann points is the set

{ fE*,p |E C B° is a (proper) extreme face, p € X}. °

We show now that our previously defined maps /g, (see Definition 2.6.6 on page 37) are exactly
these Busemann points.

Lemma 3.1.8 ([Wal07, p.5]) Let E be a face of B° and p € X. Then

Tep() =hep() =1p =g = IplEe. o

Proof. By definition, we obtain for all y € X:

fip) = sup (¢xly) = fi,p(0))

sup (<x|y> — Ig(x) = (xlp) + §2£<qlp>)

xeX*
= sup ({xly — p)) + inf{q|p)
xeE qeE

= —inf ({x|p — y)) + inf{q|p)
xeE qeE

lp =yl —IplE. m]

Corollary 3.1.9 Let pg be the projection of p to the subspace T(E)* C X. Then it holds

fE*"p = fgva' ©

Proof. The statement follows directly by Lemma 2.6.7. m|

Corollary 3.1.10 In summary (because we assume that the set of extreme sets of B° is closed) we
can describe the set of horofunctions easily as

OhorX = {hg,p |[E C B° is a (proper) face, p € T(E)"}. o
Proof. The statement is a direct consequence of Proposition 3.1.7 and Lemma 3.1.8. |

. <h . . . .
To describe the topology of X ", we characterize converging sequences in Section 3.2.

Remark 3.1.11 For a normed vector space (X, ||||), the map ¢ to define the horofunction was given
as ¥, (x) = ||z — x|| — ||z|| for all x,z € X. When B denotes the unit ball of ||-||, it holds ||-|| = | - |-
and we can rewrite this expression as

Y (x) = |z — xlp — |zl = hpe .

So it is reasonable to expect the limit of the sequence (i, ),, be related to a function hg , where E
and p are related to the sequence (Z,,) . o
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’ |
)

Figure 3.1: The unit ball B and its dual B®

Example 3.1.12 As an example let us determine some horofunctions explicitly. Consider R?
equipped with a norm that is the 1-norm in the upper half-plane and the Euclidean norm in the
lower half-plane. Its dual is a half-circle in the upper half-plane and half of a square in the lower
half-plane. See also Figure 3.1 below for a picture.

Then B° has three one-dimensional extreme faces (red, blue and green in the picture on the right)
and infinitely many extreme points (orange in the picture) out of which two are exceptional, as
they are isolated.

Let E = {e} C B° be one of the extreme points. Then the associated horofunction is given as
hg p(x) =|p—xlg — IplE
= - (1122 qlp - x) + (1122 (qlp>
= —(elp — x) + (elp)
= {e|x).
Note that here A , is independent of p which is reasonable as T(E)* = {0}.

Now we have a look at an one-dimensional face, as an example we take the red one called R. It
is the convex hull of (1,0) and (1, —1). Then as the infimum of a pairing over a set is taken at the
boundary of the set, we get

hrp(x) =|p — xlr = Iplr
= —inf {g|p — x) + inf {q|p)
geR gE€R

= -min{{(=1,0)[p - x), ((=1,-D| p = x)} + min {{(=1,0)| p), ((=1,-1)| p)}
= —min{-p; + X1, —p1 + X1 — p2 + x2} + min{-p1, —p1 — p2}
= p1 —x1 —min{0, —p> + x2} — p1 + min {0, —p»}

= —x1 + max {p> — xp, 0} + max {p>, 0},

where p = (0, pp) and x = (x1, x2) € R, Since T(R)* is the y-axis in R?, we have p € T(R)* as we
wanted it to be. o

Remark 3.1.13 Itis a general result that if £ = {e} € B° is a vertex, then hg , = {e|-) is indepen-
dent of the point p. o

3.1.3 Convexity Lemma

In this section, we will prove a technical convexity result, which will be used later in Section 4.2
to determine the compactification of a flat.
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Lemma 3.1.14 Let (x;;)en be an almost geodesic in a metric space (X, d). Then, for any € > 0,
d(xi, xj) + d(xj, xi) < d(xi, X)) + &

fori, j, and k large enough, withi < j <k, o

Proof. Applying Equation (3.3) to both summands on the left hand side and using the triangle
inequality we get, for i, j, and k large enough, with i < j <k,

d(x;, xj) + d(xj, xi) < d(po, xx) — d(po, x;) + 26
< d(po, x;) + d(x;, xi) — d(po, x;) + 26
= d(xj, xi) + 26,

where py € X denotes the basepoint. The conclusion follows with & = %6. O

If (x;n)m 1s an almost geodesic converging to a Busemann point &, then

&x) = li_r>n (d(x, xm) + E(xm)) for all x € X, (3.5)

where £(xin) = Yy, (Xm) = —d(po, Xm)-

Lemma 3.1.15 Let (x,,);, and (y,,)m be almost geodesics in a metric space (X, d) converging to
the same Busemann point &. Then there exists an almost geodesic (z,,),, that has infinitely many
points in common with (x,,),, and also infinitely many points in common with (Y,)m. o

Proof. Choose a sequence (g;); of positive real numbers such that }7°, &; is finite. Define the
sequence (z;); inductively in the following way. Start with zg := pg. Given z; with i even, use (3.5)
to define z;41 := xj, where j > i is large enough such that £(z;) > d(z;, zi+1) + é(zi+1) — &;. Given z;
with i odd, do the same but this time using the sequence (y,,)-

Observe that by Equation (3.5) we know that the sequence (d(po, z;)+£(z;)); converges to £(pg) = 0
as i tends to infinity.

Since horofunctions are 1-Lipschitz, it holds &(x) — &(y) < d(x,y) for all x,y € X and thereby
especially —£(y) < d(po,y) as £(po) = 0. So for all m,n € N, with m < n it holds

—_

d(zm, 2n) < d(zi, Zi+1)

N

— 3

< ) () = &@ziv1) + &)

i=m

N

—

=&(zm) —&@zn) + ) &

]

I
3

n—1
< £zn) + d(po, 2) + ), &

i=m

Adding d(po, z;») to both sides, we see that (z;); is an almost geodesic because the error term
Z?:_,:l &; becomes arbitrarily small as m and n become large and d(po, z;n) + €(z) — O. O

We will now prove a convexity result for a pair of almost geodesics converging to the same Buse-
mann point.
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Lemma 3.1.16 (Convexity Lemma) Let (x,), and (y,), be almost geodesics in a finite-dimensional
normed space (X, || - ||) converging to the same Busemann point ¢. Let (4,,), be a sequence of co-
efficients in [0, 1], and write m,, := (1 — A,)x, + A,,y, for all n € N. Then (m,),, converges to ¢ and
has an almost geodesic subsequence. o

Proof. Since the horofunction compactification is compact and metrizable, to show that (m,),
converges to £ it is enough to show that every limit point n of (m,), is equal to £&. By taking a
subsequence if necessary, we may assume that (m,,), converges to a horofunction 7.

By Lemma 3.1.15, there exists an almost geodesic sequence (z,), that has infinitely many points
in common with both (x;), and (y,),. Since almost geodesics always converge to a horofunction,
(zn)n has a limit, which must necessarily be £. By taking subsequences if necessary, we may
assume that z,, = x, when n is even, and z, = y, when n is odd.

Define the sequence (w;,), by

1= {xn, if n is even; (3.6)

my,, if nis odd.

The construction of the sequences (z,), and (w,), are schematically shown in Figure 3.2. We will

. . . . ) . ) o Ty
. . . . Yn

Figure 3.2: A schematic description how the sequences (z,), and (w,), in the proof of Lemma
3.1.16 are constructed out of (x,),, (y,), and (m,,),.

show that (w,,),, is an almost geodesic.

We first claim that, given any € > 0, if i, j,k € N with i < j < k are large enough and such that i
and k are even, and j is odd, then

dwi,w;j) +dwj,wi) < d(wi, wi) + €. 3.7
Here, d(x,y) := |y — x]| is the distance function associated to the norm.
Indeed, note that the distance function d(-, -) is convex in each of its arguments. This implies that

dwi,wj) = d(x;,mj) < (1 = ;)d(x;, x;) + A;d(x;,y;)  and
dwj,wr) = d(mj, xi) < (1 = A)d(xj, xi) + A;d(yj, Xp).

Adding the two equations and applying Lemma 3.1.14 to the almost geodesics (x;), and (z,,),, we
get

d(wi,wj) +dwj, wi) < d(x;, xi) + &,

for i, j, and k large enough. This establishes the claim as w,, = x,, for n even.

Let k£ and n be natural numbers satisfying k < n. We now want to show than (w;,), is an almost
geodesic. There are four cases, depending on whether k and » are even or odd. We consider only
the case where both are odd; the other cases are similar but less complicated. Using the triangle



46 Chapter 3. Horofunction Compactification

inequality, the claim just established and the fact that (x;); is an almost geodesic, we have for any
g>0:

d(po, w) + dWi, wn) < d(po, wi—1) + dWi-1, W) + d(Wi, Wir1) + dWie1, W)
<d(po, wi-1) + dWi—1, Wir1) + dWir 1, W 1) — d(Wn, Was1) + 2€
< d(po, Wnr1) — d(Wn, Wni1) + de
< d(pgy,wy) +4e,

if k and n are large enough. The same inequality can be proven in the other cases. We conclude
that (wy,), is an almost geodesic.

Observe that both ¢ and 7 are limit points of (w,),. Since this sequence is an almost geodesic, it
has a unique limit. Hence, ¢ and 5 are equal. |

3.2 Characterization of Horofunctions via Converging Sequences

The main theorem of this section (Theorem 3.2.6) characterizes all sequences converging to a ho-
rofunction depending on the structure of the unit ball B and its dual B° in X. It shows the strong
dependence of the horofunctions on the shape of the dual unit ball, which is the underlying princi-
ple of the homeomorphism in Theorem 3.3.10. This result is also used in Section 5.3 to establish
a geometric 1-1 correspondence between the nonnegative part of n-dimensional projective toric
varieties and horofunction compactifications of R"” with respect to rational polyhedral norms. If
not stated otherwise, we assume that at least one of the following holds true:

I) The unit ball is polyhedral.
II) The unit and the dual unit ball have smooth boundaries.
IIT) The space X is two-dimensional.

The second case can equivalently be described as B° only having smooth extreme points as extreme
sets.

In all three cases the set of extreme sets of B° is closed and so every horofunction is a Busemann
point by Proposition 3.1.6. Therefore we can use Corollary 3.1.10 to determine all horofunc-
tions.

This subsection is structured as follows: We will start with some notational conventions and then
specify the special properties of the unit ball B and its dual B° in the three cases above. The proof of
Theorem 3.2.6 will be based on Lemma 3.2.4, which shows that we can always find subsequences
that satisfy the conditions we need for characterizing convergent sequences. The proof of both the
lemma and the theorem will be split up in three parts according the three cases for B. After some
examples to illustrate the theorem, we will explain in detail an example in Section 3.2.6 where the
unit ball does not belong to one of the three cases above and where the statement of Theorem 3.2.6
is not true. This will lead us to a conjecture for the convergence behavior in the general setting in
Section 3.2.7.



3.2. Characterization of Horofunctions via Converging Sequences 47

3.2.1 Dual Sequences of Directions

From now on (unless stated otherwise) let B C X be the unit ball of a norm and B° C X* its
dual. Let (z,y)men be an unbounded sequence. For some x € X, the normed sequence of directions
(%)meN is a sequence of points in the boundary of B. So each point of this sequence lies is
the relative interior of some extreme set F,,(x) of B. Let D,,(x) C B° denote the exposed dual
of F,(x). Then (Dp(x))meny € B° is a sequence of extreme sets of B° and by duality it holds
Gmlzm — x) = —llzm — x|l for all g,, € D, (x). As the set of extreme sets of B° is closed, all
accumulation points of this sequence are extreme sets. To stress that these accumulation points
can be extreme points, but also higher dimensional extreme sets, we call them accumulation sets.

Denote by D(x) the set of all accumulation sets of the sequence (D, (x))-

Doing this construction for every point x € X, we consider the following set:
E = aff{D(x) | x € X} N B°.

Though D(x) is a set of faces of B°, E is not necessarily extreme or a subset of the boundary of
B°, but may also contain interior points. Note that E strongly depends on the sequence (z,,),-

Definition 3.2.1 For a sequence (x,;,)nen and a set S we denote by x,, 5, S that (x,,),, has all its
accumulation points in relint(S'). )

-
Assume for our sequence (z,,);, € X that there is an extreme face F C 0B with ”?"” — F. Then

x C .

also Iém—ill — F for any x € X and the sequence (D,,(x)),, of duals will converge to an extreme set
in the relative boundary of the exposed dual F° or to F° itself . Now it is an interesting question
whether we only obtain subsets in the relative boundary as limits or whether we get the whole

exposed dual. It can be answered partially:

Lemma 3.2.2 Let (z,,),, € X be an unbounded sequence and B the unit ball. Let F C 0B be an

c . .
extreme face such that Ié’"” — F and F° C B° its exposed dual. If the projected sequence (2, o )m

is bounded, then E = F°. o

Proof. Let d = dim(F°) < n — dim(F) — 1 be the dimension of the exposed dual. As E C F°
we already know that dim(F) < d and we want to show that equality holds. We will do this by
showing that we can find d + 1 points yi,...,ys+1 € X such that D(y;) is an extreme point of
B° forall j = 1,...d + 1 and their affine hull aff{D(y;), ..., D(y4+1)} has dimension d, that is,
D(y1),...,D(y4+1) are affinely independent.

We first consider the case where B and B° are polyhedral. Then B has only finitely many facets
and the idea of the proof is to shift the sequence such that it remains in the cone over a facet As
then dim(F°) = d, the face F* has at least d + 1 vertices e}, j € {1,...,d + 1}, whose affine hull has
dimension d. So there are at least d + 1 facets F; of B that have F in their relative boundary. As
(Zm.F°)m 1s bounded, it has a converging subsequence (y;,),, With y,, — y for some y € T(F°)*.

Choose now yi,...ys+1 € X such that for each j € {1,...,d + 1} and m big enough the sequence
(Ym — ¥j)m lies in the interior of the cone K(F ;). Then II§ '":i ! i€ relint(F ;) and so D,,(y;) = e; for
’ m—Yj o P

m big enough. Therefore all dual sequences are disjoint and the statement is shown.

Now we look at the case where B is not polyhedral. Then it has infinitely many extreme points
and we can not conclude as before. But since it is enough to find d + 1 points such that their dual
accumulation sets are affinely independent, we construct a polytope P° C B° indescribed in the
dual unit ball around the origin such that there holds:
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e P° and B° coincide at every non-smooth extreme point of B°;

e if F° is polyhedral (i.e. has only finitely many extreme points), then P° and B° coincide at
F° and the round parts of B° are cut off to obtain P°;

e if F° is not polyhedral, let P° and B° coincide at the polyhedral parts of F° and cut off the
round parts of F'° such that B° and P° coincide at at least 2(d + 1) extreme points;

See Figure 3.3 for an example.

a)

/; B° B

F° | P° P
| Fp
b) , ,
__ Be B
F° P

Figure 3.3: Two examples of a non-polyhedral dual unit ball B° and an inscribed polytope
P° (LeFT) and their duals (rRiGHT) as constructed in the proof of Lemma 3.2.2. In example a),
the face F° is polyhedral, so B® and P° coincide there. The round parts of B° are cut off. In
example b), the face F* is not polyhedral. By construction, B° and P° are the same on the
polyhedral parts.

Then P° has a d-dimensional face F7, that is contained in F°. By Lemma 2.4.5 the dual polytope
P = (P°)° contains B and the dual face Fp = (F}.)° in P contains F' C dB. Note that the dimension
of Fp and F do not have to be the same. Any extreme point of F;, corresponds to a facet of P
containing Fp in its relative boundary. Just as in the polyhedral case, we can find a converging
subsequence (yy;);, of (2 ro)m and now we choose the points yi, ..., yz41 such that each sequence
(¥m — ¥j)m lies in the cone of a facet around Fp. As F' C Fp, the duals of these shifted sequences
with respect to P converge to d + 1 extreme points of F.. With respect to B the sequences may
converge to other extreme points. In case that two limit points that were different with respect
to P do now coincide, add more extreme points in the corresponding area when constructing P°.
Then the dual sequences converge to d + 1 different points in dre F° as required. They are affinely
independent and so E = F°. O

In the situation of Lemma 3.2.2, the converse is not true, as the following examples shows:

Example 3.2.3 Let R? be equipped with the 1-norm, its dual is the L*-norm with the unit square
as unit ball, see also Figure 3.4. Consider the sequence (), given by

m2
m = ((—1)mm)'
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<

€1

€2

f(x)

Figure 3.4: The converse of Lemma 3.2.2 is not true: also an unbounded projection can yield
to the whole exposed dual.

Then - =5 F ={(1,0)} and F° = conv{(—1,—-1),(-1, 1)} € B°. The projection to T(F°)* is

[1Zzmll

B 0
Im,F° = (—l)mm s

which is unbounded. For x € R? the sequence (D, (x));, of duals is given by

-1
Dm(x) = {((_1)m + 1)} s

and has the two accumulation sets e := {(—1, 1)} and e, := {(—1, —1)}. Therefore E = F°. o

3.2.2 Specific Properties of the Three Cases I), II) and III)

We briefly discuss the properties of B and B° in the three cases given in the beginning of this
section.

I) Polyhedral norms Let B be polyhedral. Then also B° is polyhedral, that is, both can be
described as the convex hull of finitely many distinct points or, equivalently, as the intersection of
finitely many half-spaces. All extreme faces of B and B° are exposed, every extreme face of B has
exactly one (exposed) dual face in B° and their dimensions sum up to n — 1. Any extreme face that
is not a facet lies in the relative boundary of a facet and the union of all closed facets covers the
whole boundary.

IT) B and B° are smooth Consider a unit ball B C X such that every extreme face of both B and
B° is an extreme point. Then the boundaries of B and B° are smooth and every extreme face is also
exposed. So also here we have a 1-1 correspondence between the extreme points of B and those
of B° and for an extreme face F' C B it holds

(F°) =F. (3.8)

An example for such a unit ball would be the Euclidean unit ball, not necessarily centered but
such that the origin is still contained in its interior. The dual unit ball then is an ellipsoid, probably
shifted and rotated, but with the origin in the interior.



50 Chapter 3. Horofunction Compactification

Figure 3.5: The different types of faces of B in X: facets (blue), corner points (green),
smoothly exposed points (orange) and an extreme point that is not exposed (purple).

III) dim(X) = 2 and B is arbitrary Let us now consider a two-dimensional normed space
equipped with a unit ball B. Then it can have four kinds of extreme faces, see also Figure 3.5:

e facets, i.e. one-dimensional extreme faces. They are always exposed and have a unique
supporting hyperplane (blue lines in the picture).

e corner points: exposed points that have more than one supporting hyperplane. They can be
isolated but do not have to be. On each side, they can be either in the relative boundary of a
facet or of a smoothly curved part (green points in the picture).

¢ smoothly exposed points: extreme points that lie in a smooth part of the boundary with
extreme points on both sides. They are exposed and have exactly one supporting hyperplane
(every point in the orange part of the boundary in the picture).

e extreme points that are not exposed: points of this type are always in the relative boundary
of a facet on one side and of a smoothly curved part on the other side, where the transition
from the curved part to the facet is smooth. They lie in the unique supporting hyperplane
which defines the facet (purple point in the picture).

Considering the dual unit ball B°, it can have the same types of faces as described above. There
is a strong relation between the faces of B and those of B° and shown in Tabular 3.1 below and in
Figure 3.6:

Figure 3.6: A unit ball B (Lerr) and the dual unit ball B° (ricut) with faces corresponding
to those of B. The black points are extreme but not exposed and correspond to those green
extreme points of B that are in the relative boundary of a smooth orange part.

The slope of the two lines tangent to a corner point fixes the length of the dual facet by determining
the position of the endpoints in the relative boundary of the facet. Such an endpoint is the unique
point having dual pairing -1 with all points of the hyperplane. Note that the dimensions of a face
and its dual do not have to sum up to 1 and that a face of B can have more than one face of B° dual
to it and vice versa.
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faces of B faces of B°
facets corner points

without non-exposed point between two facets

) ) between a facet and
with one non-exposed point
a smooth part

with two non-exposed points between two smooth parts

CoN TN TN
NN Y

smoothly exposed points smoothly exposed points

smoothly exposed point smoothly exposed point

N

Table 3.1: An overview over the types of faces and their duals in two dimensions.

3.2.3 A Useful Lemma

Before we state the theorem to characterize converging sequences, we first show a lemma which
already contains the main idea of the characterization.

Lemma 3.2.4 Let B C X be a unit ball and B° its dual such that they belong to one of the three
cases I) - III) defined above.

Then every unbounded sequence (z,,)men has an unbounded subsequence satisfying the following
two conditions:

1) E := aff{D(x) | x € X} N B° is an extreme set of B°.

2) The projection of (z;)m to T(E)* converges to a point p := limy,—co Zm.E- o

Proof. As mentioned before, we will split up the proof into the three cases and prove them sepa-
rately. Recall that E depends on the sequence (Z,,;)men Via D(x), which is the accumulation set of
the sequence (D,,(x));,, where for each x € X and m € N, the set D,,,(x) C B° is the face dual to

that face of B the contains llim:ill in its relative interior.
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I): B is polyhedral When B is polyhedral, it only has finitely many faces and especially only
finitely many facets. Therefore we can find a facet G and a subsequence also called (z;,);, such
that (z,,)n lies in the (closed) cone K(G) generated by G. Now consider the distance of (Z,)m to
the relative boundary of K(G).

If (2,)m has no subsequence with bounded distance to the relative boundary of K(G), then for any
x € X, also the sequence (z,, — x),, lies in the interior of K(G) for m big enough. Thereby for every
x € X with m big enough

Dy(x) = D(x) = G°* ={g} € B°

where g is an extreme point of B°. So E = G° is extreme and the projection (z,, )y, is trivial and
obviously converges.

If (zu)m has bounded distance to the relative boundary of G, the idea is to split up the faces in
those with bounded and those with unbounded distance to a subsequence. So take a subsequence
(Zm Jkery such that the cones in the relative boundary of K(G) can be split up in those to which
(Zm )k has bounded distance and those to which the distance goes to infinity. That is, if G; for
j€{l,..., s} are the faces in the relative boundary of G, we can order the labeling such that

3aK©) = | JKGpu | ] KG).

j<i j2l+1
where
dist(z,,, K(G)) c et
1862, )=
173 J — 00 je{l+1,..-5s}5

as my — oo. Note that / > 1 as by assumption there is a face to which (z,,, )» has bounded distance
and that / < s because the sequence is unbounded. We define

F = ﬁ cl(G)) (3.9)

to be the intersection of all (closed) faces in the relative boundary of G to which (z,,, )x has bounded
distance. As the relative boundary of the cone K(G) is the union of parts of subspaces all inter-
secting in the origin, their distance from each other outside of any compactum is unbounded if
they do not have a common subspace. Therefore the intersection in Equation (3.9) is not trivial
and F is a face of B of dimension smaller than dim(G). Figure 3.7 shows an example of the above
construction in R3 equipped with the 1-norm.

Go.e

Figure 3.7: An example in R? with the 1-norm and a sequence z,, = (m, k, am) with a, k > 0.
The notations are as in the proof.
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It remains to show that the dual face F° actually is E = aff{D(x) | x € X}. Let L° = {/}° be an
extreme point of F° (i.e. an extreme point of B° in the relative boundary of F°) and L C B its
dual facet. Then the cone K(L) has K(F) in its boundary and as the distance of (z,,, )« to K(F) is
bounded, there is an x € X such that z,,, — x € K(L) for k big enough. This yields

o
ka_'x) o
2

||ka — x|

Dmk ()C) = (

for k big enough. Such an x € X can be found for every extreme point of F° which shows that
F° =aff{D(x) | x € X} N B° = E. For the lemma to be proven in the polyhedral case we still have
to show that the projection of (z,, )x to T(E)* converges. By Proposition 2.4.16, T(E)* = V(F)*
and as (zy, )x has bounded distance to K(F'), the projection (2, r)x is bounded. Therefore (2, £)n
has a converging subsequence and the lemma is proven.

II): B and B° only have extreme points In this case, B and B° are smooth and only have extreme
points in their boundaries. Let £ = aff{D(x) | x € X} N B° be given as above. We have to show
that E is an extreme point in the boundary of B°. Equivalently, all sequences (D,,(x)),, of extreme
points have to converge to one point ¢ € 0y B°. By the definition of D,,(x) and Equation (3.8) we

get the condition
o
Im — X !
Dy(x) = (m—) — €,
1z — Il

or, on the side of B:

Zm_

ST f, YxeX
Iz — x|

where F' = {f} = E°. Since the sequence of directions of a shifted sequence converges if and only
if the sequence of directions of the unshifted sequence converges, we obtain for our smooth unit

ball the condition
Zmy

Il I

IF = {f} C OB

— f,

for some subsequence (2, ), of (zm)m. As OB is compact, we can always find such a subsequence.
Therefore E = {e} is an extreme point.

As T(E) = 0, the projection onto this subspace is trivial and the second condition is redundant in
this case.

III): dim(X) = 2 and B is arbitrary In the two-dimensional case there are only two kinds of
extreme sets in the boundary of B and B°: one-dimensional facets and zero-dimensional extreme
points. The sequence of directions (”Z::j” )meN lives on the boundary 0B which is a compact subset
of X. Therefore the sequence has a convergent subsequence and without loss of generality we call

this subsequence again (ﬂ) .
llem=xll/m

If the sequence (i)m converges within a facet F, then we have the same situation as in the

Izl
first part of the polyhedral case: for any x € X also the sequence (”Z:ﬁ”)m converges within F

and £ = F° is an extreme point. The subspace T(E)* is trivial and the projection of (z;,);, to it
converges obviously.

c . . . .
Now assume ”?—"” — F where F' = {f} is an extreme point. Then also for any shifted sequence it

holds =X =, F and E C F°, where F° is the exposed dual of F. If E = F° we are done with

[z — x|
the first condition. Otherwise recall that the sequence (D,,(x)),, was a sequence of extreme sets of
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B° converging to the relative boundary of F°. As F° only has two extreme points in its relative
boundary and we assume E # F°, E has to be one of these two extreme points and is therefore
also an extreme set.

To see that the second condition of the lemma is fulfilled, we assume dim(E) = 1, otherwise the
statement is trivial. Then its dual face F is a corner point (because dim(F) + dim(E£) = 1) and
V(F)LT(E)*. Since the set E = F° is the whole exposed dual (and not only a relative boundary
point of it), we know that for both sides of the relative boundary of B around F there is an x € X
such that the sequence of directions (or a subsequence) remains on that side. This is equivalent
to (zm,£)m being bounded. Therefore we can find a subsequence such that the projection (z,.£)m
converges. |

3.2.4 Characterization of Converging Sequences

In Corollary 3.1.10 we described the set of Busemann points of X with respect ot a given unit
ball as the set of functions hg ,, where E C B° is a proper extreme set and p € T(E)" is a
point. Our goal now is to give the topology of this set by determining the limit of unbounded
sequences converging in the compactification. Recall that we only consider unit balls whose set
of extreme sets is closed. So the set of Busemann points /g j, is the set of all horofunctions of the
compactification by Proposition 3.1.6.

Remark 3.2.5 The approach to describe the topology by convergent sequences is justified by the
following discussion in [BJ06, §1.8.9]: A convergence class of sequences C is a class of pairs
((Vm)mens Yoo) consisting of an unbounded sequence (¥,;,)men and a limit point y., € X satisfying
several convergence conditions. Elements of the class are called C-convergent and denoted by

Vim LA Yeo. To a subset A C X assign the set A, the set of all points y in X such that there is a
sequence in A that C-converges to y. Then a subset A C X is called closed provided A = A. The
convergence class of sequences C uniquely defines a topology on X such that a sequence (y;,)men
converges to a point y,, € X with respect to this topology, if and only if ((y;)men, Yoo) € C. The
obtained topological space is a compact Hausdorff space if and only if the limit of every convergent
sequence is unique and if every sequence in X has a convergent subsequence. o

Theorem 3.2.6 Let B C X be a unit ball and B° C X* its dual such that they belong to one of the
following cases:

I) The unit ball is polyhedral.
II) The unit and the dual unit ball have smooth boundaries.
IIl) The space X is two-dimensional.
Let (zn)men be an unbounded sequence in X. Then the sequence (¢,,),,,; converges to a horofunc-
tion hgr , associated to an extreme set E’ C B° and a point p € T(E* if and only if the following
conditions are satisfied:
1) E :=aff{D(x) | x € X} N B° is extreme.

2) The projection (2, £)mer of (Zm)mer to T(E)* converges.

If (y,,),, converges, then E’ = E and p = limy,—,c0 Zm,E- °
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Proof. We have to show two directions for the proof. We start with a sequence (Z,,;,)men fulfilling
both conditions with respect to some extreme face £ € B° and p := limy—c 2mre € T(E)* and
show, that it converges to the associated horofunction A ,. Just as in the previous lemma, the
proof will be split up in three parts.

I): Bis polyhedral Let B be polyhedral and assume both conditions are satisfied for a sequence
(zm)men- Then by the first condition, all accumulation sets D(x) of the sequences (D,,(x)),, dual
to the shifted sequences (sz:j”)m for any x € X are either in the relative boundary of the extreme
set E or they are E itself. As B and B° are polyhedral, they only have finitely many faces and
therefore for any x € X the sets D,,(x) are contained in D(x) for m big enough: there is an M € N
for each x € X such that

D, (x) =D(x) VYm =M.

.....

all have the face F := E° in their relative boundary. For every x € X and m € N big enough there
isa je{l,...,k} such that ”Z::i” € F;, that is, it lies in one of the faces around F. Then for any

point e; € E; it holds
Zm_x . Zm_x
-1=(e; | —— )= inf (g —>
<J ”Zm—x”> qu°< llzm — xll

This means that (for m big enough) the infimum over B° is attained at some extreme point of E.

Using Lemma 2.6.1 with z,, g € K(F) = (T(E)*)* we compute for m big enough:

¥z, (%) = llzm — x| = llzmll
= —inf (g |z — x) + inf (g |zn)
qeB° qeB°

= —inf (qlzm —x)+ inf (qlzm)
qeE q€E
"= (Eh) - i ol =) + (E1cE) + it

- —;gg (qlp—x)+ },22 (qlp) = hg p(x).

IT): B and B° only have extreme points The idea of the proof in the smooth case is to define (for
every x € X \ {0} because x = 0 is trivially true) a sequence of new unit balls B,,(x), where each of
them coincides with B at the points ”Z—’:” and ”Z::i” such that B,, behaves locally polyhedral. See
Figure 3.8 for a picture.

To do so, let x € X \ {0} be a point and let

Zm Zm - X
Uy = —— and Vi o= ————
(11 1z — x|

be extreme points in dB. We first take only those m € N into account such that u,, # v,. If

dim(X) =n >3 let y1, ..., yn € X be points, such that for all m € N with w/, := ok € 8B the
affine plane
Hy, := aft{uy,, v, W;/p cees WZ1—2}

is a well-defined hyperplane in X not containing the origin. Denote by V! the half-space defined
by H,, containing the origin. We set
B, :=BNnV/.
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Figure 3.8: Schematic pictures to illustrate the notations and the idea of the proof.

B, is then for each m € N a closed convex ball containing the origin in its interior and defines
a norm ||-||,,. As B was convex, so is B, (x) and F,, := H, N B,, is a facet of B,, with H,, as
supporting hyperplane. Therefore there is exactly one extreme point E,, = {e,,} € B;, dual to F,.

Such a unique extreme point e,, exists for every m and we claim that the sequence (e;;)en € X*
converges to a point e € dB°.
As E = aff{D(x) | x € X} N B° is an extreme point, we know by the proof of Lemma 3.2.4 on page

53 that < 5, f, where {f} = F = E° is the extreme point dual to E. Then also 2= = f for

llzmll Iz =2l
any z € X. Note that the facet F,,, and therefore also the point e, strongly depends on the choice
of the points x and yy, ..., y,—1. Nevertheless the point e is unique. Indeed, the sequence (H,,)nen

of hyperplanes (which define the point e,,) converges to a hyperplane H supporting B at f. By
the smoothness of dB, the hyperplane H is unique. The point e then is the point defined by H via
(elhy = —1 for any h € H. In other words, E = {e} = F°.

As B, C Bitholds ||||,, > ||| and especially since B,, and B coincide at u,, and v,, by construction
we have

zmllm = llzmll — and |z — Xllm = llzm — xI.
As E,, is dual to the facet F,, it also holds
llzmllm = — inf <Q|Zm> = — inf (LIlZm) = —{enlzm),
q€By, qeEy,
Iz = Xllm = = inf (CJlZm —x)=- inf <q|zm = X) = —(emlzm — x).
q€B, qEEn,
Therefore we calculate:

Wz (%) = llzm — Xl = llzull
= lzm = Xllm = 1zmllm
= —(emlam — x) + {emlzm) = (em|x)
— (elx) = hg p(x).

In the case where u,, = v, for a subsequence (Z,, )k € (Zm)m, let {dwm,} = {un,}° € 0B;, be the
sequence of dual points. Then

lﬁzmk (x) = ”ka - x“ - ”kaH

= —dmlzm, — x) + {dm|zm) = (dm,|x)
— (elx) = hg p(x).
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III): dim(X) = 2 and B is arbitrary We now look at the two-dimensional case. Figure 3.9
shows a schematic picture of the idea of the proof with the notations we use. The basic idea
of the proof is the following: We first replace the norm by the dual pairing with an appropriate
point. Then we have to treat the cases dim(E) = 0 and dim(E) = 1 separately. If E is an extreme
point, we construct a sequence (e;,),, of points for each x € X, such that for each m € N it holds
{emlzm) = —llzmll and {en |zm — x) = —llzm — xl|. Using this new sequence, the calculation with
be simplified. For dim(E) = 1 and for each x € X we construct two new sequences (f;,0),, and
(Am.)m contained in aff(E). In the final calculation we will use that /2, » — A0 € T(E) and that
(Zm.E)m 1s bounded.

For some x € X \ {0} denote by g, x, gm0 € OB° extreme points such that

<Qm,0|2m> = _”Zm”

<Qm,xlzm - x> = —|lz — I

In other words, g0 € Dn(0) and g, € D, (x). These points are not uniquely determined, but if
there is more than one possibility, they both lie in the relative boundary of a common facet.

Let us first assume that dim(E) = 0, that is, E = {e} is an extreme point and gy, x, gmo — €. We
set the following notations:

Lm _ im — X
llzm = xII

Uy, = and v, :
Izl

Let Hﬁ’i’, HK’; C X* be the hyperplanes defined as in Definition 2.1.20, supporting B° at g,, o and

Gm.x- respectively. Let e,, € H"? N H" be a point in the intersection. As H"} and H™ are parallel

if and only if u,, = +v,, the intersection is not empty for m big enough. Then it holds
{emlzm) = —llzull and {emlzm — x) = ||z — I
As our extreme set E = {e} was only a point we have ¢,, — e as m — oo and therefore

Wz, (X) =z = x| = llzmll
= —{emlzm — 2 + {emlzm) = {emlx)
— (elx) = hg p(x).

Um
Um H71
H*l

Figure 3.9: Schematic pictures to illustrate the notations used in the proof for dim(E) = 0
(terr) and dim(£) = 1 (RIGHT).

Now assume E is a facet, i.e. dim(E) = 1. Then there are exactly two points ej,er € dB° such
that E = conv(ey, e2). Let ey, ep € {e1, e2} be such that g, — ey and g, 0 — ep. Just as in the
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previous case, we look at the hyperplanes HK"{, Hﬁ”f supporting B° at gy, x, ¢m0, respectively. But

now we consider points in the intersection of aff(E) with these two hyperplanes:
B € H™ N aff(E)

3.10
hmo € H"2 0 aff(E). (3.10)

As all hyperplanes are supporting and g, » — e, as well as g0 — ep, the intersections are
non-empty for m big enough and we have

s = ex 3.11)

hm,o — €9.
Recall from page 36 and page 42 our description of horofunctions for any x € X:

hgp(x) = |p — xlg — |plg = — inf (g|p — x) + inf {g|p) .
qgeE qgeE

Now we claim that inf eg (g|p — x) = (ex|p — x). We already know that the infimum over E is
attained in one of its two relative boundary points (or both, if p — x € V(E)*). Without loss of
generality, let us assume inf cg (g|p — x) = {e1|p — x). Then

(e1—eslp—x)<0 ifp—xg (VE)H)". (3.12)

As g x € 0B° was the point in the boundary minimizing the dual pairing with z,, — x, we also have
E
(€1 = gmxlzm — x) = 0. As <6‘1 — Gm.x | Z§1> < 0 because <E ”j—g”

> = —1 is minimal, we see that

<61 - q;«n’x|Zm,E - x> 2 0

Since z, g — p, the convergence g, x — e would lead to a contradiction with Equation (3.12)
and thereby

€x = €]
as we wanted to show.

If p— x € (V(E))*, then {(e1|p — x) = {e2|p — x) and the claim is trivially true.

Similarly we get inf c£ (g|p) = (eol|p). Together we obtain

hep(x) = |p—xlg — Iple
=- ;relg (glp —x) + ;relg (4lp) (3.13)

= —(exlp — x) +{eolp) .

Finally we compute

¥z, (X) = llzm = | = ||zl

= —{gmxlzm = X) + {Gmolzm)

(3.10)
= - <hm,x|Zm - x> + <hmO|Zm>

= <hm,0 - hm,xlzm> + <hm,x|x>

(3.10)
= <hm,0 - hm,xlzm,E> + <hm,x|x>

@3.11)
_— <€0 - €x|P> + <€x|x>

3.13
= —(exlp — x) + Ceolp) °= hp ().

If x = 0, then ¢, (0) = 0 = hg ,(0), which completes the first part of the proof in this case.



3.2. Characterization of Horofunctions via Converging Sequences 59

The other direction This part of the proof is the same for all three cases and based on Lemma
3.2.4. We assume the sequence (¥,)n to converges to hg, with E C B° an extreme set and
p € T(E)*. We have to show that (z,,) e fulfills both conditions above. By Lemma 3.2.4, (z,,)m
has a subsequence fulfilling both conditions with respect to some extreme set £/ C B° and a point
p’ € T(E")*. By the first part of the proof, this subsequence converges to some horofunction i/ .
As two horofunctions only coincide if their associated extreme sets and points coincide (recall
Lemma 2.6.9 on page 37), it has to be E = E’ and p = p’. This follows for any (sub-)subsequence
of (z;u)m for which reason both conditions of the theorem are fulfilled for E and p. m|

Remark 3.2.7 In [JS16] it is shown that if the norm is polyhedral, then a sequence (z;,)nen € X
converges to a horofunction, if and only if the following conditions are satisfied:

1) The sequence is unbounded: ||z,,|| — oo.
2) The projection z,,, y(r) of z;, to V(F) lies in the cone K(F) for m big enough.

3) The distance of the projection to the relative boundary of the cone is unbounded:
d(Zm,v(F), Orel K(F)) — 00 as m — oo.

4) The orthogonal projection of z,, to V(F)* is bounded and converges to p:
V(F)

llzp," " — pll — O as m — oo.

This "old" criterion is actually equivalent to the more general one we have shown here. Some
arguments used in the proof of Lemma 3.2.4 and Theorem 3.2.6 for the polyhedral case are based
on this equivalence. As we are dealing with polytopes, there is a 1-1-correspondence between the
faces of B and those of B° (see Remark 2.4.14) and their dimensions sum up to n — 1. Therefore,
when E C F denotes the dual face of F C B, we have T(E) = V(F)*, which gives us immediately
the equivalence between the two respectively last items of the two criteria. So it remains to show
that the following two statements are equivalent:

(a) fo, lies in the cone K(F) and has unbounded distance to its relative boundary.

(b) E = aff{D(x) | x € X} N B° is extreme.

Assume condition (a) holds. Then there are finitely many vertices ej,...,ex € dB° such that
E = conv{ey, ..., e} and for each of them there is an x; € X with

D(x,-) = €. (314)
On the other hand, D(x) € {ey, ..., e} forall x € X, otherwise E would have an additional extreme

point. Let F; := {e;}° C B be the corresponding facets of B. Then as E is a face, their intersection

F .= ﬁFi

i=1

is non-empty and F is the face of B that is dual to E. As F is a common face of all F;, for all
x € X there holds z,, — x € K(F;) for some i € {1, ..., k} and m big enough. The relative boundary
of F consists of faces of B that are the intersection of some facets F; with some facets that do not
belong to {Fy,..., Fi}. If the distance of the sequence (zm,v(p))m to 01 K(F) would be bounded,
that is, has bounded distance to at least one boundary face, we could find an x € X such that for
m big enough z,, y(r) — x lies in a facet that is not dual to an extreme points of E. As (z,‘,/,(F))m is
bounded, also z,,, — x lies for m big enough in the (probably closed) cone over a facet not belonging
to {F1,..., F¢}, so E had to have another extreme point. (See the proof of Lemma 3.9 in [JS16]

for more details.) By the boundedness of (zX(F))m and as z,, — x € K(F;) for all x € X and m big
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enough, also the projection z,,v(r) € K(F) for m big enough. Otherwise (z,,v(r)),, would stay
within bounded distance to 9,1 K(F).

Now assume (b) holds. Then the equivalence follows from the proof of Lemma 3.2.4 on page 51:
there we constructed E as the dual face of F, where F was the intersection of all faces to which
(zm)m has bounded distance. o

3.2.5 Examples

Before we go on with a discussion why we had to restrict B to some special cases, we want to give
some examples to illustrate the conditions of Theorem 3.2.6 and to give the reader some intuition
how sequences converge. In all examples below we consider R? but equipped with different norms
and sequences of the form z,, = (n, f(n)) € R? following a function f : R — R.

Example 3.2.8 We start with R? equipped with the 1-norm. Its dual is the co-norm as seen in
Example 2.4.12 before. The unit ball B and its dual B° as well as the notation of faces are shown
in Figure 3.10, the functions we consider are shown in Figure 3.11.

Y y
B 5
y E, B

x X

Ey

Figure 3.10: The unit ball B and its dual B° with some of their faces colored: faces that are
dual to each other have the same color.

ffo'g(l‘) = —-0.8

Figure 3.11: The functions the sequences in this example follow. The colors correspond to
those in Figure 3.10 and show the extreme set of B° that defines the horofunction the sequence
is converging to. The purple function f; defines a sequence that does not converge.

1) For some constant ¢ € R and m € N consider the constant function f}(x) = c¢. This gives us
the sequence (z,(,i))m with

1 m 2
zfn)=(c)eR.

The sequence runs along a line parallel to the x-axis shifted by c¢. Then for any x € R? the
sequence (zf,? - x)m goes again along a line parallel to the x-axis but now with a different

y-component. Therefore the sequence of directions lies either in F; (if ¢ — x > 0), in F, (if
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2)

3)

4)

c—xp = 0)orin F3 (if c—x» < 0) and always converges to F». This givesus E = E{UE,UE3
and as E1, E3 are extreme points in the relative boundary of £, we have

E=E;.
The projection of zg,l) to E is its second component, therefore we conclude

Yo — he, p

with p = (0,¢) € T(E)*.

Next we consider sequences (zf,%) )meN of the form

2) m 2
= eR

with s # 0. For any s > 0O the direction of the sequence lies in F. Shifting the sequence
by some x € R? may lead to a direction through a different face for some small m, but at
some point, the sequence of directions will come back to F; and remain there. So no matter
how we chose the slope s of the sequence, all sequences of this type converge to the same
horofunction hg, , where p = 0. If s < 0 then wzﬁf) — hg, , (p = 0) by the same argument.

One might think that an easier condition for finding the appropriate face F is to look at the
limit of the sequence (Iliz:ill )m of directions and then take the dual face instead of first taking
the sequence of dual faces and then their limit. The following example shows that is does

not work: take f3(x) = log(2x) for x > 0 and

3 2
= e R
Zm (log(Zm))
Then the sequence of directions converges to F»>. But the second component of each z,(s) is
unbounded and therefore (Zl(j)Ez)m does not converge. This happens because log(2m) grows
slower than m.

We do not have convergence with respect to E,, but maybe this was just the wrong extreme
set to look at. A closer look to the sequence of directions shows that for any x € R?, the
direction ”Z::fc” lies in F; for m € N big enough. Therefore D(x) = E| and with E = E| the
second requirement of the convergence of the projection is trivial. So we get with p =0

l//Zg) - hEl,P‘

Now let f4(x) = % sin(5x) + 1 be the function defining the sequence

@ _ m 2
n = (%sin(Sm)+ 1) <R

Similar as in the first example, shifting (zf,‘:)) by some x € R? yields no relevant difference
in the first component and only in the secongf one. Again all directions can lie in Fy, F; or
F5 and we get again

E=FE,.

But now the projection of (z,(;‘))m to T(E)* is zf:;)E = (0, f3(m)), which does not converge.

The second condition of the theorem is not satisfied and we conclude that in this case ¥
does not converge at all. (This also turns out when doing the calculation directly.) o
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Example 3.2.9 Wo now consider the same sequences as before but with respect to a different
norm, namely a norm that can be seen as a blown-up version of the 1-norm. We already have seen
this unit ball and its dual in Example 2.4.12. Figure 3.12 shows B and B° with the notation of
faces, and the sequences we consider are again shown in Figure 3.13, where the colors indicate
the extreme set associated to the limiting horofunction.

1)

2)

3)

Y Yy
ANy
Fy
x Es I x
\ /FZ - Ey
/ Es
E,

Figure 3.12: The unit ball B of Example 3.2.9 can be seen as a blown-up of the 1-norm. Its
dual is the convex hull of four small circles. The colors in the picture show again some faces
of B and their duals in B°, according to the sequences in Figure 3.13.

f(z) f(x)
F18(2) = 1.81 f3(x) = log(2x)
fiZ(x)=12
B 0.6
2" (z) = 0.6z z) = 3sin(5z) + 1
\ / X x
7 %) = 08

Figure 3.13: In Example 3.2.9 we consider the same sequences as before but now with a
curved norm. The colors correspond to those in Figure 3.12.

The sequence (zf,p)m with
1 m
2 = (C) eR?

shows the same converging behavior as in the first example above because the boundary

point (1,0) € 9B is still extreme and not smooth. Therefore (wzm) converges to hg, , with
m m

p=1(0,¢c) e T(Ey)*.

In the polyhedral case, all sequences of the form
Q@ _|[|m 2
m = (sm) €R

converged to the same horofunction associated to the vertex in the third quadrant. In the
blown-up 1-norm, the dual unit ball has infinitely many smooth extreme points there be-
tween the facets. If s # ¢ # 0, then the two sequences zﬁi)s = (m, sm) and z,(i), = (m, tm)
will converge to different horofunctions yg_ p, ¥, p, respectively, where Eg # E; are ex-
posed points of B° in the second (if s,¢ < 0) or third (if 5,7 > 0) quadrant. As there holds

T(Ey)" = T(E)* = {0}, we have p = (0, 0) in both cases.

For the function f3 that gives us

2
= (log(Zm)) €R%
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the sequence of directions still converges to Fy = {(1,0)}. Also all sequences of the shifted
directions converge to F,. For their dual sequence it holds D,,(x) — E4 for all x € R?,
because there is always an M € N such that z,, — x lies in the first quadrant for all m > M.
E, is the lower extreme point of E,. Therefore, with p = 0,

4) The sequence (z,(,?)m with

4 _ m
1 sin(5m) + 1

Zm

Y6 — he,p.

e R?

still does not converge by the same reason as above: the affine hull aff{D(x) | x € R?} is the
extreme set E», but the projection (z,£,),, is not convergent.

o

Example 3.2.10 Next we consider R? equipped with the Euclidean norm which has the unit circle

as unit and dual unit ball. For the notations Figure 3.14 and Figure 3.15.

Figure 3.14: The unit ball B of Example 3.2.10 is the unit circle. Its dual is also a unit circle
The colors correspond to the

and for a face F = {f} € OB the dual face is F° = {—f}".

Yy
B %
A
k e

sequences in Figure 3.15.

-,

Figure 3.15: In Example 3.2.10 we take the same sequences as in the two examples before
but now with respect to the Euclidean norm. The colors are in accordance with Figure 3.14.

A

fr0%(x) = —0.8

Y

BO/-

Here every extreme set of B° is an extreme point and the second condition of the theorem is
redundant. Now all sequences we considered so far converge and those with directions converging

to F all converge to the same horofunction associated to the extreme point E

with p = (0,0):

lﬁzw, l#ng), lﬂzgjp — hg, p.

{(-1,0)} € B°

For the sequences of the second type z,(i)s = (m, sm) the limit again depends on the parameter s.

With

1
Eg = (_ “S”z) € 0B°

V1+s2
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we have with p = (0,0)

(ng)S — hES,p-
This is because of the special geometry of the Euclidean unit ball, where v° = —v* for any extreme
point v € dB. Two sequence with different slope s and ¢ converge do different horofunctions. o

We have seen in the examples that it is not enough to consider the direction of a sequence to
determine the right face associated to the horofunction. But the direction gives the extreme face in
whose relative boundary the actual limiting extreme set will be.

Remark 3.2.11 The easiest examples to consider are sequences following straight lines and they
are important enough to show the general behavior of convergence. All sequences in a regular
direction, that is, within the interior of a facet, collapse and converge to the horofunction associ-
ated to the dual vertex, independent of any translation or direction. For a sequence in a singular
direction associated to a lower dimensional face F, we have the same collapsing behavior for
the z,, F-part and a blowing-up in the orthogonal direction V(F)*, which is encoded by the point
p € T(E)" = V(F)* in the definition of &g . o

3.2.6 Counterexample to Theorem 3.2.6 in R*: the Cylinder

If B is not one of the three cases considered above, the conclusion in Theorem 3.2.6 does not hold.
To see what can go wrong, we look at the example of a cylinder in R?, see also Figure 3.16.

B

Zm

[

Figure 3.16: The cylindric unit ball and its dual.

On R3 we consider the norm

l(x, y, 2 == malX(\/x2 +y2,lzl),

whose unit ball is a symmetric cylinder along the z-axis with radius and height 1. It can also be
obtained by rotating the unit ball of the co-norm in two dimensions around the z-axis. Its dual
is the rotated unit ball of the 1-norm, namely the convex hull of the points e; := (0,0, 1) and
ey := (0,0, —1) and the unit circle in the xy-plane.

For some parameters a, ¢ € R satisfying

1
a—-c—-=>0 (3.15)
2
and some b € R we will investigate the behavior of the sequence (z,,)men given by
-m?>+a
Zm:=| m+b
2

—-m- +c



3.2. Characterization of Horofunctions via Converging Sequences 65

with norm ||z,,|| = m* — ¢ for m big enough by Condition (3.15). The sequence (” ”) of directions
stays in the cylinder bottom and converges to F := {(0,0,—-1)} € dB.

Now take a point X = (x,y,2) € R3 with

llzm — Xl = \/(m2 —a+x)2+(m+b-y)?= JW(X).

In this example we will denote points in R over-lined and components of such vectors without.
Note that W (%) is also of order 2 with respect to m. Then with

m*—a+x
: ! b+yl|edB°
= = —-m —
T wWe |
it holds
<Qm,)'c|Zm - )_C> = —llzm — Xl|.
This means that g,z € Dy (%) is dual to ; Z’” ’f” If we choose instead a different point ¥ € R? and
m big enough such that ||z, — X’|| = |-m?> + c—7Z|=m?-c+7,then
<ellzm - )7) = _”Zm - 37”9

that is, the point e; is dual to ”Z — ” So for every ¥ = (x,y,7z) € R? and m big enough, the dual
D, (%) of the sequence of directions belongs to one of the following cases:

Gm.i if VW@ > [m* - c+17,
(%) if VWG < |m?—-c+1, (3.16)
convigmz. e} if VW(X) = Im? — ¢ + 7).

The last case occurs exactly when ” - lies in the circular intersection of the cylinder barrel and

the bottom. To determine E = aff{D(X) | ¥ € R3} N B° we have to know where qmx converges to.
So we calculate:

1
= W

-m—b+y

m* —a+ x
0

_ —-1(m-—a+x
\/m“+(1—2(a—)c))mz+2(b—y)m+(a—x)2+(b—y)2 -m—b+y

0
[ 1-2 N
= \/1 + # —[2(b ym+ (a—x)?+ (b -y)>?] L —n}’;zy
m m
! | 0

-

By Equation (3.16) we then have

E = conv{(0,0,1),(1,0,0)}.
N—

€]
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As a next step, the criterion in Theorem 3.2.6 on page 54 tells us to compute the limit of the
projected sequence (z,,.£),, to get the parameter p. Doing this we obtain for all m € N:

zm,E=“‘c[0]=:;5. (3.17)
2 -1

Following the theorem, we would now conclude ¥, — hg 5 as m — oo.

But when we do the calculation explicitly, we get a different result. To see this, consider the Taylor
expansion of the square root in R around s = 0,

S\ (=Dren! 11, 1
l+s= (— n_14_5—= 2+_ 3_‘“
’ ; (1 —2n)(l’l!)24ns 2S 8S 16S > (3.18)

which converges for |s| < 1. This gives us

VW (%) = \/m4 +(1=2(a—-x)m2+2(b-y)m+(a—x)*+(b-y)?

_ 21+ 1—2(a—x)+ 1
2m? 2m?

[26 = yym + (@ = x)* + (b - y?] + O(m_4))
=m2+%—a+x+0(m_l) (3.19)

and similarly for X = O:

1
VW) = m? + 5-a+ om™").
Using this we compute for a general X € R3:
¥z, (X) = llzm = Xl = ||zl

= max (m2

1 1
+ 3 —a+x+0(m_1), mz—c+z)—max(m2+ 3 —a+0(m_1), mz—c)
N 1 1
H —_—— — — —_—— —
max|x+ 5 —a, 2= c|-max|z —a, —c|,
because in the limit, the m? annihilate each other. This expression can be simplified as
1 1 1
max | x + 2 —a, 7 —c|—max 3 —-a,—c|= 5[max(2x+ 1 -2a, 2z —2c) — max (1 — 2a, —2c)]

1 1 1 1
:z[max(2x+1—2a—§+a+c, 2z—2c——+a+c)+5—a—c+min(2a—1,2c)]

2
_ ! 2 +1 +c 2 1+ + mi : + +1
_2max X 3 a+c, 227 3 a—=c¢ mijia——c¢ 2, a—+c 3
1 1 1 1
a—-c—5 -Cc—5 -Cc—5 -Cc—3
— _min z_x,_a c 2_Z +mina C 2,_61 c 3
2 2 2 2
. 1 a—c—% 1 X 0 a—c—% 1 X
= —min4 (|0 — 01]- , (10 — 01]-
0 -1 z 1 -1 z
RIRIEE =T Nl g-c-1(1 i
+ min< (|0 — 01), (0 — 0 = hg p(X),
0 -1 1 -1
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where

The additional summand }L comes from the m in the second component of z,,, in particular from
the relation of the first and the second component because of the Taylor expansion of the root
(Equation (3.18)).

To see the dependence even better, we consider the more general sequence

-m*+a

b= Am+b
-m? +c
for any 4 € R. When we do the calculation (so without using the theorem), we get convergence to
hg.,p, with

~121

PA=pP- _01

Therefore if and only if 4 = 0, the calculated parameter and the parameter obtained by using the
theorem coincide.

So the extreme set £ we determined following Theorem 3.2.6 is the right one, only the parameter
p we obtained by projecting (z,), to T(E)* is not correct and differs from the correct p by an
additive constant.

The question now is how to obtain the right parameter p. We will find it again by projecting to
a supspace, but this time not to T(E)" but to some subspace associated to the dual point g, ; of

ZnTm for some @i € R3.
lzm—all

To construct E,,, let it = (u,v,w) € R? be a fixed point such that ||z, — &i|| = VW(@) is given as
above:

VW(a) = \(m? —a + u)? + (m + b —v)?
= Vm* + (1 = 2(a—u)m?+2(b-v)m+(a—u?+b-v)?2

According to the notations used before we set

mz—a+u

Gmi = -m—-b+v|edB°

and define the sequence (E,,),, € B° C X* by
E,, := conviey, g}

Note that here E,, is a one-dimensional extreme set of B° and as g, ; — (1,0, 0), the sequence
(E ) satisfies

E, — E.
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For each m € N, the subspace T(E,,)" is spanned by #,, := ¢,z — €. It holds

(tltm) = {(m2 —a+u)l+m+b-v)>?+ W(u)} =2

W)
For the projection of (z,,),, to the subspace T(E,,)* we obtain (again by using the Taylor expansion
of the square root):

ImE. = (tmlzm)
I () "
1 1
= —[—m4+m2(2a—u)—m2+m4+m2(—a+u+ —)—cm2+0(m)]tm
2 VW (i) 2

_ 1 2o, 1
=3 = [m (a 5 c)+0(m)]lm

So projecting to E,, seems - at least in this example - to be the right way. Note that the limit of
the projection is independent of the point iz € R3. Therefore we can project z,, to any subspace
parallel to an affine space of the form conv{g,, i, e1} for some &’ € R3 with ||z, — || = VW@).

For each m € N big enough, the point g,,; € dB° is an extreme point of B° lying on the circle
that is the intersection of B° with the xy-plane. Now one could think of other sequences (Gy,),, of
extreme sets of the form

G = conv{g,, e1}

where (g,,), € 0B°N(xy)-plane is a sequence with g,, — (1, 0, 0) and then compute the projection
of (z)m to T(G,,)*. To see what happens, we consider the following sequences:

\/m‘Tl 5 [cos(l/m)] NI
g = ,

1 m
g’ = —1/m? |

0

| G _
— s .- &n = 1/m0.95 ,

0 0

1 - 1 m2—1 m—1
@ m1 4 m? © m_
— _ m = _1/ \/ﬁ .
0 0 0

m = - s 8m = —1/m |» 8
m

We take the projection of (z,,),, to the subspaces T(G{;l)* for j=1,...,6, with

Gy 1= conv (g7 e1

and then compute the limits
pj = lim z

J .
m—oo MGy

As results we get

1 1(1
a——c . a—c—§
p1=p2= 01=p, p3=ps=—>—"0|=p,
2 4 2 -1

and the projections to the subspaces T(G3,)* and T(G%)* diverge. Why do we get such a different
behavior? The six sequences (g%))m above all converge to the point (1,0, 0), but they distinguish
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each other by how fast they do so. Only when the ratio of the second to the first component roughly

goes by % (as for (gf,f))m and (g,(,f))m), we get the limit p. If the rate of convergence is faster, the

projection converges to p. This happens for (g,gl))m, (gﬁ,f))m and also when we project directly to E.

When the convergence of (G,Jn) to E is too slow, then the projection of (z,,),, to T(G{',,)* diverges,

m

this can be observed for (g,(,f))m and (gf,?))m. So whether or not we obtain the right p depends on
the velocity of (g,,),» converging to (1,0, 0).

To see even more explicitly how the limit of (2., ), depends on the rate of the convergence
g,(,{) — (1,0, 0), we calculate another example. For y > 0 let

1

) oy
8m = —1/m"

0

and set G = conv{g,(qz),el} to be the extreme set whose space of translates 7(G/)* is spanned
by the vector f,,7 := gﬁz) — 1. Then there holds (t,,7]t,,7) = 2 and with the Taylor expansion

- - 4 1 -6y
l-—n=1-55+ g5 +0m7) we get

.= <tm,7lzm>
= 7. 1. \m]7
m.Gin <tm,7|tm,7> "

[ 1 1 -6y 2 1 2
(l ey + - +O(m ))(—m +a)— %(m+b)+m —c|tm7

1 1
-m? + Emz—zy - §m2_4y +Om*™ ) +a+Om™) —m"™ —bm™ + m?* - c] tm7

N = N = N =

1
a-c+ Emz_%’ -m' + O(m2_47)} tm7
p if y>1,
— e p if y=1,
oo if y<l1
Let us summarize these observations: For an extreme set G,,, = conv{g,,, e;} where g,, — (1,0,0)

is a sequence of extreme points with first components [g,,]; € O(m?) and second components
[gm]2 we have for & > 0

p it [gml2 € O(m),
oo if  [gu]r € O(m'™®).

im,G,, ——

m

{ pif [gul2 € O(m'),

Here is another point of view: To have the right rate for the sequence to converge does also mean,
that g,z € Ep and gz € Dy (X) approach each other in the right speed, which depends on (z,,),.

To see this we compute:
m?>—a+u\|(-m*+a
-m—-b+v m+b >
1

0 -m? +c
— 4 2 o L 4 201 _
- W(x)[ m* + m*Q2a - x 1)+0(m)]+ o [m +m?(1 2a+u)+0(m)]

m?—a+x
1

-m—-b+y
W(x)

0

<Qm,5c - Qm,ﬁlzm> = < \/W

1

m2—a+x—%+0m")

[—m4 +m?Qa—-1-x)+ O(m)] (3.20)
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1 4., 2
+m2—a+u—%+0(m—1)[m +m (1—2a+u)+0(m)]

—mb +m*(2a -1 —x)+m4(a—u+%)+m6+m4(l —2a+u)+m4(—a+x—%)+0(m3)
m* + O(m?)

_Oom)
Comt + O(md)

— 0.

So all terms of order m* annihilate each other. If we had not taken ¢,, ; but one of the sequences
g,(,{) with a different rate of convergence, we would not have had such a nice canceling that gives
us the convergence to 0.

3.2.7 A Conjecture for the General Case

Inspired by the example in the previous section, we now want to reformulate Theorem 3.2.6 such
that it holds for any norm on X whose set of extreme sets of the dual unit ball is closed. Although
we are convinced that the statement is true, its proof relies on a conjecture about the convergence
behavior.

We already know how to determine the extreme set £ C B° and that for finding the parameter
p € T(E)* we have to determine the limit of the projection of the sequence (z,,),, to an appropriate
subspace. Now the important question is how to characterize this subspace. It should be the space
of translates of a subset £,, C B° (not necessarily extreme), that has the same dimension as E
and converges to it. But we know that "convergence of E,, to E" alone is not enough, the example
above shows that the crucial point is the rate of convergence. In Equation (3.20) we saw that (E,,),
has the right speed if for every point x € X, the points g,,, € E,, and g, € B° approach each
other faster than (z,,),, goes to infinity. Note that from now on we write again x € X instead of
% € R3 because we will not make calculations using the components of a point.

The correct sequence E,, in the example was defined as the convex hull of the two points e
and ¢y, ,, that were both of the form D,,(y) for some y € X. So we guess that E,, in general
should be defined as the intersection of B° with the affine hull of several points of the form D,,(u;)
with u; € X. Defined like this, Conjecture 3.2.12 states that E,, actually has the right rate of
convergence, that is, an analog of Equation (3.20) holds.

As usual denote by B C X a unit ball and by B° C X* its dual. Let (Z;)men be an unbounded
sequence in X and E := aff{D(x)| x € X} N B° an extreme set. See also Figure 3.17 for the
following notations: Let uy,...,u; € X be points with k = dim(E) + 1 and foreach j = 1,...,k,
let (gm.u Dm S Dm(uj) € 0B° be a sequence of points satisfying <qm,uj| Zm— U j> = —|lz;m — ujl| for
all m € N such that for

Ey = aff{qmu,» - - s Gmu,} N B° (3.21)
the following two conditions hold:
(A) dim(E,,) = dim(E);

B) E,, — Easm — oo;

For a point x € X we denote by g, € dB° a point dual to 2= € dB. Then by the definition

”Zm_x”
of E we know that any converging subsequence of (g, x)men converges to a point in the relative
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E}H

‘ €m,x

qm, u;

Figure 3.17: The notation used in the conjecture.

boundary of E. Let g, be such a limit point of a subsequence, also denoted by (g.x)m- As Ey,
converges to E, there is a sequence of points e, , € E,, such that

€m,x > -

Note that e,, , € E,, can be of the form e, , = Gm.u; for some j € {1,...,k} but doesn’t have to be.
Let the sequence (z,,),, projected to T(E,,)* be convergent:

im,E, — D-
Conjecture 3.2.12 With the notations introduced above it holds:

<em,x —Y4mx |Zm> — 0 VxeX o

An equivalent reformulation of the conjecture is the statement that the projection of (z,,),, to any
subspace of the form (3.21) have the same limit:

Lemma 3.2.13 Letuy,...,u; and si,...,s; € X be points and foreach j = 1,...,k, let (Gmuj)m S

OB° and (qm.s;)m € OB° be two sequences of points dual to %, ﬁ, respectively, such that
Ein = aff{gmuys - s G} N B: (3.22)
E, =aff{qgns,....qms) N B

are two sequences of sets satisfying conditions (A) and (B) above. Let limy, z,,, EL = D1 € T(E)
and limy, z,, g2 = p> € T(E) denote the limits. Then Conjecture 3.2.12 holds if and only if

pP1 = p2. o

Proof. We use the notations introduced before with a superscript j € {1,2} associated to the

Zm) — O for any x € X and for j = 1, 2.

sequences, respectively. Assume we have <e{,,,x — Gm.x

Recall that by our notations it holds

Chxs Gmx — qx € aff(E),
e).00 dmo — qo € aff(E).

Then by assumption we know that

1 2 1 2
<em,x - Qm,x| im — x> - <em,x - Qm,xl im — x> - <em’() - q;n,O' Zm> + <€m’0 - Qm,Ol Zm> — 0,

=u

because each summand goes to 0.
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Computing the expression yields

= <eiln,x - e:n,0|z’"> - <e,£w|x> - <efn,x - 631,0|Zm> + <efn,x|x>
= <elln,x - er1n,0| Zm,E,l,,> - <elln,x| X> - <er2n,x - 6;271,0’ Zm,E,%,> + <er2n,x| x>
— {qx — qolp1) — {gxlx) = {gx — qolp2) + {qx|x)
={qx — qolp1 — p2) .

So it must hold (g, — qolp1 — p2) = 0 for all x € X. Note that the points pi, p, € T(E)" are
independent of x. Since E is spanned by k + 1 elements of the form g, the condition can only be
satisfied if p; = p;

To conclude in the other direction we first consider the case where dim(£) = 0. Then given two
sequences (E,L)m and (E’%i)m as in the lemma, the projections are trivial. So we have to show that

the conjecture holds for any sequence (E,,),, of extreme points of the form e, » = g, € (”Z::Z“ )o
for some u € X with E,,, — E. Let x € X be some point. Then (g, x)m and (g..)m are sequences
of extreme points of B° converging to E =: {e}. We assume that we have subsequences (also
denoted with the index m) such that g,,,,, # gm.x, Otherwise the statement is trivial. Pick a sequence
(rm)meny € X* of points satisfying <qm,u|Zm - u> = (rmlzm — uy and <Qm,x|zm - x> = (rmlzm — x) and
such that r,, — e. Such a sequence can be found by looking at the supporting hyperplanes at g,
and g, which are not parallel, because g, x # gm.,- Then as gy, gm.x — €, we have

<Qm,u - Qm,xlzm> = <Qm,ulzm - ”> + <Qm,u|u> - <Qm,xlzm - x> - <Qm,x|x>
= (rmlzm —uy + <Qm,u|u> — (Tmlzm — x) = <‘Im,x|x>

= <Qm,u - rm|u> - <Qm,x - rm|x> — 0.

When dim(E) > 1, we define a new set by

E,)qc1 = aﬂ:{Qm,x’ Am,sps -« Qm,sk}

with some points s», ..., sy € X such that {sy,...s¢} N {u1,...ux} # 0 and such that (A) and (B)
hold for E}. As {gm.x} € Dm(x) is a point dual to ; Z’” j” , the set E, is as in Equation (3.22) and we
know that
pP1 = limzm El = limzm,E;;.
m vm m

We want to show that the conjecture holds with respect to a sequence (e,ln, Im S (E,L)m and (G, x)m-
As EF and E} both converge to E, there is a point ¢, € E and a sequence (e,ln, Om With e,ln, LEEL
such that g, », e,ln’x — ¢, € E. Note that by the choice of s»,..., sx, the sets EX and E) have for
each m € N at least one point in common, which we call y,,. Then we calculate

(emx = dma] 2m) = (€ne = Y| 2m) + (3m = Gmx| 2m)
= <er1nx J’m|ZmE'> <J’m me|ZmE”>
= <€r]nx ym|ZmEl> <ym 6]mx|ZmE1 + Zm,E —ZmE1>
= <erlnx Qm,x| Zm,E}, > <)’m qm, x| Im.Efy, ~ Zm E}lﬂ>
— (g =l p1) =

As (E ! ) C B° was an arbitrary sequence of sets fulfilling the conditions given previous to the
conjecture, we have shown that the conjecture holds also if dim(E) > 1. m|

Under the assumption that the conjecture holds, we can now reformulate Theorem 3.2.6 for X
equipped with any norm (see again Figure 3.17 for the notations):
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Theorem 3.2.14 Assume Conjecture 3.2.12 holds. Let B € X be a unit ball and B° its dual such
that the set of extreme sets of B° is closed. Let (z,,)men be an unbounded sequence in X and

E = aff{D(x) | x € X} n B°. Letuy,...,u; € X be points with k = dim(E) + 1 and for each
J=1 .k let (Gmu)m S 0B° be a sequence of points dual to Hz’":z’:”, such that with
m—Uj
Ep = aff{qmu,s - Gmu,} N B°
there holds

(A) dim(E,,) = dim(E) and
(B) E,, — E asm — oo,

Then the sequence (y,,),, converges to a horofunction hg: , for an extreme set E’ C B° and a point
p’ € T(E")" if and only if the following conditions are satisfied:

1) E as defined above is extreme.
2) The projection (Z.,, )m 0f (Zm)m to T(E,,)* converges.

If (y,,),, converges, then E’ = E and p = limy,_,c0 Zm,E,,- o

Proof. We want to show that the sequence (¢, ),, converges to the horofunction /g , where E and

p are as given in the conjecture. Let x € X be a point and let g,,, 0, ¢in.x € OB° be points dual to ”i—"’”

and ﬁ, respectively. Then by the definition of E we know that any converging subsequence

of (gm.x)m converges to a point in the relative boundary of E. Let g, be such a limit point of a
subsequence, which we also denote by (g, x)n. Then as E,, — E there is a sequence (e, ), of
points e, » € E;, such that

€m,x > {x.

Similarly for g, 0 — go we get a sequence (€,0)m S E); with

€m0 — 40-

So using the conjecture we calculate:

Wz, (X) = lzm = x| = l|zmll
= — (Gmxlzm = X) + {gm0lzm)
= —(emxlam — xX) + (emx — Gmxlzm — X) + {emolzm) + (Gm0 — emolim)
= (€m0 = emxlzm) + {emclX) + {emx = Gmxlzm) = {€mx = qmxlX) + {Gmo — emolzm)
= (em0 — emxlimE,) + {emxlX) = (emx — GmxlX) + (€mx — Gmxlzm) + (@m0 — €molzm)
= —(emxlimE, = X) + (emolimE,) = {emx = qmxX) + {€mx = GmxlZm) + {qmo — €mo0lzm)

—0 —0

— —{qxlp = %) + {qolp) = he p(x).

The fact than hg , can be written as the sum of pairings as in the last equation, follows by the same
argument as in the two-dimensional case in the proof of Theorem 3.2.6 on page 58.

For the other direction we have to show that Lemma 3.2.4 on page 51 is satisfied also for an

arbitrary norm. The proof goes as in the two-dimensional case (see page 57) combined with an

. ) ) . c . .
induction over the dimension. Assume II?HII —> F where F C Bis an extreme set. If F' is a facet or
m

(2m,F°),, is bounded, we are done. Otherwise we consider the subspace T(F°)* C X equipped with
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anorm B’ which is the dual of F° C T(F°), where F° is obtained by projecting and shifting F*° to
T(F°) such that it contains the origin in its interior. In this subspace we now have an unbounded
sequence which has a subsequence (z,,),, with

z c
,m _—> Fl C B,.
llzmlls

By induction and as the two-dimensional case is already shown, it follows that Lemma 3.2.4 is also
true for an arbitrary norm. The rest of the proof is the same as the proof of Theorem 3.2.6. O

3.3 The Homeomorphism between the Compactification and B°

In the last part of this section we construct a homeomorphism m between the horofunction com-

pactification Yhor and the dual unit ball B°. This will be done in Theorem 3.3.10. The homeomor-
phism will be put together by a map m®” from X into the interior of B° and maps m® from 9, X
into the interior of each extreme set E in the boundary of B°. To do so, we first define a more
general map m®, which maps a finite-dimensional vector space to the interior of a compact convex
set C of the same dimension. Hereby we restrict ourselves to the cases where C is polyhedral,
smooth or two-dimensional, so to the same cases as B° was restricted to in Theorem 3.2.6. The
structure of the map is motivated by the moment map known from the theory of toric varieties.
See for example [Ful93, §4.2] for a description. Up to some signs which come from the definition
of the dual unit ball, the same result as Proposition 3.3.9 for a polytope C can be found in [Ful93,
p. 82] but with a different proof. The moment map was also used to realize the closure of a flat
in the Stake compactifications as bounded polytopes in [Ji97]. In this section, we will use a lot of
calculus, which is justified by the identification X ~ R”. More about it can be found in [Col12].

3.3.1 Definition and Properties of the Map m®
Let C € X* be an m-dimensional closed compact convex set belonging to one of the following
three cases:
I) C is polyhedral.
II) Every extreme set of C is an extreme point and all of them are smooth.
) m = dim(C) = 2.

Additionally we make the following constraint:

Constraint: We only consider convex sets C that have finitely many connected components of
extreme points.

The set &¢ consists of extreme points of C, there are isolated extreme points and extreme points in
a smooth part (recall Definition 2.3.5 on page 19). The set &¢ can now be split up in its connected
components: Let ¢; € C (fori € {1,...,k}) denote the isolated extreme points and A; € dC (for
j€{l,...,1}) the connected components of smooth parts of extreme points. Then

Ec = UC[ [ UAJ
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The basic idea for the map mC is to define it as a convex combination of the extreme points in
Ec. If all extreme points of C are isolated, that is, C is polyhedral, then we really have a convex
combination. If there is a smooth part in the boundary, we would have a sum over uncountably
many extreme points. Instead we will integrate over smooth parts using Dirac functions.

For a simplified notation, we define for a bounded function f : X* - Ror f : X* — X*:

— k [
fa = Z] fle) + JZ; fA oy

where we use the (component wise) Lebesgue measure for the integrals. Note that non-extreme
points of the boundary dC are not considered by this notation as they are obtained as convex
combinations of extreme boundary points. For each connected component

Def{Aj{citj=1,....Li=1,...,k} cOC

and a point x € X define a map ¢? : X* — R by
e~V

PP (v) = ————xp(v),
Ce_<W|x>dW

where yp is the indicator function of the set D. Summing them all up for all D € {A}, {c;}} gives
us the following function ¢, : X* — R:

%_z¢+z%.

As ¢x(v) = 0 for all v € X* and as integration of ¢, over X* gives 1 because of the indicator
functions, ¢ is a probability measure on X*. Thus integrating over the boundary of C as defined
above gives an element in the interior of C, see also the proof of the main theorem in [RW58].
Using this we define the map mC from X into the interior of C in such a way that will later turn
out to be compatible with the convergence to horofunctions.

Definition 3.3.1 Let C C X* be an m-dimensional closed compact convex set. We define

€. X — int(C)

X mc(x) = f px(V)vdv. o
ac

Writing out all short notations we get due to the indicator functions in the definition of ¢?:
k= (cilx) . l —(vlx)
Z[:l e ¢+ Zj=1 j‘;j e vdy

k —{c; ! - ’
Sk eteln 4 ijl fA_,- =W

mC(x) =

where cy, ..., c; are the isolated extreme points of C and Ay, ..., A; are the connected components
of smooth parts of Ec. Since the dual pairing is continuous, it is clear that m® is continuous.

Remark 3.3.2 If C is polyhedral, then all of its extreme points are isolated and the map m®
simplifies to

k el

mC(x) = Z SO (3.23)
]:l

i=
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If there is only one connected component in E¢ then we have

—(v[x)
mC(x) = M_ &
[ e 0 dw
0C

Example 3.3.3 Let us consider R? with the convex set

e eone{(22).().(23).(3))

Figure 3.18: The horizontal lines in R? (LEFT) are mapped into the interior of C (Rigut). The
picture was done with Sage.

Indicated by colors, Figure 3.18 shows how R? is mapped into C by the map m°. o

We do not require C to have the origin as an interior point. But we later want to take the dual of C
as a unit ball, therefore we have to consider how m® behaves under shifting. The following lemma
shows that m® behaves as desired:

Lemma 3.3.4 Let C; = C + s be the convex set obtained by shifting C by an element s € X*.
Then forall x € X
mCS(x) = mc(x) + 5. o

Proof. By ¢y, As; (i € {1,...,k},j € {1,...,[}) we denote the isolated and smooth connected
components of Ec . Then we label the indices such that for all 7, j it holds
Csi=¢Ci+ s and As,]'ZA]'+S.
Let x € X be arbitrary, then we have
Ei e OMaus Sl f e
k —\Csi l i

21 € (esil) 4 X1 wa_ e MRy

B Yiearle + )+ 3 fAjH e Mydy
Seterts 4y fAjH e~ dy

e e e + 5) + 2 fA_ e Ve 4 §)dy
_ J

mCS(x) =

3 e (eilne(sh 4 Z].fA_ e~V o= (510 gy
o
Yie e 4y fAj e Mvdy 3 e ts 4 3 fAj e "Wsdy
= +
Zi e*(ci|x> + Z] Lj e*<V|x>dv Zi e*(ci|x> + Z] Lj e*<V|x>dV

= mc(x) + 5. |
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Remark 3.3.5 When dim(C) = m < n, we can write any x € X as x = x¢ + X6, where x¢c € T(C)*
and x¢ € (T(C)*)*. Then as the pairing of any element of C with x€ is the same (see Lemma 2.6.1
on page 35) we get

mc(x) = mc(xc). o

Therefore we will from now on assume C to have full dimension, that is, m = n.

In the end we want to have a map m built out of several maps like mC that is compatible with
the convergence of sequences to horofunctions. To achieve that, we first examine the behavior of
sequences and extreme points under dual pairing:

Notation From now on let C € X* be an n-dimensional compact convex set with the origin in its
interior belonging to one of the three cases 1), II) III) stated at the beginning of the section. Denote
by C° C X its dual set. Let (z,;,)meny € X be an unbounded sequence such that

Zm <
[1Z7m
for some extreme set F' C C°. As in the previous section let E = aff{D(x)|[x e X} N C C F°. )

Lemma 3.3.6 For all extreme points e, e1, e, € Eg of E and an extreme pointv € Ec \ E it holds:
a) <el —e |z,1;‘;> =0

b) (e —vl|zp) — —co and <e—v|zﬁ>—>—oo. o

Proof.

a) Let ej,epr € 01 E be extreme points, then their difference is an element of T(E). As the
notation z£ denotes the projection of z,, to the space orthogonal to T(E), the statement
follows.

b) Now let e C Eg be an extreme point of E and v € E¢ \ Eg extreme but not in the relative
boundary of E. Since E C F° is a subset, we have to distinguish between x € &Epo and
v € Ec\Ep-. We first assume v to be an extreme point of B° not in the relative boundary of
F°. Lety,, = yn(v) and 6,, = d,,(e) € R be defined by

<v Z—m>=—l+ym,

e
<e

By the duality of C and C° we know that y,,,d,, > 0. As E C F°, the point v is not an
extreme point of E, so the dual exposed set {v}° C C° is an extreme set of C° having empty

Z—m> =1+ 6p.
llzmll

C
intersection with F. As ”i—m” — F, we conclude that there is some y = y(v) > 0 such that

Ym >y >0
whereas

Oom — 0 as m— oo.
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Note that y = y(v) is a positive constant only depending on v that bounds v,,(v) away from
0. Additionally we know that 2 — 0 as E C V(F)*. Therefore there is an M € N such

1zl
that 6, — <e —p |t > < %y forallm > M.

llzmll

Together we compute

im
=)
= llzmll(=1 + 6 + 1 = yim)
< ~llzmll(y = 6m) —> —o0

(e = V|zm) = llznll <e -V

and
<e -V 'zf1> = (e~ Vlzm — ZmE)

= |zl (6m = Ym — <e -V

Zm,E >)
[1Zml|

It remains the case where v € 0, ;(F°) (and still v ¢ E). Such an extreme point only exists if
E ¢ F° which we thereby assume. So (z,r°),, has to be unbounded, otherwise E = F° by
Lemma 3.2.2. Ase —v € T(F°), because e € 0e|(E) C 01(F°), the dual pairings simplify
to

1
< =5 lkmlly — —co.

(e=vlzm) = (e~ v|tmr)
(e -V |an1> = <e - v|(zm,Fo)E>,

where the orthogonal complement is taken within 7'(F°). We will show the result by itera-
tively constructing new unit balls and their duals in lower dimensional subspaces. The idea
of the first step (and analogous for the following ones) is to take F° as new dual unit ball in
T(F°) having E and v in its relative boundary. As F° is a face of C and therefore does not
contain the origin as an relative interior point, we will have to shift F° with all its extreme
sets to T(F°). See Figure 3.19 for a sketch.

The details go as follows. First let s; € X* be a shifting parameter such that
Ci:=F° +s5 CT(F°)

is a convex compact set having the origin in its relative interior. Then taking its dual within
T(F°) and T(F°)* gives us a new compact convex set C{ C T(F°)" around the origin.
Remember the definition

E = aff {D(x)|x € X}

Zm—X
[lzim=xl

where D(x) = lim,,_,. D,,(x) is the set of accumulation sets D,,(x) = ( )0. The z,,v(F)-

c .
part is dominant and guarantees that ﬁ — F, whereas the z,, po-part determines the
behavior within aff(#°) and thereby to which extreme set of F° the sequence converges.
Note that we assumed E # F° and therefore (z,, - ),, is unbounded by Lemma 3.2.2. When

only considering the part in 7(F°), the sequence of duals converges to the extreme set
E\=E+s CC.

This means that when we only consider the subspace T(F°)* we have the following situ-

Zm,F°

ation: we have an unbounded sequence (Zm,r-),, With 2=
‘m,

c
i F; for some extreme set



3.3. The Homeomorphism between the Compactification and B° 79

X~ I T(F°) | T(FY)
- | Iy | By = F
E G B G
+51 +59
AVAVAVAVAVA. 2 AVAVAVAVAVA. <
P | |
v i " |
: cs \ e
: \/1 1 |
: : L ¥
X T(F°)" T(Fy)

Figure 3.19: Sketch of the idea of constructing new unit balls.

Fy € C7 such that E; C (F1)° € C;. Note that the dual of F; now is taken only in the
subspace T(F°)* of lower dimension. Let ¢; := e + 51 € 6relF‘1’ and v; = v + 51 € 0r1C1 be
the shifted extreme point. If vy ¢ 0y F'] we conclude by the first part of the proof:

(e = Vl|z) = <61 - Vllzm,F°> — — .

If vi € 8 F] (as v/ in the picture) we go on in the same way by projecting to 7(F7) and
shifting with some sy € T(F°) such that C; := F} + s C T(FY) contains the origin as

an interior point. Continuing this procedure, we get a sequence C°,CY,C5 ... of compact
convex sets C‘]’. CT(F ‘]’.71)* (set Fy := F°) and their duals C; € T(F ‘]’.71). They are obtained
as C; := F}ll + 5; for some s; € T(F}?iz) (with j > 2) where F'; C C‘]’. is extreme such that

o
InF c

llzm.Fe llce

The extreme sets in the relative boundary then are given as

eji=ej1+5sj,

Vii=Vji1 + S,

Ej = E]',l + 5.
We can only break out of this iterating process, when vy € 9 F} for some k > 1. As the
dimension of the exposed dual F° decreases in each step, that is, dim(F ‘]’.) < dim(F ‘]’.71), we
finally come to the point where dim(F}) = 0 (if v; € draF ‘]’ all the time). Then we have
E,.=F ; e T(F ,‘;1) and, as we required v € Opel E, it is v¢ € Ore  Er and the iterating process
finally terminates. As e —v = ¢; — v € T(F;_,) we have

(e —vigm) = <6’k =i |em.F2_, > — —0o,

which is the desired convergence behavior. O

Lemma 3.3.7 With the notations as on page 77 we require p = limy,_,c Zm g to exist. Additionally
Iet eg € E be some extreme point of E. Then it holds:
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a) Ifc € Ec is a vertex of C, then
e<€0_C|Zm> N { e<eO_C|p> If cE€ E

0 if c¢E.
b) If f:X*—>Rorf:X"— X"isboundedonAj;and A; N E = (), then

f e<e°_vlz’">f(v)dv —0.

Aj

o Iff:X*—>Rorf: X" — X"isbounded onAj, {eg} = A; N E and {ey} and A do not both
intersect the boundary of a common facet at a point different to eq, then

<V|Zm>
f T et O = fle 0

Proof.

a) When both ¢y and ¢ are extreme points of E (¢ = e is also possible), then ey — ¢ € T(E)
and therefore (ep — clzn) = {eo — clzmg) — {eo — c|p). If ¢ ¢ E is a vertex of C, then the
convergence to 0 follows directly by Lemma 3.3.6.

b) Let A; be a connected component of the set Ec of extreme points of C having empty inter-
section with E. This case only occurs when dim(C) = 2 since there is only one connected
component of &c in the smooth case and none in the polyhedral one. Then for any point
v € A; we have el0™vkm) 5 0 by Lemma 3.3.6. We now show that the convergence is

uniform, as we then also have convergence of the integral over A;.

As Aj is a connected component of extreme points not intersecting E, it is strongly separated
from E.

eg B =F° E = {eo}

Figure 3.20: LerT: A is strongly separated from £ and H™, lies in between for m big enough.
RIGHT: E = {eo} lies in the boundary of the facet F** and H" converges to F°, so there is no
strong separation between the limit H_; and A ;.

_Zm_

Let H™ := H"™" be the the hyperplane supporting C at a point dual to ’Z € 0C°. Let

H_| denote the limit of this sequence of hyperplanes for m — co. As ”Z i = F this limit
actually exists and is a hyperplane supporting C at F°. There are two cases to distinguish

now, see Figure 3.20 for a picture: either H_; N A; = 0 or there is an s € A; such that
HinNnA ji= {s}.
e In the first case, we can find a 0 < 2 < 1 such that for m big enough H™, and also the

limiting hyperplane H_, strongly separate E and A;. Let v,, € A; be a point for each
m € N with minimal distance to H,,. By the strong separation, there is a 6 > 0 and an

MeNsuchthat<eo i><—6<0f0rallm2M. Then

M Nzl

(eo = V|zm) < {eo — Vilzm) < —Ollzmll Vv € Ajy m2M.
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c)

e In the second case where H_; N A; = {s}, the extreme point E = {eo} lies in the
relative boundary of the facet F°, and s is the other extreme point of F°, like shown

Hiﬁ> — —1 just as for the pairing with

eo and we do not have a strong separation. We assume that s is the point of A; that
, otherwise divide A; into two parts, where the

Zm,F°
<60 s ||zm||>
V(F)

part not containing s belongs to the first case above. Then as (Zm )m = (ZmFe), 18
unbounded, we can find an 6 > 0 such that

Im,F°
<eo—v m—>£<eo—s
Izl

forall v € A;. Since <eo -y

in Figure 3.20 on the right. In this case <s

minimizes the pairing

M><_5<o

llzmll

F
Zm
llzmll

> < 0 for m big enough, we have forallv € A;:

Zm,F° _ Zm,F°
eleovam) — e<60_V|TI2mH > e<"’0 Y el > < e Ollznll

By the compactness of A}, let ¥ € A; be a point maximizing |f(v)| over A;. Then for any
g > O thereis an N > M € N such that for all m > N it holds

|e<€0—vlzm>f(v)| — e<€0—V|Zm>|f(v)|
< e<e()_Vm|Zm>|f("))|

< e_(sHZ”’HIf(T/)l <e.

Therefore we have uniform convergence and the integral over A; goes to 0 as it was to show.

Now let the intersection {eg} := A; N E be non-empty. Then for all v € A;\ {ep} we still have
ele0=vkm} 5 0, but now there is no strong separation between E and Aj\{eo} as in the case
before. Lety : I — A; be a parametrization of A; with a closed set / € R" containing the
origin such that y(0) = ep, and extend y by 0 to R". We now want to show that

e~ Vlzm)

Om(v) = xA;(V)

—(Wlzm)
fAj e dw
is a Dirac-sequence around eg. This then gives us the convergence we have to show. It is

obvious that 6,,(v) > 0 for all v € A; and that fA_ 0m(V)dv = 1. As last condition for (6,,),
J

to be a Dirac-sequence, we have to show that for any & > 0 it holds 0m(v)dv — 0,

fA j\Bs(eo)
where B:(ep) is the ball with radius € around e.

When for all points in A\ Bg(ep) the numerator of 6, uniformly goes to 0 while the denom-
inator remains positive, we are done. ¢,,(v) remains the same if we expand the fraction with
P for some b € X*. So our goal now is to find a point b € A such that (b — v|z,,) — —o0
forall v € A;\ Bg(ep) and (b — wlz,,) > 0 for all points w in some subset of A; N Bg(e) of
measure greater than 0.

Let & > 0 be given. Let E° C C° C X be the face dual to E and define the cones

K} = ﬂ Ve

geE°

K= Ve,

geE®
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where (recall Definition 2.1.22) Vil ={y € X*| {(ylg) = —1} is the affine half-space de-
fined by the hyperplane H® , Which contains the origin. Similarly Vil is the half-space not
containing the origin. So K, and K, are two opposite cones with apex ep and C C K,
is contained in the positive cone. To find the point b, we will shift the cones K and K,
around to have different apexes. Therefore we introduce the following notation: for some
ye X we set

K = (- ep) + K,

K, = -en)+K,
to be the shifted cones with apex y and boundaries parallel to H® , for all extreme points
g € Eg-. Note that the hyperplanes H* , are tangent to dC for all g € &p-.

The point e € A; € 0C can either be a corner point (only in two dimensions) or the
boundary is smooth around it. Let us look at the two cases separately, see also Figure 3.21
for a picture.

Figure 3.21: The configuration of the hyperplanes and cones as in the proof. Lerr: The point
ep is a corner point and has infinitely many supporting hyperplanes out of which two are
tangent to JC. RriGHT: If ¢, is a smooth boundary point, it only has one supporting hyperplane
and all cones are half-spaces.

e If ¢y is a corner point, we are in the case dim(C) = 2 and E° = conv{gy, g} is a
facet. The two extreme points g1, g» determine the cone K, = Vgl N Viil and the
corresponding hyperplanes Hf’ll and Hf’zl are tangent to C at the two sides of ey. Let
h1, hy be the (two) intersection points of B.(ep) with dC (we assume that ¢ is small
enough such that they exist and at least one of them is in A;). Consider the cone

K. =K, NK,.

If ey € Ore1A 18 a relative boundary point of A; with a facet on its other side containing
one of the points /;, say hy, we set ¢ = hy € A;. Then K again is a cone with apex
¢ € C and bounding hyperplanes parallel to H® 1 and Hle. By K. we denote the cone
opposite of K, with apex c.

o If AC is smooth at ey, then G = F = {f} is an extreme point and there is a unique
supporting hyperplane H{ , tangent to C at ep. So in this case the cones K, = V;l
and K, = V;l are affine half-spaces. For unifying notations with the non-smooth
case we keep the notation as a cone rather than a half-space. Let ¢ € dB.(eg) N A;
be a point in the intersection of the boundary of B.(eg) with A; with minimal distance
to H{ |- Hereby & > 0 is assumed to be small enough such that ¢ exists. Then the
half-space K, = (¢ — eg) + K, contains ey.
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In both cases (where e is a corner point or JC is smooth at eg), we found a point ¢ and a pair
of cones with apex ¢ such that ey € K. Now we can choose a point b # ey € A; N int(K_)
and consider the (shifted) cones K, and K with apex b. Their bounding hyperplanes are
again parallel to those of K; and K. By construction it holds:

Aj\ Bg(eo) C K, and e €K,. (3.24)

If there is a part of A; not contained in K;, take b closer to ey. As eq is not in the relative
boundary of a facet that also touches A; on the other side, we can always choose b # ¢g.
Then by Equation (3.24) we have

b-veKkj YveA;\ Bg(e),
b-weKkK; Ywek,.

As ”%” =, F, we know that (for m big enough) the hyperplanes HS’" orthogonal to z,,, and

passing through the origin either converge to the bounding hyperplanes of Kj and K or
(only for dim(C) = 2) intersect K, only at the origin. This means that b —v € Vi’g for all m

big enough. So for any v € A; \ Bg(eo) it is <b -V ”ﬁﬁ> < ¢ < 0 for m big enough and for

some 0 > 0 by strong separation. Note that we chose b to be in the interior of K, so even if
vis close to 0B:(eg) N A, the vector b — v points into K;, and the pairing is strictly negative
and bounded away from 0.

Zm

Similarly <b WAzl

K, NAj C Bc(ep) is connected and contains more than one point, so it has measure greater
than 0.

> > Oforallw € K;”NA; and m big enough. By convexity of C, the set

Therefore we found the point b € A; satisfying

m
[zl
(b—wlzn) >0 VWEKl:ﬂAj.

b =vlzm) = llzmll <b -V

unif.
> — - Vv € A\ B(e),

Now we can compute the integral of 6,,(v) over A; \ B.(eo) and get:

e_<V|Zm>
f Su(v)dy = f e
Aj\Ba(eO) Aj\Bg(e(J) LJ e_<W|Zm>dw

b=Vlm)
= f (b—wlzm) (b-wlzm) v
—W|Zm —WlZm
Aj\Be(eo) fA \Be(eo) € dw + fBg(eo) ¢ dw

_>0’

as the second term in the denominator is not vanishing whereas the numerator is. Therefore
0 1s a Dirac-sequence.

Using the Dirac-sequence 6,, around ey we compute:

e_<V|Zm>
\L‘j Wf(\/)dv = fq_, 6 (V) — f(ep). O

Let us come back to the map mC. The following lemma contains the most important feature of
the map: it guarantees its surjectivity and will later be the continuity of the map m, which will be
constructed as several maps m€ put together according to the combinatorics of B°.
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Lemma 3.3.8 With the notations as on page 77, assume that p = lim,,;_,« Zm g €xists. Then

m© (z) — mE(p). °

Proof. This proof is based on the previous lemma and we have to distinguish several cases de-
pending on the shape of C.

I) C is polyhedral C being polyhedral means that there are only isolated extreme points, there-
fore m© has the simplified expression (3.23) without integrals. By the first part of the previous
lemma, we get for some ey € Eg:

k —(cilzm) {eo—cilzm)
c e e Ci
M) = Y s T D
" ; Z’;: e—cilem) ! Z Zj e{eo—cjlzm)
e<e() C; |p>C
N Z ] > = mE(p).
[ =97 Zc €&k e 5’0 P

IT) C and C° are smooth C being smooth is the contrary case to C being polyhedral, as we now
only have one (smooth) connected component of Ec. Then E = {ep} consists of a single point and
mE(p) = eq. The convergence now follows immediately with the third part of the previous lemma
,where now f(v)fv:

e~ Vlzm)

—————vdv — ¢y = mE(p).
aC j(:ic e_<W|Zm>dW

m(zm) =
III) dim(C) = 2 and C is arbitrary In this case we have to consider the full expression for m¢:

k —\&i l - 1
ke (eilam) ¢, + Zj:l fA,- e~ Vemydy

k —{c; 1 - '
Zizl e (cilzm) + Z]:] LJ e <W|Zm>dW

mC (zm) =

For the extreme set E there are several cases to consider, refer also to Table 3.1 on page 51 and the
discussion before.

o If E is isolated, that is, all of its (one or two) extreme points are isolated, then the integrals
over all smooth parts go to 0 and we basically have the same calculation as in the polyhedral
case.

e Next we consider the case where E = conv{eq, e»} is a non-isolated facet, that is, at least one
of e; and e, lies in the relative boundary of some smooth connected component. Then we
always have one of the following two situations (see also Figure 3.22):

(A) E is surrounded by two smooth parts, say e; € A| and e € Ajy. Let the enumeration
be such that A; is the component whose second endpoint a; # e} € 914 is closer to
aff (F) than the second endpoint a, # e, of A;.

(B) E has only one vertex in the relative boundary of a smooth part, let e; be this one. The
other vertex e is isolated and, by relabeling the extreme points, we assume e = ¢;.
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) /:\ ® g
, L/
:h/ :h/
ol H A ol H s/

\ ') N

Figure 3.22: The decomposition of A, to construct the translating homeomorphism. LEFT:
The case (A) where E is surrounded by smooth parts. RIGHT: In case (B) the extreme point
e; lies in the boundary of the smooth part A; and e, is a vertex.

In both cases, we next want to identify a part S of A, with A; by a (bijective) translation
¢ parallel to E. Using this bijection we will later replace the integral over S by an integral
over A; when computing the convergence of m®. The identification is illustrated in Figure
3.22. We now explain it rigorously:

Let H be a hyperplane passing through a; parallel to E, that is, with T(H) = T(E). Let
a; # h € HN AoC be the other intersection point of H with the boundary of C. In case (A)
we have h € A, and & splits up A, in two parts S and 7 where e, € S. In case (B) we define
S € 0C to be the part between e, and /& without E. In both cases, for each point a € A
there is a corresponding point s € S such that their difference ¢, := s — a lies in T(E), that
is, there is a bijection

ar— a+t,

with t, € T(E). Especially e; + ¢, = ea.

We first consider case (A), where E is surrounded by two smooth parts A; and A, and the
two vertices ej, e, of E are not isolated. Then

k —Cilim . [ - m
Yie Ceilem) ¢, + ijl fAje Mzmdydy
k(¢ l -
Zizl e (cilzm) + ijl Lj e <V|Zm>dv
3, elacikmde, 33 fAj elar=vizm) gy

= 3.26
3 elar=cilan) 4 Y3 fA elar=vizm) gy + fA a1 =vizm) gy + fA elar=vizm) gy ( )
= j 1 2

mC(zm) =

—(vlzm) ~(Vlzm)

e e

f — vdv+f — " ydy
Al fAl e~ Wlam) dyy Ar fAl e~ Wlm) gy

(“1 —Cl'|Zm> (al —V|Zm> —(Vlzm) ’
2 : e e e
1 fA] e<"1‘W|Zm>SlW Z]>3 fj IA] e<a|_w\zm>dw fz J;“ e=Wlm) gy

The extreme point a; € 9e]A; has the following property: any point of A; and S has less or
equal distance to aff(E) than a; and any other extreme point (both isolated or in a smooth
part) has bigger distance to aff(E). Therefore

(a1 — cilzm) — —o0 Vie(l,..., k)
(ar = vizm) — -0 Vv eA;UT, j=3
(a1 = Vlzm) =2 0 YveA US.

This shows that the first fraction in Equation (3.26) goes to 0. To get the convergence of the
second fraction we first consider the integral over A; in the numerator. In the computation
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we will replace the integral over S C A; by an integral over A; using the translation map ¢:

e~ Vlzm) e~ Vlzm) e~ Vlzm)
f f —vdv + f dv
f e <W|Zm>dw f e <W|Zm>dw f e_<W|Zm>dW

_<a+[a|Zm> _<V|Zm>

- Al f e_<W|Zm>dw (a * ta)da * f f e_<W|Zm>dW vdy

—(alzm) {ar=vlzm)
e e
f —_— e <’“|Z'"E>(a + ty)da + f S (3.27)
Alf e=Wlm dw f elar=wlam) dy

ela1=vlzm)
= f 6m(a)e_<t“|Zm’E>(a + t,)da + —vdv
A T fAl e(al_w|2m>dw

— el (e +1,) +0 = e @I,

For the convergence we used the Dirac-sequence d,,(a) and the fact that (a; — v|z;;) — —o0
for all v € T. For the integral over A in the denominator of the second fraction in Equation
(3.26) we obtain similarly

—(Vlzm)
f ¢ dv — e~ {flP) 4 = g~$ea—e1lp).
Az f

e <W|Zm>dw
All together we get from Equation (3.26):
{ar=cilzm) o, {ar—=vizm)
e ci+ 2 e vdv
Zi i+ X3 [y,
¥ elaciln) 4 3 o f _e<a1—VIzm>dV + f vl gy + J:Az elar=viza) gy
o~ Vlam) o~ Vlam)
fAl I T oo Vv + fA f T oo Vv
1
e<al"‘i‘2m> ) e(“l —vlem) e—Vlzm)
2 Sy, *2j23 fA/ I, e<"1""'1m>dwdv 1+ fAz i T

ey + eaalpe,  glalp)e, 4 o~(elP)e,
1 +elei—e2lpy  — e=eilp) 4 g~(e2lp)

mC(zm) =

+

= mE(p).

In case (B) where E has an isolated vertex e, = ¢, the computation goes similar. But instead
of summing over the isolated vertex e, we replace it by an integral over § combined with a
Delta distribution and get (by using the translation ¢ and the transformation rule):

e_<ez|zm>ez — fe_<V|Zm>v6(V - ez)dV
s
_ f e~ (@m) o=(akme) (g 4+ 1.)6(a + t, — er)da.
Ay

So dividing by an integral over A; yields:
e—{elim) e alzm) (t e
alim,E _
f o lem fAl f Ol (a +1)8(a+1, - ex)da

— el (ey +1,)d(e1 + 1y, = €2) = ey,
and similarly

e—(ealwm)

fAl e=Wkm) dw

s o te2—ellp)
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If there is an isolated vertex ¢; (i # 2) or a smooth connected component A; (j # 1) that
is closer to aff(£) than a;, we take a point @ € relint(A;) which is closer to aff(E) than
ap, to extend the fractions. Then f A gy > 0 s positive even in the limit and the
calculations go through the same. In total we then get:

i=
k —A\Cil<m ! — m
Y etk >+Zj:1 fAje (Mamd gy
g €y 4 22 fAj ey dy
Zi e<a1*Ci|Zm> + 2]22 f ) e<a1*V|Zm>dV + f e(al 7v|zm>dv

(92\Zm> ~(lzm)
e Nt e
f e~ Wzm) gy €2 + ‘[41 e (W‘Zm>dw Vdv

k —cilzm) . I —(Vlzm)
c 21 € Ci+ 2 fAj e vdy
m-(zm) =

+

e<“1 cilzm) e(“l v\zm) e {ealzm)
iy T + ), ————dv+ 1+
Zl:ﬁZ fAl efa1—wlzm) gy Z:]22 fAj fAl efa1—wzm) gy fAl e~Wlzm) gy
e*(é‘ré‘llp)e2 +e e*(ellp)el + e*(é‘zlp)e2

— . )
0t T e P

In special cases where for example there is exactly one connected component A; connect-
ing both (non-isolated) endpoints e;, e» of E, we can split up A; into three parts and then
conclude as in case (A).

e When E = {eg} is not isolated and consists of a single point not in the relative boundary
of a facet, then we enumerate the connected components A; such that Ay N E = {ep} but
A;NE =0forall j > 2. The set A; is strongly separated from the isolated extreme points c;
(for all i € {1,...,k}) and the other connected components A; of &¢ (for all j € {2,...,1}),
as can be seen in Figure 3.23.

Figure 3.23: When E = {ep} is not isolated and lies in the relative interior of A, there is
a point » € A such that all other isolated extreme points and connected components are
contained in the cone K. LEFT: ¢, is a corner point with two tangent supporting hyperplanes
defining the cones. RIGHT: ¢ is a smooth extreme point with only one supporting hyperplane.

Now we conclude in the same way as we did in the proof of Lemma 3.3.7(c), where
A; \ Bg(ep) was separated from a subset of B.(ep). Here we take the two endpoints of A; as
the points Ay, hy we constructed in the proof above. Let b # egp € A1 N K}; N K}Zz be a point.
Then all ¢; and x € A; (for j > 2 lie in the interior of the cone K, with apex b and bounding
hyperplanes parallel to the hyperplanes tangent to dC at ey because e is exposed. So for m
big enough and a non-vanishing subset § € A; we have positive pairing

(b —xlzn) >0 Yxes§,

whereas

G-V —Ls w0 WveA, j22

(b-cilzn) — — Y¢; isolated extreme point.
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Using this we compute:
Zf:] e_<cilzm>ci + 25:1 J[;j e_<V|Z/)1>VdV

C
m (Z ) =
" Zf:l e_<Ci|Zm> + 21: f .e_<V|Zm>dV

e~Viem)
j‘;‘l Al p <“‘4m>dw dV Zl e<90_cilzm>cl. + 2]22 Lj e<50_v|zm>vdv

+
| locion) | I ; eb=vizm) dy 3 efeocilzn) 4 Zj fA efeo=Wlm) dy
2i f gy T + X2 T ePEmdx !

1

Lem.3.3.7
em—>e0+0 m (p)

Recall that in the first fraction we have the integral over a Dirac sequence in the numerator
and both fractions in the denominator vanish by the choice of the point b.

o [t remains the case where E = {eg} lies in the relative boundary of a facet G C dC. We can
not conclude as in the exposed case: let s denote the other extreme point of G. Then we can
not find a point b # eq such that s € int K, as it was needed before.

If F° = E ={ep} S G, that is, the exposed dual F*° of F is E, then the hyperplanes HW will
not converge to G and we conclude as is the previous case with shifted cones, but replace
the hyperplane tangent to G by one that supports at ep but is not parallel to 7(G).

If the exposed dual F° of F is G we will make a calculation similar to the one in the case
were we had E = conv{e, e;}, but with the following difference: The sequence (z,r-),, is
unbounded now and does not converge. Just as we did before (with F° playing the role of
E, ep the one of ¢; and s the one of e,), let S denote some part of the boundary dC on the
other side of F° and define a translation map ¢ : A} — S by a — a + ¢, with ¢, € T(F°).
See Figure 3.24 for a picture

e =F° @G e G=F°

N\ Js [\ [r

Figure 3.24: The decomposition of dC to construct the translating homeomorphism between
Ay and S C OC. Lert: When {ey} = F°, we conclude as before by strong separation. RIGHT: e
nd s € § are both in the relative boundary of F° = G.

Let x € S be the point closest to eq in the direction of F° and let S be small enough such
that {eg — x|z o) < —6 < 0 for some § > 0. Then we compute (like in case (A) above)

e_<V|Zm>

S Ll e_<W|Zm>dW

e_<a+[a|1m>
= — (a+ ty)da

vdv
A f e_<W|2m>dW

e~ {alzm)

= e takeme) (g 4 t.)da
L] f e <W|Zm>dw ( )

= f 6m(a)e_<’“|z'"f°>(a+ta)da
Ay

f om(a)(a + ty)da
Ay

S e_<tx‘2m,F°> N O,
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or similarly (like in case (B)):

e—tealzm)

(Wlzm) “2
—W|Zm
fl e dw

k)

_<talzm.E> _
N f €_<W|Z’">dwe (a+t)d(a+t, —er)da

<e <[x|Zm FO

<a|Zm>
f —  (a+1)8a+ 1, er)da
A f

e <W|Zm>dw

— 0.
Therefore we get

mC(zm) — e = mE(p).

In total we have shown, that if our convex set C is two-dimensional, we always get the desired
convergence mC(z,,) — mE(p). m]

The convergence result m€(z,,) — m%(p) we proved in the previous lemma guarantees the sur-
jectivity of the map mC. This is shown in the next proposition. For notational reasons, we state
the proposition for R”. As X is a finite-dimensional normed vector space, the same statement and
proof also holds for X, see [Col12] for more details.

Proposition 3.3.9 Let C C (R")* be a compact convex set. Then the map m€ : R" —s int(C) is
bijective. o

Proof. To show injectivity, define the function

f:R"—R,

k I
x — In [Z ek 4 Z f e_<le>dv].
=1 =1 YA

=

Then m® = —Vf is the negative gradient of f. To prove injectivity of m¢ on R”, we show that f
is strictly convex and then use a description of strict convexity including the derivative. We define
the function

g:R'" —>R,
k 1
—{cilx) —(v|x)
X — Z e + Z f e dv,
i=1 =1 YA

such that f(x) = —1In(g(x)). Recall Holder’s inequalities for any p, g > 0 with % + (11 =1:

S Jaibi < (imiw]p (iwiw]q (3.28)
i=1 i=1 i=1

and

TR
fs If(x)g(x)lde( fs e dx) ( fs 19(x) dx) (3.29)
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for all ay,...,an, by1,...,b, € R, and § C R" a measurable subset with f, g measurable functions
on S. Take p = % and g = 117 for some A € (0, 1), then we have for all x # y € R™:

k 1
gx+(1-2)y) = Y elateri=by ¢ 3 f ¢~ OTHI=0) g,

= 3 e elg-aa) 1. 3 f A = (=00 1,
i T YA
1 1
(3.29) 5 !
Z e—z<ci|x>e—<1—A><c,-|y>+Z( f e—<v|x>dv) ( f e_<v|y>dv] ’
i ; Aj Aj

]

by the choice of p and ¢. To apply Holder’s inequality again, we put the two sums together. We

set
{ e~ el ifr=1,... .k
at = 1
—(vlx) 7 oifg
([, e OWav)r ifr=k+1,....k+1,

and

e~ (1=D{cly) ifr=1,... .k
b, = 1
U e av) ek 1k L

Then we get (using p = and q= LA):

k+l1
g(x+ (1= y) < ) laib]

1 1
(3.28) p g
< (ZW] {ZW]
t t
1 1
k 1 P l
:[Z e 4 Y f e‘<""‘>va [Z a4 3 f <v|y>dv]
i=1 =1 YA =1

= g(x)'g(y' .

Therefore

FQAx+ (1= 2)y) =In(g(dx + (1 = Dy))
< In(g(x)'g»'™)
= Af(x) + (1 = DY)

by the monotonicity of the logarithm. So f is convex. It is actually strictly convex as the following
argument shows. In the discrete Holder’s inequality (3.28) it holds equality if and only if af = a/b?
foralli € 1,...,n with @ > 0 as all our summands are positive. For the continuous inequality
(3.29) it must be | f|” = a|g|? almost everywhere. Both conditions together yield to e = ge(ely
for all e € &Ec or, equivalently,

(ely — x) =In(a) Ve € &Ec.

As the extreme points Ec¢ span an n-dimensional subset of R”, this can only be satisfied if x =y,
which is a contradiction to our assumption. So we never have equality in Holder’s inequality
which means that f is strictly convex.
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For a function s : D — R with D C R" convex, strict convexity is equal to the generalized
monotonicity condition'

s(x) > s(y) + (Vs x—y) (3.30)
for all x,y € D with x # y. So let x,y € R" with x # y, then applying Equation (3.30) twice we get
J) > f) +(VfOlx—y)
> ) +(V)ly —x) +(VfWIx - ).

Consequently, as Vf(x) = —mC(x), we have (m®(x) — m(y)|x — y) < 0. Therefore m®(x) # m®(y)
for all x # y € R" and injectivity is shown.

We show that m€ is onto by showing that the derivative of m€ is a negative definite matrix and
therefore invertible. Using the Inverse Mapping Theorem? we then prove surjectivity. Recall that

k —(cilx) . l —(v]x)
el € Cxcl+2j:1fAje V¥ vdy

k —{c; ) —
Sh el 4 Zj:l L._, =W dy

mc(x) =

for all x € R". We use the notation that an superscript denotes the corresponding component of
the vector. Then with the abbreviation

2
k !

M = Ze_“""x) +Zf e "aw| >0
i=1 =1 YA

and we compute

6(mC )@ k / k (e Cﬂ 1
( ) - e‘(o1|X) + f e—(w|x>dw _ e cjlx P - f e—(v|x>v(yvgdv

Ay

k ! k !
- Z e_<c"|x>c€ - Z fA e_<wlx>wﬁdw] [Z e_<cf|x>c‘; + Z fA e_<”>v“dv]
: V:1 v

i=1 j=1

k 1
{Z e (c,+c,|x)(ca CZ )+ Z f f e—<v+w|x)(v<rvﬂ_vawﬂ)dvdw
A A

i,j 1 /JV:I H v

gL

i
Z f e—<ci+V|x>(v(lVB + C?C'IB - C?V‘B - vaCl.B)dV
A

1 p=1

R GRS CAETATY f f e Py — wh)dvaw
i<j

MV Ay

1
§|~

+

e — e = Hydv].

i, Ay

=

Leta = (a'...a™) € R" be some arbitrary vector. We want to show that the quadratic form defined
by the derivative of m is negative definite:

’TlCl m
om€ X )() a(axn)() Now e
aTia =@@,...,d") : = E a“aﬁm—(x) <0.
Ox : oxP
a(mc>"( ) - 6(mC) (x))\a") Pl

ISee [Col12, Thm 7.5] for the general setting.
2See [Col12, Thm. 8.1] for a general normed space X.
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As all three summands of the derivative have the same structure, we only show the calculation for
the first summand. The other two go the same.

om¢ ] -1 < -

T _ ! agf ~(eitejio o _ Q)(Cﬂ _ Cﬁ)
a —a a e ¢ = ¢ ) .
[ ox 1st summand M a;l ; l ’ l !

-1 et
= op Qe {Z a"(cf ~ (] - c’j)}
i<j ap
| 2
=7 . e {eitejlo (Z a(cf - c;’)]
i<j a
-1 et 2
=37 2, e~ {cirelo ((alc,- - c,)) <0.

By the Inverse Mapping Theorem we know now that m is a local isomorphism and that its image
is open in int(C). It remains to show that the image is also closed. Assume that the image is
open but not closed, then there exists a point on the boundary of the image that lies in the interior
of C, say y € dm“(R™) N int(C). So we can find a sequence (y,)nmen € mC(R") converging to
y. Let (xp)menwr € R” be the corresponding sequence of preimages. Then there are two cases
to distinguish. If x,, — oo, we can find a subsequence also denoted by (x,,),, which fulfills
all conditions of Lemma 3.2.4 with respect to C°. As we are only interested in limits, we can
assume by Lemma 3.3.4 that C contains the origin. Let ' C C° be the corresponding face and
E C C its dual. Then by Lemma 3.3.8 we know that y,, = mC(x,) — mE(p) € relint(E). As
E is an extreme set in the boundary of C, this contradicts our assumption. It remains to prove
the case where (x;,),en is contained inside a compactum. Then we can find a subsequence (x;,;, )k
converging to some point x € R”. By continuity of m¢ and uniqueness of limits we conclude
y = m€(x) lies in the image of m® and not in its boundary. As y was some arbitrary boundary
point, the image of mC is also closed in C and therefore the whole C. Overall we have shown that
the map m¢ is bijective. o

—hor

3.3.2 The Homeomorphism X =~ B°

The extreme sets of a dual unit ball are compact convex sets. So for each of them we have a
homeomorphism from a (sub)space into the interior of the extreme set given by the map m¢ we
defined in the previous section (see Proposition 3.3.9). Putting all of them together respecting the

. . . . . . . . h
combinatorics of B° will give us a homeomorphism from the horofunction compactification X o
to the dual unit ball B°.

Theorem 3.3.10 Let (X, |||]) be a finite-dimensional normed space with unit ball B C X and dual
unit ball B° belonging to one of the following three cases:

D) B is polyhedral.
II) Every extreme set of B is an extreme point and all of them are smooth.

IIT) dim(B) = 2 and Ep- has finitely many connected components.

Then the horofunction compactification )_(hor is homeomorphic to B° via the map

—hor xeX — mBO()C)
m:X — B°, ’
{ hE,p € ahorX — mE(P)-
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Proof. The proof is structured as follows. We first show that the map is well-defined and bijective,
then we prove continuity. As both spaces involved are Hausdorff and compact, this is enough to
conclude that the map is a homeomorphism.

The map mC (recall Definition 3.3.1) maps an n-dimensional normed vector space X" into the
interior of a closed compact convex set C C (X")* of dimension n. We will use this map for with
respect to the dual unit ball C = B° and X and also with respect to faces C = E of B° and the space
T(E)".

The map m is well-defined: Recall that in the previous discussion, we assumed the set C to have
the same dimension as the surrounding space to obtain injectivity. A face E C B° lies not in the
space T'(E) but in the affine space aff(E) C X* of the same dimension. Nevertheless, with m as
defined in Definition 3.3.1 on page 75, we have mE(p) € int(E) C aff(E) by Lemma 3.3.4 and m*
is bijective.

So for each extreme set E C B° (including B° itself), mE (p) is a homeomorphism from 7'(E) into
the interior of E. Since the interiors of any two different extreme sets have empty intersection and
B° = |Jgcpe extreme int(E), we have bijectivity.

It remains to show that m is continuous on the boundary of the faces. For continuity from the inte-
rior of B° to the boundary, we first take a sequence (z,)men C X that converges to a horofunction
hg,,. Then by Theorem 3.2.6, we know that z,, g — p and E = aff{D(x)|x € X} N B° is an extreme
set. With Lemma 3.3.8 we conclude that

m(zm) = m® (zm) —> m*(p) = m(hgp).
as m — oo,
For the continuity within the boundary, the argument is similar. The basic idea is to use the already
shown continuity from the interior to the boundary on a lower dimensional subspace, where the
unit ball is given by the dual of a projected and translated face of B° (similar as in the proof of

Lemma 3.3.6). Let hg,, ,, — hg p be a sequence of converging horofunctions. Now we have to
consider the cases depending on the shape of B separately.

I) B is polyhedral If B and B° are polyhedral, then B° has only finitely many faces and we can
go over to a subsequence (hEo,pm)m with a fixed face Eq of B° and it holds hg, ,, — hg,. Let

EE := E¢ + t denote the projection of Ey to T'(E) with t € X* such that 1736 contains the origin in its
interior. By Lemma 2.6.8 we get

Wiy = Mg, + (1) — i + () = hise .

The set Eg C T(Eg) C X*is a polytope containing the origin as an interior point and can be taken
as the dual unit ball for a norm on 7'(E)* with unit ball Bg, := (Ep)° € T(Ep)* € X. So for some
y € T(Ep)* we have by Remark 3.1.11

B
V' O) = hig , () — hgarp(y)-

This tells us that £ + ¢ is a face of E; = Eg + ¢, so E is a face of Ey. By the convergence shown
above we know that _
m™ () — m*(p)

which is (by Lemma 3.3.4) equivalent to the convergence
mEO(pm) — mE(P),

as it was to show. As there are only finitely many subsequences each of them consisting of the
horofunctions associated to a different face of B°, the convergence follows.
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IT) B and B° are smooth When B and B° are both smooth, then any extreme set E of B° is an
extreme point E = {e} with

he p(x) = (elx),
m"(p) =e
for any x € X where p = 0. A sequence of horofunctions (hg,, p,, )men converging to a horofunction

hg,, now is nothing else than the convergence (e,|x) — (el|x) for any x € X where E,,, = {e,;}. So
clearly mEm (p) — mE (p) as desired.

III) dim(X) = 2 and B is arbitrary For the case where dim(B°) = dim(B) = 2 recall that
we assume B° to have only finitely many connected components of Eg-. So we can consider a
subsequence of (hEm,pm)m converging to hg , such that either E,, = Ej is a fixed facet of B° or
E,, = {en} € A is a sequence of extreme points in one fixed connected component of Eg-. Then
we conclude as either in the polyhedral or smooth case to see that m®(p,,) — mf(p). Note that
we were only considering the subsequence so far. But as this holds for any of the finitely many
subsequences, the statement is shown. |

3.4 Sum of Norms

In this section we want to generalize the results from the previous section to a new norm. So far
we only considered polyhedral or smooth norms in X and the two-dimensional case. Now we want
to add another case IV) to the three cases investigated before.

Given two norms ||-||; and ||-]|> on X that belong to the three cases I) - III) considered so far, we we
can define a third norm on X by
(113 == M-l + 1-[l2-

For each i € {1,2, 3} denote by X; the space X with norm ||-||; and by B; and B; the unit and dual
unit ball associated to ||-[|;. We assume that the set of extreme sets of Bj is closed.

3.4.1 Horofunctions and Sum of Norms

We first describe the horofunction compactification of X3, that is, we want to generalize Theorem
3.2.6. By Corollary 3.1.10 we know that

OnorX3 = {hgp | E C B proper extreme, p € T(E)*}.

So the first thing we have to know is how the unit and dual unit ball of X3 = (X, ||]|3) look like:
Lemma 3.4.1 There holds:
1) B =B{+B;.
2) By = (B +Bj) .

where we take the Minkowski sum of the sets. o
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Proof.

1) We start with the inclusion C. Let v € B3 C X be a point of Bs, that is, there holds
VI3 = vili +1vll2 < 1. Let A :=|v|l; € [0, 1]. Then ||v|]> £ 1 — A and therefore v € AB; and
v € (1 — A)B; by the definition of a norm with respect to a compact convex set as given in
Equation (2.2) on page 18. We have to show that the dual pairing of v with any element of
B + Bj is bigger or equal than —1. Lety = a + b € B} + B; C X" be arbitrary. Then we
conclude
Qlv)y =Laly)y + vy 2 -A-(1-1) =-1.

As y was arbitrary, we have v € (BS + B3)°". For the other inclusion D, letv € (B} + B5)° C X.
Then (x|v) > —1 for all x € B + B; C X*. Equivalently,

(alvy+ (blvy > 1 Vae B, be B (3.31)

We have to show that v € Bs, i.e. ||V|3< 1. Assume A := ||v||y > 1. Then v ¢ B; but
v € ABy. SetV' = {v € 8By with [V'|l; = 1 and let a € B] be such that (a’) = 1. Then
(alv) = Kap') = =1 < —1. So for some b € B with (b|[v) < 0 it would be {a|v) +(blv) < -1,
which is a contradiction to Equation (3.31). Such a b always exists because B and therefore
also Bj is a convex set containing the origin in its interior. Therefore 4 = ||v[[; < 1.

Assume 6 := ||[v]p > 1 — A. Then v € 6B, and we define v/ = %v € 0B,. Let b € B with
(bv""y = —1. Then we would obtain {a|v) + (b|v) = Ka]y') + 6by’) = -4 -6 < —1 in
contradiction to Equation (3.31). Therefore ||v|l, < 1 — A and in total we obtain

Vil = vlli + IVl <A+ 1-2=1,

SO v € Bj3.

2) For the statement about the unit ball B3 note that all sets By, By, B] and Bj are convex sets
with the origin in their interior. Therefore by the Bipolar Theorem 2.4.3

B3 = ((B] + B§)°)° = B] + B;. m|
The dual unit ball B3 is the Minkowski sum of the two dual unit balls B; and B,. So let us shortly

recall from Section 2.5 what we know about Minkowski sums:

Let E be an extreme set of BS = B{ + B. Then there are unique proper extreme sets £; C B} and
E> C Bj such that
E=E+E;
and it holds for j = 1,2:
dimE; <dimE < dim E; + dim E»

Any extreme point e of E = conv(Eg) can be decomposed uniquely into two extreme points
e1 € Eq, ey € E> and it holds

E| = conv(Ey), and E; = conv(&Ep),

where &1, &; are the sets of all these summands for all extreme points e of E. For more details see
Proposition 2.5.12 on page 34.

Now we want to see how horofunctions and Minkowski sums of the dual unit ball interact. For
peT(E) let

pii=projg,(p),  and  py = proj,(p)
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Hp

H, Hy H,

Fl + F2 =

Figure 3.25: The Minkowski sum of a square and a circle gives a bigger square with rounded
corners. The blue (green) face F' C B5 (F’ C B; are exposed and uniquely the sum of exposed
faces F, € B} (F; € B}) and I, C B; (F, C BY).

denote the projections of p to the subspaces T(E}) and T (E>)", respectively.

As an example to illustrate the notation we give here again the same picture as before in the proof
of Proposition 2.5.8:

Lemma 3.4.2 It holds:

inf(g|p — x) = inf —x) + inf - x).
;2E<qlp Xx) 33E1<r|p1 x) slepE2<S|p2 x) o

Proof. The statement is shown by a short calculation where we use that the extreme set E is a
compact set, so that the infimum over F is attained at its extreme points &g (see Lemma 2.6.4). In
the second step we will use this fact in the other direction by taking the infimum not only over the
extreme points but also over some interior points:

inf —x) = inf — = inf -
qu<qlp x) o 8E<qlp x) et 82<qlp x)
= inf(r+slp—x) = inf{rlp—x)+ inf(s|p — x)
reéy; re&; s€&
5682

_ E; _ : Ey _
= rlenEf] <r’pEl +p x> + slenEfz <s’pE2 +p x>
= rleng (rlpe, — x) + SlenEfz (slpE, — x)
= inf (r|p; — x) + inf (s|p2 — x). O
reE; seky
Corollary 3.4.3 With the notations above, we have for hg,, € 050, X3:
hep = heyp, + hey p,

<h —h . .
where hg, , € X lor and hg, p, € Xzor are the horofunctions associated to E; = conv(&;) € Bf and
E; = conv(&y) C BS. )

Proof. The main calculation was already done in Lemma 3.4.2, it remains to put the results to-
gether:

hep(x) = — ;g£<qlp —-x)+ ;relg<qlp>

— inf (r|[p; — x) + inf {s|py — x) + inf (r|p1) + inf {s|p2)
rek s€Ey rek s€E,

= hg, p (%) + hEy p, (X). O
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Remark 3.4.4 In the two lemmas above we do not need that the convex set E = E| + E» is a face
of B;. The proof works the same for every convex sets G| C B}, G, C B; with G = G| + G, and
we get:

hG.q = hG,.q + hG,.q
with g € T(G)* and g1 = gg, € T(G1)" as well as ¢2 = qg, € T(G2)". o

As long as Ey + Ej is a face of B and there is a point p € T(E)* such that it holds for the
projections p; = proj £;(P) = pE; € T(E))* for j = 1,2, we can construct a horofunction of X3 as
hg, p, + hE, p,. Therefore we have:

Corollary 3.4.5 The set of horofunctions of X3 is determined by the horofunctions of X; and X;:

B he; p; € OnorXj, E\ + E; C B proper face,
OhorX3 = {hg.,p. + hE, p, pj=pe, € T(E))* forsome p e T(E)*(je(1,2}) [
We now describe the convergence of sequences to horofunctions in the boundary of X equipped
with [|-||3, as we did in the last section for the horofunction compactification witt}va norm belonging
to one of the three cases I) - III). For some z € X let ¢ denote the map , € C(X) (as defined in
Equation (3.2) on page 40) with respect to the norm [|-||; (for j € {1,2,3}). Then we compute for
all x € X:

W2 (x) = llz = xlls = llzlls = llz = xlly + llz = xll = llzlly = llzll2
=yl + ¢l

So also the converging behavior in X3 is given by the convergence of sequences with respect to
|||l and [|-||2. The following Lemma makes it even more obvious:

Lemma 3.4.6 Let (z,;,)men C X be an unbounded sequence. Then with E = E1+ E, C B; extreme
it holds:

1

3 . . 7/ — hgp €0hrX1 and
— hgp € Opor X f and only if &m

'7” Ep hor:3 fhandoniyt { lﬂz — hE,p € (9;,,,er.

Zm
Zm

. . <h
Proof. We start with a converging sequence (z,,)meny S X such that tpfm — hg, € X30r. As
E = Ey + E, with p; = pg, and p; = pg, we know by Corollary 3.4.3 that

hEaP = hElvpl + hEz,Pz'

By assumption,

3 _ 1 2 _
lpzm - lﬁZm + lﬁZm hE’p - hEl’pl + hELpZ'

</ .. . . .
Lethg, 4 € X IW be the limit of (l/’zlm )m with respect to |||y, thatis, G| C B is a proper extreme set

and g € T(Gy)". Similarly denote by hg, 4, € )_(;()r the limit of (a,l/gm)m with respect to ||||>. Then
we obtain by Remark 3.4.4

3 s _ 1
Ys, — hGiq + G, = hGi+Grg = hEp,

where g € T(G; + G2)* such that g1 = gg, and g2 = gg,. Therefore again by Remark 3.4.4
E = G + G with G| C B and G, C Bj is an extreme set and p = g € T(E)". As we also have
E = E| + E, we conclude by the uniqueness of the face decomposition in the Minkowski sum:

Ey =Gy and E; = G. (3.32)
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Using this we immediately get

P1 = PE, = 4G, = q1 and P2 = PE» = 4G, = Q2.
Therefore we have shown that

1 2
'vbz,,, ? hEl .1 and Wzm ’ hEz,PZ'

Now assume we have the convergence l//;m — hg,p € OporX1 and l,//gm — hg,, € OhorX2 such
that E = Ey + E; C B is extreme. Then the convergence follows directly from Corollary 3.4.3.
Note that we can always find a unique p € T(E)* with projections p; € T(Ey)* and py € T(E»)*
because £ = E| + E». O

3.4.2 The Compactification is Homeomorphic to the Dual Unit Ball

Finally we want to show that also in case IV) the horofunction compactification is again homeo-
morphic to the dual unit ball. As the Minkowski sum of two polytopes is again a polytope and the
Minkowski sum of two smooth convex sets is again smooth, the only new case to consider is the
sum of two norms where one of them is polyhedral and the other one is smooth:

Theorem 3.4.7 Let X be a finite-dimensional normed space equipped with the norm

lI-ll3 = 111 + 11+l

where |||, is a polyhedral norm and ||-||> is smooth. Denote by B the dual unit ball of ||-||3. Then
the horofunction compactification of X with respect to ||-||3 is homeomorphic to B5:

)—(Z()r N B; . o

Before we give the proof, let us look at the face structure of B3. In Figure 3.26 the notation is
illustrated for the 1-norm and the Euclidean norm in R,

P2
s‘/ Asr™
Fy P Fy + f2 yle = Es ‘ B3 E,
S
P4 : ! A
Fs ./3 Es

Figure 3.26: The decomposition of faces for the Minkowski sum of a square and a circle. The
Minkowski sum on the right is scaled by %

We know that B is the Minkowski sum of a polytope P and a smooth ball S. Let py,..., p; be
the vertices of P and F1,..., Fy its facets. Then each facet F; C P C X* determines a parallel
hyperplane HZ"I, where g; € P° C X is the vertex dual to F;. Let t; := max{s > 0| H¥. NS # 0}
be the parameter such that the intersection of the hyperplane Hzi and S consists of a single point.
Set

(i} :=H4 NS
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to be this intersection point. So for each i € {1,..., k} we obtain a point f; € S and these k points
f1,-.., fi determine a decomposition of the boundary in the following way: to each vertex p; of P
(for j =1,...,1) there corresponds a facet G; C P°. We set

S = U{s€S|s=irIEl£(g|r)}.

8€G;

So each component S ; corresponds to a vertex p; of P. By construction, if p; is a vertex of the
facets F,,...,F; of P, then §; has corner points fj,,..., f;, € S. Two components S; and S ;
only intersect in their common boundary and the points in the boundary of each § ; are in relation
to lower-dimensional faces of P: the point s € §; N...N S, corresponds to the face spanned by
Di,»---»Pi.- So especially if F; C P is a facet with vertices p;,,. .., p;,, then f; is a corner point of
all corresponding parts and

fi=Sin---nS;.

Coming from the decomposition just described, the facets E; and smooth parts A; of B have the
following form:

E, = Fi+f; fori=1,...,k facetsofBg

Aj pj+S; forj=1,...,1 smooth parts of B. (3.33)

Note that B can not have isolated extreme points: any extreme point of Bj is uniquely the sum
of two extreme points, one of P, which is isolated and one of S, which lies in a smooth part.
Thereby also the extreme point of Bj is at least in the boundary of a smooth part and therefore not
isolated.

The homeomorphism between )_(é’“’ and B5 will be given by the same map as before in Theorem
3.3.10:

m- Yh()r B xeX — I’}’lB0 (%),
n3 ¥ hE,p € 6h0rX — mE(P),

where for an n-dimensional compact convex set C C X* we have (as defined in Definition 3.3.1):

m€ : X — int(C)

X — mc(x) = f px(v)vdv.
ac
As Bj has no isolated extreme points, the expression simplifies to

i -
PIy fAje Gy

7 — .
Zj:l j[;‘je <W|X>dW

m€(x) =

We have already shown the homeomorphism between the compactification and the dual unit ball
for polyhedral and smooth unit and dual unit balls. This will help us now as we can often (but not
always) use some of the results given in Section 3.3.

Let us state and proof the most important ingredients for the proof first. The lemmas we have
to adapt are the convergence of fractions of integrals over smooth parts in the boundary (Lemma
3.3.7) and the continuity of mC for a sequence in the interior (Lemma 3.3.8).

Let (z)men € X be an unbounded sequence such that

Zm <

llzmll
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for some extreme set F' C Bs. Then the sequence of directions also converges with respect to |||
and [[]l2. As in the previous section let £ = aff{D(x)|lx € X3} N B C F° be an extreme set (see
Lemma 3.4.6) and assume that the projection converges to a point: p := lim;;—e Zm.E-

As we did in the proof of Lemma 3.3.8 we want to replace the integral over a smooth part A; C B
using a translation ¢ (as defined in Equation (3.25)). According to the decomposition B = P+ §
let G C P be a face and s € S be an extreme point such that

E =G+ so. (3.34)

Let &g be the extreme points of G and I C {1,...,[} be those indices belonging to G such that
G = conv{p;| j € Ig}. Without loss of generality let the parts S ; be enumerated in a way such
that 1 € Ig. Then we find a small subset U; C S| with 5o € U; such that for each j € I we have
a translating map ¢; : Uy —C §; given by u = u + t, for some t, € T(G) = T(E). The subset
U; € S and the map ¢; can be found by the convexity of S and because the hyperplane tangent
to S at sg is parallel to T(E) = T(G). Translations in the directions of T(E) are enough because
the parts S ; with j € I correspond to the vertices of G. Note that ¢;(so) = so which means that
us, = 0, because so € (M jes; S

Lemma 3.4.8 It holds:

~(Vlzm) .
fs f ee Oy fdv — f(s0) Vjelg,
~(Vlzm) .
IS' Z (wlz; m>dwf(v)dv — 0 V] ¢ IG
for all functions f : X* — R or f : X* — X* that are bounded on S . o

Proof. Let Vi := §1\U; be the complementary subset of U; in S| not containing sy. For all
J € Ig denote by U; = ¢;(Uy) € S the image of Uy in §j and V; := § ;\U; the corresponding
complement. Note that the boundary of S is smooth and only contains extreme points, so we can
use the result of Lemma 3.3.7(c) for U;. A similar calculation as in Equation (3.27) in the poof of
Lemma 3.3.8 yields for all j € I5:

e~ Vlam) o= vlzm) oVl
f f e_<W|Zm>de(V)dv f f _<W|Zm>dwf(V)dv + f f _<W|Zm>dwf(V)dv

e~ {plzm) e~ (so=vIzm)
U, f e=Wlzm) gy f((p(u))du-'-f f {50~ wlzm>dwf(v)dv
e~ Sulzm) Culzm) —(s0=Vlzm)
= — eV f(p(u))du + (v)dv
Ul fUl e_<W|Zm>dW f (p Vj fUl e‘(S()‘WlZm)de
—(so=vlzm)
= f Sm(u)eWEmEY f(ep(u))du + f S)dv
U, Vj fUl e‘(SO_W|Zm>dW

— e_<uxolp>f(50) = f(s50).

The second equation we want to show has to be valid for all j ¢ I;. These are exactly those indices
such that the corresponding smooth parts S ; € dS do not contain the point so. Therefore we have
a strict separation between so and S ; and we can directly adapt the proof of Lemma 3.3.7 (b) and
get the desired convergence. O

The next thing we have to show is the compatibility of m¢ with the convergence of interior se-
quences to horofunctions, that is, the analogue of Lemma 3.3.8.
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Lemma 3.4.9 With the notations given on page 100 it holds:

mC(zm) — mE(p). o

Proof. We will use the decomposition of connected components A; = p;+S; € P+ of extreme
points as given in Equation (3.33) to compute:

l/=1 Lj e_<V|Zm>vdv Z]f e <V+[)]|Zm>(v+p )dv
2321 L[ e_<W|Zm>dW Z] 1;*]_ e—<W+pj|zm>dW
Zj e_<pj|Zm> L] e—<V|2m>(V + p])dV

mC(zm) =

¥, epiln) [0 e=wmdw
J
Y jer €\PrPikn) fs,— e~ (v + pj)dv

- 3.35
Zje]c e{p1=pjlzn) i; e~ Wamddw + ZjeEIG e{P1=pjlzm) IS e~ dwy ( )
d j

2 jgl e{pi=pikn) ij eSOVE (v + pj)dy
+ . (3.36)
ZjEIG e(Pl_p./|Zm> Lj e(S()‘WlZnOdW + Z,IEIG e<p1_p_i|Zm> Lj e(xo—w|zm)dw

By Lemma 3.4.8 the second fraction (3.36) goes to 0. For the first fraction we compute:

- | m _< | m) .
ZJ-e,G e{pi-pil >fsje Yeml (v + pj)dv

(3.35) = S e oP1=pjlm) fs ,- e~ dw + 3o o{P1=pjlm) fs , = Wzm) gy
fSl e~ (v + pp)dv + 2 jel\(1) P1=piln) ij e~V (v + p)dy
= fUl e=am) dy + f ek dy + Y ey ep1=pjlem) ij e~ dw + Y 1 ep1=pjlem) fs, e=Wlzm) dw
fsl i <<vuk|m,:>d v+ PV + X jego 1) €8P Plme) fs_, %(V + pj)dv
R I T Z%‘szwdv + 2 jesgyny PP [ fulii—‘&.,wdv + B g PP [ %
S0+ P1+ Lrerpn) €7 (50 + pj)
L+ Yers\n <p1 ~pile)

 Sierg e P (p; + So) g

- Zlelc 6<pj+S0|p> B (p)’
because the vertices of E = G + s are given by &g = {p; + so | j € Ig}. m]

Let us now proof Theorem 3.4.7 using the two lemmas above.

Proof of Theorem 3.4.7. We want to show that the map m is a homeomorphism between )_(2‘” and
B3. Bijectivity follows directly from Lemma 3.3.9 because the proof given there was for a general
compact convex set C independent of its shape. In the last part of the proof we have to use Lemma
3.4.9 to show that the image m(R") C int(C) is closed.

For continuity from the interior we use again Lemma 3.4.9 to see that when (z,,,),en 1S a sequence
converging to a horofunction &g ,, then

mM(zm) = Mm% (z2) — mE(p) = m(hgp).
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Now let (hE,,,, p’”)m C JhorX3 be a sequence of horofunctions converging to a horofunction Ag ;, €
OnorX3. The boundary of BS has infinitely many extreme points but we can decompose it into
finitely many parts each consisting of extreme sets of the same type. To do so, denote by A7 C dB;
fori =1,...l, aconnected component of r-dimensional extreme sets. In Figure 3.27 (page 105) on
the right, each colored part is one connected component: A? is blue, Al.1 is green and A% is orange.
We already had A? = A the connected components of extreme points before. For r = n — 1 each
connected component consists of a single facet, so /,_; = k. Then

By the finiteness of the number of these components, (hE,m Pm )m has a subsequence such that the
sequence (E,;), of associated faces lies in one component A?. If r = 0 or r = n — 1 we know by
Theorem 3.3.10 that m(hg,, p,,) — m(hg, p). So assume 0 < r < n— 1. Then each E,, is of the form
E, = G + s, where G = conv{p; | j € Ig} C P is an r-dimensional face and s,, € S are extreme
points. Therefore we have

2jelg e~ (Pl (p; + s)

ZiEIG €_<p.i+5m|pm>

m(hEmst) =
Let E = G’ + s be the decomposition of E where G’ C G is a face and s € S with s, — 5. If
G’ =G then p, € T(E)* = T(E)" = T(G)* converges to p € T(E)*, and we get

Zje[G e—(pj+)'m|pm>(pj + Sm) ZjEIG e_<17j+5|p>(pj + s)

m(hEnqu) -
ZjGIG e—<l71+5m|17m> ZjEIG e_<pj+5|p>

= m(hg,p).

If G’ € G is a proper face then p,, € T(G)" is unbounded by Lemma 3.2.2. As all sets E,, are
parallel to G (and therefore of course also to each other) we conclude in the same way as in the
polyhedral case of Theorem 3.3.10 by considering the unbounded sequence (p;,);, in the subspace
T(G)*. Thereby we get

m(hEm,pm) —> m(hE,p).

So we have shown bijectivity and continuity of the map m. Since our spaces considered are
Hausdorft, we conclude that m is a homeomorphism. |

Let us put all previous main results of this chapter in a common theorem:

Theorem 3.4.10 Let X be a finite-dimensional normed vector space. Let B C X be a unit ball and
B° C X* its dual such that they belong to one of the following cases:

I) The unit ball is polyhedral.
II) The unit and the dual unit ball have smooth boundaries.
IIT) The space X is two-dimensional and &Ep- has finitely many connected components.

1V) The dual unit ball B° is the Minkowski sum of a polyhedral and a smooth dual unit ball with
only extreme points.

Let (zn)men be an unbounded sequence in X. Then the sequence (¥, ), converges to a horo-
function hgr , associated to an extreme set E’ C B° and a point p € T(E’)" if and only if the
following conditions are satisfied:



3.4. Sum of Norms 103

1) E := aff{D(x) | x € X} N B° is extreme.
2) The projection (Zm g )meN Of (Zm)men to T(E)* converges.
Further, E' = E and p = limy,—,c0 Zm.E-
Additionally the horofunction compactification of X is homeomorphic to the dual unit ball B°:
yhor

~ B°. o

3.4.3 Refinement of Compactifications

Given two norms on a space X we constructed a third norm on X as the sum of the other two in
the previous section. A question that comes up now is how to compare the associated compactifi-
cations of the same space equipped with different norms.

Definition 3.4.11 Let X;, X, and X3 be three Hausdorff compactifications of a space X. Then X3
is called a refinement of X; if the identity map on X extends to a continuous map X3 — Xj.
If X3 is a refinement of both X and X5, then it is called a common refinement. o

Lemma 3.4.12 ([BJO6, Prop. 1.16.2]) Given WO cﬁmpactiﬁcations X, and X,, then they admit a
unique least common refinement denoted by X; V X,. o

Theorem 3.4.13 Let two norms ||||1, ||-|l2 on a finite-dimensional normed vector space X belong
to one of the three cases I) - III). Let a third norm on X be defined as

13 2= {1l + []l2-
Forj=1,...,3setX;:=(X,)).
—hor | <h —<h
Then X30r is the Ieast common refinement of X lor and Xzor. o

<hor <h —h N
Proof. To see that X30r is a common refinement of X 10r and Xzor we have to show that the identity

. <h —h —h <h .
map on X extends to continuous maps fj : X30r — X 10r and f> : X30r — sz of the compacti-

fications.
Using the previous notations E = E} + E», p1 = projg, (p) and p; = projg, (p), we define the maps
in the following way for j = 1,2:

—hor —hor xeX — x€X,
fi: Xy — X",
hE,p S 8ho,X3 | a— th,pj S ahoer.

As the Minkowski sum is symmetric, we will show everything only for f| and )_(;lmr. The proof for

—h
f> and Xzor goes the same.
By construction, E; C Bj is an extreme set and p; € T(E1)*, where T(E)* has the same dimension
as E. Therefore the map f; is well-defined.

We have to show continuity both for a sequence (z,,),, € X of interior points and a sequence
(hE,,.p)m S OnorX3 of horofunctions. The convergence from the interior is exactly the content of
Lemma 3.4.6.

For the convergence within the boundary, let (hEm, P )m C 0norX3 be a sequence in the horofunction
boundary with respect to ||||3 such that hg,, ,, — hg, € 0porX3.
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For each extreme set E,,, E C BS let £y = Ey 1 + Ep and E = E; + E; be its unique decom-
positions with E,, ;, E; C Bj. extreme sets for j € {1,2}. By py; = (P)TE,,) € T(Em,j) and
pj = pr; we denote the projections of p,, and p for each m € N. Then

hEm,lapm,l + hEm,Z,pml = hEmJ)m hE,P = hEl»pl + hELPZ‘

Assume that (hEm,l»[’m,l)m converges to some hg, 4, with G; C Bf and g; € T(G;)" and similarly

RE, . pms — hGag, With G2 C BS and g» € T(G2)". Again using the unique decomposition of the
Minkowski sum as above (see Equation (3.32) and below), wo conclude

E=G+G,
P=q1tq

and therefore

E] = G1 and E2 = G2
p1=q1and py = qo.

Therefore fi, f> are continuous extensions of the identity to the boundary and we have shown that
X; is a common refinement of X; and X,. It is the least common refinement because there is a
unique decomposition of faces of Bj into those of B} and Bj which determines the convergence
behavior. Adding another compact convex set to B still gives a refinement of X; and X, but not
the least common refinement. O

—hor . —<h —h
Remark 3.4.14 Now that we know that X30r is the least common refinement of X lor and Xzor,
Lemma 3.4.6 is a special case of [GJT98, Lem. 8.23]. o

3.44 Example

An example of a norm that is obtained as the sum of a polyhedral and a smooth norm, is the
following:

Example 3.4.15 We consider R? with the norm

l(a, b, o)l = |al + |b] + |c| + Va? + b? + c2

for all (a, b, c) € R3. Then ||-|| is the sum of the 1-norm ||-||; and the Euclidean norm ||-||,.

The dual unit ball B° of ||-|| is the Minkowski-sum of the dual unit ball B‘f of ||-||1, which is a unit
sphere, and the dual unit ball of |[|-|,, which is a cube. Figure 3.27 shows how to obtain B° by
putting a sphere on each corner of the cube (left) and then taking the convex hull (middle). B°
is shown on the right. The 8 blue parts A? are connected components of extreme points, the 12

green parts A 11 are one-dimensional extreme sets and the orange parts are the 6 facets. Dividing
the sphere centered at the origin in its eight parts S ; each in one octant, then a blue part A(]). of B° is
the sum of one the S ; C JS and the vertex of the cube in the same octant. The green components
A 11 arise as the sum of the boundary of two neighboring components S; N S of the unit sphere and
an edge of the cube that connects the two corresponding octants. Finally, the faces are obtained as
the sum of a point which is the intersection of four components of S and a facet of the cube.

The unit ball B corresponding to B° can be imagined as a blown up octahedron with vertices on
the axes at distance % from the origin. The vertices and the parts in the coordinate planes are not
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Figure 3.27: The dual unit ball as sum of a cube and a sphere.

Figure 3.28: The corresponding unit ball B.

smooth, giving the one- and two-dimensional faces of B°. The parts of B within a quadrant are
smooth, giving the blue parts of B°. A picture of B is drawn in Figure 3.28.

Let us now look at the converging behavior of some sequences to see how convergence with respect
to ||-|| is related to convergence with respect to ||-||; and ||-||».
Let the following sequence be given:

im = (_m7 a, b)

for some a, b € R. Then with respect to [|-||1, the sequence ¢, converges to the horofunction Ag, p,
with face E1 = {(1,y,2) € R* | |yl, |z| < 1} and parameter p> = (0,a,b) € T(E;)*. With respect to
||l the sequence converges to a horofunction associated to the extreme point £ = {(1,0,0)}. So
we know that

lf//Zm - hE»p

with
E={@2y9eR DL <1},
p =(0,a,b).

Let us look at a different sequence, now we take

Ym = (—am,—bm, c)
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11

where a,b > 0. With respect to the two norms (for j = 1,2) we have ¢, ' — hg, ,; with

E;={1,1,2) |l < 1}, p1=1(0,0,0),

— a b —
B ={(g o)) =0

The extreme set to which (zpym )m converges to with respect to ||-|| is thereby given as

|z < 1}

In Lemma 3.4.6 we saw that the convergence with respect to ||-|| is uniquely determined by the
convergence behavior with respect to ||||; and ||-||2. To see this, let us look at a sequence that does
not converge for B; but does for B,. Let

a b
E:{(1+ , 1+ ,z)
Va? + b2 Va2 + b2
and p = (0,0, ¢).

X = (m, sin(m), cos(m)).
Then

W, (X) = (12 = X[ = |||

= \/(m — x)% + (sin(m) — y)? + (cos(m) — z)? + |m — x| + [sin(m) — y| + |cos(m) — Z]
— Vm2 + 1 — m — |sin(m)| — |cos(m)|

does not converge. Looking more carefully, we see that the two summands with the roots together
converge, they come from ||-||> and indeed, ( uz )m converges. But the other parts do not converge

because of the signs of sin and cos and also ( ul) does not converge. o
m



4 Symmetric Spaces

Symmetric spaces arise in many areas of mathematics and physics and are an important class
of Riemannian or Finsler manifolds. Especially helpful is their close relation to Lie groups and
Lie algebras. In this chapter we examine the horofunction compactification of a symmetric space
X = G/K of non-compact type.

The symmetric space X carries a G-invariant Finsler metric and we could determine the horofunc-
tion compactification of X as a metric space, but this is rather difficult. Instead we apply our results
on the horofunction compactification of a finite-dimensional normed space to a maximal abelian
subalgebra a contained in the Lie algebra g of G whose norm will be obtained by the G-invariant
Finsler metric on X. The corresponding flat ' = exp(a) in X, that is, a complete totally geodesic
submanifold isometric to some R¥, can be seen as a subspace of X and therefore one compacti-
fication of F is its closure in the compactification of X. It is also a metric space of its own by
the connection to a and thus has an intrinsic horofunction compactification. Our first main result
(Theorem 4.2.18) will be that these two compactifications of F coincide. Afterwards we compare
the horofunction compactification of X with two other well-known compactifications of X, namely
the Satake and the Martin compactification. We give an explicit description of how to realize a
Satake (Theorem 4.3.22) or a Martin compactification (Theorem 4.4.2) of X as a horofunction
compactification respect to an appropriate G-invariant Finsler metric.

4.1 Preliminaries on Symmetric Spaces and Finsler Metrics

In this section we give some background about Lie theory, Symmetric Spaces and Finsler geom-
etry. Basic references are [Hall5], [Hel78], [Kna02] and [Kir08] for Lie Groups and Symmetric
Spaces and [P1a95], [Run59] or [BCS00] for Finsler Geometry.

4.1.1 Lie Groups and Lie Algebras

We first recall some basic properties of Lie groups and Lie algebras that we will need later to
determine the horofunction compactification of a symmetric space of non-compact type.

Definition 4.1.1 A Lie Group is an algebraic group (G, *) that is also a smooth manifold such that
the following holds:

1) the group operation G X G — G; (g, h) — g * h is smooth,
2) the inverse map G — G; g > g~ ! is smooth. o

A Lie group homomorphism (respectively isomorphism) is a homomorphism (respectively iso-
morphism) of Lie groups that is a smooth map.

107
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Example 4.1.2 We give some examples of Lie groups. Let K =R or K = C.
e (R",+)and (R"\ {0}, -) are Lie groups
e (S',-)is aLie group

e GL(n,K) = {A C Mat,(K)| det(A) # 0} C K" is a (matrix) Lie group. Some of its
subgroups are Lie groups as well and called the classical groups:

SL(n,K) = {A € GL(n,K) | det(A) = 1}
O(n) = {A € GL(n,R) | AAT = 1)
SO(n) = {A € O(n) | det(A) = 1}
{
{

U(n) = (A € GL(n,C) | AA" = 1)
SUn) = {A € U(n) | det(A) = 1)

e GL(V) = Aut(V), the set of automorphisms, of a K-vector space V is a Lie group with
the composition as group structure. If V is finite-dimensional, GL(V) and GL(n,K) are
isomorphic. o

Note that a Lie group does not have to be connected. Therefore we often consider the connected
component of the identity.

Proposition 4.1.3 ([KirO8, Thm. 2.6]) Let G be a real or complex Lie group and denote by G°
the connected component of the identity. Then G° itself is a (real or complex) Lie group. o

Definition 4.1.4 A Lie Algebra is a vector space V over a field K that carries a bilinear operation
(called bracket operation or Lie bracket)

[,]1: VXV —DV

(x,y) — [x, ],
that satisfies the following conditions:
1) [x,x]=0forallxeV,
2) [x, [y,zll + [y, [z, x]] + [z, [x,y]] = O forall x,y,z € V (Jacobi identity). o

We will consider Lie algebras over K = R or K = C. In these cases, where the field has character-
istic zero, the first condition is equivalent to antisymmetry: [x, y] = —[y, x].

A Lie algebra homomorphism (respectively isomorphism) f : Vi — V; is a linear homomorphism
(respectively isomorphism) of Lie algebras Vi, V; such that

f(lxyD = [f(x), f()]

for all x,y € V.

Example 4.1.5 We give some examples of classical Lie algebras.

e R with the Lie bracket [x, y] := xy — yx is a Lie algebra with trivial Lie bracket.



4.1. Preliminaries on Symmetric Spaces and Finsler Metrics 109

e gl(n,K) for K =R or K = C is a Lie algebra with the commutator as Lie bracket containing
all n x n matrices over K. Some of its subalgebras are:

sl(n,K) = {X € gl(n, K) | tr(X) = 0}
so(n) = {X € gl(n,R) | X = —X7} (this implies tr(X) = 0)

X egln,C) | X =-X )
X € u(n) | w(X) = 0}

u(n) = {
su(n) = {
e gl(V) = End(V), the set of Endomorphisms, of a K-vector space V is a Lie algebra with the

commutator as Lie bracket. In the case where V is finite-dimensional, it is isomorphic to
gl(n, K). o

Connection between Lie group and Lie algebra

Let (G, =) be a Lie group. We now want to assign a Lie algebra g to G. Denote by LV(G) the
set of all left-invariant vector fields on G and by 7 : LV(G) — T.G; X — X, the evaluation at
the identity e € G. Then x is a linear isomorphism. We want to establish a Lie algebra structure
on T.G. As T,.G is the tangent space of a manifold, it is a vector space of the same dimension as
the manifold G. So it remains to define a Lie bracket on 7.G. It will be induced by a Lie bracket
on LV(G). Note that by the isomorphism x, the set £LV(G) also carries the structure of a vector
space and becomes a Lie algebra with the commutator as Lie bracket:

Lemma 4.1.6 ([Kna02, I.1, Ex.(5)]) The bracket operation [X,Y] := XoY - Yo X forall X,Y €
LYV(G) makes LYV(G) into a Lie algebra. o

Now that we have turned LV(G) into a Lie algebra, we want to use the isomorphism 7 to carry
the Lie bracket over from LV(G) to T,G:

Lemma 4.1.7 ([Kna02, 1.10 (p.69)]) Define a bracket operation on T.G as the induced Lie bracket
of m:

X, Y] :=x([x"'X), 7 "(V)]) VX, YeT.G.
With this bracket operation, T,G is a Lie algebra and the map r is a Lie algebra isomorphism. o

Definition 4.1.8 Let (G, %) be a Lie group. The Lie algebra g of G (also denoted by L(G)) is the
Lie algebra T,G with the Lie bracket defined above. o

Lie’s third Theorem states that given a Lie algebra g, we can find a Lie group G that has g as
its Lie algebra. But since £(G) = T,.G is a local property, G is not necessarily unique if G is not
connected. But there is a unique connected simply-connected Lie group G with £(G) = g (see also
[Kir08, Cor. 3.43]). Therefore when speaking about the Lie group G associated to a Lie algebra,
we mean G°, the connected component of the identity.

The map between a Lie algebra g to its Lie group G is given by the exponential map:

Definition 4.1.9 ([Hel78, Ch. II, Prop. 1.4, Cor. 1.5]) Let X € g and let yx : (R,+) — G be the
unique geodesic such that yx(0) = X. Then the exponential map exp : § — G is defined by

exp(X) := yx(1). °

The map exp is not a global diffeomorphism but there are neighborhoods 0 € U Cgandee V C G
such that the restriction exp;; : U — V is a diffeomorphism.
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Remark 4.1.10 ([Kir08, Ex. 3.3]) For matrix Lie groups G C GL(n, K) the exponential map exp
as defined above coincides with the exponential of matrices: e* = 3, ‘2—? for A € gl(n,K). So the
Lie algebra £(G) is given by

LG)={A egln,K) | ¢ € GVt eR)}.
Note that for X € gl(n, K) it holds
det(e¥) = "™, 4.1)

which can easily be seen for diagonal matrices but also holds in general by Jacobi’s formula. o

Example 4.1.11 Let us consider the matrix Lie groups and Lie algebras given in Example 4.1.2
and 4.1.5. The Lie group GL(n, K) consists of all invertible matrices. As for all X € gl(n, K) the
exponential ¢’ is invertible for all € R, we have

L(GL(n, K)) = gl(n, K).

The condition for a matrix to be in SL(n, K) was to have determinant equal to 1. By Equation
(4.1), the matrix X € gl(n,K) lies in SL(n,K) if and only if tr(X) = 0. This was exactly the
defining condition for sl(n, K) and we get

L(SL(n,K) = sl(n, K).

Now let us consider the Lie group O(n) which had AAT = 1 as defining equation. This implies
that A and A7 commute. Let X € gl(n, K) with A = ¢X. Then AT = X" and we get

T T
1 = AAT = XX = XX

because X and X7 also commute. So we need X + X7 = 0 for X to be in L(O(n)). The skew-
symmetry implies tr(X) = 0 with was the equivalent condition for det(eX) = 1. Therefore

L(0n)) = L(SOn)) = so(n, K).
A similar calculation shows that

L(U(n)) = u(n)
L(SU(n)) = su(n).
Here we get different Lie algebras associated to U(n) and SU(n) because the condition X = —XT
does not imply tr(X) = 0. )

The strong connection between Lie groups and their algebras can also be seen in terms of homo-
morphisms. By taking the differential, Lie group homomorphisms (respectively isomorphisms)
induce Lie algebra homomorphisms (respectively isomorphisms):

Lemma 4.1.12 ([Kna02, 1. 10 (p.72)]) Let G, H be Lie groups and let g,Y be their Lie algebras.
If f : G — H is a Lie Group homomorphism (respectively isomorphism), then its differential
(df)e : 9 = b is a Lie algebra homomorphism ((respectively isomorphism). )

We now want to recall the definition of representations of Lie groups and Lie algebras which will
especially lead us to the adjoint representation that plays an important role in the theory of roots
below.
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Definition 4.1.13 Let G be a Lie group and V be a finite-dimensional real vector space. A Lie
group representation is a homomorphism of G into the general linear group of V:

p:G— GL(V)

A group homomorphism p : G — PGL(V) is called a projective representation. o

Definition 4.1.14 Let g be a Lie algebra over a field K and let V be a K-vector space. A Lie
algebra representation is a Lie group homomorphism of g into gI(V):

p:g— gl(V). o

Remark 4.1.15 As gl(V) is the Lie algebra of GL(V), a Lie group representation p : G — GL(V)
induces a Lie algebra representation (d p). : g — gl(V). )

For us the most important representation will be the adjoint representation which is associated to
the Lie bracket. For some g € G let ¢, : G — G denote the conjugation by g that sends & € G to
ghg™'. This is a Lie group isomorphism and its differential

Ad(g) = (dcg)e :g—g

is an isomorphism of Lie algebras and especially it is a linear isomorphism. So for each g € G we
associated an element in GL(g) to it, in other words, we have a map

Ad: G — GL(g)
g — Ad(g).

The map Ad is a Lie group homomorphism and called the adjoint representation of G. Its dif-
ferential is a Lie algebra representation also called the adjoint representation of g, and is given
by

ad := (d Ad), : — gl(g)
X +— ad(X),

where ad(X)(Y) = [X, Y].

4.1.2 Symmetric Spaces

In this section we want to give a short overview over the theory of symmetric spaces of non-
compact type and their connection to Lie groups and Lie algebras.

Definition 4.1.16 A (globally) symmetric space X is a connected Riemannian manifold (X, g)
with an isometry s, : X — X for every point p € X, such that p is a fixed point of the isometry,
sp(p) = p, and such that the differential at p is direction-reversing: dsplp = —idr,x. )

Remark 4.1.17 Let y be a geodesic on X with y(0) = p, then 5,(y(¢)) = y(—1). Since additionally
sf, = idy, the isometry s, is also called a geodesic symmetry. o

From now on let X denote a symmetric space if not stated otherwise. Products of symmetric spaces
are again symmetric spaces. Any irreducible symmetric space X allows a decomposition

X=E"x X, xX_
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where E” is of Euclidean type, X is of compact type and X_ is of non-compact type. Symmetric
spaces of Euclidean type are flat and are isometric to some R". A symmetric space of compact type
has non-vanishing sectional curvature > 0 and is compact. We are interested in symmetric spaces
of non-compact type, who have non-vanishing sectional curvature < 0 and are non-compact! The
isometry group of a symmetric space of non-compact type is also non-compact and semisimple.

From now on let X be a symmetric space of non-compact type.

Equipped with the compact-open topology?, the group Isom(X, g) of isometries becomes a lo-
cally compact topological group that acts continuously on X. As the topology on X comes from
the distance associated to the metric g, the compact-open topology on Isom(X, g) coincides with
the topology of uniform convergence on compact subsets. By the Myers-Steenrod Theorem,
Isom(X, g) carries a smooth structure which is compatible with the group structure. Therefore

G :=Isom(X, g)
carries the structure of a Lie group (see also [Hel78, Ch. 1V, Lem. 3.2]).

We fix some point pg € X and denote the stabilizer of pg in G by

K =Gy, ={f €G] f(po) = po}
Then K is a compact subgroup of G ([Hel78, Ch.IV, Thm. 2.5]).

The group G = Isom(X, g) of isometries and also its connected component G° of the identity act
transitively on X. So X is a homogeneous space and we can identity the symmetric space X with
the space of left cosets G°/K:

Proposition 4.1.18 ([Hel78, Ch. 1V, Thm. 3.3]) Let (X, g) be a symmetric space with isometry
group G = Isom°(X, g) and K = G, for some po € X. Then K is a compact subgroup of G and

G/K =X
by the analytic diffeomorphism gK +— gpo. o

Recall that we only consider symmetric spaces of non-compact type. In that case, the Lie group G
is a semisimple Lie group with trivial center ([Ebe96, Prop. 2.1.1]).

So far we came from the geometric side of the story and assigned a pair of Lie groups G, K to a
symmetric space X. This allows us to work with Lie groups and compact subgroups when talking
about symmetric spaces.

We could also have defined a symmetric space algebraically via a (Riemannian) symmetric pair.
This is a pair (G, H) of Lie groups satisfying an inclusion relation with respect to an involutive
automorphism o on G. Let

G :={geCGlo(g) =g}

denote the set of fixed points of o and (G“)° its connected component of the identity.

'Here is a precise definition: A symmetric space M is called a symmetric space of non-compact type, if M is of non-
positive sectional curvature, simply connected and not the Riemannian product of an Euclidean space R¥ (k > 1)
and another manifold N.

2This topology is generated by the open sets W(U,C) := {f € Isom(X,g)| f(C) C U}, where U C X is open and
C C X is compact.



4.1. Preliminaries on Symmetric Spaces and Finsler Metrics 113

Proposition 4.1.19 ([Hel78, Ch. IV, Thm. 3.3]) Let X = G/K be a symmetric space with G
Isom°(X, g) and K = G, for some py € X. Then the mapping

Opy:G—G

hv— 5p, h sp,
is an involutive automorphism of G such that

(G77)° C K CGm. o

Note that with the notations introduced on page 111 we have
Tpy = Cspy

The result above motivates the following definition that brings us to the algebraic way of con-
structing symmetric spaces.

Definition 4.1.20 Let G be a connected Lie group and H < G a closed subgroup. We call (G, H)
a symmetric pair, if there is an involutive automorphism o : G — G such that

(G CHCG".
If Ady € GL(g) is compact, (G, H) is called a Riemannian symmetric pair. o

Proposition 4.1.21 ([Hel78, Ch. 1V, Prop. 3.4]) Let (G, H) be a symmetric pair with involution
o and n : G — G/H the usual projection. Denote by py := n(e) = eH the image of the identity
element of G. Then with any G-invariant Riemannian metric h on G/H, the manifold G/H is a
symmetric space and the geodesic symmetry s, is independent of the choice of h and fulfills

Spp O =mTOO0. o

Example 4.1.22 We look at our favorite example from the algebraic side: let G = SL(n,R) and
K = S O(n). Then we define an involution on G with respect to the identity matrix py = I,, by

c=0,:6G6—G
g— g H
Then
G” ={geSL(n,R) | (g ") =g} =SO(m) =K

For n = 2, the space SL(2,R)/ SO(2) = H? is a model of the hyperbolic plane and SL(n, R)/ SO(n)
can be seen as a generalization of it. o

For a symmetric space X = G/K, the groups G and K are Lie groups. Therefore it is reasonable to
deal with X not only in terms of Lie groups but also via the associated Lie algebras to gain more
structure. Let o, be the involutive automorphism as in Proposition 4.1.19 and let g be the Lie
algebra of G. By the identification g = 7,G we obtain the involution 6,, : § — g given by the
differential

Opo = (dopy)e-

The following connection using the exponential map between the involution o~ on G and 6, on g

holds true for all X € g:

O_po(e[X) — eze,,O(X).
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As 6,, is an involution, it is diagonalizable and the only possible eigenspaces are those to the
eigenvalues 1 and —1. Then the positive eigenspace

t:={Xeglb,(X) =X} (4.2)

turns out to be the Lie algebra of K, see [Hel78, Ch. IV, Thm. 3.3]. For the negative eigenspace
we set

p:={Xeg|b,X) =-X} 4.3)
We can write g as the direct sum of vector spaces
g=1t®p.
This decomposition is called the Cartan decomposition of g with Cartan involution 6,,.
As 6, preserves the Lie bracket, that is 6,,[X, Y] = [0,,(X), 0,,(Y)] for all X, Y € g, it holds:
[LECt, [t p] < p, [p,p] C 1.

The usual projection 7 : G — G/K = X; g — g.po is a submersion and its differential d(r), has
kernel f. Therefore we get the isomorphism

p=TyX

Example 4.1.23 For the space SL(n,R)/S O(n) with n > 2 the group G = SL(n, R) is semisimple
with Lie algebra
g =sl(n,R) = {X € gl(n,R) | tr(X) = 0}.

We want to determine the subspaces p and t as the eigenspaces of the involution 6,,) = d(cp,).. In
Example 4.1.22 we defined the involution on G via o(g) = (g‘l)T. Therefore 6,,(X) = -X T for
all X € g. For the eigenspaces we get:

p={Xegl|,,X)=-X)={Xeg|X =X)
={Xegln,R)| tr(X) =0, X = X"}

is the space of traceless symmetric matrices and
t={Xeg|0,X) =X} ={Xegl(nR)|X=-X"}=s0(n)

are the skew-symmetric matrices. o

4.1.3 Root Spaces

We will now investigate more the structure of G and g of symmetric spaces of non-compact type,
that is, of semisimple Lie algebras. References for this section can be found in [Ebe96, p.711f],
[FHO1, §14] or [Kna02].

Recall the Cartan decomposition g = t® p where p was the eigenspace of 6, to —1 and p = T, X.
Let a C p be a maximal abelian subalgebra. Note that p is not an algebra itself, so by an abelian
subalgebra of p we mean a subspace of p that is an subalgebra of g. As [p, p]Np = {0}, a subalgebra
of p is automatically abelian. There is not a unique maximal abelian subalgebra a C p but all of
them are pretty similar to each other:
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Lemma 4.1.24 ([Hel78, Ch. V, Lemma 6.3])

(i) All maximal abelian subalgebras of p are conjugate to each other over K, that is, for all
a,a’ C p maximal abelian there is a k € K such that Ad(k)a = o’.

(ii) Let a be a maximal abelian subalgebra of p. Then p = Ad(K)a = | Jyex Ad(k)a. o

The dimension of a maximal abelian subspace of p is independent of our choice of a. So we will
give it a name.

Definition 4.1.25 Let X be a symmetric space and p as above. The rank of X is the dimension of
some maximal abelian subspace of p. o

The rank of X can alternatively be defined as the maximal dimension of any flat totally geodesic
subspace of X, a so-called flat:

Definition 4.1.26 A k-flat F in X is a complete, totally geodesic k-dimensional submanifold of X
isometric to a Euclidean space R. o

The two different ways of defining the rank of X are justified by the following lemma:

Lemma 4.1.27 ([Ji05, Prop. 4.70]) Let a be a maximal abelian subalgebra of p and py € X a
chosen basepoint. Let A := exp(a) be the corresponding subgroup of G.

(i) The orbit F := A.pg is a k-flat in X.

(i) Any k-flat of X passing through the basepoint py is of the form F = exp(a).po for some
maximal abelian subalgebra a C p. °

By the close relation between maximal abelian subalgebras and k-flats, it is not surprising that
k-flats are also conjugate to each other:

Proposition 4.1.28 ([Ebe96, Prop. 2.10, p.85]) Let F and F; be k-flatsin X and p; € F1, py € F3
points. Then there is a g € G such that g(p,) = p, and g(F) = F». o

To determine the horofunction compactification of a we need a bilinear form on it. We take the
Killing form « of g:

k:gxg— K,
(X,Y) — k(X,Y) :=tr(ad(X) o ad(Y))

As X is of non-compact type, the Killing form « is a positive definite bilinear form on p. On the
vector space f, k is negative definite and a positive definite bilinear form on g is given by

Gpo (X, Y) 1= —k(6,,(X),Y) forX,Y €g,

where 6, is the differential of the involution o, at e € G. With respect to k and ¢, the subspaces
p and f are orthogonal ([Ebe96, 2.7.1]).

Example 4.1.29 Let us determine the Killing form « on gl(n, C). A basis of the space is given by
the se of matrices {E"/ }i.j» where E' is the matrix with an 1 at the (i, J)-entry and zeros anywhere
else. For some X, Y € gl(n, C) we compute for the (a, b)-component of (ad(X) o ad(Y)) (EX):

X, 1Y By = > (Xanl¥s E¥ D = 1, B Xos)

m

= Z (XamYmiom) — Xa Y — XipYar + Z (Xonp YimOar)
m m

= (XY)akOp + Y X)1p0ak — Xak Yo — XipYak.
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The entire matrix then is given by
(X, [, B = Y [X, Y M E
a,b
= Z (XY)akSpr + YX)p0ak = Xak Yo — XioYar) E
a,b
= Y NGB+ 3 Y XWE? = " (XY E™ + X Yk E®).
a b a,b

The coefficient of this matrix with respect to the basis element E is

ey = Z Oak (XY )k + Z Oop(YX)1p — Z OakOpt(XarYip + XipYar)
a b a,b

= XYk + YX)u — X Yu + XuYi)-
To get the trace of the map ad(X) ¢ ad(Y) we now have to sum over all these coefficients:

tr@d(X) o ad(¥)) = > ew=n Y (X¥)uc+n Y (¥YXu =2 XuYu
k 1 k,l

k1l
=2ntr(XY) - 2 tr(X) tr(Y).

On gl(n, C), the Killing form « is thereby given as
k(A, B) = 2ntr(AB) — 2 tr(A) tr(B) YA, B € gl(n,C).

The Killing form « on sl(n, C) now can be obtained by restricting the Killing form of gl(n, C) to
sl(n, C). Therefore we obtain

(A, B) = 2ntr(AB) VA, B € sl(n,C). o

The adjoint representation ad(X) for any X € p is symmetric with respect to the Killing form, that
18,
k(@ad(X)Y,Z) = «(Y,ad(X)Z) VY,Z € p.

Now let a C p be a maximal abelian subspace. Then [X, Y] = 0 and by the Jacobi identity, the
operators ad(X) and ad(Y) commute for all X,Y € a. Therefore all maps ad(X) with X € a are
simultaneously diagonalizable with a «-orthogonal transformation. For each & € a* = Hom(a, C)
we thus define the following subset:

go =X €glad(H)X = a(H)X VH € a}.

Definition 4.1.30 A linear map « € a* \ {0} is called a root, if g, # 0. Then g, is the root space of
a. By  we denote the set of roots:

Y:={a€a’|aisaroot ). o
¥ is non-empty and furthermore we get the root space decomposition
=00 Z Sa-

By the definition of the adjoint representation we have ad(H)(X) = [H, X] and therefore, since a is
abelian, it holds a C gg. If @ is a root, then so is —«@. Furthermore, for two roots «, 8 € X it holds
[9a> 88] € o+p if @ + B € X is again a root and equals 0 otherwise ([Ebe96, 2.7.3.]).
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For a root @ € £ C a* its kernel ker(e) = {H € a|a(H) = 0} is a hyperplane which divides
the vector space a into several connected components. We will often identify a with a* using the
Killing form «: for an element a € a* we set H, € a to be the unique element such that

k(Hy,H)=a(H) VYH€a.
Given two linear maps «, 8 € a* we also use the notation
k(a,B) := k(Hy, Hp).
Definition 4.1.31 The connected components of a \ | s ker(a) are called Weyl chambers. o

An element H € a that lies in the interior of a Weyl chamber is called regular, that is, a(H) # 0
for all @ € . Otherwise H it is called singular.

Now we fix one Weyl chamber a* of a. Then a root « is called positive (denoted by a > 0) if it is
positive on a*. The Weyl chamber a* is called the positive Weyl chamber and the set of positive
roots is denoted by X*:

ti={a€eX|a(H)>0 VYH € a’}.

Definition 4.1.32 A positive root @ € X" is called simple, if a is not the sum of two positive roots.
The set of simple roots is denoted by A:

A :={a € ¥ | a(H) is not the sum of two positive roots}. o
The simple roots form a basis of X in the sense that we can express every root as a linear combi-
nation of elements in A with integer coefficients which are either all > 0 or all < 0.

Example 4.1.33 As an example, let us look at the roots in sl(z, C). An abelian subalgebra is given
by the diagonal traceless matrices:

1

a:= {H = diag(hy, ..., hy)

Zh,:o}.

Let a € a* be a linear map. For « to be a root, the equation
[H, X]=a(H)X forallH €a

has to have a non-trivial solution. As [H, X];; = (h; — hj)X;; this is satisfied for @ = «;; with
i# je€{l,...,n}, where ;; € a* is given by

@j(H) = hi = hj,
for every H = diag(hi, ..., h,) € a. The root space then is given as the span of the matrix E¥ with
entry 1 exactly in the (i, j)-component:
g(Y,‘j = CEU’

and go = a. So the roots are
T={ajjea|i#j).

Since an element H € a lies in the kernel of a root ;; if its i-th and j-th diagonal entry coincides,
the Weyl chamber decomposition yields:

a\ [ ker(ai)) = {diag(hl,...,hn)

(Y[_/EZ

D hi=0, hiihj\v’i;tj}.
i
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We fix a positive Weyl chamber

at = {diag(hl, oo hy

> hi=0, h1>...>hn},
i

then the positive roots are
T ={ajeX]i< j}
As all elements in a € p have to have trace zero, the simple roots are given by
A={a;i1|1<i<n-1}

Figure 4.1 shows the Weyl chamber system in the case of n = 4 with the Weyl chamber walls
given by the kernels of the roots. Each Weyl chamber contains diagonal matrices with pairwise

ker(aws)  ker(a4)

/
/

ker(a34)

\ \
ker(a4) ker(aas)

Figure 4.1: The Weyl chamber system of SL(4, C) with all Weyl chamber walls (LEFT) and the
positive Weyl chamber we chose (RIGHT).

distinct entries and two elements of different Weyl chambers differ form each other by the order
of their entries: two matrices H = diag(hy, ..., h,) and H" = diag(¥}, ..., h}) € a with entries i >
hy > h3 > ... > h, and I, > h| > h) > ... > h; belong to different Weyl chambers. As there are
n! possibilities to arrange n elements, we have n! Weyl chambers in sl(n, C). °

Associated to the Weyl chamber division is the Weyl group, which permutes the Weyl chambers.
Let Ng(a) := {k € K|Ad(k)a € a} be the normalizer of a in K and denote its centralizer by

Ck(a) :={k € K| Ad(k)H = H VH € a}. Then Cg(a) < Nk(a) is a normal subgroup.

Definition 4.1.34 The quotient
. Nk(a)
W= / Cx(@)

is called the Wey! group. o

The Weyl group can also be expressed as Ng(A)/Ck(A). Sometimes (see for example [FH91,
14.8]) the Weyl group is defined more geometrically as the reflection group generated by the
reflections at the Weyl chamber walls Q, := {8 € o* | B(H,) = 0} with @ € X. Then the reflection
of B € a* along Q, is given by

wo(B) = g —2XBD
«(a, a)

These different characterizations are based on the following lemma:

Lemma 4.1.35 ([Ebe96, section 2.9]) The Weyl group ‘W is discrete and finite and acts simply
transitively on the set of Weyl chambers. It is generated by the reflections in the hyperplanes
ker(a) for a € A. o
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Example 4.1.36 We want to continue the example of SL(n, C) and compute its Weyl group. We
start with the normalizer

Ni(a)={ke K|kHk' €a VH €al.

Let H = diag(hy,...,h,) € a be a diagonal matrix with }}; h; = 0. Then for a component of the
conjugate of H by some k € K we get with k! = k”:

kHK™)ij = > hakiakia-

For the product to be an element of a again, we need all non-diagonal elements to be zero. Using
hy = = X7 h; we get the condition

n—1
Z ha(kigkja — kinkn) =0 Vhg € C.
a=1

Therefore
kiakjq = kinkj, Ya=1,...,n—1.

Together with the orthonormality of k we get O = 3/ k;k j; = nk;,k j, which then yields
kickia =0 NYa=1,...,n;i# ]

So in each column of k there can only be one non-zero element. On the other hand, we know that
(kkT);; = > kl.zt = 1, therefore not all elements of a row can be zero. As k is a square matrix, it has
to be a permutation matrix with entries 1 and —1, that is, one non-zero element in each row and
column. These describes the elements of the normalizer N (a).

For the centralizer Cx(a), the defining condition restricts to kHk! = H for all H € a. We get the
additional condition '
kHK" )i = > bk, = hi Vi=1,....n.
t

Since Ck(a) € Nk(a), we get
Ck(a) = {diag(cy,...,cp) | ¢ € {£1}}.
So in the quotient we can neglect the signs of the elements of the permutation matrix and get
W = Nk(a)/Ck(a) = Sy,

that is, the Weyl group is isomorphic to the permutation group on n elements. Recall that we
saw in Example 4.1.33 that the Weyl chambers distinguish from each other by the order of their
elements, so permuting the n diagonal elements gives the action of the Weyl group on the Weyl
chambers. o

There is also a Cartan decomposition on the level of groups using the positive Weyl chamber a*:

Lemma 4.1.37 (Cartan decomposition; [Hel78], Thm.V.6.7 and Thm.IX.1.1) Let a* be a positive
Weyl chamber. Set A* := exp(a*) C G and denote by A~ its closure. Note that A* = exp(a*+). For
every element g € G there exist some ki, k, € K and a unique a € A+ such that g = kjak,. We
shortly write

G = KA*K,

and call this a Cartan decomposition of G. o
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Roots are special cases of weights, which are eigenvalues of representations. Let 7 : g — gl(V) be
an irreducible finite-dimensional representation. Then the vector space V decomposes in a direct

sum
vz@v,
o

where p € a* are finitely many linear maps such that 7(H) acts on each V), by scalar multiplica-
tion:
T(H).v=u(H) v VYVHea veV,

The eigenspaces V), are called the weight spaces and the eigenvalues u € a* are called weights. So
the roots are exactly the weights of the adjoint representation.

For each representation there is a distinguished weight u., called the highest weight of the repre-
sentation 7. It has the property, that we can express all the other weights y; as

Hi=pe = ) Ciatt, (4.4)

aceA

where the c;, are all non-negative integers. As our representation is assumed to be faithful, p; # 0
(see [GIT98, Lem. 4.16]).

Definition 4.1.38 Let y; be a weight of the representation 7 and . the highest weight. The support
of y; is the set
Supp(ui) = {@ € Al cio > 0} ={a € Al cio # 0},

where the ¢;, are the coeflicients as in Expression (4.4). )

Example 4.1.39 Let us continue our example of SL(4,C) with positive Weyl chamber a* =
{diag(hy,....hy) |Sihi =0, hy > ... > Iy ).

1) We consider the adjoint representation whose weights are the roots. With respect to the
positive Weyl chamber a* the highest weight it 4.

Next we want to determine the support of the root a1,. Note that for all roots of sl(n, C) it
holds a;j+ajx = ajxand a;; = —aj; foralli # j # k € {1,...n}. Thereby a2 = @j4—a23—a34
and we see that

Supp(ai2) = {23, @34}.

Similarly we get the supports of the other positive roots:

Supp(ai4) = 0, Supp(az4) = {12},
Supp(a13) = {a@3s}, Supp(azs) = {a12, @23},
Supp(a23) = {12, @34}, Supp(a12) = {a23, @34}

For the non-positive roots we have
@41 = @14 — 212 — 203 — 234
and using this we compute for example
g = —a4 = —(@14 — @12) = @14 — @12 — 2023 — 234.

As all positive roots have c¢;, € {0, 1} we see that all non-positive roots have support equal
to A.
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2) Now we consider the standard representation, which is obtained by the standard inclusion

SL(n, C) — GL(n, C) with the standard action on C". From the condition H.v < u(H) - v for
all H € a, we obtain the weights 8; € a* fori € {1, ..., n} defined by

pi(H) = h;
for all H = diag(hy, ..., hy,) € a. The highest weight with respect to a™ then is
Hr =P € a’.

Now we go on for n = 4. By the identification a = a* we get

L. (3 1 1 1
Bi = = gdlag(z,—z,—z,—z)-

For the support of the other weights we compute for H = diag(hy,...,hs) € a
(B1 —a)(H) = hy — hy + hy = Ba(H),
which means that the support of 5, is aj>. Similarly we get:

Supp(B1) = 0, Supp(B2) = {12},
Supp(B3) = {@12, @23}, Supp(Bs) = {@12, @23.a34} = A.

For the other weights we again have
—B1 =p1 = 2a12 — 2a03 — 234

and we conclude as before

Supp(—1) = Supp(-B2) = Supp(—B3) = Supp(—B4) = A. o

4.1.4 Groups Associated with Subsets of Simple Roots

Let A be the set of positive roots and / € A a subset. Associated to this set / we will now define
analogs of the Lie algebras and Lie groups introduced before. The notations are compatible with
those in [GJT98]. Let

ay = ﬂ kera

be the intersection of the hyperplanes where the roots @ € I vanish. q; itself is a vector space with
a Weyl chamber system, which is exactly the restriction of the Weyl chamber system of a to aj.
Let o be the orthogonal complement of a; in a with respect to the Killing form : a = a; @ a’.
Denote by

Ay = exp(ay) and Al = exp(a’)

the connected subgroups of A with Lie algebras a; and af, respectively. Then we similarly have
A=A xAlL

When we denote by
3= Cg(al )
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the centralizer of qa; in g, we get a new semisimple Lie algebra g’ as the derived algebra of 3:
o' :=[3,3l.
Here again we get a Cartan decomposition g’ = ¥ @ p/, where
ti=tng and o =pny.

The set a/ C p’ is a maximal abelian subalgebra. The Weyl chambers of o/ are the orthogonal
projections of the Weyl chambers in a onto o/ and we get a positive Weyl chamber o/** as the
projection of a*. The roots then can be split up as £ = X; U £/, where

oel < aH)=0 VHea,.

Corresponding to the positive Weyl chamber we get the sets of positive roots X and it

We now have the analogous structure theory as before associated to a subset I C A. Therefore it is
not surprising, that we can also construct an I-associated symmetric space X/ that is a subspace of
X. This can be done the following way:

Let G/ be the Lie group associated to g/, that is, G/ is the derived subgroup of the centralizer of A;
in G. The Lie group K’ of ¥/ is a maximal compact subgroup of G and K’M is is the centralizer
of A;in K, where M = Cg(A). Then

X':=G'/K'

is a symmetric space of non-compact type that can be identified with the orbit X! = G/.p,.

Similarly as before, W/ = Ngi(A))/Cki(A) is the Weyl group of G/ while W; < W is the
subgroup generated by the reflections in the hyperplanes ker(a) for a € I.

Letn = @aez’“ 8o be the Lie algebra obtained as the direct sum of the positive root spaces and N
the associated nilpotent Lie group. It has a connected subgroup N; < N associated to I with Lie
algebra

Example 4.1.40 To get an idea what these definitions mean we look at SL(4, C) and some subsets
of simple roots. We know by Example 4.1.29 that the Killing form on sl(4, C) is given by

k(A, B) = 8tr(AB).
Recall from Example 4.1.33 that the simple roots are given by

A =A{a2, a3, @34}
where a;;(H) = h; — h; for all H = diag(hy,...,hs) € a.
We start with I = {a»}. Then

aj = ker(ayp) = {diag(h, h,t,s) € a| s = -2h —t; h,t € C}
is a Weyl chamber wall and its orthogonal complement is the one-dimensional subspace
a' = {diag(x, —x,0,0) € a| x € C}.

The set of roots then can be split up as (note that «;; = —a ;)

I
2 =Aa, a1} and X = {a13, T4, @23, £Q24, T@34}.
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Next we shortly look at the case J = {a12, @23}. We get a one-dimensional subspace
ay = ker(a2) N ker(azq) = {diag(h, h, h,-3h) | h € C}
with its orthogonal complement
ol = span {diag(1, —1, 00), diag(0, 1, —1,0)} .
For the roots we obtain

¥ = (*ay, +ai3, a3}

Xy = {ta4, tas, tazs).
For L = {a2, @34} we get

ar, = ker(ay2) Nker(asq) = {diag(h, h, —h,—h) | h € C}

af = span {diag(1, -1, 00), diag(0,0, 1, 1)} .
Although the dimensions of az and a’ are the same as before for J, the structure is quite different.
The set of roots decomposes as

b = {za, au}

2 = {£a13, @14, £a23, +a4). o

Generalized horocyclic decompositions

We will later make use of the generalized Iwasawa decompositions of G, respectively the general-
ized horocyclic decompositions of X.

Lemma 4.1.41 Forevery I C A and a' € A!, we have the following decomposition:
X =dK'd ' NA - po, (4.5)

where the A component is unique up to the following condition: for every a,a’ € A, we have
aIKIaI_lNIa “po = a]KIaI_lNla’ - po if and only if (a')"'a and (a’)~'a’ are conjugated by some
element in W',

The classical Iwasawa and horocyclic decompositions G = NAK resp. X = NA - pgy correspond to
1=0. o

Proof. Up to translating by a! ', we can assume for simplicity that a’ = e. Recall that X’ was the
relative symmetric space X/ = G!/K! identified as the orbit X/ = G’ - pg of pg in X. According to
[GJT98, Corollary 2.16], we have the following generalized horocyclic decomposition (also called
Langlands decomposition):

X = A]N]XI = A[N]GI * Po-

Furthermore, in this decomposition, the components in A7, N; and X! ~ G' - py are unique.

The group K’ is a maximal compact subgroup of the semisimple group G, and A’ is a Cartan
subgroup of G/, so we can consider the Cartan decomposition of G/ as

G = KIAIK!

where the component in A’ is unique up to conjugation by some element in W/,
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Fix some point p € X. According to the two previous decompositions, we can find a; € Ay,
ur € Ni,k' € K and a' € A! such that

p = amuikla .pg

where a; and u; are unique and o is unique up to conjugation by some element in ‘W/. As A;
commutes with K/, we also have

p= (alulal_l)klalal.po.
Since A; and K/ M normalize N;, we have (alulal‘l)kl e KINj.

As a consequence, p € K!Njaja'.po, where aja’ € A is unique up to conjugation by some element
in ‘W (notice that W/ commutes with a; € A;). O

4.1.5 Finsler Geometry

A Finsler metric on a smooth manifold M generalizes the concept of a Riemannian metric. It is
a continuous family of (possibly asymmetric) norms on the tangent spaces, which are not neces-
sarily induced by an inner product. See [BCS00], [P1a95] and [Run59] for a reference on Finsler
geometry.

Definition 4.1.42 Let M be a smooth manifold. A Finsler metric on M is a continuous function
F:TM — [0, )

such that, for each p € M, the restriction F |T,,M : TyM — [0, c0) is a (possibly asymmetric)
norm. °

The length and (forward) distance on a Finsler manifold can be defined in the same way as on a
Riemannian manifold:

Definition 4.1.43 The length of a curve y : [0,1] C R — M is defined as

L(y) := f F(y(0), y(®)dt.
I
The forward distance between two points p, g € M is given by
dr(p,q) = il;f L(y),
where the infimum is taken over all piecewise continuously differentiable curves y : [0,1] — M
with y(0) = p and y(1) = gq. o
Remark 4.1.44 As the norms on the tangent spaces do not have to be symmetric, we have in
general dp(p, q) # dr(q, p). °

The symmetric space X carries a G-invariant Riemannian metric, which is essentially unique (up
to scaling on the irreducible factors). However, X also carries many G-invariant Finsler metrics.

Recall that a norm on a vector space was uniquely determined by its unit ball. We have a similar
result for Finsler metrics on homogeneous spaces.

Lemma 4.1.45 ([Pla95, Ex. 6.1.2]) Let M be homogeneous, that is, there is some topological
group G which acts transitively on M by diffeomorphisms. Let po € M be a point and C C T ,yM
a convex G p,-invariant ball. Then there is exactly one G-invariant Finsler metric on M with C as
unit ball of this norm ||-||. )
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The closed unit ball on T, M is given by

Bl :={Y € T,,M | F(po.Y) < 1}, (4.6)
which is a convex body. It is defined separately in each tangent space. Based on the previous
lemma, Planche gives the following identification:

Proposition 4.1.46 ([P1a95, Thm. 6.2.1]) There is a bijection between
i) the ‘W-invariant convex closed balls B of a,
ii) the Ad(K)-invariant convex closed balls C of p,
iii) the G-invariant Finsler metrics on X. o

In particular, any G-invariant Finsler metric on X gives rise to a (not necessarily symmetric) norm
on the vector space a, whose unit ball is the “W-invariant convex ball B, and it is in turn completely
determined by this norm. Using this equivalence, we can define a polyhedral Finsler:

Definition 4.1.47 A G-invariant Finsler metric on X is said to be polyhedral if its “W-invariant
convex ball B in a is a finite sided polytope. o

Polyhedral norms give Finsler metrics that are not Riemannian. To get the Riemannian metric we
choose the Euclidean norm as shown in the following example:

Example 4.1.48 If we choose the Euclidean unit sphere with respect to the norm induced by the
Killing form « as the ‘W-invariant convex ball in a, then the corresponding Finsler structure on the
symmetric space X = G/K induces a Riemannian metric on g for all V, W € T, X by

. 1 2 2 2
8 (VW) = = [F(po. V + W) = F(po. V) = F(po. WY?|.

The other way round we have

F(V):= \/gp,(V. V). o

4.2 The Intrinsic Compactification and the Compactification of a Flat
in X

Let X = G/K be a symmetric space with G = Isom(X) and K = G, for some base point py € X.
Throughout this section, we will assume that the associated ‘W-invariant vector norm on the flat
a is such that every horofunction is a Busemann point. According to [Wal07, Thm. 1.2], this is
equivalent to asking the set of extreme sets of the dual unit ball to be closed. This is a very mild
condition, satisfied for example by every polyhedral norm.

Let d be ihe distance function associated to a G-invariant Finsler metric on X = G/K, and
VX - C(X), 2 ¥, with ¥ (x) = d(x,2) — d(po, z) the embedding defined in Subsection 3.1.1
on page 39. Let us state some basic observations.

Lemma 4.2.1 The function ¢, : X — R is K-invariant. Moreover, for every g € G, the function
Ye.p, is gKg ! -invariant. °
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Proof. Fix g € G and k € K. Then, for any x € X, we have

W po((gkg™").x) = d((gkg™").x, g.po) — d(po, §-Po)
=d(x, gk"'g7'g.po) — d(po, g-po)
=d(x, g.po) —d(po, &-po) = Vg p,(X).

So ¥g p, 18 gKg‘l—invariant. .

Lemma 4.2.2 The mapy : X — 5(X)~1's K-equivariant, that is, Yy (x) = k- Y,(x) for all x,z € X
and k € K. Hereby the action of K on C(X) is given by k - f(x) := f(k™'x). o

Proof. Fix x,z € X and k € K. Then

Yio(x) = d(x, k.z) — d(po, k.2)
=d(k".x, ) — d(po, 2)
=Y,k %) = k- g (x). O

The previous two lemmas will now help us to determine the horofunction compactification of X.
Lemma 4.2.3 Let G = KA*K be a Cartan decomposition and X = KA*.py. Then

—h —CX) ——CX —CX)
X" =yX) = y(KA*.po) =K y(A*.po)

——C(X
In particular, the horofunction compactification y(X) 0 is determined by the horofunction com-
pactification of the flat F = A.pg, or more precisely of a closed Weyl chamber F* = A*.py. o

—CX) —
Proof. Since y(A*.po) is a compact subspace of C(X) and K is a compact subgroup of G
— —CX)
which acts continuously on C(X), we deduce that the space K ¥(A*.pg) is a compact subspace
— _ —CX —CX
of C(X). Since it contains ¥(KA™.pg), we conclude that y/(KA*.pg) CKy(A*.pp) . Asthe

converse inclusion is clear, we conclude that

—CX —CX)
W(KA*.po) =Ky(A*.po) . O

Note that the closure of w(zF .po) is taken in 5(X) but not in 5(1?. Do)

—CX)
In order to understand the horofunction compactification ¥(A*.pg)  of a closed Weyl chamber
a® in C(X), we will first compare it to the closure in the so called intrinsic horofunction compact-
ification in C(A.pg), which we define in the next section.

4.2.1 The Closure of a Flat

The intrinsic compactification of the flat F = A.pg is the horofunction compactification of F

within the space of continuous functions on F = A.py, i.e. WC(F). That is, we see F = A.pg
as a space of its own. Since the exponential map exp : a — A.pg is a diffeomorphism, the
intrinsic compactification is homeomorphic to the horofunction compactification of the normed
vector space a with respect to the norm defined by the “W-invariant convex ball B. The aim of
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this section is to compare the intrinsic compactification of F with the closure of the flat F in the
horofunction compactification of X.

In Theorem 4.2.17 we will give for any G-invariant Finsler metric on the symmetric space an
explicit homeomorphism between the intrinsic compactification of a flat and the closure of a flat in
the horofunction compactification of the symmetric space X. To minimize confusion, we introduce
the following notation: Let

v X — C(X)

4.7
Vel wé( = d("z)_d(p()?Z) ( )

be the embedding of X into the space of continuous functions on X vanishing at po. The closure
of X in C(X) gives the horofunction compactification of X with respect to the G-invariant Finsler
norm defining d.

We denote by d also the restriction of the distance function to the flat F = A.pg C X and let

z//F:F—>E(F)

(4.8)
2= yF = d(,2) - d(po,2)

denote the embedding of F into the space of continuous functions on F vanishing at po. The
closure of Y/ (F) C C(F) is the intrinsic compactification of F. We set F* := A*.p,.

Types of Sequences and Horofunctions

We have seen in Lemma 4.2.1 that each function , ,, is invariant under the conjugate gK g~ ! of
the maximal compact subgroup K. In order to study the invariance properties of horofunctions, we
will use the study of limits of conjugates of K (see [GIT98, Chapter IX]). In order to describe such
limits, we need to introduce the notion of type of a diverging sequence of elements in A. Roughly
speaking, the type of a sequence encodes the roots "along which" the sequence goes to infinity.

Definition 4.2.4 A sequence (a;),en in A~ is said to be of type (I,a"), where I is a proper subset
of Aand &’ € A, if

i) for a € I, the limit lim,_, a(log a,) exists and is equal to a(log ah,
ii) for @ € A\I, there holds a(loga,) — +co. )

To minimize notational confusion, we denote elements in A’ that define the type of a sequence by
ahat: a' € AL,

Example 4.2.5 As as example let us look at some sequences in SL(4, C) and determine their types.
We start with
log(ay,) = diag(n + 4,n,6,-2n—10) € a*

with ot = {diag(hy,...,hs)| Xihi =0, hy > hy > hs > hy} as determined in Example 4.1.33.

Then we compute

aip(log(ay,)) = 4;
a3 (log(a,)) = n—6;
asz4(log(ay,)) = 2n + 16.

Therefore (a,), has type (I, a') with I = {@»} and limit &’ = diag(e?, 72, 1,1) € .
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Next we consider the sequence (by,),en given by
log(b,) = diag(n + 1,n,n — 10, -3n +9).
We again compute

ai2(log(by)) = 1;
a3(log(by,)) = 10;
wsu(log(by)) = 4n - 19.

Now the limit of a»3 is also finite and we get J = {2, @23} and b’ = diag(e*, €3, ¢, 1) such that
(by)n has type (J,b).

The last sequence we want to look at is
log(c,) = diag(n + 8,n,—n + 2, —n — 10).
Here we get

az(log(cy)) = 8;
az3(log(cy)) = 2n - 2;
as4(log(cy)) = 12.

Therefore we know that (c,),en has type (K, &%) with K = {a12, @34} and &K = diag(e*, e, €%, ¢76).

o
The main result on limits of conjugates of K is the following.

Proposition 4.2.6 ([GIJT98, Proposition 9.14]) Let (a,)qen be an unbounded sequence in A* of
type (I,a'). In the space of closed subgroups of G, endowed with the Chabauty topology, the
sequence (anKay, Myen converges to a'K'M@H ' Ny. o

Recall that we gave a short definition of the Chabauty topology after Proposition 3.1.6.

Remark 4.2.7 Since the groups a’K! M(a')~' N; arise as limits of the maximal compact subgroups
under conjugations by sequences of type I in A, the (generalized) Iwasawa decompositions can
thus be seen as limits of the Cartan decomposition. o

We will now use this result to deduce some invariance for horofunctions.

Lemma 4.2.8 Let (a,)qen be a sequence in A* of type (I,a") such that (zpifn _po)neN converges to &.
Then ¢ is &' K'M(a')~' N;-invariant. °

Proof. For each n € N, the function z,bifn po 18 invariant under a,Ka,', because K = G, is the
stabilizer of the base point pg. Since the sequence (a,,Ka,‘ll),,eN converges to a'K'M@""'N; in
the Chabauty topology (see Proposition 4.2.6 above), for every g € a’ K'M(a')~' N; there exists a
sequence (k,), in K such that the sequence (ankna,‘,l)n converges to g. Therefore, for every p € X
we have

Eg-p) = &(p) = lim Yy 1 (8-P) = i,y (D)

lim d(g.p, ay-po) = d(p, ax-po)

= lim d(a,,k,,a;l.p, ay.po) — d(p, a,.po) = 0.

n—+00

As a consequence, & is invariant under a' K M (")~ Ny. o
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Definition 4.2.9 A horofunction € Y (F* )C(F) is said to be of type (I,a'), where I is a proper
subset of A and a! € A, if there exists an almost geodesic sequence (a,)nen in A of type (I, a")
such that the sequence (;l/,fn ) po)neN converges to 17 in C (F). Note that, since we assumed that every
horofunction is a Busemann point, a horofunction may have several types, but has at least one

type. o

——C(F) A
Lemma 4.2.10 Let n € dyF(F*)  be a horofunction which has two types (I,a') and (J,b"),
where I,J C A witha' € A” and b’ € A’. Then the horofunction n also has type (I N J,&'"7) for

~INJ c AIOJ.

some ¢ o

Proof. Let (ap)nen and (by),en be two almost geodesic sequences in A* of different types (1,a')
and (J, b’ ) respectively, such that the sequences (wﬁfﬂ o )nen and :,l/g .po)"EN both converge to 7. For

every n € N, we define
1 1
Ccp i= €eXp (5 IOg((ln) + E log(bn)) .

The sequence (c,)nen has type (IN J, ¢77), where ¢/7Y € (exp (% log(a') + 4 log(h’ )) Aln J) NAM/,

According to the Convexity Lemma (Lemma 3.1.16), the sequence (t,l/fn _po)n @lso converges to 7.
As a consequence, 7 has type (I N J,¢/"). o

————C(F) .
Lemma 4.2.11 Let n € dyF(F*) be a horofunction of type (I,a'), where I ¢ A and &' €
Al If n is invariant under A* for some subset L C I, then n also has type (I\L,¢"\L) for some
¢\l e ANL, )

Proof. Let (a,)nen be an almost geodesic sequences in A+ of type (I,a') such that the sequence
Wk o )nerr converges to 7. Fix ¢ € A&, For each k € N, the sequence (lﬂf;a po)neN converges to
¢k 5 = n, since n is invariant under A%, As a consequence, there exists n; € N such that, for every
n > ng, and for every a € A such that d(pg, a.po) < k, we have
|d (a-po, Ckan-Po) —d(a.po, an.po)| < L
k+1
We can also assume that the sequence (), is increasing. Fix a € A. For every k > d(po, a.po)

we have |d(a.po, c*an.po) — d(a.po, an,.po)l < r7 and |d(po, c*an,.po) — d(po, an.po)l < o7

Therefore, we have
kll_fgo Yeka, po(@-P0) = kETDO d(a.po, c*an,.po) — d(po, *an,.po)
= lim d(a.po. an,.po) = d(po, an,-po)
= 1(a.po) — n(po).

F

As a consequence, the sequence (;b .
ckay,..po

) converges to 7.
keN

To conclude, observe that the sequence (ckay, )rax has type (I\L, ¢/\F), for some ¢\ e AN,

4.2.2 Some Technical Lemmas

Before we come to the comparison of the compactifications of a flat in the next section, we state
some technical results that will be used in the proof of Theorem 4.2.17. They are all about finding
subsets of the simple roots that satisfy some orthogonality and invariance conditions.
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Definition 4.2.12 Two subsets /, J of A are said to be orthogonal if the roots a and 8 are orthog-
onal for every @ € I and 8 € J. A subset I C A is called irreducible if it is not a disjoint union of
two proper orthogonal subsets. o

Lemma 4.2.13 Fix a subset I of A and consider a linear subspace V of a! which is invariant
under the action of ‘W!. Then there exists a subset J C I such that V = a’, and J and I\J are
orthogonal. o

Proof. Let I = J; U Jp LU --- U J, be the decomposition of [ into irreducible subsets. The
linear representation of ‘W’ on o decomposes as the direct sum of the irreducible representa-

p
tions af = @ a’i. Since V is a ‘W!-invariant subspace, there exists R C {1,2,...,r} such that
j=1
V= @ ali. Asa consequence, we have V = a’, where J = I_I Jj. O
JE€R JER

Lemma 4.2.14 Let C be a non-discrete subset of Al. Let L C I denote the smallest subset such
that the following conditions are satisfied:

i) C C cAL forallc e C,

ii) L and I\L are orthogonal.

Then the smallest closed subgroup of “W'A  containing all  conjugates
{cWlc™V | ¢ € CY is equal to WAL, o

Proof. In this proof, we will identify A with its Lie algebra and thus consider A as a vector space.
Up to conjugating, we can assume that the affine subspace of A spanned by C contains 0. Let
' € ‘WA denote the smallest closed subgroup containing all conjugates {¢W/c™! | ¢ € C}. Since
C is non-discrete, I" is not discrete and the linear part of T is equal to ‘W, So the identity compo-
nent I’y of " is a vector subspace of A’ containing C. Since Iy is invariant under W/, we deduce
according to Lemma 4.2.13 that [y = AL, for some L C I such that L and I\L are orthogonal. O

———C(F) N
Lemma 4.2.15 Letn € yf(F*) be a horofunction that has two types (I,a') and (I,b") with
a!,b' € Al. Then there exists a subset L C I such that :

i) al e b'AL,
ii) the roots in L and I\ L are orthogonal, and

iii) n is W!AL-invariant. o

Proof. For simplicity, up to translating by (a’)~!, we may assume that &’ = e.

Fix A € [0,1]. Foreachn € N, let ¢, = exp((1 — A)loga, + Alogh,) € A. According to the

Convexity Lemma 3.1.16, the sequence (Wg y pO)VlEN converges to 1. The sequence (c;,),en is of type

(I, (lAal )’l), where (EI ) denotes exp(41log b’ ). Since the sequence (gl/CFn . po)l’lEN converges to 1, we
N aron-1

know by Lemma 4.2.8 that n is (b))*W! ((bl )/l) -invariant for every A € [0, 1]. Let L C I be the

smallest subset such that b/ € A and such that the roots in L and in I\L are orthogonal. Then by
Lemma 4.2.14, n is invariant under ‘W/A~, m|

——C(F A
Lemma 4.2.16 Letn € Y (F™) " be a horofunction that has two types (I,a') and (J, b’) where
J € I C A. There exists a subset L C [ such that :
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i) JUL=1,
ii) the roots in L and I\L are orthogonal, and

iii) n is W!AL-invariant. o

Proof. Let (a,), and b, be the sequences of type I and J converging to n. For simplicity, up to
translating by (a’)~!, we may assume that &/ = e. Up to passing to a subsequence, let us partition
I\Jinto I\J = Iy UL, U--- U1, such that:

a(log by)

e Vli<i<pVa,fel;: lim,,iwx Floghy)

€ (0, +00),

a(logh,) _ 0

e Vi<i<j<pVael,Vpel;: hmﬂ—>+°°ﬁ(1ogb,,)— .

Fix 1 <i < p and for some « € [; define

1
t, = ———
" a(logb,)

such that 7, — 0 as n — +o0. Fix A > 0. For each n € N, let
cn = exp ((1 — Aty) logay, + At, logb,) € A.

According to Lemma 3.1.16, the sequence (z,bfn _po)ne converges to 7. Let us define

&= lim (x(by))" € AT,

n—+0o

where 7/i(b,) denotes the orthogonal projection of b, onto A’i. This definition makes sense because
the sequence converges: for any 8 € I;, we have

B 10z (x' b)) = ptogby) = SET,
50 liMyos 100 3 (log (nlf(bn))’”) € (0, +00).
On the other hand, for any 8 € A\I;, we have
B (log (ﬂ”'(bn))t") =0, (4.9)

so the limit ¢ € A’i exists. Furthermore, we have & € (A%)*. Let
Ji=JuhLu---ul.
For every v € A\J; we have
y(ogc,) = (1 — At,)y(logay) + At,a(log b)) — +oo.
Foreveryye JU I} U---U I;_; we have
y(logcy) = (1 = Aty)y(log ay) + Atyy(log by) — y(loga') = 0.
For every v € I; we have

v(logc,) = (1 — At,)y(loga,) + At,y(log b,,)
— y(loga') + Ay(log &) = Ay(log &).
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As a consequence (using Equation (4.9)) the sequence (c,)nen is of type (J,-, (é’f)/l), where (&)t

denotes exp(alog &%). Since the sequence (wfn _po)nely converges to n, we deduce by Lemma 4.2.8
-1

that 7 is (") W ((&%)*) " -invariant,

As cli € (AT)*, we know by Lemma 4.2.14 that 7 is also invariant under A%, Because this is true

for every 1 < i < p, we conclude that 7 is invariant under A’\/.

Since the sequence (a,)nen is of type (1, €), and the sequence (1//5'1 ) po)neN converges to 1, we know
by Lemma 4.2.8 that 77 is ‘W/-invariant. Therefore 7 is invariant under ‘W’ and A’\. The smallest
closed subgroup of WA’ containing both W’ and A’\ is WAL, where L C I is the smallest
subset containing 7\J such that the roots in L and in /\L are orthogonal. We conclude that 7 is
invariant under ‘W/AL, O

4.2.3 The Intrinsic Compactification versus the Closure of a Flat

Recall that on a flat F we have two compactification to consider: the intrinsic compactification of

———C(F) . <hor ———C0) o
F,namely y“(F*) ,and the closure of Fin X , namely ¢2(F*) . In this section we define
an explicit map from the intrinsic compactification of the flat F' into the horofunction compactifi-
cation of X. For this we use the invariance shown in Lemma 4.2.8 and the generalized horocyclic

decomposition X = a’K'a! N 1A.po from Lemma 4.1.41.
For a horofunction 7 of type (I, a') we define the following map:

¢/,7(:X—>R,

&Ik[(&l)_lula.po € X + n(a.po).
Theorem 4.2.17 The following map

Yy —yX forze FH,

s " — o
Y v ’ n - yx fornoftype (I,a").

is a well-defined, continuous embedding. o

Proof. We will first show that ¢ is well-defined and then continuity. As the restriction to F*

. . C e . ——CF) .
is a left-inverse to ¢, we deduce that ¢ is injective. Since ¢ (F*) is compact, ¢ is then an
embedding.

Well-definedness

We want to prove that the map ¢ is well-defined. To do so, we first show that the formula defining
¢ is independent of the choice of the component in A. Then we will show that if 1 has two types,
then ¢ still defines the same horofunction independent of the types.

Consider first a horofunction € ¥ (F +)C(F) which has some type (I,a') and consider two
decompositions a'kl @y ura.po = a'k(@! )‘lu}a’. po of the same point in X as given in Equation
(4.5). According to Lemma 4.1.41, there exists w € W/ such that (a/)"'a’ = w(@') 'aw™!. By
Lemma 4.2.8 we know that 7 is invariant under &’ W/ (a')~!, so

n(@ .po) = n(a'w@) ™ aw™.po) = n(@w@)™"a.po) = n(a.po).
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This means that the formula defining ¢ does not depend on the choice of the A component in the
decomposition X = a/K'(a") "' N;A.py.

Consider now a horofunction n € oyt (F +)C(F) which has two types (1,a') and (J,57). We will
prove that the two formulas defining ¢(77), for each type, agree. Let (a,)nen, (bn)nen C A" be
two sequences of type (1,a') and (J, b’ ) respectively, such that (z,l/fn _po)neN and (‘r//g”_po)nEN both
converge to 7. Up to passing to a subsequence, we may assume that the sequences (z//ffn' poJneny and
(%(,,,po)neN converge to & and & respectively.

We need to prove that & = £, which will be done by induction on |I|+|J|. As we know (see Lemma
4.2.10) that 1 also has type (I N J, /™) for some ¢/7/ € A"/, we assume from now on that J C 1.

Assume first that /| + |J] = 0, s0 I = J = 0. According to Lemma 4.2.8, £ and & are both
N-invariant, so for every p = ua.py € X = NA.pg, we have &(p) = n(a.po) = & (p). Therefore

£=¢".

By induction, fix m € N and assume that if |I| + |J| < m, then & = ¢'. Consider now 7, J such that
|I| +|J| = m + 1. We will distinguish the two cases J = I and J C I.

The case / =1 Assume that J = I. By Lemma 4.2.15 we know that there is a subset L C I such
that L and I\ L are orthogonal and 7 is ‘W/Al-invariant. Therefore by Lemma 4.2.11, we know that
1 also has type (I\L, &'\L), for some ¢!\ € A\, Let (¢,)qen denote a sequence of type (I\L, ¢/\L)
such that the sequence ((//fn _po)nel converges to 77. Up to passing to a subsequence, assume that the
sequence (z//fi _py)neN CONVerges to some &,

The result will now follow by two inductions. Since &' € B'AL (see Lemma 4.2.15) and &' # b',
we know that L # (. Therefore (recall that I = J) we have |I| + |I\L| < |[I| + |I| = m + 1, so
[1] + |I\L| < m. By induction applied to the sequences (a,)nen and (c;)nen, We deduce that & = £”.
By induction applied to the sequences (by)uen and (¢, )uen, We deduce that & = £”. In conclusion,
we have & = ¢’. This concludes the induction, and finishes the proof that & = & in the case where
J=1

The case J € I Assume that J C I. Similarly to the case before, we first observe an extra
invariance of n7: By Lemma 4.2.16 we know that there is a subset L C [ with / = J U L such that L
and I\L are orthogonal and 7 is ‘W/Al-invariant. To conclude the result by induction, we have to
distinguish again two cases depending on whether / \ L = J or not.

Since 7 is invariant under AL, we deduce again by Lemma 4.2.11 that 5 has type (I\L, ¢/\l), for
some &\ € AN,

If \L C J,then |I| +|I\L| < |I| +|J| and |J| + |I\L| < |I| + |J|, so by applying the induction twice,
we know that & = &’.

We are left with the case I\L = J. In this case J and L = I\J are orthogonal and 7 is A”\/-invariant.
We show that & = &’.

By the orthogonality of J and L = I\J we have the orthogonal decomposition A’ = A’AL. Let
us decompose &/ = a’at € A’AL. Up to translating by (a’ar)~!, we can assume that &’ = e and
al =at e AL,
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As X7 and IF are orthogonal, we have the decomposition K/ = K’ K%, with K’ and K commuting.
Furthermore K’ and A; are commuting. Since A" C Aj, we deduce that ¢ commutes with K’. In
particular,

atk'@h = k'atkt@h) . (4.10)

Let p € X be any fixed point. We will show that & (p) = &(p). This will be done by showing that
&' (p) = n(cr-po) = &(p) for some ¢, € Ay that will be defined on the way. We start with &' (p).

Using Equation (4.10) in the generalized horocyclic decomposition given in Lemma 4.1.41, we
get X = aLK (@M~ 'N;A.py = K/ Njab KL (@b)~' A.poy. Write

p = kKua k- @ e.pg € X, 4.11)

where k/ € K7, u; € Ny, k' € K- and ¢ € A. According to Lemma 4.2.8 and because we assumed
7 = ¢, we know that &’ is invariant under K TMN;. Since N; C N;, we conclude that

a
¢(p) = & (a"k@"e.po). (4.12)
In the decomposition A = ALAL, let us write ¢ = c.c”. Then

a"kh@hy e = catkh@hy 't e e GR. (4.13)

By the Iwasawa decomposition it is G* = NYALK”, and therefore we can find u* € N and
d* e AL such that ulatk (@")~'c¢! € d*KL. As K = G.py we get from Equation (4.13):

ul - (&LkL(&L)_lc.po) = chL.po. 4.14)

We claim that
£(p) = ¢ (cud”.po),
or equivalently by Equation (4.12) and (4.14), that

¢ (@ K @"y " e.po) = € (u"a"K"@") c.po).

Since the sequence (b,Kb;,"),en converges to K/ MN; in the Chabauty topology (see Propo-
sition 4.2.6), and as u’ € N* C Nj, there exists a sequence (k,)nen such that the sequence
(buknby ™ Hpen converge to ut. Therefore:

¢ (uta k@ )" c.po) - & (a“k @) c.po)
= lim d(u a“k*@") " c.po. ba.po) — d (a“k“@") ™" c.po., ba.po)

n—+00

= lim_d (bk,b," @K@ )" c.po, by.po) - d (a"k*@") ™" c.po. bu.po)

n—+oo

=0,
Hence & (ua kM (@) e.po) = & (abk-@") " e.py). so
€(p) =& (crd".po).

By assumption, 7 is invariant under A’ = AL. Since we have c; € A; as well as d© € AL and
since & and 7 coincide on A, we have

£ (p) = & (crd".po) = n(cd".po) = ncr.po)-
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Next we want to show that also £€(p) = n(cr.po). According to Equation (4.11) and Lemma 4.2.8,
we have

£(p) = & (K wa k" @")™ c.po) = &(c.po) = n(c.po),

because ¢ € A. Since ¢ = c;ct and 7 is invariant under AX, we conclude that &(p) = n(cr.po).
Therefore &’(p) = £€(p), and as p was some arbitrary point, we get & = &’.

We have shown that in any case, if 7 has two types (I,a') and (J, b’) with associated sequences
(a,), and (b,), respectively, then the limits & = lim,, 1//ffn o and & = lim, z/xff " coincide. This
shows that the map ¢ is well-defined.

Continuity

We want to prove that the map ¢ is continuous. It is clear that ¢ is continuous on the interior

Fop+ , : ————C(F)
" (F*). So we need to show that ¢ is continuous at 1 for some fixed € Or (F*) .

Claim 1 Let (a,),en be an almost geodesic sequence in A* such that the sequence (wg 1.po)"€N
converges to 1. Then (:,l/ffn _po)nell converges to ¢(1).

Proof of Claim 1. Up to passing to a subsequence, we may assume that the sequence (a,)neny has
some type (1,a') and that the sequence (lﬁifn _po)nel converges to some &. By Lemma 4.2.8, £ is
invariant under a'K! M(a")"' Ny, so for every p = a'k (a") " usa.py € X = a'K'(@")"'N;A.py, we
have &(p) = &(a.po) = n(a.po).

Furthermore, since ¢ is well-defined and 7 has type (1, a'), we can use this type in the definition of

¢(n), and thus ¢(17)(p) = n(a.po) = &(p). In conclusion, & = ¢(1), 80 () , Inen converges to (1)
in C(X). O

——C(F) ~
Claim 2 Let (nn)neN; be a sequence in AYF(F*) converging to n in C(F). Then (¢(1,))nen
converges to ¢(n7) in C(X).

Proof of Claim 2. Up to passing to a subsequence, we may assume that the sequence (¢(17,,))nen
converges to some horofunction ¢ in C(X). Up to passing again to a subsequence, we may assume
that there exists I € A such that for each n € N, 5, is of type (/, &fl) for some &,’1 e Al. For
each n € N, consider a sequence (@ m)men of type (I,al) converging to 17,. Up to passing to a
subsequence, we may assume that the sequence (&/),qy is of type (J,&’) for some J C I and some
a’ € A’. For each n € N, one can find some m, € N such that the sequence (dpm, JneN 18 of type
(J,&’) and converges to 1.
Fix

p=alkl @) uje.po e X = a’K’ (@) 'N,A.po.
Since the sequence (a! K'M(a!)™'Ny) e converges to &’ K/ M(a’)~' Ny in the Chabauty topology
(see Proposition 4.2.6), there exist sequences (kfl)neN in K'M and (un.1)nen in Nj such that the
sequence (&flkﬁ(&fl)‘lun’l)neN converges to a’k’ (@) 'u;. Hence

&(p)

Jim ) (@, (@) e r€-po)

lim 7,(c.po)
n—+oo

= 1(c.po)
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= p()@’k’ @) uye.po)
= ¢(m(p).

As a consequence, we have & = ¢(17), so the sequence (4(17,))nery converges to ¢(1n). m|

So we have proven that the map ¢ in Theorem 4.2.17 is continuous. This concludes the proof of
the theorem. o

The just proven embedding shows that the horofunction compactification of the flat ' = A.pg in

<hor . . . .
X" is the same as the intrinsic compactification of the flat:

Theorem 4.2.18 Let X = G/K be a symmetric space of non-compact type. Consider a G-invariant
Finsler metric on X such that the dual unit ball belongs to one of the cases I) - IV) and such that

. . <h . . . .
its set of extreme sets is closed. Let X - be the horofunction compactification of X with respect to

J— . . . hor . . . .
this Finsler metric. Then the closure of a maximal flat F in X is isomorphic to the horofunction
compactification of F with respect to the induced metric. o

4.3 The Satake Compactification of Symmetric Spaces

In this section we want to introduce the generalized Satake compactification of a symmetric space
X = G/K of non-compact type. There are several ways to define this compactification, we will
follow the one Satake went in his paper [Sat60] and like it is done in [BJO6, 1.4].

4.3.1 Satake Compactifications

The Satake compactification is defined in two steps. In the first one, we construct the Standard-

Satake compactification P_ns of a space P, which is independent of X. The second step is based
on an embedding of X into $, as totally geodesic submanifold and depends on a representation T
of G.

The first step Define the space
._ PSL(n,C)
Pu = [psun)

and identify it via the map m PSU(n) +—— m m* (for m € PSL(n, C)) with the space of positive
definite Hermitian matrices, where m* := ! denotes the conjugate transpose of m € PSL(n, C).
Let H,, be the real vector space of Hermitian matrices and P(H,,) the corresponding compact
projective space. For A € H,, we denote the corresponding equivalence class in P(#,,) by [A]. As
P, C H, is a subset, the map

i: P, — P(H,)
A — [A], (4.15)

is a PSL(n, C)-equivariant embedding. Therefore we define
Pu = iPn) € P(H,)

to be the Standard-Satake compactification. Note that this is a general construction independent
of X.
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The second step Let v : G — PSL(n, C) be a faithful irreducible projective representation of
G. With the map

ir: X=G/K — P,
gK — 1(g)T(g)” (4.16)

we can embed X into P, as totally geodesic submanifold. There is a 1-to-1-correspondence be-
tween such embeddings and faithful projective representations of G into PSL(n, C) with the ad-
ditional condition 7(8(g)) = (7(g)*)~! for all g € G, where 6 denotes the Cartan involution on G.
Indeed, this additional conditions assures that 7(K) € PSU(n) and thereby 7(k)r(k)* = id for all
k € K. With this we define

X =L CP,

as the Satake compactification of X with respect to the representation 7.

The action of G on P, is given by
g-A=1(g) ATt(9)", forge G, AeP,.

. .. L =S . . . .
Therefore the first embedding i, is G-equivariant and X, is a G-compactification, that is, the G-

action on X extends to a continuous action on Xf

Note that there are finitely many isomorphism classes of Satake compactifications, one associated
to any proper subset I C A, see [BJ0O6, Prop. 1.4.35] for details. Equivalently, the isomorphism
class only depends on the Weyl chamber face of a* containing the highest weight p,. If u; is
generic, that is, it is contained in the interior of a* (that corresponds to I = ), then the resulting
compactification dominates all other Satake compactifications. Therefore, it is called the maximal
Satake compactification of X and denoted by )_(f A Satake compactification that is dominated by
all the others is called minimal. In this case |I| = |A — 1|. We will see more about this later when
talking about isomorphic Satake compactifications in Proposition 4.3.20.

Remark 4.3.1 The same constructionS also works when 7 is not irreducible. Then we obtain the
generalized Satake compactification X as introduced and described in [GKW 15]. For generalized
Satake compactifications there are infinitely many isomorphism classes. o

Other ways to construct the Satake compactification of X are to use parabolic subgroups and
boundary components that are glued together appropriately. Descriptions for this can be found in
[BJO6].

4.3.2 The Compactification of a Flat in a Satake Compactification

We now compare the Satake compactification with the horofunction compactification of X with
respect to an appropriate polyhedral G-invariant Finsler metric.

With the Cartan decomposition (see Lemma 4.1.37 on page 119) we can write X = KA*.po,
where K is compact. By the previous section and Theorem 4.2.17, it is sufficient to show that
we have an ‘W-equivariant homeomorphism between the closures of A.py in the horofunction
compactification and the Satake compactification respectively.

For the closure of the flat F = A.py in the Satake compactification we use the following result:

Proposition 4.3.2 ([Ji97, Prop.4.1]) Let v : G — PSL(n,C) be a faithful irreducible projective
representation. Let uy, ..., u; be the weights of T. Then the closure of the flat A.pg in the Satake

. T . . .
compactification X, is ‘W-equivariantly isomorphic to conv(2uy, ..., 2u) € a*. o
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The factor 2 in the convex hull comes from the construction of the isomorphism using the moment
map in [Ji97]. As we are interested in horofunction compactifications which are invariant under
scaling of the (dual) unit ball, we will from now on omit this extra factor.

Remark 4.3.3 Because of the symmetry of the weights with respect to the Weyl chambers, the
convex hull of all weights is the same as the convex hull of the Weyl-group orbit of y1,---, i,
where y; are the highest weights of the irreducible components 7; of 7:

conv(uy, ..., mx) = conv (W1, - . Wk). °

Example 4.3.4 Let us look at an example. Take X = SL(3,C)/ SU(3) and recall (see Example
4.1.33) that the roots @;; € a* with 1 <i # j < 3 are given by

@;j(H) = h; - h;

for any diagonal matrix H = diag(h, k2, h3) € a. The positive Weyl chamber we chose is

1

at = {diag(hl,hz,h3) € 5(3,C) |y > hy > s, Z hi = 0}

and the simple roots are A = {a12, @23}. Now let us look at different representations of SL(3,C)
and the corresponding convex hulls of the highest weights.

We start with the adjoint representation ad of g, which induces a representation on GG. The weights
of ad are exactly the roots and the highest weight with respect to the positive Weyl chamber a™ is
a13. Here the highest weight is regular, that is, it lies in the interior of a™, and we get a hexagon as
the convex hull of its Weyl group orbit, see Figure 4.2 on the left.

Q12 / ker(an2)

/

ker(a2)
/

at it >t > 13 alt: t > ta > 13

32 13 7
S keI‘(Oégg) ********* keI‘(Oégg)
as1 ' Q23
Q1 ker(aas) ker(ai3)
Figure 4.2: Lerr: conv(y, .. ., HUe) for the representation 7 = ad in a*. Ricut: The convex hull

of a representation with regular highest weight ..

If we had taken another representation where the highest weight is regular, we would also have
obtained a hexagon, for example as in Figure 4.2 on the right. All compactifications with respect
to a regular highest weight give the maximal Satake compactification.

In the case of SL(3,C) there are two minimal Satake compactifications. To get them, the highest
weight has to lie on a singular direction, see Figure 4.3 for a picture. The representations here are
the standard and the dual standard representation (call them 7 and 7*) obtained by the inclusion
SL(3,C) — GL(3,C). The highest weight with respect to a* is

Hei=prea

By the identification a = a* via the Killing form we also have

1. (2 1 1
Hﬁlzgdlag g,—g,—g .
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ker(ai2) ker(ou2)

N 7 ker(azs) A ffffffffff — ker(a2s)

V) ~/

Figure 4.3: These two convex hulls correspond to the standard (Lerr) and the dual standard
(RIGHT) representations.

ker(aas) ker(au1s)

This shows, that Hg, € ker(a»3) as given in the left picture of Figure 4.3.

The second minimal Satake compactification 7* has highest weight y = —B3 with H g, €
ker(alz). [}

Example 4.3.5 All representations we considered so far were irreducible and the corresponding
compactifications therefore classical Satake compactifications. If we now take the convex hull of
the two triangles from the previous example, we again obtain a hexagon but now with its vertices
on the singular directions, see Figure 4.4.

/ ker(a;a)

ker(agg)

ker(aas)

Figure 4.4: The convex hull of the two balls above give a hexagon with vertices on the singular
directions.

This compactification of the flat corresponds to a generalized Satake compactification associated
to the direct sum of the standard and the dual standard representation. o

. Lo . N .
Our goal of this section is to compare the Satake compactification X, with the horofunction com-

pactification fhw. By Proposition 4.3.2 and Theorem 3.2.6 we already know that

X ~ D = conv(W(i,)) ~ =D

T

ﬂor ~ B

Additionally we know (see Proposition 4.1.46) that any G-invariant Finsler norm on X is defined
by the choice of a W-invariant unit ball B in a. The only requirement for B is “W-invariance,
so we have a lot of freedom here. Given a representation 7 of G and from this a polytope
D = conv(W(u,)) C a*, we can choose B := —D°. Then B is ‘W-invariant and we get a homeo-
morphism between Y: and X" that realizes Yj as a horofunction compactification. Note that we

choose B = —D° and not B = D° because of the topology defined by the convergence behavior,
which we consider in the next section.
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4.3.3 The Topology

In Theorem 3.2.6 and the remark thereafter we explained explicitly the convergence behavior of
sequences in the horofunction compactification. We now want to state a similar result for the
Satake compactification to finally see in Theorem 4.3.18 that with the appropriate choice of B,

convergence in Yﬁ is equivalent to convergence in fhor. We follow [BJO6, 1.4.15 .1F].

As in the decomposition X = Ke®" pg the group K is compact, we will consider limits of the form
i-(e"" po) with i, as in (4.16) and H,, € a* unbounded. We choose a suitable basis of C" such
that

7(ef!) = diag (¢, . .., ()

is a diagonal matrix for all H € a. Then

iz(e"" po) = [diag (eZ“'(Hm), o ,ezﬂn(Hm))].

It will turn out later, that convergent sequences can be characterized by special subsets of the
simple roots, so-called u.-connected subsets:

Definition 4.3.6 Let 1, be the highest weight of the representation 7. Then a subset I C A is called
U.-connected, if the set I U {u} is connected, that is, it is not the union of two subsets orthogonal
to each other with respect to the Killing form «. o

Remark 4.3.7 An easy way to decide graphically whether a subset I C A is y,-connected or not
is to consider the Dynkin diagram® of the roots. Add {u,} as a vertex to the diagram and join it
with an edge to all those vertices of simple roots that are not perpendicular to y, with respect to .
Then 1 is u.-connected if and only if 7 U {u.} is a connected subset in the diagram. o

There is a close connection between u.-connected subsets of A and the support of the weights as
it was defined in Definition 4.1.38 on page 120:

Lemma 4.3.8 ([BJ06, Prop. 1.4.18])

(1) Letu; be a weight of the representation t. Then its support Supp(y;) is a p--connected subset
of A.

(2) Let on the other hand I € A be u.-connected. Then there is a weight y; of T such that
I = Supp(u,). °

Example 4.3.9 We consider again SL(4, C) with the adjoint and the standard representation. The
Dynkin diagrams of both representations are shown in Figure 4.5. For notations see the Examples
4.1.33,4.1.40 and 4.2.5 before.

Hr=0C14 MT=51
@12 Q23 Q34 12 Q23 Q34

Figure 4.5: The Dynkin diagram of sl(4, C) for the adjoint representation (LEFT) and the stan-
dard representation (RIGHT).

3The Dynkin diagram is a graph whose vertices are given by the set of simple roots A. Two vertices are connected
with (up to three directed) edges, if the corresponding roots are not orthogonal. The number of edges depends on
the angle between the roots.
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1) Let us start with the adjoint representation. With the highest weight u, = @4 the y.-
connected subsets are:

0, {ai2}, {aza}, {12, @23}, {12, @3a}, {a23, @3s}, A

This can either be calculated or seen by the Dynkin-diagram of sl(4, C). By Example 4.1.39
we know that

Supp(ai4) = 0, Supp(a24) = {12},
Supp(a13) = {34}, Supp(azs) = {a12, @23},
Supp(a23) = {12, @34}, Supp(a12) = {23, @34}

So the proper u.-connected subsets of A are in 1-to-1 correspondence with the positive roots.
When looking for a root with support I = A we get all the negative roots.

2) For the standard representation, the u,-connected subsets are (see Figure 4.5 on the right):

0, {a12}, {12, @23}, A.

The support of the weights was computed in Example 4.1.39 as

Supp(B1) = 0, Supp(B2) = {12},
Supp(B3) = {12, @23}, Supp(B4) = {@12, @23, @34} = A.

and all non-positive roots have support A. Here again all weights have a u,.-connected subset
as support and we find a weight with support [ for all u.-connected subsets I of A. o

1

Recall that a positive chamber in o was given by a/'* := {H €a |cz(H) >0Vael } . Its closure

will be denoted by al-+.

Let (Hy)jen C a* be an unbounded sequence of type (J,a’), that is, it satisfies the following
conditions:

(1) for a € J the limit limj_,c a(H,,) = a(log @’) exists and is finite,
(2) for @ € A\ J there holds a(H,,;,) — +co.

Let I C J be the largest u,-connected subset contained in J. It exists uniquely because the property
of being u,-connected is closed under unions and the empty set is also u,-connected.

Let H,, = log(a') € al* be the unique vector in a/* such that a(Hy,) = lim;_,c a(H,,) for a € 1. If
I =Jthen H, = log(&l ). Otherwise, since af C a’, note that H,, does not depend on the limits of
a(Hy,) for a € J\I. For simplicity of notation let the weights of 7 be ordered as follows: y; = ur
and yy, ...,y are all the weights with Supp(u;) € I. Let yg41, . . ., 4 be the other weights. As H,,
and therefore also i-(ef’" py) is not bounded, we have k < r — 1 because I = A is not possible by
the unboundedness of (H,,),,. With this ordering we obtain as limit

i(ef" po) = [diag (EZ#I(H’”), - ez“f(H’"))]

= [P diag (1, e Zoea cza0tthn) g2 Soen craati)|

L]

= [diag (1, e 2 Zaen 200(Hy) - p=2Yaea crﬂa(Hm)):I

=2 el C20¥(Hw)
5

“ey P’

—> |diag (1. e ¢ Zaet ki) 0 0)]
where we used the notation of Equation (4.4) in the first step and in the last step we used the fact
that for each i > k + 1 there is an a ¢ I such that ¢;, > 0 and that therefore the whole expression
goes to zero.
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Example 4.3.10 We look at some of the sequences in SL(4,C) already considered in Example
4.2.5 on page 127.

Let
H,, = diag(m + 4, m, 6, —2m — 10) = log(a,,).

Then (see Example 4.2.5) H,, has type (I = {a|2}, a'y with Hy, = log(&l) = diag(2,-2,0,0). The
set I is u,-connected with respect to the adjoint representation, where u,; = a14. By Example
4.3.9 we know that apart from a4 also the root a4 has support contained in /. We enumerate the
weights (i.e. the positive roots) in the following order:

M1 = Q14 M2 = @24
M3 = Q@12 H4 =Qq13 M5 =0a23 He = Q34 M7 = Q41
M8 = Q42 M9 = @21 M10 = @31 H11 = @32 M2 = Q43.

For the non-positive roots u7, ..., ui1> we have uj(H,,) < 0 for m big enough and

ez(ﬂj(Hm)—ﬂr(Hm)) -0 Vi=17,...,12.

Therefore we will omit their explicit expression in the following calculation and just indicate their
presence by some dots. Then we get

iT(eHm po) = [diag (62(l14(Hm), 62024(Hm)’ 62012(Hm)’ 62&13(Hm)’ eZQZS(Hm), 62&34(Hm), N )]
— [dlag (62(3m+14)’ 62(3m+10)7 62.4’ eZ(m—2)7 6’2(’”_6), 62(2m+16)7 e )]
— [e6m+28 dlag (1, 678, ef6m720, ef4m732, ef4m740’ 872m+4’ e )]

—> |diag(1,¢7%,0,0,0,0,0,0,0,0,0,0)]
= |diag (1, e72*2#) 0, ..., 0)].

Next we look at the sequence
H, = diag(m+ 8, m, -m+2, —m — 10)

with type associated to K = {a2, @34} and H., = diag(4,—4,6,—-6). The set K is u,-connected
with respect to the adjoint representation and the roots with support contained in K are

M1 =Q14, M2 =Q24, M3 =0a13, M4 = @23.

The remaining two positive roots are yus = a1z and gg = a@34. As above (omitting non-positive
roots) we calculate:

—> |diag (1,7, 7, ¢7%,0,0,0,0,0,0,0,0)|

— [diag (1’ 6—20|2(Hm)’ e_2a34(Hoo)’ 6—2(0|2+a34)(Hoo)’ 0,..., 0)] )

Next we take now the same sequence but consider the standard representation. It has highest
weight yu. = B as given in Example 4.2.5 and the set K is not y,-connected. The largest u.-
connected subset contained in K is I = {aj2}. Then the weights y; = 81 and y» = 5> have support
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contained in / whereas y3 = 83 and ps4 = 4 do not. Here now we get (with dots instead of the
terms with non-positive weights):

(e po) = [diag (ezﬁmH;ﬂ)’ PP B JBeH) )]
— [diag (62(m+8)’ e2-m, 62(—m+2)’ eZ(—m—lO)’ - )]
— [e2m+16 diag (1’ e—16’ e—4m—12’ e—4m—36’ e )]
—> |diag(1,¢7%,0,0,0,0,0,0)]
= |diag (1,722, 0,...,0)|. o

In their book [BJ06, §1.4.20], Borel and Ji show that the map

. =S
ir:e — X,

Heoo +— [diag (1,72 Zosr 200te) | om2Saercractle) 0 0)]. (4.17)

is well defined and an embedding. With the conditions for (H,,),, as stated above we have already
the important aspects of the proposition about converging sequences:

Proposition 4.3.11 ([BJO6, Prop. 1.4.23]) Let (H,;)m € a* be an unbounded sequence. Then
(eH'" po)m converges in Yf if and only if there is a u.-connected subset I C A satisfying

(S1) for all @ € I the limit lim,,—,, a(H,,) exists and is finite,

(S2) for all u,-connected subsets I’ C A properly containing I, there is an @ € I’ \ I with
a(Hy) — oo.

Let H., be the unique vector in al+ such that a(Hy) = limy,_, a(H,,) for all « € 1. Then, with
the above ordering of the weights,

iT(eHmpO) SN il(eHoo) - [dlag (1’ €_2 Lael "Z,QIY(HOQ)’ . 6_2 Dael ck,a(Y(Hoo)’ 0’ e, O)] .

.. T
The closure of the positive chamber e* pg in X is given by

. porey . Gt . 1+ —_—
i(e" po) = lf(e“ po) U | | zl(e“ ) at U | | als+, o
ICA ICA
Ur—conn. Hr—conn.

1R

Before we come to the identification of convergent sequences in fhor and )_(f, we show some
lemmas about the connection of u,-connected subsets of I to faces of B the boundary of af-*.
Both results will be needed in the proof of Theorem 4.3.18. We start with some notations: Let
a;r = q;Na” be the restricted positive Weyl chamber and f = a;Na* its closure q;. By By, = BNa

we denote the restriction of B to q;.

Lemma 4.3.12 Let C A be a u,.-connected subset. Then

dim(a;) = dima — #1. )

Proof. Assume the statement would not be true for some / C A which we choose minimal. As we
are taking intersections of hyperplanes for constructing a; , we know that dim a; > dima — #/, as
we loose maximal one dimension with each element of /. In other words

#I > dim a — dim q;.



144 Chapter 4. Symmetric Spaces

Take of, the orthogonal complement of a; in a. Then dima’ = dima — dim a;. With the identi-
fication a ~ o via the Killing form «, a root @ € a* is orthogonal to its own kernel ker(a) and
therefore I C af. But that means, that we have a (dim a — dim a;)-dimensional subspace in which
lie #I simple roots. As #/ > dim a — dim «ay, this is a contradiction to the fact that simple roots are
linearly independent. o

Lemma 4.3.13 Let the notations be as before. Then the relative boundary of a* is given as

arela_+=[ U

aj} Nat. o
0+JCA

Proof. Recall that for a subset I C A, we defined a; = (),¢; ker(a@). As every positive root in X*
can be written as a linear combination of simple roots with positive integer coefficients, we have

o ={Hea|laH)>0VaeXV={Heca|a(H) >0Va e A}.
The closure of the positive Weyl chamber is given by ot ={H € a| a(H) > 0 Ya € A}. Therefore
Oeiat ={H e a* |Ja e A: a(H) =0}
={Hea|JaecA:aH) =0}na*

:( U aJ)ma_+. o

0#JCA

Now we want to give the correspondence between proper faces of B and u.-connected proper
subsets I C A. Let us first look at the face structure of D = W(u,) and its negative dual B = —D°.
Note that B is polyhedral. We again identify a = o* via the Killing form and denote the unique
element of a associated to an element @ € a* again by H,. As D is the orbit of the highest weight
1 under the Weyl group ‘W, which acts by reflection at the Weyl chamber walls, the facets of D
are orthogonal to one-dimensional intersections of Weyl chamber walls. Therefore all vertices of
B C alie on such one-dimensional Weyl chamber faces.

Let F = conv{by,...,b} € 0B be a convex polyhedral subset with vertices b; € dB. Then for
each b; there is a subset /; C A such that b; € az; and dim(az;) = 1. Now we set

I'=In...nI CA.

Then I contains exactly all those roots, such that F is contained in a;. Since ay N ag = ayyg for all
J, K C A, the set [ is the maximal one satisfying

FCaq

and it holds
dim(F) = dim(q;) — 1.

Given a subset I C A, let F; C a* be the unique face of B determined by
By, Na* = FyNat, (4.18)

where B,, = B N ay is the restricted unit ball.

When restricting F = conv{bi, ..., by} to intersect a*, then the above two definitions are inverse
to each other.
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The face Fy associated to O C A is the facet of B that covers a* (and probably more). By Lemma
4.3.13, all cones in the boundary of a* correspond to non-empty subsets / C A. Now we have to
characterize those subsets I C A that correspond to faces of BN a* and not only convex polyhedral
sets.

Lemma 4.3.14 F is a face of B if and only if I is u.-connected. o

Proof. Let I C A be not u,-connected. Then there are J, K C A orthogonal to each other with
1 U {u} = J U K. Without loss of generality assume . € J. Then K C I and for all roots @ € K it
holds

K(a, pur) = 0.

Therefore H,,, is contained in the subspace ax. This means that the polyhedral set D C a has a
vertex (namely H,, ) in the subspace ax and —H,,, € ak is a vertex of —D. By duality, B = —D°
then has a facet orthogonal to ax. As H,,_ € at, and thereby also -H, € at, this facet is exactly
Fg. Let F; C B be the subset associated to / (see Equation (4.18)) with F; N ot # 0. The Weyl
group W acts by the reflections at the hyperplanes and especially also at those containing a; and
ag, where a; C ag. As F; C Fg N a; and Fy is orthogonal to ak, the set F is not a face but lies in
the interior of Fj.

Let now on the other hand / C A be a u,-connected subset. Then u, ¢ a; as [ is not orthogonal to
Ur. Since a;r =aqN ot # 0 and Ur € a*, no element in the “W-orbit of Uz lies in a;r, which means
that D does not have a vertex in a;. Consequently also —D has no vertex lying in —a*; and Fy is
not orthogonal to a;. This is equivalent to F; C a; (given by By, N at = F; N a*) being a face of
B. O

The correspondence now follows directly:

Corollary 4.3.15 Let ¥ be the set of proper faces of B and A the set of simple roots. Let a* denote
the closure of the positive Weyl chamber in a. Then there is a 1-to-1 correspondence

— 1-1
{(FeF |Fnat #0} « {IZA|Ilisu; —connected}. o

Using the above result, it is now easy to describe the relative boundary of the cone over a face of
B by intersection of Weyl chamber walls associated to u.-connected subsets:

Lemma 4.3.16 Let F C B be a face and I C A the associated u.-connected subset. Then

arelKFﬂa_Jr:( U ap)ﬂa_+. o

ICI'CA
He—con.

Proof. In the subspace a; the face F is a facet of the restricted unit ball B,,. So it plays the role Fy
did before with respect to B C a. Because of the same orthogonality and reflecting argument for
not-p,-connected subsets as in the proof of Lemma 4.3.14, we only have to consider y,-connected
subset I’ of A to be faces in the relative boundary of F. As everything is happening in a; now, the
respective subsets /” have to contain / as a proper subset. As F' might reach out over the positive
Weyl chamber, intersecting with a* gives the result. O
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ker(aas)  ker(oua)

| |

// | ker(as2)

— ker(ausa)

| |
ker(ass)  ker(ais)

Figure 4.6: Lerr: The Weyl chamber system of SL(4, R) with all Weyl chamber walls. Ricat:
the positive Weyl chamber we chose.

Example 4.3.17 For the sake of clarity we have a look at an example. We again take the space
X = SL4,C)/ SU(4) with the same notations as in Example 4.1.33 on page 117. We choose the
usual positive Weyl chamber o = {diag(t1,...,#) € sl(4,C) |1 > --- > 143 le t; = 0}. The
Weyl chamber system is again shown in Figure 4.6: the picture on the left illustrates the structure
of the Weyl chamber walls while the one on the right shows the positive Weyl chamber we chose.

Let 7 = ad be the representation considered first. Then the highest weight with respect to a is
ur = aa. Let H; be the element of a corresponding to y, by identifying a and o* with the Killing
form. Note that as a23(H;) = 0, H; lies on the Weyl chamber wall a,,,.

The p,-connected subsets are

0, {a1n}, {aza}, {ana, @zal, (a2, a3}, {as, aza}, A

The convex hull D of the weights is a regular polyhedral ball with 12 vertices and 14 maximal
dimensional faces. Accordingly, the unit ball B = —D° has 14 vertices and 12 faces, a picture of
both is given in Figure 4.7. The dashed lines in the right picture are to indicate, that some pairs of
triangles form together a rhombus.

AR
S AN
— o 7
D B=-D ' | 3
/ b1 N
N
’
’ S
/ >_
~ 7 ‘_,_—’
\\ 7 —’__—’ //
. \— 4
N 7,
\
N v
N ,
N

Figure 4.7: The convex hull D = conv(“W(u,)) (LEFT) and the dual unit ball B = —D° (rRiGHT)
for the adjoint representation.

The colored parts are the extreme sets of B that have non-empty intersection with a*. We know
by Lemma 4.3.15, that to each of them corresponds a p.-connected subset of A. By dimensional
reasons the blue extreme set has to correspond to I = ). For the others we have to consider in
which Weyl chamber walls they lie in. The red line for example lies in ker(as4) and as it holds
dim(F) = dim(a;) — 1, we know that in this case I = {@34}, which is pu.-connected as required. For



4.3. The Satake Compactification of Symmetric Spaces 147

the orange extreme set we obtain I = {a)»}. For the extreme points, let us consider the point p1,
the one on top. It lies in the intersection of ker(aps) and ker(ass) and therefore I = {ap3, az4). It
lies obviously also in the intersection with ker(a»4), but as a4 is not a simple root, we do not have
to consider it here.

It strikes that {ap3} is not a p,-connected subset. This corresponds to the picture, because the
extreme set that would belong to I = {a23} is not an extreme set of B, as it is entirely contained in
the blue extreme set. This means that the blue extreme set is orthogonal to ker(a»3).

Let us have a look at the relative boundary of the cones Kr. For the red extreme set, the relative
boundary is (a; U ay U ax) N at with I = {a12, @34} and J = {3, a34). Just as expected, these are
the only p.-connected subsets containing @34. The relative boundary of the cone over an extreme
point is ay = {0}.

Let us now consider other representations. If the representative H, of the highest weight lies com-
pletely inside of a* we get D and B as shown in Figure 4.8. All subsets of A are y,-connected.
The polyhedron D = conv(W(g,)) is then called the permutohedron of dimension 3. More gener-
ally, if 7 is an irreducible faithful representation of SL(n, C) with regular H, then the polyhedron
D = conv(W(u,)) is the (n — 1)-dimensional permutohedron.

Figure 4.8: D (Lerr) and B = —D° (ricHr) for a representation with highest weight in a regular
direction.

If H- lies in more than one Weyl chamber wall, the convex hull D of the weights and the unit ball
B of the Finsler norm are like shown in Figure 4.9 or a rotated version of it, depending on the Weyl
chamber face H, lies in.

Figure 4.9: D (1err) and B = —D° (ricuT) for a representation with highest weight in a
singular direction.

In this example, D and —D do not coincide and it makes even as sets a difference whether we take
B=D°orB=-D". o

—h —
Let us finally show the equivalence of convergence of sequences in X " and Xf.

Theorem 4.3.18 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G, uy,..., 1, the weights and p, the highest weight of

7. With the Weyl group ‘W let D = conv(uy,...,u,) = conv(W(u,)) be the W-orbit of the
highest weight. Let B = —D° define a unit ball in the maximal abelian subalgebra a C p C g.
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. . LSS . o .
Then a sequence converges in the Satake compactification X, if and only if it converges in the

. . . —h
horofunction compactification @"". o

Proof. We will the theorem by comparing the conditions on converging sequences given in Re-
mark 3.2.7 and in Proposition 4.3.11 on page 59 and 143 respectively.

= Let (H,)m € a* be an unbounded sequence such that (e p),, converges in )_(f. Then we
know by Proposition 4.3.11 on page 143, that there is a y,-connected subset I C A satisfying
the following two conditions:

(S1) For all @ € I the limit lim,,,., @(H,;,) exists and is finite.

(S2) For all p-connected subsets I’ € A properly containing /, there is an ¢’ € I’ \ I with
@' (Hp) — 0.

Recall that with D = conv(uy, ..., u), the set B := —D° defines a “‘W-invariant unit ball in
a. This gives us a G-invariant Finsler structure on X. Note that as the representation is finite,
B is a convex polyhedral unit ball. Denote by B° its dual in a*, that is, B° = —D. Let ¥ be
the set of proper extreme sets of B. For notational reasons define

Zm = Hy,

and consider (z,;)men as a sequence in a*. To show that (Y2, )m converges to some horofunc-
tion hg,, we have to show that (z;,),en fulfills all four conditions of Remark 3.2.7 on page
3.2.7.

As H,,, was assumed to be an unbounded converging sequence, ||z,,||[p — oo. Therefore the
first condition is fulfilled.

For the next three conditions we have to choose an extreme set F € ¥ and a point p € V(F)*.
Choose F' € ¥ corresponding to / from (S 1) as defined by the correspondence in Lemma
4.3.15. As F is a proper extreme set of a unit polyhedral ball, it does not contain the
origin. Hence dim V(F) = dima — #/, where V(F) is the subspace generated by F. With
dim a; = dim a — #/ and and since F' C a; we conclude that

V(F) = ay.

Now we split our sequence (z,),, into two parts depending on /, according to the splitting
of a into a; and a’. For every m € N let 2, = zmy + 2}, With 2,1 = Zuvr) € a and
2t = 2 € ol be the projections of z,, to a; and o respectively.

For the second conditions of Remark 3.2.7 we have to show that the projected sequence
(zm.1)m lies in K for n big enough. K is a (dim a;)-dimensional subset of a; and entirely
contains F. As F N a* # 0, we also have K N a* # 0. By the construction of F in Equation
(4.18) we know that F' is the maximal dimensional extreme set of B,, in a; and therefore
covers at least E. Hence

a,ﬁaT:KFna_ﬁ

Since z,, € a* for all m € N and Weyl chamber walls of a common Weyl chamber have
angle < 5 between them because of the W-action, we have

Zm,1 e at.

Therefore
Zmi €qrNat = KrpNat C Kp.
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We know by (S1) that the limit lim,,—,. @(H,,) exists and is finite for all @ € I. It is
a(Hy) = oz(z,ln) fora € I. As a(H) = k(Hy, H) for all H € a, also the limit lim,, z£1 exists
and is finite. Set

pi= mli_r)noozﬁ1 ed = V(F)*.

Then
llzm — Zm — plls—0

as m — oo and the last condition of the criterion in Remark 3.2.7 is shown.

Now we want to show that the distance between (z;, 1), and 0] Kr goes to infinity as m —
0. By (§2), in every u.-connected subset I” € A properly containing /, thereisan o’ € I’ \/
such that o’ (H,,) — oco. Assume d(0re1KF,Zm,1) < oo and let M := sup,, .y d(Orel KF, Zm,1)-
As the relative boundary 0, Kr N a* is the union of cones of the form ay N a* with I C
I’ C A is u.-connected, there has to be a u,-connected subset J C A with / C J such that
d(ay,zms) < M for all m € N. Set hy, := z,,;. We can split h, up again to h,, = hyj + h,
with i,y € ay N a; = ay and h# in the orthogonal complement of a; in a;. Then

d(ay, zmp) = d(ag, g + h) = d(ag, b)) < M (4.19)

because hy, ;s € aj. As @’ (z,) = @’ (hl,) + a’(z}) for all @’ € J\I and by the boundedness of
(Z,In)m, Equation (4.19) is a contradiction to the requirement of (S2), namely that there is an
o’ e J with @’/ (H,,) — co. Therefore the third condition of the remark is shown.

< Now let (z,,)men be a sequence converging in the horofunction compactification with unit
ball B = —D°. Let F' € ¥ be the extreme set of B that corresponds to this sequence. As by
Remark 3.2.7 ||z,||lp — o0, we have an unbounded sequence. The convergence in the Satake
compactification requires (H,,); 1= (Zm)m S a*, but we only know that (z,,v(r))m C KF for
m large enough. As described in the proof of Lemma 4.3.15, Ky might be bigger than a*.
That is, F belongs not only to a* but also to other Weyl chambers. Remember that we chose
the positive Weyl chamber arbitrarily. So we could choose another of those chambers F
belongs to as positive Weyl chamber. Then the y,-connected subset I C A corresponding to
F would still be y,-connected with respect to this new a*. This is because F is orthogonal to
the Weyl chamber wall between these Weyl chambers and therefore / remains p,-connected.
So by passing to a subsequence we can assume (H,;), = (Zm)m € a* for a suitable choice
of a positive Weyl chamber. For the first of the two conditions for a sequence to converge
in the Satake compactification we have to show, that for all @ € I the limit lim,,—, a(H},)
exists and is finite. As (z;,,1)m € a7 itis

a(Hp) = a(zmg + 7)) = a(2))

with z,,; € a7 and 7}, € of for all m € N. Then as ||z, = pllp = llzm — zms — pllp — 0, the
limit of (z£1)m exists and is finite. As « € a* is a linear form, also a(zfn) exists and is finite.

The second condition to show is that in every u.-connected subset I” C A properly contain-
ing 7 such that for all @’ € I’ \ I there holds «’(H,;,) — oo. The a_+—part of the relative
boundary of Kr contains only those Weyl chamber walls ay where I’ is y,-connected and
properly contains /, see also Lemma 4.3.16. By Remark 3.2.7, d(z, 1, 0re] Kp) — 00. As-
sume there is a u.-connected subset I’ C A with I ¢ I’ such that there is an @’ € I’ \ I with
a’(Hy,) - oco. Take a maximal of those subsets. This means in the relative boundary of Kr
there is an ay Na* = Nper ker(B) N at with o’ (H,,) is bounded for all o’ € I’. But this is a
contradiction to the requirement that d(z,, 1, Ore1 KF) — 0. O
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=1 =2
Definition 4.3.19 Two compactifications X ,X are called isomorphic, if the identity map on X
extends to a homeomorphism between them. o

As stated above, there are only finitely many isomorphism classes of Satake compactifications,
depending on the Weyl chamber face the highest weight belongs to. The explicit statement goes
as follows:

Proposition 4.3.20 ([BJO6, Prop. 1.11.15]) Let 71,72 : G — PSL(n,C) be two irreducible
faithful projective representations of G whose highest weights jir, ur, belong to the same Weyl

. . . =S
chamber face. Then the corresponding Satake compactifications X

1> Xy, are isomorphic. o

Let us explain next how this isomorphism also works for the corresponding horofunction com-
pactifications. Two horofunction compactifications of X with two different polyhedral unit balls
By and B, are isomorphic, if By and B, are combinatorially the same and if additionally their
extreme sets lie in the same directions. Otherwise we could find a sequence going through an
extreme set of By but not of B, and which would therefore converge to different boundary points,
and the identity could not extend to an homeomorphism on the boundaries.

Let D = conv (‘W(u,)) for some representation 7 and let B = —D° be the negative polar of D.
Each extreme point of B corresponds to a facet of D and B is the convex hull of all its vertices. So
let E be a face of D. By the construction of D via reflections with respect to the Weyl chamber
walls, there is a (probably empty) subset J € A such that E is invariant under reflections at a;.
This means that E is orthogonal to each Weyl chamber wall a, with @ € J. The corresponding
extreme point pg will lie on ay when a is identified with a* via .

Let now 71, 72 be two different representations of G with highest weights yi-,, ur, in the same Weyl
chamber face. Then the convex hulls D and D, are combinatorially the same. Let E; C Dy, E, C
D, be two corresponding extreme faces. Then they are invariant with respect to reflections at
the same Weyl chamber walls. This means that they are parallel to each other. Because of this
parallelism and the discussion before, the corresponding extreme points pg, and pg, of By and
B», respectively, lie in the same Weyl chamber face and therefore in the same direction. With
this, all extreme sets of B; and B, are pairwise in the same direction and so the corresponding
horofunction compactifications are isomorphic.

4.3.4 Realization of a Satake Compactification as a Horofunction Compactifica-
tion

Proposition 4.3.21 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G, and uy, . . ., u, its weights. Let D := conv(uy, ..., ;) C
a*. Let B = —D° the dual closed convex set in the maximal abelian subalgebraa C p C g.

Then the closure of the flat A.py in the Satake compactification is ‘W -equivariantly isomorphic to
the closure of the flat A.py in the horofunction compactification of X with respect to the Finsler
metric defined by B. o

Proof. By Theorem 4.2.17, it suffices to compare the closure of A*.p( in the Satake compacti-
fications with the closure of A*.pg in the flat compactification of A.py with respect to the norm
defined by B. By Proposition 4.3.2 and Theorem 3.2.6, both are “W-equivariantly homeomorphic
to the closed convex conv(uy,...,u,) = D = —B°.
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. . . <5 .
As by Theorem 4.3.18 a sequence (H,,),, € a converges in the Satake compactification X, if

o . . . . <h . . .
and only if it converges in the horofunction compactification X " with respect to the G-invariant
Finsler metric defined by B, the statement follows. O

Theorem 4.3.22 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G and uy, ..., u, its weights. Let D := conv(uy, ..., ).
Let B = —D° define a unit ball in the maximal abelian subalgebra a C p C g. Then the Satake

. oSS . . . . . . . .
compactification X, is G-equivariantly isomorphic to the horofunction compactification of X with
respect to the Finsler metric defined by B. o

Proof. We show that a sequence converges in the Satake compactification Xf if and only if it

. . . . Sh . . . . .
converges in the horofunction compactification X " with respect to the G-invariant Finsler metric
defined by B. Let x, € X be a sequence. Then we can write x, = k, - a,po, where k, € K and
a, € A* is uniquely determined. Up to passing to a subsequence we can assume that x, converges

) .
in X, and that k, converges to an element k € K. Therefore Theorem 4.3.22 is a consequence of
Proposition 4.3.21. m|

Remark 4.3.23 Note that Theorem 4.3.22 describes explicitly the convex unit ball of the Finsler
metric which induces the horofunction compactification realizing the Satake compactifications.
For classical Satake compactifications the convex D (and hence also the unit ball B) has a particu-
larly simple description as it is just the convex hull of the Weyl group orbit of the highest weight
vector of 7. In order to obtain the Satake compactification determined by a subset I C A one has
to choose a representation 7, whose highest weight vector has support equal to /. o

Remark 4.3.24 For generalized Satake compactifications, the same result as Proposition 4.3.2

holds: )_(f is ‘W-equivariantly homeomorphic to the convex hull D of the Weyl group orbit of
the highest weights yr,, ..., s, of the irreducible components in a*. Therefore the convex hull
D can have more than one vertex in a Weyl chamber and its negative dual B := —D° has some
of its vertices on Weyl chamber walls but not all of them. Therefore a different criterion for the
convergence of sequences is needed, one that does not depend on u,-connected subset of A but
chooses subsets of roots in a different way. Such a criterion will be given in a new version of

[GKW15]. o

4.4 The Martin Compactification of Symmetric Spaces

The Martin compactification can be defined for any complete Riemannian manifold X using the
spectrum of the Laplace-Beltrami operator and has no direct geometric interpretation. We will give
a short introduction on the basic idea first and then give a geometric characterization of the Martin
compactification of a symmetric space X of non-compact type in terms of the maximal Satake and
the geodesic compactification. Finally we show how we can realize the Martin compactification
as a horofunction compactification with respect to an appropriate norm.

We start with a short description of the basic construction of the Martin compactification. More
details can be found in [BJ0O6, §1.7], [Ji97] or [GJT98, §VI]. For us let X be a symmetric space
of non-compact type. Consider the Laplace-Beltrami operator A which is a generalization of the
Laplacian on R" and is also defined as the divergence of the gradient of a function: Af = V- Vf.
In local coordinates, A is given by

1 < -
=— > 9i(Vigls"9;f).
Af VE (Vigls“a;f)
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where 0; := 3‘—1 is the frame of the tangent bundle 7'M and g is the metric tensor with |g| := |det(g;;)|.

Let the operator be normalized such that A > 0. We want to look at the spectrum of A, that is, we
consider the eigenvalue equation
—Au = Au.

Let A € R be an eigenvalue and
CaX) :={ueCX) | Au= Au, u > 0}

the cone of associated eigenfunctions. If A = 0, then Cy(X) is the set of harmonic functions. Let
Ao = Ap(X) denote the bottom of the spectrum of —A. By a result of Cheng and Yau [CY75],
the space of eigenfunctions C,(X) is non-empty if and only if 2 < Ap(X). To each such 1 < Ay
one can associate a Martin compactification X U d,(X), defined by the asymptotic behavior of the
Green’s function* G;(x, y) of A — A. Each boundary point & € 9;(X) then corresponds to a positive
eigenvalue function K,(x,&) € Cy(X), called the Martin kernel function. It is given as the limit
of the normalized Green functions K (x,y,) = Ga(x, ym)/Ga(xo,y). Note that K;(x,y) is smooth
on X\{y}, satisfies the eigenvalue equation AK,(x,y) = AK,(x,y) and for the basepoint xg it holds

Ka(xo,y) = 1.

Although the Martin compactification is not particular geometric, it can be described in terms of
the maximal Satake and the geodesic compactification. Before we give the identification explic-
itly, let us shortly recall the construction of the geodesic compactification (see [BJ06, §1.2] for
details).

Geodesic compactification Let vy, y, be two geodesic rays in X. Then they are called equivalent
and denoted by y; ~ vy, if
lim sup d(y (1), y2(1)) < 0.

—o0
This gives an equivalence relation with equivalence classes denoted by [y]. The sphere at infinity
X(o0) is the set of all equivalence classes:

X(o0) :=A{[y] | y is a geodesic in X}.

It can be canonically identified with the unit sphere (with respect to the Riemannian metric on X)
in p. Attaching the sphere at infinity to X gives us the geodesic compactification X U X(c0).

Let us look at the geodesic compactification in a. The unit sphere of the Riemannian metric is a
Euclidean ball. By our results in the previous section the geodesic compactification is homeomor-
phic to the horofunction compactification of X with respect to the Riemannian metric, that is, the
Euclidean norm on a. This can also be seen by a direct comparison with the convergence behav-
ior of sequences we discussed in Example 3.2.9 in Chapter 3: parallel sequences have bounded
distance and thereby converge to the same limit function. But sequences following straight lines
through the origin in different directions converge to different horofunctions.

The Martin compactification then can be characterized in the following way:

Proposition 4.4.1 ([BJ06, Prop. 1.7.15]) The Martin compactification X U 0,,(X) is isomorphic
to the maximal Satake compactification )_(fnax,

For 1 < Ap(X), the Martin compactification X U 0,(X) is the least common refinement of the
. . .= . . .
maximal Satake compactification X,,,, and the geodesic compactification X U X(co0):

X U 03(X) = Xy V X U X(c0). o

4Gy (x,y) is a positive symmetric function such that AG(x,y) — AG,(x,y) = 6(x — y) and G(x,y,,) — 0 for y,, — oo.
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In Section 3.4 we showed that we get the least common refinement of two horofunction compacti-
fications X;, X» by adding their norms ||-||;, ||-||2, respectively. In terms of unit balls, the refinement
is the horofunction compactification with respect to the unit ball whose dual is the Minkowski
sum of the associated dual unit balls B} and B;. Therefore the dual unit ball of X U d;(X) is the
Minkowski sum of the Euclidean unit sphere and the dual unit ball of the maximal Satake com-

pactification anax. As the unit ball of the Euclidean norm is smooth and the one of the maximal
Satake compactification is polyhedral, the Martin compactification is homeomorphic to the dual

unit ball. Therefore we have the following Theorem.

Theorem 4.4.2 Let X = G/K be a symmetric space of non-compact type. Let T be a faithful
irreducible projective representation of G with generic highest weight y, € a*. With the Weyl
group ‘W let D := conv(W(u,)) be the ‘W-orbit of the highest weight. Denote the norm on a
defined by the unit ball Bs := —D° by ||||s. Let||-||g be the Euclidean norm on a.

Then for 1 = Ag, the Martin compactification X U 8,,(X) is homeomorphic to the horofunction
compactification of X with respect the Finsler norm given by ||||s on a.

For A < Ao(X), the Martin compactification X U 93(X) is homeomorphic to the horofunction
compactification of X with respect to the Finsler norm given by the sum ||-|| = ||-[ls +||-llg ona. o

For the convergence behavior of sequences in the Martin compactification we have the following
result:

Lemma 4.4.3 ([Ji05, S. 96]) An unbounded sequence (eflm PO)men € ea_+.po C X converges in the
Martin compactification X U 0,(X) if and only if there is a proper subset I C A such that

o (H,)m is of type (I,&') for some &' € A!
e the direction ”IZ—’”” converges to a limit L. o

In [GJT98, Def. 8.6] such a sequence is called I-directional. The convergence condition is a
combination of the one for the maximal Satake compactification (the type) and the geodesic com-
pactification (the direction) which is exactly the result of Lemma 3.4.6. The limit depends on both
the type and the limiting direction.

Example 4.4.4 Let us consider a Martin compactification of X = SL(3,C)/S U(3). The maximal
Satake compactification can be obtained for example for the adjoint representation 7 = ad.

ker(ais) ker(ais)

/ ker(aiz)

ker(aiz)

at ot >ty >3 at ot >t >3

ker(azs) ker(azs)

Figure 4.10: 1err: The sum of the ‘W-orbit of the highest weight y, = @5 for the maximal
Satake compactification (green hexagon) and the Euclidean unit ball for the geodesic com-
pactification (blue circle) is a blown-up hexagon with rounded corners. riHT: The associated
unit ball is a blow-up hexagon with corner points on the Weyl chamber walls.

Then the convex hull of the highest weight . = a3 is a hexagon with regular vertices. For the
geodesic compactification we get a unit Euclidean circle as dual to the norm. The Minkowski
sum M of these two convex sets is a hexagon with rounded corners and facets orthogonal to the
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Weyl chamber walls as pictured in Figure 4.10 on the left. In the end we want the horofunction
compactification of a to be homeomorphic to this rounded hexagon, so we choose B := —M° C a
as unit ball. B is a blown-up hexagon with corner points on the Weyl chamber wall, see the right
picture in Figure 4.10. When we take the horofunction compactification of X with respect to the
Finsler norm defined by B, the compactification is homeomorphic to the Martin compactification
X U0 (X).

Next we want to look at the convergence behavior of sequences. Let us first consider the sequence

H,, = diag(2m + k,—m,—m — k) = diag (0, g —g) + diag (2m + k, —g, —g)

for some k > 0. Itis of type I = ({axs}, H') with H! = exp (diag (O, —%, —%)) € A!. The limiting
direction is L = diag(2, —1,—1) € a;. So we have the same limiting direction for all k € R but their
limits in the Martin compactification differ because each k defines a different type. This behavior
coincides well with the convergence behavior in the horofunction compactification with respect to
B. The limiting direction lies in a; where B has a corner point F' and it determines the extreme set
F° to which the horofunction is associated. The extreme sets are shown in Figure 4.11. The type
of (H,,),, corresponds to the parameter p € a! which is bounded.

ker(ais) ker(ais)

ker(ai2) ker(ai2)

at sty >ty >t3 at sty >ty >t3

ker(azs) ker(azs)

F "

Figure 4.11: Lerr: The dual unit ball with the extreme sets F° and E. rigHT: The unit ball
with the extreme point F in the limiting direction.

Let us now change the sequence by replacing k with log(m) which now is unbounded:
H,, = diag 2m + log(m), —m, —m — log(m)) .

Then the new sequence (H,,),, has type I = 0 which is exactly what we want because that corre-
sponds to a smooth extreme point of B. To know which one, we look at the limit of directions and
get L’ = diag(2,—1,—1) as before. This limit in the Martin compactification corresponds to the
horofunction associated to the non-exposed extreme point £ in the relative boundary of F°. o



5 Toric Varieties

Toric varieties provide a basic class of algebraic varieties which are relatively simple. Many
algebro-geometric properties of projective toric varieties X5, can be described in terms of a defin-
ing polytope P in R". Important for us is a homeomorphism between the non-negative part Xs >0
of a projective toric variety and the dual polytope P°. We will use this correspondence to explain
how the non-negative part Xy >0 is homeomorphic to the horofunction compactification of R” with
respect to a suitable norm. To do so, we introduce a topological model T's of the toric variety with
a characterization of convergent sequences. A key point then will be an identification between the
topological model T's and the toric variety Xy » constructed in the usual way.

5.1 Background Knowledge about Toric Varieties and Fans

We now give a summary of several results on toric varieties which are needed to understand
and prove Theorem 5.3.8. The basic references for this section are [Ful93], [CLS11], [Oda88],
[Oda78], [AMRT10], [Cox03], and [Sot03]. To minimize notational confusion, we will in this
Chapter denote more-dimensional elements in R” or Z" (or in their dual spaces) by bold letters.

5.1.1 Affine, Projective and Toric Varieties

Originally, varieties were introduced as the solution set of a set of equations. The easiest examples
are affine and projective varieties:

An affine variety is the zero-locus of a set S of polynomials,
V=VES)={xeC"|f(x)=0VfeS}cC"

A projective variety is the zero-locus of a set S of homogeneous polynomials:
V=VES)={xeP"'|F(x)=0YF eS}CP"

By the Hilbert Basis Theorem, the set S can be assumed to be finite. So affine (or projective) vari-
eties can be embedded into C" (or P") for some n. Morphisms between varieties are regular maps,
that is, they are maps which are locally given by polynomials. There are also abstract varieties
that can not be embedded. For us an abstract variety X is obtained by gluing finitely many affine
varieties V, along common Zariski open (definition see below) subsets: Let V,, be finitely many
affine varieties such that for all a, S there are Zariski open subsets Vg, C V, and isomorphisms

8Ba : Vga = Vop such that the following three conditions are satisfied for all a, 8, y:

155
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1) gap = g5
2) gﬁ(l(vﬂ(l N V'ya/) = V(lﬂ N V’)’ﬂ’
3) 8ya = 8y © 8Ba ON Vo N V.

Then we define the abstract variety X by
X:i=| [ Vol ~,
3

where the equivalence relation is given by x ~ y if and only if x € Vg, y € V,p such that
y = gga(x). With W, = {[x] € X|x € V,} we get an open cover of X. As W, = V,, by the
projection on the equivalence class, X locally looks like an affine variety. This definition is due to
[CLS11, Def. 3.0.5] and corresponds to the gluing of schemes. We will use this construction later
in Subsection 5.1.3 to construct the toric variety Xz associated to a fan X out of affine varieties
Ug.

Sometimes the affine/projective varieties as we described them above are named affine/projective
algebraic sets and only called varieties, if they are irreducible, that is, if they can not be written as
the union V| U V5 of two (smaller) algebraic sets V| # V, V, # V. We will call both kinds varieties
and distinguish between general and irreducible ones.

The topology on algebraic varieties is the Zariski topology. Closed sets in this topology are the
general algebraic varieties as defined above. So for two varieties V, € V; the complement W :=
Vi\ V, is called a Zariski open subset of V1. Considering the set S, of (respectively homogeneous)
polynomials defining V>, then W are exactly those points of V| where not all equations of S,
vanish.

Definition 5.1.1 A toric variety over C is an irreducible variety V over C such that

1) the complex torus T := (C*)" can be embedded as a Zariski open subset of V and

2) the action of T on itself by multiplication extends to an algebraic action of 7 on V. o
Example 5.1.2 We collect some examples of toric varieties:

1) (C*)"itself is a toric variety.

2) Consider
W:i=V(x-...-x,)={z€C"|z;=0forsomeie{l,...,n}},

where z; denotes the i-component of z. The identity (C*)" = C" \ W tells us that (C*)" € C"
is a Zariski open subset. Therefore C" is an affine toric variety.

3) P"is also a toric variety. To see this, consider the algebraic set
U:=P"'\W,
where W = V(xpx| - - - x,,) . Then under the embedding
)" — P"
H,....t))— At ... 1)

(C*)" can be identified with U and is therefore a Zariski open subset of P”. The torus action
is given by
(t,.. ., ). (x0:x1 o i x) = (xg s (XYt ees tyXy)

and shows that P” is a projective toric variety.



5.1. Background Knowledge about Toric Varieties and Fans 157

4) If V, W are toric varieties, so is V X W. Therefore P! x P! is a toric variety to which we will
come back again later in Example 5.1.15. °

Associated to the torus (C*)", there are two important classes of maps: the characters, which
are regular group homomorphisms y : (C*)" — C*, and the one-parameter subgroups (or co-
characters), which are regular group homomorphisms A : C* — (C*)".

A pointm = (ay,...,a,) € Z" defines a character Y™ by

Xm:(cx)n_)cx
n
Moy _ m _ a; 5.1
t— Mt =t —r!tj’.
j:

All characters of (C*)" arise this way, therefore the group M := Homreg((CX)”, C*) of characters
is isomorphic to Z".

The one-parameter-subgroup associated tou = (by,...,b,) € Z" is

AY C — (CY)"

r— %) = (L),

All one-parameter-subgroups of (C*)" are defined this way, so we again have an isomorphism of
the group of one-parameter-subgroups to Z", N := Hom,,(C*, (C*)") = Z".

When we combine these two maps, we get a map y™ o A" : C* — CX given by r — r{™W where
(mju) = ), jaib; is the normal dot product on Z".

Remark 5.1.3 Most literature does not work directly with Z" and R" but in a more general setting
where the algebraic torus 7 = GJ, is not equal but isomorphic to (C*)". Then characters are regular
group homomorphisms y : T —> C* with M = Homz(T, C*) = Z" and one-parameter-subgroups
are elements of N = Homz(C*,T) = Z". The isomorphism 7 = (C*)" induces dual bases of M
and N such that even in the general setting, characters are Laurent monomials and one-parameter-
subgroups are monomial curves. o

5.1.2 Rational Polyhedral Cones, Fans and Polytopes

We fix the standard lattice Z" in R", which gives R" an integral structure and also a Q-structure,
Q" C R". As cones and their faces play an important role when building toric varieties, we recall
the definition:

Definition 5.1.4 A rational polyhedral cone o C R" is a cone generated by finitely many elements
up,- -, Uy of Z", or equivalently of Q":

o={lu +...+ Auu, eR" | Ay,--+, 4, = 0). o
Usually, o is assumed to be strongly convex: o N —o = {0}, that is, o does not contain any line

through the origin. As we require a cone o to be generated by only finitely many elements, every
extreme face of o is exposed and will be just called a face.

For each strongly convex rational polyhedral cone o, we can define its dual cone:
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Definition 5.1.5 Let o C R” be a strongly convex rational polyhedral cone. Its dual cone o is
given by
o/ =veR"| (vuy>0foraluc o). (5.2)

Then o is also a convex rational polyhedral cone, though it is not strongly convex anymore unless
dimo = n (see [Oda88, Prop. 1.3] for a proof). °

Remark 5.1.6 Recall that in Definition 2.4.1 on page 21 we defined the dual of a non-empty
compact convex set B C R" as B® = {y € (R")* | {(y|x) = —1 ¥x € B}. Our cone here now is closed
but not bounded. Applying the same defining equation (y|#) > —1 for all u € o to the cone o leads
to the above definition with > 0 since o is unbounded: let y € (R")* and u € o be given such that
0 > {ylu) = —1. Then with @ > 0 we can find some w = au € o such that (y|w) = a (y|u) < —1
if we only choose @ € Ry big enough. Therefore we use the name dual in both cases but take
different notations: P° for dual unit balls of polytopes and o¥ for dual cones. o

Similarly to the theory of polytopes, we can describe the faces of a cone oo C R” as those subsets
on which the pairing with an element of the dual cone vanishes:

Remark 5.1.7 ([Oda88, Prop 1.3.]) A subset 7 C o is a face (often denoted by 7 < o), if there is
an mg € ¥ N Z" such that

=0 N{m}" = {y €| (moly) = 0},
where as usual {mp}* denotes the orthogonal subspace. o
Remark 5.1.8 One face of the dual cone ¢ is for example given by the orthogonal cone

ot ={veR"| Wu)=0forall u € o). o

Example 5.1.9 Let us look at some examples of cones and their duals

1) We consider a two-dimensional cone in R? as given in Figure 5.1 on the left.

1

A~ T
1 /

N

Ty
T1

Figure 5.1: A two-dimensional cone o in R? (Lepr) and its dual (RIGHT).

Its two one-dimensional faces 71, 77 are determined by the points (2, —1) and (0, 1) and each
of them defines an orthogonal hyperplane. The dual cone ¥ then is the intersection of the
two positive half-spaces determined by these hyperplanes and given as in Figure 5.1 on the
right. The orthogonal cone o is the intersection of the two hyperplanes and therefore only
the origin.

2) We look again at R? but now our cone o is only one-dimensional, see Figure 5.2 on the left.

Then every point v = (v1,v2) € R? with v; = 0 has pairing equal to 0 with o-. If v; > 0 then
the pairing is also nonnegative, so the orthogonal cone o+ is the y-axis and o are those
points with v; > 0. Note that now o is not strongly convex and more. o
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v
v

Figure 5.2: A one-dimensional cone ¢ in R? (LeFT) and its dual (riGHT). As the cone o is not
two-dimensional, its dual cone is not strongly convex.

Putting several cones together in the same way as a simplicial complex is build out of simplices,
we get a fan, which will play an important role for constructing toric varieties.

Definition 5.1.10 A fan X in R" is a collection of strongly convex rational polyhedral cones such
that

1) if o € X, then every face of o also belongs to Z;

2) if o, T € X, then their intersection 0N is a common face of both of them, and hence belongs
to Z. o

In this thesis, we only deal with fans which consist of finitely many polyhedral cones. Note that
relative interiors of the cones of £ do not intersect each other.

An important class of fans for us are those that can be constructed from a rational convex polytope.
Hereby a convex polytope P C R” is called a rational convex polytope', if all vertices of P are
contained in Z". As a more detailed reference for this construction see [Ful93, Section 1.5]. Now
assume that P is such a rational convex polytope in R” and contains the origin as an interior point.
Then each face F of P spans a rational polyhedral cone

O'F:RZ()-F,

that is, the face F is a section of the cone o, and these cones o form a fan in R”, denoted by
2p. See Figure 5.3 below for an example. For any k € Z, the scaled polytope kP is also a rational
polytope and gives the same fan:

Sp = Zp.

—

Figure 5.3: A rational convex polytope P and its corresponding fan p in R?

Remark 5.1.11 The fan Xp as we defined it here must not be confused with the normal fan of a
polytope: Given a polytope A (this is the notation used in [Cox03]), the fan 24 associated to the

'This definition is due to [Ful93, p. 24]. At some other places, P is called a rational convex polytope if the vertices of
P are contained in Q", and P is called an integral convex polytope if the vertices of P are contained in Z".
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faces of the dual polytope A° is called the normal fan of the polytope A (it is defined for example
in [Cox03, pp. 217-218] or [Ful93, Proposition, p. 26]). Is is usually constructed by normal cones
of the A, see also [Wei07] for more details. )

It is known that not every fan X in R" comes from such a rational convex polytope P, as the
following example shows.

Example 5.1.12 ([Ful93, p.25]) Take the fan generated as follows: at first consider the eight half-
lines through the origin and one of the vertices of a standard cube. Now replace the vertex (1,1, 1)
by (1,2, 3). Then it is not possible to find eight points, one on each of the half-lines, such that for
each of the six cones, the four corresponding generating points lie on one affine hyperplane. This
can be seen by trying to solve the corresponding system of linear equations. o

In [Ful93, p. 26] and [Cox03, p. 219], the polar P° of a rational polytope P is used to construct a
toric variety. Recall the definition of the polar of a convex polytope:

P’ ={veR"|(v,u) > -1, forall uec P}. (5.3)

When P is a rational convex polytope containing the origin as an interior point, then so is P°.

By Remark 2.4.14 on page 27 (see also [Ful93, p. 24] or [HSWW 18, Lemma 3.7]), we know that
there is a duality between P and P° which is given by an one-to-one correspondence between the
set of faces of P and the set of faces of P° which reverses the inclusion relation. Explicitly, to each
face F of P there is a unique dual face F° of P° satisfying:

1) Forany x € F and y € F° it holds: (x,y) = —1,
2) dim(F) + dim(F°) =n— 1.

5.1.3 Constructing a Toric Variety from a Fan

The way how a toric variety Xs is constructed from a fan X and a description of its topology in
terms of X is crucial to the proof of Theorem 5.3.8. Given a fan X in R”, its associated abstract
toric variety Xs is constructed as follows in two steps:

Step 1: Build affine toric varieties U,

We first construct an affine toric variety U, for each cone o € . By Gordan’s Lemma, the affine
semigroup,
Se=0'NZ"={meZ"| (mu)>0VYuc o}

is finitely generated and it contains the origin, see also [CLS11, p. 30]. Letmy,...,m; € o/ N Z"
be a set of generators of this semigroup, that is,

k
So = {Z aimilai € ZZO} .

i=1
Consider the map
¢ (C)" — CF,

m m (5.4)
t— (), ()
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based on the characters as defined in Equation (5.1). Taking the Zariski closure of the image we
get the affine toric variety U,

Uy = o((Cym) c CF. (5.5)

This means that U, is the smallest variety containing the image ¢((C*)"). See [CLS11, Thm.
1.1.8] for a proof that is actually is an affine toric variety.

Remark 5.1.13 From the algebraic geometry side of the story, U, is often defined as the spectrum
of the coordinate ring C[S -], that is, the set of its prime ideals:

Uy = Spec(C[S +]). (5.6)

A subset of the set of prime ideals are the maximal ideals, Specm(C[S ,]) which correspond to
closed points of U,. Since S is a semigroup, closed elements in (i.e.elements of Specm(C[S -]))
correspond to semigroup homomorphisms from S to C, where C is regarded a group under mul-
tiplication. See [Ful93, Sec. 1.3] for details on this construction.

From these two ways to describe the affine variety U, there are also two ways to describe closed
points of U,: as points in C* or as semigroup homomorphisms y : S, — C. We will give this
bijective correspondence explicitly in Section 5.1.4 on page 164. For more details see the remark
after Proposition 1.2 in [Oda88] or Theorem 1.2.18 and Proposition 1.1.17 in [CLS11], where Y #
denotes the Zariski closure of the image of the map (5.4) in a slightly more general setting (see
Definition 1.1.7 in [CLS11]).

The coordinate ring of U, is

CISo] = span{t™ |m € S} € Clar, 1, 12,155, 1,1, o

Step 2: Glue the U, together to Xy

For any two cones 01,07 in %, if 0 is a face of o, then Uy, is a Zariski open subvariety of U, .
Since for any two cones 7, o € X the intersection TN ¢ is a common face of both 7 and o, U can
be identified with a subvariety of both U, and U,-. The isomorphism g, : U; D Ugnr = Urne € Uy
satisfies the compatibility conditions given on page 156.

So we glue the affine toric varieties U, together along these common subvarieties (i.e. with respect
to the relation ~ coming from the inclusion relation of faces) to obtain the abstract variety Xs:

Xz:=UUU/~.

oeX
This abstract variety actually is toric. To see this, we need an embedded torus and a continuous
extension of the torus action on itself to Xs. For the embedded torus, note that every fan contains
the origin {0} as a face and (see Example 5.1.15(1) below) itis Uy = T. Therefore X5 canonically
contains 7" as a Zariski open subset. To get the torus action, we see elements of U, as maps
v:S8s — C. For some t € T we then get t.y € U, given by:

ty:So —C
m — "(1)y(m).
This gives us an action on the affine varieties U, and by gluing also on Xs. For the trivial cone
{0}, the action coincides with the usual group multiplication on T

The toric variety Xy is compact if and only if the support of  is equal to R”, that is, if X gives a
rational polyhedral decomposition of R” ([Cox03, Thm. 9.1]).
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Definition 5.1.14 We denote the toric variety defined by the fan Xp by X5,. o

Since the support of Xp is equal to R", X5, is compact.

Example 5.1.15

1) The easiest example to look at is the trivial cone {0} € R”. Its dual cone is R” itself, so
S0y = Z", generated by the standard basis €7, —e’l‘,ez, co—ey Ast =tjand 9 = t]’.l
the coordinate ring of Uyg is given by C[1, tl’l, b,....t, 11, which is the coordinate ring of
(C*Y". Therefore

U =T = ("

2) In R we consider the fan X given in Figure 5.4, which consists of the two cones o1, 03 and

the trivial cone 7 at the origin, which is a face of both former ones. Then (r¥ =opand S,

al J

o1 02

Figure 5.4: A simple fan which corresponds to the toric variety P!.

is generated by ej1. So the map ¢; : C* — C is the identity with coordinate ring C[¢],
which gives us U, = C. Similarly we conclude U, = C with coordinate ring C[t']. The
gluing then identifies ¢ with ! and we get

Xz = PL.

3) Now we go on to R? with the fan shown in Figure 5.5. Here we have nine cones: four

H2
o g Y
z 12 023 012
€9 65
MB € T € Ml 3 B3
3 1 el el
€4 61
Vv vV
034 014 034 014
4

Figure 5.5: Lerr: This fan X consists of 9 cones and gives us the toric variety P! X P!; ricur:
The dual cones of the two-dimensional cones ;.

two-dimensional ones (o;), four one-dimensional ones (u;) and the origin (7). The four
two-dimensional cones o;; satisfy (rl.V]. = 0y, and are generated by e’ and e;‘.. Because

e; = —ej and e, = —e;, we get for the afline varieties associated to the two-dimensional
cones:

Uy, = Spec(C[S &, 1) = Clx, y]

Usy, = Spec(ClS o ]) = Cla )]

Ug,, = Spec(C[S ¢, ) = Clx Ly ']

Us,, = Spec(C[S ¢, 1) = Clx,y 1.

So we have Uy, ~ C? for all four of them but with different coordinate rings. Gluing Uy,
and Uy, yields P! x C with coordinates ([#1 : £2], v). Similarly we have U, and U, glued
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together to P! x C with coordinates ([1; : 2], y‘1 ). For X5 we have to glue these two pieces
together identifying the second components. Therefore we obtain

Xy = P! x P!

with coordinates ([#; : £],[s1 : s2]). Another way to describe this toric variety is as a
quotient by a group action, see [CLS11, §5] for the general theory and the Examples 5.1.3,
5.1.8 and 12.2.2 in [CLS11] for this specific example. It is not hard to see that

C*\ ((C x {0} U ({0} x C*
Bl pl = CH\ (€ x (0D U ({0} x ))/@X)z’

with the torus action on P! x P! given by (t1,1).(a,b,c,d) = (tia,t1b, tac, trd) for all
(t1,0) € T = (C%? and (a, b, ¢, d) € C*.

4) We look again at the cone given in the first example of Example 5.1.9. Its dual cone is
generated over Zxq by the three elements

m; =(1,0), mpy=(1,1), m3=(1,2).

The map ¢ then maps some t = (¢1,#) € (C*)? to the point (¢, t112, 11 t%) € C3. For the
coordinate ring we obtain

C[S,] = Clti, iz, 03] = C% Y’Z]/<Yz _x2)
and thereby the affine variety is
Us={(x.7,90 € C* |y? —xz =0} c C,

which is a cone over a conic. o

Coming from the above construction of X, there is a strong correspondence between fans £ C R”
and toric varieties which are normal?, namely:

1) For every fan X of R", there is an associated toric variety Xy, which is a normal algebraic
variety.

2) If a toric variety X is a normal variety, then X is of the form Xs for some fan X in R".

Because of this correspondence, toric varieties are often required to be normal, for example in
[Ful93]. In this thesis, we follow this convention and require all toric varieties to be normal. The
following lemma shows that this is not a strong restriction:

Lemma 5.1.16 ([CLS11, Thm. 1.3.5]) U, = Spec(C[S]) is normal if and only if o C R" is a
strongly convex rational polyhedral cone. o

Remark 5.1.17 In [Cox03, Ex. 7.1 and Thm. 7.2] Cox gives the following characterization of
normality for affine toric varieties: only if we take all generators m; such that S, is generated by
them over the nonnegative integers Zsq, then the affine variety U, defined as the Zariski closure
of the map ¢ (Equation (5.5)) is the normal affine toric variety defined by o and the lattice Z" as
given in Equation (5.6). If we use less generators m; then we change the lattice (i.e. get another
toric variety) or loose normality. o

ZNormality is a quite algebraic condition for general varieties, Remark 5.1.17 shows what it means in our context of
toric varieties.
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In Example 5.1.12 we saw that not every fan comes from a rational convex polytope. But those
toric varieties Xy defined by fans ¥ = Xp which do come from rational convex polytopes P as
above have a simple characterization:

Proposition 5.1.18 A toric variety Xy is a projective variety if and only if the fan X is equal to
the fan Xp induced from a rational convex polytope P containing the origin as an interior point as
above. o

Proof. This statement and its proof are given as Theorem 12.3 in [Cox03]. There the result is
given it terms of normal fans of rational polytopes. As we constructed the toric variety Zp using
the fan over the faces of the rational polytope P (and not over the faces of the dual polytope P°
as for the normal fan), we can adapt the proof given in [Cox03] by setting P = A°, using that
(P°)° = P. O

Example 5.1.19 Take a square in R? with integral vertices as the polytope P. Then its dual
polytope P° is a square with vertices on the axes of the coordinate system. The fan Xp- over the
dual polytope then is exactly the fan of P! x P! as given in Example 5.1.15. In our notation and

/R
N\

Figure 5.6: The square P has a diamond as dual polytope P°. The fan over P° is the normal
fan of A.

P=A
PO

the notation used in [Cox03, CLS11, Ful93] we have:

X5, = X = PP, o

5.1.4 The Orbit-Cone-Correspondence

Many properties of X5 can be expressed in terms of the combinatorial properties of the fan X.
The Orbit-Cone-Correspondence (see Proposition 5.1.23 below) gives a bijective correspondence
between orbits under the action of the torus (C*)" in Xy and cones ¢ in the fan X. Before we state
the statement explicitly, we have to explain in detail the two ways how elements of U, can be see
and then introduce the distinguished point x,-, which exists for any cone o € X and lives in U, .

Coming from the construction and definition of the affine toric variety U, as the Zariski closure
of the map ¢ in C or as Specm(C[S »]), there is a bijective correspondence (see [CLS11, Prop.
1.3.1]) between closed points p € U, and semigroup homomorphisms y,, : S, — C, where C is
seen as a semigroup under multiplication. Explicitly, the correspondence is given as follows:

Let p € U, C CF be a closed point. Then we associate to it the map
Yp:Ss —C
m — y"(p),

which is reasonable, as C[S -] = C[U,] is the algebra of regular functions on U, and y™ € C[S].
Recall that S, = 0¥ NZ" C Z", so elements of S, are characters of T = (C*)". They are exactly
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those characters, that can be extended regularly to the (partial) compactification of T by U,.. More
details can be found in [CLS11, Thm. 1.1.17] and its proof.

For the other way, let mj,...,my € S, be a set of generators. Then the point associated to a map
v: S8, — Cis given by

(y(m)),...,y(my)) € Uy € C~.

We now define the distinguished point x,, more details about it can be found in [CLS11, p.116],
where the distinguished point is denoted by 7y, :

Definition 5.1.20 For each cone o, the distinguished point x, is defined to be the semigroup
homomorphism

Xo:Sy=0"NZ"—{0,1}

1 fmeS,Not=0ctnNZ" °
m+— )
0 otherwise.

As ot is aface of oV, form,m’ € S, we have m + m’ € S, N o if and only if both m and m’
are already elements of S, N o*. This shows that the map x, as defined above is a semigroup
homomorphism.

The smallest cone {0} of the fan X has {0} = {0} = R" as dual cone and the distinguished point
is (1,---,1) in this case. The T-orbit through this point gives the embedding of 7 into U,. Recall
that any one-parameter subgroup A : C* — (C*)" was of the form

La(@) = (@, 2P,

where u = (b, -+ ,b,) € Z". Let u be an integral vector contained in the relative interior of
the cone o. By [CLS11, Proposition 3.2.2] (see also [Cox03, p. 212] or [Ful93, p. 37]), the
distinguished point is given by

Xg = ll_r)l(]) (@) € Uy

This limit exists and the two definitions of x, are equivalent by the following argument: For
u € o NZ", the limit point lim,_,g A,4(z) corresponds to the semigroup homomorphism given by

ay:S, —C
m — lim ™Y, .7)
t—0
As u was chosen to be in the relative interior of o, we have (m, u) > O for all m € S, and the limit
exists. The pairing (m, u) vanishes for exactly those m € S, that are elements of o+, otherwise
the pairing is positive. As the parameter ¢ has the pairing in the exponent, the homomorphism

from Equation (5.7) corresponds to the map given in Definition 5.1.20.

Before we state the Orbit-Cone-Correspondence, we have a look at some examples about the
correspondence stated above.

Example 5.1.21

1) We first consider the fan given in Example 5.1.15 (3). It has nine cones and it gives us
Xs = P! x P! as toric variety. The action of T = (CX)? is given by

(s,0) . ([1 = x], [L:yD) = ([1:sx],[1:20y])
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2)

for (s,t) € T and ([1 : x],[1 : y]) € P! x P!. In other words, T is contained in X5 via
(t1,t1) — ([1 : #L,[1 : to]). For u = (a,b) € relint(o) in the first quadrant, we have
a,b > 0 and therefore

—0
Au(t) = ([1: 1,112 1) = ([1: 0L, [1 2 0],
For the face u; < o, a is still positive while b = 0. Then #* = 1 for any ¢ € C and we get
-0
Au(®) = ([1: €112 55 (1201, [1 2 1)

A similar calculation using homogeneous coordinates can be done for any of the nine cones.
The results are listed in Table 5.7.

cone conditions for u = (a, b) | lim;— Au(?)

o1 a.,b>0 ([1: 0, [1:0])
023 a<0,b>0 (fo:11,[1:0]
o34 a,b<0 ([0:11,[0:1])
14 a>0,b<0 ([1:0],[0:1D
Ui a>0,b=0 ([1:01,[1:1D
o a=0,b>0 ([1:1],[1:0]
U3 a<0,b=0 (0 :1],[1:1D
o a=0,b<0 ([1:11,[0:1])
7 = {0} a=b=0 ([1: 1,01 : 1))

Figure 5.7: The distinguished points x,. for all cones o of the fan = of P! x P! as given in

Figure 5.5.

Note that there are three kinds of limits, depending on the dimension of the cone. Accord-
ingly the dimension of a T-orbit of such a limit for a cone o is n — dim(o") over C.

Now we want to calculate the distinguished point by using Definition 5.1.20. As the two-
dimensional cones o;; are generated by e, ej and are all self-dual, the distinguished point
is (0,0) for all four of them. Note that we get the same for all four cones because these
are the coordinates in a local chart. By the action of the torus and the gluing of the Uy,; to
X5, we get the same results as in Table 5.7 above. Now consider the one-dimensional cone
1 generated by e;. It is a face of oj» and o14. Its orthogonal cone is the y-axis, whose
positive part is a face of o}, and its negative part is a face of o},. Therefore the second
component now is mapped to 1 instead of 0 by the distinguished point x,, which then gives
us x,, = (0, 1) in local coordinates or ([1 : 0], [1 : 1]) as above. The other one-dimensional
cones go the same. For the trivial cone {0} the distinguished point maps all generators to 1,
as its dual cone is R2. This then givesus ([1: 1],[1 : 1]).

We come back to Example 5.1.15(4), which was the affine variety associated to the cone

given in Example 5.1.9(1). In Figure 5.8 we show again the picture we had before: S, was
generated by the three elements

m; =(1,0), my=(1,1), m3=(L2)
and we already know that

ClSol = Cl, i, nd) = X2 o 0
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w
P
A
hd

N

Ty
T1

Figure 5.8: The cone o in R? (1EFT) and its dual with the points generating S, (RIGHT).

We first determine the distinguished point directly as a semigroup homomorphism as given
in Definition 5.1.20. The cone o is two-dimensional and o+ = {0}, so we immediately know
that x, sends every generator of S, to (:

xs =(0,0,0).

For the face 71 of o, the orthogonal cone is generated by mg, it is the blue line in the right
picture above. The other face 7; has the positive x-axis as its orthogonal cone (orange in the
picture), which is generated by m;. Together we get

X, =(0,0,1), x,=(1,0,0).
The origin, which is also a face of ¢, has the whole space R? as orthogonal complement, so
xo = (1,1, 1).
The torus T = (C*)? is contained in Xy via
(11, 12) = (11,1182, 1115).

An point u = (a, b) € R? is contained in the relative interior of o, if and only if a > 0 and
b > —5. Then in X5 we have

Aa(0) = (1,0, 12420y 2% (0,0, 0),

as all exponents are positive. For the face 77 we have u = (a, b) € relint(r;) if and only if
a > 0and b = —5. Using this we calculate

Aa0) = (192, 170 2% (0,0, 1),

For the last cone 72, a = 0, b > 0 are the conditions for u = (a, b) to lie in the relative interior
of 72. Then

() = (L2, 2b) 25 (1,0,0).

When a = b = 0 then the limit is (1,1,1). As expected, the limits of the one-parameter
subgroups coincide with the distinguished points determined before. o

In both examples above, the distinguished points of the two-dimensional cones o are fixed points
of the torus action. This is indeed a general result: x, is a fixed point under the action of 7', if and
only if dim(c) = n. Now we also look at the T -orbits of the other distinguished points.
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Definition 5.1.22 For o € X we denote the orbit of the associated distinguished point x, under
the action of the torus by orb(o):
orb(o) := T.x, C X5. o

The previously announced bijective correspondence between T-orbits and cones now states as
follows:

Proposition 5.1.23 (Orbit-Cone-Correspondence) For every toric variety Xs of the fan X, there
is a bijective correspondence between cones o € X and T = (C*)"-orbits in Xy given by the orbit
of the distinguished point x, € U,. The orbit orb(c) = T.x, is a complex torus isomorphic to
(Cxyr—dimo particular, the open and dense orbit (C*)" corresponds to the trivial cone {0}. )

More about this correspondence can be found for example in [Ful93, §3.1], [CLS11, Thm. 3.2.6]
and [Cox03, §9]

5.2 A Topological Model of Toric Varieties

In order to better understand the toric variety Xy as a compactification of (C*)", we now want to
give a topological description of Xy which clearly shows its dependence on the fan X and also
describes explicitly sequences in (C*)" which converge to points in the complement Xy \ (C*)".
The topological model T's will be constructed as the complex torus T’ to which we attach some
boundary components O(o-). Later in this section we will then show that the topological model
T and the usual construction of X as the variety obtained from a fan are homeomorphic as 7-
topological spaces. The key point of this homeomorphism will be an identification of the boundary
components O(o) of T, with the T-orbits orb(c) in Xs. The identification is based on the fact that
both are associated to the same cone o € X in the fan and each of them contains a distinguished
point x, € U, and 0, € O(0), respectively, that correspond to each other.

5.2.1 Definition of the Topological Model T's

Note that in terms of the standard integral structure iZ C C, we have an identification (iZ)\C = C*
via the map z — e 2. When Re(z) — +oo, it holds e=>™ — 0. Figure 5.9 shows a picture how
the identification works.

) _(Z_ZZ\_(C _____ I: _________ e—27z C*
7N
—a——eyox &
A © N~ ]
- A q o - 1
—5-In(z) N

Figure 5.9: The identification (iZ)\C = C*.

Then the n-dimensional exponential map gives an identification

(ZN\C" = ()"

Z —> e—27rz — (e—2nzl Lo e—ZJan). (58)

2
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Conversely, using the complex logarithm —% In, we get an identification

(©)" = (Z\C"
1 (5.9
a+— ——In(a),
2r

where for a = (r1e, ..., r,e") the image is given by

1 1
——1In(a) = —(n(ry) + i6y, ..., In(r,) + i6,).
2 2w

Given a fan X C R", we will now define a bordification Ty of the torus T = (C*)" and show in
Proposition 5.2.11 that T's is homeomorphic to the toric variety X as 7T-topological spaces.

Definition 5.2.1 For each cone o € X, define a boundary component

O(0) := (iZ")\C"/ spang(o). o

By n, we denote the projection map
7y 2 (IZ\C" — (Z")\C"/ spanc(0) = O(0).

Note that O(o) is a complex torus (Cy=dime of dimension n — dimo. When o = {0}, then
O(o) = T. Later we will identify O(o) with the T-orbits orb(o) as defined in Definition 5.1.22.

Definition 5.2.2 Define a topological bordification Ty by

Ts:=TU ]_[ O(c) (5.10)

o€x,
o#{0}

with the following topology: A sequence
Zyp =Xy +iym € T = ((ZMH\C",
where x,, € R" and y,, € Z"\R", converges to a point z., € O(c) for some o € X if and only if the
following conditions hold:
1) The real part x,, can be split up as x,, = X, + X/, such that for m — +oo it holds:

a) x/, is contained in the relative interior of the cone ¢ and its distance to the relative
boundary of o goes to infinity,

b) x); is bounded.

2) the image of z,, in O(o) = iZ"\C"/ spanc(c0-) under the projection n, : (iZ")\C" — O(0)
converges to the point Z:

o (Zm) — Zoo. o

Note that the imaginary part y,, of z,, lies in the compact torus Z"\R" = (S')", and the second
condition controls both the imaginary part y,, and the bounded component x;, of the real part X,,.
It is clear from the definition that the bordification T is a compactification of 7 if and only if the
support of X is equal to R".
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Remark 5.2.3 The above definition of T and the identification of X5 with T in Proposition
5.2.11 follows the construction and discussion in [AMRT10, pp. 1-6]. We note that there is
one difference with the convention there: On page 2 in [AMRT10], the complex torus (C*)" is
identified with Z"\C", the real part is the compact torus (S')" and the imaginary part is /R", which
can be identified with R". o

Example 5.2.4 Once again we consider the cone o as in Examples 5.1.9(1) and 5.1.15(4). In
Figure 5.10 the cone is shown again.

< with k=1

N
?

N1
Ty

Y
<2 with k= —1

Figure 5.10: The cone o in R? and its dual. The real part X of the first sequence z,, = P

remains in the cone and the distance to the boundary of o goes to infinity. The real part x?

of the second sequence z,, = 2 can be split up such that one part lies in 7, and the other part

is bounded.

The two cones 71 and 72, spanned by (2, —1) and (0, 1) respectively, are the one-dimensional faces
of o. Then spanq(o) = C? whereas spang(7;) = C. We now want to examine the above given
topology by looking at sequences and their converging behavior. The crucial part will be to find
the appropriate face of o such that the sequence converges to a point in the boundary component
of this face.

1) For some k € R consider the sequence

2 = (m) . i(yl) cc,
k 2

with y, v, € Z\R. We start with ¢ as a face of itself. As & is constant, we can write the real

part x;, of z,, as
_[m N 0
Xm= 1o k
—— N —

X}, X,

such that the conditions are all satisfied. As span(c-) = C2, the projection is trivial, so
independent of & and all sequences of this type converge to the same boundary point. If
we had taken one of the faces 7; instead, we could not have found a splitting of x,, with
x;, € relint(t;) and x;, bounded, as the distance of x,, to 7; grows linearly in m. The same
holds for the trivial face {0}. Therefore z,, — 0 € O(0).

2m ) 1l 2
— m
zm_(_m+k)+z(y2)ec,

where again k£ € R and y, € Z\R. Then as

X = (f’z) +(2) (5.11)

~——"
€T

2) Now we look at the sequence
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the distance of x,, to the relative boundary of o is bounded. So we can not fulfill condition
1a) of Definition 5.2.2 with respect to the cone o-. Indeed, we could construct X/, € relint(c)
with unbounded distance to drj(0), but then the second part x/; can not be bounded.

So we try 71 next. We already have a suitable splitting given in Equation (5.11). Now we
have to determine the image of z,, under the projection -, where span(71) = C(2,-1). A

system of linear equations yields
2k v 2 N 1 1
—_— l —_— — N
5 752 T 5|2

Zy = —k+'—1+2 2+
N A T

and we conclude
2k 2 1 0
5 + 532\, € O(1y). o

2y — Lo =

So far we have Ty constructed as T to which we attached some boundary components O(c) and
with a topology how sequences on T converge to these boundary parts. What is still missing is
a continuous action of 7 on Ty compatible with the topology. Note that by the identification
{ZMH\C" = (C*)", C" and iZ"\C" act on T and on every boundary component O(¢") by translation.
These translations are compatible in the following sense.

Lemma 5.2.5 Letz, € T = iZ"\C" be as sequence convergent in O(c") C Ts. Then for any vector
z € C", or rather its image in iZ"\C", the shifted sequence z,, + Z is also convergent. Furthermore,

lim (z + z,,) = 7,(z) + lim z,,. o
n—+co

n—+oo

Proof. The proof follows directly from Definition 5.2.2 using the linearity of the projection and
the fact that z is constant. O

This implies the following result about the torus action on T’x:

Proposition 5.2.6 The action of T = (QX)" on itself by multiplication extends to a continuous
action on Tx, and the decomposition of Ty into O(c) as given in Equation (5.10) gives the orbit
decomposition of T's with respect to the action of T'. o

Proof. We note that the multiplication of the torus 7 on itself and on the boundary components
O(o) corresponds to translation in C" and iZ"\C" by Equation (5.9). Then the statement follows
from Lemma 5.2.5. O

5.2.2 The Identification of the Models: X5 = T's

We know want to identify the topological model Ty with the abstract variety Xs, which both
contain the torus 7. We will do this by identifying the boundary components O(c") C Ts with
the T-orbits orb(c") € Xz and show compatibility with the convergence of sequences. This will
happen in Proposition 5.2.11. Before we come to that we define a distinguished point 0, in
the bordification Ts which will play the same role under convergence as the distinguished point
X, € U, C Xy which we defined in Definition 5.1.20.

Definition 5.2.7 Consider the prgjection . C" - O(o) = (iIZ"\C"/spanc(c). Then the
distinguished point 0, in O(c") € T's is defined to be the image of the origin of C" under 7/,

0¢ := 7,(0) € O(0). o
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Remark 5.2.8 Note that the projection 7, after Definition 5.2.1 was only given for (C*)". The
projection n/. arises from 71, by continuous extension. o

Lemma 5.2.9 For any cone o € X, a sequence z,, in (C*)" = T converges to the distinguished
point x, in the toric variety Xy if and only if it converges to the distinguished point O, in the
topological model T's. o

Proof. Recall that by Definition 5.1.20 under the embedding ¢ : (C*)" — C”, the coordinates t™
of the distinguished point x,- are either 1 or 0, depending on whether the element m; € o N Z"
is zero or positive on o~. This implies that a sequence z,, € (C*)" converges to the distinguished
point x,- if and only if the following conditions are satisfied:

—00 . .
Dz 2250 ifme oY N2z withm|, >0,
m—oo

2) 2" 2251 ifme oY NZ" withml, = 0.

Note that the vectors in o N Z" with m|, > 0 span the dual cone ¢V, i.e., linear combinations
of these vectors with nonnegative coeflicients give . In terms of the identification (C*)" =
iZ"\C", write z,, = X, + iy, With X,,, ¥, € R” as in the definition of the topology of Ts. Then
(Z)™ = 2@ M A the dual cone oV is the intersection of all positive half-spaces generated by
the faces T < o, the above conditions for z,, are equivalent to the following conditions:

1) The real part x,, can be written as X,, = X,, + X, such that when m — +oo,

a) the first part x/, is contained in the interior of the cone o and its distance to the relative
boundary of o goes to infinity,

b) the second part X/, is bounded.
2) The image of z,, in O(0) = iZ"\C"/ spanc(0-) under the projection
iZ"\C" — iZz"\C"/ spanc(0)
converges to the image in O(o) of the zero vector in C".

By the definition of Ty, this is exactly the conditions for the sequence z,, to converge to the
distinguished point O, in T's. O

Example 5.2.10 In Example 5.2.4 we had two sequences converging to different cones with re-
spect to the topology of T's. Now we look at the same sequences again to illustrate the equivalence
of converging conditions given in the proof before. The generators of S, were

m; =(1,0), my=(1,1), m3=(1,2).

w= (i) +0)

with y1,y2 € Z\R, from which we know that it converges with respect to 0 to z, = 0 = 0,. We
want to verify that also z,, = x,. To do so, we have to show that zﬂ" — Oforall j €{1,2,3}. By
the identification (iZ")\C" = (C*)" in Equation 5.8 we get

e—27rme—27riy1
im = g2k g=2miy; | >

and therefore for the limits when m — oo:

We first look at

(Zm)ml — e—Zﬂme—Zﬂm —50
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(Zm)m2 — 6727rm6727rk872m(y1+y2) 0

(Zm)mg — e—27rme—47rke—2m(y1+2y2) 0.

So for this class of sequences, the convergence behavior in Ty and X5 coincides. For the second

sequence
Zy, = 2m +i %
m =N emr k) T V2

we already know that in the topological model it converges to z., = [%k + i%yz] (1,2). So we set
k = y, = 0 such that the sequence converges to the distinguished point O(7;). Now we have to
show that it also converges to the distinguished point x-, in Xs. The identification then yields

e—47rm e—Zni%
im =
ean

and so
(Zm)ml - e—4ﬂm€—27{i5 — 0
(Zm)mz — e—4ﬂm62ﬂme—2m’(i) —0
(Zm)m3 — €—4ﬂme4ﬂme—2m'(’l;) — 1.
This was exactly the distinguished point x;, we calculated before in Example 5.1.21. o

With these examples and Lemma 5.2.9 in mind, we are now ready to show the identification
Xs = Ts. This description of the toric variety Xs as a topological T-space will be one key result in
the proof of Theorem 5.3.8. Although the proposition is well known in literature (see for example
[AMRT10, pp. 1-6], [Oda78, §10], [Cox03, p. 211] or [Ful93, p. 54]), it is usually not explicitly
written down or proven.

Proposition 5.2.11 The identity map on T = (CX)" extends to a homeomorphism Xy — T,
which is equivariant with respect to the action of T = (C*)", and the T -orbits orb(c") in the toric
variety Xs are mapped homeomorphically to the boundary components O(o). o

Proof. The idea of the proof is to use the continuous actions of 7 on Xs and T to extend the
equivalence of convergence of interior sequences to the distinguished point x, = 0, (Lemma
5.2.9) to other boundary points.

Under the action of T, the orbit 7 - 0, in Ty gives O(o). As pointed out in the Orbit-Cone-
Correspondence (Prop. 5.1.23 on page 168), the orbit orb(o0) = T - x5, in X5 gives the orbit
corresponding to o. It can be seen that the stabilizer of the distinguished point x, € orb(co) in
T =iZ"\C" is equal to the subgroup i(spanc(c) N Z")\ spanc(o) (see [CLS11, Lemma 3.2.5]).
By the definition of Ts, the stabilizer of the point O, € O(o) is also equal to i(spans(o) N
Z™")\ spang(0). Therefore, there is a canonical identification between orb(c’) and O(o).

By Lemma 5.2.9, for any sequence z,, in T, z,, — X, in Xy if and only if z,, — O in Ts. Take any
such sequence z,, € (C*)" with lim,,—+c Zy = X,. and let t,, € (C*)" be any converging sequence
with lim,, ety = teo. For both the toric variety X5 and the bordification Ts, the continuous
actions of T on Xs and T in Proposition 5.2.6 imply that the sequence t,,z,, converges to te, - X,
in Xs, and to t., - 0, € O(c) in T respectively. This implies that a sequence of interior points
Z,, in T converges to a boundary point in the orbit orb(c-) € Xs if and only if it converges to
a corresponding point in O(c") C Ty. Since o is an arbitrary cone in X and t,, is an arbitrary
convergent sequence in (C*)", this proves the topological description of toric varieties. O
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Remark 5.2.12 The identification between X5 and T allows one to see that when a sequence
(X;n)m Of points in the real part R” of the complex torus iZ"\C" goes to infinity along the directions
contained in a cone o of the fan X, the sequence x,, will converge to a point of a complex torus
iZ"\C"/ spans(c) of smaller dimension. Hence the compact torus (SYY", which is the fiber over
Xp in the toric variety, will collapse to a torus of smaller real dimension dim o~. The behavior of
converging sequences is schematically shown in Figure 5.11 and Figure 5.12.

o(r)
e x O

e x O

Figure 5.11: Within a chamber all fibers collapse in the same way: Both circles are collapsed
to points (LerT). Fibers parallel to a wall collapse differently, depending on the wall and the
distance to it (RIGHT). Only one circle is collapsed to a point.

/.xo .
e x O
O(T2) -/ ,\0 eX e

exe A
6) e -

T1

O(m1)

Lo >~

Figure 5.12: LerT: The collapsing behavior of the fibers when the base point moves to infinity.
Depending on the direction of movement either one or both circles are collapsed. riGHT: The
global picture of collapsing of a whole toric variety.

Such a picture of toric varieties including also the compact part of the torus (C*)" is often de-
scribed in connection with the moment map of toric varieties (for a reference see [Ful93, p. 79] or
[Mil08]). We will come back to this map later. o

Lemma 5.2.13 Under the identification of Xy with Ty in Proposition 5.2.11, the distinguished
point x, in X5 corresponds to the image 0, of the origin of C" in Ts. under the projection n/,. When
the orbit O(o) is identified with (C*)", where r = codim(c) = dimc(C"/ spanc(0)), then Oy
corresponds to (1,--- , 1). )

Proof. As mentioned before on page 165, the distinguished point xo) for the trivial cone o = {0}
of the fan ¥ is (1,---,1). Under the identification (C*)" = ;Z"\C" in Equation (5.9) on page
169, the distinguished point xj) corresponds to the image of the origin of C" under the projection
C" — iZ"\C" = O({0}). So for o = {0}, x, corresponds to O, in O(o") C Ts.

For any nontrivial cone o C X, the distinguished point x, in the orbit orb(c) is equal to the
limit lim,_,¢ A4(#) in X5, where u is an integral vector contained in the relative interior of the
cone o~. We need to determine the limit lim,_,o A4(7) in the bordification Ts. When we identify
(C)" with R" x iZ"\R" = iZ"\C" using the logarithm as above in Equation (5.9), the complex
curve t > Ay(f) = * for t € C is mapped to a complex line in iZ"\C" with slope given by u.
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Hence its real part is a straight line in R” through the origin with slope u, that is, it is of the form
s (mys,--- ,my,s) for some s € R, and Ay(?) is contained in span-(0).

By the definition of the topology of T's above, lim,_,o A4(f) converges to the distinguished point 0,
in O(0), that is, to the image of the origin of C" in O(0). O

5.3 The Nonnegative Part of Toric Varieties and the Moment Map

Every toric variety Xy has a nonnegative part Xs »¢. In this last section about toric geometry, we
state our main result, namely that the nonnegative part Xy >0 is homeomorphic to the horofunction

compactification R_”hw with respect to a suitable norm. We start with a description of the nonneg-
ative part Xx >o. See also [Ful93, p. 78], [Oda88, §1.3], [CLS11, §12.2] and [Sot03, §6] for more
details.

5.3.1 The Nonnegative Part X5 ., of a Toric Variety Xy

In one dimension, the real part of C* is R* = R.o U R and its positive part is R¢. Similarly
we have (R*)" as the real part of (C*)", which has 2"-connected components. The positive part of
(C)" is (Rsp)". Under the identification (C*)" = iZ"\C" = R" x iZ"\R" (Equation (5.9) on page
169) the positive part (R.)" corresponds to R"” x i0 = R".

The basic idea for the construction of the real or the nonnegative part of a toric variety is to replace
all complex numbers C by real numbers R or nonnegative numbers Rso. So instead of (C*)" we
consider the action and embedding of the real torus (R*)". Doing so, we denote the real part of X5
by Xsr and get

Definition 5.3.1 [Sot03, Definition 6.2] For any toric variety Xy, the closure of the positive part
(R>0)" in the real part X5 is called the nonnegative part of X5, denoted by Xy »¢. o

Remark 5.3.2 A more constructive definition of X5 > is given in [CLS11, Prop. 12.2.3] and
[Ful93, §4.2] and goes similarly as we did for X5 in Section 5.1.3: Let X be a fan and o € X. For
the affine variety U, = Homg s(S -, C) we define its nonnegative part U, o by restricting the
possible image of the semigroup homomorphism:

UZ,ZO = HomZ,reg(S o RZO)-

The real part is given by
UZ,R = HomZ,reg (S o) R)

Gluing the Us > (Us r) together along common open subsets given by common faces of cones as
we did before, we get the subset Xz >0 € Xy (Xzr € X3) that is closed in the classical topology.
When we replace the semigroup homomorphism y : §, — C with its absolute value |y|, we get a
retraction U, — U, »0. Gluing these retractions together accordingly to the gluing to obtain Xy,
we get a retraction Xy — Xx >o.

As a subgroup of the complex torus T, the compact real torus S y =~ (S')" acts on Xs. The retraction
from Xx to X5 >0 then yields an homomorphism

XZ,ZO = XE/SN. o
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Example 5.3.3 We consider once again the example of P! x P! as given in Example 5.1.15 on
page 162. Replacing complex with real numbers yields

B B - K\ (X100 U 01X E))
>0

By the action (71, r2).(a, b, c,d) = (r1a, r1b, rac, rnd) for (r1,r) € Rzo and (a, b, ¢, d) € R* we can
scale the first two and the second two entries such that

(P' x P = {(a,b,c,d) eRYla+b=1;,c+d=1}.

In a two-dimensional affine subspace of Rio this is a square. So combinatorially the positive part
(P! x P')5 it is the same as the unit square in R? and this was exactly the dual polytope P° when
constructing P! x P! from the fan over a polytope P as in Example 5.1.19. Such a correspondence
is the result of Theorem 5.3.8. o

If we denote R"/ spang(0) by Ogr(o), then for any two cones oy, 07, it holds that Or(o) is
contained in the closure of Or(0) if and only if 0 is a face of 0. Under the identification in
Proposition 5.2.11, X5 >0 can be described as follows:

Proposition 5.3.4 For any fan X of R", the nonnegative part Xs > is homeomorphic to the space

Ry :=R"U | | Oz(o) (5.12)
o€y,
{0}
with the following topology: An unbounded sequence X,, € R" converges to a boundary point X,
in Or(0) = R"/spang(0) for a cone o if and only if one can write X,, = X,, + X,, such that the
following conditions are satisfied:

1) whenm — +o0, X;, is contained in the cone o~ and its distance to the relative boundary of o
goes to infinity,

2) x;/ is bounded,

3) the image of X, in Or(0) under the projection R" — R"/spang (o) = Or(0) converges to

Xoo- o

This proposition was explained in detail and proved in [AMRT10, pp. 2-6] and motivated Propo-
sition 5.2.11 above.

This yields the following result:

Corollary 5.3.5 The translation action of R” on R" extends to a continuous action on Xx >0, and
the decomposition of Xy >¢ in Equation (5.12) is the decomposition into R"-orbits. This decom-
position of the nonnegative part of the toric variety Xs > is a cell complex dual to the fan . If
Y = Xp for a rational convex polytope P containing the origin as an interior point, then this cell
complex structure is isomorphic to the cell structure of the polar set P°. o

5.3.2 How the Nonnegative Part X5 -, is Homeomorphic to a Polar Polytope P°

The main result of this section in to show that the nonnegative part of a projective toric variety is
homeomorphic to the horofunction compactification of R” with respect to a suitable norm. The
connection between these objects will be the bounded convex polytope P € R”, that gives on the
one hand side the fan defining the toric variety and which on the other hand side is the unit ball
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of the norm determining the horofunction compactification. More precisely, the nonnegative part

X5, >0 and the compactification Rhor are both homeomorphic to the dual polytope P°.

Let P be a rational convex polytope containing the origin as an interior point and let Xy, be
the associated projective variety. The homeomorphism between the nonnegative part of the toric
variety Xs, >0 and the dual polytope P° = conv{my, ... mg} is given by the algebraic moment map.
Let P° be scaled such that the vertices m; of P° are all integer points. Then the algebraic moment
map is given by

u:Xs, — R’
1

k
— = Y™(@)m,.
' zﬁzllxmf(xn;"‘ P

So the image of the map is a convex combination of the vertices of P° and thereby contained
in P°. It is not only contained as some subset, but also the structure of X5, >0 with its boundary
components coming from the orbits Or (o) corresponds to the face structure of the convex polytope
P°. Recall that by definition, each cone o of Xp corresponds via i to a unique face F, of P, which
in turn corresponds (see Remark 2.4.14) to a dual face F;. of the polar set P°. Then the result on
the homeomorphism coming from the moment map can be stated as follows:

Proposition 5.3.6 The moment map induces a homeomorphism
,Ll : XZP,ZO - PO

such that for every cone o € Zp, the positive part of the orbit O(o) as a complex torus, or equiv-
alently the orbit Ogr(0) in Proposition 5.3.4, is mapped homeomorphically to the relative interior
of the face F’;, corresponding to the cone o °

Proof. The proof of the proposition can be found in [CLS11, Prop. 12.2.5] and [Ful93, §4.2] but
we again have to be careful with the notations. As mentioned before in the proof of Proposition
5.1.18, our main references [CLS11, Cox03, Ful93] use the normal fan (i.e. the fan over the dual
polytope) to construct the toric variety, whereas we use directly the fan over the polytope. But as
we assume our polytopes to be maximal dimensional and containing the origin as an interior point,
it holds (P°)° = P and therefore the statement is true as stated above. |

. . . . <h . . .
The homeomorphism between the horofunction compactification X " of a finite-dimensional
normed vector space X and the dual unit ball B° we constructed in Section 3.3 was inspired by this
moment map.

For more details about the moment map and the induced homeomorphism see [Oda88, p. 94],
[Ful93, §4.2], [Sot03, §8] and [JS16, Thm. 1.2].

Remark 5.3.7 A similar convexity result about the image of the (symplectic) moment map is also
well know in symplectic geometry. Consider a symplectic toric manifold (M?", w), that is, M is
a compact connected symplectic manifold with a faithful action of the torus 7" of dimension n
and a moment map u : M — R”". It was shown independently by Atiyah [Ati82] and Guillemin-
Sternberg [GS82] that the image of the moment map is the convex hull of the fixed points of the
action of the torus and therefore a convex polytope. o

It remains now to put all ingredients about the homeomorphism together to the main result of this
section:
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Theorem 5.3.8 Let X = X5, be a projective toric variety of dimension n. Then the following are
homeomorphic:

1) the nonnegative part X>q of the toric variety X

2) the image of the moment map of the toric variety X

. . . —=—h .
3) the horofunction compactification R" " of R" with respect to the norm ||-||p

These homeomorphisms give a bijective correspondence between projective toric varieties X of
dimension n and rational polyhedral norms ||-|| on R" up to scaling in every dimensionn > 1. o

Proof. Let P be a rational polytope containing the origin as an interior point. Let £ = Xp be the
fan obtained by taking cones over the faces of P. By Propositions 5.3.4 and 3.2.7 on page 59,
an unbounded sequence of R" converges to a boundary point in the compactification R"y if and

only if it converges in the horofunction compactification R” " with respect to the polyhedral norm

. . — —h . ..
|]|lp. Therefore, the two compactifications R"sy and R” " of R" are homeomorphic. Proposition
5.3.4 again implies that the nonnegative part Xx o of the toric variety is homeomorphic to the

. . . —hor
horofunction compactification R* . m|

Remark 5.3.9 Given the one-to-one correspondence between the toric varieties and rational poly-
hedral norms in Theorem 5.3.8 and the fact that each polytope P also determines a Hilbert metric
dg(-,-) on the interior int(P) of P, one natural question is whether there exists a similar relation
between Xy, >0 and the horofunction compactification of (int(P), du(:,-)). The results in [Wal14b]
and [Wall4a] show that besides the Hilbert metric, Funk metric and reverse Funk metric should
also be considered, and that the horofunction compactifications of the Funk metric seems to be
related to Xs,. >0, the toric variety associated to the polar set P°, and the horofunction compactifi-
cation of the Hilbert metric is more complicated. o



6 Outlook

In the previous chapters we have seen how to interpret the horofunction compactification of a
finite-dimensional normed space as the dual unit ball of the norm. Additionally we saw how to
realize other compactifications of symmetric spaces of non-compact type as horofunction com-
pactifications of the space with an appropriate norm. We now discuss some open problems and
questions for future research work.

Generalization of Theorem 3.2.6

In Theorem 3.2.6 we determined the topology of the compactification by the convergence behavior
of sequences. Thereby we had to restrict ourselves to unit balls that have a particular nice shape.
It may be possible to generalize this theorem to any norm for which the set of extreme sets of the
dual unit ball is closed. We gave an idea of how to deal with this problem in Section 3.2.7. Our
approach is based on a conjecture about the right rate of convergence of a sequence of sets in the
dual unit ball B°. Future work in this direction could either lead to a proof of Conjecture 3.2.12 or
to a different approach of determining the point p.

Playing around with norms

Apart from taking the Minkowski sum of two compact convex sets in R", there are many more
natural operations on the set of convex sets, like taking the intersection or the convex hull of
two or more compact convex sets. The only restriction for us on such an operation is that the
new set is still compact convex and has the origin as an interior point. Then we can determine
the horofunction compactification of the space with respect to this norm. If its set of extreme
sets is still closed (which is not necessarily true) we can calculate all its horofunctions with the
techniques shown before. But it remains to interpret this new compactification in terms of the
previous ones.

Question 6.0.1 What operations on compact convex sets extend to operations on the correspond-
ing horofunction compactifications? o

We already saw that the Minkowski sum of the dual unit balls lead to the least common refinement
of the compactifications. And in Section 4.3 we already mentioned that taking the convex hull of
the Weyl group orbits of each irreducible component leads to a generalized Satake compactifica-
tion.

In their book [BJ06] Borel and Ji discuss many more of compactifications of symmetric and locally
symmetric spaces. They also present a uniform approach to construct them by adding boundary

179
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components and show how these compactifications are related to each other in terms of refine-
ments or quotients. This is the starting point for many interesting questions: How does the horo-
function compactification fit into the picture? Are there other compactifications than the Satake
and the Martin compactification that can be realized as a horofunction compactification? How is
corresponding unit ball then obtained?

(Dual) generalized Satake compactifications

It seems plausible that any generalized Satake compactification as defined in [GKW15] can be
realized as the horofunction compactification for a G-invariant polyhedral Finsler metric, but it
remains to verify this. This correspondence would then allow us to define the dual generalized

. T .
Satake compactification X, like this:

Definition 6.0.2 Let 7 : G — PSL(n, C) be a faithful projective representations and )_(f the as-

*

sociated generalized Satake compactification. The dual generalized Satake compactification Xf
is defined to be the horofunction compactification of X with respect to the polyhedral G-invariant
Finsler metric defined by the unit ball B = D = conv(uy, ..., 4). o

. . . . =S =S*
Question 6.0.3 Is there a geometric way to interpret the duality between X, and X, ? o
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