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Abstract

Our goal in this Master’s thesis is to give a detailed proof of the volume rigidity theorem due
to Bucher, Burger, and lozzi, following the lines of the article [BBI13]. To every lattice em-
bedding i : ' < Isom™ (H") and any representation p : I' — Isom™(H") we may associate a
real number Vol(p), the so called volume of p. The definition of Vol(p) relies on techniques
from bounded cohomology and is reminiscent of the definition of the Toledo invariant for sur-
face group representations as in [BIWO03], [BIO7]. If n > 3, the volume rigidity theorem asserts
that [Vol(p)| < |Vol(i)| = Vol(M), where M = i(I")\H". Moreover equality holds if and only if p
is conjugated to ¢ by an isometry. This may be considered as a generalization of Mostow’s rigidity
theorem for finite volume hyperbolic manifolds of dimension at least three.

Along the way, background information on hyperbolic geometry and in particular on continuous
(bounded) cohomology is provided, introducing the reader to the subject. We also prove a version of
de Rham’s theorem for relative de Rham cohomology in the appendix. Further a detailed discussion
of Douady-Earle’s barycenter construction for probability measures on OH" with no atoms of mass
> 1/2 is included.

Zusammenfassung

Das Ziel dieser Masterarbeit ist einen detaillierten Beweis des Volumenstarrheitssatzes von Bucher,
Burger und lozzi zu geben, wobei wir [BBI13] folgen. Fiir jede Gittereinbettung i : I' < Isom™ (H")
ordnen wir einer beliebigen Darstellung p : I' — Isom™ (H") eine reelle Zahl Vol(p) zu, das sog.
Volumen von p. Die Definition von Vol(p) benutzt hierbei beschrénkte Kohomologie und ist &hn-
lich zu der Definition der Toledo-Invariante fiir Darstellunen von Flachengruppen wie in [BIWO03],
[BIO7]. Fiir n > 3 besagt der Volumenstarrheitssatz nun, dass |Vol(p)| < |[Vol(i)| = Vol(M) gilt,
wobei M = ¢(T")\H". Dariiber hinaus gilt Gleichheit genau dann, wenn p und ¢ durch eine Isometrie
konjugiert sind. Dieser Satz kann als eine Verallgemeinerung des Mostow’schen Starrheitssatzes fiir
hyperbolische Mannigfaltigkeiten endlichen Volumens mit Dimension mindestens drei verstanden
werden.

Es werden viele Hintergrundinformationen zu hyperbolischer Geometrie und insbesondere beschréank-
ter Kohomologie bereitgestellt, welche den Leser an das Thema heranfithren. Im Anhang beweisen
wir zudem eine Version des Satzes von de Rham fiir relative de-Rham-Kohomologie. Dariiber hin-
aus erlautern wir detailliert Douady-Earles Baryzenter Konstruktion fiir Wahrscheinlichkeitsmafle
auf OH", welche keine Atome der Masse > 1/2 besitzen.
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Introduction

The objective of this Master’s thesis is to outline the paper by Bucher, Burger, and Iozzi [BBI13]
in a way that is digestible for non-experts in the field of bounded cohomology. The main result of
[BBI13] is the so called volume rigidity theorem, which can be regarded as a generalization of the
Mostow rigidity theorem for finite volume hyperbolic manifolds.

Mostow’s rigidity theorem is a remarkable result linking the topology and geometry of finite
volume hyperbolic manifolds of dimension at least three. Specifically it asserts, that two such
hyperbolic manifolds with isomorphic fundamental groups are already isometric. This is in rough
contrast to the case of dimension two. In fact the study of Teichmiiller spaces 7, for hyperbolic
surfaces of genus g > 2 shows, that there are already uncountably many surfaces with isomorphic
fundamental groups but different/non-isometric hyperbolic metrics. More precisely the Fenchel-
Nielsen coordinates on 7 yield a bijection 7, = ]Ri_(g*l) x R30-1: see e.g. [BP92].

By now there are several proofs of Mostow’s rigidity theorem all using different techniques.
Mostow’s original proof — for compact hyperbolic manifolds of dimension at least three — uses
pseudo-isometries in order to extend a given homotopy equivalence continuously to the boundary
of hyperbolic n-space and then shows that this extension is in fact induced by an isometry; see
e.g. [Thu]. For compact hyperbolic 3-manifolds Thurston [Thu| gives another proof making use of
Gromov’s l;-homology and measure homology. More recently Besson, Courtois and Gallot [BCG96]
gave a proof using entropy methods. A nice survey comparing the preceding approaches may be
found in [Lii10].

However the starting point of [BBI13] is [BI09] where Burger and lozzi succeed in applying the
machinery of continuous bounded cohomology to prove Mostow’s rigidity theorem for compact
hyperbolic 3-manifolds. Their proof is along the lines of the Gromov-Thurston proof and may
be regarded as a ”dual version” of it, since the classical singular bounded cohomology can be
interpreted as the dual theory to [;-homology (cf. [Gro82]). The reason why [BI09] is limited to
dimension three is that there is additional knowledge on the continuous bounded cohomology group
H3 (Isom™ (H?), R), which is unavailable in higher degress. Further effort has been made to remedy
this in [BBI13], as we will see.

As we have already mentioned, Bucher, Burger, and Iozzi do not prove Mostow’s rigidity theorem
directly, but rather prove the following volume rigidity theorem for representations of hyperbolic
lattices (cf. section 1.4). It is formulated by means of the volume Vol(p) of a lattice representation
p: T <Isom™(H") — Isom™ (H"), which we will define in section III.2. In fact the definition Vol(p)
is very similar to the Toledo invariant for surface group representations; see e.g. [BIW03], [BI07],
[BIW10], [Wie04].

Theorem (Volume Rigidity Theorem; [BBI13]). Let n > 3. Let i: I' — Isom™ (H") be a lattice
embedding and let p: T — Isom™ (H") be any representation. Then:

[Vol(p)| < [Vol(i)| = Vol(M)

with equality, if and only if p is conjugated to © by an isometry. Here M denotes the quotient

We will see that Mostow’s rigidity theorem follows quite easily from the volume rigidity theorem
in section III.1.
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Note that Francaviglia and Klaff [FK06] were able to prove a similar volume rigidity theorem with
a different definition of volume based on the notion of pseudo-developing maps following Dunfield
[Dun99]. However [FKO06] is also concerned with representations p : T' < Isom™ (H*) — Isom™ (H")
where 3 < k < n, i.e. k is not necessarily equal to n.

The proof of the volume rigidity theorem can be divided into two parts. Establishing the inequal-
ity is the first part. This will not be very difficult after we will have deduced some basic properties
of Vol(p) by using transfer maps and applying ideas from relative cohomology. The second part
is concerned with the case of equality and the construction of a conjugating isometry. We will do
this in three steps following the usual strategy of proofs of Mostow rigidity. First, we will construct
a boundary map ¢ : JH" — OH", which is in some sense "compatible” with the action of I' on
OH"™ via the representation p. In the second step we will use a very explicit version of Burger and
Tozzi’s useful formula [BI09] to deduce, that the constructed boundary map sends regular ideal
simplices to regular ideal simplices preserving their orientation. Finally we will apply a general
proposition about boundary maps, which asserts that such a boundary map is already induced by
an isometry. This is infact the only step in the proof which requires n > 3. The compatibility of
the boundary map with the p-action of I' on JH" then implies that this isometry conjugates i and p.

Outline of the thesis:

In our elaboration of [BBI13] we strive for a very detailed exposition. Therefore we give plenty
of background information on hyperbolic geometry, continuous and bounded cohomology, measure
theory and Douady-Earles’s barycenter construction among others. Our declared goal is to provide
an explanation of all relevant aspects for an audience with some background in differential geometry
and algebraic topology.

Chapter I recalls some results in hyperbolic geometry. Sections I.1-1.4 are concerned with the
basic notions of hyperbolic geometry and constitute the fundament of our further investigations.
The most important among these is probably section 1.4 where we introduce lattice subgroups
and show how they relate to finite volume hyperbolic manifolds and the existence of invariant
probability measures. In section 1.5 we are interested in ergodicity phenomena and prove that
every lattice I' < Isom™ (H") acts double ergodically on the boundary OH". This double ergodicity
is one of the central technical ingredients in our proof of the volume rigidity theorem and also in the
Gromov-Thurston proof of Mostow’s rigidity theorem. Section 1.6 then introduces the thick-thin
decomposition of finite volume hyperbolic manifolds. In particular the notion of a compact core
will be important in the definition of Vol(p) later on. In section 1.7 we consider (euclidean and)
hyperbolic simplices, which are play a fundamental role in many respects. The final section 1.8 is
about boundary maps. We give a proof of the above mentioned proposition, which will be the key
in the third step in the proof of the volume rigidity theorem.

Chapter II is about continuous cohomology and continuous bounded cohomology. We give a
concise introduction to the main aspects of both theories in section II.1 and II.2 respectively.
These sections follow a similar outline and we hope that this facilitates the comparison of both.
In section II1.3 we then apply these cohomology theories to the group of hyperbolic isometries
Isom(H") and their subgroups. We try to be very concrete and provide some isomorphisms at
the cochain level. For example we give the van Est isomorphism in continuous cohomology at
the cochain level, which is otherwise a bit hard to find in the literature. This is also where we
introduce the volume class wgb) € ch(b) (Isom(H™),R.) and see some cocycles representing it in
different resolutions. The volume class plays the central role in the definition of Vol(-) as its name
already suggests. Afterwards we show that the comparison map c : (w3) = H7 (Isom(H"),R.) —
H!(Isom(H™),R.) = (wy,) is an isomorphism in top degree. The latter is the key result to overcome
the limitation of Burger and lozzi’s proof of Mostow’s rigidity theorem in [BI09] to dimension three.

Chapter I1I uses the previously gathered results in hyperbolic geometry and continuous (bounded)
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cohomology to give a proof of the volume rigidity theorem following the above mentioned strategy.
In section III.1 we restate the volume rigidity theorem and deduce two versions of Mostow’s rigidity
theorem from it. Section III.2 then gives a precise definition of the volume Vol(p) of a representation
p: ' — Isom™* (H") for a hyperbolic lattice I' < Isom™ (H") — as promised. Further properties are
deduced from which the inequality in the volume rigidity theorem follows. Finally, we give a proof
in the case of equality and construct a conjugating isometry following the described three steps in
section III.3.

We added five appendices to this thesis, containing background knowledge on certain fundamental
theories or constructions that did not seem to fit in the main body of the text.

Appendix A gives an introduction to measure theory with a view towards harmonic analysis
on general locally compact groups. Many constructions and computations throughout the thesis
depend on some knowledge on Haar measures, quotient measures, measure classes and so on. In
particular we treat the canonical measure class on oriented smooth manifolds.

Appendix B is about G-modules and Banach G-modules, which are the underlying objects in the
functorial framework of continuous cohomology resp. continuous bounded cohomology.

Appendix C gives a brief discussion of amenability, i.e. amenable groups as well as amenable
actions. These are important notions in the theory of continuous bounded cohomology and form a
subject themselves. We shall only state some necessary results and refer to the literature for proofs
and a more thorough discussion.

Appendix D recalls the classical cohomology theories such as singular and de Rham cohomology
very briefly fixing some notation. Further we introduce relative singular bounded cohomology
and prove a relative version of de Rham’s theorem, which will be needed in our discussion of the
properties of Vol(-) and the relative transfer maps.

Appendix E provides a proof of Douady-Earle’s barycenter construction in the realm of hyperbolic
geometry. First we compute the Busemann functions in the Poincaré ball model and the upper
half space model explicitly, and investigate their transformation behaviour. Then we give a proof
of the barycenter construction for probability measures on the boundary OH" that have no atoms
of mass > 1/2. At the end we include some graphics that visualize the barycenter construction and
a python script that was used to plot the images.






. Hyperbolic Geometry

In this first chapter we want to give an exposition of some results in hyperbolic geometry, that
we will need in the context of the volume rigidity theorem. In section 1.1 we just recall some
fundamental terminology assuming that the reader is already familiar with the basic notions of
hyperbolic geometry. Section 1.2 deals with the isometries of the different models of hyperbolic
space. We will also identify hyperbolic n-space and its boundary as homogeneous spaces, which
will be important throughout the rest of this thesis. Investigating further the isometry group we
will introduce the notion of elementary (sub-)groups in section 1.3. Section 1.4 then covers lattice
subgroups and relates them to hyperbolic manifolds with finite volume using covering theory and
some results about quotient measures (cf. appendix A). Staying in the realm of measure theory we
will recall the basic notions of ergodic theory and give a proof of the double ergodicity of lattice
actions on the boundary in section I.5. Section 1.6 then introduces the thick-thin decomposition of
hyperbolic manifolds with finite volume, which will be important in the definition of the volume
of a representation later on. Coming back to hyperbolic n-space section 1.7 is concerned with
hyperbolic simplices, their volume and their reflection group. In section 1.8 we will then see under
which conditions a boundary map is already induced by an isometry. This is one of the central
aspects of our proof of the volume rigidity theorem.
Throughout this chapter let n > 2.

1.1. Basics

We assume that the reader is already familiar with the basic notions of hyperbolic geometry as
there are already many textbooks on the subject, e.g. [BP92], [Kap09], [Rat06], [Thu97]. Therefore
we will just fix some notation and recall some basic facts here.

Definition I.1.1 (Hyperbolic n-space H"). Let n € N. Hyperbolic n-space H™ is the unique simply
connected and complete Riemannian manifold with constant sectional curvature K = —1 (cf. [dC92,
Theorem 4.1, p. 163]).

We will further assume, that the reader is familiar with the upper half space model U™, the
Poincaré ball model B™, the hyperboloid model H™ and the projective disc model D™ of hyperbolic
n-space (cf. [Rat06]). Recall that from all the previous models the projective disc model is not
conformal. However this gives us the advantage, that geodesics are the usual straight euclidean
cords in the disc D", which is quite helpful whilst dealing with convex sets.

H" carries a metric, which we will denote by d(-,-) in the following.

Definition I.1.2 (Boundary 0H™). Consider the set S of all geodesic half-lines in H" parametrized
by arc length on [0, 00), and define an equivalence relation ~ on S in the following way:

Y2 = Sglo)d(%(t)aw(t)) <00
t>

Set OH" = §/ ~ and H" = H" U OH". We define a topology on H" such that H* ¢ H" is open
and inherits its original topology, and a neighborhood of p € JH™ is obtained in the following way:
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choose 7 in the class of p, and let = be its starting point, let V' be a neighborhood of 4(0) in the
unit sphere of T, H" and let » > 0; then we set

Uy, V,r) ={m(t) : 1 € §;7(0) = z,91(0) € V,t > r}
U{[nl~ 71 € 8,7(0) = 2,91(0) € V'}

These fulfill the axioms of a fundamental system of neighborhoods of p.

It turns out, that OH" is homeomorphic to S”~! and H" is homeomorphic to B". Moreover if we
consider the Poincaré ball model B”, B" is canonically identified with the closure of B™ as a subset
of R™ (cf. [BP92, Proposition A.5.10, p. 29]). In the very same way for the upper half space model
U™ we can identify U™ = R"~! x {0} U {oco} = R" ! U {00}, where the latter can be understood
as the one-point-compactification of R*~!. 9H" is called the boundary at infinity of H™.

Instead of writing [y] for the class of a geodesic ray = : [0, 00) — H" we will often use the more sug-
gestive notation limy_,~ (t); being consistent with this notation we will also write lim;_,o, exp,.(¢ -
v,) for the boundary point represented by the class of the geodesic ray starting in the direction of
the tangent vector v, € T,H" at x € H".

Definition I.1.3 ((Generalized) Hyperbolic Subspace). A subset N of H" is a hyperbolic subspace
if and only if it contains the entire geodesic passing through any two of its points. One may now
compactify N to a compact subset of H by considering its closure in H' . This is just the set
we obtain by adding all the classes [y]~. of geodesics v in N. A set of this form is then called a
generalized hyperbolic subspace; or just a hyperbolic subspace if there is no ambiguity.

Hyperbolic subspaces take different shapes in the different models. In the ball model B™ these are
just spheres meeting S"~! orthogonally resp. linear subspaces (through 0). In the upper half space
model U™ theses are also just spheres meeting the boundary R"~! =2 R"~! x {0} orthogonally resp.
vertical affine subspaces. In the projective disc model D™ these are euclidean affine subspaces and
in the hyperboloid model theses are intersections of H" with linear subspaces in R™!. In particular
(generalized) hyperbolic subspaces are submanifolds (with boundary) of H" (resp. H").

Further we get, that a p-dimensional hyperbolic subspace is isometric to H? (cf. [BP92, Corollary
A5.7, p. 27)).

We now turn to a different geometric notion in hyperbolic n-space, namely horospheres and
horoballs.

Definition I.1.4 (Horosphere). Consider the upper half space model U™. The horosphere centered
at oo is a hypersurface of the form {z = (z1,...,2,) € U" : x,, = ¢} for some ¢ > 0. A horosphere
N centered at oo inherits a Euclidean structure by restrichting the hyperbolic metric to N (cf.
[BP92, Theorem A.4.3., p. 24]). A horosphere centered at a point & € R"™1 = U™ — {oo} is defined
to be the image of a horosphere centered at oo under an isometry taking oo to &, i.e. euclidean
spheres tangent to ¢ with center in U™.

Passing to the Poincaré ball model B™ a horosphere centered at £ € 9B™ is also a euclidean
sphere properly contained in B" and tangent to &.

Equivalently, a horosphere centered at £ € OH" is a maximal hypersurface N in H" such that for
every point x € N the geodesic passing through z in the direction of £ is perpendicular to V.

Definition I.1.5 (Horoball). Let NV be a horosphere in H" centered at { € OH". Then H" — N has
two connected components. One of them contains every geodesic ray /(g ) emanating from some
point v(0) € N and tending towards y(co) = &; we will call any subset of this form a horoball.

In the Poincaré ball model horoballs are just the ”interiors” of horospheres, whence the name.
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1.2. Isometries of H"

Let us first conisder the hyperboloid model H". Let us denote by O(H™) the subgroup of O(n, 1)
which leaves H" C R™! invariant, and denote by SO(H") the intersection of SL(n + 1,R) with
O(H"). Note that O(H™) and SO(H") are closed subgroups of GL(n + 1,R), and hence they are
naturally endowed with a Lie group structure.

Proposition 1.2.1. O(H"™) is generated by the reflections it contains.
Proof. See [BP92, Proposition A.2.3, p. 5]. O

Theorem 1.2.2 (Isometries in the hyperboloid model H™). Isom(H™) consists of the restrictions of
the elements of O(H™), thus O(H™) = Isom(H"); in particular Isom(H") is generated by reflections.
Similarly Isom™ (H™) = SO(H™).

Proof. See [BP92, Theorem A.2.4, p. 6]. O

Identifying H™ = H" we get that Isom(H") resp. Isom™* (H") are Lie groups. However this
description of their Lie group structure is not intrinsic, since it depends on the chosen model.
Therefore we want to mention that the isometry group of a connected Riemannian manifold M can
be equipped with a Lie group structure by identifying it with a submanifold of the frame bundle
F(TM). Recall that, for any p € M, an isometry ¢ is uniquely determined ¢(p) and dep,. It is
easy to check that both Lie group structures coincide.

Observe further that the topology on Isom(H™) induced by its Lie group structure can be defined
intrinsically as well. For that consider Isom(H") as a topological subspace of all continuous map-
pings C'(H", H"). The latter is now equipped naturally with the compact-open topology. Recall
that a subbasis for the compact-open topology on C(X, X), for any topological space X, is given
by all the following subsets

W(K,U):={f € O(X,X): f(K) C U}

where K C X is compact and U C X is open; hence the name "compact-open topology”.
Now we turn to the more important models B"™ and U™.

Definition 1.2.3 (Inversion iz, ). Let o € R™ and a > 0. We will call the mapping

T — X0

lgg,o P T > Qe + x9

| — xo|?
an inversion at the sphere with centre xy and radius y/a. This mapping is understood both as a
mapping of R™ — {xo} onto itself and as a mapping of the extended euclidean space R" = R™ U {oco}
onto itself, where i, o exchanges xo and oo.

Recall that the stereographic projection 7 : H™ — B"

r(z) = (T1,...,xp)

1
Tpt1+1 ’ ZL‘:(wlw"7:6117'%%-4-1)GIRTL7
n+

is an isometry and further that the inversion i, o : B" — U™ at the sphere of radius V2 centered
at —e, is an isometry; the latter is sometimes called the (inverse) Cayley transform in complex
analysis.

Proposition 1.2.4. Isom(B") resp. Isom(U™) is generated by inversions at spheres orthogonal to
OB™ = S 1 resp. QU™ 2 R U {o0}.
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Proof. 1t is easy to check, that under the above isometries H" — B™ and B"™ — U™ reflections in
H™ correspond to inversions at spheres orthogonal to the boundary in the respective models. The
assertion now follows from Proposition 1.2.1 and Theorem 1.2.2. O

Finally we have the following very helpful description of the isometries in the Poincaré ball model
B"™ and the upper half space model U™.

Theorem 1.2.5 (Isometries of B™). Isom(B"™) consists of all and only the mappings of the form
prx— A-i(z)

where A € O(n) and i is either the identity or an inversion with respect to a sphere orthogonal to
oB™.
Further o is orientation preserving, i.e. ¢ € Isom™(B™), if and only if

(A€ SO(n),i=1id) or (A ¢ SO(n),i # id)

Proof. This follows from [BP92, Theorem A.4.1, p. 22], [BP92, Theorem A.3.9, p. 21] and [BP92,
Remark A.3.10, p. 21]. O

Theorem 1.2.6 (Isometries of U™). Isom(U") consists of all and only the mappings of the form

gp:x»—>)\<61 ?)i(m)—k(g)

where A > 0, A € O(n), i is either the identity or an inversion with respect to a sphere orthogonal
to R" and b ¢ R*1.
Further ¢ is orientation preserving, if and only if

(A€ SO(n),i=id) or (A ¢ SO(n),i # id)

Proof. This follows from [BP92, Theorem A.4.2, p. 22], [BP92, Theorem A.3.9, p. 21] and [BP92,
Remark A.3.10, p. 21]. O

Observe that by the above description, the stabilizer Isom(B™)q of the origin 0 € B" is just O(n).
Further the stabilizer Isom(U™) of co € QU™ is the set of all mappings of the form

AT A 0\ [z L b
t 0 1 t 0
for every (z,t) € U™, where A > 0, A € O(n) and b € R"~1. Hence it can be identified with the

group of euclidean similarities S(R™"!) via the identification R"~* =2 R"~! x {0}.
From the concrete description of the isometries it is easy to deduce the following proposition.

Proposition 1.2.7. (i) All isometries of H" extend to homeomorphisms of H", and hence they
have some fized point in H .

(ii) Isom(H"™) and Isom™ (H") (the group of orientation preserving isometries) act transitively on
OH"™ and the unit tangent bundle

T'H" = {(z,v) : @ € H",v € T,H", ||v|, = 1}

(iii) Isom(H"™) and Isom™ (H") act transitively on the set of triples of distinct boundary points
(OH™)®) wia the diagonal action, i.e. Tsom(H™)*) acts 3-transitively on the boundary.

10



1.2. Isometries of H™

(iv) Every isometry of H" is uniquely determined by its action on OH".

(v) If M is either the ball model B™ or the upper half space model U™ the restriction to the boundary
is an isomorphism of Isom(M) onto Conf(OM) (the group of conformal diffeomorphisms). In
particular Isom(M) acts via diffeomorphisms on OM .

Proof. This is [BP92, Proposition A.5.13, p. 31] except of (iii). However (iii) is obvious when we
pass to the upper half space model U". Indeed, if we have a triple (z,y,z2) € (8U”)(3) we may
without loss of generality assume that & = oo, since Isom(t) (H™) acts transitively on 0H". Now
the isometries fixing oo are just all euclidean similarities S(R"~1) and it is obvious that these act
transitively on the set of pairs of distinct points. O

There are three different types of isometries depending on their fixed points. Recall that due to
Brouwer’s fixed point theorem every isometry has to fix at least one point of H' = B".

Proposition 1.2.8. If ¢ € Isom(H") the following mutually excluding possibilities are given:
(i) ¢ has some fized point in H"; in this case ¢ is called elliptic
(ii) ¢ has no fized points in H™ and exactly on fixed point in OH"; in this case ¢ is called parabolic

(iii) ¢ has no fized points in H™ and exactly two fixed points in OH™; in this case ¢ is called
hyperbolic

Proof. See [BP92, Proposition A.5.14, p. 31]. O

Remark 1.2.9. Sometimes in the literature hyperbolic isometries are also called loxodromic.

Because G = Isom(H™) acts transitively on H" the mapping p, : G — H", g — gz is surjective
for every x € H". It is not hard to see that p, induces a diffeomorphism p, : G/K — H",gK — gz,
where K = G, allowing us to identify H" = G/K. Note that any two stabilizers are conjugate,
such that K = G, is conjugate to O(n) = Go and hence compact. In fact it is even a maximal
compact subgroup of G as we will show in the next lemma.

Remark I1.2.10. The above statement is also true for the group of orientation preserving isometries
GT = TIsom™ (H") and one may identify G /K = H" where K = G is the stabilizer of some point
x € H™.

Definition I1.2.11. Let G be a topological group and K < G a subgroup. K is called a mazimal
compact subgroup if K is compact and for every other compact subgroup H < G such that H C K,
we have that K = H.

Lemma 1.2.12. Let x € H" and K = G(;r). Then K < G = Isom*) (H"™) is a mazimal compact
subgroup.

Proof. Let us first consider the case of arbitrary isometries G = Isom(H"). By conjugation we may
assume without loss of generality, that = 0 in the ball model B". Hence K = O(n). Now let
H < G = Isom(B") be another compact subgroup containing K.

We claim that H fixes a point y € H". For that let v be a Haar measure on H. Since H is
compact v is finite. We now pass to the hyperboloid model and set

¥ :/ h-odv(h) € R™!
H

11



I. Hyperbolic Geometry

where o is some point in H" C R™! and the elements of H C O(H") act via linear transformation
on R™!. In general § is not in H™ anymore, but still a time-like vector (cf. [Rat06, §3.1, p. 54]).
Hence by normalizing we get

yi= 2
Iyl

where |||z]|| = \/—(z|2)n1 for every time-like vector z € R™!. Tt is easy to check that y € H™ is
indeed H-invariant, i.e. a fixed point of the H-action.

Back in the ball model B, if y is a fixed point of H, then it is also a fixed point of O(n) = K C H.
O(n) fixes no other point but 0, whence y = 0. This in turn implies that H C Go = O(n) = K, i.e.
H=K.

Our proof also works in the case of orientation preserving isometries G* = Isom™ (H"), if one

replaces O(n) by SO(n) etc. O

c H"

So far we have described H"” as a quotient of G by a maximal compact subgroup. It is also
possible to — in a sense — reverse this point of view, and identify G = B™ x O(n) in the ball model
B™. Here the key ingredient are the so called hyperbolic translations.

Definition 1.2.13 (hyperbolic translation). Let b € B™. Then there is a unique isometry 7, taking
0 to b whose jacobian is a positive multiple of the identity; in particular 7, € G*. Considering the
reflection p;, at the hyperplane (b)* and the unique inversion i; at a sphere perpendicular to S™
and the line through 0 and b taking 0 to b gives the formula 7, = 5 o pp, or explicitly

(1 —|b]?)x + (J2|? 4+ 2(x,b) + 1)b

) = T R 2 ) 1 1

for every x € B™ (cf. [Rat06, (4.5.5), p. 124] and [BP92, p. 135]).
7y is called the hyperbolic translation by b.

Theorem 1.2.14. The map B™ x O(n) — G, (b, A) — 1A is a diffeomorphism.

Proof. All that needs to be said is that the map n : B — G, b — 7, is a smooth global section of
the bundle map 7 : G — G/K = B"™. Then we get two maps ® : B" x O(n) — G, (b, A) — 1A
and ¥ : G — B" x O(n),g — (7(g9),n(7(g))~'g) which are smooth and inverse to each other, i.e.
they are diffeomorphisms. We leave out the easy verifactions.

Compare also [BP92, p. 136] and [Rat06, Theorem 5.2.8, p. 154]. O

We can also identify the boundary OH™ as a homogeneous space. If & € OH", then the map
pe : G = Isom(H") — OH", g — g¢¢ is a surjective because G acts transitively on OH". It is easy
to deduce that p¢ induces therefore a diffeomorphism pg : G/P — OH", gP +— g¢, where P = G¢
is the stabilizer of £ € OH", allowing us to identify G/P = 0H". This time the stabilizer is not
compact, but still amenable (cf. Definition C.1.1).

Lemma 1.2.15. Let £ € OH" and P = G¢ its stabilizer. Then P is the compact extension of a
solvable group. Hence P is amenable (cf. Definition C.1.1).

Proof. We pass to the upper half space model U™ and assume without loss of generality that
¢ = co. Hence P can be identified with the group of euclidean similarities S(R"~!). Every
euclidean similarity can be uniquely written as

p(x) = XAz +b vz € R*1
where A > 0, A € O(n) and b € R"~!. Clearly the map

f:P—=0Mn),p:z—Nz+b)— A

12



1.2. Isometries of H™

is a surjective group homomorphism. Hence we get the short exact sequence
l1—skerf—-P—-0(n)—1

Because O(n) is compact it will suffice to show, that ker f is solvable. Now every p € ker f is of
the form
plx) =Xz +b Vz e R*!

where A > 0 and b € R*1. Let p; : = Nz +b; (i = 1,2) be two elements of ker f. Then for
every x € R*1

[p1, p2] () = p1papy 'py (&) = pipapy " T — Ay tha) = pipa(A\TA e — ATIAS T — A MDy)
= 1A\ e = A\ The — AATh b)) = 2+ (1= Ag)be + (A — )by

Thus (ker f)) < (R"~!, +) which is abelian, i.e. (ker ) = {0}.
As we have seen P is a compact extension of a solvable group. Since compact groups and solvable
groups are amenable so is P (cf. Proposition C.1.5). O

We will now construct an explicit section of the map p : G — 9H" = G/P, g — g&, for some
fixed boundary point & € OH" , i.e. a map 1 : OH"™ — G such that p(n(§)) = & for all £ € OH™. We
define n : OH" — G via

d, if &=
n(£)={1 Te=%  vecomr
pe,  else
where pg € Isom(H") is the unique euclidean reflection at a hyperplane through 0 in the Poincaré
ball model B", that takes § to {. We can give an explicit formula for p¢ : R™ — R" by
<.’L’, 50 - 5)

pg(x):x—QW-(fo—g), VY € R"

We now get the following lemma.

Lemma 1.2.16. The above mapping n : OH" — G is (Borel) measurable, fulfills p(n(§)) = & for
all £ € OH", i.e. it is a section, and its image n(G/P) is relatively compact in G, i.e. n(G/P) C G
is compact.

Proof. Tt is immediate, that n : OH" = G/P — G is continuous on JH" — {&y}. In particular it is
(Borel) measurable on all of 0H" = G/ P.
We check that n : OH" — G is indeed a section. First p(n(&p)) = p(id) = id(&p) = &o. Second

p(n(€)) = plpe) = pe(&o) = ¢

for every & € OH"™ — {£p} by construction.
Further its image n(G/P) is contained in O(n), since id as well as every p¢ fix the origin 0 € B"

for every £ € 0B™. Because O(n) is compact and n(G/P) C O(n) is closed by definition, the latter
is also compact.
O

It is important to note, that G = Isom(H") is unimodular (cf. Definition A.4.5).
Proposition 1.2.17. Isom(H") is a unimodular Lie group.

Proof. See [BP92, Proposition C.4.11, p. 111].
Alternatively we shall see later, that Isom(H™) contains lattices from which it also easily follows,
that it is unimodular (see for example [Bou04b, Corollary 3, VII.44 §2]). O

13



I. Hyperbolic Geometry

1.3. Elementary Groups

There are particularly simple subgroups of Isom(H") called elementary groups. We want to recall
some of their characteristic properties here as they will play a role in the proof of the volume rigidity
theorem later on.

Our main reference for this section is [Rat06, §5.5].

Definition 1.3.1 (Elementary Group). A subgroup G of Isom(H") is elementary if and only if G
has a finite orbit in H".

We shall divide the elementary subgroups of Isom(H") into three types. Let G be an elementary
subgroup of Isom(H").

(i) The group G is said to be of elliptic type if and only if G has a finite orbit in H".

(ii) The group G is said to be of parabolic type if and only if G fixes a boundary point in OH"
and has no other finite orbits in H .

(iii) The group G is said to be of hyperbolic type if and only if G is neither of elliptic type nor of
parabolic type.

Remark 1.3.2. It is plain to see, that the type of an elementary group depends only on its conjugacy
class within Isom(H").

Elementary groups of elliptic type are characterized by the following theorem.

Theorem 1.3.3. Let G be an elementary subgroup of Isom(H™). Then the following are equivalent:
(i) The group G is of elliptic type.
(ii) The group G fizes a point in H".

(iii) The group G is conjugate in Isom(B™) to a subgroup of O(n).

Proof. See [Rat06, Theorem 5.5.1, p. 177]. O
Elementary groups of parabolic type are characterized by the following theorem.

Theorem 1.3.4. Let G be an elementary subgroup of Isom(H™). Then the following are equivalent:
(i) The group G is of parabolic type.
(ii) The group G has a unique fixed point in OH™.

(iii) The group G is conjugate in Isom(U™) to a subgroup of S(R™™1) (the group of euclidean
similarities) that fives no point of R~

Proof. See [Rat06, Theorem 5.5.3, p. 178]. O
Elementary groups of hyperbolic type are characterized by the following theorem.

Theorem 1.3.5. Let G be an elementary subgroup of Isom(H™). Then the following are equivalent:
(i) The group G is of hyperbolic type.
(i) The union of all the finite orbits of G in U consists of two points in R"~' U {o0}.

(iii) The group G is conjugate in Isom(U™) to a subgroup of S(R"~1), that fives no point of the
positive n-th axis.

14



1.3. Elementary Groups

Here S(R"™1), is the subgroup of Isom(U™) that fives the set {0, 00}.
Proof. See [Rat06, Theorem 5.5.6, p. 179). O
There is also an interesting relation between limit sets and elementary subgroups.

Definition I1.3.6. A point a € 9H" is a limit point of a subgroup G of Isom(H") if there is a point
x € H" and a sequence {g; };en of elements in G such that{g;z};en converges to a. The limit set of
G is the set L(QG) of all limit points of G.

There is also the following useful characterization of the limit set.

Theorem 1.3.7. If G is a subgroup of Isom(H"), then for each point x € H", we have L(G) =
Gz N OH".

Proof. This is [Rat06, Theorem 12.1.2, p. 601]. O

Theorem 1.3.8. Let G be a subgroup of Isom(H"™). Then L(G) is empty if and only if G is
elementary of elliptic type.

Proof. See [Rat06, Theorem 12.1.4, p. 602]. O

Proposition 1.3.9. If G < Isom(H") is non-elementary then L(G) is infinite and the fixed points
of hyperbolic elements of G are dense in L(G).

Proof. This is [Kap09, Corollary 3.26, p. 42]. O
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I. Hyperbolic Geometry

1.4. Hyperbolic Manifolds and Lattices

In this section we will introduce lattice subgroups and see how they relate to finite volume hyperbolic
manifolds. In the following we will only be concerned with complete and connected hyperbolic
manifolds, whence the following definition.

Definition 1.4.1. A hyperbolic manifold M is a complete connected Riemannian manifold of con-
stant sectional curvature K = —1.

Because H" is the unique complete simply connected Riemannian manifold of constant sectional
curvature K = —1, basic covering theory yields that the universal cover of M is H" and we get a
covering map 7 : H" — M. If we set I' = Deck(n) < Isom(H"), we can identify M = I'\H" (cf.
[dC92, Chap. 8, 4. Space forms, pp. 162]).

One can reverse the above process starting with a subgroup I' < Isom(H") and construct a
hyperbolic manifold as the quotient T'\H", such that the quotient map = : H* — I'\H" is a
covering. Of course this does not work for any arbitrary subgroup I' < Isom(H"™). A necessary
and sufficient condition is given by the following proposition, which works for even more general
topological spaces than H".

Proposition 1.4.2. Let X be a connected locally compact (Hausdorff 1) topological space, and let
I' be a group of homeomorphisms of X. Then the following are equivalent.

(i) T acts freely and properly discontinuously on X .
(i) T\X is a Hausdorff space and the quotient projection m: X — I'\X is a covering.

Proof. This is [BP92, Proposition B.1.6, p. 49]. O

Recall that a group I is said to act ..

..freely on a topological space X if v € ', z € X and y(z) = x implies v = id.

..properly discontinuously on a topological space X if for every K C X compact the number
of v € T such that yK N K # () is finite. Note that if T" is discrete, it acts properly discontinuously
if and only if it acts properly.

However we would like to have a set of more intrinsic and group theoretic conditions for which
7 : H* — T\H" is a covering of hyperbolic manifolds. These are given by the following two
propositions.

Proposition 1.4.3. A subgroup T' < Isom(H") acts properly discontinuously on H"™ if and only if
I' is discrete.

Proof. See [Rat06, Theorem 5.3.5, p. 164]. O

Proposition 1.4.4. A discrete subgroup T' < Isom(H") acts freely on H" if and only if T' is
torsion-free.

Proof. See [Rat06, Theorem 8.2.1, p. 341]. O

If we drop the assumption of I' being torsion-free, i.e. I' does not act freely on H", we will not
get a smooth manifold anymore. However the quotient I'\H" is still Hausdorff and carries what is
called a (H", Isom(H™))-orbifold structure (cf. [Rat06, Example 1, p. 692]). Such spaces are called
(complete) hyperbolic n-orbifolds.

"We adopt Bourbaki’s definition of a locally compact topological space, in which it is always assumed to be Hausdorff
(cf. [Bou89, Definition 4,p. 90]).
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We are now ready to introduce the notion of hyperbolic lattices. Let us therefore consider the
classical case of euclidean geometry first. In R™ a discrete subgroup A < R™ generated by n-linearly
independent vectors vy, ...,v, € R" is called a lattice. The volume of a fundamental set for the
action A on R™ by translation is det(vi,...,v,) and hence finite. In other words the quotient
measure A/up is finite, where A is the Lebesgue measure on R™ and pur is the normalized Haar
measure on I' (cf. Theorem A.4.20); for further details on measure theoretic constructions we refer
to appendix A. We take this as an inspiration for our definition of a (hyperbolic) lattice.

From now on we abbreviate G := Isom(H").

Definition 1.4.5 (Lattice). Let I' < G be a discrete subgroup, let v be the hyperbolic volume
measure on H" (cf. Example A.3.1) and ur the normalized Haar measure on I' (i.e. the counting
measure). I' is called a lattice, if the quotient measure p := v/ur is finite, i.e. if p(I'\H") < oo.

Remark 1.4.6. Note that v € M(H") is invariant under G, in particular under T, and T' is
unimodular (cf. Proposition A.4.8), such that the quotient measure v/ur exists (cf. Proposition

A.4.9 and Remark A.4.18).

However one may also have a different look at the previously described euclidean situation. R™ is a
Lie group and A < R" a discrete (hence closed) subgroup. The quotient A\R" is therefore a smooth
manifold and in this particular case a flat torus. The flat structure induces a Riemannian volume
form on the torus, which in turn induces a measure. The right action of R™ on itself descends to a
right action of R” on A\R" by isometries. In summary A\R™ admits a finite R"-invariant measure.
Thus one may define for an arbitrary Lie group G and a discrete subgroup I' < G, that I is a lattice
if the quotient I'\G' admits a finite G-invariant measure (cf. Remark 1.4.7 below). This is exactly
the definition, that occurs in texts concerning more general Lie groups. However this is not really
a different definition and we will soon see, that both definitions coincide in our case. Intuitively
speaking the reason for this is, that H" is the quotient of G = Isom(H") by a compact subgroup.

Remark 1.4.7. Note that, if G is an arbitrary Lie group and I' < G a discrete (and hence closed)
subgroup, then I' acts on G freely and properly discontinuously via left translation. Indeed, the
action is clearly free. The action is proper since for any two sequences (v,) C I', (gn) C G such
that yngn — h and g, — g as n tends to infinity, we get v, = (Yngn)gn+ — hg~' €T as n — co.

Therefore the canonical quotient map ™ : G — T'\G is a covering map and the quotient I'\G
admits a unique smooth structure such that w is smooth. Also the right action of G on itself via
right translation descends to a smooth right action on I'\G.

The next proposition is a very useful result from general topology, that will be needed to justify
some constructions in the following (e.g. lifting measures, taking quotient measures). Basically it
asserts that all sorts of maps corresponding to a continuous group action by a compact group are
proper.

Proposition 1.4.8 (Compact groups act properly). Let K be a compact group operating continu-
ously on a Hausdorff space X. Then:

(i) K operates properly on X.
(ii) The mapping K x X — X, (k,x) — kx is proper.
(iii) The canonical quotient map X — K\X is proper.
Proof. This is [Bou89, Proposition 2, 11T §4.2, p. 252]. O

Remark 1.4.9. There is nothing special about left actions, such that Proposition 1.4.8 also holds
for right actions. In fact we will mainly use it for right actions in the following.
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In an intermediate step we want to see, that a discrete subgroup I' < Isom(H") = G is a lattice
if and only if the quotient measure g /ur is finite. We will need the following lemma.

Lemma 1.4.10. Let I' < Isom(H") = G be a discrete subgroup, and v € M(H") = M(G/K) the
hyperbolic volume measure. Then the lifted measure v* € M(G) corresponding to v via © : G —
G/K = H" is a Haar measure on G.

Proof. First, note that the lifted measure ¥ exists, since K is compact and hence acts properly on
G (cf. Proposition 1.4.8).
Let pux € M(K) be the normalized Haar measure on K. Then:

U = v
1;@d<m LM¢Q@MWMMd@m
:/ /f@wwwwmmmm
G/K JK
:/ /ﬂMMWM@WWQ
G/K JK
=/ﬂmmwm
G

for every f € C.(G) and every ¢’ € G. Hence v* is invariant and therefore a Haar measure on
G. O

Proposition 1.4.11. Let I' < G be a discrete subgroup. Further let v be the hyperbolic volume
measure on H", ug a Haar measure on G and ur the normalized Haar measure on I'. Choose
xr € H" and set K = G, as usual.

Then there is o« > 0 such that
2% _
— =V
Mur

where v € M(I'\G) is the lift of v/ur along the quotient map p: T\G — I'\G/K = M.
In particular v/pr is finite if and only if pg/ur is finite, and A C M is a null set if and only if
p~Y(A) CT\G is a null set.

Proof. Again, the lift v exists due to Proposition 1.4.8. Let ux € M(K) be the normalized Haar
measure on K. We may lift the measure 7 € M(I'\G) one more time to a measure 7* € M(G).
Recall that the unique lift of v/ur to G/K = H" is v € M(G/K) and that the lift v* of v to G is
a Haar measure on G. First we shall see that v# = 7# € M(G). For that let f € C.(G). Then

/Gf(g) dyﬁ(g):/G/K/Kf(gk)duK(k;) dv(gK)
:/F\G/K/F/Kf(’}/gk)d,uK(k)dup(fy)d(y/MF)(I‘gK)
:/F\G/K/K/Ff(fygk) dur () dug (k) d(v/ur)(TgK)
= / / f(vg) dur () dv(Tg)

NG Jr
- [ 1
G
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where we have used Fubini’s theorem in the third line. This proves that v = 7. Because 1! is a
Haar measure on G there is a positive real number a > 0 such that a - v# = ug. Therefore

UG a- Ut it B
—_— = = Q-— =Q -V
Hr ur ur

by Lemma A.4.11.
By Proposition A.4.12 we get

e ma) = / Ld(pe/pr)(Tg)
G

ur
=a- / 1dv(Tg)
NG

= a-/ / ldpg (k) dv(IgK)
NG/K JK

=a-ug(K) v(I\G/K)
?
= a-v(I\G/K)

and thus v/pur is finite if and only if pug/ur is finite.
By Proposition A.4.13 a subset A C M is a null set if and only if p~1(A) c T'\G. O

It is now easy to deduce that both of the proposed definitions for a lattice subgroup in G =
Isom(H"™) coincide.

Corollary 1.4.12. Let I" < Isom(H") be a discrete subgroup. Then I' is a lattice if and only if the
quotient T\G admits a finite G-invariant measure.

Proof. First assume that I' < G is a lattice. Then for any Haar measure ug on G the quotient
measure pc/ur is finite. It is easy to see, that ug/pr is G-invariant, since G is unimodular, such
that pue/pr is indeed a finite invariant measure on I'\G.

Conversely if u is a finite G-invariant measure on I'\G we can show by the same method as in
Lemma 1.4.10 that pf is a Haar measure on G such that uf/ur = p. Therefore T is a lattice by
Proposition 1.4.11. O

Our next objective is to make sense of the quotient measure v/ur geometrically. It will turn out,
that this measure can be realized as the integral of v over a fundamental region for I'" in H" (cf.
Theorem A.4.20).

Definition I.4.13 (fundamental region). A subset R of H" is called a fundamental region for a
group I' < Isom(H") if and only if

(i) the set R is open in H™;
(ii) the members of {gR : g € I'} are mutually disjoint; and
(iii) H* = U{gR: g € T'}.

There is a nice relation between fundamental sets (cf. Definition A.4.19) and fundamental regions
in H™.

Theorem 1.4.14. An open subset R C H" is a fundamental region for a group T' < Isom(H") if
and only if there is a fundamental set F for I such that R C F C R.
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Proof. This is [Rat06, Theorem 6.6.11, p. 242]. O

Definition I.4.15 (proper fundamental region). A fundamental region R for a group I' < Isom(H")
is called proper if and only if vol(OR) = 0, that is OR is a null set in H".

It follows immediately from the definition and Theorem 1.4.14, that for a fundamental region R
the fundamental set R C F' C R is measurable as it is equal to R up to a null set.
Thus we get by Theorem A.4.20 the following;:

Proposition 1.4.16. Let R be a proper fundamental region for I' < Isom(H") and k : T\H" — R
a function. Denote by w : H" — T'\H" the canonical quotient map and we set \ = v/ur where v
denotes the hyperbolic volume measure on H" and ur the normalized Haar measure on I'.

Then for k to be measurable (resp. A-integrable) it is necessary and sufficient that xg - (ko) be
measurable (resp. v-integrable); and if k is A-integrable then

/ kd/\:/(kow)d,u,
I\H" R

Proof. The necessary and sufficient conditions for k to be measurable (resp. A-integrable) follow at
once from Theorem A.4.20 and our observation that there is a fundamental set R C F C R which
differs from R by a null set; recall that H" is a complete measure space.

As for the formula we may replace F' by R since they differ by a null set. In view of Theorem
A.4.20 we are now left to prove that n(z) = |I'y| = 1 for every z € R. For that let z € R and
~v € I'y. Then by definition vz = x such that € yR N R, which can only be the case if v = id
by definition of a fundamental region for I'. Hence I', = {id} for every z € R and the assertion
follows. O

Because of the above proposition we will sometimes write vol instead of v/ur.

Although we have now characterized the quotient measure on T'\H" quite nicely by means of
proper fundamental regions, we still do not know, whether such regions exist. In order to see that
we need the following theorem.

Theorem 1.4.17. Let T' < Isom(H") be discrete. Then there is a point x of H"™ whose stabilizer
'y is trivial.

Proof. This follows from [Rat06, Theorem 6.6.12, p. 243] and the fact that H" is a rigid metric
space. [

We will now encounter a particularly nice kind of fundamental region; the so called Dirichlet
domain.

Definition 1.4.18 (Dirichlet domain). Let I" < Isom(H") be discrete and let a € H" be a point
whose stabilizer I', is trivial. For each v # id in I" define

H,(a) ={z e H" : d(x,a) < d(z,va)}

Note that the set H,(a) is an open (and convex) half-space of H" containing the point a whose
boundary is the perpendicular bisector of every geodesic segment joining a to vya.
The Dirichlet domain D(a) for I', with center a, is either H" if T" is trivial or

D(a) = (\{H,(a) : 7 € T — {id}}

if I' is non-trivial.
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Proposition 1.4.19. Let I' < Isom(H") be discrete. Then every Dirichlet domain for T' is a proper
fundamental region for I

Proof. This follows from [Rat06, Corollary 1, p. 247] and [Rat06, Theorem 6.6.13, p. 244]. However
it is also not hard to deduce this from Theorem 1.4.14 and the fact, that the sets {x € H" : d(z,a) =
d(z,~va)} are null sets in H" for every v € I'— {id} and a the centre of a Dirichlet domain for I". [J

Theorem 1.4.20. Let I' < Isom(H™) be discrete and T < T' a subgroup. Then
vol(IT"\H") = [T : T'| - vol(T"\H")

Proof. This is [Rat06, Theorem 6.7.3, p. 248]. The idea is to consider a Dirichlet domain D for T
and set

R=|J{{gD:icT}
where {g; : i € I'} is a system of representatives for the coset space I"\I". One may now show, that
R is a proper fundamental region for I'. Thus by Proposition 1.4.16 we have

vol(I"\H") = vol(R Zvol (g:D ":T]-vol(D) = [I" : T] - vol(T'\H")

where we have also written vol for the hyperbolic volume measure on H". O

Now if I' < GG is not only discrete but also torsion-free, I' acts freely and properly discontinuously
on H" (cf. Proposition 1.4.4). In particular 7 : H" — I'\H" is a covering and M := I'\H" admits a
(unique) smooth manifold structure such that 7 is smooth. If additionally I' < G, i.e. T consists
only of orientation preserving isometries, then also the quotient M = I"\H" inherits an orientation
from H" such that 7 is orientation preserving. We thus get another measure u,, on M by considering
the Riemannian volume form w on M (cf. section A.3). Note that 7*w = w,, where the latter is the
hyperbolic volume form on H".

However both measures v/ur and pu,, coincide. Indeed, let f € C.(H") and recall the definition
of f> € Co(M) via f*(n(z)) = > f(yz) (cf. section A.4.3). Then by [Leel3, Proposition 16.8, p.

408] we have
/ FARUTRES /fbw—/ /fbow W
I\H"

where F' is a measurable fundamental set for I" in H". Further

/F from wn = /F 1 (n(@)) dv ()

- / S fya) dv(x)
F v

-3 [ s@ive)

— [ f@ i)

Hn
such that by the uniqueness of quotient measures v/ur = pu,, (cf. Proposition A.4.9). Thus if T is
a (torsion-free) lattice in Isom™ (H") the quotient manifold M has finite volume.

Conversely if M is a finite volume hyperbolic manifold and I' = Deck(w) = m; (M) its group of
Deck transformations, then under the identification M = I'\H" we get that the measure y,, = v/ur
is finite, such that I is a lattice. Therefore torsion-free lattices occur naturally whilst considering
finite volume hyperbolic manifolds.

Finally the next proposition yields, that every quotient I'\H" by a lattice subgroup I' < Isom™ (H")
is at least finitely covered by a finite volume hyperbolic manifold.
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Proposition 1.4.21. Let ' < Isom(H") be a lattice. Then there is a torsion-free subgroup I" < T
of finite index; in particular T is again a lattice (c¢f. Theorem 1.4.20).

Proof. This is an application of the celebrated Selberg’s Lemma (cf. [Rat06, Corollary 5 §7.6, p.
331]), which states that every finitely generated subgroup I' of Isom(H") has a torsion-free normal
subgroup of finite index. Hence it will be enough to show, that the lattice I' is finitely generated.
By [Bow93, Proposition 4.7, p. 297] T is geometrically finite if T\H" has finite volume. Hence by
[Bow93, Proposition 3.1.6] I is finitely generated. ]
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1.5. Ergodic Theory

We will now investigate some ergodicity phenomena in hyperbolic geometry. First we will give some
basic definitions and characterizations of ergodicity. Our goal is to deduce that every lattice acts
double ergodically on the boundary of hyperbolic n-space. For some results and basic definitions
of measure theory we refer to appendix A.

Definition I.5.1 (Ergodic Action). Let (X,%, ) be a o-finite measure space and G a locally
compact second countable group, that acts measurably on X from the left such that the measure
class of p is preserved, i.e. g,u is equivalent to p for every g € G.

The action of G is called ergodic if there are no non-trivial invariant subsets of X, that is, if
the following holds: if A C X is measurable and G-invariant, then A is either null or conull, i.e.
u(A)=0or u(X —A)=0.

Remark 1.5.2. It is apparent from the above definition that ergodicity only depends on the measure
class of a measure and not on the measure itself. This will be important in the following as we
will be concerned with smooth manifolds (with or without boundary) equipped with their canonical
measure class (cf. section A.3).

The next theorem gives a quite useful characterization of ergodic actions. Before that we need
the notion of essentially G-invariant functions.

Definition 1.5.3. Let G be a group acting on a measure space (X, 2, 1). A measurable function
f+ X — Ris called essentially G-invariant if, for any g € G, one has f(x) = f(gz) for p-almost
every x € X.

A function f: X — R is called G-invariant if, for any g € G, one has f(gx) = f(z) for all z € X.

Theorem 1.5.4 (Characterization of Ergodic Actions). Let G be a locally compact second countable
group acting on a o-finite measure space (X,2, ). Then the following are equivalent:

(i) The action of G is ergodic.
(ii) If f: X — R is measurable and G-invariant, then f is constant almost everywhere.

(iii) If f : X — R is measurable and essentially G-invariant, then f is constant almost everywhere.

Proof. The equivalence of (i) and (iii) is [BM0O0, 1.3 Theorem, p. 3]. The implication of (iii) to (ii)
is clear by definition, since every G-invariant function is also essentially G-invariant. Conversely
the implication (ii) to (iii) follows from [BMO00, 1.2 Lemma, p. 2] as in the proof of [BM00, 1.3
Theorem, p. 3. O

The next lemma will be useful later.

Lemma 1.5.5. Let G be a locally compact second countable group and let M be a smooth manifold
equipped with its canonical measure class. Further let G act continuously and transitively on M
and let H < G be a dense subgroup.

Then the induced action of H on M is ergodic.

Proof. Let f: M — R be an H-invariant measurable function and let u be a probability measure
in the canonical measure class of M (the existence of such a probability measure is easily verifed
using a partition of unity and appropriate local measures). We may now apply Lusin’s theorem
and get for every n > 3 a compact set K, such that f restricted to K, is continuous and

u(M —K,)=1—pu(K,) <1/n<1/3.
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Let n > 3. From the invariance of f and the continuity of the action it follows easily that f is
also continuous on HK,, = J,cp M. We claim that f is already constant on K.

Let k, k' € K,. Because G acts transitively on M there is a g € G such that gk = k’. Because
H C G'is dense, there is a sequence (hj) C H converging to g. This in turn implies that hjk — gk =
k' as j — oco. However f is continuous on all of HK,, such that f(k') = lim;_,o f(hjk) = f(k).
Thus f is constant on K.

Observe that for every n,m > 3 we have that u(K,,), p(Ky,) > 2/3 such that

L= (M) 2 (K U Bo) = () + (o) — (Ko 0 K) > 5 = (B 0 ).

Hence u(K,NK,,) > 1/3 and in particular K, N K, # (). Therefore f is equal to the same constant
on every K, i.e. there is a constant ¢ € R such that f(x) = ¢ for every x € K,, and every n > 3.
This implies, that f is constant on A :=|J,,~5 K. Finally A has full measure, since

1
pw(A) > p(Ky) > 1~ o
for every n > 3. O

Similar to ergodic group actions one may also define when a flow is called ergodic.

Definition 1.5.6 (Ergodic Flow). Let M be a smooth manifold with or without boundary and
®:Rx M — M asmooth (global) flow (cf. [Leel3, p. 211]). A set A C M is said to be ®-invariant
if ®,(A) = A for every t € R, where ®;(x) = ®(t,z) for every t € R and every z € M.

The flow @ is said to be ergodic or act ergodically on M if every ®-invariant measurable set
A C M is either null or conull.

Now let M be a Riemannian manifold. We denote by T'M its tangent bundle and by
T'"M={veT,M:xzcM,|v|, =1} CTM

its unit tangent bundle. Recall that we have the geodesic flow ® on T'M, which is global (i.e.
defined on all of R) if M is complete.

Proposition 1.5.7. Let M be a finite volume hyperbolic manifold. Then the geodesic flow P :
R x T'M — T'M on the unit tangent bundle is ergodic.

Proof. See [BMO00, 4.29 Corollary]. O

This implies that every lattice acts double ergodically on the boundary as the next corollary
states.

Corollary 1.5.8. Let I' < GT = Isom™ (H") be a lattice. Then I’ acts double ergodically on OH",
i.e. the diagonal action of I' on OH" x OH" is ergodic.

The following proof is inspired by the remark following up [Thu, Chapter 5, Theorem 5.9.10, p.
112].

Proof. We may assume that I' is torsion-free without loss of generality. Indeed, by Proposition
1.4.21 there is a torsion-free lattice IV < T" of finite index. Now if A C OH" x OH" is I'-invariant, it
is also I-invariant, such that I" acts ergodically if I acts ergodically. Thus we may assume that
[ is torsion-free and hence acts freely on H™ such that its quotient M = I'\H" is a finite volume
hyperbolic manifold.
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Now observe that I' acts freely and properly discontinuously on TVH" via v - v, = dv,(vs), for
every v, € TIH", such that we can identify 7'M = I'\T'H".
Further consider the map ¥ : T'H" — 0H" x OH" given by

W(ve) = (lim expy(t-vg), lim expy(t- vs))

= (lim p(®(t,v,)), Lim p(®(tvz)))

for every v, € T'H", where p : T'H" — H" is the bundle projection assigning each tangent vector
its base point. One easily checks that W is smooth and surjective.

Further ¥ : T'H" — OH" x OH" is I'-equivariant with respect to the previously discussed action
of I' on the unit tangent bundle and the diagonal action of I' on H" x H". Indeed, let v, € T H"
and v € I', then

v limexpy(t-vg) = lim y(expgy(t - v))

t—+oo

= lim _exp, ) (t - dva(vs))
and therefore - U(v,) = ¥(v - v,) as asserted.

In addition W is also invariant under the geodesic flow ® : R x T'H" — T'H", since for every
vy € TVH™ and every s € R, one has

i p(R(t, D(s.v,)) = lim p(@(t +s,0,)) = lim p(®(L, )

Finally observe that the geodesic flow on T'H"” induces the geodesic flow ® : R x T'M — T'M
of M = I'\H" by passing to the quotient via 7 : T'H" — I'\T'H" = T'M, since ® is clearly
I'-equivariant, i.e. ® is defined by 7o ® = ® o 7.

Now let A C OH™ x OH" be a measurable I'-invariant subset. Then by the I'-equivariance of ¥
also W~1(A) € T'H" is I-invariant. Passing to the quotient we consider 7(¥~1(A)) and claim,
that it is ®-invariant. Indeed,

Oy(m(T71(A)) = 7(P(TTH(A)) = 7((¥o @) (A)) = m(¥1(A4))
for every ¢t € R, since VU is invariant under the geodesic flow. Thus 7(¥~1(A)) is ®-invariant and
hence is either null or conull by ergodicity.

Let us first assume that m(¥~1(A)) is null. Then also 71 (7(¥~1(A))) = T¥1(A) = T1(A) is
null by Proposition A.3.6, since m is a covering map and thus in particular a smooth submersion.
But then also U(¥~1(A)) = A C OH" x OH" is a null set by Theorem A.3.4.

Now let us assume that (¥ ~1(A)) is conull. Then again by Proposition A.3.6 7=(r(V~1(A))) =
IU—1(A) = U~1(A) is conull. Now

OH" x OH" — A = U(T'H") — U(U 1 (A)) = U(T'H" — T~1(A))

such that by Theorem A.3.4 also A is conull. O
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1.6. The Thick-Thin Decomposition

We will now see that finite volume hyperbolic manifolds admit a particular nice decomposition in
some thick part and some thin part, where the thick part is compact and the thin part is "not very
complicated”. We will follow here in essence [BP92, Chapter D, pp. 133], which in turn elaborates
on the more intuitive treatment in [Thu97, 4.5. The Thick-Thin Decomposition, pp. 253]. There
are also other approaches to this kind of decomposition which arise out of the study of geometrical
finiteness and uses extensively limit sets, which can be found for example in [Rat06, Chapter 12,
pp. 600].

Let M be a Riemannian manifold. If ¢ is a piecewise differentiable path in M, we shall denote
by L(o) its length. Remark that each loop in M is homotoptic to a piecewise differentiable loop
based at the same point, so that we can think of 71 (M) as the set of all piecewise differentiable
loops up to homotopy. For € > 0 we set

Mg ={r € M :3[o] € m(M,z) — {1} s.t. L(o) <¢}
M ooy ={z € M :V[o] € m(M,z) — {1}, L(0) > €}

Of course if M is a compact manifold we have M. = () whenever ¢ is small enough.

We shall say that M) is the e-thin part of M, and M| ) is the e-thick part of M; when a
constant ¢ is fixed we will omit its specification, so we shall speak of the thin and the thick part of
M.

With the above definitions the thick part of a hyperbolic manifold with finite volume is always
compact as the following proposition asserts.

Proposition 1.6.1. Let M be a finite volume hyperbolic manifold. Then its e-thick part M. ) is
compact for every € > 0.

Proof. See [BP92, Proposition D.2.6., p. 142]. O
We want to investigate the so called e-ends:

Definition 1.6.2 (e-end). Let M be a hyperbolic n-manifold and 0 < ¢ < ,,, where &, > 0 is the
n-th Margulis constant (cf. [BP92, Theorem D.1.1 Margulis’ Lemma, p. 134]).
We shall call the closure of a connected component of M — M, ) an e-end of M.

We get the following classification theorem for the ends of a hyperbolic n-manifold.

Theorem 1.6.3. Let M be a hyperbolic n-manifold and 0 < ¢ < &,, where €, > 0 is the n-th
Margulis constant. Then the e-thin part M. of M is the union of pieces homeomorphic to one
of the following types:

(i) D=1 x S1 where D=1 is the (n — 1)-dimensional unit disk;

(i) V x [0,00), where V is a smooth oriented (n — 1)-manifold without boundary supporting a
FEuclidean structure;

(iii) S*.
Moreover:
e these pieces have positive distance from each other;

e the c-ends of M are the pieces of type (i) and (ii);
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e the pieces of type (iii) are closed geodesics of length precisely €;

e if M has finite volume the pieces of type (i) and (i) are finitely many and in those of type
(ii) the manifold V is compact.

We will call an e-end of M a tube, if it is of type (i), and a cusp, if it is of type (ii).
Proof. This is [BP92, Theorem D.3.3., p. 145]. O
For the rest of this section we will fix the hypothesis of the above theorem.

Lemma 1.6.4. If M has finite volume and C is a cusp of M, then there is a subset C' of C' such
that:

(i) C —C" is compact in M;
(i) C" is diffeomorphic to VxR where V is a compact oriented smooth euclidean (n—1)-manifold;

(iii) the inverse image of C' under the universal covering m : H" — M = T'\H" is a horoball in
HTL;

(iv) M — C is a (strong) deformation retract of M — C’.
Due to (iii) such a C' is called a horocusp region for C' or simply a horocusp of M.

Proof. (i) and (ii) follow directly from [BP92, Proposition D.3.12, pp. 151] when we replace C’
by its interior. (iii) and (iv) are easy consequences of the proof of [BP92, Proposition D.3.12, pp.
151]. O

The next corollary summarizes the above results in a more qulitative statement about the overall
topology of a finite volume hyperbolic manifold.

Corollary 1.6.5. Let M be a finite volume hyperbolic n-manifold. Then there is a compact embedded
n-dimensional submanifold N C M with (possibly empty) boundary ON such that:

(i) M — N is the disjoint union of finitely many horocusps E; (i =1,...,k);

(ii) each connected component of ON is diffeomorphic to a compact oriented smooth euclidean
(n — 1)-manifold;

(iii) N is a (strong) deformation retract of M.

We will call every such N C M a compact core of M. By (i) any two compact cores are
homotopy equivalent.

Proof. This follows directly from the previous lemma. It is in fact a slight elaboration on [BP92,
Corollary D.3.14, p. 156]. O

Remark 1.6.6. Note that, for a finite volume hyperbolic n-manifold M one may choose 0 < e < &,
so small, that the e-ends of M are only cusps. In this case a compact core N, which contains
M ), deformation retracts to M ).

Finally we want to recall one of Bieberbach’s Theorems from which we will deduce that every
compact euclidean manifold is finitely coverd by a torus. This result will be important in the study
of the volume of lattice representations.
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Theorem 1.6.7 (Bieberbach). Let T' be a discrete subgroup of isometries of R™. Then T is
crystallographic (i.e. T\R"™ is compact) if and only if the subgroup T of translations of T is of finite
index and has rank n.

Proof. This is [Rat06, Theorem 7.5.2, p. 311]. See also [Thu97, Theorem 4.2.2, p. 222]. O
Corollary 1.6.8. Fvery compact euclidean n-manifold is finitely covered by a torus.

Proof. Let M be a compact euclidean n-manifold. Basic covering theory asserts, that M can be
identified with the quotient I'\R™ where I" < Isom(R") is a discrete subgroup acting freely on R".
Thus T' is crystallographic and therefore its subgroup of translations 7' is of finite index and has
rank n by the previous theorem. Again by covering theory we get a covering map p : T\R"™ — I'\R"
and it is obvious, that the quotient T\R"™ is an n-dimensional flat torus. ]
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1.7. Simplices

Simplices will become very important in our discussion of boundary maps later on, which in turn
are a key ingredient in the final step of the volume rigidity theorem. We will recall some basic
notions and properties of simplices in the first subsection. In the second we will investigate the
volume of simplices. In particular we will see that the volume of a simplex depends continuously
on its vertices and that a simplex has maximal volume if and only if it is regular and ideal. In the
last subsection we will investigate the reflection groups of regular n-simplices both euclidean and
hyperbolic. The upshot here is, that the simplex reflection group of a regular ideal n-simplex is
dense in Isom(H") for n > 4. This will be very handy in the next section on boundary maps.

1.7.1. Regular Simplices

Definition 1.7.1. Let X = R" or X = H", and vy, ...,v, € X. Then the (geodesically) convex
hull of these points A™ = conv(vy,...,vy,) is called the n-simplex in X with vertices vy, ..., Upn;
a 4-simplex is also called a tetrahedron. A" is called degenerate if all its vertices lie in a proper
(generalized) totally geodesic subspace of X. A non-degenerate n-simplex in X is called regular if
every permutation of its vertices can be obtained by applying a suitable isometry.

If X =H" a simplex A" in X is called ideal if all its vertices lie on the boundary OH".

The following lemma gives us some information about the shape of regular ideal simplices in H"
and R™.

Lemma 1.7.2. If A™ is an ideal n-simplex in U™ with vertices oo, vy, ..., v, then A" is regqular if
and only if the euclidean (n — 1)-simplex with vertices v1,...,v, € R"! is reqular. Moreover an
m-simplex in R™ is reqular if and only if all its edges have the same length.

Proof. See [BP92, Lemma C.2.4, p. 96]. O

Let usset T = {(&, ..., &) € (OH™)" L1 &, ..., &, are vertices of a regular ideal simplex in ﬁn}.
It is not hard to see, that 7' C (OH")"*! is an embedded submanifold. Note that the action of G
on T is smooth and transitive. The next proposition will show, that one may even identify G with
T after choosing some base simplex.

Proposition 1.7.3. Let 7 = (no,...,nn) € T and define a map ®5: G — T by

®5(9) =g-1=(9(no), -, 9(m))-
Then ®5 : G — T is a G-equivariant diffeomorphism. Further the following formula holds
©(g) = @595 (6))
for every € € T and every g € G.

Proof. Let 7 = (no,...,nn) € T. By definition it is clear that ®; is smooth and G-equivariant.
Further it is surjective, since the action of G on T is transitive.

We claim that ®j is also injective. Let g, h € G such that ®5(g) = ®5(h), that is h(n;) = g(n;) for
every i = 0,...,n. Without loss of generality we may assume that 1y = oo in the upper half space
model; otherwise conjugate g and h by some isometry sending 79 to oco. Then 7q,...,n, € R*!
are the vertices of a regular euclidean simplex and are fixed by h™1g € G. Because h™1g(o0) = oo,
h~1g is a euclidean similarity and it is easy to see, that every euclidean similarity fixing the vertices
of some regular simplex is the identity. Hence h~'g = id and thus g = h. This shows that Oy is
indeed injective.
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Finally, we claim that ®; has constant rank. For g,h € G we have
dg(q)ﬁ O Lh) = dhgq)ﬁ . dth

where Ly, : G — G,g + hg is the diffeomorphism given by left translation. Thus rankd,®; =
rank dpq®5, since dy Ly, : T,G — T},4G is non-singular. This shows, that the rank of ®; is constant.
By the Global Rank Theorem (cf. [Leel3, Theorem 4.14 (Global Rank Theorem), p. 83] & :
G — T is a diffeomorphism.
The asserted formula follows from a simple computation. Let £ € T and h = 5 L&), i.e. € = hi.
Then

D:(g) = g€ = ghi) = ®y(gh) = 5(9®; " (£))
for every g € G. O

1.7.2. Volume

The next theorem is very important in hyperbolic geometry characterizing the simplices of maximal
volume.

Theorem 1.7.4. A n-simplez in H' has mazimal volume if and only if it is reqular and ideal.
Proof. See [Rat06, Theorem 11.4.1, p. 539]. O

Let us now turn to a proof, that the volume of a n-simplex is continuous. This will be helpful in
the definition of the volume cocycle later on. The next proposition is the initial step of an induction
argument.

Proposition 1.7.5. Let &, ...,& € OH? and T = conv(&, .. .,&3) the ideal tetrahedron spanned
by these points. Then the volume of T' depends continuously on its vertices &g, . .., &3.

Proof. Obviously the three dihedral angles «, 3,7y of the edges incident to a vertex of T depend
continuously on the vertices of T. By [see Rat06, Theorem 10.4.10., p. 475] the volume of T is
given by

vol(T) = L(a) + L(B) + L(7)

where L : R — R is the so called Lobachevsky function (cf. [Rat06, pp. 465]). Because L is
continuous (cf. [see Rat06, Theorem 10.4.3., p. 468]), vol(T') depends continuously on its vertices

as asserted. O
Lemma 1.7.6. The volume of an ideal n-simplex A™ in U™, with vertices vg,...,v, such that
v = 00 and vi,...,v, are in S"72, is given by

n 1L dry...dx,
VOI(A ) - n—1 /p(An) (1 — |IE|2)("*1)/2

where p : U™ — R"™! denotes the standard vertical projection.

Proof. See [Rat06, Lemma 1, p. 532]. O

Theorem 1.7.7. Letn > 3 and let vy, ..., v, € D" = H*UJH". Then the volume of the generalized
simplex T = conv(vy, . ..,v,) depends continuously on its vertices vy, ..., v, € D".

Our proof is based on the proof of [Rat06, Theorem 11.4.2., p. 541], which apparently only works
in a situation where the vertices are not contained in a proper hyperbolic subspace. However we
are specifically interested in this case later on such that we have to adapt the proof.
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Proof. Let {(voj,...,vnj)}jen be a sequence in (D™)"t1 converging to (vo,...,v,). Denote AT =
conv(voj, - . ., Unj) and accordingly A™ = conv(vy,...,v,). We have to prove that

lim vol(A7) = vol(A™)

j—o0
Assume first that A7 is ideal for each j, i.e. {(voj,...,vnj)}jen C (S 1)n+L. Therefore also
(v, ..., vn) € (S* 1)L and A" is ideal. This part of the proof is by induction on the dimension

n. By the above Proposition 1.7.5 the initial step of the induction for dimension n = 3 is settled. For
the induction step we distinguish two more cases. Let (S"~1)[**+1] denote the set of all (n+1)-tuples
of points, that are not contained in a proper (generalized) hyperbolic subspace. It is easy to see,
that

(S I = {(&0, &) € (ST D&, -, €n) # 0}

where

| |
D(gov"wgn):det 51_50 {n—fo
| |

is the determinant of the matrix containing the differences & — &y as column vectors. Therefore
(Sn=HlH1 © (gn=1)n+1 g (relatively) open.

Assume now, that {(voj, - .., vn;) Hjen C (S 1) — (S7HH e, A’ is contained in a proper
hyperbolic subspace. Then also its limit (vg, ..., v,) is in (S7~ 1)1 — (§»~1) [P+ hecause the set
is closed. Thus also A™ is contained in a proper hyperbolic subspace and we have

lim vol(AY) = 0 = vol(A")
Jj—oo
since degenerate simplices have no volume.
So we are left with the case that {(voj,...,vnj)}jen C (S 1P e A is non-degenerate.
Note that its limit A™ may still be degenerate. For each j € N let A; be the rotation of E™ that

rotates vp; to vp with no other nonzero angles of rotation. As vg; — v, we have that A; — Id in
O(n) Hence (Aj'Uij - ’Ajvnj) — (’Uo, . ,Q}n). As

vol(A; (A7) = vol(A?)

we may replace A% by Aj(A;»L). Thus, we may assume, without loss of generality, that vg; = vg for
all 7.

We now pass to the upper half space model U™ of hyperbolic space and assume, without loss of
generality, that vg = co and vy, ..., v, lie on the unit sphere S”~2 in R®~!. For each j, the vertices
V1j,...,Up; lie on an (n — 2)-sphere S(aj,r;) in R"~!; here we need, that A% is not contained in a
proper hyperbolic subspace. Now as (v1;,...,vn;) = (v1,...,v,), we have that a; — 0 and r; — 1.
Let

¢j = —r; ta;+r;'Id
Then ¢; maps S(aj,r;) onto S"~2. Moreover ¢; — Id in S(R"™1). Hence (¢;(v1), ..., d;(vn;)) —
(V1,...,0,). As

vol(¢;j(A})) = vol(A})

we may replace A™ by gi)j(A;‘). Thus, we may assume, without loss of generality, that the vertices
v1,..., 0y lie on the sphere "2 for all j. By the above lemma, we have

" dzy...drn,—1
VOI(A ) - n—1 /p(A") (1 _ |Q?|2)(n71)/2
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For each j, let x; be the characteristic function of the set p(A?) and let x be the characteristic
function of p(A™). Then the sequence x; converges pointwise almost everywhere to x. Thinking
of p(A™) as an ideal (n — 1)-simplex in the projective disk model D"~! we have for its volume

dry...dv, 1 / x(z)dzy ... dx,—1
any (L=[zP)/2 Jpna (1= |a]?)/2

voleot (o(A") = [

p(

(cf. [Rat06]). Hence by our induction hypothesis we have that

) Xj(x)dry .. .dr,1 n
e A ez velpn H(p(A7)

= Vol s (p(A™)
_/ x(z)dzy ... de,—q
"o (= Py

xi(@) x(#) () x(@)
(1 — [a[2)n/2 - (1— |z|2)n/2 and (1 — |z|?)(n=1)/2 - (1— |z[2)(n-D/2

We have that

(J =)

pointwise almost everywhere. Because (1—|z|?) < 1 for every z € En_l, we have that (1—|z|2)"/? <
(1 — |z|>)»=1D/2 and thus

xG(2) = x(@) _ () = x(@))]

(L= Ja)r=02 = (1 = |z[2)"/2

for every z € D" 1. We may now apply the general dominated convergence theorem A.1.5, which
yields

n . ( )dl‘l dﬂ?n 1

1 ( )da?l d.In 1 —vo n
Lo — vol(A™)

T n—1 1 — |x]2)(n—1)/2

and the first part of the proof is finished.

We now return to the general case. Without loss of generality, we may assume that 0 is the
centroid of A™. As the vertices of A;‘ converge to the vertices of A", the centroid ¢; = (voj + ...+
Unj)/(n+1) of AT converges to 0. Let 7; be the hyperbolic translation of D" by —¢; (cf. Definition
1.2.13). Then 7; — Id in Isom(H") and hence

(1j(vog), -, Tj(vnj)) = (vo,...,vp) (j = o0)

As vol(7;(A7)) = vol(A}), we may replace A’ by 7;(AY). Then 0 is in A} for each j. Let A;L be

the ideal n-simplex with vertices 0g;, ..., 0nj, where 0;; = v;;/|vi;| for each j, and let A™ be the
ideal n-simplex with vertices 0y, ..., 0n, where 0; = v;/|v;|. Then
(00js - -+, Unj) = (Do, ..., p) (j — o0)

Let Xj, Xj, X, X be the characteristic functions for the sets A7, A?, A", A", resp. Then Xj — X
and x; — x almost everywhere. Now as A;? C A?, we have that x; < x; for each j.
Denote by p the measure of hyperbolic volume in the projetive disk model, i.e.
du 0y = 1
A" T A Py
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where A denotes the Lebesgue measure on D™ and du/d) is the Radon-Nikodym derivative (cf.
[Rat06]). By the first case, we have

lim )Zjduz/ xdp < 0o
Dn n

j—o0

Again by the general version of Lebesgue’s dominated convergenc theorem, we deduce that

lim Xj dp = / xdp
Dn Dn

J—00

Therefore, we have
lim vol(A7) = vol(A™)

j—o00
]

Observe that the above theorem fails in dimension 2. In fact any two ideal 2-simplices are
congruent, since Isom(H?) acts 3-transitively on the boundary. Therefore vol(conv(&o, &1, €2)) is
constant on the subset of triples of distinct points (£, &1, &) € (OH?)? and is 0 on its complement.
As a consequence vol(conv (&g, £1,&2)) is not continuous on all of (9H?)3, but still on the subset
(0H2)®) of triples of distinct boundary points (and its complement). However we get the following
theorem.

Theorem 1.7.8. The function vol(conv(vg,v1,v2)) is continuous on (H?)3 U (ﬁz)m, where (ﬁ2)[3]

denotes the set of triples (vo,vi,v2) € (ﬁ2)3 such that vg,v1,v2 are not contained in a proper
hyperbolic subspace.

Remark 1.7.9. Note that (OH?)Bl = (9H?)(3),

Proof. We will work in the projective disk model and identify without furhter notice A =D Let
(vo,v1,v2) € (H?)3 U (E2)(3) and {(vo;, v1j,v2;) }jen C (H?)? U (ﬁz)(?’) a sequence converging to it.

Assume first, that (vo,vi,v2) € (H?)3. Then also (voj,v1j,v2;) € H? for j large enough.
There is clearly a § > 0 such that Bs(x;) C D? for every i = 0,1,2. Consider the convex
hull V' = conv(Bs(vg) U Bs(v1) U Bs(v2)). Then V is open in D?  has compact closure and
conv(vgj, vij,v2;) C V for j large enough. Denote by x, xj, xv the characteristic functions of
conv(vg, v1,v2), conv(vgj, vij,v2;), V respectively. We now have

0<x; <xv

for j large enough. Further denote by p the measure of hyperbolic volume in the projective disk
model as in the proof of the previous theorem. As V has compact closure in D? we have that

/ xv dp = p(V) =vol(V) < 0o
D2

Additionally x; — x pointwise as j tends to co. Thus by Lebesgue’s dominated convergence
theorem

lim vol(conv(wvgj, vij,v25)) = lim X;dp = / X dp = vol(conv(vg, v1,v2)
J—00 j—oo Jp2 D2

Now assume that (vg,vy,v3) € (ﬁ2)[3]. As in the proof of the previous theorem we may as-
sume that conv(vpj, vij,ve;) contains 0 without loss of generality. Then we can choose j large
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enough, such that (v, v15,v25) € (ﬁ2)[3], Vo4, V14, v2; are all different from 0 and (0gj, 015, 025) €
(0H?)B! where Ui = vij/|vij| for i = 0,1,2. Consider also ©; = v;/|v;|. Then (vg;, 015, 025) —
(0o, 01, 02) as j tends to co. Denote by x;, X;, X, X the characteristic functions of conv(vo;, v1j,va;),
conv(do;, 015, U25), conv(vg, v1,v2), conv(vg, U1, U2) respectively. As

conv(vgj, v14,v25) C conv(do;, V14, V2;)

we have that x; < x; for every j. Observe that conv(0y;, 015, 02;), conv(0g, 01, 02) and conv(vg, vi, v2)
are all regular ideal triangles in D? and therefore have the same maximal volume. Because X;j con-
verges to x and x; converges to x as j tends to oo, we may apply the generalized dominated
convergence theorem A.1.5 and get

lim vol(conv(vgj, vij,v25)) = lim X dp = / X dp = vol(conv(vg, v, v2))
j—o0 j—oo Jp2 D2

1.7.3. Simplex Reflection Groups

In this final section on simplices we will show that the reflection group of a regular ideal n-simplex
is dense in Isom(H"™) for n > 4. This will significantly facilitate the proof of Proposition 1.8.3. Let
us first see this result for euclidean n-simplices with n > 3.

Proposition 1.7.10. Let n > 3. Then the reflection group of a reqular euclidean n-simplex is
dense in Isom(R™).

Proof. Let vy, ...,v, € R™ denote the vertices of a regular euclidean n-simplex. The first step is
to compute the dihedral angles of a regular euclidean n-simplex. Denote by F; the i-th face of the
simplex not adjacent to v;, i.e. the convex hull of all the vertices but v;, and denote by H; the
(n — 1)-dimensional affine subspace of R" containing F;. Consider the barycenter of each face F;

1
b, = — E )
LY
J#i
By symmetry one easily checks that the vectors

1 1 1«
nizvi*bi:’ul’*ﬁzvj:EZ(’UZ'*UJ‘):EZ(W*’U]')

J#i J#i =0

are orthogonal to H;, i.e. y € H; <= (y —vj,n;) =0 for some j # i. Hence the dihedral angle o
is just

Note that they are all the same again by symmetry.
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We calculate explicitly

{no,n1) _ {vo — bo,v1 — b1) o # sz:o@o — Vi, V1 — Uj>
[mo]? B [vo — bol? B ;%ZZFO@O _Ui;UO_Uj>
_ Dij=olvo — vi,v1 — o) + 327 o(vo — vi,vo — vj)
a >t j=o(vo — vi,vo — vj)

>t j=o(vo — i, vo — v1)

- >t j=0(vo = i, vo — vj)
1 (n+1)>" o(vo — vi, vo — 1)
Zz’;ﬁj(v(} — v, U9 — vj) + njvg — v1]?
_ (4t D(w ~ vi]? + 37 (vo — viyvo — v1))
> i1 2oji{vo = vi,vo — v3) + nfvg — vr]?
_ 1 (- 1)(vo —v1]* + (n = 1)(vg — v2,v9 — v1))
n(n — 1){vyg — va,v9 — v1) + nlvg — v1|?
o n+1 _ 1
n n

where we have used that for distinct 7, j
|U¢ — ’Uj’ = |’U0 — V1

and for distinct i, j, k

(v; —vj,v; — vg) = (Vo — V1, V0 — V2)

arccos | —
n

=4 (n— o)

Thus the dihedral angle is

Now clearly
27

arccos (%)

in a strictly monotonically decreasing fashion and

T ~sa043 . 2T~ 47668
arccos (3) arccos (1)
Hence the dihedral angle is no submultiple of 27 for n > 3.

If we denote by p; the reflection in the affine subspace H; then by definition the simplex reflec-
tion group A of the regular simplex (vp,...,v,) is the subgroup of Isom(R") generated by these
reflections, i.e. A = (p; : ¢ = 0,...,n). We shall now consider the subgroups A; = (p; : j # i) < A
generated by all reflections in the faces adjacent to the vertex v;. Furtherlet 7, : R™ — R", x +— z+b
denote the translation by b € R™. Recall that every ¢ € Isom(R") has the form ¢(z) = 7,(Ax) =
Az + b for some b € R” and A € O(n).

We claim that each subgroup L; := 7, LA;7, is dense in O(n). By symmetry it is sufficient
to show this for vy. Clearly Lg is generated by the reflections r; = qu)lpﬂvo which are just the
reflections at the subvectorspaces V; 1= 7, ' H; = (n;)* (i =1,...,n).

We know that O(n) is generated by all reflections. Hence in order to show that Lg is dense in O(n)
it suffices to show that any reflection can be approximated arbitrarily good by elements of Lg. It is
clear that for a reflection 7(z) = 2 —2(x, v)v and a sequence of reflections r¥) (z) = z—2(x, ¥\ (¥)
with respective normal vectors v and v*) (k € N)

k)

r® S in O(n) = v*) 5y i gnt
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Taking the reflection r1(z) = x — 2(z,n1)n1 in Lo (21 := n1/|n1|) and conjugating it by some
other element 1) € Lo we get a reflection 19 ~1(x) = z — 2(z, (1)) (1) with the normal vector
¥(n1). Hence it suffices to see that the orbit Loy is dense in S™~1.

This will follow easily by our discussion of the dihedral angles. Every iterated reflection r;r; in
Lg is a rotation by the dihedral angle in the 2-dimensional subvectorspace generated by n; and n;
(i,j € {1,...,n},i # j). Because the dihedral angle is no submultiple of 27 the element r;r; does
not have finite-order and any rotation in the n;-n;-plane can be approximated arbitrarily good by
powers of r;7;. By regularity of the simplex the vectors n,...,n, form a basis of R” which is not
orthonormal though. However it is still easy to see, that one can reach every point £ € S~ ! by
succesively rotating 7; in some n;-n;-plane. Approximating each rotation by a power of r;r; we
can hence approximate £ by an element of Lon, arbitrarily good. Hence Lgf; is dense in S”~! and
Ly is dense in O(n).

We have now seen that each L; = 7, LAy7y, is dense in O(n) and hence A; = T, L, 1 is dense in
7,0(n)7,. 1. In order to conclude the proof it will be enough to show that Isom(R™) is generated by
elements of Gy = 7,0(n)7,." and Gy = 7,,O(n)7,}, i.e. Isom(R™) = (7,,0(n)7 1, 7, 0(n) 7, ) =
G. Indeed if o = s1--- s, € G for some s, € Gy UG we can approximate each by a sequence s,(f)

in Ag resp. Ay, i.e. s,(cl) — s, for | = oco. By continuity of the group action we then get

Sgl)”,sgl)%sl...sm:(p (l—>00)

and hence
A D Isom(R")

Let ¢ € Isom(R™). Then
pE TvOO(n)qul =Gy < 7'1;)1(,07'1,0 €0(n) < 7'1;)1@7'”0(0) =0 < p(vy) =vo

If we can find ¢ € G, such that ¥ (vg) = ¢(vg), then ¥ ~1p(vg) = vy and hence "ty € Gy C G.
This implies that ¢ € ¥ - G = G and we are done.

Indeed G acts transitively on R™. Gy and G; are just orthogonal transformations based at vy
and v; respectively. It is now easy to see that by iteratively rotating around vy or v; one can send
vg to any point in R™.

O

The result for regular ideal hyperbolic simplices will follow quite easily from the next observation.

Lemma 1.7.11. Let n > 3 and i : H® — H" an inversion at a sphere orthogonal to R~ 1 =2
R™ ! x {0} C QU™ in the upper half space model U™. Then Isom(H") is generated by i and
Isom(R"™1) where we regard the latter as a subgroup of Isom(H") as usual.

Proof. Let L denote the group generated by Isom(R"~!) and i. We already know, that Isom(H") is
generated by all reflections at half spaces through oo and inversions at spheres centered on R* ! | i.e.
inversions at (generalized) spheres orthogonal to the boundary. Since all reflections in half spaces
through oo are already contained in Isom(R"~!), we only need to show that also every inversion
at an arbitrary sphere orthogonal to R"~! is in L. Observe that for ¢ € Isom(R""!) C Isom(H")
and an inversion i € L with center m € R" ™! and radius 7 also ¢ 0i 04! € L is an inversion
at a sphere of radius r but with center ¢)(m) , i.e. we can move inversions at spheres around by
conjugating with elements in Isom(R"~!). Thus we only need to see that there is for every R > 0
an inversion at a sphere with radius R in L.

We can construct a new inversion from the given one ¢ in the following way. Let m be the center of
the inversion 7 and r its radius, i.e. ¢ is the inversion at the sphere S(m,r). Consider a reflection p in
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an affine half space H at distance d € (0,r) from m. That is, H intersects S(m,r) in more than one
point and does not contain the center m. Since ¢ and p are both inversions at generalized spheres,
ipi~! = ipi is also an inversion at a generalized sphere. Observe that Fix(p) = H, Fix(i) = S(m, )

and Fix(ipi) D Fix(p) N Fix(i). Also
ipi(m) = ip(oco) =i(c0) =m

and thus Fix(ipi) D (Fix(p) N Fix(i)) U {m}. Because m ¢ Fix(p) = H the union is disjoint.
Therefore ipi must be an inversion at a proper sphere S(m/, R) orthogonal to R"~! through (Fix(p)N
Fix(i)) U {m}. In particular m’ lies on the line through m meeting H orthogonally in some point
¢. Note that ¢ realizes the distance d between H and m in R"!. By construction all points in
H N S(m,r) have the same distance from £ - say h. Thus the following two equalities hold

h? 4+ d* = r? (I.1)
h? + (R —d)? = R? (1.2)
Eliminating h? and solving for R yields
-
- 2d

Because 0 < d < r was arbitrary we can use the above construction to get an inversion at a
sphere of arbitrary radius R € (%, oo). Hence we can indeed construct by iteration an inversion to
every given radius R > 0. O

Proposition 1.7.12. Let n > 4. Then the reflection group of a regular ideal hyperbolic n-simplex
is dense in Isom(H™).

Proof. Let (&,...,&,) € (OH™)"! be the vertices of a regular ideal n-simplex. Without loss of
generality we may assume that £y = oo in the upper half space model. Then &;,...,&, € R ! are
the vertices of a regular euclidean (n—1)-simplex. The reflection group A of the simplex (&, ..., &,)
is now generated by the reflections in the codimension 1 half spaces H; through {&,..., &} — {&}
(1 =1,...,n) and the inversion 7 at the sphere through &, ..., &,.

Denote by A’ the subgroup generated by the reflections in the half spaces H;. Clearly A’ corre-
sponds to the reflection group of the regular euclidean (n — 1)-simplex (&1, ..., &,) and is hence by
Proposition 1.7.10 dense in Isom(R""!). Because Isom(H") is generated by i and Isom(R"!) we
have that

A= (i, A) D (i, A") = (i, Tsom(R" 1)) = Isom(H")
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1.8. Boundary Maps

As in the classical proof of the Mostow Rigidity Theorem outlined in [Thu, Chapter 5, §9, pp.
106] boundary maps will play an important role in our proof of the volume rigidity theorem too.
The reason for their use is, that boundary maps can be constructed quite easily and under certain
conditions they are induced by an isometry of hyperbolic n-space; we will then also say, that the
boundary map is "equal” to an isometry. The objective of this section is to prove Proposition 1.8.3,
which gives a condition for when a boundary map is essentially an isometry. This fact was used by
Thurston in his revision of Gromov’s proof of the Mostow Rigidity Theorem in [Thu, Chapter 6,
§3, pp. 133]. It is worth noting, that the results of this section only work in dimenson n > 3. They
will be needed the final step of the proof of the volume rigidity theorem and they are in fact the
only places where we require n > 3.

We will again use the notation of the previous section and denote by T' the set of (n + 1)-tuples
in OH"™ which are vertices of a regular ideal n-simplex. Recall Proposition 1.7.3 which states, that
the map ®; : G — T, g — g7 is a diffeomorphism for every 7 € T. We will call an (n + 1)-tuple
in T simply a regular simplex. Note that the order of the vertices &, ..., &, induces an orientation
on the simplex . For & € T, denote by Ag < Isom(H") the reflection group generated by the
reflections in the faces of the simplex &.

Lemma 1.8.1 (cf. [BBI13, Lemma 7, p. 26]). Let n > 3. Let £ = (&o,...,&) € T. Suppose that
@: OH™ — OH" is a map such that for every v € Ag the simplex with vertices (¢(v6o), - - -, 0(v€n))
is reqular and of the same orientation as (v&p,...,v&n) € T.

Then there exists a unique isometry h € Isom™ (H") such that h(£) = p(£) for every & € UisoAgSi-
In particular the isometry is given by @gl(go(f_)) and we have the formula

foranyneT.

Remark 1.8.2. Note that this lemma fails for n = 2. Indeed, any triple of distinct boundary points
in OH? are the vertices of a reqular ideal simplex. Thus any orientation preserving homeomorphism
of OH? would satisfy the hypothesis. However not every orientation preserving homeomorphism is
already induced by an isometry as one readily checks.

Proof. Let € = (&,...,&) € T. Then (¢(&),...,p(&,)) € T and it has the same orientation as &.
Hence there is a unique isometry h € Isom™ (H") such that h(&;) = (&) for i = 0,...,n; namely
o (9(8).

It remains to check that

h(v&i) = o(v&:) (1.3)

for every v € Ag. Every v € Az is a product v = 7 - ... - r1, where r; is a reflection in a face of the
regular simplex rj_1-...-71(§). We prove the equality (I.3) by induction on k, the case k = 0 being
true by assumption. Set 7; = rk_1 - ... 71(§). Our induction hypothesis is, that h(n;) = ¢(n;).
The induction step will be proven, if we show that h(rgn;) = @(rgn;) for all @ = 0,...,n. The
simplex (7o, . .., ny) is regular and 7y is a reflection in one of its faces, say without loss of generality
the face containing 71,...,n,. Since rgn; = n; for ¢ = 1,...,n and by the induction hypothesis
h(n;) = ¢(n;), we obtain

h(rini) = h(ni) = (i) = p(remi) Vi=1,...,n
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and it just remains to show, that h(rgng) = @(rgno). Now the simplex (rgno, 7kn1, - .-, TkMn) =
(rkno, M, - - -, Mn) is regular with opposite orientation to (no,...,7,). Since h is orientation preserv-
ing, this implies that the simplex (h(rgno), h(n1), ..., h(n,)) is regular with opposite orientation to
(h(no), h(m), ..., h(ny)). By assumption (¢(rgmo), @(rim), - - -, o(renn)) = (0(rrmo), o(m), - - -, (1))

is regular with opposite orientation to (¢ (1), . .., ¢ (n)). Because (h(1o), ..., h(nm)) = (e(n0)s-- ., (M)
and in dimension n > 3 there is only one regular simplex with face h(n1),...,h(n,) and opposite

orientation to (h(no), ..., h(nn)) it follows that h(rgno) = ¢(rgmo) and the induction step is proven.
The formula follows from Proposition 1.7.3 with h = @gl(cp(f)) and

p(€) = Pe(h) = Dy(h- 27(€)) = h =25 (¢(&) - (27'(€))
O

Proposition 1.8.3 (cf. [BBI13, Proposition 6, p. 27]). Let n > 3. Let ¢: OH" — OH" be a
measurable map sending the vertices of almost every positively, resp. negatively, oriented regular
ideal simplex to the vertices of a positively, resp. negatively, oriented regular ideal simplex with the
same orientation. Then ¢ is essentially equal to an isometry (up to a null set).

We shall first prove this result for dimensions n > 4 since the proof is easier. This is where
Proposition 1.7.12 comes in.

Proof in the case of n > 4. Let T¥ C T be the set of regular simplices £ = (&, ...,&,) € T such
that (p(&),--.,¢(&)) is also in T' and has the same orientation as (&, . .., &,). By assumption 7%
has full measure in 7T'. Now consider the subset

TR ={(eT|y{eT? VYyelg CT?

of those regular simplices for which all reflections by the reflection group Ag are in 7%. We claim
that T has full measure in T

Again we use the identification ®; : G — T' as before, where 7 € T' is some reference point. The
subset 7% is mapped to a subset G¥ = @5 1(T‘F’)_C G via this correspondence. Observe that a
regular simplex £ = g(77) is in T} if and only if, v§ = g7 is in T for every v € Ag. One readily
checks that Ag = gAﬁg_l, so the latter condition is equivalent to gyon € T% for every 79 € Ay, or
in other words g € G¥y, ! Hence the subset T' /‘f is mapped to

GP =0,/ (T)= () G¥%'CG
Yo€A,

Since a countable intersection of full measure subsets has full measure, the claim is proved.

For every £ € T ¥ and hence almost every € € T there exists by Lemma 1.8.1 a unique isometry
hg such that hg(§) = ¢(§) on the orbit points § € UjjAg&;. By the uniqueness of the isometry, it
is immediate that h.,gz = hg for every v € Ag. We have thus a measurable map h: T' — Isom(H")
given by

€ he = D71 (p(8)) = 071 (0(8)) - (071(D)
defined on a full measure subset of 7. Precomposing h by ®; it is straightforward that the left
Ag—invariance of h on Agg naturally translates to a global right invariance of h o ®, on G. Indeed,
let g € G and 9 € Aj. We compute

ho®;(g9-v) = hgroq = hgrog=1g7 = hgn = h o ®5(9)

where we have used the left Aggz-invariance of h on the reflections of g7 in the third equality (recall
gv0g € gAﬁg_1 = Agp). Thus ho ®5: G — G is invariant under the right action of A; (and
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measurable). Since the latter group is dense in G (cf. Proposition 1.7.12) , it acts ergodically on G
(cf. Lemma 1.5.5) and h o ®j is essentially constant (cf. Theorem 1.5.4). This means that also h is
essentially constant. Thus for almost every regular simplex & € T the evaluation of ¢ on any orbit
point of the vertices of & under the reflection group Ag is equal to h. In particular for almost every

&= (%,...,&) € T and also for almost every & € OH", we have p(&y) = h(&o). O

Now we turn to the proof for n = 3. We give essentially the proof of Dunfield in [Dun99, pp. 30]
which is a more rigorous outline of Thurston’s idea in [Thu, Chapter 6, §3, pp. 133].

Proof in the case of n = 3. As above let T¥ C T be the set of regular simplices £ = (£, ...,&) € T
such that (¢(&),- .., ¢(&3)) is also in T" and has the same orientation as (§p, . .., &3). By assumption
T% has full measure in 7. Let & = (&,...,£3) € T? C T be such a simplex. By composing and
precomposing ¢ with suitable isometries we may assume without loss of generaltiy that £ = oo
and ¢(&) = oo in the upper half space model of H?. As we have already seen all oriented regular
simplices with one vertex at infinity can be identified with the (oriented) equilateral triangles in
C = R?. For almost all lines I through 0, almost all equilateral triangles with the edge between the
first and second vertices parallel to | define tetrahedra which are in T°. We can assume without
loss of generatliy that one such line is the real axis (apply a suitable isometry). Let S denote the
set of regular simplices (tetrahedra) with first vertex at oo and such that the edge between the
second and third vertices (the first and second vertices of the corresponding triangle) is parallel to
the real axis.

We know that S¥ := SNT¥ has full measure in S. Let w be the /—1 which has positive imaginary
part. Then {0,1,w} is an oriented equilateral triangle. Let Ly be all equilateral triangles in the
tiling of C by the triangle {0,1,w}. Let Lj denote the same set of triangles scaled by 27%. Let
L = ez Li be the nested family of equitriangular lattices.

We claim there is an r € R such that for almost all z € C the entire countable set of triangles
z+rL are in S¥. Consider the submersion m: C x R x Z x Z x Z — § which sends (z,7, k,n,m)
to the equilateral triangle with vertices

(z + 27+ mw), z + 127 ¥ (n 4+ 1+ mw), 2+ 1r27F(n + (m + l)w))

in z + rLy. We will think of Z as having a finite measure v, say v({q}) = 1/¢*>. As 7 is
a submersion, 77!(S¥) has full measure. Thus by Fubini, for almost all 7 and z, we have
7 1(8?) N ({r} x {2} X Z x Z x Z) has full measure and is hence equal to {r} x {2z} x Z x Z x Z,
as desired. Without loss of generality assume r = 1 has this property (again apply a suitable
isometry). So for almost all z € C all triangles in z + L are in S¥. This forces ¢(z + L) to be a
family of nested equitriangular lattices. Indeed one easily checks this fact by picking a triangle in
z + L and applying its reflection group as in our discussion of the proof for n > 4. Hence there is
for each z a complex number h(z) such that:

© (z +27F(n + mw)) = o(2) + h(2)27%(n + mw) (1.4)

for all n,m, k € Z. We claim that the function h is invariant under the group of translations of the
form z + z 4+ 277 (a + bw) where j,a,b € Z. Let 2/ = 2 + 277 (a + bw). We have by (1.4)

o(2) = p(2) + h(2)277 (a + bw) (I.5)
Now at 2’ + 277 we have by (I.4)

o2 +279) = (') + h()277
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1.8. Boundary Maps

Since 2/ + 277 = 2+ 277 (a + 1 + bw) we also have that
(2 +277) = p(2) + h(2)27 (a + 1 + bw)
Putting these together we get
0(2)+h(2)277 = p(2) + h(2)277(a+ 1+ bw) = (2 +277) (1.6)

By subtracting equation (I.5) from (1.6) and dividing by 277 we get h(z) = h(2’) as desired. Because
our group of translations is dense, and so acts ergodically, h is constant almost everywhere. But
then o(2') = p(2) + h277(a + bw) almost everywhere which implies that ¢(z) — h - z is invariant
under our group of transformations. So there is a constant ¢ such that ¢(z) — h -z = ¢ almost
everywhere and thus ¢(z) = ¢+ hz almost everywhere.

Therefore ¢ is essentially a euclidean similarity and hence an isometry of H?3. O
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Continuous bounded cohomology is at the core of our study of volume rigidity. Hence we want
to cover the most important results of both continuous and continuous bounded cohomology, and
apply them to the isometry group of hyperbolic n-space in this chapter. Both theories allow a
functorial characterization which provide us with plenty of resolutions to compute the respective
cohomology from. We will present these characterizations for continuous and continuous bounded
cohomology together with some resolutions in section I1.1 and in section II.2 respectively. They both
follow a similar outline underlining the similarities and the differences between the two theories.
In favour of a more concise exposition and in order to emphasize the theoretical constructions we
do not give any examples in these sections. Instead we apply the developed theory to the case of
G = Isom(H") in section I1.3. We do so in a way that is geared towards the proof of the volume
rigidity theorem.

If not otherwise mentioned G denotes a locally compact second countable topological group and
n > 2 in this chapter.

Il.1. Continuous Cohomology

Let us present the key features of continuous cohomology in this section. Subsection I1.1.1 gives a
first hands-on definition of continuous cohomology omitting completely a functorial point of view
and without any homological algebra. In subsection II.1.2 we then introduce some important no-
tions of homological algebra and present the functorial characterization of continuous cohomology
in terms of strong resolutions by relatively injective G-modules. Based on this functorial charac-
terization we will then give some resolutions in subsection I1.1.3, which will be important in the
context of the volume rigidity theorem later on.

Our main reference for this section is [Gui80]. We will make extensive use of the terminology of
G-modules as discussed in section B.1 of the appendix.

11.1.1. Naive Definition

Let (m, E) be a G-module. We shall frequently omit the actual representation , if there is no
ambiguity, i.e. 7(g)v = gv for all g € G and v € E.
Let ¢ > 0. Consider the spaces of continuous functions on G¢t! with values in F

C(GUY E):={f: G = E: f is continuous}.
C(G97Y E) itself becomes a G-module via the left regular representation

(@) )90, ---,9¢) =7(9)f (g " 90,97 9q) (IL.1)

for f € C(G1 E) and g, go, ..., 94 € G. If it is clear from the context we shall simply write g - f
instead of A\;(g)f in the following.
We can consider the subspaces of G-invariant functions

C(GT E)Y .= {f: G = E: f is continuous and g - f = f}
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II. Cohomology

Note that g - f = f reads

9f(g0,---9¢) = f(990,---,99¢)  V9,90,.-.,9¢ € G

For that reason elements of C(G9t!, E)¢ will be called G-equivariant. Moreover if (7, E) is a
trivial G-module, i.e. 7(g)v = gv = v for all g € G,v € E, an element of C(G4*!, E)“ will be called
G-invariant.

We now define the homogeneous coboundary operator d? : C(G4*, E) — C(G9*2 E) via

q+1

dq+1(f)(907 cee aqurl) = Z(_l)zf(gov s 7gia s 7gq+1)

1=0

where the hat indicates omission of the variable underneath. We shall simply write d if ¢ is
understood. It is easy to check, that d is indeed a G-morphism and hence restricts to the subspace
of invariants

d:C(G™ E)Y - (G2 E)¢
A standard calculation shows that d o d = 0 which yields the following cochain complex
0—C(G,E)Y - C(GLE)Y - ... - CG™ E)Y - C(GT2 E) - ...

The continuous cohomology H? (G, E) of G with coefficients in F is the cohomology of the above
cochain complex

(G, p) < kerld CGT B)C — C(GT, B)C)
T im{de - 0(GY, E)G — C(GeHL E)GYy

Pullback

Let H be another locally compact second countable topological group and p : H — G a con-
tinuous homomorphism. Pulling back functions on G9! via p yields the so-called pullback p*
C(G™Y E) — C(HT™, E)

(6" )(hos - hg) = F(plho).... plhy) (IL.2)

for f € C(G? FE) and hy,...,hy € H. Precomposing the G-representation 7 on E with p turns
the G-module (7, F) into the H-module (7p, E); or shorter p*E.

Observe that for a G-equivariant function f € C(G%*1, E)¢ the image p*(f) is H-equivariant
with respect to the induced representation wp: H — G — Aut(E). Indeed,

Arop(B) (")) (ho, .- hg) = w(p(h) (P F) (™ ho, -, h ™ hy) (I1.3)
w(p(h) f(p(h™ ho),- .., p(h ™ hg)) (I1.4)

= m(p(h))m(p(h ™)) f(p (ho) -5 p(hq)) (IL.5)

=p"f(ho, .-, hq) (IL6)

Hence p* : C(G?Y, E) — C(HY™, E) restricts to a map on the subspaces of invariants
o C(G, B 5 O(HT B!

One immediately checks that it also commutes with the homogeneous coboundary operator d,
i.e. p*od=dop*, and thus induces a pullback on cohomology

p* 1 H:(G,E) — H(H, p"E)
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I1.1. Continuous Cohomology

11.1.2. Functorial Characterization
Basic Definitions

We will start with some notions from ordinary homological algebra in the category of LCTVS and
G-modules. For the basics on LCTVS and G-modules we refer to section B.1 in the appendix.

A complex (E®,d*) of G-modules, or complex for short, is a Z-indexed sequence

1
Enfl " En dn+ En+1

of G-modules E™ and G-morphisms d" such that d"*! o d® = 0 for all n € Z. The G-morphisms
d" are called differentials or coboundary operators, and elements of E™ are referred to as cochains
of degree n. A right complex is a complex (E®,d®) such that E™ = 0 for all n < 0, and will also

be considered as a Ny-indexed sequence. A complex (E®,d®) is also said to start at degree k € 7 if
E" =0 for all n < k.

Remark I1.1.1. As in our “naive definition” in the previous section we will most of the time omit
the superscript and simply write d instead of d™. In diagrams we will often drop this label altogether

and content ourselves with a horizontal arrow. Accordingly, we denote the comples (E®,d*) simply
by B°.

A complex (E*®,d®) is said to be ezact at degree k € 7 if ker(d*™!) = im(d¥). If a complex is
exact at every degree, we simply call it eract or sometimes an exact sequence.

A complex E* is said to have a property P whenever all E" (n € Z) share the property P.

By E*Y we denote the subcomplex

L — (E'n—l)G [N (En)G - (En+1)G —_— ..

of G-invariants.
A morphism of complezes a® : E®* — F* is a sequence a" (n € Z) of morphisms E™ — F" such
that the diagram

En—l En En+1
a~ 1 am an+1
Fn— 1 Fn Fn+1

commutes. A G-morphism of complexes is a morphism of complexes consisting of G-morphisms.
The identity and zero morphisms of complexes are simply denoted by Id and 0 respectively.

If o® and 3* are two morphisms of complexes from (E*®,d®) to (F'*,0°%), a homotopy ¢® from a®
to B* is a sequence of morphisms ¢” : E" — F"~! (n € Z) such that

Mo _|_O_n+1dn+1 — Bn —an

for all n € Z, as depicted in the diagram
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II. Cohomology

En—l En En+1

Fn— 1 jac Fn+1

When such a homotopy exists, then o is said to be homotopic to 5°. This definition is an equiva-
lence relation since the definition of homotopies is additive. Notice that by definition «® is homo-
topic to 8° if and only if the zero morphism of complexes is homotopic to 5* — a®. A morphism of
complexes is said to be null homotopic if it is homotopic to zero.

Remark I1.1.2. Given three complexes A®, B®, C* and morphisms o : A* — B®, 87,35 : B* — C*
where B} and B3 are supposed to be homotopic via h® : B® — C*~Y, it is easy to check that

H®:=h%oca®: A* - C*!
is a homotopy between B} o a® and B3 o a®, i.e. they are homotopic morphisms.

A morphism of complexes o® : E®* — F® is called a homotopy equivalence if there is a morphism
of complexes 5°® : F'* — E* such that o®*8® and 5°a® are homotopic to the identity morphism of
the respective complexes.

A complex E*® is said to admit a contracting homotopy h® if h® is a homotopy from 0 : E* — E*®
toid : E* — E°*. We want to emphasize, that h® is not necessarily a G-morphism. We call a
complex E*® strong if it admits a contracting homotopy.

The n-th cohomology space of a complex (E®,d*®) is by definition the quotient

H"(E*) = H"(E®,d*) = ker(d"") /im(d")
Any morphism of complexes a® : E* — F'*® induces a sequence of continuous linear maps
o™ H"(E®) — H"(F*)

as is known from usual homological algebra. The morphism of complexes o is called a homologism
if the induced map o™ is an isomorphism of topological vector spaces for all n € Z ; G-homologisms
are defined accordingly.

It follows from the definition of homotopies that homotopic morphisms of complexes induce
identical maps in cohomology, so that in particular any homotopy equivalence is a homologism.

Remark I1.1.3. Observe that G-morphisms of complexes E®* — F* as well as G-homotopies restrict
to the continuous subcomplexes and restrict further to morphisms of complexes and homotopies
(E*)E — (F*) of the subcomplex of invariants. In particular, a G-homologism E® — F* induces
a homologism (E*) — (F*)C.

Let E be a G-module, (E®,d®) a right complex of G-modules and a : £ — E° a G-morphism,
such that

dl &2 e
0 E—2 5 po Jol E2

is an exact complex (starting at degree —1). Then the latter complex is called an (augmented)
resolution of E and is denoted by (a, E®). The G-morphism a : £ — EY is then called the
augmentation.
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Definition I1I.1.4. Let E, F be LCTVS. An injective morphism ¢ : E — F is called strongly
injective if it admits a left-inverse morphism, i.e. a continuous linear map o : F' — FE such that
oo =id.

Definition I1.1.5. A G-module F is relatively injective if for every strongly injective G-morphism
t: A — B of G-modules A, B and every G-morphism « : A — E there is a G-morphism §: B — E
satisfying Bt = a.

o
/\
AC——B

o 35
E

If there is any ambiguity as to the group, we say that E is G-relatively injective.

Statement of the Functorial Characterization

We are now in a position to state the key theorem and some important lemmas in view of the
functorial characterization of continuous cohomology in terms of strong resolutions by relatively
injective G-modules.

Lemma I1.1.6. Let A and B be G-modules. Further let

dt d? a3
0 A—" A0 Al A2
be a strong resolution of A and
b ot 0?2 o
0 B BY B! B2

a complex of relatively injective G-modules beginning at degree —1. Then for any G-morphism
«a: A — B there exists a G-morphism of complexes a® : A®* — B® such that the following diagram
commutes

a d* d? d?
0 A A° Al A2
al=a a? ot a?
0 1 2
0 B b B a1 B 9 B e
Proof. See [Gui80, Proposition 1.1 (i),p. 176]. O

Definition II.1.7. In the situation of Lemma II.1.6, one says that the G-morphism « extends to
a G-morphism of complexes, and «* is called an extension of a.

Lemma I1.1.8. Keep the notation of Lemma I1.1.6 and Definition I1.1.7. Then any two extensions
of a are G-homotopic.
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Proof. See [Gui80, Proposition 1.1 (ii),p. 176]. O
Putting these together we get a lemma similar to one from standard homological algebra.

Lemma II.1.9. Let (a,E®) and (b, F'*) be two strong resolutions of a G-module E by relatively
injective G-modules. Then there is a G-homotopy equivalence E* — F'* which induces a canonical
isomorphism of topological vector spaces

Hn(EoG) ~ Hn(FoG)

for allm > 0.
In particular this canonical isomorphism is given by a restriction to the subcomplexes of invariants
E*C and F*C of an extension of the identity morphism E — E to the strong augmented resolutions

(a, E®) and (b, F*).

Proof. The proof is standard and an immediate consequence of Lemma II1.1.6 and Lemma II1.1.8.
We shall give a similar proof in the setting of bounded cohomology later (cf. Lemma 11.2.15). Of
course there is also a reference for this result: [Gui80, Corollaire 1.1, p. 177]. O

We now have to fit our previous definition of continuous cohomology as the cohomology of the
cochain complex

d' d? d3
0— C(G,E)Y — C(G*,E)Y — C(G3 E)¢ — ---

into the new more abstract framework of strong resolutions by relatively injective G-modules. The
next proposition establishes this link.

Proposition I1.1.10. Let E be a G-module. Then

d" e i
0— E—— C(G,E) ~— C(G2,E) —— C(G3,E) —— ...

is a strong augmented resolution of E by relatively injective G-modules, where the augmentation
€e: E— C(G,E) is given by
e(v)(g) :==v

forallve E, g € G and d® is the usual homogeneous coboundary operator.
Proof. See [Gui80, Proposition 1.2, p. 179]. O

Definition I1.1.11. The resolution (¢, C(G®, E)) appearing in Proposition II1.1.10 is called the
homogenoeus standard resolution and the map € : E — C(G, F) the standard coefficient inclusion
or standard augmentation.

Summarizing the previous results we get the following functorial characterization of continuous
cohomology.

Theorem I1.1.12. Let E be a G-module. Then:

(i) There exists a strong resolution of E by relatively injective G-modules.

(i) For any strong resolution (a, E®) of E by relatively injective Banach G-modules, the coho-
mology H”(E'G) of the complex E*C of invariants is canonically isomorphic, as a topological
vector space, to the continuous cohomology H'(G, E) for all n > 0.
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Proof. Proposition 11.1.10 establishes (i). Lemma II.1.9 implies (ii) since we may take for (b, F'®)
the homogeneous standard resolution (¢, C(G*®, E)).
0

As an immediate consequence we get the following corollary.
Corollary I1.1.13. Let E be a relatively injective G-module. Then
HX(G,E)=0

Proof. We can simply consider the following trivial strong augmented resolution of E by relatively
injective G-modules

id
0 E—F 0

Clearly the cohomology induced by this resolution vanishes and hence by Theorem I1.1.12
H(G,E)=0

as asserted. O

11.1.3. More Resolutions

The advantage of a functorial characterization of a cohomology theory is, that one usually gets
many resolutions and hence many complexes to compute the cohomology with. We are going to
present some of them here. For the sake of simplicity, and because we are not going to need any
other resolutions later on, we content ourselves with resolutions of real G-modules (7,R). In the
following we will often omit the concrete representation 7 and simply write R. If we want to stress
that R might not be the trivial G-module we write R.

Remark I1.1.14. Note that for a G-module (7, R) we have Aut(R) =2 R* and via this isomorphism
the action m(g)t can be understood as multiplication 7w(g) -t for all g € G, t € R.

The Resolution (¢, C((G/K)*,R;))

Our first example of a resolution is a generalization of our standard homogeneous resolution in
some sense.

Let K < G be a compact subgroup. Denote X = G/K and p: G — X = G/K the canonical
projection given by p(g) = gK for g € G. Then G acts canonically from the left on X via

g+ (hK) = ghK
for g, h € G. Consider the space of continuous functions on X"*!
C(X" R,) :={f: X" — R continuous}

which becomes a LCTVS via the topology of uniform convergence on compact subsets of X"
(n € Ny). We can endow C(X"1 R;) with a G-module structure via the so-called left regular
representation A

(Ac(@) (o5 -y 20) 1= W(g)f(gilx(b ‘e agilxn)
for f € C(X"" R,), 20,...,2, € X and g € G.
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In great analogy to our naive definition of continuous cohomology we also define a homogeneous
coboundary operator d" : C(X" "1 R, — C(X"*2 R,) given by the formula

n+1
(@ f) (@0, oy +1) =D (1) f (@0, Loy -, Tny1)
i=0
for f € C(X""1 R,), 20,...,2n01 € X, where the hat again indicates omission of the variable

underneath.
Finally we define an augmentation € : R — C(X,R;)

e(t)(zo) =1
for t € R,zg € X and get a strong resolution of R, by relatively injective G-modules:

Proposition 11.1.15. Let K < G be a compact subgroup. Then the complex

€ d! d? a3
0— R, — C(G/K,R;) — C((G/K)*,R;) — C((G/K)3,R;) — ---

is a strong augmented resolution of R, by relatively injective G-modules.
Moreover the cohomology of the complex

0 — C(G/K,Ry)® L C((G/K)?,R,)“ &, C((G/K)3,Ry)C &

is canonically isomorphic to HY (G, R;).

Proof. This is [Gui80, Proposition 2.3, p. 187], although they adopt a slightly different notation.
The G-modules under consideration in [Gui80] are the spaces C(G" "1, R,.)x of continuous functions
f € C(G™ R) satisfying

f(goko, .., gnkn) = f(g0,- -, gn)

for all go,...,9n and ko,...,k, € K.
However it is easy to see that the maps
¢ C((G/K)"™, Ry) = C(G™ Ry)
f = ((g()aagn) = f(goKaagnK))

constitute a G-isomorphism ¢® of complexes. O

The Resolution (¢, Q*(G/K,R;))

Now let G be a Lie group with a finite number of connected components and K < G a maximal
compact subgroup. Then the homogeneous space M = G/K is a smooth manifold on which G acts
via diffeomorphisms. We can consider the complex of differential forms (2°(M,R;),d®) where the
coboundary operator is given as usual by exterior derivative. For every n € Ny the vector space
Q"(M,R;) becomes a LCTVS much like the space of smooth functions by using local coordinates
and uniform convergence of every derivative on compact subsets.

A G-module structure is now given by

(9-)=m(9) [(g7) ]

for g € G, a € Q"(M,R,), where the application of 7(g) € Aut(R) = R* is thought of as
multiplication and (¢~1)* denotes the pullback (cf. [Gui80, § E.3, p. 364]).
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By defining an augmentation ¢ : R, — Q°(M,R;) =2 C*°(M,R) via

€(t)(zo) =t

for every t € R and xg € M, we get a strong augmented resolution of R, by relatively injective
G-modules:

Proposition I1.1.16. Let G be a Lie group with a finite number of connected components and let
K < G be a mazximal compact subgroup. Then the complex

€ d* d? d?
0— Ry — QG/K,R;) — QYG/K,Ry) — Q*(G/K,R;) — -

s a strong augmented resolution of R, by relatively injective G-modules.
Moreover the cohomology of the complex

d d? d3
0 — QG/K,R,)¢ — QYG/K,R,;)® — Q*(G/K,R;)¢ — --.

is canonically isomorphic to HY (G, R;).

Proof. See [Gui80, Proposition 7.2, p. 224]. O

Connection to Singular Cohomology

There is a nice relation between the continuous cohomology of a discrete group and covering theory,
which we want to present here briefly. For a discussion of singular cohomology see section D.2 in
the appendix.

Let X be a contractible topological space and I' a group (with the discrete topology). Assume
that I' acts on X freely and denote by Y = I'\ X the resulting quotient space with the quotient map
m: X — Y. Finally let us assume that 7 : X — Y is a covering and hence the universal covering
of Y. Basic covering theory asserts that we may now identify I' with the fundamental group of Y
resp. the group of Deck transformations of 7: X — Y; I' 2 71 (X) = Deck(m).

Thus one may ask for the relation between the continuous cohomology of I' and the singular
cohomology of Y. The next proposition gives a very satisfying answer.

Proposition 11.1.17. We keep the above notation.
Then H2(T',R) =2 H*(Y'), where R denotes the trivial I'-module.

Proof. See [Gui80, Proposition 14.1., p. 93]. O
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11.2. Continuous Bounded Cohomology

Let us now turn to continuous bounded cohomology. Our treatment of continuous bounded coho-
mology will be in great analogy to the previous section II.1 on continuous cohomology facilitating a
direct comparison of both theories. Therefore we will again start with a naive definition of continu-
ous bounded cohomology and its important features such as the pullback map and the comparison
map in subsection I1.2.1. After that we give the functorial characterization of bounded cohomol-
ogy in terms of strong resolutions by relatively injective Banach G-modules in subsection 11.2.2
and present some resolutions to compute it from in subsection 11.2.3. Finally we revisit the naive
definitions of the pullback map and the comparison map and put them in the functorial framework
in subsections 11.2.4/11.2.5 and I1.2.6 respectively. Especially the realizations of the pullback via
equivariant boundary maps as discussed in subsection I1.2.5 will play a prominent role in the proof
of the volume rigidity theorem.

Our main reference for this section is [Mon01]. However to us every Banach space will be over
R and not C as in [Mon01]. Gladly this makes no significant difference for the theory as one sees
in the associated papers [BM02] and [BI02], or in the classical treatment of bounded cohomology
of discrete groups in [Iva87].

We will use the notion of Banach G-modules extensively in this section and refer to section B.2
in the appendix for more details.

11.2.1. Naive Definition

For the rest of this section let £ be a Banach G-module and ¢ € Nyg. We may now similarly to
the definition of continuous cohomology consider the space of bounded continuous functions from
Gt to E

Cyo(GT™ E) := {f : G = E : f continuous and bounded } ¢ C(G*"!, ).
Putting the sup-norm on Cy(GH!, E)
1£1l:= sup{ll f(g0.- -, 90)ll : go:--- 194 € G} Vf € Cp(GT, E)

it is easy to check, that this space becomes a Banach space. Evidently the left regular representation
Ar in (IL1) of C(G9L, E) restricts to an isometric action on Cy(G9™!, E) and hence induces a
Banach G-module structure on the latter.

Moreover also the homogeneous coboundary operator d?*! : C(G4*, E) — C(G%"2 E) restricts
to dit1 . Cy (Gt E) — Cyp(G9H! E). Again d9t! is a G-morphism and hence gives a map between
the invariant spaces

dith Gy (G, E)C — Gy (G2 E)C
and we get the (sub-)complex of cochains
0— Cy(G,E)Y = Cy(G% E)Y — ... = Cy(GTL,E)Y = (G2, E)Y — ...

Now the continuous bounded cohomology H3 (G, E) of G with coefficients in E is the cohomology
of this cochain complex
ker{di*! : C,(GIT, E)Y — Cy(G12, E)Y}

im{d? : C,(G1, E)¢ — Cp(Gat1, E)C}
Since it is a quotient of Banach spaces, H3 (G, E) carries a semi-norm

lof| == mf{[[f]|: f €2} Vo€ HE(G E)

H!(G,E) =

This is indeed only a semi-norm and not a norm, since im(d?) C Cy(G4*!, E)“ is in general not
closed.
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Remark I1.2.1. In other literature on bounded cohomology the q-th bounded cohomology group of
a discrete group I' with coefficients in a Banach T'-module E is sometimes denoted by H](T', E)
omitting the additional “c” in the subscript. Of course this makes sense if one is only interested in
discrete groups as in that case every function on T is continuous. However we are going to deal
with non-discrete topological groups later on, e.g. Isom(H"). Therefore we want to be consistent in
our notation and keep the “c” in the subscript for discrete groups as well.

Pullback

Given another locally compact second countable topological group H and a continuous homo-
morphism p : H — G the pullback map p* : C(G9™!, E) — C(H? E) from (I1.2) restricts to
p*: Cy(GIHL E) — Cy(HT E).

As for continuous cohomology we can endow the Banach G-module (7, E') with a Banach H-
module structure via precomposition by p. Indeed, this is a Banach module since 7w ranges in
the linear isometries of E and therefore m o p does as well. We shall denote the resulting Banach
H-module by (mp, E), p*E or simply E as well (cf. section B.2.2 in the appendix).

By the very same computation as in (I1.3) we verify that p*(Cy,(G9+1, E)%) C Cy(H?!, E)H such
that the pullback map induces a map at the cochain level

p*: Cy(GTTL B — Cy(HTT, BT

One easily verifies that it commutes with the homogeneous coboundary operator as for continuous
cohomology. Thus p* induces a map at the cohomology level

P* : H(:b(GvE) - c.b(H’ ,O*E)
Further p* is does not increase the semi-norm. Indeed, at the cochain level

107 (ho, .- hg)l = [f(p(ho), - - p(he))| < ||l
for all f € Cp(G9*Y, E)¢ and hy, ..., hy € H. Hence at the cohomology level
[p"all = inf{[| f]| - f € p"a}

<inf{|[p"f'|| : ' € o}
<inf{||f|| : f" € a} = |

for every cohomology class o € HY, (G, E).

The Comparison Map c¢: H3 (G, E) — H2(G,CFE)

First observe that any continuous Banach G-module, such as CE (cf. Definition B.2.11), is also a
G-module in the sense of continuous cohomology (cf. Remark B.2.9). Therefore H?(G,CE) is well
defined.

Further the following holds.

Lemma I1.2.2. C,(G**!, E)¢ = Cy(G*T,CE)“

Proof. Let ¢ € Ny and f € Cyp(G?H!, E)C. Tt is sufficient to show, that f ranges in CE. We want
to apply Lemma B.2.10.
Let z € G9! and let (ga)aca be a net in G converging to the neutral element e € G. Then

17(ga) f(z) = f(2)]| = I7(90) f(2) = 7(ga) f (90 @) = | £ () = flga z)]| = O
which shows that f(x) is indeed in CE. O
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Therefore we can consider the inclusion
Cyp(GTT E)Y = (G, CE)Y — C(GIT,CE)Y

Since both cochain complexes use the very same homogeneous coboundary operator d the inclusion
is actually a map between cochain complexes, i.e. commutes with d.
The induced map in cohomology is called the comparison map ¢ : Hy (G, E) — H2(G,CE).

Remark I1.2.3. Although Cy(G9T!,CE)Y — C(G9T!,CE)Y is injective, this does not imply, that
also c: HY (G, E) — H2(G, E) is injective!

Remark I1.2.4. Observe that one could also apriori consider the cochain complex
0—C(G,E)Y - C(G*E)Y — ..

and its cohomology H*(C(G**1, E)¥). The advantage is, that one gets immediately a map H% (G, E) —
H*(C(G**, E)Y) induced by the inclusion Cy(G*T1, E)¢ — C(G**, E)%. However one now has
to prove that H*(C(G**', E)%) = H*(G,CE). This can be achieved by a lemma similar to Lemma
11.2.2 (cf. [Mon01, Proposition 9.1.3., p.120]). [Mon01] takes this approach and even gives a "new”
definition of continuous cohomology by the above cochain complex. Nevertheless this appears to be
somewhat unnatural and thus we chose our slightly different treatment of the comparison map. It
is easy to see that both approaches yield the same comparison map in cohomology.

Finally we want to note that all these distinctions become completely irrelevant when we consider
an apriori continuous Banach G-module, since then CE = E. This will be the case in our application
of the theory later on, where we will only be concerned with continuous (Banach) G-modules (m,R).
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11.2.2. Functorial Characterization

As for continuous cohomology there is also a functorial characterization of continuous bounded
cohomology as developed by Burger and Monod in [BM02] and [Mon01]. This will provide us with
easier to compute cochain complexes.

We follow here essentially section III.7 in [Mon01].

Basic Definitions

We want to use the same terminology of homological algebra as for continuous cohomology. By
replacing G-modules by Banach G-modules in the definitions of section I1.1.2 we get the notions
for complexes, morphisms between those, resolutions etc. Instead of repeating every definition and
terminology with Banach G-modules instead of G-modules, we will only point out the differences.

Most of these differences arise for two reasons. First, in our definition of Banach G-modules we
had no continuity assumption on the action whatsoever. In order to remedy this one considers
maximal continuous submodules instead (cf. Definition B.2.11). Second, a good theory of bounded
cohomology has to take care of the semi-norm and hence some of the occuring morphisms should
at least not increase the norm. This leads to a slightly different definition of relative injectivity for
Banach G-modules. Let us now delve into the details.

Let (E*®,d®) by a complex of Banach G-modules. By Lemma B.2.13 the coboundary operators
restrict to the continuous submodules CE® and we get a continuous subcomplex

+—— CE"! —— CE" —— CE""! —— ...

The coboundary operator restricts even further to the sub-sub-complex E*Y of invariants

L — (Enfl)G - (En)G' - (En+1)G —_— ..

Note that by Lemma B.2.14 we have (CE®)® = (E*)Y such that it is not important, whether we
take the invariants of the original complex or its maximal continuous subcomplex.
As before the cohomology of a complex (E*®,d®) is defined as the quotient spaces

H™(E®) = ker(d"™) /im(d")
However this time we may equip this quotient space with the usual quotient semi-norm
|la]| := inf{|jv]| : v € a} Yo € H"(E®)

Recall that a complex of G-modules E*® is said to admit a contracting homotopy, if there is a
homotopy A® from id : E* — E® to 0 : E* — E°®. In the case of Banach G-modules we require
more, namely that additionally ||h"|| < 1 for every n € Z.

Now a complex of Banach G-modules E* is called strong, if its maximal continuous subcomplex
CE* admits a contracting homotopy. This terminology applies now to resolutions (a, E*), i.e. such
a resolution is strong if the restricted resolution (a,CE®) admits a contracting homotopy (in the
sense of Banach G-modules).

Remark I1.2.5. Although the notion of a complex with a contracting homotopy does not depend
on the group G considered, the concept of strong complex does, because CE® depends on the group.
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Remark I1.2.6. The definition of a strong resolution in [Iva87] appears to be more restrictive than
ours, since a resolution (a, E®) is only strong in the sense of [Tva87], if the whole complex admits a
contracting homotopy and not only the subcomplex (a,CE®) of continuous Banach G-modules (cf.
[Tva87, p. 1099]). However [lva87] is only concerned with discrete groups, such that E®* = CE® and
the definitions in fact coincide.

Also the notion of strongly injective morphisms is different and even replaced by the notion of
admissible morphisms.

Definition II1.2.7. A morphism 7 : A — B of Banach spaces is admissible if there is a morphism
o0: B — A with ||o|| <1 and non = 7.
A G-morphism of Banach G-modules is said to be admissible if the underlying morphism is so.

This fits also well into the context of G-modules as in the theory of continuous cohomology, as we
regain our definition of a strongly injective morphism by simply dropping the norm requirement.

Remark I1.2.8. Observe that if n is an injective G-morphism, it is admissible, if and only if
it admits a left inverse morphism o satisfying ||o|| < 1. This being said an injective admissible
G-morphism n is strongly injective as defined in [Tva87].

As we mentioned before the definition of relatively injective modules changes in order to take
care of the semi-norm.

Definition I1.2.9. A Banach G-module F is relatively injective if for every injective admissible
G-morphism ¢ : A — B of continuous Banach G-modules A, B and every G-morphism o : A - F
there is a G-morphism (3 : B — E satisfying ¢ = o and || ]| < |||

g

/_\
AC———B

Q EIB

5

E

If there is any ambiguity as to the group, we say that F is G-relatively injective.

Observe that by replacing “injective admissible” by ”strongly injective” — in accordance with
what we have said before — and dropping the norm requirement ”||5|| < ||a||” we get back the
definition of relative injectivity in the sense of continuous cohomology.

Remark I1.2.10. This definition coincides in view of Remark I11.2.8 with the definition of relatively
injective G-modules in [Iva87].

Note that there is a typo in [Tva87] in the corresponding definition. Instead of ”[...] and ||5] < ||o]]
[-]7 (p. 1098) it should say ||B|| < ||a||. It is clear, that this is what was meant here in view of the
proof of the following up Lemma (3.2.2).

Lemma I1.2.11. A Banach G-module E is relatively injective if and only if CE is so.

Proof. See [Mon01, Lemma 4.1.5, p. 32]. O
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Statement of the Functorial Characterization

We are now in a position to state the key theorem and some important lemmas in view of the
functorial characterization of continuous bounded cohomology by strong resolutions of relatively
injective Banach G-modules. The analogies to continuous cohomology are evident.

Lemma I1.2.12. Let A and B be Banach G-modules. Further let

d* d? d?
0 A—" A0 Al A?
be a strong resolution of A and
b ot 0? o3
0 B BY B! B?

a complex of relatively injective Banach G-modules beginning at degree —1. Then for any G-
morphism o : A — B there exists a G-morphism of complexes a® : A®* — B® such that the following
diagram commutes

a dt d? d?
0 A AV Al A?
al=a al al a?
0 1 2
0 B b B o1 B 52 B e
Proof. This is [Mon01, Lemma 7.2.4, p. 70]. O

Definition I1.2.13. In the situation of Lemma II.2.12, one says that the G-morphism « extends
to a G-morphism of complexes, and a® is called an extension of a.

Lemma I1.2.14. Keep the notation of Lemma [1.2.12 and Definition I1.2.13. Then any two
extensions of o are G-homotopic.

Proof. See [Mon01, Lemma 7.2.6, p. 71]. O

Putting these together we get a lemma familiar to one from standard homological algebra.

Lemma I1.2.15. Let (a, E®) and (b, F*) be two strong resolutions of a Banach G-module E by
relatively injective Banach G-modules. Then there is a G-homotopy equivalence CE®* — CF*® which
induces a canonical isomorphism of topological vector spaces

Hn(EoG) o~ Hn(FoG)

for allm > 0.

In particular this canonical isomorphism is given by a restriction to the subcomplexes of invari-
ants E*C and F*C of an extension of the identity morphism CE — CE to the strong augmented
resolutions (a,CE®) and (b,CF*).

Proof. As we have already mentioned before we get via restriction (cf. Lemma B.2.13) strong
resolutions (a,CE®), (b,CF*®) of CE. Since (a,E®) and (b, F'®) are strong augmented resolutions
of E by relatively injective Banach G-modules, also (a,CE®) and (b,CF*®) are strong augmented
resolutions of CE by relatively injective Banach G-modules (cf. Lemma I1.2.11).

Hence by Lemma I1.2.12 there is a G-morphism of complexes a® : CE®* — CF*® extending the
identity morphism id : CE — CE
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II. Cohomology

0 CE CEY CE! CE?
a~!l=id a? al a?
0 CE e CFY CF! CF?

Exchanging the roles of the two resolutions we get another extension 8* : CF* — CE® of the
identity morphism id : CE — CFE.

b
0 CE CF? CF! CF?
,8_1 —id 60 Bl 52
0 CE p CE® CE! CE?

Therefore the composed G-morphism of complexes 5°a® : CE®* — CE® extends the identity
G-morphism id : CE — CFE to the strong augmented resolution of CE given by (a,CE®). Clearly
the identity morphism of complexes id® : CE®* — CE*® extends the identity as well and hence 5°a®
is G-homotopic to id®* by Lemma I1.2.14. In particular, S®a® restricted to the (non-augmented)
complex of invariants E*¢ is G-homotopic to the identity morphism of complexes and hence induces
the identity H"(E*®) — H™(E*®) for all n > 0. Likewise, a®*3® is G-homotopic to the identity,
such that o® and 8® are G-homotopy equivalences.

In particular, a® and ° restrict to homotopy equivalences between E*% and F*¢ and thus induce
topological isomorphisms H"(E*“) = H"(F*C) for all n > 0. These isomorphisms are canonical
because by Lemma I1.2.14 any choice of extensions ® and 5* would amount to the same maps in

cohomology.
O

We now have to fit our previous definition of continuous bounded cohomology as the cohomology
of the cochain complex

d' > 3
00— Gy(G, E)Y — Gp(G* E)Y — Gp(G*, BE)Y —— -

into the new more abstract framework of strong resolutions by relatively injective G-modules. The
next proposition establishes this link.

Proposition 11.2.16. Let E be a Banach G-module. Then
d* d? a3
0—— B —— Gy(G, B) — Cy(G? E) —— Cy(G*, E) —— -

is a strong augmented resolution of E by relatively injective G-modules, where the augmentation
€e: E— Cy(G,E) is given by
e(v)(g) ==v

forallve E, g€ G and d® is the usual homogeneous coboundary operator.

Proof. See [Mon01, Corollary 7.4.7, p. 80].
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Definition II1.2.17. The resolution (¢,Cy(G®, E)) appearing in Proposition 11.2.16 is called the
homogenoeus standard resolution and the map € : E — Cy(G, E) the standard coefficient inclusion
or standard augmentation.

Summarizing the previous results we get the following functorial characterization of continuous
bounded cohomology.

Theorem I1.2.18. Let E be a Banach G-module. Then:

(i) There exists a strong resolution of E by relatively injective Banach G-modules.

(i) For any strong resolution (a, E®) of E by relatively injective Banach G-modules, the coho-
mology H"(E'G) of the complex E*C of invariants is canonically isomorphic, as a topological
vector space, to the continuous bounded cohomology H' (G, E) for all n > 0.

Proof. Proposition 11.2.16 establishes (i). Lemma I1.2.15 implies (ii) since we may take for (b, F'®)
the homogeneous standard resolution (e, Cp(G*®, E)).

O
As for continuous cohomology we get the following immediate corollary.
Corollary I1.2.19. Let E be a relatively injective Baanch G-module. Then
c.b(Gv E) =0
Proof. The proof given for continuous cohomology works verbatim (cf. Corollary I1.1.13). O

With some further investigation of relative injectivity it is possible to show, that the trivial
Banach G-module R is relatively injective, if G is amenable (cf. Definition C.1.1). This observation
is crucial to us and one of the ingredients of bounded cohomology, that enable us to even define
the volume of a representation later on.

Corollary 11.2.20. If G is amenable, then the trivial Banach G-module R is relatively injective.
In particular
gb(Ga ]R) =0.

Proof. See for example [Mon01, Corollary 5.4.1, p. 46] or for a more versatile approach dealing
with coefficient G-modules [Mon01, Theorem 5.6.1, p. 55] resp. [BM02, Theorem 2.2.4, p. 31]. For
the latter the assertion follows putting £ = R and observing that a mean L>*°(G,R) — R exists
simply by the invariant mean property of amenable groups (cf. Definition C.1.1). O

We want to emphasize that the canonical isomorphism of Theorem I1.1.12 (ii) is purely topological
and does not take into account the semi-norms on H"(E*®) and H}} (G, E). The next theorem shows,
that this canonical isomorphism does not increase the semi-norm.

Theorem 11.2.21. Let E be a Banach G-module and (a, E®) a strong augmented resolution of E
by relatively injective Banach G-modules. Then the canonical isomorphism

H"(E*Y) = H3(G, B)
granted by Theorem I1.1.12 does not increase the norm for all n > 0.

Proof. This is [Mon01, Theorem 7.3.1,p. 74]. Actually [Mon01] shows this for a different standard
resolution than ours (cf. Remark I1.2.23). This difference however is rendered irrelevant by [Mon01,
Corollary 7.4.7, p. 80] and our next lemma. Also compare Remark 11.2.23. ]
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The fact that we get only a semi-norm non-increasing isomorphism out of the general theory might
by disappointing at first. However we will encounter in the next subsection several resolutions,
which actually guarantee a canonical isometric isomorphism. The next lemma will state a trivial
but nonetheless important relation between such resolutions.

Lemma I1.2.22. Let E be a Banach G-module. Let (a, A®), (b, B*) and (s, S*®) be strong augmented
resolutions by relatively injective Banach G-modules. Denote by o® : H*(A®) — H*(S®), 8° :
H*(B*) — H*(S°®) and ~* : H*(A®) — H*(B®) the canonical isomorphisms in cohomology induced
by extensions of the identity id : CE — CE. If a® and 5* are isometric, then also ~* is isometric.

Proof. Denote by
a®:CA®* — CS*®
b* :CB®* — CS*®
c®:CA* - CB*

the extensions of id : CE — CFE to the according resolutions inducing the canonical isomorphisms

a®, 5* and ~® respectively. Therefore b® o c® : CA®* — CS* is also an extension of the identity, hence

G-homotopic to a® : CA®* — CS® and thus induces the same map in cohomology, i.e. a® = 5* o ¥°.
Let n > 0 and w € H"(A®). We then get

" @)l = [18"(Y* (@) = llo"(w)[| = [Jwl]
This concludes the proof. ]

Remark I1.2.23. Most of the functorial characterization summarized in this section also works
for general topological groups. However care must be taken concerning our standard resolution. It
1s still an augmented resolution of E by relatively injective Banach G-modules, but it is unclear
whether it is also a strong one. Instead one considers the inductively defined Banach G-modules
G2 (G, E)

CY(G,E) == Cy(G,E), CyG,E)=Cy(G,C] Y G,E)) (neN)
which we can equip in an evident way with a Banach G-module structure. This is exactly the

approach taken in [Mon01] and they show in fact, that the resulting augmented resolution is strong.
It is tempting to "identify” CJ'(G, E) with Cy(G™, E) via the map

A" CMG,E) — Cy(G"T E)

defined by
(A" f)(xo, - - wn) = (- (f(wo)(21) - -) (wn)

Although this gives indeed an isometric G-morphism, it is in general not surjective!

11.2.3. More Resolutions

We will now investigate some resolutions of a Banach G-module (7,R), since that is the only
important application of continuous bounded cohomology to us. Sometimes we will write R, in
order to emphasize, that R is not necessarily a trivial Banach G-module. All of these resolutions
work in a more abstract framework of general Banach G-modules (in case of the Cjp-spaces) or
coefficient G-modules (in case of the L>-spaces). However we will only work with the resolutions
of R later on. Although the notion of coefficient G-modules is important to the general theory of
continuous bounded cohomology, it is somewhat cumbersome and we omit it in favour of a more
concise exposition. We shall just note that any real Banach G-module (7, R) is in particular a
coefficient G-module. For details we refer to [Mon01].

Remark I1.2.24. Note that for a Banach G-module (m,R) we have Iso(R) = {£1} and via this
isomorphism the action w(g)t can be understood as multiplication w(g) -t for all g € G, t € R.
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Resolutions by Function Spaces

In this section we will encounter spaces of functions as Banach G-modules such as Cy(X™, R),
L>*(G/H,R), ..etc. The coboundary operator of the occuring resolutions will always be in a sense
the same and a natural generalization of our previous homogeneous coboundary operator:

Let X be a set, n € N and denote by Map(X™, R) = {f : X™ — R} the set of all maps from X"
to R. We define the homogeneous coboundary operator d” : Map(X",R) — Map(X" "1 R) via the
familiar formula

n

(d" f)(zo,...,xn) = Z(—l)if(:co, U TR N f € Map(X™,R);zo,...,2p € X
i=0

where the hat over a variable means, that it is omitted. Note that this definition coincides with
our previous definition of the homogeneous coboundary operator in the standard resolution when
restricted to Cy(G™ ™1 R).
We also generalize the standard augmentation in a similar fashion.
€: R — Map(X,R)
t— (x—t)

In the following whenever we encounter a resolution by function spaces we mean by € and d® the
above augmentation resp. coboundary operators restricted to the respective space of functions.

The first resolution by such function spaces is a generalization of our standard resolution. Let
X be a locally compact topological space with a continuous G-action. Then G acts via the usual
diagonal action also on X™ (n € N). Consider the Banach space

Cp(X™,R):={f: X" — R: f is continuous and bounded}

with the common supremum norm. We can endow it with a Banach G-module structure via the
left reqular representation A

() )1, n) = 7(g) flg™ 21,0 g7 )

for f € Cp(X™ Ry), g € Gand x1,...,2, € X. Under more restrictive assumptions on the G-action
and its quotient we get the following Theorem.

Theorem I1.2.25. Let X be a locally compact topological space with continuous proper G-action
such that the quotient G\X"T! is paracompact for all n > 0. Let (m,R) be a Banach G-module.
Then

dl d2 d3
0 —— Ry —— Cy(X,Ry) —— Cy(X2,Ry) —— Cp(X3 Ry) —— -

is a strong augmented resolution of R, by relatively injective Banach G-modules.
Moreover the cohomology of the complex
dt d? d?
0—— Cb(X,Rw)G = Cb(XZ,RW)G - Cb(X?’,RW)G — ...
is canonically isometrically isomorphic to H3(G,Ry).

Proof. See [Mon01, Theorem 7.4.5, p. 77].
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Corollary I1.2.26. Let H < G be a closed subgroup and K < G a compact subgroup. Let (7, R)
be a Banach H-module. Then

€ d* > d
0—— Ry — Cp(G/K,Rr) — Co((G/K)*, Re) —— Cp((G/K)* Re) — -+

s a strong augmented resolution of R, by relatively injective Banach H-modules.
Moreover the cohomology of the complex

d* d? a3
0 — Gp(G/K,Rr)" — Gy((G/K)* R)T — Gy ((G/K)* Re)T — -
is canonically isometrically isomorphic to HY(H,Ry).

Proof. See [Mon01, Corollary 7.4.10, p. 81].
[

The next important examples of resolutions by function spaces are the ones arising from L°°-
spaces. Let S be an amenable G-space (see Definition C.2.4). Then the space L*>(S,R) of all
essentially bounded function classes is a Banach space with the usual essential supremum norm.
Recall that we have an invariant measure class on S by definition of an amenable regular G-space
such that the notion of function classes up to null sets is well-defined. We get again a diagonal G-
action on S™ for n € N (which is also amenable by Proposition C.2.8). Hence L>(S",R,) becomes
a Banach G-module with the left regular representation A,

Ae(@) ) (@1, wn) =7(9) flg e, g7 wn)

for f € L*(S™,R;), g € G and x1,...,2, € S.
We then get:

Theorem 11.2.27. Let S be an amenable reqular G-space and (mw,R) a Banach G-module. Then

€ d* 9 d? 3 d?

0 — Ry — L®(S,R;) — L>®(S*,R;) — L®(S°,R;) — -+~
s a strong augmented resolution of Ry by relatively injective Banach G-modules.
Moreover the cohomology of the complex
d* d? d?
0—— L®(S,Rp)% — L®(S% Ry)¢ —— L(S3, Rp)¥ — -+

is canonically isometrically isomorphic to Hy(G,Ry).

Proof. See [Mon01, Theorem 7.5.3, p. 83]. O

Corollary I1.2.28. Let G', H < G be closed subgroups and (w,R) a Banach G-module. If H is
amenable, then

€ d* d? d?
0—— Ry — L®(G/H,Ry) — L¥((G/H)* Ry) — L¥((G/H)> Ry) — -+

is a strong augmented resolution of R, by relatively injective Banach G'-modules and the cohomology
of the complex
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0= L¥(G/H,Ry)™ —— L=((G/H)*, Rr)™ —— L*((G/H)*, Ry)™ —— -

is canonically isomerically isomorphic to HY(G',Rz).

Proof. By Proposition C.2.7 the space S = G/H is an amenable regular G-space. By Lemma C.2.9
it is also an amenable regular G’-space. Finally by Proposition C.2.8 the productspaces S™ (n € N)
are also amenable regular G’-spaces. The corollary now follows from Theorem I1.2.27. See also
[Mon01, Corollary 7.5.9, p. 87]. O

By setting H = {1} and G’ = G we get that H.(G,R,) can be computed by an L*-resolution
as well. This is the assertion of the following corollary.

Corollary 11.2.29. Let (m,R) a Banach G-module. Then

d! s d
0 — Ry — L¥(G,Ry) —— L®(G? Ry) —— LGB Ry) —— -

is a strong augmented resolution of R by relatively injective Banach G-modules and the cohomology
of the complex

d! d> 3
0 — L%(G,Ry)¢ —— L(G2,R,)¢ —— L(G3,R,)¢ — -

is canonically isometrically isomorphic to H3 (G, Ry).

Because L*°-spaces consist of function classes up to null sets which are hence not well-defined at
an arbitrarily chosen point, they are sometimes not particularly handy to work with in a geometric
situation. It is therefore natural to consider for a measurable space X with a measurable G-action
the spaces

B (X" R):={f: X" = R: f is measurable and bounded}, (neN)

without taking equivalence classes of functions up to null sets. Clearly B°(X"™ R) becomes a
Banach space with the supremum norm, since already the space of all bounded functions is a
Banach space and every pointwise limit of a measurable function is again measurable. As for the
function spaces before we equip B (X", R, ) via the left regular representation A\, with a Banach
G-module structure.

It is not clear whether the spaces B> (X", R, ) are relatively injective Banach G-modules, but at
least they form a strong augmented resolution as the following proposition asserts.

Proposition I1.2.30. Let (m,R) be a Banach G-module, X a measurable space with a measurable
G-action. Then the complex

dl d2 3
0 — Ry — BX(X, Ry) 1 B2(X2,R,) — B(X3 R,) -0 ...

is a strong augmented resolution of R, by (not necessarily relatively injective) Banach G-modules.

Proof. See [BI02, Proposition 3.1, p. 6]. O
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Connection to Singular Bounded Cohomology

As for continuous cohomology there is a relation between singular bounded cohomology and contin-
uous bounded cohomology for discrete groups given by covering theory. For a discussion of singular
bounded cohomology see section D.3 in the appendix.

Recall that the singular bounded cohomology of a topological space X is the cohomology of the
cochain complex

5! 5? 5
0 —— SP(X) — Sp(X) —— SPX) —— -

where S}'(X) is the Banach space of singular bounded cochains with the norm given by
I fIl :==sup{f(o)|o : A™ — R continuous}, feSpX)

and 6" is the restriction of the usual singular coboundary operator 6" : S"~1(X) — S™(X) to the
bounded singular cochains (n € N). We want to emphasize here, that we are only concerned with
real coefficients and hence omit their explicit notation.

Let 7 : X — X be the universal covering and T' := 7 (X) = Deck(7) the fundamental group of
X identified with the (discrete) group of Deck transformations as usual. The pullback of singular
bounded cochains by elements of I' = Deck() equips S;'(X) with a Banach I'-module structure

T x SP(X) = SP(X)
(v, ) = (7 f

Together with the usual augmentation

e:R = SY(X)
= (00— )

we get a strong augmented resolution (e, Sg (X)) of the trivial Banach T-module R as the following
proposition asserts.

Proposition I1.2.31. Let X be a countable CW-complez, 7 : X — X its universal covering and
I' = m(X) = Deck(w). Then

Sl o O o 8P
PG (X) —— SHX) —— -

€ ~
0—R— SP(X)
is a strong augmented resolution of R (as the trivial T'-module) by relatively injective Banach
I'-modules.
Moreover the cohomology of the complex

_ 51 _ 52 _ 53
0 — SPX)T —— S} —— PR -

is canonically isometrically isomorphic to H3(I',R).

Proof. This is [Iva87, Theorem (4.1), p. 1104]. Observe that the slightly different definitions of
relatively injective I-modules and strong resolutions in [Iva87] are compatible with ours as we have
already pointed out in Remark I1.2.8, Remark I1.2.10 and Remark I1.2.6.

O
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The following lemma provides a more geometric insight on the bounded cohomology of I'.

Lemma I1.2.32. Let X be a countable CW-complex, = : X — X its unversal covering and
I' = Deck(m). Then the pullback

™ SP(X) — SHX), (n € Np)

induces an isomorphism of complexes 7 : Sp(X) — Sg(X)F. In particular it induces an isometric
isomorphism in cohomology

w: Hy(X) = H*(S5(X)) — H*(S5(X)") = H3 (T, R)
Proof. Let n € No, f € S;'(X) and v € I' = Deck(m). Then
V(7 f) = (woy)' f=n"f

Hence 7*(SP(X)) C Sp(X)F

It is well known, that we can lift any continuous map o : A™ — X to some continuous map
& : A" — X. Any two such lifts differ by some element of I' = Deck(w). Thus we can define an
inverse map ¢ : SP(X)' — SP(X). For f € SP(X)' we set

p(f)(o) = f(9)

where o : A™ — X is a singular chain and & : A" — X any lift of it along 7. This is well-defined,
since f is I-invariant. As usual we define ¢(f) by linear continuation on S, (X). It is easy to check,
that ¢ is indeed the inverse of 7*.

By the above lifting argument it is also immediate, that 7* is isometric. O
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11.2.4. A Functorial View on the Pullback p*: H3 (G, E) — H3(H, p*E)

Let H be another locally compact second countable topological group and p : H — G a continuous
homomorphism. In our naive definition of continuous bounded cohomology we have already defined
a pullback map in cohomology p* : H}(G,E) — HJ(H,p*E) for all n > 0. We now want to
understand this construction at a more abstract level and deduce a way to compute the pullback
map for some of the other resolutions. From a cohomological point of view this is what we have
done in our naive definition:

Consider the Banach G-module (7, F). By pulling back the structure we may regard it as
an H-module (7p, E) (cf. section B.2.2). Now the Banach H-module structure on Cy(H" !, E) is
given by the left regular representation A,,. However we can also equip Cy(G™H1, E) with a Banach
H-module structure and get the module (A;p, Cy(G™"*1, E)). With respect to these structures the
map p* : Cp(G" Y, E) — Cy(H™ L, E) becomes in fact H-equivariant. Indeed

P (Ax(p(h))f)(ho, ..., ha) = Az (p(h)) f)(p(ho); - - -, p(hn))
(

(o
(p(h) f(p(h) ™ p(h ) - p(h) ™ p(hn))
w(p(h)) f(p(h™ ho), ..., p(h™ ' hy))
= m(p(h))(p" F)(h™ ho, ..., h™ hn)
= Arp()(p"f)(hos - -, hn)

for all f € Cy(G™*1, E) and h, ho, ..., h, € H. Hence p* is an H-morphism of complexes extending
the identity £ — FE.

0 E Cy(G, B) Cy(G2, E) Cy(G3, E)
0 E Cy(H, E) Cy(H?, E) Cy(H?, E)

Restricting to the H-invariants we get p* : Cy(G" L, E) — Cy(H™!, E). With respect to the
pullback H-module structure on C,(G"*1, E) the space of invariants is nothing but Cy(G™+1, E)P(H)
when we view Cy(G"t!, E) again as a G-module. Because p(H) < G and hence Cy(G"t!, E)¢ C
Cy(G™1, E)PH) we can restrict the pullback map further and get our original p* : Cy,(G**!, E)¢
Cy(H™, E) | which induces p* : H% (G, E) — H%(H, p*E) in cohomology.

We can mimic this construction for arbitrary resolutions. Let (a, A®) be a strong resolution of
(m, E) by G-relatively injective Banach G-modules and let (b, B®) be a strong resolution of (7p, E)
by H-relatively injective Banach H-modules. We may again consider (a, A®) as a complex of Banach
H-modules via the pullback structure (cf. Lemma B.2.15). This complex is now not necessarily a
strong resolution of Banach H-modules anymorel!

However the subcomplex of maximal continuous G-modules (a,C;A®) is both G-strong and H-
strong. In order to check that (a,C;A®) is also H-strong, we have to check that the subcomplex
of maximal continuous H-modules (a,Cr,CrA®) admits a contracting homotopy. Recall that by
Lemma B.2.16 we have for any Banach G-module (7, E) that CxE C Cr,E. Now

CrA" = CrCr A" C CrryCL A"
and since clearly C;,C-A™ C Cz A" we have

CrpCrA™ = Cr A"
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for all n > 0.

Because (a, A®) is G-strong, (a,C;A®) admits a contracting homotopy. By the above equality
of continuous modules this homotopy is also a contracting homotopy for (a,Cr,CrA®), such that
(a,CrA®) is H-strong.

We can now again by Lemma B.2.16 consider the inclusion C;E < C;,FE, which is clearly an
H-morphism regarding C; E as an H-module via 7p. Because (a,C;A®) is H-strong we can extend
this inclusion to an H-morphism i® between the complexes of Banach H-modules (a,C;A®) and
(b, B®*) by Lemma I11.2.12.

0 C.E C,A? Cr Al CrA?
i i0 it i2
0 CrpE ; CrpB° CrpB? CrpB?

As usual we may restrict this map to i® : (CA*) — (Cr,B*)" = (B*)#. Observe that (C,A*) =
(CrA®)PH) 5 (C,A*)E = (A®*)¢ when considered as a Banach G-module, such that we can restrict
1* even further to a morphism of complexes

i* (A')G — (B‘)H
This induces a map in cohomology
i*: H*(A*Y) —» H*(B*")

We know that H*(A*%) = H* (G, E) and H*(B*") = H* (H, p*E) from Theorem I1.1.12. Recall
that these isomorphisms are given by a G-extension a® : C;A®* — C,Cy(G*®, E) and an H-extension
B® 1 CrpCy(H®, E) — CrpB® of the identity id : CxE — C-F and id : C;,E — Cy,E respectively
(cf. Lemma I1.2.15). Note that a® is also an H-morphism (cf. Lemma B.2.15). Further recall that
p* : Cp(G*,E) — Cy(H®,E) is an H-extension of the identity £ — E and hence restricts to an
H-extension of the inclusion C;E — Cr,E.

Considering the H-morphism of complexes

Bop oa®:CrA®* = CrCy(G*, E) = CrpCy(H®*, E) — CrpB*
this is clearly an H-extension of
idoioid =i :Cr B — CrE — Crpl — Crpl

and is thus H-homotopic to the previously defined extension i* : CzA®* — Cr,B°®. Thus both
restrictions
Bc Op* oca’: (A.)G — (BO)H
and
i* (A')G — (B')H

are homotopic morphisms of complexes and hence induce the same map in cohomology. Indeed,

both maps restricted to the subcomplex (A*)¢ of G-invariants are homotopic, because they are

already homotopic when restricted to the subcomplex (A®)# of H-invariants (cf. Remark I1.1.2).
Summarizing our previous discussion we get the following proposition.
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Proposition I1.2.33. Let (a, A®) be a strong resolution of (7, E) by G-relatively injective Banach
G-modules and (b, B®) be a strong resolution of (wp, E) by H -relatively injective Banach H-modules.
Consider the former as a complex of H-modules.
Then the inclusion CoE — CrpE extends to an H-morphism of the augmented complexes and
moreover for all n > 0 the map
i Hn(AoG) N Hn<BoH)

induced by any such extension i* is conjugated to p* by the canonical isomorphisms
W(G,E)= H"(A)  and w(H,p*E) = H"(B*")
given by Theorem I1.2.18.

Note that Proposition 11.2.33 is actually [Mon01, Proposition 8.4.2, p. 102], although we have
used our slightly different standard resolution here (cf. Remark I11.2.23).

Remark I1.2.34. A similar result holds for continuous cohomology too. We chose not to give the
result in our section on continuous cohomology in favour of a more concise exposition and due to
the fact, that it is not needed in our proof of the volume rigidity theorem. The proof is along the
same lines as the one for bounded cohomology and even a bit easier, since no maximal continuous
submodules have to be considered.

This enables us to identify the pullback map in other resolutions than the standard one.

If H < G is a closed subgroup we can due to Corollary 11.2.28 compute H3(H,Ry;) also as
H*(L®(G*T!, R,;)M). In this case we get from Proposition 11.2.33, that the pullback correspond-
ing to the canonical inclusion i : H — G is simply given by the inclusion L>®(G**1 R,)¢ —
LOO((G).+17R7ri)H.

Corollary I1.2.35. Let H < G be a closed subgroup and i : H — G the canonical inclusion. Then
the pullback

" Hoy (G Ry) = Hey(H, Rri)

along the canonical inclusion is given at the cochain level by the inclusion
L L®(GTT RS — LO(GT R

i.e. i* is conjugated to L with respect to the canonical isomorphisms H% (G, Ry) & H*(L>®(G*T1,R,)Y)
and Hc.b(H7 Rm-) o H'(LOO(G'—H, RM)H).

Proof. Observe that we have for the pullback of the left regular representation A oi = A,;. Thus
the inclusion

1:Cr i L®°(G* T R,) = L¥(G*TH Ry)

is clearly an extension of the inclusion C;R — C;R. The assertion now follows from Proposition
11.2.33. O

Moreover we can use this understanding of the pullback to realize it geometrically in a certain
situation as the following corollary shows.

Corollary I1.2.36. Let X be a countable CW-complex, T : X — X its universal cover and
A = 71(X) = Deck(w). Further let A < A be a subgroup. Denote by p: A\X — A\X the induced
covering map and by i* : H%(A,R) — H$ (A, R) the pullback map induced by the canonical inclusion
i: A< A. Then the following diagram commutes
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7

Hr:b(Kv R) H(:b(A’ R)
H (R\X) ——— Hp(A\X)

where both vertical arrows are the isomorphisms given by Lemma II.2.532.

Proof. As we have seen before in Proposition 11.2.31 the bounded cohomology of both A and A
can be computed by means of the strong augmented resolution (e, Sp(X)). Since A and A are
discrete, every module over them is continuous, such that we do not have to work with maximal
continuous submodules at all. Therefore an extension ® as in Proposition I1.2.33 is simply given
by the identity in every degree and the pullback i* : H%(A,R) — H® (A, R) is conjugated to the
map induced by the inclusion of subcomplexes

XN = 5(X)N
By Lemma I1.2.32 we have isomorphisms of complexes
7 Sp(A\X) — Sp(X)A

and
T SPA\X) = Sp(X)A

where 7 : X — A\X and 7 : X — A\ X are the canonical covering maps.
These fit into the commutative diagram of covering maps

X

el

A\X

X

which induces the commutative diagram of complexes

SpX)N e Sp(X)*

T ™

Sp(A\X)

Sy (A\X)

where the upper horizontal map is the inclusion of subcomplexes.
Therefore we get at the cohomology level the asserted commutativity. O
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11.2.5. The Pullback via Equivariant Maps

We keep the notation of the previous subsection, i.e. H < G is a second countable locally compact
group and p: H — G a continuous homomorphism. Our main reference for this section is [BI02].

Proposition I1.2.37. Let (7, E) be a Banach G-module. Let (¢,C*®) and (d, D®) be strong resolu-
tions of E by Banach G-modules and let a® : CD®* — CC*® be a G-morphism of complexes extending
the identity id : CrE — CrE. Then for any resolution (a,A®) of (wp, E) by relatively injective
Banach H-modules the following diagram in cohomology commutes

H.(A'H) v

H.(D.G)

HO(C.G)

where 1° is as in Proposition I1.2.33 induced by an extension of the inclusion Cx E — Cr,E and y* is
the map induced by any H-morphism of complexes C,D®* — A® extending the inclusion H-morphism
C.E — F.

Proof. The proof is basically diagram chasing and using Lemma I1.2.12 similar to our discussion of
Proposition 11.2.33. For details we refer to [BI02, Proposition 2.2, p. 4]. O

This proposition enables us to understand the pullback map via equivariant maps in certain
situations.

Definition I1.2.38. Let (B,v) be a measure space with a measurable H-action and let X be a
measurable space with a measurable G-action (H and G are here understood as measurable spaces
via their Haar o-algebras as usual). A measurable map ¢ : B — X is called a.e.-p-equivariant if

p(hx) = p(h)e()
for all h € H and almost every = € B.

Lemma I1.2.39. We keep the notation of Definition 11.2.38. Let ¢ : B — X be an a.e.-p-
equivariant map. Then ¢ induces maps

(’0* . Boo(Xn+1,R7r) SN LOO(BTH_I,R,W)
given via precomposition

(" )0, s 2n) = f(@(20), - -, p(2n))

for every f € BX(X"tR,), for all zq,...,z, € B and n € Ny. These maps constitute an
H-morphism of complezes ¢* : B®(X*T1 R;) — L>(B*TYR,,) which extends the inclusion
C:R — Ry, and is norm non-increasing.

Proof. One immediately checks, that ¢* is norm non-increasing and extends the inclusion C,;R —
Ryp. It remains to check, that it is indeed an H-morphism of complexes. For that recall that the
H-action on L>®(B"*1 R,,) is given by

(h- f)(zo,...,2n) =7(p(h))f(h  zg,...,h  2y)
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for every f € L®(B"*' R,), h € H, zq,...,r, € B, and that B®(X"*! R,) becomes a Banach
H-module via the pullback structure A;p, i.e.

(h- f)(@os. . xn) = 7(p(h) f(p(h™ w0, .., p(h™ )
for every f € B¥(X" ' R,), h€ H, x9,...,7, € X.
With that in mind we compute
(@*(h- ) (@0, zn) = (h- f)(p(20), - .-, p(n))
w(p(m)) f(p(h™ ") (o), - - p(wn))
= m(p(h) f(p(h™ o), ..., p(h ™ )
w(p(h))(¢" F)(h o, ... W ay)

for every f € B®(X"t R,), h € H and almost every zo,...,z, € B, ie. ¢ is indeed an
H-morphism. ]

Corollary I1.2.40. Let R; be a Banach G-module, S be an amenable reqular H-space, X be a
measurable space with measurable G-action, ¢ : S — X an a.e.-p-equivariant map and (c,C*®)
any strong resolution of R, by relatively injective Banach G-modules. Then we have the following
commutative diagram in cohomology

o p*

HE(H, Rrp) H*(L=(S*", Rep) ™)

e (Boo (Xo+1’ RW)G)

HE(G, Ry) H*(C*%)

o~

where a® is induced by a G-morphism extending the identity id : CR; — CR,, ¢* is induced by an

H-morphism extending the inclusion CzR — CrpR and both isomorphisms are the canonical ones
given by Theorem I1.2.27 and Theorem I1.2.18.

Proof. This is Proposition 11.2.37 with
A® = L=(S*" Ryp)
D* = B®(X*"! R,)

and the functorial characterization of the pullback given in Proposition 11.2.33. O

This corollary has the following two important special cases.

Corollary I1.2.41. Let R, be a Banach G-module, S be an amenable regular G-space and ¢ : S — S
an a.e.-p-equivariant map. Then the following diagram commutes

H Rﬂ'p Ho L>® S.+1 Ho B> S.+1 )G)
Hc.b G R Loo So-l—l ﬂ_)G)
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where the vertical arrow on the right is induced by the inclusion of complezes B®(S*T!1 R;) —
L>®(S*HL R,) and i® is induced by an H-morphism extending the inclusion CxR — CrpR

Proof. Note that if S is an amenable regular G-space, then it is also an amenable regular H-space
via the restricted action (cf. Lemma C.2.9).

Further it is immediate that the inclusion of complexes B>®(S*t1 R;) — L®(S**1 R,) is a
G-morphism of complexes extending id : CR; — CR;. O

Corollary I1.2.42. Let R; be a Banach G-module. Then the map ¢ = p : H — G is an
a.e.-p-equivariant map and the following diagram commutes

= pr=r"

H%(H,Ry,) H*(L>°(H*, R, )T

H* (BOO(G.+1, RW)G)

Hc.b(G,Rw) H.(LOO(G.+1,R7T)G)

1

where the vertical arrow on the right is induced by the inclusion of complezes B¥(S*T1, R;) —
L"O(S’H,]Rﬂ) and i* is induced by an H-morphism extending the inclusion CzR < Cr,R

Proof. Note that GG is an amenable regular G-space and H is an amenable regular H-space with
their respective Haar measures.

Further it is immediate that the inclusion of complexes B®(G*1 R,) — L®(G** R;) is a
G-morphism of complexes extending id : CR; — CR;. 0

11.2.6. A Functorial View on the Comparison Map c¢: H3 (G, FE) — H2(G,CE)

In this section we want to give a more functorial explanation of the comparison map similar to our
functorial discussion of the pullback map. As for the pullback map we first want to investigate our
naive definition from the beginning and put it in a more functorial framework.

Let (7, E) be a Banach G-module. Recall that the comparison map c¢: H3 (G, E) - H?(G,CE)
is given by the inclusion

Cb(G.+1,E)G — Cb(G.+17CE)G s C(G.+1,CE)G

By Proposition I1.2.16 the resolution (e, Cy(G**1, E)) is a strong augmented resolution (by rela-
tively injective Banach G-modules), i.e. the complex of continuous Banach G-modules

0 —— CE — CCy(G, E) — CCH(G2, E) —— - -

admits a contracting homotopy and is hence also a strong resolution of G-modules in the sense
of continuous cohomology. Considering the standard resolution (e, C(G**!,CE)) of CE in contin-
uous cohomology we know that there must be an extension of the identity id : CE — CFE from
(6,CCy(G*T1 E)) to (e, C(G*T1,CE)).

Now we have the following lemma.

Lemma I1.2.43. CC,(G**L, E) C C,(G*T1,CE)
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Proof. Let ¢ € Ng and f € CCy(G**!, E). We want to apply Lemma B.2.10.
Let x € G9! and let (ga)aca be a net converging to the neutral element e € G. Then

I17(ga) f () = f(@)|] < |7(ga) f(x) = 7(ga) f(9a @)l + |7 (ga) fl95 2) — f(2)]
<1 (2) = flga @)l + | (Ar(ga) ) (@) = f(2)]] = 0

where the first term tends to 0 because f is continuous and the second term tends to 0 because f
is contained in the maximal continuous submodule. O

Therefore we can consider the inclusion
1*:COW(G*TL E) C Cy(G*HL,CE) — C(G**1,CE)

It is immediate, that this is an extension of id : CE — CE.
At the level of invariants this is just the inclusion

Cb(G.+1,E)G _ Cb(G.+1,CE>G SN C(G.+1,CE)G

from above and hence induces the comparison map c: H3 (G, E) = H2(G,CE) in cohomology.

In the case of arbitrary resolutions we can mimic the above approach to the comparison map.
Let (a, A®) be a strong augmented resolution of E by relatively injective Banach G-modules and
let (b, B®) be a strong augmented resolution of CE by (continuous) relatively injective G-modules.

Again the complex of continuous Banach G-modules

0——CE A0 — CAl — ...

is a strong resolution of CE by (continuous) G-modules. Therefore there is an extension ¢* : CA® —
B*ofid:CE — CFE.

Our objective is to show that the map in cohomology induced by such an extension *® is conju-
gated to the comparison map ¢ : H% (G, E) — H2(G,CE). For that let a® : CA* — CC,(G*T1 E)
and 3* : C(G*T!,CE) — B*® be extensions of id : CE — CE inducing the respective canonical
isomorphisms H*(A*%) = H* (G, E) and H?(G,CE) = H*(B*%).

These fit into the commutative diagram

0 CE —2— A0 cAL

id a0 al
0 —— CE —— CCy(G, E) — CCy(G*, E) — -
id 0 B
0 — CE —— C(G,CE) —— C(G2,CE) —— ---
id 80 il

0 CE BY B!

with the previous inclusion

1*:CCH(G*T E) — C(G*1,CE)

in the middle. Now their composition 5® o :t®*oa® : CA®* — B* is also an extension of id : CE — CE
just as 9* : CA®* — B°®. By Lemma II.1.8 these are (G-homotopic and hence induce the same map
in cohomology. Thus we get the following commutative diagram in cohomology
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C

H*(G, E) H*(G,CE)

o~ ~

H.(A.G) w.

H.(B.G)

where the vertical arrows are the canonical isomorphisms induced by a® and 3°.
The following proposition summarizes what we have proved so far.

Proposition I1.2.44. Let (7, E) be a Banach G-module. Further let (a, A®) be a strong resolution of
E by relatively injective Banach G-modules and let (b, B®) a strong resolution of CE by (continuous)
relatively injective G-modules.

Then the identity morphism id : CE — CE extends to a G-morphism ¢® : CA®* — B*® and
moreover for all n > 0 the map

wn . Hn(AoG) N Hn(BoG’)

induced by any such extension 1® is conjugated to the comparison map ¢ : H} (G, E) — H}(G,CE)
by the canonical isomorphisms

"(G,E)~ H"(A*Y)  and  H™G,CE)= H"(B*%)
given by Theorem I1.2.18 and Theorem II.1.12.
The following corollary is immediate.

Corollary I1.2.45. Let (m,R) be a Banach G-module and let K < G be a compact subgroup. Then
the inclusion

i*: Cy((G/K)* Ry) — C((G/K)*™! CR,)

restricts to an extension of id : CR; — CR,..
Therefore the comparison map ¢ : H%(G,Ry) — H}(G,CRy) is conjugated via the canonical
isomorphisms to the map i® : H*(Cy((G/K)*T1,R,)Y) — H*(C((G/K)*T!,CR,)%).
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11.3. Applications to G = Isom(H")

Let us apply the previously gathered results from continuous and continuous bounded cohomology
to the isometry group of hyperbolic n-space now. Again we will first treat continuous cohomology
and show how one may compute the continuous cohomology of Isom(H") from different resolutions
in subsection I1.3.1. In order to facilitate switching between the different resolutions we give con-
crete isomorphisms at the cochain level. A particularly important example of such an isomorphism
will be given by the van Est isomorphism, which we will present here in some detail. Similarly we
will see how the continuous bounded cohomology may be computed from different resolutions in
subsection I1.3.2. We also give here some concrete isomorphisms at the cochain level. In subsection
11.3.3 we will then introduce the key cohomology class in the context of volume rigidity, namely
the volume class. The definition of the volume of a representation will be by means of this class.
After these preparations we will finally compute some cohomology groups in subsection 11.3.4. In
particular we compute H'(G,R.) and show that the comparison map ¢ : H3(G,R.) — H?(G,R;)
is an isomorphism, where ¢ : G — Iso(R) = {£1} = Iso(R) is a special representation.

For the rest of this chapter we put G = Isom(H"), G* = Isom™ (H") and fix n > 2.

11.3.1. Continuous Cohomology and Hyperbolic Geometry

Recall that H" = G/ K, resp. H" = G /K™, where K and KT are the stabilizers of a point in H"
by G and G respectively. We have that K and K+ are maximal compact subgroups of G and G™
respectively (cf. Lemma 1.2.12). By Proposition I1.1.15 we get the following resolution identifying
H"™ = G/K resp. H" =2 GT /K™ as above.

Corollary 11.3.1. Let H = G™" or G and let (m,R) be an H-module. Then the complex
1 2

d d d3
0— R, — C(H",R,) — C((H")?,R,) — C((H")3,R;) — - -~

s a strong augmented resolution of R, by relatively injective H-modules.
Moreover the cohomology of the complex

) n ) 2 0 @ ; 3 0 & )
0 C(H", Rr) C((H"), Ry) C((H")?, Rr)
is canonically isomorphic to HY(H,Ry).

As G and G7 are also Lie groups (with a finite number of connected components) we get yet
another resolution by Proposition I1.1.16.

Corollary I1.3.2. Let H =G" or G and let (7,R) be an H-module. Then the complex
d d? d?
0 — Ry — QO(H", R,) —— QL(H", R;) —— QX(H",R,) — ---
is a strong augmented resolution of R, by relatively injective H-modules.
Moreover the cohomology of the complex
1 2 d3

d d
0 — QUH",Rr) — Q'(H",Rr)! — Q*(H",R) — -+

is canonically isomorphic to H?(H,R;).
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Finally, we get by Proposition I1.1.17 the following connection to ordinary singular cohomology.

Corollary I1.3.3. Let ' < G be a discrete and torsion-free subgroup and M = T'\H" the resulting

quotient manifold.
Then H2(I',R) = H*(M), where R denotes the trivial I'-module.

Proof. Note that H™ is contractible and I' acts freely and properly discontinuously on H"™ by
Proposition 1.4.3 and Proposition 1.4.4. Thus by Proposition 1.4.2 the quotient map = : H* —
IMH" = M is a covering and the hypothesis of Proposition I1.1.17 is fulfilled. Hence H?(I',R) =
H*(M). O

The van Est Isomorphism

Let us fix the notation of the previous two corollaries for this subsection. By the homological
algebra approach to continuous cohomology we know, that there exists a H-morphism between the
two strong augmented resolutions (e, 2*(H",R,)) and (¢, C((H")**!,R;)) extending the identity
morphism id : R; — R, and inducing the isomorphism in cohomology (cf. Lemma II.1.9). However
it is apriori not clear what such a morphism would look like at the cochain level. Gladly our
geometric situation enables us to define concrete maps, which will constitute the desired extension.
This morphism is usually called the van Est isomorphism in the literature.

Remark 11.3.4. [t is also possible to construct such an extension in the more abstract setting of
Proposition II.1.16. For details we refer to [Gui80, Chp. III, no 7.3., p. 227].

We will work in the hyperboloid model H"™ = H". Consider for (¢ + 1) points zo,...,z, € H"
the straight simplex str(xzo, ..., xq) with vertices xo, ..., xq.

str: AT — H"
(1 =21 ti)wo + tixy + - - - tgag
H(l - 23:1 ti)xo +tixy + -+ tq%”

(tl,...,tq) —>

We will adopt the abbreviation tg =1 — )", ¢; in the following. Observe that str(zo,...,z,) is a
smooth singular ¢g-simplex (cf. Appendix D) and that

toxo + ... tgxy
«Str(xo, ... xq))(t1,...,t) = g(str(zo,...,zq)(t1,...,1¢)) =g
(g ( 0 Q))< 1 Q) g( ( 0 tZ)( 1 q)) g ||t0x0+thqH

_ g(toxo + ... tgxy) _ to-gro + ... tg - g4
lg(towo + tqzq)||  [lto - g0 + tq - g4l
= str(gzo, . .. gzq)(t1,. .., tq)

for all g € H, (t1,...,t;) € AL
We now define the van Est isomorphism @ : Q4(H", R, ) — C((H")9"! R,) at the cochain level
by integrating over straight simplices

O (w)(zo, ..., xq) := / w
str(zo,...,zq)

for all w € QI(H",Ry), o, ...,z € H". In degree zero the integral over the simplex str(zy) is to be
understood as evaluating the smooth function w € Q°(H", R,) = C°(H", R,) at xq. It is not hard
to see that ®(w) is indeed a continuous function by applying Lebesgue’s dominated convergence
theorem.

Clearly ® is linear and one readily checks that it is also continuous.
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It is also an H-morphism as we have

Bl w)an.... ) = [ g-w= | 7(9) - (™1 w
str(zo,...,zq) str(zo,...,q)

-----

() [ | w=r(g)- v
gx str(zo,...,zq) str(g—1zo,....g7 1 2zq)

=(g) - @(w)(gflxo, o ,gila:q) =(g-®w))(xo,...,2q)

for all g € H, w € QI(H",R;), xo,...,zq € H".

Finally we need to see that it is indeed an extension of id : R, — R, to the resolutions
(6,2 (H",R,)) and (¢, C((H")*T! R,)). First observe that for the i-th face inclusion F; : A1 —
A? we have

str(xg, ...,xzq) o Fy = str(zo, ..., %, ..., 2q)

for all xg,...,z, € H". Hence by Stoke’s Theorem for smooth cochains (cf. Theorem D.4.1) we get

¢ (dw)(xo,...,xq) = / dw = / w
str(zo,...,2q) Ostr(zo,...,zq)

q q
= -1y / (—1) / y
; str( ; str(zo,...,&q,...,%q)

= (D' R(W) (@0, -, iy -, 7g) = (dB(W))(20, . .. , 24)
=0

w
Z0,...,8q)0F;

for all w € QI(H",Ry), o, ...,z € H", i.e. ® commutes with the coboundary operators. It is also
compatible with the augmentations, as we have

Bt (oo = [ t=t=clid®))(zn)
str(zo)
for all t € R and zg € H". Hence @ is indeed an extension of id : R; — R, and thus induces an

isomorphism at the cohomology level

@ H*(Q(H", R,)T) — H*(C((H™)*, R,)H)

The Isomorphism p%. : H*(C((H")**1 R)H) — H*(C(H**1 R;)H)

We also want to give a concrete isomorphism H*(C((H")**! R, )H) — H*(C(H**',R,)H), where
— as in the previous section — H = G or GT and (m,R) is an H-module. Further let x € H"
be an arbitrary point and K its stabilizer in H. We may now consider the quotient map px :
H — H/K = H",g — gz. This map induces a map pj : C((H")*™,R,;) — C(H*T1,R;) via
precomposition

(P F)(90s - - -5 9¢) := f(PK(g0);- -, PK(9)) = [(goz, ..., gqT)

for every f € C((H")4 Rx), (g0, - - -,94) € HT', g € Ny. In fact this map induces an isomorphism
in cohomology.

Proposition I1.3.5. Keep the above notation. The map
pic 1 C(H")*T Ry) — C(H*T R,)

is a G-morphism of complexes extending the identity id : Ry — Ry to the strong augmented
resolutions (e, C((H")*** R;)) and (e, C(H**',R;)). In particular it induces an isomorphism at
cohomology

p;{:HQ(C((Hn)oJrl?RTr)H)_>HQ(C(H0+1,R7T)H)
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Proof. One easily verifies that p}, : C((H")*™!,R;) — C(H*™!,R,) is continuous and linear. It is
also H-equivariant, since

(- (P f)) (G0, - -+ 9q) = T(R) (P ) (B go, .. h " gq)
=7(h)f(h  gox,...,h tgx)
=pr(h-f)(g0,---,9q)

for every f € C((H")? Ry,), (go,--.,94) € HI, g € N.
It remains to check, that it is indeed an extension of id : Ry — R,. Let us first consider the
coefficient inclusion. Then

P (€(t))(g0) = €(t)(g0x) = t = €(t)(g0)

for every t € R and every go € H, i.e. pjy o€ = eoid. Finally, considering the homogeneous
coboundary operators we get

q+1
d(p*Kf)(907 e 7gq+1) - Z(_l)lp*Kf(g(L cee hdi? e 7gq+1>

i=0
q+1 '
= 2{:(“1)lf(pz<(90),'--,IU((gi—l),ZU((9¢+1)7-'-71U¥(gq+1))
i=0
= p*K(df)(907 cee 7gq+1)
for every f € L>®((H")4", Ry), go,---,gq+1 € H, ¢ € Ny, i.e. doph = pl od.
This concludes the proof. ]
11.3.2. Continuous Bounded Cohomology and Hyperbolic Geometry

As for continuous cohomology in the previous section we now put its bounded counterpart in the
setting of hyperbolic geometry. Let I' < G be a lattice subgroup in the following.

First of all applying Corollary I1.2.26 to the trivial compact subgroup K = {1} yields the follow-
ing:

Corollary 11.3.6. Let H =T, G or G, and let (m,R) be a Banach H-module. Then

dl d2 d3
0 —— Ry —— Cp(G,Ry) —— Cy(G2,Ry) —— Ch(G3 Ry) —— ---

s a strong augmented resolution of R by relatively injective Banach H-modules.
Moreover the cohomology of the complex
dt d? a3
0 — Gy(G,R) — Cy(G2, Re) —— Cy(G*,R) — -+
is canonically isometrically isomorphic to H3(H,Ry).

Proof. Clearly I', GT and G are all closed subgroups of G, such that Corollary 11.2.26 applies.
O

Identifying H" = /K where K is again the stabilizer of one point in H" we get by Corollary
11.2.26 the following resolutions.
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Corollary 11.3.7. Let H =T, G* or G, and let (m,R) be a Banach H-module. Then
dl d2 d3
0 — Ry —— Cy(H", Ry) —— Cp((H)2, Ry) —— Cy((HM?, Ry) —— -+ -

s a strong augmented resolution of R, by relatively injective Banach H-modules.
Moreover the cohomology of the complex

d* d? d?
0 — Cy(H", Re) —— Cy((H")%, Re)! —— Cy((H")*, Re)H —— -

is canonically isometrically isomorphic to H3(H,Rx).

Proof. Clearly I', G and G are all closed subgroups of G, such that Corollary 11.2.26 applies.
O

We now turn to resolutions by L*°-spaces. Since the trivial subgroup {1} is clearly amenable we
get by Corollary I1.2.28 the following resolution.

Corollary 11.3.8. Let H =T, G* or G, and let (7,R) be a Banach H-module. Then
1 2 d3

d d
0 —— Ry —— L®(G,Ry) —— L®(G2,Ry) —— L®(G3 Ry) —— -

1s a strong augmented resolution of R, by relatively injective Banach H-modules and the cohomology
of the complex

dt d? d®
0 — L®(G,R)7 —— L®(G?* R —— L=®(G3,R)H — --.

is canonically isometrically isomorphic to H3(H,Rx).

This is in case of H = G a generalization of our standard resolution by the complex of continuous
bounded functions to essentially bounded function classes.

Because compact groups are amenable we get by the identification H" = G/K as above the
following resolution.

Corollary 11.3.9. Let H =T, G or G, and let (m,R) be a Banach H-module. Then

d* d? &
0 — Ry — LO(H", Ry) —— Lo((H")?, Ry) —— L¥((H)3, Ry) —— ---

s a strong augmented resolution of R, by relatively injective Banach H-modules and the cohomology
of the complex

d* d? d3
0— Loo(Hn’Rﬂ_)H Rl Loo((Hn)Z’Rﬂ_)H . LOO((HR)S,RW)H .

is canonically isometrically isomorphic to H3(H,Ry).

A particularly nice feature of continuous bounded cohomology is, that it allows us to compute
the cohomology on the boundary of H” as we will show now. Recall that G acts transitively on
the boundary OH" and we may hence identify JH" = G /P where P is the stabilizer of a boundary
point. We have already seen in Lemma 1.2.15, that P is amenable.

We may now apply Corollary 11.2.28 and get the following resolutions.
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Corollary 11.3.10. Let H =T, Gt or G, and let (7,R) be a Banach H-module. Then

¢ d' ) 2 , d3
0 — R, — L®(JH", R,) — L®((9H")%,R,) — L®((H")3,R,) — ---

s a strong augmented resolution of R, by relatively injective Banach H-modules and the cohomology
of the complex

d* d? &
0 — L®(0H",Ry)T —— L®((0H")?, Rp)H —— L°((0H")*,Rp)H —— - -

is canonically isometrically isomorphic to H3(H,Ry).
As a Corollary to Proposition I1.2.30 we get the following strong resolution:

Corollary I1.3.11. Let H =T, GT or G, and let (m,R) be a Banach H-module. Then the complex

1 d2 3
0 — Ry — B(AH", R,) — Bo((OHM2,R,) ~ B((AH)?, R,) —L s ..

is a strong augmented resolution of Ry by (not necessarily relatively injective) Banach H-modules.

Proof. We have only to check, that OH™ is a measurable space with a measurable G-action. This
is immediate for OH"™ with its Borel o-algebra as the G-action is not only measurable but even
continuous. O

Finally we want to make the previously mentioned connection to singular bounded cohomology
more concrete in the setting of hyperbolic geometry. The key observation here is, that if I' is
torsion-free, it acts freely and properly discontinuously on H" (cf. section 1.4). Therefore taking
the quotient by this action induces the universal covering p : H* — I'\H" =: M, such that M is an
(oriented) hyperbolic manifold (cf. Proposition 1.4.2). Then the group of Deck transformations of
p is just I'. Because H" is a smooth manifold and thus in particular a countable CW-complex we
can apply Proposition I1.2.31 and Lemma I1.2.32, which yields the following result.

Corollary I1.3.12. The complex
1 2 3

5 5 5
0 — R — SY(H",R) — S}(H",R) —— SZ(H",R) —— ---

is a strong augmented resolution of R (as the trivial T'-module) by relatively injective Banach
I'-modules.

Moreover the cohomology of the complex
1 2 53

5 §
0 — Sp(H",R)F — S{(H",R)I — SZH",R)' — ---

is canonically isometrically isomorphic to H3(I',R). Further the cohomology is isometrically
isomorphic to the bounded singular cohomology Hy (M) of M = T\H" via the pullback along
p: H" — T\H".
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Some Concrete Isomorphisms

We now want to establish some isomorphisms between the above cohomologies of complexes, on
which the continuous bounded cohomology can be computed. We will adopt the same notation
as before, i.e. let H = ', G or G and let (7,R) be a Banach H-module. As for continuous
cohomology and the van Est isomorphism the idea here is to find an H-morphisms between the
resolutions extending the identity morphism id : CR; — CR; (cf. Lemma 11.2.15).

We will use as a “connecting resolution” (e, L°(G**!,R,)), that is, we will give an H-morphism
extending the identity from every resolution to this particular one. In analogy to continuous
cohomology these maps will be given in terms of pullbacks along suitable quotient maps.

First, we consider the resolution (e, L>°((H")**1,R,)) and the quotient map px : G — G/K =
H", g — gz where x is some arbitrary point in H" and K is its stabilizer. We define a morphism

pic + L((H")* Re) = L¥(G*H, Ry)
via precomposition by

(P f)(g0,---,9¢) == f(pK(90); -, PK(9q)) = f(goz, ..., gq7)

for every f € L®°((H")4"1,R,), go,--.,94 € G, q € Np.
Second, we consider the resolution (e, L>((0H")**1,R,)) and the quotient map p% : G — G/P =
OH", g — g& where £ is some arbitrary point in OH" and P is its stabilizer. We define a morphism

pp s L°((0H™)* ™, R,) — L¥(G*T R,)
via precomposition by
(p};f)(gov e 7gq) = f(pP(QO)a e apP(gq)) = f(goga e 791]6)

for every f € L>®((0H")9™, R,), go,--.,94 € G, q € No.
Now the following holds.

Proposition I1.3.13. Let H =T, G* or G. With the above notation we get:
(i) The inclusiont : Cp(G*T1 R,) — L®(G*T1 R;) is an H-morphism of complezes extending the
identity id : CR; — CR; and induces in particular an isometric isomorphism in cohomology

L HY(CW(GHY R ) — HO(L®(G*H, R,)H)

(ii) The inclusion / : Cy((H?)**1, R;) — L°((H")*TY,R,) is an H-morphism of compleves
extending the identity id : CR; — CR, and induces in particular an isometric isomorphism

in cohomology
L, : Ho(cb((Hn)o+l’R7r)H) N H.(LOO(<Hn).+1,R7r)H)

(iii) The map
pic + LO((H")", Re) = L=(G*, Ryr)

is an H-morphism of complexes extending the identity id : CR, — CR,; and induces in
particular an isometric isomorphism in cohomology

p;{ . H.(LOO((Hn).+1,R7r)H) N H.(LOO(G.+17RW)H)
Furthermore it restricts to
Pic : Co((H™)*T Ry) — Co(G*T, Ry)

which is also an extension of the identity and hence induces an isometric isomorphism in
cohomology as well

Pic  HY(Cy((H")*, Ra) ™) — H*(Cy(G*F, Rn)™)
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(iv) The map
ph o L2°((0H")* R,) — L¥(G*T R,)

is an H-morphism of complexes extending the identity id : CR; — CR; and induces in
particular an isometric isomorphism in cohomology

p}; . H.(Loo((aﬂn).+l,R7r)H) _>H.(LOO(G.+17R7T)H)

Proof. By Lemma I1.2.22 it will suffice to show that the above maps are extensions of the identity
id : CR; — CR,.

(i) and (ii) are trivial to verify. (iii) and (iv) can be proven completely analogously to the
corresponding Proposition I1.3.5 for continuous cohomology. That pj- restricts to

pic s Cp(HY)* T R,) — Co(G*TR,)

is also immediate by direct inspection and in view of Proposition II.3.5. O

11.3.3. The Volume Class

We now turn to the cohomology class, that will be the most important to us in the following, the
volume class. It will play a central role in the definition of the volume of a representation. Our
objective in this subsection is to introduce the volume class and to recognize different cocycles in
the different complexes representing it.

Before we can define it, we have to set the stage and introduce a non-trivial (Banach) G-module
structure on R. Consider the quotient map ¢ : G = Isom(H") — G/G™". Since G* is a subgroup of
index two, we may identify G/G* = {+1} such that

+1, if g is orientation preserving
e(g) =

—1, if g is not orientation preserving

for every g € G. Clearly ¢ : G — {£1} = Iso(R) is a homomorphism, such that (g, R) (or R.
for short) becomes a Banach G-module. This representation is clearly (jointly) continuous and
hence R, is even a continuous Banach G-module. Therefore it is also a G-module in the sense
of continuous cohomology (cf. Remark B.2.9). In the following we will frequently pull back this
structure by continuous homomorphisms H — G+ < G with image in the orientation preserving
isometries. It is clear that the resulting pullback structure on R is the trivial one.

Let us first have a look at the continuous cohomology H*(G,R.). By Corollary 11.3.2 we have
H*(G,R.) = H*(Q*(H",R.)%). It turns out that the hyperbolic volume form w, € Q"(H",R.) is
G-equivariant. Indeed, the orientation on H™ is given by the volume form and an isometry g € G
is by definition orientation preserving resp. reversing, if and only if ¢*w, = w, resp. ¢*w, = —wy,.
That is g*w, = €(g) - wy, or equivalently

g-wn=¢e(g) (g7 ) wr=¢(g) e(g™")  wn = whn

for every g € G. As w, is in top-degree, it is a cocycle for trivial reasons and hence defines a class
in cohomology.

We may now apply the van Est isomorphism ® : Q*(H",R.)¢ — C((H")"*! R.)“ and get a
continuous function

Vol (xg, ..., zpn) := ®(wn)(T0,...,Tn) = / W, V(xoy...,xp) € H"
str(zo,...,Tn)
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which yields another representative of the same cohomology class in the complex C'((H")**!, R.)®.
By abuse of notation we refer to both cocycles Vol,, and w, as the volume cocycle and to the corre-
sponding cohomology classes [wy] and [Vol,] as the volume class, identifying H™(C/((H")**+! R, )%) =
H™(Q*(H",R.)¢) = H*(G,R.). If there is no ambiguity we shall also denote by w,, the volume
class.

We will now see that Vol,, may be interpreted as the signed volume of the convex hull of the
points xg, ..., x, € H".

Lemma I1.3.14. Let vg,...,v, € D™ ZH". Then

Vol (vo, ..., vn) = sgn(D(vo, . ..,v,)) - vol(conv (v, ..., v,))
where
\ |
D(vg,...,vp) =det vy —vg -+ v, — g
\ |
is the determinant of the matrix with column vectors vi — vy, ...,v, — vg and
+1 ,t>0
sgn(t) =40 =0
-1 ,t<0

for every t € R. In particular
|Vol, (v, . .., v,)| = vol(conv(vg, . ..,v,))
and Vol, is alternating, i.e. for any permutation o € &,41 we have that
Vol (Vg(0), - - + s Vo(n)) = sgn(a) - Vol (vo, ..., vp)

Remark I1.3.15. In order to prove the lemma we want to introduce a different notion of a straight
simplex in the projective disk model D™. For any vg,...,v, € D™ 2 H" define the projective straight
simplez str’ (v, ..., v,) : A™ — D™ via

n
str' (vo, o, o) (E1y - - b)) 1= (1—2@-) cvgttr v+t
i=1

for every (t1,...,t,) € A™. Recall that in the projective disk model geodesics are just straight lines
and a set is convexr with respect to the hyperbolic metric if and only if it is convex in the standard
euclidean sense. Therefore the image of str’(vo,...,v,) is the convex hull conv(vg,...,v,). It
is worth noting, that when we compare the projective disk model with the hyperboloid model for
hyperbolic n-space H" by applying the gnomonic projection the two notions of straight simplices do
not coincide. However this is almost the case, since they have the same image and are just different
parametrizations which also induce the same orientation. Because when integrating a differential
form over a straight simplex only the orientation and not the concrete parametrization matters, we
may replace our original definition of a straight simplex with the new one. We will do that in the
following without any further comment.
Proof of Lemma I1.3.14. Let vg,...,v, € D™ = H" and consider str(vg,...,v,) : A™ — D™ Then
the Jacobian matrix of str(vp,...,vy) is given by

(v1 — UO)T
Jstr(vo,...,vn)(tb ce ’tn) =

(vn — UO)T
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where the rows are just the (transposed) vectors v — vy, ..., v, — vg. Note that therefore

D(Uo, e ,’Un) = det (Jstr(vo,,..,vn)(tla . ,tn))

for every (t1,...,t,) € A™. Further recall, that the volume form in the projective disk model is
given by

wp=f-dri AN... Ndxy
where )

flz) = (1 [z2)@ D72

for every z € D™ C R™ (cf. [Rat06]).
Now we compute

Vol, (vg, ..., vp) :/ Wn,
str(vo,...,un)

:/ str(vg, ..., vn) wy
n

= fostr(vg,...,v,) - str(vo,...,vn) (dxy A ... Adaxy,)

An
= N fostr(vy,...,v,) - det (Jstr(vo,...,vn)) AR

= sgn(D(vg,...,v)) - N fstr(vo, ..., vn)(t1, ..., tn))|D(vo, ... ,v,)|dty ... dt,
= sgn(D(vg,...,vn)) / ( )f(wl,...,xn)dxl...dxn

= sgn(D(vg,...,v)) - V(C)T(Z:riv(;g, )

where we have used the transformation rule for Lebesgue integration in the second last line and
the fact, that we have for the hyperbolic measure p in the projective disk model

dp
o7
where A denotes the Lebesgue measure on D" C R", in the last line. O

Recall that by Theorem 1.7.4 the volume of a n-simplex in H"”, that is the convex hull of n + 1
points in H", is bounded by the volume of a regular ideal n-simplex. Therefore the above lemma
shows, that Vol, is in fact a bounded continuous function in C,((H")" !, R.)¢ c C((H")"+ R.)C.
Hence Vol,, represents a class in bounded cohomology, which we will also call the volume class and
denote it by w? € H"(G,R.). Corollary 11.2.45 now readily implies, that the comparison map
sends w’ to wy, i.e. c(Wl) = wy.

Our next objective is to show, that we can think of Vol, as a cocycle in L>((9H™)"+! R.)¢ too.
Since both sgn(D(vo,...,v,)) and vol(conv(vy, ..., v,)) are also defined on (D™)*+' = (H")"*1,
we can use the previous lemma to enlarge the domain of Vol,(-) to H" by setting

Vol (vo, ..., vn) :=sgn(D(vo,...,vy)) - vol(conv(vy, ..., vy,))

for every (vo, . ..,v,) € (D)™ = (H" )"+,
We will now use Theorem 1.7.7 and Theorem 1.7.8 to deduce some regulartiy properties of
Vol, : (H")"*! = R.
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Proposition 11.3.16. We have

(i) Volg : (H?)3U (EZ)B] — R is continuous, where (ﬁ2)[3] denotes the set of all triples of points
which are not contained in a proper hyperbolic subspace (cf. Theorem 1.7.8).

(i) Let n > 3. Then the map Vol, : (H")"! — R is continuous.

Proof. We will prove (ii) first. Let n > 3, let (vo,...,vn) € (D™t = (H")"*+! and let {(voj, - - -, nj) }jen C
(Dn)"Jr1 be a sequence converging to it. Consider the open set

(5”)[”“] = {(vo,...,vn) € (ﬁn)”+1 : v, . .., Uy are not contained in a proper hyperbolic subspace }
= {(vo,...,vn) € (D" : D(vy,...,v,) # 0}

Assume first, that (vg,...,v,) € (D) — (D™)**1. Then Vol,(vo,...,v,) = 0 and

lim [Vol,(voj, ..., vn;) — Voly(vo, ..., vn)| = lim [Vol,(voy, - .., Unj)|
Jj—o0 J—00
= lim vol(conv(vy;,...,vnj)) =0
J—00

by Theorem 1.7.7.
Now if (vo, ..., v,) € (D")"*1] then by continuity of D(-)

hm D(Uoj, PN ,Unj) = D(’Uo, PN ,’Un) 75 0
Jj—o0

such that for j large enough sgn(D(vgj, ..., vpn;)) = sgn(D(vo,...,vy)). Therefore

lim Vol (voj, - .., Unj) = sgn(D(vg,...,vy)) - lim vol(conv(vgj,. .., vnj))
j—o0 J—o0
= sgn(D(vy,...,vy)) - vol(conv(vg, . ..,v,)) = Vol,(vo, ..., vn)

by Theorem 1.7.7.
The proof of (i) is essentially the same. One just has to take into account the discontinu-

ities of vol(conv(+)) in dimension 2. Let (vo,vi,ve) € (D?)3 U (ﬁQ)["ﬂ =~ (H2)3 U (EQ)W and let
{(voj, v1j,v2j) }jen C (D?)3 U (ﬁQ)B] be a sequence converging to it.

If (vo,v1,v2) € (D?)3 then also (voj,v1j,v2;) € (D?)? for j large enough. If D(vg, v1,v2) = 0 then
also Vola(vg,v1,v2) = 0 and

lim |V012(Uoj,vlj,1}2j) —VOIQ(Uo,Ul,U2)| = lim ’VOIQ(’UOj,Ulj,’UQj”
j—00 j—00

= lim vol(conv(vgj, v1j,v25)) =0
J—00

by Theorem 1.7.8. If D(vg, v1,v2) # 0 then as D(vg;, v15,v25) = D(vg, v1,v2) we have sgn(D(voj, v15,v2;5)) =
sgn(D(vg, v1,v92)) for j large enough. Thus

lim Vola(voj,v15,v25) = sgn(D(vo, v1,vy)) - lim vol(conv(voj, v15,v2;))

J]—00 J—00

= sgn(D(vg, v1,v2)) - vol(conv(vy, v1,v2)) = Vola(vg, vy, v2)

by Theorem 1.7.8.
If (vo,v1,v9) € (EQ)B], then D(vg,v1,v2) # 0. Since D(voj,v1j,v2;5) — D(vo,v1,v2), we have for
J large enough sgn(D(voj, v1j, v25)) = sgn(D(vo, v1,v2)). Thus again by Theorem 1.7.8

lim Vola(voj, v15,v25) = sgn(D(vo, v1,vy)) - lim vol(conv(vgj, v15,v2;))
j—00 j—o00

= sgn(D(vg, v1,v2)) - vol(conv(vg, v1,v2)) = Vola(vg, vy, v2)
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Next we need to see that Vol, is G-equivariant.
Proposition I1.3.17. Vol, ( )yt R, is G-equivariant, i.e.
e(g) - Vol (g o, ..., g7 2n) = Vol (o, ..., )
for every g € G and (xq, ..., x,) € (H")".
Remark I1.3.18. Note that n > 2 in the whole of this section if not otherwise stated.

Proof. Assume first that n > 3. ' A
Let g € G, (20,...,2,) € (H")" and {(:co e )}]EN C (H™)"*1 a sequence converging

to it. Then {(¢~* ((JJ)L ., g 1:1:% )}jen C (H”)"+1 converges to (g~ 'zg,...,g 'z,) and we get by
continuity of Vol, : (H" )"t — R

e(g9) - Volu(g7 20, ..., g " wn) = lim e(g) - Vol (g7 a{’,..., g "))

J—00

= 5(9) ’ VOln(g_lx()a R 79_1$n)
= Vol,(xg,...,zn)

Now consider the case n = 2. Again we want to use the continuity of Vol,. Let g € G and let
(xo,x1,22) € (52)3 — (32)[3]. Then xg,x1,x2 are contained in a proper hyperbolic subspace and

so are g 'xg, g 'z, g zo. Therefore

e(g) - Volg(gflxo,gflxl,gflxz) = 0 = Voly(zg, z1, z2)

Let (zg,x1,x2) € (ﬁ2)[3] and let {(x((f ,xgj),xQ )}jen C (D?)? be a sequence converging to it.
Then as before by continuity
e(g) - Volo(g ™ w0, g a1, g7 ) = lim €(g) - Volo(g 12, g7 2, g2 )

]—)OO

= lim &(g) - Vola(g~ 1$((]j),g lx( ),g lxé]))

j—0o0

= Volg(xo, x1, 1‘2)
]

It is now immediate that restricting Vol,, to (OH™)"! yields a G-equivariant bounded measurable
function, i.e. Vol, € B®((0H")"*!,R.)¢ ¢ L®((0H™)"+!,R.)C. Indeed for n > 3 it is continuous
and for n = 2 it is continuous on the full measure subset (9H?)B! = (9H?)®) of triples of distinct
boundary points. Note that Vol is actually locally constant on (9H?)®), since Isom(H?) acts
3-transitively on its boundary, such that any two ideal triangles are congruent.

The next proposition asserts, that it is in fact a cocycle and hence represents a cohomology class
in H™(L>®((0H")*!, R, )) = H (G, R,).

Proposition 11.3.19. Vol,, € B®((0H")"*! R.)¢ ¢ L®((0H")"*,R.)C is a cocycle, i.e.
dVol, =0

Proof. Consider (&, .. .,&n41) € (OH™)™+2 — (9H™)("+2). Then &; = & for some j # k. Because

n+1

(VL) (s -1 Eni1) = > Volu(€oy s €ir- s Ensn)
=0

86



I1.3. Applications to G = Isom(H")

and Vol, is alternating we may assume without loss of generality, that & = &;. Thus

n+1

> Volu(€o,- -1 &is o nt1) = Volu(€1,&, -, €nt1) = Volu(&0, 2, -, &nyr) = 0
=0

For (&, ..., 6nt1) € (OH™)"H2) et {(x(()j), . ,a:g}rl)}jeN C (H™)"*2 be a sequence converging to
it. Then
n+1 ' )
(AVOln)(&os- - &ng1) = D _(=1)'Voln(&o,- -, &is - Eng1)

i=0
S () () ()

_ (4 j
Z ]1520\/01 n(zg’, &7l

n+1

(4) - () (4)
Jlggoz YVol,(xy”, ..., 2; vyl

— lim (dVol,)(z§, ..., 2% ) = 0

j—o0

and the assertion is proven. O

We have now encountered several different cocycles all coming from Vol, : (ﬁn)nH — R:
« Vi = [Vol,] € Hj(G,R:) where Vol, € Cy((H")"!,R-)“
e Vo =[Vol,] € H%(G,R.) where Vol, € L®((H")"!,R.)%
« V3 = [Vol,] € H(G,R.) where Vol, € L®((9H")"1,R.)C

Although they all come from restrictions of the same function, it is apriori not clear, that they
all represent the same cohomology class in H}(G,R.). We will now see, that they in fact do. It
is easy to see that Vi = Vi as the isomorphism H®(Cy((H")**!, R.)E) — H*(L®°((H™)*1, R.)Y)
is induced by the inclusion ¢ : Cy((H™)*1 R.)E — L°((H™)*t!,R.)¢ at the cochain level (cf.
subsection 11.3.2).

The following proposition asserts, that also Vo = V3. By further abuse of notation we will
therefore always speak of the volume class wg and mean the cohomology class represented by one
of the above cocycles. If the corresponding complex is understood we shall also speak of the volume
cocycle.

Proposition I1.3.20. Let x € H” and £ € JH" and denote by K = G, the stabilizer of x and by
P = G¢ the stabilizer of {. Further let

pic  HO (L (), R.)%) = H*(I2(G*H, R.)%)

and

P H(L((OH)* 1, R)C) - H(1(G" R )

be the corresponding isomorphisms from subsection I1.3.2. Then
Pr([Voln]) = pp([Vol,])

and therefore Vo = V3 with the above notation.
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In particular the volume class in H™(L>®(G*1 R.)Y) is represented by the cocycle

Vy Gt LR
(90,---,9n) — Vol (90Y, - - -, gny)

for any basepoint y € H'.

Proof. Let x € H” and £ € OH". Recall that the above isomorphisms are given at the cochain level
by precomposition with the continuous maps

pr:G— G/K=H" g~ gx

and
pp:G— G/P=0H", g— g

Thus pj.([Vol,]) is represented by
(907 <o 7gn) = VOln(goxa S 7gnx)

and pp([Vol,]) is represented by

(907 R 7gn) = VOln(goga s 7gn§)

Consider the function f: G™ — R given by

n—1

f(gﬂv ... 7gn—1) = Z(_l)ZVOITL(gOgu cee 7gi£7 giZ, ... 7gn—lx)
=0

for every (go,...,gn_1) € G™. Clearly f € L>®°(G",R.)¢. We claim that

Voln(go; - ., gn) — Voln(go€, .-, gn€) = (df ) (o, - - -, gn)

for almost every (go,...,gn) € G*TL
In an intermediate step let us first see that for every 2’ € H" the function f’: G™ — R given by

n—1
f'(gos -y gn-1) := Z(—l)i\/oln(gox/, e i G 1) (IL7)
i=0
satisfies
VO]‘n(ng7 A 7gnx) - VOln(gom/7 A 7g7lx/) = (df/>(gg7 A 7g7’l) (II.S)
for every (go,...,gn) € G""1. The claim will then follow by discussing the cases n > 3 and n = 2

separately, and using a by now familiar continuity argument. A coboundary construction similar
to (I1.7) will be important later.
Because Vol,, € C((H")"*!,R.)% is a cocycle, we have that

n+1

0= (dVol,)(xg, ..., Tni1) = Z(—l)iVoln(xg, B Tpg)
1=0
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, Tnt1 € H™. Thus

n

0= Z(—l)i(d\/oln)(goxl, g g, gnT)

n
= Z(—l)i{ > (=1)Volu(god',. . g2 g, g giw, ., gn)

i—0 j<i—1

+ (_1)iV01n(90I/7 oo 7gi—1x/7gix7 v ’gnx)

+ (—1)Z+1V01n(901’,a s 7g’i$lv 9i+1Z, - - - ,gnl')

+ Z (=1)YVol, (9o, ..., giv’, giz, . . ., gj—2, gj, . .. ,gn:c)}
i+2<j

n
= Z {VOIN(QOx/7 s 7gi—1x,7 Gi%, §i+1Z, . - - ,gn$>
- VOln(90$l> s 7gi$/7 Gi+1Z, - - - agnx)}

+Z { Z 1)jV01n(g0$/7"'7gj—1x/7gj+1x/7'”7gimlagix7’-'7gnx)

71<i—1
+ Z ]VOI (907, ..., 9:2, giz, . .. , gj—2, G, . . . ,gnaz)}
1i+2<j
= Vol,(gox, ..., gnx) — Vol,(go’, . .., gna’)
+Z { Z ]')jVOln(ng,,' "agjflx/angrl:E/a--' 7gixlvgix7' . agnx)

71<i—1

+ Z ]Vol (9o, ..., 92, giz, ... , §§—2T, G5, . . . ,gnx)}
i+2<j

for every (go,...,gn) € G"1L, ie.

Vol, (gox ooy gn) — Vol (g0, . .., gn’)

= - Z { Z 1)jV01n(gox/7 v 7gj*1$,7.gj+1x,a e ,gilﬂl,gil', v 79711')

71<i—1

+ Z ]Vol (9o, ..., g2, giz, ... , Gj—2%, G5, . . . ,gnx)}

n
= (—1)’{ Z (=1 Vol,(goa', ..., gj—17", gj12', ..., gid, iz, . . ., GnT)
0

0<j<i—1

+ Z (_1)jV01n(90$/,...,gil'/,giﬂf,...,gj_1$7gj+1$,...7gn.’13)}
i+1<j<n

On the other hand

(df") (g0, - - -

n
agn) = Z(_l)jf/(g()a sy 95-1,954+15 - - - agn)
7=0
n

= (_1)j{ Z (_1)1'\/0171(901:/,...,giflf/,gili,...,gj_1$,gj+1(13,...,gn$)
0<i<j—1
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+ Z Y Vol (g0, .., gj—12, gj17's . . ., gi12, gisa, - - . ,gnx)}
71<i<n—1
n

= (—1)]{ Z (=1)'Vol,(go', ..., gir’, giz, ..., gj—1%, Gj+1T, . - ., GnT)

J=0 0<i<j—1

+ Z (_1)1'4’1\/01”(90:1;/’” * j—lxlagj-‘rlx/?' "7gix/7gix7"‘ 7gnx)}
J+1<i<n

for every (go,...,gn) € G""!. By comparing both double sums it is immediate that they consist of

the same terms with the same signs and hence are equal. Therefore we have in fact, that relation
(I1.8) holds.
In order to prove our claim let us first consider the case n > 3. Let (go,...,9,) € G and

(xj)jen C H" a sequence of points converging to £ € OH". Consider the sequence of functions
fi : G™ = R given by
J g

n—1
fj(g()v cee 7gn71) = Z(_l)ZVOIH(QOxﬁ c 3 GiT5, Giy . .. 797171-%)
i=0
for every (go,...,9n—1) € G™. As we have just shown

VOln(goxa s 7g’nx> - VOIn(QO%& s 7gn$j) = (df])(go7 ce 7971)

for all j € N. By definition of (f;);en and by continuity of Vol,, : (H")"*! - R we get

Vol,(goz, ..., gnz) — Vol (go&, ..., gné) = Jlggo {Vol,(goz, ..., gnx) — Voln(goxj,. .., gnz;)}

jlig.loz VOI Owjv'"7giwjvgix7"'7gnx)
—Z hm Vol (goxj, ..., giTj, GiT, ..., gnx)

_Z VO] gU&a"'agié—,gix,...,gn:ﬂ)
= (df)(gow--,gn)

which proves our claim for n > 3.
Let us now turn to the case of n = 2. Let (go,g1,92) € G3. We want to use again the above
continuity argument. However since Voly is only continuous on (H?)3 U (Ez)m and

(df)(g0,91,92) = f(g1,92) — f(90,92) + f(g0,92)
= {Vol2(91§, 917, gox) — Vola(g1&, 926, 927) }
— {Volz(g0&, g0z, go2x) — Vola(go&, 92§, 927) }
+ {Vola(go&, goz, g17) — Vola(go€, 1€, 917) }
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this will only work for triples (go, g1, g2) € G° such that all of the following triples are in (H?2)[:

(90&, 1€, 926),

(1€, 17, g2x), (916, 92§, g2)
(90, 9oz, g22), (90§, 92§, g2)
(90, g0z, 1), (90§, 91§, 1)

Denote the set of these triples by F'. Then
F=A°N(B;NC;) N(BiNCY)N(BsNCY)

where A denotes the set of triples (go,g1,92) such that go&, g1&, 92§ are contained in a proper
hyperbolic subspace (i.e. are not pairwise distinct), B; denotes the set of triples (go, g1, g2) such
that g;&, gjz, grx (j # i and k # j,4) are contained in a proper hyperbolic subspace, and C; denotes
the set of triples (go,g1,92) such that ¢;&,g;&, grx (j # @ and k # j,i) are contained in a proper
hyperbolic subspace. We claim that A, B; and C; (i = 0,1,2) are null sets in G2, such that F has
full measure.

Let P denote the stabilizer of £ € OH?. Clearly we have A = Ag U A; U Ay where

Ao ={(90,91,92) € G* : g; ' g1 € P}

A1 ={(90,91,92) € G*: g7 'g0 € P}
Az ={(90.91,92) € G* 1 g3 'g0 € P}

As an example we will show that Ag is a null set. One may show mutatis mutandis that A; and
Ay are null sets too. The characteristic function of Ay is

X40(90: 91, 92) = xP(95 'g1)

for every (go,g1,92) € G2 where xp : G — R is the characteristic function of P. Let u®3 denote
the product measure of some Haar measure p on G. Then we compute

p®(Ag) = /GS X490, 91, 92) du®* (90, g1, 92)

—/G/G/pr<gg‘191)du(gl)du(gz)du(go)

:///XP(gl)dM(gl)du(g2)du(go):0
GJGJG

since P is a proper closed subgroup in G hence a proper submanifold and thus a null set (cf.
Proposition A.3.7). Analogously for A; and As such that all in all p®3(A) = 0.

As an example we will now show that By is a null set. Analogous arguments can be carried out
for By and Bj. Clearly (go, 91, 92) € By if and only if gflggx is on the geodesic v : R — H? from
x to & Let up denote the hyperbolic volume measure on H? and p a Haar measure on G and
p: G — H?, g~ gr. Then since ug(y) = 0 we get that also u(p~'(y)) = 0 where we have confused
v with its image (cf. Proposition A.4.13 and Lemma 1.4.10). Denote by x, the characteristic
function of p~!(vy) C G. Then we have for the characteristic function of By

XBo (90, 91, 92) = X~ (g7 ' g2)
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and thus

/G3X30(go,g1,g2)du (90,91, 92) /

J
J

for every (go, g1, 92) € G, i.e. By is a null set in G3. Skipping the analogous arguments for By and
By we hence have that B is a null set.

Finally we will now show as an example that Cy is a null set. Similarly this can be proven for
Cy and Cy. Now (go,g1,92) € G is in Cj if and only if g5 'g1€ is one of the endpoints ¢, ¢ of the
geodesic v through = and &. The argument is now basically the same as for By. The set {£,£'} is
a null set in OH? and thus u(p~1({£,€'})) = 0 where p : G — OH?, g > g€. Let X5 : G — R denote
the characteristic function of p~1({¢,¢}). Then

/,xco(go,gl,gz)du®3(go,gl,g2)—/ //x9(95191)du(gl)du(gz)du(go)
G3 GJGJIG

_ /G /G /G X, (92) du(gn) dpa(g2) da(go)

/ X~ (97 "92) dpi(g2) du(gr) dp(go)

Q
@
Q

/ X~ (92) dp(g2) dp(g1) dplgo)

Q
Q
@

0

for every (go, g1, g2) € G, i.e. Cp is a null set in G3. Skipping the analogous arguments for C; and
C5 we hence have that C' is a null set. This finishes the proof of the claim that F' has full measure.
Now let (z;)en C H? a sequence of points converging to ¢ € OH? and as in the case of n > 3
fi(g0, g1) = Vola(gox;, gox, 1) — Vola(goz;, g1, g12)
for every (go, g1,92) € G®. Then

Vola(gox, g1, g2x) — Vola(g0&, 91§, g2€) = jlggo {Vola(goz, g1, g2x) — Vola(gox;, 9175, g25) }

= hm (df])(907gl792)
j—00
= Jlggo { [Vola(g125, 912, gow) — Vola(g175, 922, go)]

— [Vola(gox;, gox, go2x) — Vola(gox;, gox 4, g2)]
+ [Vola(goxj, gox, g12) — Vola(goxj, g125, g17)] }

= [Vola(g1€, 917, g2x) — Vola(g1&, g2&, g2)]
— [Vola(g0&, gox, g2x) — Vola(go&, g2€, gox)]
+ [Vola(g0&, o, g12) — Vola(go€, 91, g1)]
= (df)(go, 91, g2)

for every (go,91,92) € F, i.e.
py Voly — ppVols = df

in L>°(G3,R.)%. This concludes the proof. O

We have now seen several representations of the volume class w® € H’ (G,R.). Adding to
the ambiguity of the terms "volume cocycle” and ”volume class” we can also pull them back to
Hg(b)(GJF,R) and will refer to their images also as volume cocycle and volume class respectively.
The next proposition justifies this as it shows that one gets the pullback of the volume cocycle by
simply forgetting its G-equivariance and interpreting it as only a G'-invariant cocycle.
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Proposition 11.3.21. (i) In continuous cohomology the pullback i* : H2(G,R.) — H2(GT,R)
along i : G — G is given at the cochain level by the inclusions

1 QU(HY, R — Q°(H", R)ET
and
v C((HY)*H, RS — C((H™)*H R)S"

under the respective canonical isomorphisms. In particular thinking of w, and Vol, as G-
invariant cocycles yields their image under the pullback i* (under the respective canonical
isomorphisms).

(i) In bounded cohomology the pullback i* : H3(G,R.) — H3(G1,R) along i : GT — G is given
at the cochain level by the inclusions

13 Cy((H™)*H, R)C = Cy((HM)*H R)E,
w: L°((HY)H R (EY), R)Y
and
15 LO((OH)* 1, R s L((OH™)*H R)S”

under the respective canonical isomorphisms. In particular thinking of Vol, as a G -invariant
cocycle in one of the respective cochain complexes yields its image under the pullback i* (via
the respective canonical isomorphisms).

Proof. There are two ways of proving this result both of which are equally evident. First, one can
use the previously described isomorphisms: van Est and pj, for continuous cohomology; p¥, pp
for continuous bounded cohomology. All computations are trivial and we leave them out. The
assertion then follows by the naive definition of the pullback map for continuous cohomology and
Corollary 11.2.35 for bounded cohomology.

Second, one can see this on a more conceptual level and show, that all inclusions at the level of
resolutions are extensions of the identity id : R — R and hence the result follows from Proposition

11.2.33 and Remark I1.2.34. O
Finally we want to understand the pullback p*(w?) of the volume class, since this will be very
important in the proof of the volume rigidity theorem later on. We will do so by applying Corollary

11.2.42 and Corollary 11.2.41.

Corollary I1.3.22. Let H < G be a closed subgoup (e.g. a lattice) and p : H — G a continuous ho-

momorphism. Then the pullback of the volume class p*w?, is represented in H™(L*°(H* !, R.,)) =
H' (H,R.,) by the cocycle

PV, H" 5 R
(ho, .., hy) = Vol,(p(ho)y, ..., p(hn)y)

for any y e H".
Proof. Due to Proposition I1.3.20 the volume class w? is represented in L>°(G™*1, R.) by the cocycle
Vy Gl SR
(905 -+ 9n) = Voln(g0y, - - -, gny)

for any y € H'. Note that Vy : G — R is actually in B*(G""!,R). Hence by Corollary 11.2.42
we know, that p*w? is represented in H"(L>(H**1 R.,)) by the cocycle p*V, as asserted. O
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Corollary I1.3.23. Let H < G be a closed subgroup (e.g. a lattice) and p : H — G a con-
tinuous group homomorphism. Moreover let ¢ : OH" — OH" be an a.e.-p-equivariant bound-
ary map (cf. Corollary II.2.41). Then the pullback of the volume class p*w? is represented in

H"(L>®((OH™)* ™1, R.,)H) = H"(H,R.,) by the cocycle

©*Vol, : (OH")"™! - R
(507 s >€n) = VOln((p(fo), s 780(§n))

Proof. Recall that 0H™ = G/P is an amenable regular G-space, since P — the stabilizer of some
boundary point — is amenable (cf. Proposition C.2.7). Now by Proposition 11.3.19 Vol,, is already
in B> ((0H™)"*!,R.)Y. Therefore by Corollary 11.2.41 the assertion follows. O

11.3.4. Some Computations

Using the previously introduced volume class w, we will be able to compute some cohomology
groups in this subsection. First we shall compute H$(GT,R). In particular we will see, that
H"(G™,R) is generated by the pullback of the volume class w,,. After this computation we will see,
that Hc‘(b)(GJF,R) = H;(b)(G,R) @ Hc'(b)(G,Rg), which yields that H'(G,R.) is generated by the
volume class wy,. Finally we will use a simple lemma to deduce that ¢ : H}(G,R.) — H}(G,R;) is
in fact an isomorphism; recall that G = Isom(H").

The next proposition gives us H? (G, R).

Proposition 11.3.24. Let ¢ € Ny. Then

R, ifq=0
HIGT,R) = (R ([wn]) = ([Voln)), ifg=n
0, else

where [wy] denotes the cohomology class of the volume cocycle in H™(Q®(H™ R)S") which is
also represented by the cohomology class of the volume cocycle [Vol,]| € H”(C’((IHI")'“,R)G+ =
H™(Q*(H",R)S") via the van Est isomorphism (cf. subsection I1.3.3).

Proof. For brevity we will simply write Q°®(H") instead of Q°(H", R).
We know that
H(GY,R) = H*(Q(H")")
where the right hand side denotes the cohomology of the cocomplex of G'-invariant differential
forms on H™. We shall first prove that

QI(H™) " = {0}

for all 0 < ¢ < n. Hencelet 0 < ¢ < n and w € Qq(H")(ﬁ. Because G operates transitively on
H" and w is G*-invariant, it suffices to show that w, = 0 for one p € H". We shall see that for
p = 0 in the Poincaré ball model B™. Because of the multilinearity of wq it is enough to see that

for an arbitrary basis vi,...,v, € ToB™ = R" the expression wy(vi, ..., v;,) vanishes for every
subcollection {v;;,...,v; } of the basis. For simplicity we take the standard basis e1,...,e, €
ToB™ = R". Now for any subcollection e;,,...,e;, and some j € {1,...,n} — {i1,...,i,} consider

the matrix given by A(e;) = e; for every i # i1,j and A(e;,) = —e;,, A(ej) = —e;j. Then A € O(n)
and because
det A= (-1)>=1
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we have that A € SO(n), i.e. A € G§. Again by the G'-invariance we get
wo(€iys-- -, €iy) = wo((dA)oles), - - -, (dA)o(ei,)) = wo(Ales), - - ., Alei,))
= wo(—€iy; Cigs -+ -5 €iy) = —wo(€iy,- -, €,)

and hence wo(e;,,...,e;,) = 0. Thus w =0 and QIH™)ET = {0} as asserted.
It follows immediately that for every 0 < ¢ <n

HYQ(H")) =0
For ¢ = 0 we have
HY(Q*(HM)E") = ker{d : Q°(H")E" — Q'(H")E"}
={f:H" — R constant} = R

For ¢ =n:

_ ker(d)

~ im(d)
Clearly the volume form in Q"(H") is G*-invariant. It remains to see that Q"(H")" is one

dimensional, i.e. for any two w,w’ € Q"(H")S" there is a A € R such that w = Aw’. It suffices to

find a A € R such that for every p € H" and some basis vy, ...,v, € T,H"

H™(Q*(H™)E) = ker(d) = Q"(H")%"

Wn (V1. vn) = Aw(vg, ..o, vp)
Because of wg,w(, € Alt"(TpH",R) = R we find a A\ € R such that
woler, ... en) = Awjler, ... en)
For any other p € H" there is a g € G such that g(0) = p and hence
wp((dg)o(er), ..., (dg)o(en)) = woler,. .., en) = Awgler, ..., en)
= Xw,((dg)o(er), - .- (dg)o(en))
Since g is a diffeomorphism {(dg)o(e1), ... (dg)o(en)} is a basis of T,H" and the assertion follows. [

The next proposition establishes a link between the equivariant (bounded) cohomology H o) (G,R.)

and the invariant (bounded) cohomology H (b)(G+,R). As a corollary we will get, that in fact

HI(G*R) & HIG,R:) = (wa).

Proposition I1.3.25 (cf. [BBI13, Proposition 1, p. 7]). Let 7 € G—G™ be an orientation reversing
isometry. Then the map

(p,P) : Hipy (G R) — HYy (G, R) & HYy, (G R:)
is an isomorphism, where at the cochain level the maps
p: Cop(HM)TR)T = Cp(H) T, R)E
p: Cap(H")THLR)ET = Cyp ()T, Re)
are given by

p(f)(zo, ..., xq) = %(f(a;o,...,a:q) + f(rzo,...,T2q))

D) (@or .. 2q) = %(f(xo,...,xq) — f(raos. .. Tay))

for every f € C(b)((H”)q+1,R)G+, xo,...,xq € H". Moreover these maps do not depend on the
choice of T € G — G™T.
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Proof. Observe that we have with respect to the left regular representation p(f) = 1/2(f +771-f)
and p(f) =1/2(f —71- f) for every f € Cy((H")?H,R).

First of all we need to check that p and p are well defined, i.e. the image of p resp. p is in
Cpy ((H™)4T R)Y resp. Cp((H™)4T!, R, If f is continuous (and bounded), then so is p(f) and
p(f). It is also clear from the definition that p and p are linear.

Thus we have to verify, that p(f) is G-invariant and p(f) is G-equivariant. We shall only show
the simple calculation for the latter. If g € GG is orientation preserving, we have

9P =g g )= (g )

2 2
=S (= ) =e)p(f)

Similarly for g € G orientation reversing

Hence p(f) is G-equivariant.

Now we want to see, that p and p do not depend on the choice of 7 € G\G*. If p € G\G™ is
another orientation reversing isometry and we define p’ and p’ exactly like p and p resp. with 7
replaced by p, we calculate (again only for p')

N =N
~
|
\1
L
=
I
=1
=

So our definition is independent of the choice of 7.
Next we need to show, that p and p are morphisms of complexes, i.e. they commute with the
homogeneous coboundary operator. Again we shall only verify this by a simple calculation for p(f)

Ap(f)) = 5 (df — d(r™ - )
_ % (df — 71 df) = p(d(f))

since the G-action commutes with the homogeneous coboundary operator. Thus p and p induce a
map at the cohomology level in every degree

(p7ﬁ): Hc.(b)(GJr?R) - c.(b)(GﬂR) D H.(b)(G7RE)

C

We will now show the bijectivity of the above map by giving an inverse at the cochain level. First
observe that

Oy (HMTR)E © Oy (HMTFL,R)ET and - Cpy (H)T, R)E € Oy (H)H, R)ET
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because G is a subgroup of G and €|+ = 1. Hence the map

+

O : Cpy (HM)TH R)E @ Cppy (H) 1M, R.)E = Cpy (H™) T, R)

given by ®(f1, f2) = fi1 + fo is well defined and is clearly a morphism of complexes. For all
f1€ C(b)((H”)q+1,R)G, fa € C(b)((H”)qH,]Rg)G we have

p(f1+f2):%(f1+f2+7_1'f1+7_1'f2)Z%(f1+f2+f1—f2)=f1

ﬁ(f1+f2):%(f1+f2—(7'71‘f1+7'71'f2))Z%(f1+f2—f1+f2)=f2

So (p, p)(®(f1, f2)) = (f1, f2). Further it is clear that p(f)+p(f) = f forall f € C'(b)((}HI”)q"rl,]R)G+
and thus @ (p(), (/) = f. m

Remark 11.3.26. Although we did not mention transfer maps, we want to remark, that p can be
interpreted as the transfer map

trans : Hy(GT,R) — H%(G,R.)
which is a left inverse of the pullback map
" Hy (G R:) — Hy (G, R)

We will encounter transfer maps in a different situation in the next chapter. For more details we
refer to [Mon01, Proposition 8.6.2, p. 106].

Corollary I1.3.27. Let g € Ng. We have

Hg(GaR)ng ifqg=20
H(GT,R) = { H}(G,R:) 2R = ([Vol.]), ifq=n
0, else

where [Vol,] denotes the cohomology class of the volume cocycle in H™(C((H")*T!, R.)Y).

Proof. First of all the cases of ¢ # n follow immediately from Proposition 11.3.25 and the compu-
tation of H?(G™,R) in Proposition I1.3.24.
Applying the isomorphism from Proposition 11.3.25

(p,D) : Hc'(b)(G+,R) — H,) (G, R) @ Hyp, (G, R:)
to the volume cocycle Vol,, € C((H")"t1, R)E" we get
p(Vol,)(xo, ..., zn) = %(Voln(mo, .o, Tp) + Vol (txo, ... TTH)) =0
and
p(Vol,)(xo, ..., xn) = %(Voln(azo, cooyxy) — Vol (1xo, ... Txy)) = Vol (zg, . . ., xy)
for every (zo,...,7,) € (H*)"T!. In view of the above remark this is not surprising since Vol,, €

C((H")"+1, R)E" is by definition the pullback via i* : H2%(G,R.) — H2(GT,R) of the volume
cocycle Vol,, € C((H")"*+! R.). This settles the case of ¢ = n and the assertion follows. O
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The next lemma asserts, that all G-equivariant cochains vanish in degree less than n. It will then
be easy to deduce that the comparison map is an isomorphism.

Lemma I1.3.28 (cf. [BBI13, Lemma 1, p. 8]). For ¢ < n we have

Cipy (H")TH R = 0,
L®((H")",R.) =0,
L®((0H™)1H R = 0.

Proof. Let f be in one of the above function spaces (the argument will be the same for all of them).
Now observe that any ¢ + 1 < n points zg,...,z, in H" or OH" either lie on a proper hyperbolic
subspace P C H" or on the boundary of such a proper hyperbolic subspace. Taking 7 € GG as the
reflection along this subspace 7 is orientation reversing and fixes every point xo, ..., x4 on P. Since
f is G-equivariant, it follows that

f(zo,...,zq) = —f(120,...,T2¢) = — f(T0,...,2¢)
Hence f = 0. O

Proposition I1.3.29 (cf. [BBI13, Proposition 2, p. 8]). The comparison map induces an isomor-
phism in top degree

c: H(G,R.) — H"(G,R.)

In conjunction with our previous computation of H!'(G,R.) this means, that H}}(G,R.) is gen-

erated by the (bounded) volume class w2

Proof. Due to Lemma I1.3.28 there are no cochains in degree n—1 and so there are no coboundaries
in degree n. Thus the cohomology groups H} (G,R.) and H(G,R.) are equal to their correspond-
ing spaces of cocycles, i.e. the kernels of the homogeneous coboundary operator. So we obtain the
following commutative diagram

Hy (G, Re) = H™(Cy((H")**, R:)) ker{d: Cy((H")" "', R) — Cy((H")"*?,R)“}

| |

R = (wy) = H"(C((H")*+,R.)%) == ker{d: C((H")"*,R.)“ — C((H")"**R.)“}

Clearly the map on the right is an inclusion and hence also c is injective. Further c is surjective since
wy, is represented by Vol,, and Vol, is also bounded, i.e. w;,, = ¢[Vol,]. Recall that ¢ : H} (G, R.) —
H!(G,R.) is given by the above inclusion due to Corollary I1.2.45. O

Because there are no coboundaries in degree n due to Lemma I1.3.28, the norm [|w?]| is equal
to the norm of the volume cocycle which represents it (cf. [BBI13, Corollary 3, p. 9]). As we have
mentioned in chapter I this is equal to the volume of a regular ideal simplex in H" (cf. Theorem
1.7.4).
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1. Volume Rigidity of Hyperbolic Lattice
Representations

In this final chapter we will prove the volume rigidity theorem. In an attempt of being motivational
we first state the volume rigidity theorem and deduce two classical versions of the Mostow rigidity
theorem from it in section III.1. Since the volume rigidity theorem relies on the notion of the volume
of a representation, we will introduce it in section II1.2. The rest of the section will then elaborate
on transfer maps in bounded cohomology in order to finally deduce some important properties of
the volume of a representation. The last section of this chapter is then devoted to the proof of
the volume rigidity theorem. The first assertion of the volume rigidity theorem will follow directly
from the properties of the volume of a representation, that we have deduced in section III.2. The
last assertion is much harder to prove, whence its proof is divided into three steps.

I11.1. The Volume Rigidity Theorem

Let us state the main result of [BBI13] here; the volume rigidity theorem. The theorem uses the
notion of the volume of a representation which we will give in section III.2.

Theorem III.1.1 (Volume Rigidity Theorem; cf. [BBI13, Theorem 1, p. 4]). Let n > 3. Let
i: ' < Isom™ (H") be a lattice embedding and let p: T' — Isom™ (H"™) be any representation. Then:

[Vol(p)| < [Vol(i)| = Vol(M)
with equality, if and only if p is conjugated to © by an isometry. Here M denotes the quotient
For the rest of this chapter we shall fix the notation of Theorem III.1.1.

Taking in particular p to be another lattice embedding of I', we immediately recover Mostow’s
rigidity theorem for hyperbolic lattices:

Corollary II1.1.2 (Mostow Rigidity — Algebraic Version; cf. [BBI13, Corollary 1, p. 4]). Let
I'1,Ty < Isom™ (H") be two isomorphic lattices. Then there ewists an isometry g € Isom(H")
conjugating I'1 to Ts.

This may be translated to the following geometric version of Mostow’s rigidity theorem:

Corollary IT1.1.3 (Mostow Rigidity — Geometric Version). Let n > 3 and let My, Mo be two finite
volume hyperbolic n-manifolds with respective fundamental groups 'y = m(M;) (i = 1,2). If the
fundamental groups I'y and 'y are isomorphic, then My and My are already isometric.

Proof. Note that we can identify I';\H" = M; (i = 1,2). With this identification I'; < Isom™ (H")
(1 =1,2) is a lattice (cf. section 1.4) and both lattices are isomorphic by hypothesis I'y = T's. Thus
by the previous corollary there is an isometry h € Isom(H") conjugating both, i.e. h-T';-h™! = T's.
In particular h : H® — H" induces a map h : [1\H" = M; — To\H" = M> given by h(ri(z)) =
ma(h(z)) for every x € H", where 7; : H" — I';\H" denotes the universal covering.

It is easy to check that h : M; — My is well-defined and bijective. It is even an isometry, since
it commutes with m; and 79 which are local isometries. Hence M; and My are isometric. O
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111.2. The Volume of a Representation

Let us turn to the volume of a lattice representation Vol(-) as it occurs in the volume rigidity
theorem. In subsection III1.2.1 we give the definition of Vol(-). Before we can deduce some of its
important properties in subsection I11.2.3 we need to introduce transfer maps in cohomology and
relate them to ideas of relative cohomology in subsection I11.2.2. The properties of Vol(-) will then
imply the first assertion of the volume rigidity theorem concerning the inequality as we will discuss
more thoroughly in section III.3.

111.2.1. Definition

We will define the volume Vol(p) of the representation p : I' — G in several steps. First suppose
that I' is torsion-free. This has the advantage, that M = i(I")\H" is indeed a manifold, since I
now acts freely on H".

We have already seen that the (continuous) cohomology of I' is isomorphic to the singular coho-
mology of M (cf. Corollary I1.3.3). Further if M is compact, by Poincaré duality the cohomology
groups H(I',R) = H™(M) in top degree are canonically isomorphic to R and the isomorphism is
given by the evaluation on the fundamental class [M] € H, (M) (cf. section D.1). We define the
volume Vol(p) by

Vol(p) = (" (wn), [M])

where p* : HM(GT,R) — HI(T',R) = H"(M) denotes the pullback via p and w, € H*(G",R) is
the volume class as discussed in subsection II.3.3.

However if M is non-compact, the above definition fails, since H,(M) = 0 such that there
is no fundamental class to evaluate on (cf. [Hat02, Proposition 3.29, p. 239]). We can fix this
defect by considering bounded cohomology. This is in a way natural, since w, = c(w’), where
wh € H"(G,R.) is the (bounded) volume class. Again we may pull it back along p: I' — G and
get p*(wh) € HR(T,R). As before — but for bounded cohomology — we have H' (I',R) = H}'(M)
(cf. Corollary 11.3.12), such that we may think of p*(w?%) as in H(M). In analogy to the case of
compact M we would like to interpret p*(w’) as a class on some sensible compact subspace of M.
Because M is a finite volume hyperbolic manifold, it admits a compact core N C M which is the
complement of the disjoint union of finitely many cusps Ei, ..., E (cf. Corollary 1.6.5).

We now get the following long exact sequence in bounded cohomology (cf. section D.3 in the
appendix)

.= HY WM — N) — Hy(M,M — N) — H3(M) = Hy(M = N) — ...

Our goal is to establish, that the map in the middle Hy (M, M — N) — Hg (M) is an isomorphism
allowing us to interpret p*(w’) € H% (I, R) & H}*(M) as a class in H*(N,0N) = H(M,M — N);
recall that singular bounded cohomology is a homotopy invariant (cf. section D.3). We have

and each cusp F; is homeomorphic to V; x R, where V; is a compact euclidean manifold. By
Bieberbach’s Theorem 1.6.7 each V; is finitely covered by a torus and hence has a virtually abelian
and therefore amenable fundamental group m1(V;) (cf. Proposition C.1.7). Again by Corollary
I1.3.12 we have Hp (E;) = Hp (m(V; x R)) = Hy (m1(V;)) = 0 and hence

k
Hy(M — N) = Hy(Ui_,E;) = P Hy (Ei) = 0.
=1
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Therefore we really get an isomorphism in the middle and may interpret p*(w’) € H(N,ON).
Applying the comparison map ¢ : Hy'(N,0N) — H"(N,0N) and evaluating on the relative
fundamental class [N,0N]| € H,(N,0N) then gives the definition of the volume of p

Vol(p) = {c(p*(wp), [N, ON]).

Since any two compact cores are homotopically equivalent this definition does not depend on the
choice of N. It clearly coincides with the one for compact M, since the middle map is then simply
the identity due to N = M.

The case of torsion-free I' < GT being settled, we only need to define Vol(p) in the case that
I' has torsion. By Selberg’s Lemma we can find a torsion-free subgroup A < I' with finite index
IT": A] < oo (cf. Proposition 1.4.21). We now set

Vol(p) := W

However this is apriori not well-defined, since it seems to depend on the choice of the finite-index
torsion-free subgroup A < I'. The next lemma will show, that the definition is indeed independent
of the choice of A.

Lemma II1.2.1. Leti: A’ — T be a torsion-free subgroup and j : A — A’ a torsion-free subgroup
of '. Then
Vol(poioj)=I|A:A| Vol(poi)

It follows that Vol(p) is well-defined also for non-torsion-free I.

Proof. By definition we have
Vol(poioj) = ((coj*oiop*)(wp), [Na,ONA)

where [N, 0N] is the fundamental class of a compact core N of M = A\H".

Let p: A\H" = M — A’\H" = M’ be the canonical |A : A’|-sheeted covering map. As we have
already seen the pullback j* : HY (A,R) — H, (A, R) is realized in singular bounded cohomology
by the pullback via p, that is p* : H'(A"\H",R) — H}(A\H",R) (cf. Corollary II.2.36). Further
the pullback commutes with the comparison map by definition and hence

((cop®oi*op*)(wp), [N,ON]) = ((p" 0 coi* o p*)(wyp), [N, ON]).

Using the fact that p : M — M’ is a locally isometric covering one easily verifies, that p~ (M, [’ . OO)) -
M. ), where ¢ is smaller than the n-th Margulis constant (cf. section 1.6). This implies, that
M! - p(M[E’OO)). Let us further choose 0 < € < &, so small that a compact core of M resp. M’

[£,00)

deformation retracts to M, ) resp. M [’ c100)" We may now find two compact cores M|, oy C N C M
and M[la,oo) C N’ ¢ M’, such that
M[’&OO) C p(Me o)) CpP(N) C N’
For such N and N’ we get a homotopy equivalence of pairs (p(N),p(ON)) — (N’,0N’) and thus
we may think of p as a map from (N,IN) to (N',0ON").
We now compute

<(COj* 0i* op*)(wfl), [N,@N]> =
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where we have used that the degree of a covering map is the number of its sheets. The last line is
equal to |A : A’| - Vol(p o i) and we have proven the assertion

Vol(poioj)=|A: A -Vol(poi).

Let us now conclude that Vol(p) is well-defined. For that let iy : Ay < I" and iz : Ag — I be
two finite-index torsion-free subgroups. It is a basic algebraic fact, that we can find a common
torsion-free subgroup of finite index A < Ay, Ay with canonical embeddings j; : A — A;(i = 1,2).
Since A is a common subgroup we clearly have that i1 o j; = i3 0 js. Using the just proven relation
we obtain

Vol(p|a,)  Vol(poii)  Vol(poijoji)
IAr:T]  |A:T]  JA:Aq|-|A: T
_ Vol(poizgoja)  Vol(pois)
A As| - |Ae T [Ag: T
_ Vol(pla,)
Ay T

We used in the equality from the first to the second line the fact that

A Ap|-|A:T|=|A:T|=|A:Ag] - |A2 : T

111.2.2. Transfer Maps and Relative Cohomology

Before we can show some properties of Vol(-) we need to introduce the so called transfer maps in
cohomology. There will occur several of these maps in the following depending on which cochain
complex we are considering, but they all follow essentially the same idea of orbit averaging. The
upshot is, that they all "behave well” and commute in a sense that is specified in Proposition I11.2.6
and its proof.

In an exception to the rest of this chapter we keep the notation of the definition of Vol(-) here.
That means I' < G is a torsion-free lattice subgroup and p : I' — G a representation, i.e.
a (continuous) homomorphism. Further we denote by M = I'\H" the finite volume hyperbolic
quotient manifold and by N C M a compact core of M. That is N is a compact submanifold of M
with boundary and its complement M — N is the disjoint union of finitely many cusps E1, ..., Ef.

The Transfer Map transr: H3 (I',R) = H3 (G, R;)
We define the transfer map at the cochain level as a map
transp: qu — FqG

where Fj, is one of Cp((H")9TL, R), Lo°((H")4+1 R), L®((OH")?1 R) or L>®°(G9TL, R) (the defini-
tion will be the same in all cases). For ¢ € F, qF we set

transr(c)(zo, . .., xq) = /F\G e(g71) - elgzo, - - -, gzq) du(d) (IIL.1)

where g is the invariant measure on I'\G normalized such that p(I'\G) = 1. Note that this
construction is only possible because I' is a lattice and hence admits such an invariant probability
measure.
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Proposition II1.2.2. The map transr as above is well-defined and induces a map in cohomology
transp: Hy(I',R) — H3(G,R;)
which is norm non-increasing and a left-inverse of i*: HY(G,R.) — H3(I',R), i.e
transp o 7" = id

Remark II1.2.3. Transfer maps play also a role in the broader context of continuous bounded
cohomology as left-inverses of pullbacks. For more details we refer to [Mon01].

Proof. Let ¢ € Nyg. We check that transr is indeed well-defined. This encompasses several steps.
First, we need to see, that transr indeed maps into the prescribed spaces. We will only show this
for transr : Cp((H™)?, R)T — Cy((H™)9T!,R.)C. The other cases can be treated similarly.

Let ¢ € Cp((H™)4+ R)Y'. We want to show, that transp(c) is indeed continuous. This will follow
from the theorem on parameter integrals as it is treated in any textbook on Lebesgue integration.
For that consider the map

F:(HY™ xI\G =R

given by
F((‘T()a s 7517q)7g) = g(gil) : C(g(lfo, e Jqu)

for every (zq, ..., z4) € (H")9*1, g € T\G. This function is clearly well-defined, since ¢ is I'-invariant
and I' < G such that also ¢ is I'-invariant. Moreover one readily checks, that it is measurable
in the second argument for every (o, ...,7,) € (H")9™! and continuous in the first argument for
every g € I'\G. Finally

[F (2o, - -5 2q),9)| = |e(g0, .-, gq)| < el < 00

for every (wg,...,z,) € (H")? ¢ € T'\G. This shows that it is also integrable for every
(zo,...,74) € (H")?™! as I'\G has finite measure and that there is an integrable upper bound
given by the constant function h : I'\G — R, g — ||c||. From the theorem on parameter integrals
we deduce that transp is indeed continuous.

transp(c) is also bounded as one computes directly:

/ @) - el dg) du(e)| < / lell du@) = llel (111.2)
NG NG

for every (zo,...,zq) € (H")9*1 because of the normalization u(I'\G) = 1.
We now check, that transp(c) is in fact G-equivariant, i.e. transp(c) € Cy((H")4! R.)¢. This
follows from the invariance of the measure y as we may compute

(g - transr(c))(zo, ..., xq) = €(9) tranSF(g Y20,..., 9 2y)
:/r\c (99 o, -+ 99 wq) dp(g)
:/r 1) elggT o, 997 wg) dpu(g)

— [ ) g g du()
G
= transr(c)(zo, . .., Zq)

for every (zg,...,zq) € (H")?"1, g € G. Hence transr is indeed G-equivariant.
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Let us now show, that transp : qu — FqG is indeed a map of complexes, i.e. commutes with the
homogeneous coboundary operator. This follows from the next direct computation.

g+1
(dtransp)(zo, . .., 2g41) = 3 _(—1)'transp(c)(zo, ..., &5 - ., Tg41)
=0
q+1 ‘
Z/ (g Z(—l)zc(gxow--79$i—17gﬂfz‘+1,~-agxq+1)d,u(g)
NG i=0
= transr(dc)(zo, . . ., Tg4+1)

We need to see that all these definitions for the various possible Fj, result in the same map in co-
homology. We will use the concrete isomorphisms from Proposition 11.3.13 to H®(L>® (G4t R, )H)
where H =T or G and m = 1 or ¢ respectively. As an example we will show, that the following
diagram commutes

trans
LOO(G.J’_I,R)F r LOO(G.+1,]RE)G
Pl Pk
transr

LOO((Hn).+17R)F LOO((Hn).+1,R8)G

All other different possibilities for F;, are treated in the very same way and the computations are
almost identical. Let ¢ € L®((H")7 )T (go,...,g,) € G9! and x € H". Then we have

tmm@mmwmuya=Awdf5mmmwwng%mmm
:/)dQHﬂWM~wM@W@
NG

On the other hand

Pk (transr(c))(go, - . . , g¢) = transr(c)(gox, . .., ggx)

_ / e() - e(ggot, . ., §9g) du(§)
G

which shows that they coincide and that the above diagram is commutative. Hence all definitions
of transp result in the same map in cohomology.

Finally we need to check, that transr is norm non-increasing and a left-inverse of the pullback
i*: HY(G,R.) — H%(I',R). Because all discussed resolutions yield isometrically isomorphic coho-
mologies, we may work in any of them to check, that the map transr is norm non-increasing. We
use Cp((H")**1 R), because we have already computed the estimate (II1.2), which shows that the
transfer map transp : Cy((H")*1, R)T — Cy((H")*+1,R.)® is norm non-increasing at the cochain
level. It now follows for the cohomology

[[transp ([c])[| = inf{|[f]] - f € [transr(c)]}
< inf{|[transp(c)|| : ¢’ € [¢]}
< nf{¢] : ¢ € [d])

= [l
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for every [c] € H®(Cy((H™)*T!,R)), i.e. transr is also at the cohomology level norm non-increasing.
The pullback i*: H3(G,R.) — H3(I',R) corresponding to the canonical inclusion ¢ : I' — G is
given at the cochain level by the inclusion

v (G R — (G R)Y

as we have already shown in Corollary 11.2.35. Let ¢ € L>(G**!,R.)“. Then

transp ((0))(go, -~ 9¢) = [ (@) - c(dgo, - - -+ G9q) di(§)

fo
= / c(90, - -+ 9q) dpu(9)
NG
= C(g[)a e 7gq)
for every (go,.-..,gq) € G411, because ¢ is G-equivariant. This already shows at the cochain level,
that transr is a left-inverse of the pullback. O

The Transfer Map 7gr: H*(N,0ON) — H2(G,R.)

A similar transfer map can be given from H®*(N,0N) to H?(G,R.). Recall that by homotopy
invariance H*(N,0N) = H*(M, M —N) and by de Rham’s theorem H®*(M, M —N) = H3, (M, M —
N) (cf. Theorem D.4.2). By lifting forms along the universal covering 7 : H” — I'\H" & M we can
further identify H3x (M, M — N) = H*(Q*(H", U)"), where U = 7~1(M — N) is a disjoint union
of horoballs.

Let ¢ € Ng. We define the transfer map at the cochain level by sending a differential ¢-form
a € QIH", U)Y to the form transqg () € Q*(H",R.)Y which is given pointwise by

transggr (o) (vi, ..., vq) = /F\Ga(g_l) (g ) (v, ..., vg) du(g)

for every z € H" and vy,...,v, € T,H". Here p is again as in (IIL.1).

Remark II1.2.4. In fact one can use a more abstract integration theory for functions with values
in a LCTVS to define the transfer map directly as

transqr () = /F\G 6(9_1) (g% a) dp(g)

However the result would be the same as for our pointwise definition as above, which is why we
prefer our basic approach.

Proposition II1.2.5. The map transqg : Q°(H", U)T — Q*(H",R.)C is well-defined and induces
a map in cohomology Tqr via the following diagram

transqr

H*(Q*(H", U)") H*(Q*(H",R.)%)
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where the left vertical arrow is the previously discussed identification and the right vertical arrow
denotes the van Est isomorphism.
Moreover we have

transqr (W on) = w, € QU(H", R = H(G,R,)

where wy oy € H"(M,M — N) is the unique class with (wnan,[N,ON]) = Vol(M) and w, the
hyperbolic volume form. In particular Tqr is an isomorphism in top degree.

Proof. First we want to see that the map is well defined, i.e. the integral exists and defines a
G-equivariant differential g-form.

Let ¢ € Np, o € QI(H™, U)'' € Q4(H") and let Vi,...,V, € V(H") be smooth vectorfields on H".
Denote by F : T\G x H" — R the map given by

F(g,2)=e(g7") - (g a)(Vi(), ..., Vy(2))

for every g € T'\G, x € H". Note that this map is well-defined, since « is I'-invariant and ¢ is too
as [ < GT.

Clearly the map is smooth, since it lifts via the covering G x H" — I'\G x H" to a smooth
function; note that the given map is a covering, since I' acts freely and properly discontinuously
on G x H". We want to apply the theorem on differentiable paramter integrals to deduce that the
integral exists and defines in fact a smooth function. Let U; C H" be a sequence of open subsets
such that

U; C U4 is compact for every i € N and U U, = H".
1€EN
We will show, that transqr («)(Vi, ..., Vy) is smooth on Uj; for every ¢ € N. Let i € N. By identifying
Q(M,M — N) = Q*(H",U)" we see that F(g,z) = 0 if n(gr) ¢ N C M. By Proposition 1.4.8 the
map ¢ : I'\G x H" - M x H" | (¢,z) — (7(gx),x) is proper and thus the set

Ci={gel\G:3zeU;st. n(gr) € N} =pryyp Y (N x Uy)

is compact. Therefore the integral is already realized by integration over C; for every x € U;:

transar (@) (Vi (@), ..., Vi(a)) = / F(g,2) dp(g)

i

By smoothness of F it now follows easily, that every derivative is uniformly bounded on U; C U;.
The theorem on differentiable parameter integrals implies, that transqr(a)(Vi,...,V;) is indeed
smooth on U;. Because i € N was arbitrary, we get that transqr(a)(Vi,...,V,) is smooth on H".
It is clear, from the definition that transqg(a), € AltY(T,H") for every x € H". In summary
transqr (a) is a differential g-form.
An easy computation shows, that it is also G-equivariant. Indeed, let z € H", vy,...,v, € T,H"
and g € G, then

g) - ((g_l)*transt(a))(vl, Ce )
g)- transt(a)(dgfl(vl), . ,dgfl(vq))

— / (G0 - (G~ ) (vns - . vg) du(d)

(g - transgr(a))(vi,...,vq) =€
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Moreover transqr is a morphism of complexes, i.e. commutes with exterior differentiation. The
key point is that we may differentiate under the integral by the theorem on differentiable parameter
integrals. We will use the invariant formula for the exterior derivative of a g-form

da(‘/bv?%):Z(_ )lv( (‘/077‘7177‘/;1))

+Z D™ a([Vi, Vi), Vos oo Vi ooy Viy o V)

1<j

for all Vp,...,V, € V(H"), where a hat indicates omission of the variable underneath (cf. [Leel3,
Proposition 14.32, p. 370]).

(dtransqr (o)) (Vo, .. ., V) = Z(—l)iVi <transt(a)(V0, Vi vq))

+ 3 (=D transar (@) ([Vi, Vi, Vo, -, Vi, Vi, V)

i<j

:Z(—l)iv; (/F\Ga(g DG @) (Vos- -y Viy oo, V) du(g )

+y (=) (/F\Ge@l)(g*a)(m,w Vo, Vis oo Vg -%)du(g))

1<J
- /F\G (6(91);(—1)1% ((g*a)(vo, o Vi .,vq))
+ 3 (-1)ite (*a><m,va],vo,...,xz,...,v;.,...,vq)>dﬂ(g)
1<j

On the other hand

(transar(da)) (Vo, . ., Vi) = / T ) V) )
- / @) (3 a) (Vou .., Vi) dpu(3)
uve,

_ /F . <5<g—1> SV (70 Vo Vi, V)

)

+) (-1)e (*a)(m,m,vo,...,xz,...,vj,...,vq)>du(g)

1<j

This shows that dtransqr = transqrd as asserted.

Finally we need to show, that transqr(wyon) = wn Where wy gy is the unique singular coho-
mology class such that (wyan, [N,0N]) = Vol(M). First of all we may represent wy gy by the
cohomology class of a top form in Q" (M, M — N). The volume form v,, on M is a nowhere vanishing
top form on M and hence we may write the representative of wy N as f - v,, where f : M — R
is a smooth function vanishing on M — N. Lifting this form via 7 : H® — M = I'\H" yields
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7*(f - vp) = fom-wy. Therefore we are left with the following computation. Let x € H" and
Vly.n.,Up € T,H™.

transqr (f o 7 - wn)(v1, ..., vn) = /F\Ge(g_l) g (fom-wn)(vr,. .., vn)dp(g)

= [ fln(gz)-e(g™h) - (G wn) (VL. va) dp(g)

NG

= f(m(gz)) - wn(vis. .., vn) dp(g)
NG

= f(m(gz)) dp(g) - wn(vi, - .., vn)
NG

where we have used the fact, that w, € Q"(H",R.)® is G-equivariant.
Denote by K = G, the stabilizer of © € H". Note that we can normalize the Haar measure x on

K such that
/F P ) = /F » /K (k) dis(k) du(g)

for every ¢ € C.(I'\G), where v corresponds to the measure on I'\G/K induced by the volume form
vy, on M under the identification I'\G/K — M,g — m(gz) (cf. Lemma A.4.11 and Proposition
1.4.11, or [Rat06, p. 574]). Because pu(I'\G) = 1 and v(I'N\G/K) = Vol(M), we compute the
normalization constant via

-/ L) = / o [ 1wk dutg) = w(K) - Vol()

Hence we have to choose the unique Haar measure on K, which gives x(K) = Vol(M)~!
Now we compute

Fn( //f (gha)) di(k) do(g)

K)- / F(r(ga)) do(g)
= Vol(M / F(y) dvly

G

= Vol(M)~! [ vn
M
=Vol(M)™ ' [ f-u,
N
= VOI(M) <wNaN, [N GN})
=1
where we have used Lemma D.4.3.
This shows, that indeed
transqr (W on) (U1, - -+, Un) = wp(V1,. .., Up)
Because x € H" and v, ..., v, € T,H"™ were arbitrary, the assertion follows. ]
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Commutativity of the Transfer Maps

The following proposition shows, that the previously defined transfer maps actually commute with
the comparison map.

Proposition IT1.2.6 (cf. [BBI13, Proposition 3, p. 12]). We have the following commutative dia-

gram
H (', R)
HS(N,ON) H2,(G,R.)
C BC
H*(N,0N) — %, g*(G,R.)

Proof. In order to prove the commutativity of the above diagram we will decompose it into smaller
diagrams. We will try to motivate this approach. A sensible first step would be to understand the
composition

~

-~ & o~ transr
Hg(N,@N) > Hg(M,M —N)— Hg(M) _ Hgb(I‘,R)

Hgb(G’ RE)

Here the first isomorphism Hp (M, M —N) = Hy (M) is given by inclusion at the cochain level. We
already have several concrete expressions for transp such that we are left to understand Hy (M) =
H$ (T, R). Recall that HS (M) = H*(Sg(H",R)") via the pullback along 7 : H" — M (cf. Corollary

I1.3.12). Our goal is to construct an isomorphism
H*(Sp(H", R)") — H*(L®((H")**', R)")

at the cochain level. Because both (e, Sp(H™, R)) and (e, L>°((H")**1,R) are strong augmented
resolutions of the trivial module R by relatively injective Banach I'-modules, it will be enough to
give an extension of the identity id : R — R between those resolutions (cf. Lemma I1.2.15).

For 1 < j <k, pick a point b; € Ej; in each cusp of M and by € N in the compact core. We define
the map 8 : M — {bg,b1,...,b;} as the (measurable) map sending every point in N to by and
every point in each cusp E; to b;. Now we lift 8’ to a map 8 : H* — 71 ({bg, b1,...,bx}) C H?
as follows. Choose points l;j € n1(b;) for every j = 0,1,...,k. Further choose a (measurable)
fundamental set D; > l;j for the I'-action on w_l(Ej) for each 7 = 1,...,k and — similarly — choose
a fundamental set Dy 3 by for the T-action on 7~ (N). Now define S(vD;) := ~b; for every v € T.
In particular 8 maps each horoball 7=1(E;) into itself.

This gives rise to the map

B*: S{(H",R) — L®((H")?T,R)

defined by

B*(c)(zo, ..., xq) := c(str(B(zo), ..., B(zq)))
for every (zo,...,z4) € (H")7TL. In fact 3* is the extension we were looking for as the next lemma
asserts.
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Lemma II1.2.7. The above map B* is a I'-morphism of complexes extending id : R — R between
the resolutions (e, Sy(H",R)) and (e, L((H")**1,R)). In particular it induces the isomorphism
H*(Sp(H",R)") =2 H*(L®((H")*+ R)").

Proof. Let ¢ € Ny. It is immediate, that £* is linear and continuous. In fact ||*(c)|| < ||¢| for
every ¢ € S} (H",R).
Further it is a I'-morphism because

’}/'(5*6)(1'0,..., ) /B*C)(’y 11‘07"')’7_11‘61)
( (ﬁ(r}/ I'O), ..75(7_1'1:(1)))
(str(y ' B(x0), v Blwy)))
C(FY* 1Stl'( ( )? 7/3<$Q)))
(v Hre)(str(B(x0), - - -, B(x4)))
=B"(7 - )(xo, .., 2q)

for every ¢ € SH(H",R) and all (zo,...,zq) € (H")4H,

Finally it is completely straight forward to check, that it is indeed a morphism of complexes and
an extension of id : R — R. We leave out the details here and refer to a similar computation we
made in section I1.3.1 for the van Est isomorphism. O

~~

str

Il
o

Il
o

Due to what we have said before the composition

o t
HI(N,ON) ——— H% (T, R) T

H? (G,R.)

is given at the cochain level by the map
trans, = transp o B : SY(H", U)" — L®((H")?™, R.)C
That is
transy(c)(zo, ..., 2zq) = /F\G e(g™h) - (B*e)(gzos - - -, g2q) dua(g)
for every ¢ € SHH",U)" and all (zo,...,z4) € (H").
The above transfer map is also defined on the ordinary singular cochain complex
trans : SY(H", U)T — C((H™)H, R,)C

by the very same formula, namely

trans(c)(zo, . .., zq) 1= /F\Ga(gl) (B c)(gxo, - - -, gzq) dp(g)

for every ¢ € SI(H",U)" and all (o, ..., Tq) € (H™)a+t.

Lemma IIL.2.8. The above map trans : SIH",U)T — C((H")9T,R.)E is well defined and
induces a map in cohomology. Moreover transy, : Sf(H", U)' — L°((H")?H!, R.)Y ranges actually
in Cyp((H™)9T, R and we have the following commutative diagram

transy

SHH™, U)T Cy((H™)TH R

trans

Sq(Hn,U)F C((Hn)Q+1,R5)G
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where both vertical arrows are the canonical inclusions, i.e. induce the comparison map in coho-
mology.

Proof. Let ¢ € SI(H", U)'.

Intuitively speaking the reason for our gain in regularity is the fact that 5*c is locally constant
almost everywhere. Indeed, observe that 3 : H® — H" is locally constant on 7~ !(M — ON), such
that also

Br(e) (o, - .., xq) = c(str(B(x0), - - -, Blxq)))
is locally constant for (zo,...,z,) € 7 (M — ON).
Now let (z,...,24) € (H")?! and let {(:Jc(()j), e ,l‘gj))}jeN C (H™)4*! be a sequence converging
to it. Consider the set
L:={ge\G:7(gx;) e M —ON Vi=0,...,q}
U{geT\G:n(gz?) e M—ON VjeNVi=0,...,q}

We claim that it has full measure. The complement is

= J{g € "\G : n(gz;) € ON}

=0

UU Ut eT\G i m(3al”) € 0N}

=0 \jeN
U ~“L(ON)U U U (])
i=0 =0 \jeN i

where ¢, : I'\G — M, g — ©(gy) for some y € H". By Proposition 1.4.11 a subset A C M is a null
set if and only if ¢, '(A) C I'\G is a null set. Therefore £¢ is indeed a null set as the countable
union of such; recall that ON is the finite union of codimension one submanifolds and hence a null
set.

In summary we get, that the functions

Fi(9) ==e(g™") - (8%) (g, ..., g2))
converge pointwise to the function
F(g) =e(g™") - (B*¢)(gao, - .. gvg)

for every g € L, i.e. almost everywhere.
In order to see, that also

[ m@aw -~ [ F@a
e NG

as j — oo, which is nothing but the continuity of trans(c) at (xg,...,z,), we want to apply
Lebesgue’s dominated convergence theorem. Therefore it will be sufficient to find an uniform
upper bound on the values of |Fj| for all j € N. In fact we will show, that they adopt only finitely
many values.
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Set
D := max{sup max d(zg 2 (J)), max d(xg,z;)} < oo
]GNZ 7 -q 1:17"'7q
and consider the compact D-neighborhood Np of N in M. Let j € N, g € I'\G and suppose that

(g:c( )) € E;— Np is in one of the cusps outside the D-neighborhood of N. Then also W(gx( )) €E

for all ¢ = 1,...,q. Furthermore for every v € I' the points ygxm e ,'yga:((l 7 are all in the same

horoball over F;. This implies that also v 3 (g:L‘(() )y sV (g:nq ) are in the same horoball over Ej.
Because horoballs are convex, the entire straight simplex ystr(ﬁ(g:z((f )), e B(g:ngj ))) lies in the
same horoball over Ej which is in turn contained in U. Thus Fj(g) vanishes for all j € N, g e I'\G
with W(gxéj)) € M — Np. This implies that

U{geD\G: Fi(9) #0} € | J{g € N\G : w(ga§) € Np}

JEN jeN
Cpryy~ ' (Np x C)

where C' := UjeN{x(()])}U{xo} C H" is compact and ¢ : T\G xH" — M xH", (¢,y) — (7(gy),y) is
a proper map (cf. Proposition 1.4.8). Because Np x C is compact so is K := pryy~'(NpxC) C I'\G.

Because the quotient map r : G — I'\G is a covering and K is compact there is a compact set K/ C
G such that r(K') = K. Consider now the compact set C' = UJGN{(;I:0 ,...,xg]))}u{(xo, coTg)}
and the continuous map A : G x (H?)?*! — (H")%+! given by the diagonal action of G on (H")7+!,
By I'-invariance of ¢ and the definition of F} it is clear that all possible values of all |F}| are at
most all the possible values of |3*c| on the compact set Q := A(K’ x C') C (H")?"!. By definition
of f*c the number of these values is bounded from above by the number of intersections of () with
the elements of the decomposition

{710Diy x -+ x 4Dy, tig,...,iqg €{0,....k},70,..., 7 €T}

of (H™)9+1. It is easy to see that these can only by finitely many because @ is compact.

The maximum of all these finitely many values is now an uniform upper bound for all |F}|. By
Lebesgue’s dominated convergence theorem the continuity of trans(c) follows.

It follows immediately from the G-invariance of u on I'\G, that trans(c) is G-equivariant as we
have already seen in the case of the two previous transfer maps. Further it is easy to check that
trans : S*(H™, U)'' — C((H")**!,R.)¢ is indeed a morphism of complexes, i.e. commutes with
the coboundary operators, and thus induces a map in cohomology. We omit the straightforward
computations.

Now let ¢ € SI(H",U)" be a bounded invariant singular cochain. Because S{(H",U)" C
S4(H",U)", it follows that transy(c) = trans(c) is continuous. All that remains to be checked
is that transy(c) is indeed bounded. We do so by the following short computation.

[transy(c)(zo, . .., zq)| < /F\G |(B%¢c)(gzo, - - ., gxq)| dp(g)

< / le(str(B(3zo), -, Blgzq)))| diu(g)
NG

< |lcll

This concludes the proof. ]
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However we already have another transfer map 7qr : H*(N,0N) — H?(G,R.) by Proposition
II1.2.5. Summarizing this in a diagram in cohomology we get

Hc’b(l“, R)
- transr
. transy R
Hb (N,@N) ch(G,Rg)
c trans c
H'(N,@N) H;(G,Rs)
v TdR P
transqr

H*(Q*(H", U)") H*(Q*(H", R:))

where ¥ is the de Rham isomorphism and @ is the van Est isomorphism.
All that is left to be proven, is that trans and tqr are the same map in cohomology.

Lemma II1.2.9. The maps trans : H*(N,ON) — H?(G,R.) and 7qr : H*(N,0ON) — H2(G,R,.)
are identical.

Proof. Let g € Ny.

By definition of 7qr in Proposition I11.2.5 we have that ® o transqg = 7qr © V¥, i.e. the lower
square in the above diagram commutes for 7gg. Because ® and ¥ are isomorphisms we are done,
if we can show that also ® o transqg = trans o V.

First we will investigate both sides at the cochain level. Let a € Q4(H", U)! and o, ..., z, € H".
Then

trans(¥(a)) (o, - - ., 24) = /F\G e(g™") - W(a)(str(B(gmo), - - -, B(gz,))) dp(g)
_ - -1y al dut
/r\cg(g ) </strw(gmo>,...,ﬁ(gxq>> ) Ho)

On the other hand

O (transqr (o)) (xo, ..., xq) = / transgg (o)
str(zo,...,Zq)

- / - ( /F BECRRER du@)

= / (/ e(g71) - (str(wo, ..., 2g)* ¢ ) (0/Ot1, . ..,0/0t,) d,u(Q)) dty ...dt,
A \Jr\a

= /F\G e(g™h) - </Aq(str(wo,...,$q)*g*a)(8/8t1,...,8/8tq)dt1...dtq> du(g)
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N /F\G S0 (/(]*str(mo,...,wq) a) 4(9)
N /r\c S0 </str(gx0,...,gxq) a) 4(9)

where we have used Fubini’s theorem from line three to line four.
Let us now assume that da = 0, i.e. « is a cocycle representing a cohomology class. We claim
that the function f : (H™)? — R given by

-1
faoseerg) = 3 (1 [ =) ( / a) aut9)
i—0 NG str(B8(9xo0),---,8(4%:),9%4 5., gTq—1)
for every (zg,...,z4-1) € (H")? is in C((H")?, R.)¢ and for its coboundary we have
df = ®(transgr(a)) — trans(¥(«)) (II1.3)

This will readily imply our assertion, that trans and 7yg give the same map in cohomology.
One can easily modify the argument used in Lemma II1.2.8 to show that f is indeed continuous.
We leave out the details here. It is also easy to show, that f is G-equivariant. Indeed

(g~ N)zo, - x4-1)
q—1
= (—1)1/ e((gg™H)™h) - (/ a) dp(9)
i—0 NG str(B(9g~"w0),-B(99 ™ ®:),99™ 45,99 wg—1)
1

q—
S ICIYETE ( / a) au(9)
i—0 NG str(B8(gxo0),---,B8(4%:),9%i .-, gTq—1)

:f xo,...,xq_l)

for every g € G, xo,...,24—1 € H", where we have used the right-invariance of ;1 again.

Thus we are left to prove relation (II1.3). The proof of this is analogous to our proof of relation
(I1.8) in Proposition II.3.20.

We will adopt the following abbreviated notation

T(yo, - 4g) = () (Yo, - ) =/ a

str(yo,..,yq)

for all yo,...,y, € H". Using this notation we can write
D(transan (2) (@0, - ., 7q) = / T TG gt

trans(¥(0)) (2o, ..., ) = / T T, Bl )

qg—1
Flaveevgn) = 31 [ T TG0 B g ) )
i=0
for every xo,...,z4, € H". Note that

dT)(yo, - - - Ygr1) = d®(a)(yo, - - -, Yqr1) = D(da)(yo, ..., yq) =0
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II1.2. The Volume of a Representation

for all yo,...,yq+1 € H", since « is closed. Thus

= Z(_l)i /F\G g(g_l) : { Z (_1)jT(/6(gx0)’ cee B(ng—l)’/g(ng-ﬁ-l)v s ,B(g:{}z),g:cl, ce 7g$Q)

Jj<i—1

0
()T (B0, ., BGin), i . Gy)
+( 1)Z+1T( (g.%'(]) --,B(gxi),g$i+1,---,gxq)
# X (PTG B0 G G255 d0) | Al
1+2<j
-/ DY {T(ﬁ(gmo), e BlG)s G5 Gt G0)
—T(ﬁ(gxo»...ﬁ(gxi),gxiﬂ,...,gwq)}
+Z<—1>i{ > (CVIT(B(G0), - - BGTj-1), BG4, - - - BGTi), G - - - GTq)
i=0 j<i—1

+ Z (_1)]T(/8(gx0)’ ceey B(Q-Tz),gﬂfz, cee 7958]'—2’9:6]" s 7g‘rq)} dlu’(g)
— [ G T e dn@) ~ [ TEGm0). - Bg,)) )
NG NG

q
+ /F \Gs@rl) : Z(—l)"{ > (—IT(B(gx0), - - BlgTi1), Bg41); - - - B(§24), Gy - - -, Gq)

i=0 j<i—1

+ Z (_1)]T(/8(gx0)7 EERR) B(gxl)vgmw cee 7ng—27ng’ s 7gxq)} d:u’(g)

for all zg,...,zqy € H", ie
O (transqr(a))(xo, . .., xq) — trans(¥(«a))(zo, . . ., zq)

= — /F\Gf(gl) . Z(_l)l{ Z (—1)jT(ﬂ(g$0), - ,ﬂ(ng_l),ﬁ(ng+1), .. ,B(gml),gajl, . ,gxq)

i=0 j<i—1

X TG0 B0 G G2t d) | )

q
:/ 5(9_1)'2(—1)2{ > (—T(B(Gwo), - - B(GEi1), BGTi41)s -5 BGT), Gy -5 GTg)
e i=0 j<i—1

+ Z (_1)JT(6(91‘0)7 s 7/8(9331),9%1, s 7g$j—l7ng+17 s ,gxq)} dﬂ(g)

On the other hand

q
(df LQOye-oy X Z jf 330, . ,.Tj,1,$j+1,...,$q)

Jj=0
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:/F\GE(gl) Z(_1>]{ Z (—1)iT(5(g':co),...,B(Qxi),gxi,...,ga:j_l,g:cj+1,...,gxq)

0<i<j—1

+ Z (_1)iT(ﬁ(g$0)v v 7/6(ng—1)7 ﬁ(ng+1)) EERR) ﬂ(gl‘i+1),gﬂ?i+1, cee 7ng)} dﬂ(g)

J<i<q—1

— /F\G 5(9_1) . ;(_1)3{ Z (—1)ZT(5(Q$0), - ,ﬁ(g.%’z), gxi, - ,g:tj_l, ng+1, .. ,gxq)

J 0<i<j—1

+ Y (=D)TIT(B(gro), - -, BlgTi1), BgTi), - -, B(GE), Gy - ,gxq>} dp(g)

j+1<i<q
for all zg,...,x, € H".
A quick comparison of both double sums under the integral shows, that they contain precisely
the same summands with the same sign. This concludes the proof. O

Therefore we have also proven Proposition II1.2.6.

O]

111.2.3. Properties of Vol(-)

After these preparations we can now deduce some properties of the volume of a representation. We
will from now on work with the hypothesis of the volume rigidity theorem III.1.1. These are the
same as in the previous subsection except that I' is not necessarily torsion-free anymore. In order
to remedy this, we will frequently use the fact, that we may find a torsion-free subgroup of finite
index in I' (cf. Proposition 1.4.21), and that the volume of a representation is multiplicative with
respect to taking finite index subgroups.

Let us start with a "normalization” lemma. It shows, that for lattice embeddings the volume is
equal to the volume of the corresponding quotient (orbifold).

Lemma IT1.2.10 (cf. [BBI13, Lemma 2, p. 15]). Leti: T — G < G be a lattice embedding. Then
Vol(i) = Vol(M)
where M = i(T')\H" is the quotient and Vol(M) refers to the quotient measure v/ur.

Proof. Both sides are multiplicative with respect to finite index subgroups (cf. Theorem 1.4.20), so
we may suppose without loss of generality that I' is torsion-free. By definition we have

Vol(M) = (wn,an, [IV,ON])
Vol(i) = ((¢oi*)(wp), [N, ON])

The desired equality would thus clearly follow from wy gy = (co i*)(w?). Because the transfer map
Tar : H"(N,ON) — H(G) is an isomorphism in top degree it is enough to check that

Tar(WNoN) = (Tar 0 coi*)(Wh)

But as we have already seen in Proposition II1.2.5 Tqr(wn,on) = wy. Using the commutativity of
the diagram in Proposition II1.2.6 and the fact that transr is a left inverse of ¢* we calculate the
right-hand-side

b

(Tar © ¢ 0 i) (w?) = (c o transy 0 i*)(w?) = ¢(wl) = wy

This concludes the proof. ]
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II1.2. The Volume of a Representation

We know by Proposition 11.3.29, that H}j(G,R.) is generated by w?. Further the transfer map
transp : H3(I,R) — HJ(G,R.) is a left-inverse of the pullback i* : H}(G,R.) — H}(T',R)
induced by the canonical inclusion i : ' - GT < G, i.e. transp o * = id. But what happens if
we replace i* with the pullback p* along some other representation p : I' = GT < G? The next
proposition gives an answer to that question.

Proposition I11.2.11 (cf. [BBI13, Proposition 4, p. 15]). The composition

P trans
R H"(G,R.) (T, R) L, H%(G,R,) =R
is equal to A - id with
Vol(p)
A=
Vol(M)
and |\ < 1.
Proof. As the quotient
Vol(p)
Vol(M)

is invariant by passing to finite index subgroups (cf. Theorem 1.4.20), we can without loss of
generatliy suppose that I is torsion-free. Since H} (G, R.) is generated by w? we get a real number
A € R such that

(transp o p*)(wl) = X - w? (I1L.4)

n
Applying the comparison map ¢ we get

(cotransr o P*)(WZ) =\ c(wﬁ) =X wyp =X Tqr(wnonN)

By the commutativity of the diagram in Proposition II1.2.6 the first expression is equal to (7gr © ¢ 0 p*)(w

Since 7y4R is injective in top degree, we get
(cop™)(wh) =X wyon
Evaluating on the fundamental class we obtain
Vol(p) = ((co p*)(wp), [N, ON]) = A (wn,on, [N, ON]) = X - Vol(M)
In order to estimate the absolute value of A we simply take norms in equation (II1.4) and get

[ (transy o p*) ()|

Al =
Jlop

Since the maps transp and p* are norm non-increasing we finally get as desired |A| < 1.
O

A good definition of the volume of a representation should indicate, when a representation is
"not very complicated”. As we have already seen in section 1.3 elementary subgroups of G have a
quite simple structure, such that a representation is certainly "not very complicated”, if its image
is elementary. The next proposition shows, that our definition of the volume of a representation
reflects this ”simplicity” by being zero for representations with elementary image.

Proposition IT1.2.12. Vol(p) = 0 if p has elementary image.
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III. Volume Rigidity of Hyperbolic Lattice Representations

Proof. Without loss of generality we may assume that I' is torsion-free. Let M = T'\G and N C M
a compact core as in the definition of Vol(p).

We will distinguish three cases according to which type of elementary group p(I") is. Recall that
the pullback of the volume class p*w}, is represented in H™(L>(I'**!,R)") by the cocycle p*V,, for
any y € H' (cf. Corollary 11.3.22).

1) Assume that p(T") is of elliptic type. Then p(T") fixes a point x € H". Hence

P (Ve)(0, -+ 7n) = Volu(p(0); .. p(n)x) = Voln(z, ..., 2) =0
for all 7o, ...,7 € I. Thus p*w’ = [p*V,] = 0 and
Vol(p) = (c(p"(wp)), [N,ON]) = 0
2) Assume that p(I") is of parabolic type. Then p(I") fixes a point £ € OH". Hence as before

P (Ve) (0, ---»7m) = Volu(p(10)E, - - -, p(va)€) = Volu(§,...,£) =0

for all 7g,...,7, € T and Vol(p) = 0.

3) Finally assume that p(T") is of hyperbolic type. Then p(I") preserves a set {{1,&2} C OH™.
Then conv(p(y0)&1, - - -, P(7n)€1) is contained in the geodesic between &; and . Because n > 2, we
have again

P*(Ver) (Y05 -+ 7m) = Voln(p(0)81, - -, p(Yn)€1) = 0
for all 49, ...,v, € ' and thus Vol(p) = 0. O

Finally, the volume of a representation behaves well with respect to conjugation.

Lemma II1.2.13. Let g € G be an isometry. Then we have for the conjugated representation
g-p-g T -GH<@
Vol(g-p-g~") = <(g) - Vol(p)
Proof. Let g € G and y € H' be fixed by g.
Due to Proposition 11.3.20 the volume class in H™(L>®(G**!,R,)%) is represented by the cocycle

Vy: G" 5 R (go, ..., gn) = Volu(goy, -, gny)
By Corollary 11.3.22 the pullback (g-p- g~ 1)*(wl) of the volume class is represented by

(g-p 9 ) Vy(y0, s 7m) = Vylg-p(r0) -9 g plwm) g7 h)
= Voln(9p(70)9 "y, - - 9p(1m)g ™ 'y)
= ¢e(g) - Volu(p(70)Y, - - p(7)Y)
=¢e(9) P Vy(v0,---7n)

for every y0,...,7, € T™1. Hence (g-p-g~")*(wh) = e(g) - p*(wh).

The assertion now follows from the definition of Vol(p).
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111.3. Proof of the Volume Rigidity Theorem

The first part of Theorem III.1.1 about the inequality now follows from the properties of Vol(-).
Indeed by Lemma II1.2.10 we have that Vol(i) = Vol(M) and by Proposition I11.2.11 we know that
in particular

Vol(p)
‘VouM) ‘ :
Thus
[Vol(p)| < [Vol(i)| = Vol(M)

as asserted.

Hence all that remains to be proven is, that if |Vol(p)| = Vol(M) then p is conjugated to i by an
isometry. Note that we may assume without loss of generality, that p : I' — G has non-elementary
image. Indeed if p had elementary image, then Vol(p) would vanish due to Proposition I11.2.12
and hence it could not be maximal.

We will do this in three steps. As in other proofs of the Mostow Rigidity Theorem, e.g. [Thu] or
[BP92], we will construct an equivariant boundary map in the first step. Step two of the proof will
then show, that any such equivariant boundary map sends regular simplices to regular simplices by
proving Theorem II1.3.6. The proof of this theorem is quite technical and is hence subdivided into
several lemmas. In step three we simply apply what we have said about boundary maps in section
[.8 and conclude that ¢ must be induced by some isometry conjugating the two representations.

111.3.1. Step 1: The Equivariant Boundary Map

The following quite general lemma provides us with a preliminary boundary map.

Lemma II1.3.1 (cf. [BBI13, Lemma 3, p. 17]). Let G be a locally compact group, T' < G a
lattice and P an amenable subgroup. Let X be a compact metrizable space with a I'-action by
homeomorphisms. Then there is a I'-equivariant measurable boundary map ' : G /P — M (X)

Proof. Let C(X) denote the space of continuous real valued functions on X. The space

LG, C(X)) := {f : G — C(X): f is measurable, I-equivariant and / If () ldu(g) < oo}
NG

is a separable Banach space whose dual is the space L{°(G,C(X)*) of measurable I'-equivariant
essentially bounded maps from G to C(X)* (the dual space of C(X)); for details concerning this
duality we refer to [Bou0O4a, No. 6, §2, VI.32]. Observe that since C(X) is separable the notion
of measurability of a function G — C(X)* is the same as to whether C'(X)* is endowed with the
weak-* topology or the norm topology (cf. [Mon01, Lemma 3.3.3, p. 29]). Using Corollary A.2.13
it is easy to verify that L (G, M!(X)) is a convex compact subset (with respect to the weak-*
topology) of the unit ball of L*°(G,C(X)*) that is right P-invariant. Since P is amenable, there
exists a P-fixed point, that is nothing but the map ¢’ : G/P — M(X). O

As we have already seen in Lemma 1.2.15 the stabilizer of a boundary point P is amenable. If
we let I' operate on X = OH" via the representation p : I' — G < G then the hypothesis of the
previous lemma is fulfilled and we get an a.e.-p-equivariant measurable map ¢’ : 9H" — M (OH")
identifying OH"™ = G/ P as usual.

Nevertheless that is not quite what we want. We are actually interested in an a.e.-p-equivariant
boundary map ¢ : OH"™ — OH" (cf. Definition 11.2.38). However we can get such a map from ¢’
by mapping x € OH" to the "point of highest concentration” of ¢'(x). The following lemma makes
this idea precise.

Before we delve into the details we need some terminology:
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III. Volume Rigidity of Hyperbolic Lattice Representations

Definition ITL.3.2. Let A,/ C M (OH™) denote the subset of all probability measures which
have exactly one atom of mass > 1/2. Further let A_;/, denote the subset of all probability
measures with two distinct atoms of mass equal to 1/2. Finally let A/, denote the subset of all
probability measures with no atom of mass > 1/2, that is, every measure has only atoms of mass
< 1/2 whence the notation.

Observe that we thus get the following decomposition into disjoint subsets

M (OH") = As1/9UA_; 9UA o

Lemma II1.3.3. Let ' : OH" — MY (OH") be an a.e.-p-equivariant measurable map as before.
Then:

(i) As1/2, Az, Acijo C© MYOH™) are (Borel) measurable and G-invariant.

(i) ¢'(x) € As1/2 for almost every x € OH".
(iii) The map

Y Asijo — OH", = the unique atom of mass > 1/2 of p
s continuous and G-equivariant; in particular measurable.

Proof. To (i): Because G acts by homeomorphisms on 9H" it is easy to see that A 9, A /2, Ac1/2 C
M (OH") are G-invariant. Since we have that M!(9H") is the disjoint union of Asq1/2, Aciya, Actyo
it suffices to show that A>; /5 and A_; 5 are measurable.

Clearly we have that
A>1/2 = A/21/2 — A1)

where
A,21/2 ={pe MYOH"):31/2 <A< 1,v € M(OH"),z € OH" s.t. p = Aoy + v}

that is the set of all probability measures with one atom of mass > 1/2 (not necessarily exactly
one!l). Obviously A_;/, can be written as

Aoy ={1/20, +1/26y : x,y € OH",x # y}
We shall now prove the following claims:
(a) A/21/2 is closed in M!(0H")
(b) A_yjpU{d, 1z € OH"} = A_y ).

To see (a) let p, = Apdy, + vy with A, € [1/2,1], z, € OH" and v, € M(JH") be a sequence
in A’>1/2 converging to some y € M (OH"). We need to see that its limit can also be written
as j = Aoy + v for some \ € [1/2,1], z € OH" and v € M(JH"). Since [1/2,1] C R and OH"
are compact, there is a subsequence (i, ) such that A,, — X and z,, — = as k — oo for some
A €[1/2,1] and x € OH". Define v = pi — Ad;. Obviously An, 6z, —* A, in M(OH") as k — oo.
We get

Ung = Hny, — )\nkéxnk =" =Xy (k— o0)

and because M(OH") is closed in C(9H")* with the weak-* topology we have that v € M(9H").
Thus p,, —* Aoz + v as k — 0o. Because (u,,) converges to u also every subsequence converges to
w1 and
p= lm p,, = lIm (A, 0z, +Vn,) = Ay +V
k—o00 k—o00 k
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So p has the required form.

Now to (b): Let p € A_y/5 and pp = 1/26,, + 1/20,, be a sequence in A_;/, converging to
it in M(OH"). Since OH" is compact there is again a subsequence (jp, ) such that z,, — = and
Yn, — Y as k — oo for some z,y € OH". Let f € C,(0H") = C(0H"). Then

/fdunk =1/2 f(wn,) +1/2 f(yn,) = 1/2 f(2) +1/2 f(y) Z/fd(1/25z+1/25y) (k — 0)

and hence pi,,, —*1/26, +1/26, = pas k — oo. If z = y then p = d,, else p = 1/26, + 1/26,,.
This proves (b).

Due to (b) we have that A_; /5 = A_;/p — {0, : x € OH"}. Clearly {6, : € OH"} is also closed
and hence A_, p is measurable. Therefore also A/ is.

To (ii): Let Ay /9, A_i /2, Acijo C OH™ denote the preimages of A> /9, A—; /2, Aci/a C ML (OH™)
under ¢’ : OH" — M (8H") respectively. Then Asq/UA_;sUA 1/ = OH" and each of them is
[-invariant since ¢’ is equivariant. Because I' acts (doubly) ergodically on OH™ one of them has
full measure. We shall see that it will lead to a contradiction if A_;/5 or Ay, has full measure.

First assume that A/, has full measure in JH". Then we are in a position to apply Douady-
Earle’s barycenter construction for every x,y € A.j/y (cf. appendix E) and consider the points
bary(¢'(z)) and bary(¢'(y)). Due to the G-equivariance of Douady-Earle’s barycenter construction
and the G-invariance of the hyperbolic metric d : H" x H" — R we have that the map

Acijp x Acrjp = R, (2,y) = d(bary(¢'(x)), bary(¢'(y)))

is [-invariant and clearly measurable. Because I' acts ergodically on A5 x Ay/p C OH" x OH"
there is a full measure subset A C A.y/5 X Acy)p such that D = d(bary(¢'(z)), bary(¢'(y))) is
constant for every (z,y) € A. We want to see that there are points (z,y) € A such that for
every v € I' also (z,vy) € A. First observe that because of Fubini’s theorem and the fact that
A C OH"™ x OH" has full measure, there has to be a point € JH" such that Ap,) = {y € OH" :
(x,y) € A} has full measure in OH". Now consider the set

I
Al = (74w C A
yerl’

Recall that I' is countable, since it is a discrete subgroup of the second countable group G* =
Isom™ (H"), and the fact that the I" action on H" preserves null sets. Therefore AEC] is I-invariant

and has also full measure in OH™. In particular it is non-empty so there is a y € A[I;j}. Because of

the T'-invariance of AED] also yy € A[I;E] C A, and thus (z,vy) € A for every v € I'. Hence

D = d(bary(¢'(x)), bary (¢ (yz))) = d(bary (¢ (x)), p(7)bary(¢'(y)))

for every v € T'. Hence the orbit p(I')bary(¢’(y)) is bounded and the limit set L(p(T)) is empty.
By Theorem 1.3.8 this implies that p(I") is elementary of elliptic type; a contradiction!

Now let us assume that A_;,, C OH" has full measure. Here we are going to distinguish three
cases. We consider the sets

Ay :=A{(x,y) € A_y/3 : [supp (¢'(x)) Nsupp (¢'(y))| = 2}
Ay = {(z,y) € Ay : Jsupp (¢'(x)) Nsupp (¢'(y))| = 1}
Ag :={(z,y) € A_y1)2 : [supp (¢'(x)) Nsupp (¢'(y))| = 0}

Obviously they give a decomposition of A_; /5 into disjoint subsets and due to the equivariance of
¢ they are also I'-invariant. We claim that they are measurable.
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Indeed, it is easy to see that Ay = {(z,y) € A_1)2: ¢'(z) = ¢'(y)} = (¢’ x ¢') 7 (A) where A C
ML (OH") x M1 (OH™) denotes the diagonal which is closed since M!(9H") is Hausdorff. For A; we
see that Ay = {(=,y) € A_1/: ¢'(x) — ¢'(y) € C} where C = {1/26, —1/26, : x,y € OH", x # y}.
Completely analogously to the case of A_; 5 one verifies that C is measurable and therefore A; is
measurable. Finally because A_; /5 is the disjoint union of Ag, A1, Ag also Ap is measurable.

Now we can again use the double ergodicity of the diagonal action of I' on OH"™ x OH" to deduce
that one of these sets must have full measure. Let us consider the following cases.

1) Az has full measure: As before we find x € 9H" such that Ay ) = {y € OH" : (7,y) € Az} has
full measure and observe that A2 o] = ﬂ'yEF YAz [z C A [y is a I'-invariant subset of full measure.
Hence there is again a y € OH" such that (z,vy) € Ag for all v € T'. If {z1,22} = supp (¢'(2))
then

{21, 22} = supp (¢'(x)) = supp (¢'(7y)) = p(7)supp (¢'(y))
= p(v)supp (¢ (= )) p(Y){z1, 2}

for every v € T. Therefore p(I')z; is a finite orbit in H" in contradiction to p(I') being non-
elementary.

2) Aj has full measure: Then we find again z € OH" such that A ;) = {y € OH" : (z,y) € A1}
has full measure. Then also A} ] = = Ay [y X A1) N A1 has full measure. Iterating the previous
argument one more time we can find y € JH" such that A1 Lol = ={ze€dH": (y,2) € A/l,[m}} has
full measure. Observe that

A All’[x} ] < (y,Z) S All,[:t] = AL[I} X Al,[x] N Al

Ly
<~ (y,2) € A1 and (z,y) € A1 and (z,2) € A;

If we denote supp (¢'(z)) = {x1, 22} and supp (¢'(y)) = {y1,y2} with — say — £ := x9 = g9, then

(
we either have supp (¢'(2)) = {z1,y1} or supp (¢'(2)) Nsupp (¢'(z)) Nsupp (¢'(y)) = {£} for every

z e Al (apy (cf- Figure IIL.1).

Y1 = 22

xr1 = zZ1

21

(a) supp (¢'(2)) = {z1, 1} (b) supp (¢’(2)) Nsupp (¢'(x)) Nsupp (' (y)) = {£}

Figure IIL.1.: The two different cases for the position of supp (¢'(2)) = {21, 22}

Now we consider once more A el = = A} el = Al L 7 A1, which has also full measure.
Consider (z,2') € A} [2],[y) @nd denote supp (¢'(2)) = {z1,22}, supp (¢’ (")) = {2}, 25} with ¢ :=

z9 = 2b.
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If supp (¢'(2)) = {x1,11}, then clearly ¢ = x1 or ( = y;. If ( = z1 then 2] has to be in
supp (¢'(y)) = {y1,&}, since 2/ € A/L[z],[y} and thus (y,2’) € A;. But this means, that either
supp (¢'(2")) = supp (¢'(2)) or supp (¢'(2')) = supp (¢'(y)); both result in a contradiction. The
case of ( = y; can be treated in exactly the same way (just exchange = and y in the previous
argument).

Hence we must have supp (¢'(z)) Nsupp (¢'(z)) Nsupp (¢'(y)) = {{}. We shall argue that the
only possible position for supp (¢'(2’)) is one such that ( = £. If ( # & then either ( = z7 or
¢ = y1. Without loss of generality we may assume that ( = x; (the other case can again be treated
analogously). Now it is easy to see that z; = y; must hold and 2z{ = £ or 2] = y1. In both
cases we have again a contradiction, because then supp (¢'(2)) = supp (¢(x)) or supp (¢'(2')) =

supp (¢(z)) respectively.

Thus we have seen that {¢} = {¢} = supp (¢(z)) Nsupp (¢(z)) for all (z,2") € Af ) Lhis
also holds for the full measure I'-invariant subset B := () p vA] ),fy)- Thus for (z, Z') € B, also

(v-2,v-2") € B and we obtain

{&} = supp (¢'(v-2)) Nsupp (&' (7 2)) = p(v) - supp (¢'(2)) Nsupp (£'(2) = {p(7) - ¢}

for all 4 € T'; in contradiction to p(I') being non-elementary.

3) Ap has full measure: Let g,,g, denote the geodesics with endpoints supp ¢'(z),supp ¢'(y)
respectively. By double ergodicity we get, that the distance D := d(gg, gy) is constant for almost
every (z,y) € Ap.

If D = 0 then g, and g, intersect in at least one point. If they intersect in more than one
point, then g, = g, which would imply that supp (¢'(z)) = supp (¢'(y)); a contradiction. Let us
now denote by 0(x,y) € (0,7/2] the unique acute angle in which g, and g, meet. It is easy to
see that 0(x,y) depends measurably on (z,y) € Ay, since the angle depends continuously on the
respective geodesics. By double ergodicity one gets again, that 0(z,y) is essentially constant, say
O(x,y) = 0 for almost every (z,y) € Ap. Just as several times before we may now find four points
x1,...,x4 € OH" with respective geodesics g1 := gz, ..., g4 := gz, such that they meet pairwise in
the acute angle 6. Because every geodesic meets every other geodesic in one point they all have
to lie in a two dimensional hyperbolic subspace of H", such that we may assume without loss of
generality, that they are all in H?. Further we may assume, that g; is the imaginary axis in the
upper half plane model. Now g0, g3, g4 intersect g; at heights s, y3,y4 and at least two of them
meet g1 in the same oriented angle (6 or ™ — @), say these two are go and g3 (cf. Figure I11.2). But
by construction go has to intersect g3 as well, which is only possible for yo = y3. That in turn
implies however go = g3; a contradiction.

If D> 0, let v € p(T") be a hyperbolic element whose fixed points are not the endpoints of g, or
gy- Then iterates of v send any geodesic g into an arbitrarily small neighborhood of its attractive
fixed point. Contradicting that g, is at fixed distance from g,. The existence of such a hyperbolic
element is guaranteed by Proposition 1.3.9.

To (iii): The G-equivariance is clear by definition, so we only need to show the continuity. Let
fin = Andz, +Vn be a sequence in Ao converging to = Aoz +v € Ay /9, where A\p, A € [1/2,1],
Un,v € M(OH") and x,,z € OH" (n € N). Then ¢(un) = =, and ¥(u) = x. Assume that (z,)
does not converge to x, i.e. there is ¢ > 0 and a subsequence (x, ) such that d(zy, ,x) > € for every
k e N.

Because OH"™ and [1/2,1] are compact we can find subsubsequences, that we will also denote
by (zn,) and (A, ), such that x,, — & € OH" and \,, — A > 1/2 as k — oo. Then clearly
Ay Oz, —F 5\550 as k — oo and if we set ¥ := p — 5\55;

:Enk

Vng = g — AnyOz,, =" 00— Aoz =D (k — o)
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III. Volume Rigidity of Hyperbolic Lattice Representations

g9

Figure II1.2.: The case D = 0 with geodesics g1, ..., g4 meeting each other at an acute angle 6.

Hence

po= i pn = im g, = 1 (O, v ) = A0z +7

That is # is also an atom of y of mass A>1 /2. By uniqueness we must have that x = & but that
contradicts d(x,,,z) > ¢ for all k € N! O

As an immediate consequence we get that the map ¢ := 1o ¢’ : JH" — JH" is a measurable
a.e.-p-equivariant boundary map. Thus we have proven the following proposition.

Proposition IT1.3.4. LetT' < G be a lattice and p : T — G a representation with non-elementary
tmage. Then there is a measurable a.e.-p-equivariant boundary map o : OH"™ — OH".

Finally we want to prove, that such a boundary map ¢ : 0H™ — OH" is injective almost every-
where. We will use this fact in the second step of our proof. However the proof fits better into our
current context, such that we prepone it.

Proposition IT1.3.5. Let ¢ : OH" — JH" be a measurable a.e.-p-equivariant boundary map. Then
o(x) # @(y) for almost every (x,y) € OH" x OH".

Proof. Let us consider the measurable set A := {(z,y) € OH" x OH" : p(x) = ¢(y)}. Then clearly
A is I-invariant and due to the double ergodicity of the I'-action it has either full measure or
measure zero. If A had full measure then we could again find » € OH" such that A, = {y € OH" :
(z,y) € A} had full measure. Hence also AEC] = (Vyer YAy had full measure and were therefore
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III1.3. Proof of the Volume Rigidity Theorem

non-empty. We could thus find ay € AET] and for such y the full orbit I'y were in A by construction.
That is

o(r) = p(vy) = p(7)e(y)

for all v € " and thus p(T") were elementary; a contradiction.
Therefore A must have measure zero, i.e. p(x) # ¢(y) for almost every (z,y) € OH" x OH". [

111.3.2. Step 2: Mapping Regular Simplices to Regular Simplices

Before we proceed let us observe, that we may assume without loss of generality that Vol(p) > 0.
Indeed, in order to change the sign of Vol(p) we may simply conjugate it by some orientation
reversing isometry 7 € G — G (cf. Lemma I11.2.13).

The next theorem will enable us to prove, that an a.e.-p-equivariant boundary map sends regular
simplices to regular simplices.

Theorem II1.3.6 (cf. [BBI13, Theorem 2, p. 4]). Let i : I < G < G be a lattice embedding
and let p : T — Isom™ (H") = GT be any representation with non-elementary image. Further let

¢ : OH"™ — OH" be an a.e.-p-equivariant measurable map. Then for every (n + 1)-tuple of points
f@,...,fn € OH"™

ol(p)
Vol(M)

/F T VOl (360) - i) i) = Vol (o, ., 6) (ITL5)

where p is the invariant probability measure on I'\G.

Remark II1.3.7. The above formula is actually a very concrete version of formula (2.12) in [BI0Y,
Proposition 2.44, p. 27]. As we have already mentioned in the introduction Burger and Iozzi succeed
in proving Mostow’s rigidity theorem in dimension 3 by applying their formula in [BI09, Section
3.1., pp. 29].

Because the proof of this theorem is quite technical, we want to prove the following important
corollary first.

Corollary I11.3.8. If in the notation of Theorem IIL.3.6 p has maximal volume, that is Vol(p) =
Vol(M) with M = I'\H", then ¢ sends the vertices of almost every reqular ideal simplex to the
vertices of a reqular ideal simplex of the same orientation.

Proof. By assumption we have for every (&, ...,&,) € (OH")"+!

Vol(p)
Vol(M)

- / £(§)Vola(@(§€0), - - -, p(96n)) du(9)
NG

Vol, (&, ..., &) = Voln (8o, ---,6n)

- /D £~ )Voln (o). .- p(g€n)) dc(g)

where D is a measurable fundamental set for the left action of I' on G and ug is a Haar measure on
G (cf. Theorem A.4.20 and Proposition A.4.21). If we choose 77 = (19, ..., 1,) € (JH™)"+D to be
the vertices of a positively oriented regular (ideal) simplex, then we know, that Vol,(no,...,n,) >0
is maximal (cf. Theorem I1.7.4) and hence

Vol (1m0, - -, nn) > (g~ ) Voln((gm), - - -, 0(gnm))
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for all g € D. Thus we must have

Vol (1m0, - -, nn) = (g~ ") Voln((gm), - - -, 0(gnm))

for all g € L C D, where L is a set of full measure.
Now observe that if g € £ and v € I" then

e((v9) Vol (e(vgm); - - - e(vgmm)) = e(g™") (v ") Volu(p(v)e(gm0); - - -, () e(g7n))
T
= (g™ e(p() Volu(e(gno), - - -, ¢(gmm))
\_;,1_z

= VOln(nOa R nn)

Thus equality holds for every g € I'L. But I'L has full measure, because

pa(G—TL) = pa(T(D - L) <> pe(W(D-L) =Y ua(P—-L)=0

vyel vyel

Using the identification ®5 : G — T, g — (gno, - - ., 91n), where T denotes as in chapter I the set
of all regular ideal simplices, we can conclude that for almost every (o,...,&,) € T

Vol (no, -, 1m) = e(®5 (€0, - -, &n)) Voln(@(&), - - - 0(&n)) (I11.6)

We already see, that (¢(&),...,¢(&,)) is a regular ideal simplex since these are exactly the sim-
plices, that achieve maximal volume such as (7o, ...,7n,). The only thing left to show, is that the
orientation is also preserved.

Observe that

(@7 (€0, - €)=

£)) = +1, if (&,...,&,) has the same orientation as (o, ..., )
o -1, if (&, .., &) has the opposite orientation as (1o, ..., 1)

for every (&o,...,&,) €T.
Hence by equation (IIL.6), if (&, ...&,) is positively oriented (as (no,...,n,) is), then

VOIn(”Oa s a"?n) = VOIH(QO(&))v ce 790(571))

and (¢(&o),.-.,¢(&)) is a positively oriented regular ideal simplex; if (o, ...&,) is negatively
oriented, then

VOln(n07 .- 777n) = _VOln(SD(&))? SER) @(fn))

and (¢(&o), - - -, ¢(&r)) is a negatively oriented regular ideal simplex. Thus ¢ : 0H" — OH"™ maps the
vertices of almost every positively (resp. negatively) oriented regular ideal simplex to the vertices
of a positively (resp. negatively) oriented regular ideal simplex. O

Let us now turn to the proof of Theorem II1.3.6. It will be easy to deduce the integral equality
(IT1.5) for almost every (n + 1)-tuple of points &p,...,&, € OH" from Proposition I11.2.11.
However note that the subset of vertices of regular ideal simplices 7' C (9H™)"*! has measure zero,
such that we really need equation (IIL.5) to hold for all tuples (£, ..., &,) € (OH™)" L,

Proof of Theorem I11.3.6. We shall first see that the equality holds almost everywhere. The theo-
rem will then follow from Proposition I11.3.9, which states, that this suffices in order to conclude
that, the equality holds everywhere.
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III1.3. Proof of the Volume Rigidity Theorem

By Proposition II1.2.11 we know that at the cohomology level the equality

Vol(p)
Vol(M)

transp o p* = -id (IIL.7)
holds. Because all cochains vanish in degree < mn by Lemma I1.3.28 this equality is actually
an equality for cocycles in degree n. By Corollary 11.3.23 p*(w?) is represented by ¢*Vol, in
L®((0H™)" 1 R.). Therefore

Vol(p)
Vol(M)

Vol,, (&, - . -, &) = transp(¢*(Voly)) (&o, - - -, &n)
= [ a7 (Vo) (g6or- . 960) i)
NG
= [ G Volu(p360). .- (960)) )
NG

for almost every (£, ...,&,) € (OH™)"*1, since this equality holds only in L= ((9H™)"+1 R.)¢. O

Proposition I11.3.9 (cf. [BBI13, Proposition 5, p. 19]). Let i: I' — G be a lattice embedding,
p: IT'— G a representation and ¢: OH"™ — OH"™ an a.e.-p-equivariant measurable map. If

_ Vol(p)
Vol(M)

/F ) VOl 36 Vol(éo,... &) (IIL8)

holds for almost every (&, ..., &) € (OH™)" L then the equality holds everywhere.

As several times before we will use the following notation. (9H")"*+1) denotes the G-invariant
open subset of (OH™)"*! consisting of all (n + 1)-tuples of pairwise distinct points (o, ..., &).
Because any ideal simplex contained in a proper hyperbolic subspace has no volume, we see that
the volume cocycle Vol, vanishes on (OH")**t! — (9H")™*+1 such that equation (II1.8) holds on
this set trivially.

Proof of Proposition II1.8.9. Identifying O0H" =2 S"~1 C R”, let us consider the function ¢ : OH" —
OH" as a function ¢ : OH" — R" and denote by ¢, its coordinates for j = 1,...,n. Since
OH" = G/ P, where P is a minimal parabolic, let v be the quasi-invariant measure on OH" obtained
from the decomposition of the Haar measure ug on G with respect to the Haar measure pup on P,
i.e. there is a strictly positive continuous function ¢ : G — R such that

[ 1eu@anco = [ ([ 160aun©) ano

for every integrable function f on G (cf. Theorem A.4.16).

By applying Lusin’s Theorem A.2.6 to ¢; for every j = 1,...,n we find for every 6 > 0 a
measurable set B;s C OH" with measure v(B;;) < § and a continuous function f]s: OH" — R
such that ¢; = fj’.ﬁ on OH" — Bj;. Set f5 = (fi5,.--5fns) : OH" — R™ and consider the
composition fs := 7o f§ with the retraction r : R™ — B to the closed unit ball B™ in R™. Then,
by setting Bs := U?Zl Bj 5, ¢ coincides on OH" — Bs with the continuous function f5 : OH" — B
and v(Bs) < nd.

Let D C G be a measurable fundamental set for the action of I on G (cf. Theorem A.4.20 and
Proposition A.4.21). For every measurable subset E C D, any measurable map ¢ : 0H" — B™ and
any point (&o,...,&,) € (OH™)"!, we use the notation

T, B, (or- - 60)) = /E (g Vol (o), - . . (gEn)) duc(g)
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III. Volume Rigidity of Hyperbolic Lattice Representations

Thus our goal is to show that if

_ Vol(p)
Vol(M)

J(#, D, (8o, ---,6n)) Vol, (&, ..., &) (I11.9)

for almost every (&, ...,&,) € (OH?)"T! then the equality holds everywhere. As we have pointed
out before it is in fact enough to show equation (II1.9) only for all (¢, ...,&,) € (OHn) D,

Fix £ > 0 and let K. C D be a compact subset such that pug(D — K.) < e. The rest of the proof
is broken up in two lemmas, that we state and use, but whose proof we postpone.

Replacing ¢ with fs5 in equation (II1.9), we get an estimate for the made error by the following
lemma.

Lemma IT1.3.10 (cf. [BBI13, Lemma 5, p. 21]). With the notations as above, there exists a function
M, (5) with the property lims_,o M.(6) = 0, such that

’\-7(907 K€7 (507 e 75%)) - j(f57 K€7 (507 . §n)>‘ S M€(5> (IIIlO)
for all (&, ..., &) € (OH™)"H1.
Observe that by definition

\j((p,D, (&)7 o 7571)) - j((ﬁ, KEa (507 v 7571))’
/D £~ Voln((g60), . .- p(96n)) dia(g) — / £~ Voln(p(géo). . .. p(g€n)) dis(g)

K.

< / Voln(9(g€o). - . 9(gEn))ldia(g) < (D — K2)||[Vol, || = ]| Vol |
D—K.

holds for all (1) (&, ...,&,) € (OH™)"F1. Now we only need a suitable estimate for

Vol(p)
Vol(M)

‘\7(f57K67(£07--~7§n))_ VOln(€07"'7€n)

This is achieved by the following lemma.

Lemma II1.3.11 (cf. [BBI13, Lemma 6, p. 22]). There exists a function L(e,0) such that

lim lim L(e,d) =0

e—06—0
and

Vol(p)
Vol(M)

Vol (&0, - .., &n)| < L(e, 6) (I11.11)

‘j(f(;aKév (607 L 7€n)) -

for all (&, ..., &ny1) € (OHM) (D),

Putting these ”everywhere-estimates” together we get

O ALY

< \j(%Da (§0a'--7£n)) - j(@,Kg,(&),-- . agn))|
+ ‘j(w’K&(SOa" . 7671)) - j(f5,K57(£05" . agn)”

T oo G0--160) =~ gy Vol G- )
75)

+

< e[|Vol, || + M.(5) + L(e
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III1.3. Proof of the Volume Rigidity Theorem

for all (£o,...,&,) € (OH™)("D . Because €, > 0 were arbitrary we can consider the limit
T D, s 60)) = Vo, (... )
@, 5 (805 - - -y Sn VO](M) n\S0y---58n
L Vol(p) +,
_2141’)1(1)}51’(1) j(@vDa (60776?1))7 I(M) l’n(éo’vé-n)

< lim hm( Vol || + M-(8) + L(g,0))

e—046

= lim(e||Vol,|| + lim L(e,d)) =0
e—0 6—0

and assuming the unproven lemmas the assertion follows.
O

We shall now prove the previously used lemmas. However we need yet another technical lemma
to proceed:

Lemma II1.3.12 (cf. [BBI13, Lemma 4, p. 21]). With the above notations,
pa({g € Ke : 9§ € Bs}) < 0.(9) (I11.12)
where 0.(9) does not depend on & € OH™ and o-(5) — 0 for § — 0.

Proof of Lemma II1.3.12. Recall that OH" = G/P where P is the stabilizer of one point at the
boundary. As we have shown in Lemma 1.2.16 there is a measurable section n : G/P — G of
the canonical projection 7 : G — G/P such that F' := n(G/P) is relatively compact. Now let
Bjs :=1(B;) and for £ € By set £ = n(€) € Bs. We claim that

{g € K. : g¢ € B;} = {g € K. : there exists p € C. with gép € Bs}

where C. := PN F~Y{(K.)"'F. 5 .
First consider the D inclusion. Let g € K. such that g{p € Bs for some p € C.. Then

9¢ = gr(§) = n(gép) € m(Bs) = By

Now consider the other inclusion C. Let g € K. such that g¢ € Bs. Then

m(g€) = gm(§) = g€ = m(n(gf))

and there is a p € P such that n(g¢) = gép, i.e. p € PNF~Y(K.)"'F = C., because n(g¢),£ € F =
n(G/P). Hence the claim is proven and we get

{g € K. : g¢ € B;} = {g € K. : there exists p € C. with gép € Bs}
={geK.N Bsp~ L&~ for some p € C.} C K.n B(;C'a_lé_l

Thus
pnc({g € K. : g€ € Bs}) < pe(K.£N B;C-1) < pe(BsC)

where we have also used the fact that G is unimodular in the first inequality (cf. Proposition 1.2.17).
Recall that we have for every integrable function f on G

| 1o acto = [ ([ fto ann@)) anto
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for some strictly positive continuous function ¢ : G — R and a positive measure v on OH".

We may assume that pug(BsC=1) # 0 (otherwise we are done). Then, since ¢ is continuous and
strictly positive and the integral is on a relatively compact set, there exists a constant 0 < a < oo

such that

apc(BsC ) = /

13)

Hr (/P Xgso-1(98) dup(§)> v (j)

By construction we have, that if g € Bj, then g€ € B(;CE_ L'if and only if ¢ € C-L. Indeed if
¢ € C! this is obvious. If g¢ € BsC! then g¢ = n(g1)s where g1 € Bs, s € C-! C P. Since

g € Bs we have g = n(go) for some go € Bs. Now

9¢ = n(g90)§ = n(g1)s = 7(1(g0)§) = 7(n(g1)s) = m(n(go)) = 7(n(g1))
— go=g1 = {=s5€C!

Thus
/P Xascmt (6€) dup(€) = pp(CY)
and hence ~
anuc(BsC: ) = v(Bs)pp(C:Y)
Since v(Bs) < nd, inequality (I11.12) is proven with

1
o:(9) := a,up(Cgl)né

Proof of Lemma II1.3.10. Let us fix (&,...,&,) € (0H")"*1. Then we have

|\7(QpaK€a (507 s ,gn)) - j(fﬁaKEa (507 e fn)|
< ’\7(907 KE,Oa (507 v afn)) - j(f5aK5,07 (505 ce 7£n))|
=+ ’j(907 KE,17 (607 s ’fn)) - j(f57 K&la (607 e 7§n))|

where N
K&O = ﬂ{g S Kz—: : g£j € (O]HI” — Bg)} and Ks,l = Kz—: — K&O
=0

However

T (@, Ke, (€0, ---56n)) = T (f5, Kz 0, (€0, - - €n))

since fs(x) = ¢(x) for all z € OH" — B;s and g¢§; € OH" — B for all g € K. and j = 0,...

definition. Further
n
pe(Ken) = pe | KN U{g € Kc: 965 € Bs} | < (n+1)o:(9)
7=0
Now

“-7(90’ KE,lﬂ (607 s 7571)) - j(f57 K8717 (&07 e 7€TL))|
< |j(§07 K&,l? (507 cee 7§n))| + ‘j(ftsa K€,17 (507 cee 7£n))|
< 2[|Vol, ||pa (K1) < 2||Voly|[(n+ 1)o.(0) =: M(6)

and inequality (III.10) is proven with the above definition of M, (d).
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Proof of Lemma II1.5.11. Observe that by Lemma II1.3.10 and the almost everywhere validity of
equation (IIL.9)

T K (v 60) = gt Voo )

< |\7(f57KEa (507)671)) - \7(807}-(67(607' . 75%)”
+ |\7(80>K€7 (g()a cee 7£n)) - j(@apa (&)a s 7£n))|

1
# T D, &) = gy Voo )
< M.(0) + ¢||Vol, ||

for almost every (&, ...,&,) € (OH™)™+1). We shall call the set of full measure where the above
estimate holds L for later reference.

We want to use the continuity of Vol, on (9H™)"+1) to prove the inequality (cf. Proposition
I1.3.16). In order to estimate the error, that we make by only concerning these tuples, we need to
estimate for every (£o,...,&,) € (OH")"+1) the measure of the set

E(&oy .-y &n) =19 € K:: f5(90), -, [5(g&n) are pairwise distinct}

By Proposition 111.3.5 we know that the set {(£,£') € OH" x OH" : p(§) = ¢(£')} has measure
zero. Because f5 coincides with ¢ on OH" — Bs = B§ the set F':= {(£,{') € B§x B§ : f5(€) = f5(¢)}
has measure zero. Therefore also the set {g € G : g(£,¢') € F} has pg-measure zero for arbitrary
(€,¢) € OH™ x OH™ (cf. Proposition A.4.13). Additionally

K. — &, &) ={9€ K- : 3i # jst. f5(9&) = [5(9&5)}
={g € K. :3i #js.t. fs(9&) = fs(9&;) and (g&i, 9€;) € B§ x Bs}
U{g e K. :3i#jst. fs(9%) = [5(9€;) and (g&; € Bs or g&; € Bs)}

c | {g e K- g6, &) e FYu | J{g € K- : g¢; € Bs}
i#] =0

We thus get the estimate

NG(Ka - g({()a cee 7571)) < Z,UJG’({Q € K€ : g(&',fj) € F}) + ZMG({Q € Ka : g{j € B5})

J=0

i#]
= Z,ug({g € K. : g§j € Bs}) < (n+1)oc(6)
=0

where we have also used Lemma III.3.12.
Now back to our above set £. Because £ has full measure it is dense in (9H")"*+1 (cf. Corollary
A.4.17 and Proposition A.3.3). Hence for an arbitrary (£, .. .,&,) € (OH")(™+1) there is a sequence

(k) (k)
0 -

of points ( ..,&n ) € L converging to it. Then for every g € £(&o,-..,&n)

Jim Vol (f5(9&5"). .. f3(9€1)) = Volu(fs(9&0). - . fs(9&n)).

If we apply the dominated convergenc theorem to the sequence hy(g) := Vol,,(fs (gﬁék)), el f(;(g&(q,k))),
we get

klggoj(ftsvg(gm7§n)>(€(()k)a < ék))) = \7(]%75(507"'76”)7(507'- . 7‘£n))
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Now we are in a position to put everything together and get

j(f5>K€7 (g()a s 75%)) - \Xolt(]@—))VOIn(é.Oa s 7£n)

< "-7<f57K67(§07"'7§71)) - j<f57€(§07--~7§n)7(§07- .- 7§n)>‘
j(fls?g(g()a <o 7’5”)? (£0> cee 76”)) - \7(.]%75(50» cee 7511)7( (()k)a cee 752“))’

_|_
| T(F5E(E0s- - &) (&, €)= T(fs K (65 60

(k) (k)yy __Vol(p) (k) )

+|T(f5, Ke, (& 752 607)) Vol(M)Voln(§0 s, &)
Vol(p) (k) k)y _ Vol(p)

+ VOI(M)Voln( N Q) VOI(M)Voln(go,...,gn)

for all (&, ...,&,) € (OH™)(+D),

The first and third lines after the inequality sign are each < (n+1)||Vol,||o:(0) as we have shown
above; the second line is less than § if k is large enough; the fourth line is < M. (0) +¢||Vol,, || since
(gé’“), e ,&(@k)) € L for all kK € N and finally the last line is also less than ¢ if k£ is large enough.

Hence the assertion is proven with

L(g,0) :=20 4+ 2(n+1)||Vol,||o=(d) + M:(d) + ¢||Vol, ||

111.3.3. Step 3: The Boundary Map is an Isometry

In the last step we can now piece together what we have proven before. By Corollary I11.3.8 we
know that ¢ : 9H™ — OH™ maps almost every regular ideal simplex to a regular ideal simplex with
the same orientation. By Proposition 1.8.3 we know, that ¢ : OH"™ — JH" is hence essentially equal
to an isometry h € Isom(H") on 0H", i.e.

p(&) = h(§)
for almost every £ € OH". Because ¢ is a.e.-p-equivariant the same holds for A and we get
h(i(y) - &) = p(7) - h(€) (IIL.13)

for almost every £ € OH" and every v € I'. Recall that isometries act via homeomorphisms on
the boundary OH" such that in equation (II1.13) all maps and actions are continuous. Because
equation (II1.13) holds on a full measure subset and every full measure subset of JH" is dense, we
get by a simple continuity argument that the equality holds for every £ € OH".

Since isometries are completely determined by their action on the boundary we get

for every v € I, which is nothing but

h-i(y) b~ =p(v)

Therefore we have found an isometry A that conjugates ¢ and p and the proof of Theorem III.1.1
is finished.
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A.1. General Results

We assume that the reader is already familiar with the basic notions of measures and related
theorems and topics, e.g. Fubini’s Theorem, Dominated Convergenc Theorem, Fatou’s Lemma,
LP-spaces etc. There are many good textbooks on these topics such as [Rud09], [AEO1]. Therefore
we will just focus on less commonly treated results in standard lectures on measure theory and
analysis, and introduce some conventions.

We want to stress here again, that we follow [Bou89] in the definition of a locally compact space,
i.e. it is automatically Hausdorff.

Definition A.1.1. Let (X,2, u) be a measure space. A subset N C X is called a null set or
(u-)negligible, if there is a measurable set N’ € 2 such that N C N’ and p(N’) = 0. A subset
A C X is called conull, if its complement is a null set.

Definition A.1.2. A measure space (X,2, u) is called complete, if every subset of a u-negligible
set is already contained in 2I.

The following theorem puts us in the comfortable position, that we may assume without loss of
generality that every measure space is complete.

Theorem A.1.3 (Completion of measures). Let (X, 2, i) be a measure space and let N the system
of all p-negligible sets. Set
WA ={AUN:AcA NN}

and define p* : A* — [0, 00] by
p(AUN) = pu(A)

for every A €A, N € .
Then:

(i) A* is a o-algebra, p* is well-defined and (X, A*, u*) is a complete measure space. p* is the
only extension of i to a content on A*.

(i) Every extension p of u is an extension of u*.
Proof. See [Elsll, 6.3 Satz, p. 64]. O
Recall the notion of a measure space being o-finite:

Definition A.1.4 (o-finite). A measure space (X, 2, u) is called o-finite, if there is a sequence
{Ep}nen of sets E;, € A such that u(E,) < oo and (o2 | Ep, = X.

Let us now prove a slight generalization of the dominated convergence theorem.

Theorem A.1.5 (General Lebesgue Dominated Convergence Theorem). Let (X, A, 1) be a o-finite
complete measure space. Let (f,) be a sequence of measurable functions on X that converge a.e.
pointwise to some function f. Suppose there is a sequence (gn) of integrable functions on X
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that converge pointwise a.e. to an integrable function g such that |f,| < gn for all n € N. If
limy, 00 fX 9n = fX g, then

i [ 1.~ 51 =0

In particular f is integrable and
lim fn= / f
This is [RF10, Theorem 19, p. 89]. Since the theorem is only stated in the real version and there

is no proof given in the book, we transfer it to the realm of more general measure spaces and give
a proof based on the well known Fatou Lemma.

Proof. Since |fn| < |gn| pointwise a.e. for all n € N, we have in the limit |f| < g pointwise almost
everywhere. This implies

|fn_f|§gn+g

pointwise a.e. for every n € N. We can now apply Fatou’s Lemma to the non-negative function
gn+9—|fn— f| =0 and get

linn_lgf/gn +9—|fo— fldup > /lggiogf(gn +9—Ifu—f)dp
The right-hand-side is equal to 2 [ gdp by hypothesis. The left-hand-side can be computed to
liminf/gn +9—|fn— fldp= lirninf/gnd,u—i- /gdu — lirnsup/ |fr — fldu
n—r00 n—+00 n—00

~2 [ gdp—timsup [ |f, fldu

n—o0

This in turn implies that

timsup [ 17, = fldp <0

n—oo
such that
0 <timinf [ 17, — fldu < timsup [ 14, flau <0
n—o0 n—00
Hence the limit exists and we have
Jim | fy — fldp =0
which concludes the proof. O
Definition A.1.6 (Absolute continuity). Let (X,2) be a measurable space with measures p and
v on 2A. Then p is said to be absolutely continuous with respect to v if u(A) = 0 for every set A € A
such that v(A) = 0. We will denote the relation of absolute continuity by "<”, i.e.
p<Ly < VAeA:v(A) =0 = u(A)=0)
Definition A.1.7 (Equivalence). Let (X, ) be a measurable space with measures p and v on 2l.

w1 and v are said to be equivalent if p < v and v < p, i.e. if they are absolutely continuous with
respect to each other. Any equivalence class of measures is then called a measure class.
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A.2. Measures on Topological Spaces

Definition A.2.1 (Borel measurable). Let X be a topological space. The o-algebra generated by
all open sets of X is called the Borel o-algebra of X. We denote it by B(X) or sometimes only 8B
if there is no ambiguity. Elements of 98 are called (Borel) measurable.

Let X,Y be topological spaces and f : X — Y be a map. Then f is called (Borel) measurable if it
is a measurable map between the measurable spaces (X, B(X)), (Y,B(Y)), i.e. for every B € B(Y)
is f~1(B) € B(X).

Remark A.2.2. Note that our notion of a measurable function as simply being a Borel measurable
function is not always the most natural or effective one. Problems arise with Borel measurable
functions when the target space is too large. Thus [BouO4a] and [RS00] take a different and more
technical approach to circumuvent these issues.

However in a geometric situation where all topological spaces are locally compact and second
countable both notions coincide (cf. [BouO4a, Proposition 1, No. 1 §5 I1V.59] and Lusin’s Theorem
A.2.6 below).

In the following let X be a Hausdorff space and let O, €, & denote the systems of open resp.
closed resp. compact subsets of X. Further we set B = B(X) as before.

Definition A.2.3. Let 20 D B be a o-algebra and p : 2 — [0, 00] a measure.

(i) p is called locally finite if for every x € X there is an open neighborhood U about z such
that u(U) < co. A locally finite measure p : 8 — [0, 00] is called a Borel measure.

(ii) w is called inner regular, if
pu(A) =sup{u(K): K C A,K € &}
for every A € 2.
(iii) p is called a Radon measure, if it is an inner regular Borel measure.
(iv) w is called outer regular, if
p(A) =inf{pu(U) : U D AU € O}
for every A € 2.
(v) w is called regular, if it is inner and outer regular.

Remark A.2.4. The above definitions are not consistently used in the literature! For example in
[Rud09] a Borel measure is simply a measure on B(X) without any further properties. However
we follow here [Els11, 1.1 Definition, p. 313].

Lemma A.2.5 (Regularity of Borel measures). Let X be a locally compact second countable
(Hausdorff) space. Then every Borel measure on B(X) is reqular.

Proof. See [Elsl1, 1.12 Korollar, p. 319]. O

Theorem A.2.6 (Lusin’s Theorem). Let X, Y be Hausdorff spaces, let Y be further second count-
able, let p: B(X) — [0,00] be a o-finite reqular Borel measure and let f : X — Y be a map. Then
the following are equivalent:

(i) There is a (Borel) measurable function g : X — Y such that f = g p-a.e.
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(ii) For every U C X open with u(U) < oo and for every § > 0 there is K C U compact such that
uw(U — K) <0 and [ restricted to K is continuous.

(iii) For every A € B(X) with u(A) < oo and every § > 0 there is K C A compact such that
WA — K) <§ and f restricted to K is continuous.

(iv) For every T C X compact and every 6 > 0 there is K C T compact such that u(T — K) < §
and f restricted to K is continuous.

Proof. See [Elsll, 1.18 Satz, p. 323]. O
Definition A.2.7. Let X be a topological space. A linear form I : C.(X) — R is called positive, if
f20 = I(f)=0

for every f € C.(X). Here C.(X) denotes the space of continuous real-valued functions on X with
compact support.

Theorem A.2.8 (Riesz representation theorem). Let X be a locally compact (Hausdorff) topological
space and I : C.(X) — R a positive linear form. Then there is exactly one Radon measure
pB(X) — [0,00], such that

1(f) = /X fdu

for every f € Co(X). Further we have that

u(K) =inf{I(f): f € Ce(X), f 2 xk}, VKeER
Proof. See [Elsl1, 2.5 Darstellungssatz von F. Riesz, p. 335]. O

Recall that C.(X) is a locally convex topological vector space with its topology given by uniform
convergence on compact subsets.

Theorem A.2.9. Let X be a locally compact space. Then every positive linear form I : Co.(X) — R
18 continuous.

Proof. Let I : Co(X) — R be a positive linear form and let K C X be compact. Then there is
a continuous mapping fy € C.(X,[0,1]) such that fo(x) = 1 for every x € K. Thus we have for
every continuous function g : X — R with support in K

—llgll - fo < g < llgll - fo
and hence [I(g)| < ||lg|| - I(fo) which proves the theorem. O

This theorem in conjunction with the Riesz representation theorem A.2.8 allows us to identify
all Radon measures on a locally compact space with the subset M(X) C C.(X)* of all continuous
positive linear forms on C.(X). Indeed, every Radon measure p on X induces a positive linear
form I : Ce(X) — R by integration I(f) = [y fdu (f € Ce(X)). Note that not every measure
is so well behaved, that continuous functions with compact support are integrable. On the other
hand by the Riesz representation theorem every (continuous) positive linear form I : C.(X) — R
amounts to a Radon measure.

Remark A.2.10. The above identification is implicitly used in [BouOja/ as they define a (positive)
real measure as a positive continuous linear form on Cq(X).
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Because we are only concerned with geometric situations in which all the occuring spaces are
locally compact we come to the following convention.

Convention A.2.11. From now on we will always mean by a measure on a locally compact
(Hausdorff) space X a Radon measure p and identify it with an element of M(X) C C.(X)*. Thus
we will sometimes write p(f) instead of [ fdu (f € Ce(X), p € M(X)). Further we will always
complete the resulting measure space (cf. Theorem A.1.3).

Recall that C.(X)* — as the dual of C.(X) — can be equipped with the weak-* topology. Because
M(X) C C.(X)* this induces a topology on the space of all measures on X. We call this topology
the weak-* topology or the vague topology on M(X). A sequence {jy }nen in M(X) converges to
p € M(X) if and only if

/fdunzunmﬂ(f):/ fdu (n— o)
X X

for every f € C.(X).
This topology has a very neat property. For that recall the following result from linear functional
analysis.

Theorem A.2.12 (Banach-Alaoglu). Let E be a normed linear space. Then the unit ball in E*
with respect to the norm topology on E* is compact with respect to the weak-* topology.

Proof. See [Zim90, Theorem 1.1.28, p. 22]. O

If X is a compact metric space then C.(X) = C(X) and C(X) is a normed space. Hence the unit
ball in C.(X)* = C(X)* is compact with respect to the weak-* topology. Let M(X) C M(X)
denote the set of all probability (Radon) measures on X. We will now see that this space is in fact
compact with respect to the weak-* topology on M(X).

Corollary A.2.13. Let X be a compact metric space. Then the space of all probability measures
MY(X) is compact with respect to the weak-* topology on M(X) C C(X)*.

Proof. Tt will be sufficient to show, that M!(X) is weak-* closed in the normed unit ball C(X)%
of C(X)*. However we have that

Iu(f)lz‘/xfdu'S/lelduﬁu(X)'lfIZIIfH

for every f € C(X) and every u € MY(X), i.e. MY(X) C C(X);.

Further
e M(X) <= (VfeC(X): f>0 = p(f)>0)and p(1) =1
Thus
MX)={eCcX): A1) =13n [ {AeCX):\f) =0}
feC(X),f=0
which is clearly closed in the weak-* topology. O

Definition A.2.14 (Dirac measure). Let X be a locally compact space and z € X. The measure
induced by the positive linear form ¢, : C.(X) — R, f — f(x) is called the Dirac measure at .

Definition A.2.15 (Atom). Let X be a locally compact space. A measure p € M(X) is said to
have an atom at x € X with weight A > 0, if there is a measure v € M(X) such that v({z}) =0
and = X0, + v (cf. [BouO4a, No. 10 §6 V]).

Definition A.2.16 (Support). If p is a measure on a locally compact space X, one defines the
support of i, denoted by supp (i), to be the closed set complementary to the largest of the open
sets in X on which the restriction of u is zero.
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A.3. The Canonical Measure Class on an Oriented Smooth Manifold

Let M be an oriented smooth manifold with or without boundary and let w € Q"(M) be an
orientation form for M (cf. [Leel3, p. 381]). We can now define a positive linear form p : C.(M) — R

by
nl) = [ £

for every f € C.(M). Obviously p is linear and, since w induces the orientation of M, u is also
positive. Hence p defines a measure on M. Note that this construction turns M into a o-finite
measure space equipped with a regular Borel measure (cf. Lemma A.2.5).

Example A.3.1. In case of an oriented Riemannian manifold M one may take for w the volume
form. In this way we get the hyperbolic volume measure v on H" for instance.

If & is another orientation form on M, then w = « - @ for some strictly positive smooth function
a : M — R. This shows, that the measure class of p,, does not depend on the orientation form w
and we can speak of null sets in M without any specification of w. Whenever we have an oriented
smooth manifold with or withour boundary we will think of it as equipped with this canonical
measure class.

The following lemma gives a neat characterization of the null sets of this canonical measure class.

Lemma A.3.2. Let N C M be measurable. Then N is a null set if and only if for every coordinate
chart (U, @) of M its image (N NU) C R™ is a Lebesgue null set. Further N C M is a null set, if
wi(U;NN) C R"™ is a Lebesgue null set for every i € I, where {(U;, ¢;)}ier is a covering of M by
coordinate charts.

Proof. Without loss of generality we may assume, that every coordinate chart is orientation pre-
serving. Indeed, if a chart is not orientation preserving we may compose it with a reflection and
consider the resulting chart. This is admissible, since Lebesgue null sets in R™ remain null sets
after applying a reflection. We shall choose an orientation form w of M for the rest of the proof.

Let ¢ : U — V C R” be an oriented coordinate chart of M. The measure p,, restricted to U is
given by p, . The image measure @, (,uw|U) is given by

/"fdeo*(uww):/Ufw-w
= [ (fop-wit)

= [ (¢ WlU)
R

for every f € C.(V). Then (¢ )*w|U = a -dxy A ... A dx, for some smooth strictly positive
function o : V' — R. Hence

/Rnfdgp*(’uww):/Rnf‘ad$1-..d:cn

for every f € C.(V'), which shows that ¢. (s, ;) is equivalent to the Lebesgue measure on V' C R™.
Thus if p,(N) = 0 then also 0 = py|u(N) = p,u(N NU) = @u(per)(@(U N N)), such that
©(UNN) is a Lebesgue null set by the equivalence of . (u7) and the Lebesgue measure.
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Conversely let o(UNN) be a Lebesgue null set for every coordinate chart ¢ : U — R™ and choose
a countable covering {U;}ieny of M by oriented coordinate charts ¢; : U; — V; C R™. Then we
compute

0 < 11u(N) £ 3 g, (U A N) = S (00) (0l U (91 (U 0 N)) = 0
ieN i€N
such that N is a null set for p,. The last assertion now follows from what we have shown so
far, since one may always choose a countable subcover from any covering {U;};c; by Lindelof’s
Theorem. O

The above lemma shows, that our notion of null sets on a smooth manifold (with or without
boundary) coincides with the notion of "sets of measure zero” in [Leel3, pp. 125].

Proposition A.3.3. Let M be a smooth manifold with or without boundary and A C M a null set
in M. Then M — A is dense in M.

Proof. This is [Leel3, Proposition 6.8, p. 128]. O

Theorem A.3.4. Let M and N be smooth manifolds with or without boundary, F : M — N a
smooth map, and A C M a null set. Then F(A) C N is a null set.

Proof. This is [Leel3, Theorem 6.9, p. 128]. O
The following corollary is immediate.

Corollary A.3.5. Let F : M — M be a diffeomorphism and let A C M be a null set. Then also
F~1(A) and F(A) are null sets.

Thus the canonical measure class of a smooth manifold (with or without boundary) is invariant
under diffeomorphisms.

Corollary A.3.5 will become important, when we consider quasi-invariant measures on homoge-
neous spaces in the next section.

Proposition A.3.6. Let M and N be smooth manifolds with or without boundary and F : M — N
a smooth submersion. Then:

(i) If A C N is a null set then, F~1(A) is a null set.
(i) If A C N is conull, then F~(A) is conull.
Proof. First of all (i) implies (ii), since
M—-F1YA)=FYN)-F'A)=F"1'N-A4)

Let us turn to (i). Let m = dim M > dim N = n. By the rank theorem (cf. [Leel3, Theorem 4.12
(Rank Theorem), p. 81]), for each point p € M, there exist smooth coordinate charts (U, ) for M
centered at p and (V,4) for N centered at F'(p) such that F(U) C V, in which F' has a coordinate
representation of the form

F,. . a™ " a™) = (2h ... ")

Since A C N is a null set, (AN V) C R” is a Lebesgue null set. Because o(F~1(A)NU) =
O(F Y ANV)) = FY(4(ANV)) and F is just the projection on the first m coordinates it follows
(by Fubini’s Theorem), that also ¢(F~*(A) NU) is a Lebesgue null set in R™.

Because M may be covered by such charts F~1(A) is a null set. O
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Finally the next statement is a consequence of Sard’s Theorem (cf. [Leel3, Theorem 6.10, p.
129]).

Proposition A.3.7. Let M be a smooth manifold with or without boundary and S C M an
immersed submanifold with or without boundary. If dim S < dim M, then S is a null set in M.

Proof. See [Leel3, Corollary 6.12, p. 131]. O

Remark A.3.8. What we have developed for oriented smooth manifolds may be generalized to
arbitrary smooth manifolds by considering densities instead of differential forms (cf. [Leel3, p.

4217]).

A.4. Invariant Measures

Our main reference for this section is [Bou04b, Chapter VII]. Recall that [Bou04b] uses a slightly
different definition of measurable functions as we have already mentioned in Remark A.2.2. However
both notions coincide in all of our geometric applications.

A.4.1. Basic Definitions

Let G be a topological group operating continuously on the left in a locally compact space X; we
write for the action of s € G on z € X simply sx. We denote by yx(s), or y(s) the homeomorphism
of X onto X defined by

Y(s)x = sz

We have
Y(st) = ~v(s)v(t) Vs,t € G

If f is a function defined on X, v(s)f will be defined by the left regular representation
(v(s)f)(z) = f(s™"a)
If 4 € M(X) is a measure, we define «(s)u or sometimes s, by
(sei)f = (Y(s)w)f = p(v(s71)f)
ie.
[ raes@ = [ fse) duta)
X X

for every s € G, f € C.(X).
If A is a measurable set, then s~'A is measurable and

(V(s)u)(A) = u(s"A)

The measure v (s)u may also be defined as the image or pushforward of p under ~(s).
Instead of writing d(~(s)u)(z), it is sometimes useful to write du(s~'x), which then yields

[ s@dnts™a) = [ fsa)duta)

for every s € G, f € C.(X).
Definition A.4.1 (invariance). Let 1 be a measure on X.

(i) w is said to be invariant under G if v(s)u = u for every s € G.
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(ii) w is said to be relatively invariant under G if y(s)u is propotional to p for every s € G
(iii) p is said to be quasi-invariant under G if v(s)u is equivalent to p for every s € G.

Remark A.4.2. If u is quasi-invariant and i’ is another measure on X equivalent to u, then
~(s)y' is equivalent to ~v(s)u, hence to u, hence to i/, and so (' is quasi-invariant. To say that p
s quasi-invariant under G therefore means that the measure class of p is invariant under G.

If 1 is quasi-invariant, then the support of v is invariant under G.

The above can be analogously transferred to the case of a right action of G on X. Thus let G be
a topological group operating continuously on the right in a locally compact space X; we write for
the action of s € G on & € X simply xs. We denote by dx(s), or d(s), the homeomorphism of X

defined by

d(s)x = x5!

We have
d(st) =6(s)d(t) Vs,t € G

As before we define for every s € G, x € X, f € C.(X) and measurable set A C X.

We agree to write du(xs) in place of d(d(s)u)(z) which then yields

[ s@antes) = [ fas)au

A.4.2. Haar Measure and Modulus

Let G be a locally compact group. It operates on itself by left an right translation, according to
the formulas v(s)x = sz, §(s)z = xs~! for all z,s € G. Then

Y(s)d(t) = a(t)v(s) Vs,te G

All of the foregoing is applicable here, thus we have on G the concepts of measures that are
left-invariant, right-invariant, relatively left-invariant, relatively right-invariant, left quasi-invariant,
right quasi-invariant.

Definition A.4.3 (Haar measure). Let G be a locally compact group. A nonzero (positive) measure
on G that is left (resp. right) invariant is called a left (resp. right) Haar measure on G.

Theorem A.4.4. On every locally compact group, there exists a left (resp. right) Haar measure,
and, up to a constant factor, there exists only one.

Proof. See [Bou04b, Theorem 1, VIL.6 §1]. O

Let p be a left Haar measure on G For every s € G, d(s)u is also left invariant, therefore there
exists a unique number Ag(s) > 0 such that d(s)u = Ag(s)p. This number is independent of the
choice of u by Theorem A.4.4.

141



A. Measure Theory

Definition A.4.5 (Modular function Ag). The function A¢g on G is called the modulus or modular
function of G. If Ag =1, the group G is said to be unimodular.

Corollary A.4.6. The modular function Ag : G — R is a continuous representation.
Proof. See [Bou04b, No. 3 §1 VIL.10]. O
Proposition A.4.7. Let G be unimodular locally compact group. Then:

(i) If f is p-integrable on G, then the functions x — f(sx), z + f(xs) and x — f(x~!) are all
p-integrable and their integrals coincide:

[ Hs0)dute) = [ @ duto) = [ ) duto) = [ f@)duto

(ii) If A is a measurable subset of G, then sA, As and A~' are measurable and they have the
same measure:

p(sA) = p(As) = p(A™") = p(A)
Proof. See [Bou0O4b, 4), VII.12 §1]. O
Proposition A.4.8. If G is discrete, compact or abelian then G is unimodular.
Proof. See [Bou04b, Corollary, VII.12 §1]. O

In case of a discrete group G a Haar measure is clearly given, by the measure, which assigns each
point of G the mass 1. This particular Haar measure is then called the normalized Haar measure
on GG. Similarly if G is compact every Haar measure is finite and there is only one Haar measure p
on G such that u(G) = 1. Again this particular Haar measure is then called the normalized Haar
measure on GG. One immediately notices, that both definitions do not coincide in case of a compact
discrete (i.e. finite) group G. Thus we will always explicitly specify what is meant by normalized
Haar measure in this situation.

A.4.3. Invariant Measures on Quotients X /H

Now we turn to measures on quotients by group actions. We follow here [Bou04b, VII §2]. Let X
be a locally compact space in which a locally compact group H operates on the right continuously
and properly. Then X /H is Hausdorff and we denote by 7 : X — X /H the canonical quotient
map. Let us further fix a left Haar measure 5 on H.

Let f be a continuous numerical function on X whose support has compact intersection with the
saturation of every compact subset of X. The formula

— / F(2€) dB(€)
H

defines a continuous function f> on X /H. If f € C.(X), then f> € C.(X/H). The mapping f — f°
of C.(X) into C.(X/H) is linear and the image of C.(X) is C.(X/H).

Proposition A.4.9 (Quotient measures). (i) Let A be a measure on X/H. There exists one
and only one measure \* on X such that

fbdA:/ fdN (A1)
X

X/H

for all f € C.(X). One has §(E)N* = A (€)M for all € € H.
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(ii) Conversely, let p be a measure on X such that §(&)u = Ag(&)p for all § € H. Then there
exists one and only one measure X\ on X /H such that p = M.

Proof. See [Bou04b, Proposition 4, VIL.31 §2]. O

Definition A.4.10. With hypotheses and notations as in Proposition A.4.9, X is called the quotient
of p by 8 and is denoted % or 1/ f. Further whenever ) is a measure on X /H we will denote by A*

the unique measure from Proposition A.4.9. We will call A the lifted measure corresponding to \.

The formula (A.1) may, by analogy with the usual notation for double integrals, be written as
/ o) dN@) = | / F(2€) dB(E) dN@), (i = 7(x)) (A.2)
X/H

This involves an abuse of notation, the integral [ f(x€) dB(€) being regarded as a function of &
and not of x; this manner of writing will be used frequently provided no confusion can arise.

Lemma A.4.11. Assume that p is a measure on X, such that §(&)pu = Ag(§)p for every £ € H.
Then the quotient measures (- p)/B and p/(c - B) exist and the following formulas hold:

(a-p) 7 0 1M
=a-= and —s=a =
B B a-f g
Proof. In order to show, that the quotient measures above exist, we need to check that §(§)(a-p) =
Ap(§)(a - p). Note that we already know that 6(§)u = Ag(§)p for every & € H, such that the

quotient measure p/(a - 3) exists. Now we compute

(&) (- p)=a-8(&n=alpg(E)n=An(&)(a-p)

for every £ € H.
Let f € C.(X). We compute

/X F@)d(a - p1)(z) = /X y /H F(x€) dB(E) (o - 1/ B) (&)
/X f(@) d(o - p)(x) = o /X f(@) dyu(z)

o / / £(x€) dB(E) d(u/B)(2)
x/H JH
_/ /f(xg)dﬂ(é)d(a'u/ﬂ)(ﬂb)
x/HJH

But also

By the uniqueness of quotient measures we get as asserted («-p)/8 = a - (u/B).

Analogously
Jorwaw = [ [ e pe e o)
and
@@ =[] eas© s
[ [ teoda-o© e (/6)@)
X/HJH
Again by uniqueness, we get p/(a - 3) = a~!- (u/B) as asserted. O
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A. Measure Theory

The following proposition gives formula (A.1) for the general case of integrable functions.

Proposition A.4.12. Let \ be a (positive) measure on X /H and let f be a N-integrable function
on X, with values in a Banach space or in R. Then the set of & € X/H such that & — f(x€) is
not B-integrable is -negligible; the function f° on X /H defined almost everywhere by the formula

P = [ feodse), @ =r) (A3)
H
is A-integrable, and
/ fPdx = / fdN (A.4)
X/H X
and
[ iptans [ isav (A.5)
X/H X
Proof. This is ¢) in [Bou04b, Proposition 5, VIL.33 §2]. O

As for formula (A.1) we will write formula (A.4) as
T “z) = T T T =m(x .
| f@ i) /X/H/Hf( B dN@). (&= (x)) (A6)

by abuse of notation.
The next proposition gives useful criteria for negligible sets and measurable resp. integrable
functions on the quotient X /H.

Proposition A.4.13. Let A be a positive measure on X /H. Then:

(i) Let N be a subset of X/H. For N to be locally \-negligible, it is necessary and sufficient that
7~ Y(N) is locally N -negligible.

(ii) Let g be a function on X /H, with values in a Banach space or in R. For g to be measurable,
it is necessary and sufficient that g o be measurable.

(iii) Let h be a function on X /H, with values in a Banach space or in R. For h to be \-integrable,
it is necessary and sufficient that g o ™ be Af-integrable.

Proof. This is ¢) in [Bou04b, Proposition 6, VII.34 §2]. O

Recall the following definition of locally negligible sets (cf. [BouO4a, Definition 3, IV.61 §5]).
Definition A.4.14 (locally negligible). Let X be a locally compact space with a measure u. A
set A C X is said to be locally negligible (or locally p-negligible) if for every x € X there exists a
neighborhood V' of x such that V' N A is negligible.

Note that in the applications we consider X is always second countable, such that every locally
negligible set is automatically negligible and vice versa.
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A.4. Invariant Measures

A.4.4. Quasi-invariant Measures on Homogeneous Spaces G/H

We will further need some results on homogeneous spaces; we follow [Bou04b, No. 5 §2 VII]. There-
fore let G be a locally compact group and H a closed subgroup of G. Consider the homogeneous
space G/H of left cosets with respect to H, on which G acts coninuously on the left. We are going
to show, that there is one and only one class of nonzero quasi-invariant measures on G/H.

Note that H operates on G continuously and properly by right translation; and the quotient
space G/H is paracompact.

Theorem A.4.15. Let G be a locally compact group, H a closed subgroup of G.

Then any two nonzero quasi-invariant measures on G/H are equivalent; the subsets of G/H
locally negligible for these measures are those whose inverse image in G is locally negligible for a
Haar measure.

Proof. This is a) of [Bou04b, Theorem 1, VIL.40 §2]. O

Theorem A.4.16. Let G be a locally compact group, H a closed subgroup of G, p a left Haar
measure on G, and 8 a left Haar measure on H. Then:

(i) There exist functions q continuous and > 0 on G, such that

Ag (&)
Ag(§)

q(x€) = q(x)

forallx € G and & € H.

(ii) Given such a function q, one can form the measure X\ = (q - n)/B on G/H (cf. Definition
A.4.10), and X is a nonzero measure quasi-invariant under G.

(iii) Let f be a q - p-integrable function on G, with values in a Banach space or in R. Then,
the set of © € G/H such that £ — f(x) is not B-integrable is A-negligible; the function
& [ f(x€) dB(€) is A-integrable and

/G F (@) dyu() = /G y /H F(2€) dB(€) dA()

Proof. (i) resp. (ii) are a) resp. b) of [Bou04b, Theorem 2, VII.41 §2]. (iii) is ¢) of [Bou04b, VII.42
§2]. O

Corollary A.4.17. Let G be a Lie group and H a closed subgroup of G. Then the quotient G/H
s a smooth manifold such that G acts smoothly from the left on it. The canonical measure class on
G/H as a smooth manifold is the unique quasi-invariant measure class on G/H given by Theorem

A.J.16.

Proof. By Corollary A.3.5 the canonical measure class on G/H is preserved by diffeomorphisms.
Because G acts via diffeomorphisms on G/H also the canonical measure class is quasi-invariant
under G. By Theorem A.4.15 any two quasi-invariant measures on G/H are equivalent such that
the canonical measure class on G/H coincides with the measure class given by Theorem A.4.16. [

Remark A.4.18. It is worth noting, that what we have stated so far in subsections A.4.83 and
A.4.4 is equally true (mutatis mutandis) for left actions instead of right actions.
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A. Measure Theory

A.4.5. Integration on a Fundamental Set

In case of a discrete group action we can realize the integration on the coset space by integration
on a measurable fundamental set. We follow here [Bou04b, No. 10 §2 VII], but consider left actions
instead of right actions as we will only be interested in this case. Let X be a locally compact
space and H a discrete group operating on the left continuously and properly in X. Let m be the
canonical mapping of X onto the right coset space H\X. For every x € X, we denote by H, the
stabilizer of x in H; this is a finite subgroup of H; its order will be denoted by n(x). For every
s € H, Hy, = sH,s™!, therefore n(sz) = n(z). There exists an open neighborhood U of z such
that U NsU = 0 for s ¢ H,; for y € U, one has Hy C Hy; thus the function n on X is upper
semi-continuous. When X is second countable, H is countable; for, let K7, Ko,... be a covering of
X by a sequence of compact subsets, and let zg € X; the set of s € H such that sxg € K; is finite,
whence our assertion.

Definition A.4.19 (fundamental set). Let F' C X. One says that F' is a fundamental set (for
H) if the restriction of 7 to F'is a bijection of F' onto H\X. In other words, F' is a system of
representatives for the equivalence relation defined by H.

Theorem A.4.20. Let X be a locally compact space that is o-compact, H a discrete group operating
continuously and properly on the left in X, m the canonical mapping of X onto H\X, p a measure
on X invariant under H, ( the normalized Haar measure of H, and A\ = pu/B. Further let F' be a
measurable fundamental set and let k be a function on H\X. Then:

For k to be measurable (resp. A-integrable), it is necessary and sufficient that n=1 - xp- (ko) be
measurable (resp. p-integrable); and, if k is A-integrable then

/ kd)\—/n_l-(k:ow)du
H\X F

Proof. This is ¢) in [Bou04b, Theorem 4, VII.52 §3]. O

Recall that a locally compact space X is said to be o-compact or countable at infinity if it is a
countable union of compact subsets; in particular every second countable locally compact space is
countable at infinity.

Proposition A.4.21. Let G be a locally compact second countabel group with a discrete subgroup
I'. Then there exists a measurable fundamental set for the left action of I' on G.

We give the proof of [Tor]:

Proof. The canonical projection 7 : G — I'\G is a local homeomorphism. Combined with second-
countability, this implies the existence of an open cover {U), },en of G such that 7 : U,, — w(Up,) is
a homeomorphism for every n € N. We set F} = U; and define

Fy=U,-U,Nnn? <7T <U Uk))
k<n

Then F :=J, .y Fn is a measurable fundamental set for the left action of I on G. O]

neN
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B. (G-modules and Banach (G-modules

We want to give a brief exposition of the basic notions of G-modules and Banach G-modules here.
These are the central objects of continuous cohomology and continuous bounded cohomology as
discussed in chapter II.

Let H, G be topological groups. Every vector space will be over the field of real numbers R.

B.1. (G-modules

We follow essentially [Gui80].

B.1.1. Basics

Definition B.1.1. A locally convex topological vector space (LCTVS) is a real vector space E such
that its topology is given by a family {||.||o}aca of seminorms, i.e. a subbasis for the topology is
given by all ||.||o-balls By, (z) ={y € E: ||z —ylla <r} withz € E,r>0,ac A.

A continuous linear map « : £ — F of two LCTVS is called a morphism of LCTVS or simply a
morphism.

Remark B.1.2. Indeed, locally convex topological vector spaces form a category with continuous
linear maps between them, such that the above terminology is justified. However we will not use
the language of category theory too much in the following.

Definition B.1.3. A G-module is a pair (7, FE), where E is a LCTVS and 7 : G — Aut(E) is
a group homomorphism into the group of continuous linear automorphisms of F, such that the
structure map

GxFE—FE
(g,v) = w(g)v

is (jointly) continuous. If 7 is understood, we shall frequently omit it and refer to (w, F) just by
E. We then simply write g - v or gv instead of m(g)v for all g € G, v € E.
Let £ and F be G-modules and a : E — F a morphism. We call a a G-morphism, if it is
G-equivariant, i.e.
a(g-v) =g-av)
forallg e Gand v € E.

Example B.1.4. The most basic but yet important example is R as a trivial G-module (via the
trivial representation).

Definition B.1.5. Let E be a G-module. The subspace of invariants is the subspace
E¢:={veE:g-v=uv}

Lemma B.1.6. Let a: E — F be a G-morphism of G-modules. Then o restricts to a morphism
between the subspaces of invariants a : E¢ — F¢

Proof. This follows immediately from the definitions. O
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B. G-modules and Banach G-modules

B.1.2. Pullback Structure

Let (7, E) be a Banach G-module and p : H — G a continuous group homomorphism. We can
think of E as a Banach H-module via the representation mop: H — G — Aut(E). This structure
is called the pullback structure on E and we denote the resulting H-module by p*FE.

If H is a subgroup of GG this allows us to think of any Banach G-module E via the pullback
structure induced by the inclusion ¢ : H < G. In this case, however, we will also write F instead
of i*E for simplicity and just speak of E' as a Banach H-module.

Lemma B.1.7. Let (m, E) and (w2, F') be two G-modules and o : E — F a G-morphism. Then
a:p*E — p*F is an H-morphism, i.e. compatible with the pullback structure.

Proof. This is a simple calculation. We have
a(m(p(h))v) = ma(p(h))a(v)

for all v € E and h € H, since « is a G-morphism and p(h) € G. O

B.2. Banach (G-modules

We follow essentially [Mon01].

B.2.1. Basics

Definition B.2.1. A real vector space E with a norm ||.|| is called a Banach space, if it is complete
with respect to ||.]].

A continuous linear map « : £ — F of Banach spaces is called a morphism of Banach spaces
or simply a morphism. The space L(FE, F') of all continuous linear maps becomes itself a Banach
space with the operator norm

lofl = sup U@l oc L(E.F)
vEE v#£0 HUH

A morphism is called isometric, if it preserves the norm.

Remark B.2.2. Indeed, Banach spaces form a category with continuous linear maps between them,
such that the above terminology is justified. However we will not use the language of category theory
too much in the following.

Definition B.2.3. A Banach G-module is a pair (7, E'), where E is a Banach space and 7 : G —
Iso(E) is a group homomorphism into the group of isometric linear automorphisms of E. If 7 is
understood, we shall frequently omit it and refer to (7, F) just by E. We then simply write g-v or
gv instead of 7(g)v for all g € G, v € E.

Let E and F be Banach G-modules and a : F — F a morphism (of Banach spaces, i.e. a
continuous linear map). We call v a G-morphism, if it is G-equivariant, i.e.

a(g-v) =g-a(v)
forallge Gandv e E.

Remark B.2.4. We stress, that there is apriori no continuity assumption on the homomorphism
m: G — Iso(E)!
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B.2. Banach G-modules

Example B.2.5. The most basic but yet important example is R as a trivial Banach G-module
(via the trivial representation).

Definition B.2.6. Let E be a Banach G-module. The subspace of invariants is the subspace
EY ={veE:g-v=u}

Lemma B.2.7. Let o : E — F be a G-morphism of Banach G-modules. Then « restricts to a
morphism between the subspaces of invariants o : E¢ — FC¢

Proof. This follows immediately from the definitions. O
Definition B.2.8. The Banach G-module (, E) is continuous if the structure map
GxFE—FE
(9,v) = m(g)v

is continuous, where G' x E is endowed with the product topology (whence the occasional use of
the expression jointly continuous).

Remark B.2.9. [t is clear from the definition, that a continuous Banach G-module is also a
G-module.

The following lemma shows that due to the isometric action of G on E it actually suffices to
consider the orbit maps in order to check for continuity.

Lemma B.2.10. A Banach G-module (7, E) is continuous if and only if its orbit maps
G—FE
g = m(g)v

are continuous at e € G (the neutral element of G) for every v € E.

Proof. See [Mon01, Lemma 1.1.1, p. 10]. O

Definition B.2.11. Let (7, E') be a Banach G-module. We define its mazimal continuous submod-
ule
CE:={veFE:G— E,g+— gvis continuous}

If the representation 7 is understood, we shall drop the subscript and simply denote it by CFE.
The terminology is justified by the following lemma.

Lemma B.2.12. The Banach G-module E induces on the set CE the structure of a continuous
Banach G-module. Moreover, CE contains all continuous Banach G-submodules of E.

Proof. See [Mon01, Lemma 1.2.3, p. 15]. O

Lemma B.2.13. Any G-morphism « : E — F of Banach G-modules restricts to CE — CF'.
Proof. See [Mon01, Lemma 1.2.4, p. 15]. O

Lemma B.2.14. Let E be a Banach G-module. Then
E¢ CCE.
In particular E¢ = CEC.

Proof. For every v € E¢ we have that the orbit map g — gv is constant and therefore continuous,
ie.veCE. O
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B. G-modules and Banach G-modules

B.2.2. Pullback Structure

Let (m, E) be a Banach G-module and p : H — G a continuous group homomorphism. We can
think of E as a Banach H-module via the representation mop: H — G — Aut(E). This structure
is called the pullback structure on E and we denote the resulting H-module by p*FE.

If H is a subgroup of G this allows us to think of any Banach G-module E via the pullback
structure induced by the inclusion ¢ : H — G. In this case, however, we will also write F instead
of i* F for simplicity and just speak of E as a Banach H-module.

Lemma B.2.15. Let (71, E) and (w2, F') be two Banach G-modules and o : E — F' a G-morphism.
Then a: p*E — p*F is an H-morphism, i.e. compatible with the pullback structure.

Proof. The proof for oridnary G-modules works verbatim. O

Lemma B.2.16. For any Banach G-module (7, E) we have
CrE CCrpE

Proof. By definition
CE={veFE:g— m(g)vis continuous}

and
CrpE ={v € E:hw— n(p(h))v is continuous}

If G — E,g+— 7(g)v is continuous, then so is H — E,h — w(p(h))v and the asserted inclusion
follows. O]
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C. Amenability

We want to give a brief introduction to amenable groups and amenable actions here. They play
an important role in the study of continuous bounded cohomology; in particular in the context of
L°-resolutions.

We follow in essence [Mon01, IL.5]. In the following G is a locally compact second countable
topological group.

C.1. Amenable Groups

Definition C.1.1 (Amenable Group). G is called amenable if one of the following equivalent
conditions is satisfied (cf. [Mon01, IL.5, p. 46]):

(i) (fized point property) For every (jointly) continuous linear G-action on a Hausdorff locally
convex topological vector space F' and every non-empty compact convex G-invariant subset
K C F, there is a G-fixed point in K.

(ii) (invariant mean property) There is an invariant mean on L*°(G,R), that is a norm one
G-morphism m : L>*°(G,R) — R such that m(1¢) = 1, where R is the trivial Banach G-module
and 15 denotes the constant function with value 1 on G. Here G is equipped with a Haar
measure.

Proposition C.1.2. Every compact group is amenable.

Proof. Recall that if G is a compact group, then every function in L (G, R) is integrable, since
the Haar measure p on G is finite. We can normalize p, such that p(G) = 1.
An invariant mean m : L>°(G,R) — R is now given by integration

m(f) = /G f(g)dulg),  Vf € L™(G.R)

as one readily checks. O
Proposition C.1.3. Every finite group is amenable.

Proof. This follows from the previous proposition, since every finite group is compact with respect
to its discrete topology. d

Proposition C.1.4. Every abelian group is amenable.

Proof. This is a consequence of the above fixed point property and the Markov-Kakutani fixed
point theorem. For details see [Pat88, (0.14) Proposition, p. 13]. O

Proposition C.1.5. Let N <G be a normal subgroup. Then G is amenable if and only if N and
G/N are amenable.

Proof. See [Pat88, (1.13) Proposition, p. 31]. O

Proposition C.1.6. Every locally compact solvable group is amenable.
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C. Amenability

Proof. Let G be a locally compact solvable group. Then it admits a finite derived series
where G0+ = [G0), GU], i.e. the quotient group G /GU+Y) is abelian, for every i =0, ...,k — 1.
We get the following short exact sequences

1 -G - gt 5 gi=/gl) 1

for every ¢ = 1,...,k. Starting from i = k, where G®*) = 1 is clearly amenable one deduce
succesively that every G is amenable by Proposition C.1.5. Hence G(©) = G is amenable too. [

Proposition C.1.7. Let H < G be an amenable subgroup with finite index |G : H] = m < oo.
Then G is also amenable, i.e. any virtually amenable group is amenable.

Proof. Let F be a Hausdorff LCTVS on which G acts jointly continuous and linear. Further let
K C F be a G-invariant compact convex subset. By restricting the action of G to H we get a
jointly continuous linear action of H on F' and K remains H-invariant. Thus by the amenability
of H there is a fixed point fg of the H-action in K.

Now consider a representational system {g; : i = 1,...,m} of the left cosets of H in G, i.e.
m
G = |_| giH
i=1
We set
U |
fa = 2 ol 9ifH
1=

and claim that fe is indeed a fixed point of the G-action in K. As K is convex and Y ;- % =1,
we have that fg is indeed in K.

Now toany g € G andi € {1,...,m} there is a unique p4(i) € {1,...,m} such that gg; € g, ;) H.
We denote this bijection by ¢4 : {1,...,m} = {1,...,m}. Thus there is also a unique h(i,g) € H

such that gg; = g,,(;)h(i, g). Hence for every g € G we get

m

1 1 . US|
9fc =2 —99ifH = > e, yh(i, 9) fir = > e,y = fa
=1 i=1

=1

i.e. fg is indeed a G-fixed point in K.
Therefore G is amenable by the fixed point property. O

C.2. Amenable Actions
Definition C.2.1 (Standard Borel space). A measurable space (X,.A) is called standard if (X, .A)
is isomorphic to some compact metric space with the Borel o-algebra.

Definition C.2.2 (Regular G-space). A regular G-space is a standard Borel space S on which G
acts measurably, together with a G-invariant measure class with the following property:

The measure class contains a probability measure p turning (.S, ¢t) in a standard probability space
such that the natural isometric G-action A\ on L' (1)

-1
(V(g)p)(s) = so(g—ls>df’du“<s>, (p € Li(u).s € 5)

is continuous, where dg~'y/du is the Radon-Nikodym derivative.
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C.2. Amenable Actions

Example C.2.3. The following are some examples given in [Mon01, Example 2.1.2, p. 18]:

(i) G itself as a locally compact second countable topological group is a regular G-space with its
Haar measure class. More generally, for any closed subgroup H < GG the homogeneous space
G/H with the class of the natural quasi-invariant measures is a regular G-space.

(ii) The product of finitely many or countably many regular G-spaces is still a regular G-space
when endowed with the product structure.

(iii) If S is a regular G-space, H another topological group and H — G a continuous homomor-
phism, then by pullback S is a regular H-space.

Definition C.2.4 (Amenable Action, Amenable G-space). Let S be a regular G-space. The
G-action on S is called amenable if there is a G-equivariant conditional expectation L>*(G x S) —
L>(S) (cf. [Mon01, Theorem 5.3.2, p. 48]). In this case we call S also an amenable regular G-space.

Definition C.2.5 (Conditional Expectation). A conditional expectation m : L°(G x S) — L*(S)
is a norm one linear continuous map such that

(i) m(lGXS) = 1S
(ii) for all f € L*°(G x S) and each measurable subset A C S one has m(f - 1gxa) =m(f) 14

Remark C.2.6. There is also a definition of amenable action more related to the fized point
property of amenable groups in Definition C.1.1. However we do not need it here and refer to
[Mon01, pp. 48] for more details.

We now state some properties of such amenable G-spaces

Proposition C.2.7. Let H < G be a closed subgroup. Then the G-action on G/H is amenable if
and only if H is an amenable group.

Proof. See [Zim84, Proposition 4.3.2, p. 78]. O

Proposition C.2.8. If S,T are regular G-spaces and the G-action on S is amenable, then the
diagonal G-action on S x T is amenable.

Proof. See [Zim84, Proposition 4.3.4, p. 79]. O

Lemma C.2.9. Let H < G be a closed subgroup and S an amenable reqular G-space. The
restriction to H of the action on S is amenable.

Proof. See [Mon01, Lemma 5.4.3, p. 53]. O
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D. Classical Cohomology

We will assume that the reader is already familiar with classical (co)homology theories such as
singular (co)homology and de Rham cohomology. The objective of this appendix is to fix some
notation and to recall some results from topology. However we also give an introduction to singular
bounded cohomology and its relative version, which admits a long exact sequence just as ordinary
singular cohomology. Finally we define relative de Rham cohomology and prove a relative version
of de Rham’s theorem, that we were unable to find in the standard literature.

There are already many good books on algebraic and differential topology. Our main references
are [Hat02] and [Leel3].

D.1. Singular Homology

Let n € Ng. We define the standard n-simplex A™ in R™ as the subset

A" = {(tl,..-7tn)€Rn30§tiSland Ztigl}

i=1
For any (n + 1) points v, ..., v, in some euclidean space R™ we can now define the affine map
[Voy ... 0p] : A" — R™

given by

n
[Uo,...,vn](tl,...,tn) = <1 — Ztl> vo +tivr + -+ thvp
i=1
for all (¢1,...,t,) € A™.
With this notation the boundary faces of A™ can be parametrized via the maps

5 -1
Fi,n:[eo,...,ei,...,en]:A” — A"

where eg = 0 € R", eq,...,e, € R™is the standard basis and as usual a hat over a variable indicates
its omission.

Let M be a topological space. A singular n-simplex is a continuous map o : A™ — M. We denote
by S, (M) the free abelian group generated by all singular n-simplices and call it the singular chain
group. Actually it is customary to define the singular chain groups with coefficients in an arbitrary
ring and not only Z-coefficients, but we will not need this here.

We can define boundary maps
0:Sp(M)— Sp—1(M)

via
n

90 =Y (-1)"- (o0 Fip)

i=0
for every singular n-simplex o : A™ — M.
Because 0 0 0 = 0. This gives us a chain complex
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D. Classical Cohomology

e Sua(M) <L (M) 2 Sy (M)

The singular n-cycles are the elements of
Zn(M) =ker{0 : Sp,(M) — S,—1(M)}
and the singular n-boundaries are the elements of
Bo(M) = im{0: S, _1(M) = S,(M)}

The n-th singular homology group is the quotient

It is also possible to define relative singular homology. For that consider a subspace N C M and

set
Sp(M,N)=5,(M)/S,(N)

We call these groups the relative singular chain groups. We get the following short exact sequence
of chain complexes. Observe that one can identify S, (M, N) with the free abelian group generated
by all singular n-simplices in M whose image is not entirely contained in N. Therefore we get the
following split short exact sequence.

Ly

00— Se(IN) — So(M) —— Se(M,N) — 0

where i, : S;,(N) — S, (M) is the map induced by the inclusion i : N — M.

The quotient
ker{0 : S;,(M,N) — Sp_1(M,N)}

im{0 : Sp4+1(M,N) — S, (M,N)}
is then called the n-th relative singular homology group. It is worth noting, that He(M, D) = He(M).
By the familiar snake lemma one gets a natural long exact sequence in homology

H,(M,N)=

Ux

— Ho(N) — Hy (M) —— Hy(M,N) O w1 (N) —— -

with connecting homomorphisms 0x : He(M,N) — He_1(N).

The (relative) singular homology groups enjoy many nice properties, e.g. homotopy invariance,
excision etc...; for details we refer to [Hat02].

We will adopt the following notation for another subspace A C M

H,(M|A)=H,(M,M — A)
and for a point in x € M we simply write
Hp(M|z) = Hy(M|{x}) = Ho(M, M — {x})

Now assume that M is a closed oriented topological n-manifold. Then there is an element
[M] € H,,(M) such that the restriction H,(M) — H,(M|z) maps [M] to the given orientation at
each point z € M (cf. [Hat02, Theorem 3.26, p. 236]). This element is called the fundamental class
of M.
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Similarly if M is a compact oriented topological n-manifold with boundary dM, there is an
element [M,0M] € H,(M,0M) restricting to the given orientation at each pont € M — dM (cf.
[Hat02, p. 253]). Then this element is also called the (relative) fundamental class of M.

If M admits a triangulation, it is possible to give a concrete depiction of the fundamental class.
Indeed, let {o; : A™ — M} be the set of all characterstic functions of the triangulation of M. Then
the fundamental class of M is represented by the sum ). k;o;, where k; = +1 if o5 : A" — M
is orientation preserving, and k; = —1 if it is not (cf. [Hat02, p. 238], [BP92, Proposition C.3.1.,
p. 104]). This is for example the case if M is a smooth manifold with or without boundary (see
[Mun66, 10.6 Theorem, p. 103]).

In view of the de Rham theorem we are about to state later it will be important to observe, that
we can compute the singular homology groups of a smooth manifold M on the chain complex of
smooth simplices. We follow essentially [Leel3, Chapter 18], but we generalize the results to the
case of a smooth manifold with boundary. The fact that a smooth manifold M with boundary M
is homotopy equivalent to its interior intM = M — OM as the following theorem states, will be of
frequent use for our generalizations.

Theorem D.1.1. Let M be a smooth manifold with nonempty boundary and let ¢ : intM — M
denote the inclusion. There exists a proper smooth embedding R : M — intM such that both
toR: M — M and Roi:intM — intM are smoothly homotopic to the respective identity maps.
Therefore i is a homotopy equivalence.

Proof. The proof uses the familiar collar theorem. For details see [Leel3, Theorem 9.26., p. 223]. [

Let M be a smooth manifold with or without boundary in the following.

A map o : A" — M is called a smooth singular n-simplex if it is a smooth mapping between
smooth manifolds with corners, i.e. if every point of A™ admits an open neighborhood on which
o has a smooth extension. For more details on smooth manifolds with corners we refer to [Leel3,
Chapter 16, pp. 415].

Let us denote by Sp°(M) the set of all smooth singular n-simplices on M. Clearly the usual
boundary operator 0 : Sp(M) — Sp—1(M) restricts to 0 : Sg°(M) — Sp° (M), thus giving us a
chain complex

We will call the n-th homology group of this chain complex

. _ ker{0: Sp°(M) — Sp24 (M)}
2O = o+ 520,00 - S aD)

the n-th smooth singular homology group. Note that the canonical inclusion ¢ : Sg°(M) — Se(M)
of chain complexes commutes with the boundary maps and hence induces a map in homology.

It is also possible to define relative smooth singular homology groups. For that let ¢ : N — M
be an embedded submanifold and set

Sp (M, N) = 5.2(M) /5.7 (N)

We call these groups the relative smooth singular chain groups. We get the following short exact
sequence of chain complexes. Observe that one can identify S;°(M, N) with the free abelian group
generated by all smooth singular n-simplices in M whose image is not entirely contained in N.
Therefore we get the following split short exact sequence.
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Ux

0 —— SE(N) — S&(M) — SP(M,N) —0

(N) — S°(M) is the map induced by the (smooth) inclusion i : N < M.
The quotient

where 7, : S

ker{0: Sg°(M,N) — S>*(M,N)}
im{0 : S35 (M, N) — S3°(M, N)}
is then called the n-th relative smooth singular homology group. It is worth noting, that HZ° (M, 0) =
HE(M).
By the familiar snake lemma one gets a natural long exact sequence in homology

=

L HR(N) e HE(M) —— HE(M,N) 2 B (V) —

with connecting homomorphisms 0x : H°(M,N) — HX(N).
It turns out that (relative) smooth and singular homology groups coincide as the next theorem
states.

Theorem D.1.2. Let M be a smooth manifold with or without boundary and i : N — M an
embedded submanifold. Denote by v : S3°(M,N) — Se(M,N) the canonical inclusion of chain
complezes.

Then the map induced by the inclusion of chain complexes vy : H®(M,N) — Ho(M,N) is an
isomorphism.

Proof. In case of non-relative homology groups and a smooth manifold without boundary this is
precisely [Leel3, Theorem 18.7, p. 474]. We will generalize this result following a usual pattern in
algebraic topology. First we prove it in the non-relative case for smooth manifolds with boundary
using Theorem D.1.1. Then we generalize it further to the relative case by using the long exact
sequence and the familiar five lemma.

Let us denote by j : intM < M the canonical inclusion. By Theorem D.1.1 this is a (smooth)
homotopy equivalence and hence induces an isomorphism in both smooth and singular homology
Jx j2i%ed (intM) — H.(OO)(M ). The inclusion of chain complexes ¢ and the map i, induced by
the previous inclusion commute at the chain level and hence give a commutative diagram of the
homology complexes

Ly

H (M) Hy(M)
HX(intM) ~ . H,(intM)

This settles the case of M having a boundary.
Now the inclusion of ¢ : Sg°(M, N) — Se(M, N) constitute a morphism of short exact sequences
of complexes
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which yield a long exact sequence in homology by the snake lemma.

- —— H*(N) — Hp*(M) — Hp*(M,N) — H° (N) — H2 (M) — -~

A

+—— Hy(N) —— Hp(M) —— Hp(M,N) —— Hp1(N) — Hp1 (M) —— -

I
I

By the five lemma the map in the middle is then also an isomorphism and the assertion follows. [

D.2. Singular Cohomology

We will only consider singular cohomology with real coefficients here. Again let M be a topological
space.
By dualizing the singular chain groups S, (M) we get the so called singular cochain groups

S™(M,R) = Sy (M)* = Hom(S,(M),R)

In what follows we will not mention the coefficient ring R and simply write S™(M).
By taking adjoints we get coboundary maps § = 9* : S*(M) — S"TL(M), i.e.

(6ar)(0) = a(00o)

for every a € S"(M) and every singular (n + 1)-simplex o : A""! — M. By these coboundary
maps we get the singular cochain complex

s —— S"‘l(M) L, S™(M) L>S”+1(M) - ...

The n-th cohomology group of this cochain complex

o ker{6: SM(M) — S"T(M)}
H' (M) = 306 51000 = S (D))

is called the n-th singular cohomology group.

Just as for singular homology we can define relative singular cohomology groups. For that
consider a subspace N C M. By dualizing the split short exact sequence for relative singular chain
complexes we get the following split short exact sequence of cochain complexes.

L*

0 —— S*(M,N) —— S*(M) —“— §*(N) — 0

where * : S"(M) — S™(M) is the map induced by the inclusion ¢ : N — M and S"(M,N) C
S™(M) is generated by the singular n-cochains that vanish on singular n-simplices o : A" — M
whose image is completely contained in .

The S™(M, N) are called relative singular cochain groups. The quotient

ker{d : S"(M,N) — S"*1(M, N)}

HY ML) = 4 =100, N) = S(M, N}

is then called the n-th relative singular cohomology group.
By the familiar snake lemma one gets a natural long exact sequence in cohomology
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L*

Oy
- —— H"(M,N) — H"(M) — H"(N) — H""}(M,N) — - -

with connecting homomorphisms 6, : H*(M, N) — H*TY(N). Tt is worth noting that H®(M, () =
H*(M).

Just as singular homology also singular cohomology enjoys many nice properties, e.g. homotopy
invariance, excision etc...; for details see [Hat02].

We can define a product (.,.) : S"(M,N) x S,(M,N) — R by evaluation, i.e.

(a,¢) = a(c)
It is easy to see, that this product is well-defined and even induces a product
(,.) : H*(M,N) x H,(M,N) — R

This is called the Kronecker product. The universal coefficient theorem ([Hat02, Theorem 3.2, p.
195]) implies, that this product in fact induces an isomorphism

H™(M, N) — Hom(H, (M, N),R)

since we are only concerned with real coefficients.

Now let M be a smooth manifold with or without boundary and i : N < M an embedded
submanifold. We can also get a smooth version of singular cohomology by dualizing the smooth
singular chain complex. Set

S (M,N) = S°(M, N)* = Hom(S®(M, N), R)

and define S (M) = S (M, (). These are called the (relative) smooth singular cochain groups.
They constitute the (relative) smooth singular cochain complex via the usual coboundary maps and
its n-th cohomology group

ker{d : S7(M,N) — S (M, N)}
im{6 : ST (M, N) — Sn(M,N)}

HZ (M,N)=

is called the n-th (relative) smooth singular cohomology group.

Completely analogously one gets the familiar short exact sequence at the cochain level inducing a
long exact sequence in cohomology. We also get by the same definition as for singular cohomology
a Kronecker product

() HY(M,N)x HX(M,N) —R

which in turn induces by the universal coefficient theorem of homological algebra an isomorphism
HZ, (M, N) = Hom(H®(M, N), &)

By naturality of the short exact sequence in the universal coefficient theorem and Theorem D.1.2
one immediately deduces, that the adjoint map ¢* : S*(M, N) — S3 (M, N) induces an isomorphism
H*(M,N)— H3 (M, N).

D.3. Singular Bounded Cohomology

As before let M be a topological space. Note that we can think of S™(M) as the set of real valued
functions on all singular n-simplices o : A™ — M. Thus we can define a norm on S™(M) by setting

||| = sup{|a(o)]| : o singular n-simplex}
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for every a € S"(M).
The subspace of all cochains, which are bounded with respect to this norm is called the singular
bounded cochain group

Sy (M) = {a € S"(M) : ||| < oo}

It is immediate, that the usual singular coboundary maps § : S™(M) — S"TL(M) restrict to
§: SP(M) — SPHH(M). Thus we get the singular bounded cochain complex

n— 0  on 0  on
'—>Sb I(M)—’Sb(M)—>Sb+1(M)—’"'

The n-th cohomology group of this cochain complex

HI (M) — ker{d : SP(M) — Syt (M)}
b im {0 : SP(M) — Sp (M)}

is called the n-th singular bounded cohomology group. We can now define the quotient seminorm
on cohomology via

Ied |l = mf{[B] - 8 € [e]}

for every cohomology class [o] € H'(M).

For a subspace N C M we can again define a relative version of singular bounded cohomology.
Indeed consider the subspace Sj'(M, N) of all bounded singular cochains that vanish on simplices
completely contained in IN. Again we get a short exact sequence of cochain complexes

0 — Sp(M,N) — S3(M) ~ Sp(N) — 0

where i* : S"(M) — S™(M) is the map induced by the inclusion i : N — M. By the snake lemma
from homological algebra we get a long exact sequence in bounded cohomology

L*

)
- —— HP(M,N) — Hp'(M) —— H}'(N) —— Hy"'(M,N) — ---

with connecting homomorphisms §, : Hy (M, N) — Hb'+1(N).
Observe that the canonical inclusion of complexes i® : S§(M) — S*(M) is in fact a morphism of
complexes, i.e. commutes with the coboundary maps. The induced map

c: HY(M) — H™(M)

is called the comparison map. Further note that the inclusion Sp'(M) — S™(M) also restricts to
Sp(M,N) — S"(M,N) and S;'(N) — S™(N). This gives us a morphism of short exact sequences
of cochain complexes

0 ——— S3(M,N) —— Sp(M) —— §p(N) ——0

1,

0 —— S*(M,N) — S*(M) —— S*(N) —— 0

By naturality of the connecting homomorphisms we get that the comparison maps constitute a
morphism of long exact sequences in cohomology
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|4 d

+——— H"(M,N) —— H"(M) ——— H"(N) —— H""{(M,N) — - .-

It is important to note, that singular bounded (relative) cohomology is a homotopy invariant.
Indeed, let f,g : M1 — M> be two homotopic continuous maps between topological spaces. The
proof of homotopy invariance for usual singular (co)homology uses a prism operator P : S®(Msy) —
S*~1(My) providing a cochain homotopy f* — g* = 6P + PJ, where P is the dual of the prism
operator in [Hat02, Theorem 2.10, p. 111]. It is not hard to see, that this prism operator restricts
to the bounded cochain complex (see also [Iva87, 1. Introduction, p. 1091]).

D.4. De Rham Cohomology

Let M be a smooth manifold with or without boundary. Recall that the de Rham cohomology of
M is defined by the cohomology of the cochain complex of differential forms

S QM) i) Q" (M) i) QL (M) —— -

where the coboundary maps d : Q*(M) — Q*+tL(M) are the exterior derivatives. We denote the

n-th de Rham cohomology group by

W ker{d: QU(M) — QUHL(M)}
Hip(M) = im{d : Q"-1(M) — Q"(M)}

Now let 4 : N — M be an embedded submanifold. Define

Q" (M,N) :=ker{t" : Q" (M) - Q"(N)} Cc Q" (M)

which is the set of all n-forms vanishing when restricted to the submanifold N. It is immediate,
that the coboundary maps restric to d : Q*(M,N) — Q" (M, N) and hence we get the relative
de Rham cochain complex

o an N) L onr Ny T o, Ny ——
Its n-th cohomology group

ker{d : Q"(M,N) — Q" (M, N)}
im{d : Q»-1(M,N) — Q(M,N)}

HgR(Mﬂ N) =

is called the n-th relative de Rham cohomology group.
Further we get the following short exact sequence of cochain complexes

0 —— (M, N) — Q*(M) —— Q*(N) —— 0

Indeed ¢* is surjective, since one can extend any differential form on N via a covering of submanifold
charts for N in M and a smooth partition of unity to a differential form in M restricting to the
given one in N.

The snake lemma from homological algebra yields a long exact sequence in de Rham cohomology
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¢ Hip (M, N) — Hp (M) —— Hip(N) —— H3 (M, N) —— -

with connecting homomorphisms d : Hz (N) — Hgﬁ;fl (M, N). Tt is worth noting that H3y (M, 0) =
H*(M).

D.4.1. The de Rham Isomorhism

As before let M be a smooth manifold with or without boundary and i : N — M an embedded
submanifold.

Before we will define the de Rham isomorphism in the following, we need to understand how to
integrate a smooth n-simplex Let o : A™ — M be a smooth n-simplex and w € Q"(M) a smooth
n-form. The integral of w over ¢ is now defined as

W= oc*w
o n

in the sense of integration theory for smooth manifolds with corners (cf. [Leel3]). We extend this
definition linearly to all smooth singular n-cochains ¢ = Zle cio; € S°(M), i.e. the integral of w

over c is defined as
k
/ w = g ¢ / w
¢ i=1 i

The following chain version of Stokes’ Theorem holds.

Theorem D.4.1. Let c € S°(M) and w € Q"1 (M). Then

/w:/dw
oc c

Proof. The proof for a smooth manifold without boundary given in [Leel3, Theorem 18.12, p. 481]
works verbatim for a smooth manifold with boundary. O

This theorem enables us to define a map of cochain complexes ¥ : Q"(M) — SIL (M) via

for every w € Q"(M) and ¢ € S°(M). ¥ clearly commutes with the coboundary maps of the
respective cochain complexes by Theorem D.4.1 and hence induces a map in cohomology

U HY (M) —s HS (M) 2 H*(M)

By standard homological algebra ¥ also induces a map in relative cohomology

U v \I/h
0 S (M,N) — §% (M) —— §% (N) —— 0

The map ¥ : Hig(M,N) — HS (M,N) = H*(M,N) is then called the de Rham isomorphism
due to the next theorem.

163



D. Classical Cohomology

Theorem D.4.2. Let M be a smooth manifold with or without boundary and i : N — M an
embedded submanifold. Then the map

V:Hjp(M,N)— H3(M,N)= H*(M,N)
s a natural isomorphism.

Proof. Naturality follows as in the proof of [Leel3, Proposition 18.13, p. 482].

By [Leel3, Theorem 18.14, p. 484] (and the universal coefficient theorem) we know that ¥ :
H3z (M) — H3 (M) is an isomorphism if M has empty boundary. We will generalize this following
the same pattern as in the proof of Theorem D.1.2.

Let us first proof it for non-relative cohomology if M has a boundary. Denote by j : int M — M
the canonical inclusion. Clearly ¥ commutes with the induced pullback maps j* and hence we get
the following commutative diagram in cohomology

L] qj °
Hip(M) H (M)
o I 14 ./

H3g (intM) H? (intM)

Because j is a smooth homotopy equivalence it induces isomorphisms in cohomology. Thus W :
H3 (M) — HS (M) is also an isomorphism if M has a boundary.

Turning to the relative case we get by the previous diagram of short exact sequences, that ¥
induces a map between the two long exact cohomology sequences

- Hig (M) —— Hig (M) — Hip(M,N) —— Hit' (M) — Hig'(N) — -

% % ‘I’h % %

v HY (M) —— HE(M) —— Hi (M, N) —— HZFN (M) — HZPH(N) — -

By the five lemma the map in the middle is then also an isomorphism and the assertion follows. [

Finally the next lemma shows, that for an oriented compact smooth manifold with (or without)
boundary M evaluation on the fundamental class [M,dM] corresponds to integration over M via
the de Rham isomorphism.

Lemma D.4.3. Let M be an oriented compact smooth manifold with or without boundary of
dimension n and let [M,0M] € H,(M,0M) be its fundamental class. Further let [w] € Q" (M,0M)
be a cohomology class in top degree. Then

(W([w]), [M, OM]) = / o

M

Proof. As we have already mentioned before M admits a smooth triangulation by simplices o; :
A" — M. Further its fundamental class [M, 9M] is represented at the chain level by the sum

k
Cc = Z kiai
=1
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where k; = +1 if o0; is orientation preserving and k; = —1 if it is not.
Therefore we can compute directly

(W([w]), [M, OM])
= U(w)(c) = /w

k k
— Z kz/ w = Z/ kiafw
i=1 i i=1 /A"

:/M“’

where the last equality follows from [Leel3, Proposition 16.8, p. 408|. O
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E. Douady-Earle’s Barycenter Construction

The objective of this chapter is to introduce Douady-Earle’s barycenter construction. This con-
struction associates equivariantly to every ”nice” probability measure on the boundary OH" its
"barycenter” in H”. Furthermore the barycenter depends continuously on the measure, when the
subspace of all "nice” proabability measures in M!(OH") is equipped with the induced weak-*
topology.

Historically Douady and Earle introduced this construction first in their joint paper [DE86] for
dimension two. Later Besson, Courtois and Gallot generalized it to universal covering spaces of
compact Riemannian manifolds with strictly negative curvature and diffuse boundary measures
in [BCGY95, Appendice A, p. 781]. Although the barycenter construction is stated in [FK06] and
[BCGY9| for probability measures with no atom of mass greater than 1/2 on the boundary of
hyperbolic n-space, we were unable to find an appropriate reference. A possible reason might be,
that we were unable to access [BCG96]. However the result for non-atomic measures is not sufficient
for our purposes, such that we rediscover a proof here. We hope that some of the readers find this
convenient.

Since the proof makes heavy use of Busemann functions we will first introduce them and demon-
strate some of their properties.

E.1. Busemann Functions

Definition E.1.1. For z € H” and 7 : R — H" a unit speed geodesic we define the Busemann
function

b(x,v) := lim (d(vy(t),z) — t)

t—o00

where d(-, -) denotes the hyperbolic distance.
Intuitively the Busemann function measures the relative distance from z to v(c0).

Remark E.1.2. The Busemann function b(zx,7y) is well defined. This is due to the fact that
t— d(v(t),z) —t) is bounded

d(v(t),z) —t < d(v(t),7(0)) +d(v(0),z) — t = d(7(0),z) < o0
=t
and monotone

d(y(t+s),x) = (t+s) = (d(v(t),z) —t) > d(y(t + 5),7(t)) —s > 0

=S

Hence the limit as t — oo exists.
The Busemann function has the following transformation behaviour.

Lemma E.1.3. For allxz € H", v : R — H" a unit speed geodesic and g € Isom(H") we have

b(g(x),g07) = b(z,7)
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Proof. Let x € H", v : R — H" a unit speed geodesic and g € Isom(H"™). Then by definition

b(g(z),g0v) = lim (d(g(y(t)), 9(x)) —t) = lim (d((t),z) —t) = b(x,7)

t—o00 t—o0

By fixing a certain point o in H" as "the origin” we can define for x € H"” and 6§ € JH"

bo(z,0) := lim (d(v(t),z) —t)

t—o00

where v : R — H" is now the unique unit speed geodesic with y(0) = o and y(o0) = 6. In this
case we shall call b,(x,6) also a Busemann function. The above transformation behaviour then
translates naturally to

bo(x’ 9) = bg(o) (g(x), g(e))

for every x € H", § € OH" and g € Isom(H"). For the upper half space model U™ and the
Poincaré ball model B™ we shall take as origins e, € U™ and 0 € B™ respectively and denote the
corresponding Busemann functions with by (x,0) and bpn(x,6). Note that the Cayley transform
exchanges e, and 0 such that this choice is in a way consistent.

Next we will compute byx (x, ) for arbitrary x € U™ and § € OU™ = R*~1 x {0} U {oo}.
Proposition E.1.4. We have:

(i) For all x = (x1,...,z,) € U"

byn(z,00) = —1In(xy,) = — In((x, e,))
(i) For all z € U™, § € R"! x {0}

2
by (z,0) = —1In (H 9] )

R

Proof. To (i): Let z = (x1,...,x,) € U™. Recall for the hyperbolic distance in the upper half space
model

_ ’l‘ - y|2 n
dyn(z,y) = arccosh | 1 + Vz,y € U
20nYn

(cf. [Rat06]). We shall also use the following formula

arccosh(z) =In(z + V22 —-1) VzeR

Since we have fixed o = e, as our origin and the unique unit speed geodesic v : R — U™ with
7(0) = e, and y(c0) = oo is Y(t) = ele,, we need to calculate

bya(z,00) = lim (dyn (4(t), z) — t) = lim <arccosh (1 + W) —t)

t—o0 t—o0 22nYn (t)
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Observe that
w =) wi A an (2 — w()?

22 (t) 220V () 2355 (1)
_ I S S A x2 22,7, (t) Tu(t)?
T 22t 22, (t) 20 (t) | 22nyn (D)
:x%—i—...—l-x%_l_i_ T, +’yn(t)_1
22 (t) 29, (t) 2z,
=:R(t)—0 (t—00)
Yn(t)
= R(t)+ or. -1

=T (t)—o0 (t—00)
Hence

|z — (1)

arccosh [ 1+
< 2T, Yn (t)

> —t = arccosh(T'(t)) — t

= In(T(t) +VT(t)? - 1) ~ t
=1In(T(t)) + In(1 + /1 —=T(t)"2) -t
—:5(t)—In(2) (t—o0)
= In(e'/2z,,) — In(e'/22,,) + In(e' /22, + R(t)) + S(t) —t
et /22, +R(1) |
=t—1n(2z,) +/ —dx+S(t) —t

et/2xy, z

=:1(t)—0 (t—o0)
= —In(z,) —In(2) + I(t) + S(¢)

Thus as asserted

b (a,0) = i (arccost 1+ ’f”‘”(t)’) ~1)

t—00 22, (t)
= —In(z,) — In(2) + tliglo I(t) + }i}r& S(t)
= —In(x,) — In(2) + In(2) = — In(z,)

To (ii): Let z € U™, € R"~!. We shall use (i) and the transformation behaviour of byn. Let’s
consider the inversion

. z—0
ig,a() = am +0

where a = |02 + ||en||> = ||0]|* + 1. Then i, exchanges oo with 6 and leaves the sphere centered
at @ with radius \/a invariant; in particular ig o(€,) = €,. Let 79 : R — U™ denote the unit speed
geodesic with v5(0) = e, and y(00) = 6§ and v (t) = e'e, the unit speed geodesic from e, to oo.
Then 9 = ip,o © Yoo and hence by the transformation behaviour (and z'g’ o = id)

by (2,8) = by (13 o (2), (ip.a(00)) = — In((ip (). €n))
=—1In L+]0F x
= <|x e )

where we have used in the last equality that (6, e,) = 0, since §# € R"~* x {0}. O
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We can use this formula to investigate what happens when we change our base point from e,, to
some 0 = (01,...,0p-1,0,) € U™

Lemma E.1.5. Let o = (01,...,0n-1,0,) € U™.
Then
bo(x,00) — be, (,00) = In(oy,)

for every x € U™, and

1+10)? )
bo(x,0) — b, (z,0) = —In(o,) +1 —
(2,0) — be, (,6) = — In(on) “<1+mﬂe—mmw

for every x € U™, 0 € R" !, where p : U™ — R denotes the canonical projection on the first
(n — 1)-coordinates. In particular these differences do not depend on x!

Proof. This will follow from the transformation behaviour and the explicit formulas from the pre-
vious proposition. Note that the map g : U" — U™,z + o, -  + p(0) is an isometry taking e, to

o, that fixes 6. Its inverse is g~ '(z) = 0, - — 0, ! - p(0) as one readily checks.
Let x € U™. We compute

bo(x, 00) — be, (2,00) = be, (g (), 00) — b, (2, 00)

Lo — oyt p(o), en)) + In(an)

= —1In((o,,
= In(op)
Now let # € R*~! x {0}. Then

bo(,00) = be, (2,00) = be, (97 (x),97(6)) — b, («,0)

W 14167 L) e L
- 1<g—ww—g*wn”g (*"O** Qx—ﬂ?")
o LH 02 @) - 0P )

149~ (z)[? |z — 6] (g1 (@), en)

1+10)? >
— = —In(oy) +1
a{on) “(1+m?W—mmP

O]

Now we want to see the Busemann functions also in the Ball model B". Recall that we can switch
between the upper half space model U™ and the Poincaré ball model B" by inversion ¢ = i_¢, 2
at the circle of radius v/2 with center —e,; the (inverse) Cayley transform. Therefore we get the
following formula.

Proposition E.1.6. For every x € B™ and § € 9B" = S"~!

1—|z|?
bpn(z,0) = —1In (:1; _|0:2>

Proof. By applying the transformation behaviour to the isometry i = i_, 2 we get for every z € B"
and every § € 9B"

bpn (JJ, 0) = byn (Z(Z’), 71(9))
Note that the respective fixed origins are mapped to each other by ¢. We shall only verify the above
identity for i(f) € R~ x {0} C OU™. The special case for i(f) = oo (i.e. § = —e,,) is easily verified
in the very same way. Let x € B" and § € S"1\{—e,}. We have

i 2
b ite),16)) = 1o (PO (i) e
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E.1. Busemann Functions

Computing each occuring term separately

2

. 0+ en
1+’Z((9)‘2=1+ QW_en

4 0+ en,en)

=1 — 1

T FeE “oter

<97€n> -2 2

=2—-4——- =2/ n 0 nl?— 200, e,
i = 200+ el 210+ enl? ~2(0.2)

=410 + e, |2

2

. . T+ ep 0+ en

li(z) —i(0)|* = ‘2|x—i—en|2 —en — <2|9—|—en|2 — en)
— 4l + en| 0+ €| 1 |(x + €n) [0 + €n]? — (6 + €n)|z + en]?[*
=4|z + en]_2|9 + en|_2 (|1: + en|2 —(z+en,0+ey) + |+ en]2)
= 4|z +en| 20 + en| 2|z — 0)?

(i(2), en) = <en,2|“€” en>

T+ en|? B
(x + en,en)
|z + en?
= |z +en| 2(—|z* = 2(z, en) — 1+ 2+ 2(z, e,))
= |+ en| (1 = |2[?)

=—1+2

Hence as asserted
bign (2,0) = —In [ ~— [2I*
n(x = — _
O

Remark E.1.7. It is now easy to see, that the Busemann function bpn(x,0) is smooth in x and
continuous in 0. By the transformation behaviour the same is true for byn.

The Busemann function has the additional nice property that it is geodesically convex.

Proposition E.1.8. Let v: R — U" be a geodesic and § € OU™. Then
OPbyn(y(t),0) >0 VteR
and equality holds if and only if 0 € {~(c0),y(—00)}.

Proof. Let ¢ € Isom(U™) be an isometry such that ¢(y(t)) = e*e, for some A > 0 and every ¢ € R.
Then we have

by (1(t),0) = by, (9(1(t)), 9 (0)) = bu, (en, (6))
First consider the case ¢(f) = 0o = (p o0 y)(c0), that is 8 = y(oc0). We get

bun(eMe,,00) = —In(eM) = =\t

and hence
Dby (y(t),0) =0 VteR
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E. Douady-Earle’s Barycenter Construction

Otherwise if ¢() € R*1 x {0} we get

byn ekten, #) =—1n W&lﬁ)
v ( (0)) <|€M€n_(p(9>‘z

= =Xt —In(1 + |(6)]*) + In (ew + ’9"(9”2)

Thus
2)\62/\t

At = - 2N 1 [ (0) (12
athn (6 €n, 80(0)) =—A + €2>\t + ‘()0(0)’2

and
B 4)\262)\t (62)\1‘, 4 ’@(0)‘2) _ 2)\62)\t (2A€2)‘t)
(€2 + [i0(6)[2)”
_ 4)\262’\75‘90(9”2
(€2 +[(0)2)* ~

97y (Men, 0(0))

for every t € R. The last inequality is only an equality if ¢(f) = 0 = (¢ o v)(—o0) that is
0 = y(—o0). O

E.2. The Barycenter Construction

After our discussion of the Busemann function in the previous section we are now ready to introduce
Douady-Earle’s barycenter construction. This will allow us to associate G-equivariantly to each
“nice” measure p on OH" a unique point in H" called the barycenter of u. Recall that the action
of Isom(H") on the measures on the boundary 0H" is given by

(9 1)(A) = gu(W)(A) = ulg™' 4)

for every g € Isom(H"), p € M(0H") and A C OH"™ measurable. For a concise exposition of the
measure theory we are going to need, we refer to appendix A.

A natural way to construct such a map would be to take the point in H™ which has in average
the minimal distance to every point of JH", where we average according to our boundary measure.
However by definition every point of H" has infinite distance to the boundary. That is why we have
to consider Busemann functions, which intuitively measure the relative distance of a point to the
boundary given an origin. The averaged relative distance is then given by the following function
in the upper half space model U"

Bula) = [ bun() du(0)

for every p € M (QU™) and € U™. It is now easy to see using the theorem about parameter
integrals, that B, is in fact a smooth function. Due to the ease of computations in the upper half
space model U™ we shall stick to it for the rest of this section.

The next theorem tells us that B, has in fact a unique minimum, if the boundary measure is not
too concentrated.

Theorem E.2.1 (Barycenter Construction). Let u € M (OU™) be a probability measure that has
no atoms of mass > 1/2. Then B, is geodesically strictly convex and has a unique minimum
bary(u) in U™ called the barycenter of p.

172



E.2. The Barycenter Construction

Remark E.2.2. [t is trivial, to see that one may in fact define the barycenter for any finite (positive)
measure on OH™ by normalization. The barycenter is not affected by scaling the respective measure.

Proof. Strict convexity: It suffices to show that for every geodesic v: R — U"
07 Bu(~(1)) > 0

for every t € R.
Let t € R. By Proposition E.1.8 we have

OB, 0) =08 [ b (3(0).) du®)

= [ Bbun(1(1),0) dp(6)
aun

OFbum (Y(t),0) du(6)

/<9U"\{7(00)»7(00)}

Now

p(OU\{7(00),7(=00)}) = pu(0U™) — p({y(00)}) — p({7(=00)}) > 0

/

~~

<1/2 <1/2

Further 92byn (y(t),0) > 0 for every 6 € OU™\{v(00),y(—00)} and 02by=(v(t), ) is continuous in
6. Thus there is a compact set V' C oU™\{7y(0),y(—00)} by inner regularity and £ > 0 such that
(V) > 0 and 02byn(y(t),0) > ¢ for every 6 € V. Therefore we get

0/ Bu(v(t) > /V@fbm (v(8),0) du(0) = u(V) - e > 0

and B, is geodesically strictly convex. Hence if a minimum of B, exists it is unique.
Existence of a minimum: Observe that byn(e,,0) = 0 for all # € U™ and hence also

Bu(en) = /8U" byn(en, 0)du(0) =0

If there is a minimum it thus has to be contained in the geodesically convex closed set A := {z €
U™ : B,(z) <0} 3 e,. We need to see that A is also bounded.

It will be sufficient to show, that B,,(y(t)) — oo as t — oo where v : R — U" is any geodesic
with 7(0) = e,,. Indeed if A is unbounded there is a geodesic v : R — U" starting from o such that
v(t) € A for all t > 0. But then B,,(y(t)) < 0 for all ¢ > 0 in contradiction to B, (y(t)) = oo as
t — oo.

Let v : R — U™ be a geodesic with v(0) = e,. By applying an isometry ¢ € Stab(e,) we can
assume that v(t) = e'e, since

Bulet0) = [ bun(ea(0).0)du(®) = [ bon(2(0).70)) o)

oun
_ / bun (9(1(£)), 0) dip(6)
aun

and @.p is also in M (OU™) with no atom of mass > 1/2.
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E. Douady-Earle’s Barycenter Construction

For z = (0,...,0,z,) € Re, C U™ we have

1+10)?
—1 N
n(yx—ezx du(6)

Bu(x) = —In(zy) p({o0}) + /

R
=~ u(foc) + [ e ) )
Rn—1 1+ (6]
Ty + 107 Ty + lop
= —ln(xn)u({oo})+/B(O7R)c In ?]07; dﬂ(e)—’—/B(o,R) In ?wﬁ; du(6)
>~ n(an)

where R > 0 is arbitrary, B(0, R) C R"! denotes the euclidean ball of radius R and center 0
and the estimate for the first integral can be easily verified by some fairly standard analysis of the
integrand. Since p({oo}) < 1/2 there is R > 0 and 0 < « < 1 such that

o - u(B(0, R)) — u(B(0, R)*) — p({o0}) > 0

Thus
Tp + o7
Bu(w) = ~ ) (u({ooh) + w(BO.RD + [ | T2 ) auo)
B(0,R) 1+ 16|
Further
ﬂ -« —1—-a|p|2
In Int oy =aln(zy,) - 1n Co i
1462 ) " 1410

and for every 0 € B(0, R)

e [ T
ln< e >21n(1+R2>Hoo (T, — 0)

Thus — if x,, is large enought — we may assume that this last expression is > 1.

Piecing this together we get

Byu(z) 2 —In(zy) (u({o0}) + u(B(0, R))) + aln(zy) - u(B(0, R))
= In(zn) (a - u(B(0, R)) — p({oo}) — u(B(0, R)°) = o0

>0

as T, — oo and we are done. ]

Remark E.2.3. Note that we have proven that the set {x € U™ : B,(x) < 0} is compact for every
prabability measure p on QU™ with no atoms of mass greater than 1/2. From now on we shall
denote this set of measures by Aq/5. We will use this notation also in chapter III, when we are
going to proof the volume rigidity theorem.

The next example shows, that B, does not need to have a unique minimum if g ¢ Ay /.
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E.2. The Barycenter Construction

Example E.2.4. Let = 1/23g + 1/2 5 € M'(OU™), which has two atoms: one at 0 and one at

oo. We compute
1 Tn T,
=—|(In(xp) +1In|{ —5 =—In{—].
5u(0) = =3 (e +n () ) = (55)

Since x,, < |z|, we get that B,(z) > 0. However for every x € U™ with « = x,, - e, for some z, > 0
we have x, = |z| such that B,(z) = 0. Hence B, () assumes its minimum at every point of the
positive n-th coordinate axis, such that there is no unique minimum and therefore no barycenter.

Also observe that B,(xz) = —In(z,/|z|) is invariant under scaling by some A > 0 and rotations
around the n-th coordinate axis. This already hints towards the G-equivariance of the barycenter
construction, that we are going to prove in the next proposition.

Finally, the barycenter map is indeed G-equivariant and continuous with respect to the induced
weak-* topology on A_q /2 as the next proposition asserts.

Proposition E.2.5. The map
bary : Acy/o — U", p = bary(p)

is G-equivariant and continuous, where A.i/; C C(OU™)* is equipped with the induced weak-*
topology.

Proof. First, bary(u) : .A<1/2 — U™ is G equivariant Indeed, let p € Aoy, g € G and = =
bary(p), i.e. the unique minimum of By, (z) = [4gn be, (#,0) dp() in U™. Then by the transformation
behaviour of the Busemann function b we get

Byou(gy) = / be, (99, 0) dg.u(6)

/ be, (9y, 90) du(0)

Un

/8 by 0.0)du(o)

/ bew (,0) + C(g, 0) du(6)
oU

Q

3

[ b w.0)dn(®) + Culo)
Bu(w) + Cu(9)

for every y € H", where C(g, 0) = b, (z,0)—by-1., (z,0) is the difference between the two Busemann
functions, which does not depend on z (cf. Lemma E.1.5), and Cy(g) = [51 C(g,0) du(6).
Thus we have

By.u(g9z) = Bu(z) + Cu(g) < Bu(gily) + Cu(9) = By, u(y)

for every y € U", which shows that gz is the unique minimum of By, . That is

bary(g.«p) = gr = gbary(u)

as asserted.

Now to continuity:

Let (fin)nen € A§1/2 be a sequence converging to some u € A5 in the weak-* topology. Hence
for every x € H"

Bun(e) = [ ba.0)din(®) > [ W 0)du6) = Byw) (0 ox)
oun oun
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E. Douady-Earle’s Barycenter Construction

pointwise.
Let x,, := bary(u,) and = := bary(u). As we have already seen B, (e,,) = 0 and the set {z € U™ :
B,(z) <0} C U™ is compact and convex for every v € Ay /9. Therefore the set

C = ﬂ{$€ U": B, (x) <0}n{xecU": B,(r) <0}
neN

is non-empty, compact, convex and contains the respective minima {z,, : n € N} U {z} C C. Now
we shall see that the family {B,, : n € N} has a uniform Lipschitz bound on C. Let z,y € C' and
v :[0,d(z,y)] — C the geodesic segment joining = and y. We get

B, (0) = Bl < [ 1b(2.0) = bly.0) o (6)

:/W /Od(x’y)jsb( (5),0) ds

d(z,y)
_ / / (grad,b(+(s), ), (s)) ds
oun

</ /d(x’y lerad,b(+(5). 8)1| ey ds dn(6)
- v(s) n
< [ ) MO dpa(9) = d(a.) - M(C)

where M (C) = sup{||grad,b(2’,0)|| : 2’ € C,0 € OU"} < oc.

Now we argue by contradiction. Assume that the sequence (z,) does not converge to x. Then
there is ¢ > 0 and a subsequence (x, ) such that d(x,,,z) > ¢ for every k € N. Since C\B(z,¢)
is compact there is a subsequence of this subsequence, which we shall again denote by (x,, ), such
that (z,, ) converges to some y € C\B(x,¢). Because of the uniform Lipschitz bound we get

|Bunk (Tn,) = Bu(y)| < |Bunk (@n,) — unk( )|+ |Bﬂnk( ) = Bu(y)|
< M(C) d(@asy) + 1By, (1) = Bu(w)|

dpn (0)

dpn(9)

and thus limy_,o0 By, (2n,) = Bu(y). But because all (zy,) are the respecitve minima of B, we
also have for every £ € U"

Bﬂnk (Tn,) < Bﬂnk &)
Taking the limit k& — co on both sides we obtain

Bu(y) < Byu(£)

for every £ € U". Thus y must be the unique minimum z of B, which is a contradiction to
y € C\B(z,¢). O]

E.3. Visualization of B,

In this last section we want to give some plots of By, for different probability measures u € M (9B?).
For the plots we used the Python script in Listing E.3 using Python version 2.7.9, Matplotlib version
1.3.1 and NumPy version 1.8.1.

Let us assume that u € M!(9B?) is absolutely continuous with respect to the angle measure A on
S1 > 9B2. Therefore we can write du = f d) for some positive f € L (S') by the Radon-Nikodym
Theorem. Note that

fdx=1
Sl

176



N O R W N =

E.3. Visualization of B,

since p is supposed to be a probability measure.
In order to compute

Bu(x)::j£32b32(x,9)du(0)

for z € B2, we further identify S' = [0,27) as measure spaces via the restricted exponential
mapping exp : [0, 27) — S, ¢ +— exp(it), whence

2m
Bu(x) = /0 bpz(x,exp(it)) - f(t)dt

where f(t) = f(exp(it)) is some "density function” on [0,27) (cf. Listing E.3). Thus given such an
f we can compute values of B, using the concrete formula for Busemann functions in Proposition
E.1.6.

We will first use the following family of density functions

fr—a-7<t<m+a-mw

_1
t) = { a2n’
fa®) {O, else

depending on some parameter 0 < a < 1 (cf. Listing E.3, line 27). These are normalized
step functions with just one bump of diameter a - 27 around 7. Note that we get for a = 1 the
equidistributional measure on S!, i.e. A/27. Figure E.1, Figure E.2 and Figure E.3 depict the
different shapes of B, and f, for a = 1.0, a = 0.5 and a = 0.1 respectively. As one would expect
the "denser” it gets at —1 € S' C C the more the barycenter tends towards —1.

The next family of density functions we want to consider are stepfunctions with two bumps of
respective diameter a -  around 5 and 37”

1 s s s s
gz fg—a-g<t<jta-g
fa) = 74, 5 —a-3<t<¥+a-3
0, else

depending on some parameter 0 < a < 1 (cf. Listing E.3, just replace the previous definition of
f with the commented definition in line 35). Again for a = 1 we recover the equidistributional
measure on S'. Figure E.4 and Figure E.5 show the cases for a = 0.5 and a = 0.1 respectively.

As a — 0 it is easy to see, that the measures induced by f, converge to p = 1/26; + 1/24_;.
However p admits no unique minimum, i.e. has no barycenter (cf. Figure E.6). Observe that
this is Example E.2.4 transferred from the upper half plane model U? to the Poincaré ball model
B2. This is no contradiction to the continuity of bary : A, s2 — H", because the limit measure
p=1/20; +1/26_; is not in Ay 5!

Finally, we depict in Figure E.7 the shape of B,, corresponding to a more exoticly shaped density
function

ft) = 6i7r (sin(3t) + sin(2t) + sin(t) + cos(3t) + cos(2t) + cos(t) + 3).

Listing E.1: Code to plot B, in ball model B?

import numpy as np
import matplotlib.pyplot as plt
import pickle

from matplotlib.colors import Normalize

# Define a new normalizer for a nicer color output:
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class SigmoidNormalize(Normalize):
def __init__(self, alpha=1.0, vmin=None, vmax=None, clip=False):
self.alpha=alpha
Normalize.__init__(self,vmin,vmax,clip)

def sigmoid(self,t):
x=np.exp(-self.alphax*t)
x=1/(1+x)
return x

def __call__(self,value,clip=None):
return np.ma.masked_array(self.sigmoid(value))

# Define a density function f:

def f(x):
a=1.0 # scaling factor
if (np.pi - np.pi*a <= x) and (x <= np.pi + np.pixa)
return (1.0/(a*2*np.pi))

else:
return 0
nnn
def f(x):
a=1.0 #scaling factor

if (np.pi/2 - a*np.pi/2 <= x) and (x < np.pi/2 + a*np.pi/2):
return 1.0/(a*2*np.pi)

elif (3*np.pi/2 - a*np.pi/2 <= x) and (x < 3*np.pi/2 + a*np.pi/2):
return 1.0/ (a*2*np.pi)

else:
return 0.0

nnn

def f(x):
return (np.sin(3%x) + np.sin(2*x) + np.sin(x) +
np.cos (3*x) + np.cos(2*x) + np.cos(x) + 3)/(6.0*np.pi)

nnn

# Define the Busemann function in the disk model

def buse(x,y,thetax,thetay):
return np.log(((x-thetax)**2+(y-thetay)**2)/(1-x**2-y*%*2))

# Integrate the busemann function with
# respect to the given density in order to
# get the function B(.,.):
def B(x,y):
M=100 # number of steps for the numerical integration
delta=2*np.pi/M
X=np.arange (0.0, 2*np.pi, delta)
# Define a vectorial version of the integran:
busexy = np.vectorize (lambda t: f(t)*buse(x,y,np.cos(t),np.sin(t)))

Y=busexy (X)

# We use the trapez rule for numerical integration:
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return np.trapz(Y,X)

# Integrate the Busemann function with respect to the measure
# $\mu = 0.5 \delta_{\theta_1} + 0.5 \delta_{\theta_23}$
# where $\theta_1 = (\cos(\pi/2), \sin(\pi/2))$ and
# $\theta_2 = (\cos(3 \pi/2), \sin(3 \pi/2))$
def B(x,y):
thetalx = np.cos(np.pi/2)
thetaly = np.sin(anp.pi/2)
theta2x = np.cos(3.0*np.pi/2)
theta2y = np.sin(3.0%*np.pi/2)
return 0.5%buse(x,y,thetalx,thetaly) + 0.5*buse(x,y,theta2x,thetaly)
[N
HEHHHHHHHHHHBHBHEH Main Script HEHHH AR R AR R HHH

# file name for temporary storage of the graph of B(.,.)
PATH_DATA='bary_data'

# indicates whether the graph of B(.,.) needs to be recomputed
RECOMPUTE=True

# number of intermediate steps for each axis, i.e. N72= "number of pixels"
N=400

if RECOMPUTE:
# compute the graph of B(.,.):

delta=2.0/N # Step size
grid = np.ma.zeros ((N,N)) # raw image

# Print how many J% of the computation is already done:
print "Progress:, "
1=0

# Compute the value of B(.,.) at each pixel:
for i in range(0,N):
for j in range(O,N):
x=-1+ixdelta
y=-1+j*delta
# B(.,.) takes by definition only values in the disk
if x**2+y**2<1:
grid[j,il=B(x,y)
else:
grid[j,i]l=np.ma.masked
# mask other pixels outside the disk
1=1+1
print 100.0*1/(Nx*x*2) # print progress

# Store image in temp file:
datafile=open (PATH_DATA, 'w')
p=pickle.Pickler (datafile)
p.dump (grid)
datafile.close ()
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130 |else:

131 # Don't compute but load image from temp file:
132

133 datafile=open (PATH_DATA,'r')

134 up = pickle.Unpickler (datafile)

135 grid = up.load()

136 datafile.close ()

137

138 |# Find minimum aka "the barycenter"

139 [jO,10 = np.unravel_index(grid.argmin(),grid.shape)
140

2%float (i0)/N - 1
2xfloat (jO)/N - 1

141 | minx

142 |miny
143
144 |#0pen figure for plot of B(.,.)
145 |fig = plt.figure()

146 |ax = fig.add_subplot(111)

147
148 | #Plot B(.,.)

149 |im=ax.imshow (grid,

150 norm=SigmoidNormalize (alpha=0.4),
151 extent=(-1,1,-1,1),

152 origin="'lower')

153

154 | #Plot barycenter as black little hexagon
155 |ax.plot (minx ,miny,marker='H',6color="'black')
156
157 | #Plot colorbar
158 [ fig.colorbar (im)

160 |#0pen new figure to plot density function £(.)
161 |fig = plt.figure()

162 |ax=fig.add_subplot (111)

163
164 |[T = np.arange(0,2*np.pi,2*np.pi/N)

165 |vE = np.vectorize(f, otypes=[np.float])
166 |Y = vi(T)

167
168 |#specify ticks on x-axis as fractions of pi

169 [unit = np.pi/2

170 | 1=2%np.pi/unit

171 |x_tick = np.arange (0, 5)

172 | x_label = [r"$0$", r"$\frac{\pi}{2}$", r"$\pis",
173 | r"$\frac{3, \pi}{2}$",r"$2,\pis$"]

174
175 | ax.set_xticks (x_tick*unit)

176 |ax.set_xticklabels(x_label,fontsize=15)

178
179 |ax.plot (T,Y)
180
181 [ plt.show ()
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E.3. Visualization of B,
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0 2
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:‘_
[~
E)

(b) Plot of f,

Figure E.1.: Case a = 1: Equidistribution. The barycenter is depicted as a little black hexagon.
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E. Douady-Earle’s Barycenter Construction
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(a) Plot of B,

0.35 T T

0.30 4

0.25} E

0.20+ 4

0.15} 4

0.10+ E

0.05+ ]
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(b) Plot of f,

Figure E.2.: Case ¢ = 0.5: One bump of diameter a - 2r. The barycenter is depicted as a little
black hexagon.
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E.3. Visualization of B,

(a) Plot of B,

1.6 .
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L2}

1O}
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06}

041

0.2+

0.0

(b) Plot of f,

Figure E.3.: Case a = 0.1: One bump of diameter a - 2w. The barycenter is depicted as a little
black hexagon.
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E. Douady-Earle’s Barycenter Construction
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(b) Plot of f,

Figure E.4.: Case a = 0.5: Two bumps of resp. diameter a- 7. The barycenter is depicted as a little
black hexagon.
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E.3. Visualization of B,
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(a) Plot of B,
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(b) Plot of f,

Figure E.5.: Case a = 0.1: Two bumps of resp. diameter a- 7. The barycenter is depicted as a little
black hexagon.
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E. Douady-Earle’s Barycenter Construction

Figure E.6.: Plot of B, for yn =1/26; +1/26_;. No Barycenter!
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E.3. Visualization of B,
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(a) Plot of B,

(b) Plot of f

Figure E.7.: A more involved density function f(t) = &= (sin(3t)-+sin(2t)+sin(t)+cos(3t) +cos(2t)+

cos(t) + 3).
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