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CHAPTER 1

Introduction

In this work the following theorem will be proved:

Theorem 1.1: If a Hamiltonian diffeomorphism ® on a closed symplectically aspherical
manifold (M,w) has only finitely many fized points, then it has at least two of different
symplectic action.

The existence of at least one fixed point follows from the following version of the Arnold
conjecture:

Theorem 1.2 (Arnold conjecture, proved by Floer in [3]): Let H : S' x M — R be a non-
degenerate Hamiltonian function on a closed symplectically aspherical manifold (M,w), and
let (ID}LI : M — M be the time-one-map of the corresponding flow. Then
dimM
#{fixed points of Py} > Y by(M),
k=0

where the by, := dim Hp(M,Q) are the Betti numbers of M.

A degenerate Hamiltonian can be approximated by non-gegenerate ones. However, in the
approximation process fixed points can collide, so that in general we get only one fixed
point.

Floer proved the Arnold conjecture for closed monotone symplectic manifolds (this includes
symplectically aspherical ones) in [3] in a way that many others adapted for more general
cases: He established Floer homology H F,(H; M) for non-degenerate Hamiltonians H and
then showed that the resulting homology theory does not depend on H nor on w and that
it coincides with singular homology. The methods involved are the study of J-holomorphic
curves and moduli spaces solutions of a PDE called the Floer equation, combining a geo-
metrical and a variational approach.

The existence of two fixed points of different action appears as a side product in an article
by Matthias Schwarz (see [I3]). He proves a much more elaborate statement, using Floer
homology and the action spectrum.

The goal of this work is to give a somewhat shorter proof for the existence of at least two
fixed points of a Hamiltonian diffeomorphism which does not need Floer homology: We start
with a J-holomorphic sphere and deform it to a Floer cylinder of positive energy. This Floer
cylinder is a gradient flow line connecting different critical points of the symplectic action
functional Ay on the space of contractible loops, and so there have to be at least two such
critical points, which correspond to the fixed points of the Hamiltonian diffeomorphism.
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Chapter [2| explains the basic notions which are needed to understand the statement. It also
covers certain facts about Floer cylinders that will appear in the other chapters. In chapter
the main theorem is stated and its proof is outlined. In chapters [ [] [6] and [7] we go into
the technical details of the proof.

I would like to thank my advisors for all their ideas, instructions and explanations, my
fellow students for proofreading and discussions and my husband, family and friends for
existing.



CHAPTER 2

Preliminaries

In this first chapter we will define the basic notion that are needed to understand the main
theorem. After that we discuss some important properties of Floer cylinders.

2.1 Hamiltonian diffeomorphisms

Hamiltonian diffeomorphisms are diffeomorphisms on symplectic manifolds which arise as
flows of certain vector fields.

Definition 2.1: A time-independent Hamiltonian function on a manifold M is a
smooth map H : M — R. A 1l-periodic time-dependent Hamiltonian function on M
is a smooth map H : S x M — R.

Now consider a closed symplectic manifold (M,w), that is a compact smooth manifold M
without boundary equipped with a closed non-degenerate 2-form w.

Definition 2.2: Let H : M — R be a Hamiltonian function. The equation
w(XH, ) = —dH

defines a vector field Xy on M which is called the Hamiltonian vector field. If the
function H : R x M — R is time-dependent, we get a time-dependent Hamiltonian vector
field X g, by the equation

w(Xg,, ) = —dH;.

Here Hy = H(t,-) and we sometimes also write X, = Xg(t, ).

Recall that the flow of a (possibly time-dependent) vector field X on a manifold M is a
(—¢,e)-family of diffeomorphisms
oM —~ M

given by %@g( = X (t,®%) and ®% = idys for some e. If one can find an R-family with

these properties, then the flow is said to be defined for all times.

Definition 2.3: Let H be a Hamiltonian function on M (time-dependent or not) and Xg
the corresponding Hamiltonian vector field. Its flow is called the Hamiltonian flow. A
diffeomorphism ® : M — M is called Hamiltonian if it arises as ®}; := &% for some
t € R and some (possibly time-dependent) Hamiltonian function H on M.



Chapter 2 Preliminaries

Since M is closed, the Hamiltonian flow is defined for all time.

Remark 2.4: Every Hamiltonian diffeomorphism is automatically a symplectomorphism,
which means that it preserves the symplectic structure:

d * *
@ @) = (8})" Lx, 0
= (@fq)*(dLXHtw + txpy, dw)

= ()" (—ddH; + tx,,0) =0
for all t. With ®Y, = idy, it follows that (®%;)*w = w.

Lemma 2.5: For every Hamiltonian diffeomorphism ® : M — M there is a periodic time-
dependent Hamiltonian function H : S1 x M — R such that ® is the time-one-map of the
corresponding flow, that is ® = 1.

Proof. Assume that ¢ = @ig for some tg € R>p and some function K : S' x M — R.
Choose a monotone smooth function p : [0,1] — [0,¢o] with p = 0 in a neighbourhood of 0
and p = tp in a neighbourhood of 1 and define

H:S'xM-—R
H(t,2) == f(t) - K (p(t), ).
This is well-defined since p’ = 0 near 0 and near 1. Now one can compute the following:

%‘I)?((t) _ p’(t)XK,,(t) (q)/;{(t)) =Xy, ((I)g((t))

Together with @’I)((O) = @% = 14dys this implies that @%t) is the flow of Xy and thus
@’[)((t) = @, for all ¢, especially for ¢t = 1. O

We write P(H) := {fy St M ’ vte St 4(t) = Xp, ('y(t))} for the space of 1-perodic
Hamiltonian flow lines of H and observe that there is a one-to-one-correspondence
Fix ®}; «— P(H)
x—> (t > @?I(m))
7(0) «—~

between fixed points of the Hamiltonian diffeomorphism @}, and 1-periodic Hamiltonian
flow lines.

2.2 J-holomorphic curves

Definition 2.6: Let M be a (smooth) manifold. An almost complex structure J on
M is an endomorphism
J:TM —TM
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of the tangent bundle such that J? = —idyy. In other words, J is a smooth family of
vector space isomorphisms
Jp : TyM — T,M

with Jg = —idr, for all points p € M.

Definition 2.7: Let My, My be manifolds with almost complex structures Ji, Js. A map
w: My — My is called (Ji, J2)-holomorphic if

duo J; = Jyodu, (2.1)
where du : T My, — T Ms is the differential of u.

Remark 2.8: The differential of any function u can be written as

du = a(Jl,JQ)u + 8(]1,J2)u7

where
Oy, It = % (du — Jo oduo Jy)

is holomorphic and

5(J17J2)u = % (du + Jyoduo Jl)
is anti-holomorphic. Note that w is (J1, J2)-holomorphic if and only if the anti-holomorphic
part of its differential vanishes.

If M, is a manifold of real dimension 2 and we are given local coordinates z = s + it € C
(such that the complex structure J; is given by multiplication with ¢ € C in this chart),
we can derive a local equation out of ([2.1): The vector fields % and % form a basis of the

tangent bundle of C. We use the notation dsu := du (%), O := du (%). Equation ([2.1))
then reads as

Ou = J(u)0su. (2.2)

Often the almost complex structure on the domain manifold M is clear from the context,
while the one on the target manifold M> is the one we are interested in. Then we mention
only the almost complex structure J on Ms and talk about J-holomorphic maps. If both
almost complex structures are clear from the context, J-holomorphic maps are also called
pseudo-holomorphic.

A J-holomorphic map on a (real) 2-dimensional domain or its image is sometimes also
referred to as a J-holomorphic curve. These curves have rigidity properties similar to the
ones of classically holomorphic maps.

Definition 2.9: Let (M,w) be a symplectic manifold. An almost complex structure J on
M is compatible with w if
gJ(Ua ’LU) = W(JU7 w)

defines a Riemannian metric on M. In this case we write | - | ; for the corresponding norm
on T'M.
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The space of compatible almost complex structures on a symplectic manifold (M,w) is
known to be non-empty and contractibe.

Remark 2.10: The differential du of a map u : X — M between manifolds consists of
linear maps

for all z € M; one can call it a 1-form with values in the pullback bundle v*T'M. If jx
is an almost complex structure on Y, the manifold (M,w) is symplectic and J is an w-
compatible almost complex structure on M we can define a norm on the space of linear
maps L : T3 — T,,)M by

1Ll = 167V 1L + LGOI
for some 0 # ¢ € T,X — one can show that this expression is independent of (.

Definition 2.11: The energy of a J-holomorphic curve u : ¥ — M in a symplectic
manifold (M, w) with compatible almost complex structure .J is defined as

E(u) = %/E dul| dvols,.

If there are global holomorphic coordinates (s,¢) on 3, this can be written as
B(w) =} |10} + [0l dt 1ds

z/ |05u|% dt A ds.
b

Sometimes we are interested in the energy of a curve over a subdomain G € 3, then we
write

E(w;G) = %/G | du||% dvols.

Lemma 2.12: For a J-holomorphic curve u : X — M, one has

E(u) = —/Eu*w.

Proof. In local holomorphic coordinates (s, t):

05u|% + |Opu|% dt A ds = g1(Dsu, Dsu) + g7 (Opu, Opu) dt A ds
= w(J(u)0su, Osu) + w(J(u)Opu, Opu) dt A ds
= w(0u, Osu) + w(—0su, Oyu) dt A ds
= —w(0su, Oru) — w(dsu, Oru) dt A ds

= —2u*w

Thus the integrals are the same. O



2.3 Removal of singularities

2.3 Removal of singularities

One of the nice properties of J-holomorphic curves is the following famous theorem about
removability of singularities:

Theorem 2.13: Let (M,w) be a closed symplectic manifold and let J be an w-compatible
almost complex structure on M. If u : D*\{0} — M is a J-holomorphic curve of finite
energy E(u) < oo, then it extends to a J-holomorphic map D? — M.

A proof can be found in [7], pages 76ff.

Corollary 2.14: Let (M,w) be a closed symplectic manifold and J an w-compatible almost
complex structure on M. Ifu: C — M is a J-holomorphic curve of finite energy E(u) < oo,
then it extends to a smooth map S*> = CP! = CU {o0} — M.

Proof. We use the map

C\B1(0) — D*\{0}

1
z— =
z

which continues to a biholomorphic identification

f: (C\B1(0)) U {oc} — D2

If w: C — M is J-holormophic, then so is
vi=uo f1:DN\{0} — M

with the same energy and we can use theorem [2.13] to get a J-holomorphic continuation
v : D> — M. Define a continuation of u by

0:CU{o0} — M
oz = {u(z) if z € B1(0)
0(f(z)) if z € (C\B1(0)) U {oo}

— this is well-defined and holomorphic because both components are holomorphic and they
agree on the overlap. O

2.4 The symplectic action functional

It is possible to see fixed points of Hamiltonian diffeomorphisms on symplectic manifolds
as critical points of an action functional on the loop space. For this to be well-defined as a
real-valued map one has to assume something more about the manifold.
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Definition 2.15: Let (M,w) be a symplectic manifold. The pair (M,w) is called sym-
plectically aspherical if for all smooth maps u : S> — M one has

/ uw*w = 0.
SQ

Remark 2.16: Let II C Hy(M;Z) be the image of the Hurewicz homomorphism
hy : ma(M) — Hy(M; Z)

and denote by [w] the (de Rham) cohomology class of the symplectic form. Then [w]
can be evaluated on elements of IT via the Kronecker pairing. In this notation, (M,w) is
symplectically aspherical if and only if

[w] (z) =0
for every x € II.

Example: Let (M,w) be a symplectic manifold with vanishing second homotopy group,
that is mo(M) = {0}. Then the image of the second Hurewicz homomorphism is trivial and
so M is symplectically aspherical.

For more examples of symplectically aspherical manifolds, see for instance [5] and [4].

Remark 2.17: The symplectic asphericity condition implies that every J-holomorphic
sphere in M has to be constant: Let u : S — M be J-holomorphic. Then

5[ Nl dvolgs = Bu) =~ [ wtw =0,
S2 52
so the derivatives of v vanish and it has to be constant.

Now fix a Hamiltonian function H : S' x M — R on a symplectically aspherical manifold
(M,w). By
LM =C2,..(SY, M)

contr

we denote the space of smooth contractible loops in M. The symplectic action functional
Ap : LM — R is defined by

Ap(z) = /D x*w—/olH(t,a:(t)) dt.

Here,
z:D*—> M

is a capping of the loop z, that is a smooth map from the two-dimensional unit disk D?
into M that agrees with 2 on the boundary. When we think of the 1-sphere as S' = R/Z
and of the disk as D? C C, this means that z(e') = z(t) for all t € S1.

Lemma 2.18: The symplectic action functional Ay : LM — R is well-defined.
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Proof. Suppose we have a loop x € LM with two cappings z,Z. Without loss of generality
we can assume that

z(re®) = z(t) = Z(re®) for r € [1 — ¢, 1]

for some ¢ > 0. Gluing D? and —D? (the disk with the reversed orientation) along their
boundaries yields a manifold S which is diffeomorphic to the sphere. Then

defines a smooth map and

/ f*w—F/ f*w:/u*wzo.
D2 D2 S

Thus [p2 &*w = — [_p2 T*w = [}2 Z*w and hence the definition of Ay does not depend on
the choice of capping. O

Proposition 2.19: A loop x € LM is a critical point of the symplectic action functional
if and only if it is a 1-periodic flow line of the Hamiltonian vector field given by H on M.
This means that one has

CritAy = Peont:(H)
where Peontr(H) C P(H) is the subset of contractible flow lines.
Proof. In order to find the critical points of Ay, we have to compute its linearization
dAg(z) + ToLM — Ty, R=R
at a point x € LM . The tangent space
T, LM = {g . S1 = TM smooth | £(t) € Ty M for all ¢ € 51}

is the space of all smooth vector fields along x. We claim that

1
dAn(@)(©) = [ w(Xn(o(0) = 3(0).€0)) de
for € € T,LM. To see this, consider a path

R— LM
S TIg

; — d
with zg = x and

also need cappings

‘s:OxS = £. As we have to compute the values of Ay along the path we

To: D> — M
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for all x5. Write § = ds|s oZs and note that this is a vector field along the disk which
agrees with £ on the boundary of the disk. Compute:

()€ = 3| Autr
d d !
== / me -l | o) d

/d
sO ds

With this formula it is obvious that x € LM is a critical point of the symplectic action
functional if and only if ©(t) = Xy, (x(t)) for all t € S!, which means that z is a Hamiltonian
flow line. O

Remark 2.20: The Riemannian metrics g; on M define a metric gy on the loop space
LM by

1
ai&n) = [ an(e.nv) dt
for £,mn € T,LM. Since we computed

@O = [ w(60,50) — X (w(2))

10



2.5 Floer cylinders

R x St

Figure 2.1: Sketch of u : R x St — M.

the gradient of Apg with respect to this metric is given by

Vi, An (@) = J(@)(& - Xu(@)).

2.5 Floer cylinders

Floer cylinders are negative gradient flow lines of the symplectic action functional with
respect to the metric 7. A negative gradient flow line of Ag : LM — R is a smooth path

u:R— LM
such that there are z_,x; € Crit(Apy) with
SEI:‘EI%U(S) -

and

d
U +Vy, Ag(u) = 0.

It can be interpreted as a map
uw:RxS'— M

(sketched in figure such that each u(s,-) is a contractible loop, satisfying

SEIinoou(s7 ) - xi()

uniformly and the equation
Osu(s, t) + J (u(s, ) (Oru(s, t) — X, (u(s,1))) = 0 (2.3)

for all (s,t) € R x S'. This partial differential equation will be called the Floer equation
and solutions will be called Floer cylinders.

Definition 2.21: The energy of a smooth function v : R x S — M is defined as

o) 1
B =3 [ [ 0w(s 03 +10(s, ) = X, (u(s, 0)[3 dtds

o) 1
:/ / Ogu(s, t)|% dids
—o0 JO

= [0 = Xalws) sy s

11
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Remark 2.22: If u : R x S — M is a Floer cylinder with energy E(u) = 0, then this
means that |Osu|? vanishes everywhere and so does |0;u — X (u)|%. Therefore u(s,t) does
not depend on s and dyu = Xp(u), so each us := u(s,-) equals z_ = x4, where x4 are the
limit loops as above.

Let
Mo - {u Rx S M u satisfies (2.3), E(u) < oo, }
F = :

each ug := u(s,-) is contractible

be the moduli space of all Floer cylinders.

Theorem 2.23 (Gromov compactness): The space Mp is compact in the Cp.-topology,
that is the topology of convergence with all derivatives on all compact subsets.

A proof of theorem can be found in [2], it is theorem 6.2.1 there.
Remark 2.24: R acts from the right on Mpg:

Mp xR — Mp
(u,0) —> u- o,

where u - 0(s,t) := u(s + o,t). It is obvious that u - o again solves the Floer equation and
that it has the same energy as u.

2.6 Convergence at the ends of the cylinder

We are interested in flow lines that come from one critical point z_ € Crit Ay and converge
to another one, x4 € CritAp.

Proposition 2.25: Let v : R x S' — M be a solution of ([2.3) and suppose there are
x4+ € Crit Ay such that

SEI:EIOO’U,(S, ) - xi()

in LM. Then
E(u) = Ap(z_) — A (z+)

—in particular, the energy of u is finite.

Proof. Write us := u(s,-) and understand it as a loop. Such a loop is freely homotopic to
z_ and z4 via u and so it is contractible. Then:

oo 1
By =} [ [ 10wl 05 +10(s, ) = X (u(s. )3 dhds

0 1
_ / / 1Ogu(s, 6)|% dids
—o00 JO

= /_O:o /01 gJ(asu(s,t),ﬁsu(s,t)> dtds

12
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= [ [ o0 (00 (it ) = Beu(s.0). Deuts, ) s
= /_O:o JJ (J(Us)(XH(US) — u5)788u8) ds

__ /O:O 05 (Vg An(us), o) ds

_ /_ " A (us)(Osus) ds
Y O

oo ds

- <s£rgo An (us) B SEIPOO A (’LLS)>

= Ay ( lim us> — Ay (lim us)
§——00 §—00
=Ap(2v-) — An(z4)

O

It would be nice to have the reversed statement as well: that a solution of with finite
energy converges to critical points of A at the ends. Indeed, in the case of a non-degenerate
Hamiltoniarﬂ such maps converge to periodic Hamiltonian flow lines exponentially fast (see
[11], proposition 1.21). In general, exponential convergence cannot be hoped for, but luckily
if #P(H) < oo there is still some kind of convergence. In proving this, we follow Audin
and Damian (2], chapter 6) for the rest of this section.

We start with a result about the value of the action functional on the loops us := u(s, -) as
s tends to +oo.

Proposition 2.26: Let u : R x S — M satisfy equation [2.3)) and E(u) < co. Assume
also that every loop

us = u(s, )

is contractible. Then there are x4 € Crit Ay such that

lim Ag(us) = Ag(xs).

s—+oo

Proof. We prove convergence for s — oo, the other case is analogous. Consider the function

R—R
s — A (us).

! A Hamiltonian function H is called non-degenerate if for every P € M the number 1 is not an eigenvalue
of the linearized time-one-map d®% (P) or, equivalently, if the graph of ®}; intersects the diagonal
transversely in M x M.

13
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Its derivative

%AH(us) = dAp(us) (gus)
= 9 (I (us) (X () = ), Dy )

= _.@J(asu& asus)
= _Hasusm

is negative everywhere. This means that the function is decreasing and thus it is enough
to show that there is x; € CritAy and a sequence (si)ren of real numbers such that
limy_yoo S = 00 and

lim AH(usk) = Ag(z4).

k—o0

It is

00 1
00 > E(u) = / (/ 1Ous, ) — Xz, (uls, )2 dt) ds
- 0
OC;O 2
= [ o~ Xur(uo) e st ary ds
—00
and thus there is a sequence (sg)ren With limg_o S = 00 and
Jim (/D — Xz (o) 251 ) = 0.
Here, the L?-norm of a loop is derived from the norm given by J on the tangent space of
M. To simplify the situation, remember that M can be embedded in some Euclidean space
RY and that the J-norm is therefore equivalent to the restriction of the Euclidean norm
onto M. This means that we have
klggo [0rus, — Xp(us,)| 251 mvy = 0.
Since Xy is bounded on the compact manifold M, there must be a constant B such that

[Osus, [ 2(51 mvy < B

for all k € N. For any two tg,t; € S! = R/Z we compute the following:

s (1) = ()] = [y 0

0
<Vt —to - s, [l L2 st Yy

<Vti—to- B

This means that (us, )x is equicontinuous. Besides that, (us, (%)) is relatively compact in
M for all t € S*. By the Arzela-Ascoli theorem we conclude that the (us, ) converge in
the C%-topology to a limit 2 : ST — M.

14
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The next step is to show that this continuous limit is smooth. Again recollect that we can
work in RY and thus for ¢ € ST the following term is defined.

x4 (t) — x4 (0 / Xg,(zy(7))dT = lim (usk (t) — us, (0) — /Ot Xu, (:L'+(7’))d7’>

k—o0

= dim ([ s, (v — [ X (s (ryar
= lim (/ Dy, (1) — X, (us, (T ))d7_>

k—o0

+ lim (/ X, (us, (T XHt($+(T))dT>

k—o00

~ lim ( /0 D, (7) — XHt(usk(T))dT) +0

The penultimate equality holds because x is the pointwise limit of the u,; for the last
one we have to use the Cauchy-Schwarz inequality for the inner product on the L?-space:

=| [ 1000 () = X () dr

< Logllzz(syy - [100us, — X, (us,)| 2(s1)
= Vit [|0rus, — Xp, (us,)ll L2sm)

‘ /Ot Ovus, (1) — Xp, (us, (7))dr

This does indeed tend to zero for k — oo. But now, having established the formula

z4(t) —24(0 /XHt z4 (T

for all values of t € S, we can deduce from continuity that z is C!, from C! that it is C?
and so on, getting on the whole that x is indeed of class C*°. This gives also convergence
in the C*°-topology.

As a last step it remains to show that indeed

lim Ag(us,) = Ar(z4).

k—o0
It is clear that
1 1
lim / Hy(ug, () dt = / Hy(z(t)) dt
0

k—oo Jo

but we need an argument why

lim ur w= / Thw
koo Jp2 °F p2 T
for cappings us, and T4 of us, and z.

First let us see what would happen if w = d\ was exact. Then we would compute the

15
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following:
—x —* — % —*
Us w— Thw = us d\ — zhd\
/D2 Sk /1:)2 + p2z °* p2 Tt
o —%
= Us X — .
opz op? "
_ * *
=/ Ug A — ) T

S S
= [ M @at— [ A0 at
= [ M () = (1)

= [ M (0 = X (s, () 4+ [ A sy (1) = (1)

= [ M (6) = X (s, () dt + [ A (1, (0) = Xt (. (1))

The second of these integrals tends to zero as k — oo since x is the pointwise limit of us, .
For the first we get

[ M0 0) = Xt () ] < sup N vy, — X ) 1350

< const - sup [|A|| - [[is, — X, (us, )| 22¢s7)

because S is compact, so this integral also tends to 0.
Now we use this result for exact w and the symplectic asphericity to prove the general result.

Choose a neighbourhood U of z,(S') in M which is a deformation retract of z,(S*) so
that w]u is exact. For k big enough, u,, is contained in ¢/. Choose a homotopy from ug, to
x4+ which is contained in & — it can be interpreted as a map

hy : [0,1] x ST — M.

Glue this map with u,, at the left boundary component and with z4 at the right one to a
map

DU ([0,1] x §') U (=D — M
in a way that it gives a smooth function
v:S%— M.

For this function we compute

O:/v*w:/ Uy W+ h};w—/ Tt w
52 pz °F [0,1]x S p2

and thus get

—% —x *
TLw— Uy W= hiw.
/D2 * /D2 ok [0,1]x S

All this lies in U where w is exact, so we can use the previous computation. O
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2.6 Convergence at the ends of the cylinder

As a next step, we show that the loops us accumulate as s — Foo.

Proposition 2.27: Again let v : R x S' — M be a finite energy solution of the Floer
equation such that each u(s,-) is a contractible loop and let (si)ren be a sequence of
real numbers tending to oo (or —oo). Then there is a subsequence still denoted by (Sk)keN
and a critical point x4 € CritAy (or x_ € CritAy) such that

lim ug, =x
k—o00 Sk +
(or limy_, o us, = x_) in the C>-topology.

Proof. We will show the case s — 0o, the other case is analogous. Remember the R-action
on Mp and define up, € Mp for all k € N by

Up = U - Sk-

Since by theorem M is compact, after the choice of a subsequence (ug)ken converges
to some v € Mp.

Fix any sg € R and write v(sg, -) =: vs, as a loop. Then
AH(USO) = klggo AH(uso-‘rSk) - Sliglo An (u8)7

since this last limit exists by proposition This holds for all possible sg € R, and thus

E(/U) = AH (s&gnoo USO) - AH (SOLim USO)

—00

- s&l—r}loo An (USO) B sol—i>r£1c>o A (USO)

= 0.
By remark we can think of v as of a periodic orbit z4 € P(H) and from

lim wug(s,t) = v(s,t) = x4 (t)

k—o0

we get the desired result. O

Proposition 2.28: Assume that #P(H) < oo. Then for every u € Mp there are loops
x4 € CritAg such that
sliI:Eloou(s7 ) - xi()

in the C*°-topology.

Proof. Again we only show the case s — 0co. On LM one has a distance function do, which
induces the C*°-topology. For x € LM, let B.(x) denote the open ball of radius ¢ around
x. Since #Crit Ay < oo we can choose € > 0 so small that all e-balls around critical values
of Ay are disjoint. Let

U.= J Bs)

z€CritAg

17



Chapter 2 Preliminaries

be their union. Consider now the cylinder u € Mp. For € small enough, there is s € R
such that
u ([ss,oo) X Sl) c U,

for otherwise there would be £y > 0 and a sequence (sg)ren tending to oo such that
g, & Us

for all £ € N, which contradicts proposition But u ([ss,00) x S 1) is connected and
U. is a disjoint union of balls, so u ([ss,00) X S*) must be contained in one of them, say
B:(x4). This holds for all ¢ and we always get a ball around the same x4 € Crit Ay, so

Tim u(s, ) = ().

In fact, the derivative of a Floer cylinder in R-direction tends to 0 for s — Foc0.
Proposition 2.29: Suppose that #P(H) < oo and uw € Mp. Then

lim Osu(s,t) =0.

s—too

Proof. Again, we only prove the case s — +00. Let x; € Crit Ay be critical points such
that lims_,oo u(s, ) = z4(-). We first show that

sgrzl?oo 8tu(s’ ) = o+

in the C*°-topology. Assume that this is not the case. Then there is a sequence (s;)r C R
tending to oo such that dyu(sg, ) does not tend to &. Define Floer cylinders uy by

Uk(sat) = U(Sk + Svt)a
then uyp € Mp for all k € N and

sllgolo uk(sv ) = $+()

— first in the C%-topology only, but then by elliptic regularity (see corollary in chapter
also in the C*°-topology. But this is a contradiction to what we assumed about the

sequence (Sk)keN-
Now, since u is a solution of the Floer equation (2.3) we compute
lim Osu(s,t) = lm —J(u(s,t)) (Oru(s,t) — Xm,(u(s,t)))
s—+oo

s—+oo
= —J(z4 () (@1 (t) — Xp, (24 ()
= 0.

18



CHAPTER 3

The main theorem

In this chapter we state our main theorem and outline its proof.

Theorem 3.1: Let (M,w) be a closed symplectically aspherical manifold. Assume that
H : S x M — R is a Hamiltonian function (degenerate or not) such that #P(H) < oo.
Then there are x,y € Peontr(H) = Crit Ay C Fix ®} with

An(z) # An(y).

The strategy is to prove this theorem by interpolating between holomorphic spheres — about
which we know how they look like — and Floer cylinders which converge to critical points
of the action functional at the ends.

3.1 The perturbed Floer equation

For R € R>, there is a diffeomorphism
Yr:[-R—1,R+1]xS' — Zr C S?

from the closed cylinder onto a subset Zg of the 2-sphere. Choose such subsets and diffeo-
morphisms for all R € R>¢ in a way that the following hold:

e Forr < R, Z, C Zp.
e For r < R, wR|[—7‘—1,T+1] = Y,
® Urer., Zr = S*\{z_, 21} for two points z_, z; € S?, that means the finite cylinders
Zg exploit S?\{z_, 2z, }.
On each [-R—1, R+1] x S* we have coordinates (s, t) and the complex structure i inherited
from C = R x R. These give coordinates (s,t) and a complex structure i on Zp.

This means that on Zr we can use coordinates (s,t) and that on S? there is a complex
structure ip that on Zg coincides with the pullback (by @Dﬁl) of i. What is more, these
complex structures can be made to agree with each other on Jrcg., Zr and can be con-
tinued onto S2: It is known that the infinite half-cylinder (—oo,0] x S* is biholomorphic to
the punctured disk D?\{0} C C via

(—o0,0] x ST — D*\{0}

(S,t) — e—27r(s—i—it)7
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Chapter 3 The main theorem

O O /ﬂp_ P

[-R—1,R+1] x S*

S2
Figure 3.1: Sketch of ¢p.

and removing the puncture corresponds to adding the point z_ to the punctured half-sphere
Urer-, ZrN{s < 0}. In the same way, use that the infinite half-cylinder [0, c0) x ST also is
biholomorphic to the punctured disk to continue the complex structure to z,. All in all, we
have cylindrical coordinates (s,t) and the usual complex structure i on S2\{z_, 2, }, and it
continues to an almost-complex structure on the whole sphere S2.

Remark 3.2: Using these (s, t)-coordinates on S?\{z_, z;} for a function u : S — M, we
can understand each ug := u(s,-) as a loop. Such a loop is automatically contractible, and
when s tends to +00 the loops converge to constant loops ¢ +— u(z4).

Furthermore we choose a family of smooth functions Sr : R — [0, 1] smoothly varying in
R € [0, 00) with

e Br(s)=0for s < —R+ ¢ and for s > R — ¢ for some § > 0,
e OBr(s)=1for —R+1<s< R—1 (this can only happen for R > 1),
e By =0 and
% Br(s) is bounded uniformly in R and s.
Note that limpg o fr(s) =1 for all s € R.

For maps v : R x S — M we can now consider the following perturbed Floer equation:
Dsu(s, t) + J (u(s, 1)) (Bru(s, t) = Br(s) X, (u(s, 1)) =0 (3.1)

Solutions u solve the usual Floer equation inside Zg_1 and they are J-holomorphic outside
Zr. This is a good start — but since in the interpolation we want to start from J-holomorphic
spheres, we need such an equation for curves u : S% — M.

i/

-R+1 -1 1 R—-1 R
Figure 3.2: Sketch of Sr : R — R for several values of R.
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3.2 Definition of the moduli spaces

For this, let 7 be a 1-form on S? which agrees with dt on S?\{z_, z; }, and understand each
Br as a smooth function on the sphere by setting

BR : 52 —-R

Br(s) if z=(s,t) € S*\{2_,2
Br(z): = (s) | (s, 1) Wz, 24 }
0 if z = z4.
Equation (3.1)) now extends to curves u : S2 — M as follows:

)(071)

(du — 7 ® BrXn(w) =0 (3.2)

Here, du — 7 ® BrX g (u) is a 1-form on S? with values in the pull-back bundle w*T'M and

(du— 79 BrXu()"" = (du— 7 © BrXu(w) + J(w)(du - 7 & BpXpr(w)) o

means its antiholomorphic part (with respect to i on S? and J on M). On S?\{z_, 2, },
the equations (3.1) and (3.1)) coincide, while in local holomorphic coordinates (s,t) around

z_ or z4 equation (3.2)) reduces to equation ([2.2)).

Definition 3.3: The R-energy of a solution u : S — M of the perturbed Floer equation
(3.2) for R € R>g is defined as

En(uw) = § [ 4u(z) = 7(:)80(:) X ()| dvolse

(If we write z = (s, t) in holomorphic coordinates, then H(z) only depends on ¢.) The norm
Il - |7 used here is again the one from remark

Remark 3.4: The set {z_, z; } has measure 0, therefore

Er(u) = é/o; 105u(s, t)|> 4 |0pu(s, t) — Br(s) X, (u(s,t))|? dtds

o0
:/‘y@M&wFﬁ@.
—0o0
The first equality is true for every u : S? — M, the second only for solutions of (3.2).

Since S? is compact, the energy of a solution u : S? — M will always be finite. We will
see in section [I.] of chapter [f] that there also is a uniform bound on the energy of all such
solutions.

The definition of Er(u) depends on R € R>g. But Xy is bounded and fgr is bounded
uniformly in R (since M and S! are compact). This means that a uniform bound on the
R-energy ER implies a uniform bound on the 0-energy Ej.

3.2 Definition of the moduli spaces

Theorem [3.1] will be proved by analysing the space of solutions of the perturbed Floer
equation (3.2). Recall the situation of this theorem: (M,w) is a closed symplectically
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Chapter 3 The main theorem

aspherical manifold and H : S' x M — R is a Hamiltonian function. Choose an w-
compatible almost complex structure J on M.

For every point P € M define the following moduli spaces:

(0,1)
Mpg(P) = {u:82%Msmooth | (du_T@ﬂRXH(u)) :0’}
[u] =0 € ma(M),u(0,0) = P

—

M(P) = {(R, )

R ERZO and u € MR(P)}

The condition about the homotopy class will be important later. For one of these moduli
spaces we can directly see that what it looks like:

Lemma 3.5: For every P € M, My(P) consists of exactly one point, namely the constant
sphere up through P.

Proof. Since By = 0, every element of My(P) is a J-holomorphic sphere. By remark
it has to be constant. On the other hand, for every P € M the constant J-holomorphic
sphere

up(z) = P for all z € S?

is certainly J-holomorphic with [up] =0 € ma(M). O

In general, M\(P) does not have to be a manifold. But we will see later that near the
pair (0,up) it really has the structure of a smooth 1-dimensional manifold with boundary

{(0,up)} = M(P).

3.3 Outline of the proof

In chapter [l we will prove the following result:

Proposition 3.6: Assume that #P(H) < oo and that the Hamiltonian diffeomorphism ®%,
has no fized points x,y € Peontr(H) = CritAy C Fix ®1; such that Ag(x) # Au(y). Since
#P(H) < oo we can choose a point P € M which is not a fized point of ®};. Then the
moduli space M(P) is compact.

Chapter [f] explains the setup needed for chapters [6] and [7] in which we can establish the
following;:

Proposition 3.7: Assume that ./E(P) is compact for a point P € M. Then there is a
compact 1-dimensional manifold My(P) with boundary diffeomorphic to Mo(P) = {up}.

With these results, it is now easy to prove our main theorem [3.1}

Proof of theorem[3.1] Assume that #P(H) < oo and that the Hamiltonian diffeomorphism
®1; has no fixed points z,y € Peontr(H) = CritAy C Fix ®1; such that Ay (z) # Au(y).
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3.3 Outline of the proof

Choose a point P € M which is not a fixed point of ®}. By proposition M\(P) is
compact. Therefore we can apply proposition [3.7] to get a compact 1-dimensional manifold

M, (P) with boundary M (P) = {up} consisting of exactly one point — but such manifolds
O

do not exist.

23






CHAPTER 4

Compactness

The purpose of this chapter is to give a proof of proposition We rephrase it in a way
that suits more the way we will prove it:

Proposition 4.1 (new formulation of proposition : For P € M which is not a fixed
point of ®};, the moduli space M\(P) is compact or there are x,y € Peontr(H) = Crit Ay C
Fix ®1, with

A () # An(y).

The most important means for showing compactness is the theorem of Arzela and Ascoli,
a proof of which can be found for example in [6]:

Theorem 4.2 (Arzela-Ascoli): Let X be a compact Hausdorff space, Y a metric space, and
(fr)ken @ sequence of continuous functions fi : X — Y. If (fi)ken is equicontinuous and
pointwise relatively compact, then it has a converging subsequence.

This theorem gives a limit only in the C°-topology and of course we want to have more
regularity here. This is why we will work with weak derivatives (explained in section [5.3))
and then use several elliptic regularity results from section

4.1 An energy bound

Proposition 4.3: There is a constant C > 0 such that for all P € M and all pairs
(R,u) € M(P) the following estimate holds:

Proof. For fixed R € R>p and s € R, we define the following variation of the action
functional on the space of contractible loops of M:

-AR,s LM — R
1
Aral@)i= [ ww = [ Bals)Hila(t) dt

where u : D? — M is a capping of z. Exactly as in lemma and remark from
chapter 2] Ag s is well defined because of the symplectic asphericity of M, and its gradient
(with respect to the metric §; on the loop space) is given by

Vs, An,s(2) = J (@) (& = Br(s) Xu(@)).
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Chapter 4 Compactness

Now for (R,u) € M(P), understand each u(s,-) =: us as a loop and compute the energy:
00 1
Enlw) =4 [ [ lwu(s. )5 + oru(s.t) = Brls) X (u(s, 1) dds
o) 1
_ / / 1Ogu(s, 1) dids
—o00 J0
[e§) 1
= / / gJ(asu(s,t),asu(s,t)) dtds
—o0 J0
e 1
/ /0 95 (—7(u(s, 1)) (Beu(s. 1) — Br(s)Xa, (u(s.1))). Deuls, 1)) dids
=~ [ 95 () (it - BrXnu(u,)), 00u) ds

g‘] v@J’AR,S(uS)vasus) ds

:_/_“’
:_/mdARA%X&%)ﬁ
:_/“ (
_ ( (us)

(
CZ(.ARS us)> + (cZAR’S) (us) ds

Slgn Ap,s(us) — lim AR,s(us)> + /_O:O (jsAR’s> (us) ds (4.1)
—(0—0) (j ) us(t)) dtds (4.2)

_/ /(—BR )Hu dtds+/ /(—ﬂR )Ht(us( ) dtds
<. /(—63 (5)) min Hy dtds + [~ /(—ﬁR )) e H, deds

—(51%(0) = lim _Pgr(s) /0 min My dt — (Sli{go Br(s) — 5R(0)) /01 max Hy dt
= —fFr(0) /01 min Hy; dt + Sr(0) /01 max Hy dt
< [|H || nofer
In the step from to we used that wug converges to constant loops wu,u— for

s — £o00 (see remark and that the first term of the above action functional vanishes
for constant loops While the second vanishes for s — +oo. ]

Remark 4.4: The Hofer norm of a Hamiltonian function H : S* x M — R is defined by

1
| H || Hofer = /0 (mj\f}th — m]\/i[nHt> dt.

4.2 The bubbling phenomenon

The Arzela-Ascoli theorem is only applicable for sequences of functions which are equicon-
tinuous. Thus we need the first derivatives of all u € M(P) in all directions to be uniformly
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4.2 The bubbling phenomenon

bounded. Note that the J-norm of the periodic vector field Xg, is bounded since M and
St are compact and that also |Sg| is bounded. This means that for a function which solves
a perturbed Floer equation

(du - ® BrXn(w)) O

the existence of a uniform bound on directional derivatives in one direction implies the
existence of a uniform bound on directional derivatives in all directions.

The following phenomenon is known as ‘bubbling off’ of holomorphic spheres:
Proposition 4.5: Suppose there is a sequence (uy, Ry) oy © M\(P) for some P € M with

d —
max [|dug (2)[|; — oo

for k — oco. Then there is a subsequence converging after reparametrization to a non-
constant J-holomorphic sphere in M.

Proof. For all k, choose 2z, € S% such that |dug(z;)| = max,cge [|[dug(2)||;. Since S? is
compact, there is a subsequence (which we again denote by (23),cy) converging to a point
2 € 52, Passing again to another subsequence, we can assume that (Ry)ren converges to
some R, € R>o U {oo}.

Choose local holomorphic coordinates (s,t) in a neighbourhood € of z, in a way that
z« = (0,0). Without loss of generality we can assume that all z; are in . Thus we can
write zx = (sg, tg) for all k. Write

ck = |Osur (s, tr)| 7 € R,

then ¢, — oo for k — 0.

Choose € > 0 small enough that for all & € N, the ball B(sg, tx) of radius € is contained in
Q. Define a reparametrized map

Vg : Ba-ck (0,0) — M

S t
vk (8, t) = ug, <3k: + —,tp + ) ;
Ci Cl

then one has
s t 1

Osvk(s,t) = Osuy, <5k + —t + ) - —

Ck CL Ck

S t

Oyuy(s,t) = Opuy, (Sk + =t + ) -

Cl Ci

This gives

1
10501(0,0)| 7 = |Dsur (s, tr)| s - o 1,

i Dyl = ma Do, - L =1
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Chapter 4 Compactness

and (this is a case of conformal reparametrization)

En, (03 Beay (0,0)) = / 1050 (s, )3 dsdt
(8,t)€Be.c;, (0,0)
¢ 2
= / Ostg <Sk + ci,tk + t) . ci dsdt
(Sat)EBs-ck (070) k Ck k J

— |0sur(s,t)|% dsdt
(s,t)E€Be(sk,tr)

= ERk (uk; BE(Sk7 tk))
< Eg, (ur)
< const,

where the constant does not depend on k. The last estimate follows from proposition

We will now see what kind of differential equation the v, satisfy. For the sake of shorter
notation, fix an integer k and write § := s + i and t =t + é for (s,t) € R x S'. Since
uy, satisfies (3.1]) for Ry, we have

Dyvn(s,1) = Dyun(, ) -

Ck
= (5. (Orun(5.0) — i (9 X1, (ue(5.9) -
— (5, D)0 (5, 1) - -+ T (0n(5,0) By (5) Xy s (5.9) -
and thus
Osv(s,t) + J(vg(s,t)) - Opvg(s,t) — J(vk(s,t)) - ClkﬁRk(g)XHg(Uk(S, t))
— T (un(5,9)0yug (5, 1) - Clk + Tu(3,8) B, (3) X o, (ug(5,5)) Clk
(5. 0)00n(5.8) - = T (n(5,1)) -Gy (5) Xty 5.)
— 0. (4.3)

(We might not be using the cylinder coordinates here which we used to define the function
Br. But as the reader will see, the only thing we need to know about [g, (5) in this
computation is that its absolute value is less than or equal to 1.)

Let K C C be a compact subset. Then there is kg € N such that for all £ > kg the set
K is contained in the ball Bc..,(0,0). The image of each B...,(0,0) lies in the compact
manifold M and since we have max |0svg|; = 1 for all k, the sequence vy, is equicontinuous.

Thus the Arzela-Ascoli theorem H says that a subsequence of (vk‘ K)k>k converges in the
Z RO

C%-topology to a continuous limit
v’K K — M.

As a continuous function on a compact domain, v/, is of class LP(K, M) for every number
p and thus we can talk about weak partial derivatives 851)] ;o and ol 5 of v| ;- These are
almost everywhere pointwise limits of the derivatives of the vy| K
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4.2 The bubbling phenomenon

Now fix (s,t) € K instead and let k tend to infinity in equation (4.3)). Note that |Bg, (5)] < 1
independently of k£ and that Xy is bounded. Hence for almost alﬂ (s,t) € K in the limit
we get the following:

50| (5,t) +J (v]K(S,t)> - 9ol (s,1) =0 (4.4)

Now, by elliptic regularity (see corollary in chapter , v| , 1s smooth on the interior
of K and hence

(v Kk — ”’K
with all derivatives.
We now define a smooth function

v:C— M
v(s,t) :=v|,(s,t) for some compact set K C C with (s,t) € K

— it is clear that (vy), converges to v with all derivatives on all compact subsets of C.
Moreover, by equation (4.4]), v is J-holomorphic on C.

Besides, we know
|050(0,0)]; = lim [svy(0,0)]; =1
k—o0

max |0sv|; = lim max |Osvx|; = 1
k—o0
and for the energy of v one computes

ER* (’U) = klinolo ERk (Uk; Bs-ck (0, 0)) = k:linc}o ERk (uk; BE(Sk,tk)) < klin;o ERk (uk) < Q.

By the removable singularity theorem (cf. corollary [2.14), v extends to a J-holomorphic
sphere
v:8%=CuU{c0} = M.
Since |0sv(0,0)|; = 1, it is not constant.
O

Because of the symplectic asphericity of M, there can only be constant .J-holomorphic
spheres (‘bubbles’) and thus we get the uniform bounds on the derivatives as a corollary.

Corollary 4.6: For every P € M there is a constant C > 0 such that for all (u, R) € M\(P)
one has

max ||dug(z)||; < C.

z€52

Proof. If not, proposition gives a non-constant J-holomorphic sphere in M. But since
we assumed M to be symplectically aspherical, there can be no such (see remark [2.17). O

Remark 4.7: In the proof of proposition [£.5] we did in no way use the point constraint
u(0,0) = P. This means that the constant can be chosen uniformly for all P € M.

Note that we do not know so far whether v
limits in all points.

K and atv‘K are continuous, so they need not be pointwise
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Chapter 4 Compactness

4.3 Proof of proposition 4.1

Proof of proposition [{.1. Take a sequence (Ry,ug),eny S M\(P) We have to find either a
converging subsequence or two fixed points z_, x4 of @}{t with different symplectic action.

Case 1: (Ry)ren has a converging subsequence.
Without loss of generality assume that Ry — R. € R>¢ for kK — oo.

S? is compact, and since the first derivatives of the wuy are uniformly bounded we have
equicontinuity and thus we can use the Arzela-Ascoli theorem This tells us that there
is a subsequence (still denoted by (u)ren) converging in the C%-topology to a continuous
limit
uw:S?— M.

For the derivatives of the u; we cannot use the Arzela-Ascoli theorem again since they do
not have to be equicontinuous. But since S? is compact and the partial derivatives Osuy
are continuous, they are p-integrable for any chosen p € [1,00). LP-spaces are complete.
For that reason there is a subsequence of the dsuy converging to an LP-function 0su. This
LP-function is a weak partial derivative of u : §2 — M. In exactly the same way (possibly
passing to another subsequence) we also get a weak partial derivative du.

Every uy, satisfies the perturbed Floer equation for Ry:

)(071)

(duk—T®BRkXH(uk) =0

In local cylindrical coordinates (s,t) on the cylinder Zp, this means

Dstug (5, 8) + J (uk(s,1)) (Drun(s,1) = Br, () Xz, (ur(5,))) = 0

for all (s,t). Now, letting k tend to infinity, we can use the weak derivatives to get an
equation which may not hold everywhere, but at least almost everywhere:

Osu(s,t) + J(u(s, t))(atu(s, t) — Br. (8) X, (u(s, t))) =0

Hence u is a weak solution of the perturbed Floer equation for R,. By elliptic regularity
(see proposition [5.22)), u has to be smooth. Then u € Mg, (P) and (Ri,u) € M(P). So
the original sequence (Ry, u)ren has a subsequence which converges in M(P).

Case 2: (Ry)ren does not have a converging subsequence.
Then without loss of generality we can assume that Ry — oo for k — oo.

For every fixed positive integer T' € N consider the compact cylinder
Zr = \I/T([—T -1, T+ 1] X Sl) C S2

and the restricted sequence (uk| ZT>k' By the Arzela-Ascoli theorem there is a sub-

sequence (still denoted by (ug)xr ) such that (uk’ZT)k converges in the C’-topology to a

continuous limit
ur ZT — M.
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4.3 Proof of proposition

Since wp is a continuous function on a compact topological space, it has weak partial
derivatives. These are the LP-limits of the partial derivatives of the uk] 2o Each uk| Zr

satisfies equation (3.1)), and so for upr we get
Dsur + J (ur) (Bpur — Xp(ur)) =0

on Zp. By elliptic regularity (see corollary , up is smooth. We can pull it back to
[T —1,T + 1] x S! with ¥z and thus get a smooth function

vp: [T -1, T+ 1] x St — M

vr =ur oV

which is the limit of the sequence (uk\ 20 © \I/T) reN' By choosing the subsequences of (ug)g

for all T € N successively, we can assume that each is a subsequence of the previous and
thus for T7 < 15,

UT, | Zr, = U7 -
This is why we can define a function v : R x S — M by
v(s,t) :=wvp(s,t) for some T > s

— surely, this function is again smooth, and since our coordinates on each Zr were chosen
to agree with those on the cylinder, v satisfies

D + J(v)(@tv - XH(U)) =0
everywhere on R x S'. Moreover, the diagonal sequence

Uk
Z

converges to v in the Cj;, -topology, that is with all derivatives on all compact subsets of the
infinite cylinder R x S*.

o\I/k:[—k—l,k—i—l]xSl—>M)

k keN

Fix s € R and consider the loop vs = v(s, ). It is the limit of loops which come from maps
S? — M, and as such it is contractible.

From proposition we know that there is a constant C' > 0 such that

5[ 10 O + (s, £) = B, (5) X (s, 1)) dids = B, () < C

for all k£ € N. Again because of the choice of our coordinates, in the limit we get

%/OO |0sv(s, )2 + |0ww(s,t) — Xg, (v(s, 1))|? dtds = Eo(v) = E(v) < C,

where E(v) denotes the energy of Floer cylinders as in definition and so v € Mp. By
proposition there are x4 € Crit Ay such that

lim_ofs, ) = z4().
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Chapter 4 Compactness

By proposition [2.25] it is
E(w)=Ap(z_) — Au(xy).

The goal was to find x4 € Crit Ay of different symplectic action, and if E(v) # 0 we are
done. But if E(v) = 0, then by remark v is constant. Because of

u(0,0) = klgglo u(0,0) = kli_)n;oP =P

this would mean that « = P and thus that x4+ = P. But this cannot be the case since we
assumed that P was not a fixed point of ®%,. So E(u) # 0 and thus

Ap(zy) # Ap(z-).

If for all possible choices of sequences (Rg,u),cn € M\(P) we happen to stay in case 1,

M (P) is compact. If case 2 happens for at least one sequence, we find two fixed points of
@1, which, understood as loops in M, have different symplectic action.

O]
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CHAPTER 5

Analytic Setup

We obtained the moduli space Mg(P) as the space of all smooth maps v : S?> — M which
satisfy «(0,0) = P, [u] = 0 and

(du—7® BrXn(w) " =0,

For a fixed function u, the expressions du, 7® Sr X5 (u) and (du — 7 ® SrX g (u))"" denote
a collection of linear maps

T252 — Tu(z)M

for all z € S? — this means they are 1-forms with values in the bundle u*T M over S?. The
moduli space Mpg(P) is the intersection of the section

u (du —T® 5RXH(u))O71

in this bundle with the zero section. In a finite-dimensional setting, the implicit function
theorem can be used to gather information about such intersection. The bundles concerned
here are infinite-dimensional. There is an infinite-dimensional version of the implicit func-
tion theorem, though, which we can use — but since it holds in a Banach setting only, there
is some more work to do.

5.1 Fredholm operators

We need the definition of a Fredholm operator and some of its properties. This and much
more can be found in [6].

Definition 5.1: Let X and Y be Banach spaces. A bounded linear operator L : X — Y
is said to have the Fredholm property (or is simply called Fredholm operator) if

e the image of L is closed in Y,

e dim ker L < oo, and

e dim coker L = codim im L < oo.

In this case, its Fredholm index is

ind L := dim ker L — dim coker L.
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Chapter 5 Analytic Setup

Note if the dimensions of kernel and cokernel are finite, then the image is automatically
closed. Moreover, when X and Y are of finite-dimension every linear operator L : X — Y
is automatically Fredholm, and its index is

ind(L) = dimX — dimY.

Proposition 5.2: Let X and Y be Banach spaces and let K : X — Y be a compact
operator. Then a bounded linear operator L : X — Y has the Fredholm property if and only
if L+ K has, and in this case it is

ind(L) = ind(L + K).

5.2 Fredholm maps

The notion of a smooth Banach manifold is a generalization of the notion of a finite dimen-
sional smooth manifold.

Definition 5.3: A smooth Banach manifold is a topological space X with charts into a
Banach space around each point in a way that the transition functions are smooth.

Between Banach manifolds we can consider Fredholm maps.

Definition 5.4: Let X and Y be Banach manifolds. A smooth map f: X — Y is called
a Fredholm map if for all z € X

is a Fredholm operator.

Remark 5.5: The set of Fredholm operators between two spaces is open in the set of all
bounded linear operators, and the Fredholm index is a continuous function from this set to
the integers — in particular, it is locally constant. Since T; X and T'(,)Y depend on z € X
continuously, also the function

x — ind df (x)

is locally constant. So if X is connected, the Fredholm index of df(x) does not depend on
the choice of x € X and we can define the Fredholm index of f to be

ind f :=ind df(z)
for any z € X.

Definition 5.6: Let f: X — Y be a smooth map between Banach manifolds (not neces-
sarily Fredholm). A point y € Y is called a regular value of f if for all z € f~'({y})

is surjective and has a bounded right inverse.
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5.3 Sobolev spaces

Remark 5.7: If df (z) is surjective, then surely there is a linear operator Q : Ty,)Y — T, X
with df (x) o Q = idr, .,y — the only question is if @ is bounded or not. If f is Fredholm
and df (z) o Q = idry v, then

T,X = ker df(x) ®im Q,
where ker df (z) is finite-dimensional and hence im @ is closed. So
df(l‘)|lm Q tim QQ — Tf(x)Y

is a bijective bounded linear operator between Banach spaces and hence by the Bounded
Inverse theorem its inverse
Q : Tf(:):)Y — im Q

is bounded. So if f : X — Y is a Fredholm map and y € Y is a point such that for all
z € f~'({y}) the differential df (z) : T,X — Tp)Y is surjective, then y is a regular value

of f.

Theorem 5.8 (Implicit function theorem): Let X and Y be Banach manifolds. If y € Y
is a reqular value of f : X — Y, then N := f~'({y}) is a smooth manifold and

T,N = ker df(X)

for all x € N. In particular, if f is Fredholm and X is connected, N is a smooth manifold
of dimension dim N = ind f.

A proof can be found in [7], it is theorem A.3.3 there.

In the case of sections in a vector bundle £ — B, the corresponding notions are constructed
on the vertical differential, that is the differential in fibre direction: A section s: B — E' is
Fredholm if kernel and cokernel of the vertical differential

d’s(z): T, B — E,

(E, denotes the fibre over x) are finite-dimensional, and 0 is a regular value if this vertical
differential is surjective and has a bounded right inverse for all x € B with s(z) = («,0).

5.3 Sobolev spaces

Spaces of smooth maps are not complete. That is why we are going to work with Sobolev
spaces. The introduction we give here is more or less taken from the appendix of [7]; for
more details see for example [1].

Let U C R™ be a bounded open subset and choose a number p € [1, 00).

Definition 5.9: e For measurable functions u : U — R,

sy o= ([, lu@)Pda)”

defines a seminorm which is called the LP-norm.
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Chapter 5 Analytic Setup

e Two measurable functions u,v : U — R are called equivalent if
lu = vl r ) = 0.
This defines an equivalence relation. The quotient space
LP(U) := {measurable functions u : U — R with finite LP-norm} /equivalence

is a vector space; its elements are called LP-functions and often thought of as func-
tions which are defined up to changes on sets of measure zero.
e For a multi-index o = (ay, ..., a,) € N” of order |af := Y1 oy, let

|af
d“f := 9

Ozt ...0xp"

denote the a-th derivative of f, if existent.
e A function v € LP(U) is called the a-th weak derivative of a function u € LP(U) if
/ v(x) - p(x) doe = / u(zx) - d*¢(z) dx
xzcU xcU

for all compactly supported test functions ¢ € C°(U). (If u has a representative
which has a continuous a-th derivative d®u, then this derivative satisfies the above
equation due to integration by parts.) If such a v exists, we denote it by d%u.

e For k € N define the Sobolev space
WkP(U) = {u e LP(U) ' Vo with |a| < k there is d®u € LP(U)}

to be the space of all LP-functions that have weak derivatives up to order k. For such
a function, the Sobolev-(k, p)-norm is defined as

kp = ||U||W'w(U) = Z (/

la| <k

[

1
dau(a:)|pdaz) B
U
Remark 5.10: If K C U is a compact subset, then by the Holder inequality one has
o1 1
lull L1y < lullzecxy - 11 Lax) for ¢ € [1,00) with » + 7 =1,

so every LP function has finite L'-norm over K and the integrals in the definition of weak
derivatives are finite.

There is another characterization of Sobolev spaces which does not use the notion of weak
derivatives:

Proposition 5.11: W¥*P(U) is the completion of C*(U) with respect to the W*P-norm.

This characterization also implies the next theorem, which is the reason why we work with
Sobolev spaces:
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5.3 Sobolev spaces

Theorem 5.12: W*P(U) is a Banach space.

Still, in the end we are interested in functions which are smooth or at least continuous.
The famous Sobolev embedding theorems give some information about the existence of
differentiable representatives:

Theorem 5.13 (Sobolev embedding theorem): Let U C R™ be a bounded open subset and
keN, pe[l,o0) numbers such that kp > n. Then there is a constant C = C(k,p,U) >0
such that

full sy < C- iy

for all u € C*(U). In particular, there is a continuous embedding
whe(U) — cF )

and moreover, this embedding is compact.

In particular this means that in the case kp > n all W*P-functions can be represented by
continuous functions and that the following holds:

Corollary 5.14: Choose any p € [1,00). Then

Ce(U) = ﬁ wkr ().
k=1

So far we defined W*P spaces only for functions from an open subset U of R" into the real
numbers. It is easy to generalize it for functions u : U — R™, m € N, and from that we
can generalize to functions v : N — R™ for a smooth compact manifold N.

Definition 5.15: e Let u: U — R™ be a measurable function. Write u = (u1, ..., up)
with w1, ..., % : U — R. Then the W*P-norm of u is
m
lullkp = ||UHka(U,Rm) = Z HUJ‘HWW(U)-
j=1

(Strictly speaking, it only is a seminorm until we pass to equivalence classes.)

e Fix a finite cover of the compact manifold N by charts

¢i Ui = B;
fori=1,...,r, where U; C N are open subsets and B; C RY™N are open balls. Then
for u: N — R™ we can define
-
ullep = lullwrovrmy =Y lwo é;  lwess, zm)-
i=1

e The space of Sobolev-(k, p)-functions from N to R™ is

WHEP(N,R™) := completion of C>(N,R™) with respect to the W*P-norm.
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Chapter 5 Analytic Setup

Remark 5.16: The definition of ||ul|y»(yrm) depends on the choice of cover and charts.
But the norms we get for different choices are all equivalent and so the definition of
WFkP(N,R™) does not depend on any choices.

For defining W*P-spaces of functions from one manifold to another, one fixes an embedding
of the target manifold into some big Euclidean space. This only is well defined, though,
in the case that k- p > dimN. For our purpose it is enough to generalize for sections in a
bundle over a manifold, and for that one does not need an embedding into Euclidean space.

Definition 5.17: Let £ — N be a vector bundle of rank m over a compact manifold V.
Fix a finite cover by charts

¢Z':UZ'—>Bi, 1=1,...,r
as before and trivializations

BZXngUZXngE

U;
fort=1,...,r. Let u: N — E be a section. We can understand u o gb;l : B —» F as
U O (ﬁi_l : B; — R™ via the trivialization and then define
T
”UHk,p = HUHWM(N,E) = Z [|uo (Z)z'_IHWk»P(Bi,]Rm)'

i=1
Again, this does depend on the choice of charts and trivializations, but the norms one gets
for all these choices are equivalent and the space
WHP(N, E) := completion of C*(N, E) with respect to the W*P-norm

of W¥P_sections of the bundle E — N does not depend on any choices.

Remark 5.18: As in corollary one can use generalized versions of the Sobolev em-
bedding theorem to show that for k- p > n every W*P-function is continuous and
that

C™(N,E) = (| WF(N, E).
k=1

Remark 5.19: There are local versions of the Sobolev spaces: A function v : N — R" is
an element of VV/ZCP(N ,R™) if u|,. € WFP(K,R™) for every compact subset K C N. This
is often the space one works with, because in the case of a non-compact domain N constant
functions do not belong to W*»(N, R™).

5.4 Two Banach bundles

In order to be able to use the implicit function theorem [5.8 we have to describe the moduli
spaces Mp(P) and M(P) as regular level sets of Fredholm maps between Banach manifolds.
Denote by

B:={ueW(s% M) |[u] = 0 € ma(M),u(0,0) = P}

1,p

={ueC>(S2,M)| [u] =0 € m(M),u(0,0) = P}
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5.4 Two Banach bundles

the Banach manifold of all WP-maps from S? to M for some fixed p > 2 which belong to
the right homotopy class and satisfy the point constraint. The value of the Sobolev function
u at the point (0,0) € S? is to be understood as the value of the continuous representative
of u given by the Sobolev embedding theorem [5.13

For every u € B there is a Banach space
Eu:= {17 ‘ n is a 1-form of class LP on S? with values in u*TM}

and together these form a bundle

&E— B
nr——uforne&,

with fibre &, over u € B. The zero section in this bundle will be denoted by Og. For
R € R>o we define a section

Fr:B— &

0,1
U — (du -TQ® BRXH(U))

— it is now clear that Mpg(P) C .7:151((95). Indeed, by elliptic regularity of Fr (see propo-
sition in the next section), we will see that in fact there is equality:

Mr(P) = Fg'(O¢)

Now write
B:=R>o x B
and consider the bundle
E—B
n+— (R,u) for n € &Ry
with fibre
EA(R’u) = {(R,u, n) ’ n is a 1-form on S? with values in u*TM} =&,

over (R,u) € B. In this bundle the zero section will be denoted by Og, and there is a section
F:B-—E
0,1
(R, u) —(du— 7 ® BrXp(v)) = Fr(u).

Again, it is obvious that M (P) C F *1((’)5) and by elliptic regularity of F (see proposition
5.22)) we will see that in fact
M(P) = FH(Op).
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5.5 Elliptic regularity

In this section we want to see that indeed all weak solutions of the differential equation

(du —-T® ﬁ]‘r;;XH(u))O’1 =0

are smooth and that the W¥P-topology coincides with the C*-topology on our moduli
spaces. Roughly speaking, this results from the fact that a function has higher regularity
(that is, ‘more derivatives’) than its derivatives. A famous example is the Laplace equation

Au=0

for a locally integrable function u : U — R?, where U C R? = C is an open subset and
A denotes the Laplace operator A = % + (%. Weyl’s lemma states that every weak
solution u of this equation is smooth and thus a strong solution. Similar results hold for
the Cauchy-Riemann operator.

In [7], McDuff and Salamon state and prove a version which also respects boundary condi-
tions and time-dependent almost complex structures. Without these, it reads as follows:

Proposition 5.20 (Proposition B.4.9 in [7]): Let Q C R? = C be an open subset, | € N5
a positive integer and p > 2. Assume J € WHP(Q,R?"*2") js such that J?> = —idgen. Then
for every k € {0,...,1} the following holds: If u € LY (Q,R*") and n € W'ZIZ’CP(Q,RZ”)
satisfy

Osu + J(u)0u =1 (5.1)
in the weak sense, then u is an element of W/llzzrl’p(Q,RQ”).
Corollary 5.21: Weak solutions of the Cauchy-Riemann equation

Osu~+ J(u)ou =0

and of the Floer equation
Do+ J (u) (B~ Xpg(w)) = 0

are smooth.

Proof. The function n = 0 lies in W¥? for every k and p, so the above proposition can
be applied for every £ € N and smoothness follows from corollary For the function
1 := J(u) X g (u) we use a bootstrapping argument: It is the composition of smooth functions
(which are bounded and have bounded derivatives on each compact subdomain) with the
WP_function u and so it is of class W1P. Therefore by proposition w is of class W?2P,
But now 7 also is of class W?P and we can use the same argument to show that w is of
class W3P. This bootstrapping argument shows that u is of class WP for every k € N and
thus, by corollary [5.14} it is smooth. O

Now we can use this for our special setting.
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5.5 Elliptic regularity

Proposition 5.22: It is Mp = F'(Of) and M = f'_l(Og).

Proof. We have to show that every v € W1P(S%, M) which satisfies

(du —-T® ﬂRXH(u))O’l =0

for some R € R>g is smooth. Since differentiability is a local property it is enough to show
this in local coordinates. So we can assume that u € W1P(Q, M) for some  C R? = C and
the equation reduces to

dsu+ J(u) <8tu - ,BRXH(U)) =0,

which can be written as
Osu + J(u)Opu = BrJ (u) Xu(u).

The vector field 1 := SrJ(u) X (u) : @ — R? is not smooth, but as a composition of smooth
maps (which are bounded and have bounded derivatives on the compact set ) with u it is
of class WP, As above, we now start a bootstrapping argument: By proposition we
first get that u is of class W2P. But then so is 7 and thus we use the proposition again to
get that u is of class W3P — and so on, which inductively means that v is of class W for
every p and thus by remark it is smooth.

O
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CHAPTER 6

Fredholm Analysis

It is the goal of this chapter to show that both Fo and F are Fredholm sections in the
bundles € — B and € — B respectively. For this, we need their linearizations.

6.1 The linearized operators

The tangent space of B at u € B is given by all vector fields of class W*? along u which
vanish in the point (0,0), that is

T.B = {g :S?2 5 TM ‘ ¢ is of class WP Vz € 5% : (2) € T,(,)M,£(0,0) = 0 € TPM} .

Again we have to say what is meant by the equation £(0,0) = 0 in the case of a Sobolev
function £. But as in the definition of B, we know from the Sobolev emdedding theorem
that there is a continuous representative of £ and we can demand that the equation
hold for this representative.

Since we are working with a section in a bundle, the interesting part of the linearization is
the vertical differential. Along the zero section Og, the tangent space of the total space &£
at (u,0) is a direct sum

T(u,O)g =T.BdE,

and using the projection
Ty Ty BB E, — &y

we can write the vertical differential of Fj at u € My(P) as

D, :=m,0dFy(u): Ty,B— &,.

Outside the zero section Og, one can also split

Tiup€ = (T(um)g)h ® (T(um)g)v’

into horizontal and vertical subspaces, and the vertical subspace can be canonically defined
by
(T(um)g)v = Tngu = gu

The horizontal subspace, though, depends on the complement we choose. This corresponds
to the choice of a connection in the bundle & — B.
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Chapter 6 Fredholm Analysis

A connection on £ — B comes from a connection on the tangent bundle TM — M. It will
be useful to work with one which preserves the almost-complex structure J, so we choose
the connection

Vo X =V, X - 3J(V, )X

where V is the Levi-Civita connection of the Riemannian metric ¢g;.

Lemma 6.1: For each u € B, the vertical differential of Fo at u is given by
D& = %(V& + J(u) o VEo z) — 2J(u)(VeJ) (w)du
for & e T,B.

Proof. For understanding this expression, first note that D,£ is meant to be a 1-form on
S? with values in v*T'M. Inserting a vector field ¢ on S? into V¢ means

VCE = Vdu(c)g
Let (uq)o C B be a family of maps such that ug = u and

d

@ azoua = 5

In the following we shortly write Vy =V 4y, and V, =V oy, Also note that J(uq)
anticommutes with J(uqa)(Vad)(uq): It is

=(Vad)(u —J)(u

= (Va
(V J-J- J) o)
= _(VGJ) (ua) + J(Ua)(vaj) (ta)J (Ua) — (Va']) (ta),

(Vad)(ua) = J(Ua)(vw]) (ua)J (ua)
and thus
J(ua) - J(ua)(Vad) (ua) = =J(ua)(Vad) (ua) - J(uq).

Now we can compute D,, as follows.

d 0,1
Du = T da ’
€= Gl ()
_ 4 L (dug + J(ua) o dug 14)
_daafo P a a a

= %%a (dug + J(uq) o dug 07)

a=0

= % <6adua + J(uq) 0 Vo ditg © z)

a=0
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6.1 The linearized operators

=1 (Vadua + J(uq) 0 Vadug o z)

a=0

~1.1 (J(ua)<vaJ)<ua)dua +J(ua)J (ta) (Vo) (ua)dua o Z)

a=0

=1 (Vadua + J(uq) o Vadug o z)

a=0

—1 (J(ua)(VaJ) (ug)dug — J(ua) (Vo) (ua)J (ua)dug o z)

a=0

= % (Vadua + J(uq) o Vadug o z)

a=0

4 ((00) (V) t0) (it — I(ua)elua o) )

=20 Uq

a=0

=1 (Vadua + J(uq) 0 Vadug o z)

. — %J(u) (Ved)(uw)du

= 1 (VE+J() o VE i) — 1T(u)(VeJ)(w)du

In the last step we used that the Levi-Civita connection V is torsion free. More precisely,
note that for any fixed z € S? and ((z) € T,S? one can choose a path t + 2(t) such that

2(0) = z and % z(t) = ((z), then one has
t=0

d

dua(((2)) = 5

ua(z(1))
and thus

(Vadug + J(ug) o Vadug o 7)

(€(2))

a=0

= (Vi dtta + J(ua) 0V o, g 017)
do % do ¢

d d )
= (Vddaua(z(t))dtuCY(z(t)) +J(Ua) 0V, (1)) gy ua(2(E) © Z)

t=0'a=0
d d .

- <V$ua<z<t>>m“a(z(t)) I (0) © Vg, (20 g Y (2(1) “) =0laco

= Vauc=)§(2) + J(u) o Viye(2))§(2) oi.
This holds for all z € S? and ((z) € T,S?, hence

(Vadug + J(ug) © Vadug 0 1) =VEé+ J(u)oVEoi
a=0

as 1-forms. n

Since B = R>o x B is a product, its tangent space at (R, u) € B equals R x T;,B. For the
tangent space of £ at the zero section again we have a splitting

T(ru0)E = T(ru)B ® Eu
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which we can use to define the vertical differential
B(R,u) = T(Ru) © d]?(R,u) RxT,B— &,

for (R,u) € M(P). At points (R,u) ¢ M(P), the splitting into horizontal and vertical
subspaces again depends on the choice of our connection V.

Lemma 6.2: For (R,u) € B =Rsq x B, the vertical differential of F at (R, u) is given by

~ 0,1

0,1
Dirau(r,€) = Duf =7+ (r®r- X))~ + (7 © BrVeXn(u))

0,1
+ %(T ® J(u)VgJ(U)/BRXH(u))

for (r,€) € T(R,u)g, where g = VRBR‘ is a function S? — R with compact support

inside the cylinder Zg.

R=R

Proof. Again let (uqy)o C B be a family of maps such that uy = u and %] uq = &, and

let (Ry) C R>g be numbers such that Ry = R and %]a R, = r. Then:

a=0
=0

~

d 0,1
D(R,u) (T, 5) = do (dua TR /BRQXH(U’(X))

a=0

_dl ‘
= a:0§ (dua + J(uq)dug o 2)

1 |

- a:0§<7 ® BRQXH(UQ)) + J(ua)(T ® BRQXH(%)> ot

d .
=Du§— 40| 7@ Br.Xnr(ua) + J(ua) (7 © B, Xn(ua)) o'

QA la=0
= Du§ — $Va7 ® B, Xt (ua)| _ = §Vad (ua) (7@ Br X (ua)) 0i|
= D&~ §Var @ Br, Xn(ua)| _ = 3J()Va(r © Br, Xn(ua))| _ o
= Dt~ b7 Vabr, Xi(wo)| |~ 57(0) (70 Vb Xulua)|_ ) o
= .t~ 479 Vabr, Xu(uwa)|_ ~ §7(0) (78 Vabn Xulua)|_ ) o

+ 47 @ J(w) (Vad|,_y) ()BRXn(w)

+ 1) (7@ J(w) (Vad|,_y) ()BrXu(u)) o
~ D~ (7@ VQBRQXH(UQ)|QZO)°’1

13 (re I (Vo o) (WBaXe(w)"

Here, (...)%! means taking the anti-holomorphic part with respect to i on S? and .J on M.
It is

(Vad|o_y) () = (viwﬂazo) (1) = VeJ (u)
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6.2 The Riemann-Roch theorem

and

VaﬁRaXH(Ua)‘ = (VaﬁRa a—O) Xu(u) + Br (VQXH(UQ)‘QZO)

=7-7r Xu(u) + BrVeXn(u),

a=0

where vr = VRBR‘R R is a function S2 — R. If z € S? does not belong to the cylinder
Zg, then Bz(s) = 0 for all R near R, so yr(z) = 0 in that case. All in all we get

~ 0,1 0,1
D(ru)(r,€) = Dyl — 7 - (T ® VR - XH(U)) + (T ® 5RV£XH(U))

+ (7 © W)Vl (W)BrXn(w)

6.2 The Riemann-Roch theorem

In the appendix of [7], McDuff and Salamon introduce the notion of complex linear and
real linear Cauchy-Riemann operators. Such operators always have the Fredholm property.

Let E — ¥ be a smooth complex vector bundle over a compact Riemannian surface 3. De-
note by C*(X, E) the space of smooth sections in this bundle and by C® (X, A%'T*Y @ E)
the space of smooth anti-holomorphic 1-forms on ¥ with values in E. The correspond-
ing spaces of regularity W*? will be denoted by W*P(X, E) and WkP(3, AYT*Y @ E).
Moreover, let

9:C®(%,C) — C®(Z, A T*Y @ (E x ©))
Of = (df)" =df +iodf oi
be the usual Cauchy-Riemann operator.

Definition 6.3: e A smooth complex linear Cauchy-Riemann operator on the
bundle £ — 3 is a C-linear operator

D:C®(%,E) — C®(X,AY'T*Y ® E)
which satisfies the Leibniz rule
D(f&) = f(D€) + (9f)¢

for all smooth sections £ € C*°(X, E) and all smooth functions f : ¥ — C.

e Let [ > 1 be a positive integer and p > 1 a number such that Ip > 2. A real linear
Cauchy-Riemann operator of class W!~1? on E — ¥ is an operator of the form

D=Dg+a: W2 E) — WP (8 AMT*Y @ E)

where Dj is a smooth complex linear Cauchy-Riemann operator on £ — ¥ and « is
an element of W!=1P(2 A®IT*Y ® Endg(FE)), that is an anti-holomorphic 1-form on
¥ of class W' ~1P with values in the endomorphism bundle.
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Chapter 6 Fredholm Analysis

Real linear Cauchy-Riemann operators also satisfy the Leibniz formula

D(f€) = F(D€) + (9f)¢,
but only for real valued functions f : ¥ — R.

Note that if D is a smooth complex linear Cauchy-Riemann operator, then it is real linear
of every class Wi =1»,

In 7], McDuff and Salamon formulate a version of the Riemann-Roch theorem for real linear

Cauchy-Riemann operators with totally real boundary conditions. Without the boundary
conditions, it can be stated as follows:

Theorem 6.4 (Riemann-Roch theorem, theorem C.1.10 in [7]): Let E — ¥ be a complex
vector bundle of rank m € N over a closed Riemannian surface Yand D a real linear Cauchy-
Riemann operator of class W=V on E — %, where | > 1 is a positive integer and p > 1

is a number such that lp > 2. Then for every integer k € {1,...,1} and every real number
q > 1 such that k — % <l— %, the following holds:

e The operator

D Wk, E) - WS, A% 7Y @ F)
has the Fredholm property. Its kernel is independent of the choice of k and q.

e The Fredholm index of D (seen as a real linear operator) is given by
ind (D) = m - (%) + 2(c1 (E), [3),

where x(X) is the Euler characteristic of ¥ and ci(E) is the first Chern class of the
bundle E — X, so (c1(E),[X]) is its first Chern number.

Remark 6.5: e The case k =1 and g = p is the one we are most interested in.

e Note that the index neither depends on the precise definition of the operator D nor
on its regularity class W'~ 1P as long as Ip > 2; the index is an invariant of the bundle.

6.3 Implications for D,

Lemma 6.6: 1. For every u € B the operator
Oy : WHP(S% w*T M) — WOP(S? AP T*S? @ uw*T M) = &,
O = %(vg + J(u) o VEo z)
is a real linear Cauchy-Riemann operator of class WP = LP.
2. For every u € B, if we understand D, as an operator
Dy : WHP(S2 w* T M) — WOPOD (82 y*T M) = €,
D& = %(Vﬁ + J(u)oVEo z) — 2J(u)(VeJ) (w)du
= 0u& — 3J(w)(VeJ) (u)0yu

on the bigger space WYP(S% w*T M) containing T,B as a subspace, then it is a real
linear Cauchy-Riemann operator of class WP = LP.
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Proof. For the first claim we have to show that d, splits into a smooth complex linear
Cauchy-Riemann operator 82 and an anti-holomorphic 1-form « of class WP = [P with
values in the endomorphism bundle Endg (u*TM) — S2.

Remember that the connection V on u*T'M — S? was induced by the Levi-Civita connec-
tion on the tangent bundle TM — M, also denoted by V. It is a well-known fact that
the space of connections on a vector bundle is affine — a proof of this can be found for
example in [§]. Moreover, there exists a Hermitian connection on TM — M (with respect
to the Hermitian metric induced by J and w) which induces a Hermitian connection on
w*TM — S?. So we can write our connection V on w*TM — S? asasum V = Vy+ A of a
Hermitian connection V¢ and a section A € LP(S?,T*S? ® Endg (u*TM)). We write A(-)¢
for the 1-form with values in «*T'M which results from applying this bundle endomorphism
to a vector field & along w.

Then we have
9u& = (Vo + A+ J(u) o (Vo + A)¢ 01)
= %(VOHJ( )oVo£OZ) ( ()€ + J(u )oA(-)goi)
= 0.8 + at,

where 90¢ := %(Vgﬁ + J(u) o Vo€ o z) and o = %(A()f + J(u) o A(-)€ o z) It is clear
that this defines an element o € LP(S%, A% T*S? @ Endg (u*T'M)). We still have to verify
that 90 is a complex linear Cauchy-Riemann operator, so let f = f; +i- fo : S> = C be a
function and compute the following.

Fu(f6) = 53((f1 +i- f2)€)
0 (hie+ fzJ(U)f)
5(Vofie + T(w) o Vofig o) + 5 (Vo(f2T (w)€) + J(w) 0 Vo(foT (w)E) o)
=5 ((an e+ flvog) +J(w) o (df ()¢ + flvof) oi)
+
(

5 ((dr2()T @8 + 2V0(T@))) + T (w) o (dfa() T (w)E + f2Vo(J(w)E) ) 1)
— (AR ()€ + T (w) 0 dfa(-)€ o Z)+%(f1Vo£+J ° iV o i)
+ 3 (Afa()T ()& + T (u) 0 dfa() T (w)é o 1)
§(f2V0(J( )€) + faJ (u) o Vo(J (w)€) o)
=0f1 &+ L 06+ Of2- J(w)€
+ 5(2Vo(J(@)€) + foJ (u) 0 Vo(J (u)€) o)
=0fi- &+ f1- 006+ 0f2 - J(u)E

+ 5 | £2( (VoI () € + T(@)Vo€) + fad (u) o ( (VoI (w) € + J(u)Vo€) o
—— ———

=0 since Vg is Hermitian =0 since V is Hermitian

= Ofy £+ f1- D+ 0fz - J(W)E + f2- T ()3 (Vo€ + T (u) VoS 01i)
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Chapter 6 Fredholm Analysis

=0f1- &+ f1- 006+ 0fz - J(W)E + f2d (u)09¢
= (0 +0fs- Tw)e+ (fr + fo (w)) - Do
=0f &4 f-05¢

So 52 really is a complex linear Cauchy-Riemann operator.

The second claim is now obvious since
€ — —5J(u) (VeJ) (u)0u
is an R-linear endomorphism of v*T'M,
—5J (W)(VeJ)(u)dsu

is an anti-holomorphic 1-form (since J(u) anticommutes with J(u)(V.J)(u) as we have seen
earlier in this chapter) and the assignment

S%35 20— —%J(u(z))(VJ)(u(z))aJu(z)
is of class WP = LP. O
Corollary 6.7 (of the Riemann-Roch theorem [6.4)): For every u € B, the operator
Dy : WYP(S% w*TM) — LP(S? AP T*S? @ u*TM) = &,
is a Fredholm operator of index 2n.

Proof. The bundle u*TM — S? is of complex rank n because 2n is the real dimension of
M. The Euler characteristic of S? is 2. For the Chern number we compute

(1 (T M), [S?]) = / uter (TM).
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a(u'TM) = /

S

and remember that it does only depend on the homotopy class of u. This is where the
condition [u] = 0 € ma(M) comes in: For constant u the computation above gives 0, and
thus for all other choices of u it also has to be 0. Now use theorem [6.4] O

But we are not really interested in D, as an operator
WP(S% w*TM) — LP(S? A T*S? @ w*TM),

but as an operator T,B — &,. The fibre &, equals the space LP(S? A%'T*S% @ u*TM),
but T,,B and W1P(S2% w*T M) differ from each other by the point constraint:

T.B = {¢ € WHP(S? w*TM)[£(0,0) = 0}
Proposition 6.8: For every P € M and every u € B there is a vector space isomorphism

WLHP(S?, w*TM) = T,B@® TpM.
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6.3 Implications for D,

Proof. Let P € M and u € B be given. Fix a neighbourhood U C M of «(0,0) = P such
that the tangent bundle of M is trivial over U, and fix another neighbourhood V' C U of
P such that the closure of V' is contained in the interior of U. Moreover we fix a smooth
cut-off function

Now let & € WIP(S% u*TM) be given. Set ve(P) := £(0,0). Since the tanget bundle of
M is trivial over U, we can uniquely extend v¢(P) to a constant local vector field vg on U.

Setting we := p - v¢ we can understand w as a smooth vector field on the whole manifold
M.

Now we want to understand £ — we as a vector field along u via

(6 = we) (2) 1= €(2) — we(u(2)) € Ty)M
for all z € S%. In particular, & — we satisfies
(& = we)(0,0) = £(0,0) — we(P) = 0 € Ty M
and so it is an element of T, 5.
Define a map by
2 WhP(S? uw*TM) — T,B® TpM
& (€ - we,£(0,0))

— this is well-defined since all choices were fixed before the construction of we. Moreover,
every step in the construction respected the vector space structures of W1P(S2 w*T M),
T.B and TpM, so = surely is a linear map, and it is bounded. So it remains to show that
= is injective and surjective.

Let ¢ € WIP(S2 w*T M) be such that Z(¢) = (0,0). Since £(0,0) = 0, the construction of
we gives wg = 0. But then from § — w¢ = 0 it follows that £ = 0. So Z is injective.

Take ((,v) € T,B® TpM. We want to construct a preimage of (¢,v) under =. Extend the
vector v € TpM to a smooth local vector field v over U and consider the smooth vector
field w := p-v on M. Define a vector field ( + w along u by

(C+w)(2) = (=) + w(u(2))
for all z € S2. Then
(¢ +w)(0,0) = €(0,0) +w(u(0,0)) = 0+ w(P) =,
so the second component of Z(¢ + w) equals v. For the first component, note that

verw(P) = (C+w)(0,0) = ((0,0) + w(P) =0+ v =v
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Chapter 6 Fredholm Analysis

and that the construction of wey,, out of v¢44,(P) equals the one from w out of v. Now we
can compute (¢ +w) — weyy at a point z € S2:

((¢+w) = wega ) (2) = (¢ +w)(2) = wepan (u(2))
= (=) + w(u(2)) — wew(u(2))
(2)

Thus (¢ + w) — weyy = ¢ and hence Z(¢ + w) = ((,v).

¢
¢

This completes the proof. ]

Now we are ready to see that D, is indeed a Fredholm operator on T, B.
Lemma 6.9: For every u € B the operator
D,:T,B— &,

is Fredholm of indez 0.

Proof. From corollary [6.7] we know that
Dy : WHP(S? w*TM) — LP(S%, A T*S? @ u*TM) = &,
is Fredholm of index 2n, and from proposition we know that
WP (S2 w*TM) = T,B® TpM.
Since TpM is of finite dimension 2n, this means that both kernel and cokernel of
Dy : T,B — LP(S*, A1 T*S? @ u*TM) = &,

are still finite-dimensional, and so D,, has the Fredholm property.

B is a connected Banach manifold, so the index of D, will be the same for all u € B. We
compute it for the constant sphere up = P.

Take ¢ € WHP(S2, upTM). Since up is a constant curve, § is just a function
£€:8% = TpM.

Shifting this function by a vector v € TpM, we obtain another vector field £ + v €
WLP(S2, whbTM) which satisfies Dy (€ +v) = Dy€. By choosing v := —£(0,0) we achieve
(€ +v)(0,0) = 0, so that £ + v is an element of T,,, B with D, ({ +v) = D,,&. This means
that

im (D, : TupB— Ep) =im Dy s WH(S2,upTM) — LP(S?, A T*S2 @ upTM))
Now if £ lies in the kernel of

Dy, s WHP(S? wlsTM) — LP(S?, AY'T*S% @ upTM),
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then so does £ + v for any choice of v. These are 2n dimensions which get lost when passing
from WP (S? upTM) to T,,.B, and so we have

dlm ker (Dup . TuPB — 51“3)
_ dim ker (Dup CWEP(S2 Wb TM) — LP(S2, AT+ S2 ®u*PTM)) —2n.
For the index we get

ind (Dyp : TupB — Eup)
=dim ker (Dy, : TypB — Eyup) — dim coker (Dy,, : Ty, B — Eup)

= dim ker (Dy,, : W'P(S%, upTM) — LP(S%, A% T*S? @ upTM)) — 2n
— dim coker (DUP WIP(S2 i TM) — LP(S%, A% T*S% u*PTM))

=ind (Dyp : WHP(S?, upTM) — LP(S%, A T*S? @ upTM)) — 2n

= 0.

6.4 Implications for E(R,u)

The operator ]_A)( R,u) itself does not fit the notion of a real linear Cauchy-Riemann operator
as in definition but we will see that it is closely related to one.

Lemma 6.10: The operator
B(R,u) ‘R x Tu[)’ — 5u
0,1 0,1
(r,6) > Dy§ — - (T @ VR - XH(U)) + (T ® 5RV5XH(U))
1 0,1
+35 (T ® J(u)VgJ(u)BRXH(u)>
has the Fredholm property if and only if
L(R,u) :TuB — &,
E= D&+ (7’ & BRV§XH(U)) ’

+ 31(r @ T VeI w)pXn(w)

does, and in that case

~

ind (D(ga) =ind (Ligu)+1.
Proof. The operator
K(R,u) R — &,

T —r- (T ® YR - XH(u))(l1
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Chapter 6 Fredholm Analysis

is compact. It follows from proposition that 15( R,u) has the Fredholm property if and
only if

D:RxT,B— &,
(r,€) — Dot + (7@ BaVeXn(w)

+3(r @ I VeI wpXn(w)

does, and in that case they have the same index. This operator D in turn does have the
Fredholm property if and only if

L(R,u) : TuB — gu
0,1
& Duf+ (7 ® BrVeXn(u))
) 0,1
+3(7 @ J()Ved (w)BrXn (u))
does, and in that case

ind (D(gu) =ind (D) =ind (Lipu)+1

since the images are identical and the kernel of D has one more dimension than the kernel
of L( Ryu)- O]

This is why it is now enough to analyse L(g ).

Lemma 6.11: Understood as an operator
Lipuy : WHP(S* u*'TM) — &,
0,1
Er— D&+ (T ® ﬁRV5XH(u))

3 (r ® T Vel (w)BrXn(w)

on the bigger space WP(S%, u*TM) containing T,B as a subspace, L(r.u) is a real linear
Cauchy-Riemann operator of class WOP = LP.

Proof. D, is a real linear Cauchy-Riemann operator by lemma
01 0,1
¢ (r@BaVeXu(w)  +3(r® J(w)Ved (w)BrXn(u))
is an endomorphism of u*T'M, all terms are anti-holomorphic 1-forms and the assignment
01 0,1
2 (12 @ BR() VX (u(=))  + (7 ® (=) VI (u(2))Br(=) X1 (u(2)))
is of class WP = LP. O]

Corollary 6.12 (of the Riemann-Roch theorem : Understood as an operator
Lipuy : WHP(S* u* T M) — &,

L) is a Fredholm operator of index 2n.
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Proof. The bundle u*TM — S? concerned here is still the same as in corollary so the
index formula from the Riemann-Roch theorem gives the same number. O

Now as in lemma we have to see what happens when we add the point constraint.
Lemma 6.13: For every (R,u) € R>¢ x B, the operator
L(R,u) :T.B— &,

is Fredholm of index 0.

Proof. The argumentation is exactly the same as in lemma It follows from proposi-
tion that kernel and cokernel of L(g, remain finite-dimensional when we pass from
WP (S? w*TM) to T,B. Then we compute the index for (R,u) = (0,up), in which case
L(gru) equals D, and so the computation is the same and gives ind L(g,) = 0. Since
R>¢ x B is connected, the index is then 0 for every pair (R, u). O

All in all, in this chapter we have seen that the vertical differential D, of Fy at a point
u € B is Fredholm of index 0 and that the vertical differential D,y of F at a point

(R,u) € R>g x B is Fredholm of index 1. This means that o and F are Fredholm sections
of indices 0 and 1 in the bundles £ — B and £ — B respectively.
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CHAPTER 7

Transversality

If we wanted to show that M\(P) was a manifold as in proposition the last step now
would be to show that the section

F:B—&

was transverse to the zero section and then use the implicit function theorem. Unfortunately,
this does not need to be the case. But for our sake it is enough to see that a slight
perturbation of M (P) is a manifold with the contradictory properties stated in proposition
. For this we will construct a perturbation Fy of the section F which is transverse to
the zero section. In order for the resulting manifold to have the required properties, the
perturbed section F must satisfy the following:

o I 3 is a Fredholm section.

e ind(F) = ind(F) =1

e The zero set of F. \ is compact.

e The boundary of the zero set of Fy is diffeomorphic to M(P).

The most important instrument of this chapter is an infinite-dimensional version of the
theorem of Sard which he first stated in [I4]. We need the following definition.

Definition 7.1: A subset of a topological space Y is said to be of second category (or
‘residual’) in the sense of Baire if it contains a countable intersection of subsets which are
open and dense in Y.

Theorem 7.2 (Sard-Smale, theorem A.5.1in [7]): Let X andY be separable Banach spaces
and U C X be an open set. Suppose that f: U — Y is a Fredholm map of class C', where

[ > max{1,ind(f) + 1}.

Then the set
Yieg(f) :={y €Y |z c U f(z) =y=imdf(z) =Y}

of reqular values of f is residual in the sense of Baire.

It follows from remarkthat Yieg(f) with this definition is indeed the set of regular values
of f as in definition [5.6
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7.1 At the boundary

We start with showing that the section F is transverse to the zero section at the boundary
0B = {0} x B. Since for every P € M the moduli space M(P) consists only of the constant
sphere up through P, this means that D, ) is surjective.

Proposition 7.3: For every P € M, the operator B(O,UP) R x Ty, B = &y, is surjective.

Proof. Step 1: Reduction to D,
It is

0,1
D(O,up)(ra g) = Dupg - (T @70 - XH(UP))

for (r,&) € R x T, B, where g := VRBR‘R:()' This means that it is certainly enough to
show that
Dyp : Ty B — Eup
¢ — §(VE+ T(up) 0 VE 0i) — 3T (up) (Ve ) (up)dyup

is surjective.
Step 2: Using that up is constant

Since up is constant, the second term in the formula above vanishes and we have
Dyp€ =5 (VE+ J(up) o VEoi).
What is more, a vector field £ € T),,B along the constant sphere up is just a map
£ e WhP(S?%, TpM),

and identifying (TpM, Jp) = (R?", Ju) = (C",i) we can assume & € WHP(S2 R?™). An
element 7 of the fibre &,, is then a 1-form of class LP on S? with values in R?".

Step 3: Reduction to a local equation

Take n € LP(S?,A%'T*S? @ R?"). We have to show that there exists & € W1P(S2 R?")
such that

L(VE+ T 0 VEoi) =1

But in fact it is enough to show this equation locally: Cover S? by charts and write 1 as
the sum of 1-forms supported in the chart domains. If every such local form has a preimage

under the operator D,,,, then the sum of these preimages is a preimage of 7.

For any vector field & € W1P(S2 R?"), in local coordinates (s,t) € U C R?*" we have

D () =Va&+ IV ge
= 0u& + J(u)0rE
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7.1 At the boundary

and

D () = V€IV g
= 04& — J(u)0¢
= —J(u) (05§ + J (u0)0i€)

= —J(w)Du (&)

Since 7 is an anti-holomorphic 1-form,

n(ie) = ~700m (&)

So the vector field ¢ € WHP(R2 R?") only has to satisfy

06 + Judi€ = ()

on U.
Step 4: Local construction

The local construction can be done with the fundamental solution of the Cauchy-Riemann
operator. Write £ as

52(517"'7&1)

with functions &, : U — R?" 22 C which are of class WP and
n(£) =)

with functions ¢, : U — R?" 2 C of class LP. Then we have to solve the equation
05k +1- O = G

on U for k =1,...,n. Using the fundamental solution of the Cauchy-Riemann operator we
get solutions

1
() = —— [ ) g
2m Jy w — 2
for all .

This completes the proof. O

In order to assure that the boundary of the perturbed moduli space really consists of exactly
one point, we need the following lemma.

By lemma we know that transversality not only holds in (0,up), but also in a neigh-
bourhood of (0,up). Hence near (0,up), the moduli space M(P) has the structure of a
smooth manifold and we can talk about its tangent space in (0, p).

Lemma 7.4: The moduli space M(P) is not tangent to the boundary OB = {0} x B.
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Proof. The intersection of M (P) and {0} x B consists of one element, namely the pair
(0,up). Being tangential would then mean that

—~

Tio.umyM(P) € {0} x Ty, B.
But it is
ToupM(P) = {(r,€) € R x T,B| Dy, (r,€) = 0}

and for (r,§) € R x T, B one has

~ 0,1
D(O,up)(r7£) = Dupf -r: (T ® 0 - XH(uP))

where we know from the proof of proposition thatD,,, is surjective. So for any choice
of r # 0 we can find { € T}, € such that

Dyp,§=r- (T ® 0 XH(UP))Q1

and thus B(Oﬂp)(r, ¢) = 0. Hence T(07UP)/(/I\(P) is not contained in {0} x Ty, B. O

7.2 Some general considerations

In this section we will see how to deform the section F : B — £ into a new section .7?A
that is transverse to the zero section. The proof does not need any specific information
about F other that than that it is a Fredholm section and its zero set is compact, so we
can formulate it in a more general setting.

The idea is that we can ‘fill the cokernel’ of a Fredholm section Sy : B — E with compact
zero set in a certain way using a function S : B x R¥™ — E for some k,m € N and that
by a genericity argument there is some A € R¥™ such that Sy := S(-,\) has the desired
properties.

We start with two lemmas.

Lemma 7.5: Let X and Y be Banach spaces and let A : X — Y be a surjective bounded
linear operator. Then there is a ball around A in the operator metric such that all elements
of this ball are surjective.

Proof. The proof follows an argument from [6]. By the Banach-Schauder theorem, A is
open and thus maps the open ball B1(0; X) C X to an open subset of Y. This subset
contains 0 and, because it is open, there is ¢ > 0 with

B.(0;Y) C A(B1(0; X)).

By rescaling the norms we can achieve

B1(0;Y) C A(B1(0; X))
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and by linearity it follows that

B (0;Y) C A(B,(0; X))

for all 7 > 0. Now let Bi(A) be the open ball of radius 1 around A taken with respect to
the operator norm. We claim that every element C' € By (A) is surjective.

Take y € Y. We have to construct an element x € X such that Cx = y. We define
a:=[|[A—-C| <1 and yp := y and without loss of generality assume that ||yo| < 1. By
surjectivity of A choose z¢ € B1(0; X) such that Azg = yg. Define y; := yop — Czg. Then
one has

911l = I(A = C)oll = [[A = C[| - [|zo]l <

and thus we can find z1 € B,(0; X) with Azy = y;. Define y, := y; — Czq, then
lyall = (A = C)aa|| = [[A = Cf - ||| < a®.
Inductively, we get sequences (,)neny € X, (Yn)nen C Y which satisfy the following for all
n € N:
o [lz,]| <o flynll < ™
o Arp =yn
® Ynt1 =Yy — Czp=(A—-C)xy

The sequence (Zi‘V:O)NeN is a Cauchy sequence in X, so we can define x := Y o2 xy,. This

element has finite norm
1

o o0
2l =Y leall < > a" = T
n=0 n=0 @

and it satisfies

[o.¢] [o.¢]
Cr=> Cxn=> Yn—Ynt1 =% =Y
n=0 n=0

O]

Lemma 7.6: Let (L; : X — Y)ier be a continuous family of Fredholm operators indexed
by a topological space I. Then the function

k:I—N
t — dim coker L;

is upper semi-continuous (that is, it can jump down but not up).

Proof. Without loss of generality assume that the Banach spaces are real. Fix ¢y € I, then
Y im Ly, & RF0),
Let pim Liy Y — im L4, be the projection. Surely

Pim Ly, © Ly : X — im Ly,
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is surjective. By the previous lemma, for ¢ in a small neighbourhood of %,
Pim Ly, oLi: X —im Ly,
is still surjective. This means that
dim im L; > dim im Ly,

and so the cokernel of L; has dimension less than or equal to k(tp). O

Now we can perturb the section in the desired way.

Proposition 7.7: Let E — B be a Banach fibre bundle over a connected Banach manifold
B, and assume that Sy is a Fredholm section in this bundle such that M := Sy (Og) is
compact.

Moreover, fix a closed subset By C B such that d”So(u) is surjective (and thus, by remark
has a bounded right inverse) for all w € M N By.

Then there is a perturbed section Sy : B — E which satisfies
e S\ coincides with Sy on By and outside a compact neighbourhood of M
e S\ is Fredholm of index ind(Sy) = ind(Sy) and

o S, is transversal to the zero section OF.

Proof. Step 1: Definition of a universal section S

Cover M by bounded open sets over which the bundle ' — B is trivial. By compactness of
M choose a finite subcovering Uy, ..., U,,. Locally, we can assume that all linear operators
d’So(u) : T,B — E, are defined on the same Banach spaces. By lemma around each
u € B there is a neighbourhood where the dimension of the cokernel of d”Sy(u) does not
jump up. Since M is compact, finitely many of these neighbourhoods are enough to cover
it. Therefore the number

k := max {dim coker (d"Sp(u))|u € M} €N
is well-defined. For 1 < j <m, 1 <14 < k we can choose sections s;; in the bundle £ — B
such that

e s;; vanishes outside of Uj,

e for each u € U;\By, the classes of the vectors sij(u),...,sg;(u) generate the finite-
dimensional vector space coker (d"Sp(u)) and

o s;j(u)=0forallue By, 1 <i<k1<j<m

— this is possible because the bundle is trivial over each U; and By is closed. Now we define
a smooth function

S:BxRF™ 4 R
m k

S(u, A) := Sp(u) + Z Z Aij - siz(u),

j=14i=1
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where A = (\ij) 1<i<k € R*™. This function respects the bundle structure — it is S(u, \) €
1<j<m

E, for every pair (u, \), and so Sy := S(-, \) defines a section for every A € R¥™. It is clear
from the definition of the s;; that every Sy coincides with Sy on By and outside Ug”zl U;.

Now consider the linearization of S. For ¢ € T,B,l € T\RF™ one has

m k

m k
dS(u, (&, 1) = dSo(w)&+ D> lij - sij(u) + > > Aij - dsij(u)é

j=1i=1 j=1i=1

and since we are in a bundle we work again with the vertical differential

m k m k
d”S(u, )\)({, l) = de()(u)§ + Z Z lij . sij(u) + Z Z )\ij . d”sij(u)g.
j=1li=1

j=1i=1

We have

m k
d"Sx(u)(§) = d"S(u, N)(€,0) = d"So(w)€ + Y > Aij - d”si(u) (6)

j=1li=1
and the operator
m k
f — Z Z )\ij : d”sij(u)f
j=li=1
is compact. In particular, d”S)(u) is a compact perturbation of d”Sp(u). By proposition

this means that Sy = S(, A) is a Fredholm section and its index is

ind(Sy) = ind(Sp).

Step 2: Transversality of the universal section S for small A
It is

m k

d’S(u,0)(¢,1) = d*So(u)é + D> Lij - sij(u)

j=14i=1

and so d'S(u,0) is surjective for all u € U}n:l U; — for u € By because of the assumption,
for u ¢ By by definition of the s;;.

Fix u € UjL; U;. By lemma there is R,, > 0 such that all linear operators
C:T,B x Th\RF™ — E,

with
|d°S(u,0) — C|| < R,
are surjective.

We could now use lemma for every u € B to get an g, such that d"S(u, \) is surjective
for ||A|| < 4. But unfortunalely the resulting map

U +—> Ey
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would not be continuous, so there would not be any chance to find a minimum. This is why
we have to be slightly more careful.

Locally around u pretend that B is a vector space and F is a trivial bundle, so that all
vertical differentials d”S(u,\) : T,B — E, have the same domain and target. Then we
have

m k
d’S(u,0)(&,1) — d¥S(ug, \)(,1) = d”So(u)ﬁ—l—ZZlij-sij(u)

for us near u and so

1d°5(u, 0) = d®S(uz, M| < [|d"So(u) — d°So(uz ||+ZZHSZ] — sij(ug)|

j=1li=1

m k
0D Nl - 1dV s (usg) |

j=1i=1

1d°So(u) — d"So(us)| +ZZHSZ] — sij(u2)]|

j=1l:i=1

m k
+ comst - A=Y [[d”sij(us)|

j=1i=1

IN

This means that there are r, > 0 and ¢, > 0 such that if the three conditions
o [|d"So(u) — d"So(u2)|| < ru,
o YL S lIsi(u) — sij(u2)]| < ru, and
o Al <eu

are satisfied, then d¥S(ug, \) is surjective. The first two conditions are satisfied for all us
which lie in a ball B;, (u) of some radius 7, around u. These balls together form an open
cover of JjL; U; and thus of M:

mclUuvc U Buw

Jj=1 uGU;nzl U;

By compactness of M there is a finite subcover, that is some number dy,2x € N and elements
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UL, - .., Udy,, € M such that
dm'dX
M C U Bfud (ud)
Choose ¢ := min{ey,, ..., ey, }. Then for all u € dmax Bj,  (uq) and all Al <e,

d’S(u,\) : T,B x R* — E,

is surjective.

Define the subset
N = {(ua)‘) ’ S(u, >‘) =0, H/\H < 5} C Bx Rk.m

consisting of all zeros of all Sy with [[A[| < e. Since every Sy equals Sy outside J2; U; and
M is contained in UjL, Uj, we have

m
N.c U
j=1

and by possibly making € even smaller we can achieve that

dmax

NCUBrud ug),

so that d”S(u, \) is surjective for all (u,\) € N.. Since we saw before that d"S(u,\) is
a Fredholm operator, the existence of a right inverse follows which remark So the
universal section S is transversal to the zero section.

Step 3: Selecting a regular value A of 7

Ne

Denote by 7 : B x RF™ — R*™ the projection. We want to show that 7r| . N. — RF™ is
a Fredholm map between manifolds. Since d¥S(u, A) is surjective and has a bounded right
inverse for (u, ) € N¢, the implicit function theroremﬂ asserts that N, is a manifold and
its tangent space at (u, \) is

Ty Ne =ker (d°S(u,\) : T,B x TiRF™ — E,)

and thus, being the kernel of a Fredholm operator, it is finite-dimensional. But then the
linearization of 7| at (u,\) € N, which is given by

dﬂ-‘Ns ('U,, )\) : T(u,)\)Na — T)\ka =~ ka
(&1 — 1,

is simply a linear map between finite-dimensional manifolds.

By the theorem of Sard, the set of regular values of 7T| is of second category; in particular,
its intersection with the ball of radius e around 0 is non- empty and hence we can choose a
regular value A € RF™ with ||\|| < e.
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Step 4: Showing that d'S) is transverse to the zero section

Let A € R*™ be a regular value of 7| ~. With [[A[| <'e. We claim that the corresponding
section S is transverse to the zero section.

Remember that
d’Sx(u)(§) = d’S(u, A)(,0)
for every u € B, £ € T, B.

Now fix u € B with Sy(u) = 0. Because of our assumption on the norm of A, the pair (u, \)
is a element of N.. Take n € E,. We have to find a preimage of n under d"S)(u).

Since d¥S(u, ) is surjective there is (&1,1) € T,,B x TA\RF™ such that
d”S(u, \) (&1, 1) =1

and since d7r|NS (u, \) is surjective there is & € T, B with
(&2, —1) € T(un)Ne,

which means that d"S(u, \)(&, —1) =

Now:

d"Sx(u)(&1 + &2) = d"Sx(u)&1 + d”Sx(u)é2
= d"S(u,\)(£1,0) + d"S(u, A)(&2,0)

= d"Sp(u)é; + Z Z Aij - dVsij(u

Jj=1li=1
+d"So(u 2+ZZ)\Z] d”s;(u
Jj=1li=1
= d"So(u 1+ZZAU d’sij(u
Jj=1l=1
m k m k
ZZ ij + sij(u ZZ% sij(u
j=li=1 Jj=1li=1
+ d¥Sp(u)és + Z Z Nij - dVsij(u)éa
j=li=1
= d’S(u, \)(&1,1) + d°S(u, ) (&2, 1)
=n+0
="

So we have seen that d”S)(u) is surjective for every u € B with Sy(u) = 0. We already
know that Sy is a Fredholm section, so by remark[5.7] this implies the existence of a bounded
right inverse.

This completes the proof. O

66



7.3 Back to the special setting

7.3 Back to the special setting

Now we can apply the results from section to the setting of our proof.

Proposition 7.8 (Propositionin another formulation): Assume that M(P) is compact
for a point P € M, and define the Banach manifold B with respect to this point P as in
sectzon . Then there is a section .7-",\ in the bundle & — R>o x B such that

Mi(P) = F; 1 (0p)
is a compact 1-dimensional manifold with boundary
OM\(P) = OM(P) = Mo(P) = {up}.
Proof. From the previous chapters, we know that
F:RsgxB—&

(R,u) —> (du —-T® BRXH(U))Q1

is a Fredholm section, and we assumed that its intersection M (P) with the zero section is
compact.

Remember that in proposition E we have seen that the vertical differential ﬁ(oﬂp) at the

point (0,up) is surjective. Then by lemma the operator ZA)( R,u) is surjective for every
(R,u) in a small neighbourhood of (0,up). Let C be a closed ball around (0, up) which is
contained in this neighbourhood.

As a closed subset of R>g x B we choose ({0} x B) UC. Then
M(P) N (({0} x ByuC)

consists of pairs (R, u) such that the vertical differential lA)( R,u) is surjective.

Thus we can apply proposition to obtain a perturbed Fredholm section F PN B— & of
index

ind (]/-:,\) = ind (ﬁ) =1,

which is transversal to the zero section Oz and coincides with F on ({0} x B) UC and

outside a compact neighbourhood of M (P).
By the implicit function theorem its zero set

M(P) = F; 1 (Og)
is a smooth submanifold of R>¢ x B of dimension

ind]?)\ = indF = 1.
Because of Fy(0,u) = F(0,u) for all u € B,

M (P) N ({0} x B) 2 Mo(P).
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Since M, (P) is a smooth submanifold of R>0x B, which has boundary 0(R>oxB) = {0} xB,
its boundary is contained in {0} x B. The only possible boundary component is then

M (P) N ({0} x B) = {(0,up)}

and it follows from lemma [7.4 and the fact that we did not perturb the original section in
a neighbourhood of (0,up) that (0,up) really is a boundary point:

OMA(P) = {(0,up)}

It remains to show that My(P) is compact. Let (Ri,uk) ey C M, (P) be a sequence.

Since F = F outside a compact subset of R>o x B and M (P) is contained in this subset,

also M (P) is contained in it and thus the sequence (Ry)gen is bounded from above. This

means that there is a subsequence converging to R, € R>(. Exactly as in the proof of

proposition from this it follows that there is u, € B such that (R.,u,) € Mx(P) and
lim (Rg,ur) = (R, ).

k—o00
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