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Abstract

In the first part of this thesis we consider the horofunction compactification of finite-
dimensional normed real spaces and show that the boundary of the compactification has
the shape of the dual unit ball if the norm of the space is polyhedral. We will characterise
the sequences converging to some Busemann point and see that only the limiting direction
and an eventual parallel shift of the sequence have influence on this Busemann point.

In the second part of the thesis we examine symmetric spaces with Finsler metrics and
their horofunction compactification by using the results of the first part and we make a
short comparison with the Furstenberg compactification.

Zusammenfassung

In dem ersten Teil dieser Arbeit befassen wir uns mit der Horofunktions-Kompaktifizierung
von endlich dimensionalen normierten reellen Rdumen und zeigen, dass der Rand der
Kompaktifizierung die Form des dualen Einheitsballs hat, wenn die Norm auf dem Raum
polyederformig ist. Wir geben eine Charakterisierung der Folgen an, die gegen einen
Busemannpunkt konvergieren und sehen, dass nur die beschrédnkende Richtung und eine
eventuelle Parallelverschiebung der Folge Einfluss auf diesen Busemannpunkt haben.

Im zweiten Teil der Arbeit untersuchen wir symmetrische Rdume mit Finsler-Metrik und
deren Horofunktions-Kompaktifizierung, indem wir die Ergebnisse des ersten Teils ver-
wenden, und geben einen kurzen Ausblick auf die Fiirstenberg-Kompaktifizierung.
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1 Introduction

This thesis deals with horofunction compactifications of certain manifolds.

Let X be a topological space. If X is not compact, there are several possibilities to
compactify it. One of the most basic compactifications is the (Alexandroff) one-point
compactification. But there are far more ways to compactify X, some of them homeomor-
phic to each other, some not.

In this thesis we will consider spaces with additional structure, namely finite-dimensional
normed real spaces and symmetric spaces. We will examine their horofunction compactifi-
cation. It is also called “Busemann compactification”, if every point of the horoboundary
is a Busemann point.

This thesis can be split into three main parts. The first part (chapters 2| and [3]) intro-
duces the basic concepts needed such as the horofunction compactification and Busemann
points of a metric space (X,d), following [Wall0]. Most of the background knowledge
presented consists of convex analysis and the presentation is based on the books [Bee93|
and [Roc70]. Other important concepts are the definition of extreme sets of a convex set
and the construction of the dual unit ball B° of a polyhedral unit ball B defining the norm
of our space.

The horofunction compactification is defined by the embedding of X into the space of
continuous functions C'(X) via the map

P X — C(x)
2P,

where ¢, (z) := d(x, z) — d(po, z) and pg is a basepoint of X. There are some special ho-
rofunctions, called Busemann points, which can be realised as limits of almost-geodesics.

The next two chapters (4| and |5)) deal with the horofunction compactification of finite-
dimensional normed spaces. We will explain a paper of Walsh ([Wal07]) where he proves
the following two results:

Theorem (4.0.32| Let (V,||-||) be a finite-dimensional normed space. Then the set of
Busemann points of V' is the set {fﬁ’p | E is a proper extreme set of B°,p € V'}, where
f* denotes the Legendre-Fenchel transform of f.

Theorem 4.0.33| Let (V,||-||) be a finite-dimensional normed space. Then every horo-
function of V' is a Busemann point if and only if the set of extreme sets of the dual unit
ball B° is closed in the Painlevé-Kuratowski topology.

The functions fg, in the first theorem are special affine functions on V*. In this sense
the first theorem gives us a way of finding the Busemann points of a compactification
explicitly by computing the functions fz ,. As mentioned above, every Busemann point
is a horofunction but not necessarily vice versa. The nice point of the second theorem is
that it gives a criterion when they coincide and when not.

After these rather theoretical results, we will apply them to many examples in which we de-
termine the horofunction compactification. Most of the time we will consider R? equipped
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with a polyhedral norm or a norm induced by fixing the convex unit ball. I went this way
and gained enough intuition to see the general behaviour of sequences converging in the
horofunction compactification and a way to construct the boundary geometrically. This
work resulted in the formulation of Theorem a classification of these sequences and
their corresponding Busemann points. The theorem is presented after plenty of examples
which shall help the reader to get a feeling for the procedure.

In the last two chapters (chapters@and we will temporarily leave the finite-dimensional
normed spaces and turn to symmetric spaces with Finsler metrics. That means we will
consider classical symmetric spaces, that is, Riemannian manifolds with a certain symme-
try, which are provided with an additional Finsler structure. As we are mainly dealing
with the Lie theoretical description of symmetric spaces, in most of the cases it does not
make any difference whether we have a Riemannian structure or not.

In saying this we already mentioned one of the great benefits of symmetric spaces:
besides being a Riemannian manifold with symmetry, each symmetric space M is diffeo-
morphic to some G/K, the set of left cosets of the group G of isometries on M and a
certain closed subgroup K C G. As the group G carries the structure of a Lie group, we
can consider its Lie algebra g. Moreover the treatment of symmetric spaces can be turned
into a treatment of Lie algebras and we get the Cartan decomposition g = p @ ¢ with
p = T,,M and ¢ the Lie algebra of K. By the root space decomposition with respect to
a maximal abelian subalgebra a of p, we obtain the Weyl group W and the Weyl cham-
bers of a. As a subspace of p, a is a finite-dimensional normed space where the norm, a
W -invariant convex ball, stands in one-to-one correspondence with the Finsler metric on
M. At this point we come back to our results of the first part. We will use them to com-
pactify SL(3,R)/SO(3) and Sp(4,R)/U(4) and see (related to [GJT9§|) which choice of
Finsler structure leads to a horofunction compactification isomorphic to the Furstenberg
compactification.

I would like to thank my advisor, Professor Anna Wienhard, for all her help and her
intensive and motivating mentoring during the last year and additionally for this really
interesting subject of my thesis I immersed myself deeper and deeper with steadily grow-
ing enthusiasm. Her lecture about symmetric spaces and the talks with her have also
contributed to it. This thesis wouldn’t have been like this and it wouldn’t have been such
a nice time working on it without the personal, technical and corrective help of my friends,
especially of Eike Fokken, who had to endure long discussions especially about converging
sequences. Thank you all.



2 Preliminaries

2.1 Painlevé-Kuratowski Topology

We will follow [Bee93] and [Roc70] for an introduction on convex analysis.

Definition 2.1.1 A set A is called directed by a relation > if the relation is reflexive,
transitive and for each pair {\1, A2} C A there is a A3 € A such that A3 > A\; and A3 > As.
A net in a set X based on a directed set A is a function a : A — X. In particular a
sequence is a net where A = N [[] ordered as usual.
We will write ay for a(A) and (ay)rea for the net.

Definition 2.1.2 Let A be a directed set. A subset ¥ C A is called
(i) residual < 3INEAVoeA:(ceX o> ).
(ii) cofinal & VAeAJoeX: X <o.

Example 2.1.3 A residual set in Z is a set which consists of all numbers bigger than
some A € Z. A subset of Z is cofinal if and only if it is unbounded above.

Definition 2.1.4 Let X be a Hausdorff space and (A)) ca a net of subsets of X. Let
xg € X be a point. Then

(i) xo is called a limit point of (A)) e if each neighbourhood of xg intersects Ay for
all X in some residual subset of A.

(ii) xo is called a cluster point of (Ax)xep if each neighbourhood of xq intersects Ay for
all A in some cofinal subset of A.

(iii) Li Ay := {limit points of (Ay)} is called the lower closed limit of (A)).
(iv) Ls Ay := {cluster points of (A))} is called the upper closed limit of (Ay).
Obviously we have Li Ay C Ls A).

Example 2.1.5 Let X be the real line R. Define

s { [—n,—1] for n € N even;
" R for n € N odd.
We already saw that a residual subset of N consists of all numbers greater or equal to
some A € N. Therefore Li 4,, = {0}, because for each neighbourhood of 0, there is an
N € N big enough such that the neighbourhood intersects all A, with n > N. There
cannot be another limit point x in Li A,, because z would have a neighbourhood not
intersecting either the positive or the negative intervals.
Since a cofinal subset of N is an arbitrary subset unbounded above, Ls A,, = R, because
for each y € R every neighbourhood of y intersects all intervals A,, with n either even or
odd and big enough.

'In this thesis, 0 ¢ N.
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Proposition 2.1.6 ([Bee93, Prop. 5.2.2]) Let X be a Hausdorff space and (Ax)xea
be a net of sets in X. Then

Lidy= ) <l A4

YCA cofinal AeX

and

LSA)\: ﬂ Cl(U A)\)

YCA residual A€X

Hence Li Ay and Ls Ay are both closed sets.

Definition 2.1.7 Let X be a Hausdorff space and (A,) a net of sets in X. Let furthermore
A be a closed set in X.
We say (Ay) is Painlevé-Kuratowski convergent to A, if LiAy = Ls Ay = A.

In this case, we write A = K-lim Ay or Ay Ny

Lemma 2.1.8 ([Bee93, Lemma 5.2.4]) Let A be a closed subset of a Hausdorff space
X and let (A)) be a net of subsets of X.

Then A) B, Aifand only if AC Li Ay and Ls Ay C A.

Lemma 2.1.9 ([Bee93, Prop. 5.2.9]) Let X be a Hausdorff space, (Ap)nen a net of
subsets and A a closed set.
Then A, X, Aifand only if the following conditions both hold:

e Vre A:dx, €A, 2y — .

o if (ng)ren C N is a subsequence of N with ny, < ngyq and z, € Ay, Vk € N then
(xg) — x implies that © € A.

2.2 Convex Analysis

In the following let X always be a finite-dimensional normed linear space over R.

Definition 2.2.1 A subset A C X is called convez if ca + (1 — )b € A for all a € [0, 1]
and a,b € A.

Theorem 2.2.2 ([Bee93, Thm. 1.4.1]) Let X and Y be normed linear spaces.
(i) The sum of two convex subsets of X is convex.
(ii) Let A C X be convex and « be a scalar. Then oA, cl A and int A are also convex.

(iii) Let f : X — Y be an affine function and A C X be convex. Then the image
f(A) CY is also convex.

(iv) Let {A; | i € I} be a family of convex subsets of X. Then the intersection (\;cy Ai
is also convex.

(v) Let {A; | i € I} be a family of convex subsets of X. IfVi,j € I 3k € I : A;UA; C Ay
(i.e. {A;} is directed by inclusion), then |J;c; A; is convex.

Definition 2.2.3 Let A C X be a subset. The convez hull of A is the smallest convex
subset of X containing A. We will denote this set by conv A.
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Lemma 2.2.4 Let X be a normed linear space and A C X a non-empty subset. Then

k
keN,a; € A, u; >0 and Z:Ui:l}

=1

k
conv A = { Z i@

i=1

Proof. We set M = {>XF , pja; | ke Nya; € A, s > 0and S8,y =1}

LLC??

“D”

We show that M is convex and contains A. As convA is the smallest subset of X
containing A, it follows that convA C M by definition of the convex hull.

For convexity of M let mi,mo € M be arbitrary. Then da;,b; € A; p;,v; > 0,
i=1,...,k 7=1,...,1 with Zi-“:lui = 1;Z§:1Vj = 1 such that

k l
mi = Z,uiai; mo = Zl/jb]'.
=1 Jj=1

We have to show, that am; + (1 — a)mg € M Vo € [0,1]. Let « € [0, 1].

k l
ami + (1 —a)mg = az,uiai +(1-a) Zl/jbj
i=1 j=1

k+1

= Z YiCi
i=1

with

) oo fori=1,...,k;
YT —a)y_y fori=k—+1,....k+1

and
) oa fori=1...k;
“T by fori=k+1.. . k41

As~;€[0,1), ;e AVi=1...k+1and

k+l k

l
Z'yizaZui+(1—a)Zuj:a+l—a:1,
i=1 i=1 j=1

our last sum lies in M.
It is obvious that A C M. Altogether M is convex and contains A, so convA C M
as stated above.

Proof by induction over the length of the sum k, the case k = 1 is clear.

For k=2 let m = p1a; + psas € M.

As py =1— py, it is m = pya; + (1 — p1)ag € convA since convA is convex.
Assume now that Y%, pia; € convA for all y; € [0,1] and a; € A wherei =1,..., k.
Let m = Zf;“ll wia; € M, that is a; € A, p; > 0 and Zf;rll i = 1. Without loss of
generality let all p; > 0. Define

k
S = Z,uz
i=1

Then

k . .
S E —tand B e vi=1,...,k
i:ls §
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and

k1
m = Z Hiay
=1
2
Hi@i + Hk410k+1
=1

~

I
®

i
(Z ZGz’) + Mk+10k+1

=1 §

¢+ (1 —s)agy1 € conv A

»

with ¢ := Zle %ai € convA by induction and pgy1 = 1— Zle u; =1 —s. The last
sum lies in convA by definition of the convex hull. O

Definition 2.2.5 Let K be an non-empty convex set. Then K is called a cone, if whenever
xz € K and a > 0, then azx € C.
Let C C R™ be a convex set then we define

Ko:={zeR" |z=aca>0,ceC}

to be the smallest cone containing C'

We now want to state an important fact of convex analysis: the separation theorem.
Let X be a finite-dimensional normed linear spaceﬂ X* its dual space, y* € X™* nonzero
and o € R.

Definition 2.2.6 The sets {z € X | y*(z) < a} and {z € X | y*(x) > «} are called
closed half-spaces determined by the hyperplane (y*)~'(a).

Definition 2.2.7 An oriented hyperplane H C X is called a supporting hyperplane of a
convex set A C X if the following conditions are satisfied:

(i) ANH #0
(ii) A lies completely in one of the two closed half-spaces of X determined by H.

The supporting hyperplane H is called non-trivial if A is not contained in H.

Remark 2.2.8 A convex set A must have at least one point in its boundary to have a
supporting hyperplane H. In particular, whenever A has a supporting hyperplane H, then
ANH COA.

Remark 2.2.9 We can describe a supporting hyperplane H to a convex set A in R” as

H={zeR" | (z]b) =a}

with b € R, b # 0, and « € R such that (z|b) < « for all z € A and (x|b) = « for at least
one x € A.

Definition 2.2.10 Let A, B C X be two convex sets.

We say that the hyperplane (y*)~!(a) separates A and B if A C {z € X | y*(v) < a} and
B C{x e X | y*(z) > a} or vice versa.

We say that y* strongly separates A and B if the set {oa € R | (y*)~!(«) separates A and B}
is an interval [ag, 1] with o # ag.
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Figure 2.1: Separation Figure 2.2: Strong separation

Remark 2.2.11 In the situation of the definition, the hyperplane (y*)~!(3) strongly
separates A and B for any 8 with ag < 8 < a7 .

We are now able to state the first separation theorem:

Theorem 2.2.12 ([Bee93,, p. 22]) Let (X,|-|) be a finite-dimensional normed linear
space and A, B C X non-empty convex subsets with int B # ().

If Anint B = 0, then there is a continuous linear functional on X separating A and B.
Dually, let B C X* be convex such that int B # () and ) # A C X* another convex subset.
If AN int B =0, then there is an x* € X such that x separates A and B.

Definition 2.2.13 Let M C R™. M is said to be an affine set, if (1 — N)x + Ay € M for
all z,y € M and A € R.

Definition 2.2.14 Let A C R™. The affine hull affA is defined as the smallest affine set
in R™ containing A.

Definition 2.2.15 The relative interior ri A of a set A C R"™ is the interior which results
when A is regarded as a subset of its affine hull affA:

rid:={zcaff A|Fe>0:B(x)naff AC A}
In the same way we define the relative boundary of A as
OrelA == (cl A) \ (ri A).

The important part in the definition of ri A is that the interior is regarded as a subset
of affA and not of R™. This makes the difference between the relative and the normal
interior. Here is a simple example to see that ri A # int A.

Example 2.2.16 Let A= {(t,0) € R? | —2 < ¢ < 2} be as in the figure below.

Figure 2.3: riA # intA

Then affA is the x-axis and 11 4 = {(¢,0) € R? | —2 < t < 2}, whereas int A = ().

2More generally, the following definitions also hold when X is a locally convex Hausdorff space, see [Bee93]
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Remark 2.2.17
(i) If A C R™ is an n-dimensional convex subset’} then affA = R".
(ii) The relative interior of a point is the point itself.
With this preparation we can now state another version of the separation theorem:

Theorem 2.2.18 ([Roc70, Thm. 11.6]) Let C be a convex set and D C C a convex
subset. Then D NriC = () if and only if there exists a non-trivial supporting hyperplane
to C' containing D.

Definition 2.2.19 Let X be a metric Spaceﬂ xg € X and f: X — RU {£o0}.

f is called lower semi-continuous at xg if for all € > 0 there is a neighbourhood U of xg
such that f(z) > f(xg) —e Vx € U.

f is called lower semi-continuous if f is lower semi-continuous at every xg € X.

Figure 2.4: f lower semi-continuous at xg (left) and not semi-continuous (right)

Remark 2.2.20 In a metric space X with E C X, zp € E and f: E — RU{%o00}, this
definition is equivalent td’}

liminf f(z) = f(zo)

Lemma 2.2.21 ([Roc70, Thm. 7.1]) Let f: X — RU{+oc0}. Then:

f is lower-semi continuous <= all lower level sets {x € X | f(z) < a} for a € R are closed.
— {re X | f(z)>a} C X is open Va € R.

Definition 2.2.22 Let f: X — R be a function. The epigraph of f is defined as
epi(f) i= {(z.4) € X xR | > f(a)} € X x R.

Definition 2.2.23 A function f: X — R U {%oo} is called conver, if epi f is a convex
set of X x R.

Lemma 2.2.24 ([Bee93, Thm. 1.3.3 and §5.3]) Let f: X — RU{zxoo}. Then:
(i) f is lower semi-continuous <= epi f C X x R is closed.

(ii) a sequence of lower semi-continuous functions converges to some lower semi-continuous
function <= the associated sequence of epigraphs converges in the Painlevé-Kuratowski
topology.

3 A subset is called n-dimensional, if it cannot be embedded into an (affine) hyperplane.
4This definition also holds for a topological space X.

Slim infy—z, f(x) :=sup {inf{f(z) |z € ENU\ {x0}}| U open ,z0 € U, ENU \ {zo} # 0} .
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2.3 Legendre-Fenchel Transformation

Let X be a Banach space and f : X — R U {oco} a function. The Legendre-Fenchel
transform f* of f is defined as:

f7 X" — RU{+oo}; [ y) = igg(@lf@ - f(@))

We will give a geometrical interpretation of the transformation of convex functions. A
closed convex set can be uniquely described by its supporting hyperplanes. Analogously
a convex function is uniquely determined by its lower supporting hyperplanes, which are
exactly the hyperplanes defining the epigraph of our function (which is a convex set as
noted above).

For a better understanding consider the one-dimensional case:
Let f : R — R be convex. As R* =2 R, we have f* : R — R U {00} (in particular
f*(y) < oo for all y € R by convexity) and for m € R:
f*(m) = sup[maz — f(z)]
z€eR

As epif C R x R = R?, the ma-part defines a straight line with slope m, hence a
hyperplane of dimension 1. We now have to find the point zy € R where the (positive)
distance between the straight line ma and the graph of the function (the boundary of the
epigraph) is maximal. Then f*(m) is equal to this maximal distance. Because of

[f(z) = (ylz)]

this is equivalent to searching for the point where the distance is minimal and then take
the negative of this value. In the example in figure the latter is more convenient, as
f(x) > ma.

One can also say that the value of the Legendre-Fenchel transform at m is the negative up
or down shift of the supporting hyperplane to epi f at the point f(xg) such that it passes
through the origin.

Sg§[<ylx> — fz)] = — inf

Figure 2.5: The Legendre-Fenchel transform f*(m) is the negative of the minimal y-axis
intercept of a supporting hyperplane to epi f.

In higher dimensions, the main idea remains the same, with the sole difference that the
straight line becomes a hyperplane of dimension n — 1.

Remark 2.3.1 The Legendre-Fenchel transformation induces a bijection between the set
of proper lower semi-continuous convex functions and itself. It is continuous with respect
to the epigraph topologyﬂ

5A sequence of functions f, is said to converge in the epigraph topology if epi(f,.) converges in the
Painlevé-Kuratowski topology.
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2.4 Extreme Sets and Exposed Faces

We will follow [Roc70, Chapter 18] for an introduction on extreme sets and exposed faces.
Let C be a convex set. Generally speaking there are two kinds of representations of C"

internal and external ones.

The first one is to express C as convex combinations of the elements of some point set S

with conv S = C. For a given convex set C there might be several point sets S with this

property.

The external representation describes C as the intersection of some collection of half

spaceg'|

Definition 2.4.1 Let £ C C be convex sets. Let L, := {Xa+ (1 —A)b | A € [0,1]}
with a,b € C be a straight line. Then FE is called an extreme setﬂ of C if and only if
ri L, N E # 0 implies that a,b € E. Extreme points are extreme sets which consists of a
single point.

The empty set and C' itself are the trivial extreme sets of C. From this definition we
can directly deduce the following lemma:

Lemma 2.4.2 ([Roc70, p.162]) The point x € C is an extreme point of C' if and only
if we can not find any a,b € C' with a,b # x such that x = (1 — N)a + \b with 0 < \ < 1.

Lemma 2.4.3 ([Roc70, p.163]) The property “extreme set” is transitive: if F C E and
E C C are both extreme sets, then F' C C' is an extreme set.

Definition 2.4.4 Let C' be a convex set. A non-empty proper subset F' C C' is said to
be an exposed face of C' if there is a nontrivial supporting hyperplane H to C such that
F=CnNH. An exposed point of C' is an exposed face which consists of a single point.

Remark 2.4.5 Let C be a convex set. An exposed point of C' is a point through which
there is a supporting hyperplane containing no other point of C.

Lemma 2.4.6 ([Roc70, p.163]) Let E be an exposed face of C. Then E is also an
extreme set of C.

Remark 2.4.7 Consider the following example to see that not all extreme sets are ex-
posed.

Example 2.4.8 Let C C R? be the convex set given in figure

Figure 2.6: The point p is extreme but not exposed

The point p = (1, —1) is an extreme but not an exposed point of C.

"A closed convex set C is the intersection of the closed half-spaces containing it. [Roc70, Thm. 11.5]
8Note that Rockafellar [Roc70, p.162] calls an extreme set a “face”, but in my opinion this name is
confusing because of the term “exposed faces”. Other authors like Walsh use the name “extreme set”.
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2.5 The Dual Unit Ball

The content of this section, especially the geometrical construction and Lemmata [2.5.15
and [2.5.16] is of great technical importance and will be used in the examples (section .

Definition 2.5.1 Let C' C R” be convex. Then C'is called a polyhedral convex set if C
can be expressed as the intersection of finitely many closed half-spaces.

A polytope is the convex hull of a finite set of points. A polytope in three dimensions is
often called a polyhedron.

Theorem 2.5.2 ([Roc70, Thm. 19.1]) Let C' C R" be a convex set. Then the following
Statements are equivalent:

(i) C is polyhedral.
(ii) C is closed and has only finitely many extreme sets.

(iii) C is finitely generated, that is C is the convex hull of finitely many points and
directions (points at infinity).

Remark 2.5.3 The vertices, edges and faces of a polyhedron P are extreme sets of P.

Definition 2.5.4 Let X be a normed linear space and C C X. The polar C° of C is
defined as

C°={y" e X" | (ylz) > -1Vx e C} C X™

Remark 2.5.5 Several authors define the polar with the condition “(y*|x) < 1”. For
consistency with the rest of this work and [Wal07], we will use the above definition instead.
If Cis symmetricﬂ both definitions amount to the same object.

Remark 2.5.6 ([Roc70, p.125]) The polar C° of C' C X is always closed and contains
the origin.

Lemma 2.5.7 ([Roc70, Cor. 19.2.2]) The polar of a polyhedral convex set is polyhe-
dral.

Theorem 2.5.8 ([Roc70, Thm. 14.5.1]) Let C C R™.
(i) C°° = cl(conv(C U {0}))

(ii) If C is a closed convex set containing the origin {0} then the polar C° is also closed
convex, contains {0} and C°° = C.

Definition 2.5.9 Let (X, ||-||]) be a finite-dimensional normed space where the norm is
not necessarily symmetrid*} The unit ball B is defined as

B:={ze X ||zl <1}.
The dual unit ball is defined as the polar of B:

B°:={y* € X* | (y*|z) > —1 Yz € B}.

9That is, symmetric with respect to the origin.
10T hat is, we have the condition ||Az|| = Al|z|| for all A > 0 but not for negative ).
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Definition 2.5.10 Let B C X be an n-dimensional polytope containing the origin as an
interior point. Then B defines a possibly non-symmetric norm on X by

|z||g :=inf{a >0 | z € aB}

for any x € X. We call such a B a polyhedral unit ball, especially if we consider its
corresponding norm.

Remark 2.5.11 If B is symmetric, then so is ||-|| 5.

Theorem 2.5.12 ([Roc70, Cor. 15.1.1 and Thm. 15.2]) Let |-||p be the norm
defined by the polytope B. Then |-||go defines a norm on X*.

Lemma 2.5.13 ([Roc70, Cor. 15.3.2]) Let V =R" and ||-||, be the p—norlﬂ If B is
the unit ball with respect to this p-norm, then the dual unit ball B° is the unit ball with
respect to the g-norm where % + % =1

Lemma 2.5.14 Let K, L be two subsets of a real vector space V', then:
(i) (KUL)°=K°nL°.
(i) K C L= L° C K°.
If K and L are both closed convex and contain the origin {0}, then we also have:
(iii) (K N L)° = clconv(K° U L°).
Proof.

(i) An easy calculation shows:

(KUL)Y ={yeV*|(z|ly) > -1V e KUL}
={yeV*|(zly) > -1Vx € K and (z|ly) > -1 Vz € L}
=K°NnL®

(ii) Clear as {y € V* | (z|y) > -1 Ve € L} C{y e V* | (z|ly) > -1 Vo € K C L}.

(iii) As K and L are both closed conxev and contain {0}, we know by Theorem [2.5.8] (i)
that K°° = K and L°° = L. Therefore by using (i) of Theorem [2.5.§

(KNL)°=(K*°NL>)°
= [(E°)" N (L°)°)°
() [K° U L°]°
= clconv[(K° U L°) U {0}]
= clconv[K° U L°].

In the last step we used that K° and L° already contain {0}. O
Lemma 2.5.15 Let B C R" be a polyhedral unit ball with k vertices ay,...,ar and [
n — 1-dimensional facets. Then there are unique by, ...,b; € (R™)* such that

B = conv{ay,...,ar} (2.1)

={x eR" | (bilz) > —-1Vi=1,...,1}.

1
el = G20, ).
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Proof. Definition of the b;:
Let aj,,...,aj, be n neighbouring vertices which span a facet, that is they determine the
hyperplane L; containing this facet. Determine b; such that

(bj|Lj) = —1.

This is a uniquely solvable n x n linear system of equations as we have the condition that
the vertices a; span a facet of the convex polytope B. From this follows unique existence.

“C” Fix one arbitrary b; . We defined the hyperplane L; by
Lj={x e R" | (bjlz) = —1}.

Then L; = aff(a;,,...,a;,) and it contains the facets spanned by the aj, used to
define b;. L; divides R™ into the two closed half-spaces S1 := {z | (bj|x) < —1} and
Sy := {x | (bjlx) > —1}. The origin {0} is contained in S>. As L; is a supporting
hyperplane to B, B lies completely in one of the two half-spaces and we know that
this has to be Sy because of {0} € B. Therefore

(bj\ai) > —1 Vi = 1,...,]{.

Now let « € conv{ay,...,ar} be arbitrary. Then there are t; € [0,1] (i = 1,...,k)
with > ¢, =1 and z = Zle tia;. Then

k k
(bjlx) = ti (bjlai) = = ti=—1

and as j was chosen arbitrarily, z € {z € R" | (b;|z) > -1 Vi=1,...,1}.

“D” Let y € R™ with (b;]ly) > —1foralli =1,...,l. As B is a polyhedral unit ball, there
isan x € 0B and an s > 0 such that y = sz. As x lies on the boundary of B, it is
contained in an exposed face and therefore there is a b; such that (b;|z) = —1. Then

1< (bily) = sbile) = —s
and so s < 1 which means that y € B because B is convex. O

We are now prepared to formulate a useful lemma for calculating the dual unit ball. As
its proof is similar to the proof of the previous lemma, we will give it in the appendix on

page 91}

Lemma 2.5.16 Let B be as above. Then
B° = conv{by,...,b}.

Geometrical Construction of B° in R?2

Based on our calculation above, there is an easy way to construct and draw the dual unit
ball B° of a given unit ball B in the two-dimensional case. Let

B = conv{ay,...,a;}
={z e R?| (bjlz) > -1Vj=1,...,k}
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be a unit ball with vertices a; € R? and b; € (R*)* @ R? (i,j = 1,...,k). We already
know that
B° = conv{by,...,by}.

Hence an easy way to draw the dual unit ball is to draw the k points b; and connect them.
If the b; are not known (and you do not want to calculate them), there is another, rather
constructive way to obtain the dual unit ball: Let [; be the straight line through the origin
and the vertex a;. For each i = 1,...,k let ¢; € R? be such that (g;|a;) = —1. ¢; is not

uniquely determined and we can choose it as simple as possible. For a; = (a»1 7%(2)) define

o®
C; = a’El) .

Then (a;|c;) = agl)al@) - az@)agl) =0Vi=1,...,k|*| Define the hyperplan
hi = <Cl> = Rci.

This is a hyperplane through the origin perpendicular to the line [;. As we need the line
for which the dual pairing is —1, we have to shift h; by ¢; and therefore define

H; := hi + g;.
Then the dual unit ball is the area surrounded by these hyperplanes.

For drawing this, we first draw the lines [; through the origin and the vertices. We show
here as an example the construction of the dual unit ball of the L°°-norm:

Yy
l2 ll
as B ay ap = (17 1)
az = (_17 1)
O x az = (_17 _1)
a4 = (1, —1)
as ay
lg l4

Figure 2.7: Step 1 of the construction: drawing the lines I; passing through the vertices a;

After calculating and drawing the points ¢;, we draw the shifted hyperplanes H; through
the points ¢; perpendicular to the lines [;, which have been extended into the negative
direction.

2For n > 2 and without loss of generality agl) # 0 we have a; = (a(l) a?, ... , al(.n)) and we then have to

define ci' = (fazw,O,...,O,agl),O,...) Vj=2,...,n. Then we have <a¢|c§j)> =0Vj=2,...,n.

..

13In higher dimensions we actually have a hyperplane, namely h; := ( RN cz(-")). In two dimensions it

is only a straight line.
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Yy
l2
\Q/
a2 44
H1 BO
— q1 O

Hy
as

I3

L
ai

Ho
42 — x

Hs
a4

ly

q1=(-1,0)
g2 = (1,0)
g3 = (0,1)
qs = (0,1)

Figure 2.8: Step 2 of the construction: the hyperplanes H; enclose the dual unit ball B°

The dual unit ball, here grey-shaded, is the area surrounded by the hyperplanes H;. We
see that in this example ||-||ge = ||:||1. This fits with Lemma [2.5.13] We will need this

result later in section [5.1]






3 Introduction to the Horofunction
Boundary

In the next sections we want to explore the horofunction compactification, especially for
finite-dimensional normed spaces. We will strongly follow the second section of the paper
The horoboundary and isometry group of Thurstons Lipschitz metric [Wall0]. We will
introduce horofunctions and show how to use them to compactify a metric space under
several conditions. In the end we will also define Busemann points.

Let (X, d) be a possibly non-symmetric metric space, which means that d has all prop-
erties of a metric except maybe symmetry. The topology on X shall be induced by the
symmetric metric

dsym (7, y) = d(z,y) + d(y,r) Y,y € X.

For a point z € X and some basepoint pg € X consider the map

Y. X — R (3.1)
x +— P(z) = d(z, 2) — d(po, 2). (3.2)

Let C(X) be the space of continuous real valued functions on X endowed with the
topology of uniform convergence on bounded sets with respect to dgy,,. Now consider the
map

v X — C(X);
z —>,.

Proposition 3.0.17 The map 1 is continuous and injective.

Proof. The proof of is lemma this based on the triangle inequality and is shown in the
appendix. O

This is already enough preparation to define the horoboundary.
Definition 3.0.18 The horofunction boundary is defined as

X(00) := (ci{pz]z € X}) \ {¢:]z € X} € C(X).
Its elements are called horofunctions.

Lemma 3.0.19 If we choose an alternative base point p, € X, then the corresponding
horofunction boundaries are homeomorphic.

Proof. The maps referring to the alternative base point pj will be denoted by v, and 1'.
Then

YL(-) = d(-, 2) — d(pp, 2) = d(-, z) — d(po, z) — d(py, 2) + d(po, 2) = ¥=(-) — V=(pp)-

The map 1, — 1, is a homeomorphism as can be seen with the help of (8.1)) on page

Therefore X, (00) = X} (00). O

17



18 Chapter 3. Introduction to the Horofunction Boundary

Remark 3.0.20 The relation shown for v, also holds for the horofunctions. Let & €

Xp,(00) be a horofunction with respect to the base point py and &' € pro(oo). Then

&) =€) — o)
by a standard convergence argument.
Definition 3.0.21 A metric d is called proper if every closed ball is compact.

Lemma 3.0.22 If the metric dgy, is proper, then uniform convergence on bounded sets
is equivalent to uniform convergence on compact sets.

Lemma 3.0.23 Let z € X. Then it holds:

VYo (z) <d(z,y) +:(y) Vr,ye X

and for all horofunctions £ € X (oo) we have
() <d(,y) +&(y) VoyeX.

From this follows that all elements of cl{t.|z € X} are 1-Lipschitz with respect to dsym.
Hence uniform convergence on bounded sets is equivalent to pointwise convergence.

The main aim of this work is to study the horofunction compactification, which is also
the subject of this important lemma:

Lemma 3.0.24 If the metric dgyp, is proper, then cl{1,|z € X} is compact and is called
the horofunction compactification.

The proof, explicitly shown in the appendix, is based on the Theorem of Ascoli-Arzela,
see page 93]

Definition 3.0.25 Let (X, d) be a possibly non-symmetric metric space. A map vy : 1 —
X from a closed interval I C R is called a geodesic, if

d(v(s),y(t)) =t —s Vs, t €I with s < t.
We now want to make some useful assumptions we partially already used before:
(A) The metric dgyy, is proper.
(B) Between any pair of points in X, there exists a geodesic with respect to d.

(C) For any point « € X and any sequence x,, in X we have

d(zp,x) — 0 <= d(z,x,) — 0.

Proposition 3.0.26 Assume (A), (B) and (C) hold. Then 1) is an embedding of X into
C(X). In other words, there is a homeomorphism X ~ 1)(X).

Outline of the pmoﬂ. By Proposition it remains to show that ¢ ~! is also contin-
uous. So we have to show that if ¢,, — 1, for some sequence (1., ), then 2z, — y.
This will be shown by contraposition: if z, — oo, then there is no subsequence of (1., )
converging to some 1, with y € X.

We assume that ¢, — £ € cl{1,|z € X} as n — o0o. Let y € X be arbitrary.
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e The first step is to define a geodesic segment ~,, : [0,b,] — X connecting y and z,
for each n € N.

e We then show with assumption (C) that the function

h:[0,b,] — R
t— h(t) == dsym(y, Tn(t))

is continuous for every n € N.

e The third step is to show that there is an = € X with ~,(¢t,) — z as n — oo
where ¢, € Ry such that

dsym(y7 Vn(tn)) =T
for some fixed r > d(po,y) + &(y). Then deym (y,x) = r and we set x,, := yp(tn).

e As n, is geodesic, ¥, (z,) — V., (y) = —d(y,x,) and by taking the limit we obtain
§(x) = &(y) — d(y, x).

e The last and most important step of the proof is to show that

Yy #EVy € X,
which can be deduced from ¢, (z) — &(x) = r —d(p,y) — &(y) > 0. O
From now on, we will identify
X ~(X).

Proposition 3.0.27 Assume (A), (B) and (C) hold. Let x,, be a sequence in X converging
to a horofunction. Then only finitely many points of z,, lie in any closed ball of dgyym,.

Proof. Suppose (zp)nen is a sequence in X such that some subsequence of dgym(po, n)
is bounded (if necessary, take a subsequence) and assume that z,, — = € X. Then by
Proposition [3.0.26| ¢, — 1, and therefore x,, does not converge to a horofunction. [

We will now define Busemann points, which are special horofunctions. It is an interesting
question whether a horofunction is also a Busemann point or not and we will give an
answer to this question in the case where X is a finite-dimensional normed space in the
next section.

Definition 3.0.28 Let 7' C Ry be unbounded and 0 € 7. A map v : T — X is called
an almost geodesic, if

Ve >03IN eNVs,t €Tt > s> N: |d(0),7v(s)) + d(~(s),7(t)) — t| <e.

Rieffel [Rie02] showed that every almost geodesic converges to a limit in X (c0).

Definition 3.0.29 A horofunction is called a Busemann point if there is an almost
geodesic converging to it. We set

Xp(00) := {Busemann points in X (co)}.

Remark 3.0.30 An isometry f : X — X’ of (possibly non-symmetric) metric spaces
induces a homeomorphism f : ¥)(X) — ¥ (X’) which extends to a homeomorphism of the
horofunction compactifications.
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Proposition 3.0.31 Let (X,d) and (X',d') be possibly non-symmetric metric spaces
with base points po,p. Let f: X — X’ be an isometry. Then for all horofunctions & of
X and 2’ € X' the extension is given by:

with f(£)(2") := limpco[d' (2", f(2n)) — d'(pp, f(2n))]

Proof. Let z, be a sequence in X with ¢, — £ as n —> co. Then

F©) = lim [d' (', f(zn)) = d'(p, f(2n))]

FI iy (4 (0!),20) — d(po, 2a) + d(po, 7a) — d(f A (5h). 7))
Yo (F71H()) — Y, (F71(P)))
() - €U () =




4 The Case of Finite-Dimensional
Normed Spaces

In his paper The horofunction boundary of finite-dimensional normed spaces, [Wal(T],
Walsh proves two helpful theorems concerning Busemann points and horofunctions. We
will present this paper here in a slightly different order and with some more elaborate
proofs. In the section afterwards we will consider several examples. The norms considered
are not necessarily symmetric.

Before discussing these theorems, we have to introduce the following map: Let V be a
finite-dimensional normed vector space, B the unit ball and B° the dual unit ball. For
some extreme set F of B® and p € V define

fep: V7 —[0,00] (4.1)

g+ fep(q) == Ip(q) + {qlp) — ying<ylp>

with the indicator function

] 0 ifgek;
Ie(q) '_{ o ifqgé¢E.

Now we are prepared to formulate the theorems:

Theorem 4.0.32 Let (V,||-||) be a finite-dimensional normed space. Then the set of
Busemann points of V' is the set {f}; ,|E is a proper extreme set of B°,p € V'}, where f*
denotes the Legendre-Fenchel transform of f.

Theorem 4.0.33 Let (V,||-||) be a finite-dimensional normed space. Then every horo-
function of V' is a Busemann point if and only if the set of extreme sets of the dual unit
ball B° is closed in the Painlevé-Kuratowski topology.

These theorems are very useful when dealing with horofunction or Busemann compact-
ifications. The first one allows us to calculate the horofunctions explicitly and we will see
in the next sections that based on this theorem we only have to know the dual unit ball
to determine the Busemann compactification. The second theorem gives us a criterion
to distinguish between Busemann points and horofunctions or to see when there is no
difference between them.

4.1 Preparation

In the last section we used the metric d to define the horofunction boundary with respect
to some base point pg. As we are now dealing with normed spaces, we can use the norm
instead and we will choose the origin O = 0 as base point. By Lemma[3.0.19 we know that
the resulting horofunction compactifications will be homeomorphic. Therefore we define:

P=(y) = Iz = yll = [I=]] Vy,zeV (4.3)

21
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We will need the following sets of maps and their Legendre-Fenchel transforms:

Di={$; | z€V}={llz =l - |lz|l | z € V} (44)
"D:={f"|feD}t={JIlzeV}

*A:={fg, | E is an extreme set of B°,p € V'}

A:={f"|fe A} ={fg, | E is an extreme set of B°,p € V'}

*A is the set of functions that are affine on some extreme set of B° and take the value
+o00 outside the extreme set and have infimum 0.

Some Technical Lemmata

Lemma 4.1.1 For y € V* we have

Yo (y) = Ipo(y).

Proof. Let y € V*. Then with the definition of the dual unit ball (page and of the
Legendre-Fenchel transformation (page @ we obtain

do(y) = (=) (w)

= sup((ylz) — [[-=|)
zeV

= sup(—[(y| — =) + || —=l[])
eV

= — inf (=2l ({gle-») + 1),

where e_, denotes the unit vector in the direction of —z. Therefore e_, € Bforallz € V
and we have

c:= (yle—z) = < —1 ify ¢ B° and for some z € V
= (Yle—z) = > —1 ify e B° and for every x € V

and thus
ctl— <0 ify ¢ B° and for some x € V
] >0 ifye€ B° and for every x € V.
So we get
w0 o _ ) oo ifyé¢B°
vi() = — i (Il - (e + 1)) = {0 e
= Ipo(y). O

Lemma 4.1.2 For all z € V there holds:

= — inf .
Il = = inf ()

Proof. Let z € V be arbitrary. Then

1[I = (I-1")"(2) = (Yo (=))"(2) = (Ipe(=-))"(2)

= sup((—2ly) — Ip-(y))
yev
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= sup (—zy)
yeB®

= — inf (y|2).
nt (]2

To achieve the supremum in the second line, Ip-(y) has to be 0. From this follows y € B°
in the third line. O

Lemma 4.1.3 Lety € V* and z € V. Then
Vi) = Ip:(y) + (yl2) — inf (x]2)
= fBe2(y)-

Proof. We have ¥,(-) = ¢o(- — 2z) — ||z]|, because ¥g(x — 2) = [|0 — (z — 2)|| = ||z — z||. We
use this to calculate

Pz (y) = (o(- — 2) = [[2)" ()
= sup[(ylz) — do(z — z) + [|=]]

zeV
= ilel‘lzKy‘x —2) —Yo(z — 2)] + (ylz) + [|2]]
= sup[(ylh) — do(R)] +{ylz) + ||
heV —~

—infy e go(z]2)
=5 (y)=Ipo (y)

= Ipo(y) + (yl2) (z]2). O

gt
From the relation 9} = fpo . shown in the last lemma follows

Yre*A VzeV
because B° is an extreme set of itself. Or in other words with ¢, = f5. .

D C A.

As defined above, the horofunction compactification of V' is exactly the closure of D in
the topology of uniform convergence on compact sets. Our aim now is to have a closer
look at this closure. The elements of clD are limits of sequences of convex 1-Lipschitz
functions and therefore they are also convex and 1-Lipschitz. Since the functions in D are
equi-Lipschitzian, uniform convergence of such functions on compact sets is equivalent to
convergence in the epigraph topologyﬂﬂ So clD in the topology of uniform convergence
on compact sets is also clD in the epigraph topology.

'Let (X, d) be a metric space. Suppose gi,gs,... is a sequence is LSC(X), the space of proper lower
semi-continuous extended real functions, and let g € LSC(X) such that g is real valued. If (gn)n —> ¢
uniformly on bounded subsets of X, then g = TAWp—lim gn, Where TAW, denotes the Attouch-Wets-
topology (|[Bee93| Lemma 7.1.2]). As we are dealing with finite-dimensional normed linear spaces, the
metric induced by the norm is proper and therefore the Attouch-Wets-topology coincides with the
Painlevé-Kuratowski topology, see also Lemma and [Bee93| p. 235].

2Let(X ,d) be a metric space and fo, f1, f2, ... be a sequence of lower semi-continuous real valued functions
on X such that fy is finite-valued and Lipschitz continuous on bounded subsets of X and such that
(fn)n is eventually equi-Lipschitz continuous on bounded subsets of X. Suppose that fo = Taw,-lim fn.
Then (fn)n — fo uniformly on bounded subsets of X ([Bee93, Prop. 7.1.3]).
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4.2 Proof of Theorem [4.0.32]

For this proof, we will use the following result from [AGW05] without proof:

Lemma 4.2.1 A horofunction is a Busemann point if and only if it is not the minimum
of two 1-Lipschitz functions each different from it.

Lemma 4.2.2 FEach Busemann point is contained in A\ D

Proof. Let g € (clD) \ A. Then g is convex and 1-Lipschitz, as noted above. From this
follows with Lemma that the Legendre-Fenchel transform ¢* takes the value +oco
outside of B°.

Asg¢ A itis g* ¢ *A.

We claim: g* ¢ *A if and only if we can find z,y,z € B°, X € (0,1) such that
y=(1-Nz+ Az (4.5)
and

g (y) < (1 =Ng"(z) + Ag"(2).

Proof of the claim:

“=—" Because g* is convex, it is ¢*(y) < (1 — N\)g*(x) + A\g*(2) for any z,y,z € B° and
A€ (0,1) with y = (1 — ANz + Az, Let z,z € B and yy = (1 — Nz + Az for
some A € (0,1). Assume there is no A € (0, 1) satisfying the condition “<”, then
g"(yn) = (1 = N)g*(z) + A\g*(2) for all A € (0,1). We show that this implies ¢* €
*A which is a contradiction. For this we have to show that ¢* is an affine function,
that the set E := {y € V* | g*(y) < oo} is an extreme set of B° and that inf g* = 0.
Affinity follows just by definition and as g* takes the value +oco outside of B°,
E C B°. For extremality of £ we show that whenever an interior point of a straight
line lies in F, then the endpoints also do: let y € E and z, z € B°, A € (0, 1) such that
y=(1—=X)z+Az. Then ¢*(y) = (1 —A)g*(x) + Ag*(z) and therefore g* is finite on =
and z, that is z,z € E. At last we show inf ¢* =0. As g € cI D = cl{¢),|z € V'} and
¥,(0) = ||z—0||—||z]| = 0 for all z € V' we conclude that g(0) = 0. Because g is convex
epig is a convex set with a boundary point in 0. Therefore there is a supporting
hyperplane to epig through 0. By definition ¢*(m) = sup,cy ((z|m) — g(z)) and as
g(0) = 0 we see that inf g* > 0 and therefore the supporting hyperplane lies below
epi g and touches it at the origin. All in all inf g* = 0.

“«=” We show that we cannot find such points z,y,z € B or a parameter A € (0,1)
satisfying the condition if g* € *A. Assume g* € *A. Then there is an extreme set
E of B°,p € V such that g* = fg .
Let y ¢ E. Then ¢*(y) = Ir(y)+(y|p) — inf(¢|p) = oo which would make the
~—— q€E

e ———
>—00
inequality impossible.

Let y € E. Then also x, z € E, because E is an extreme set. Thus we have

9" (y) = fepy) = Ie(y) +(y|p) — inf (q|p)
~——

0
= (1 = A)(z|p) + A (z[p) —

inf
qelE

inf {qlp)
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= (1 =Ng(@) + (1 = A)zlp) = (1 = A) inf{qlp)
+AMp(2) + Azlp) — A inf (g|p)
qeE
= (1 =Ng" (@) + Ag™(2),
so we would have g*(y) = (1 —\)g*(x) + A\g*(z) which contradicts the inequality too.

Back to the original proof:
By completeness of R, we can also say that there are a,b € R with a < g*(x),b < g*(2)

such that g*(y) < (1 —A)a+ Ab. From g*(y) = sup ey [(ylq) — 9(q)] = (ylp) —g(p) Vp €V
we get

(ylp) —9(p) < g"(y) < (1 —=A)a+Ab VpeV (4.6)
Define

We now want to show, that II; N IIs = (). Let p € II;. Equation 1} yields z = yl__A;.
Hence

pelll < (zlp) —a = g(p)
= =) — 225G —a > g(p)
S L) - 25l —a > () — (1 - Aa— b
= (ylp) — (1 =N{lp) = Mzlp) > (1 =XNa—(1—-X>?a—Aa— b
= Mylp) — Mzlp) > AM—a+2a+ —Xa—b+ \b)
220 ip) — (=lp) > (1 —A)(a—1b)
=  (1-Na+Ab+g(p) —(zlp) > (lp) —(zlp) > (1 —A)(a—0)
A +g(p) —(zlp) > (A—=1)b
— gp) > (zlp) =0
= p ¢ 1

Thus IT; N 11 = 0.

‘We now define

g1 := max(g, (z|-) — a)
g2 = max(g, (z|-) — b)

Both functions are 1-Lipschitz, because g is 1-Lipschitz and z, z € B°.
We claim: g = min(g1, g2)
Proof of this claim:

Let p € I1;:

91(p) = max(g(p), (z|p) — a) = (z[p) —a _
92(p) = max(g(p), (z[p) — b) = g(p) } = 9(p) = 92(p) < 91 (p)-

Now let p € Ils:

max(g(p), (z|p) —a) = g(p)
max(g(p), (z[p) —b) = (z|p) — b

91(p)
92(p)
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Together we have g = min(gy, g2).

Back to the original proof:

We want to apply Lemma[4.2.T] to show that g cannot be a Busemann point. We already

found two functions ¢g; and go whose minimum is g. We now have to show that g # g¢;
and g # ga.
Let p be in the sub-differential of g* at z H This means that (¢ — x|p) + ¢*(x) < g*(q)
Vg € V*. If we look at the Legendre-Fenchel transform, we get g(s) < Iy (s)+(x|p)—g*(z)
Vs € V. Evaluation at s = p results in g(p) < (x|p) — ¢*(p) and therefore g(p) < (x|p) — a
where we used that —g*(z) < a (a was just defined by this). So

*
*

9
9

g1(p) = max(g(p), (z|p) — a) = (z|p) — a # g(p)

and therefore g1 # ¢g. In the same way, one can show that g5 # ¢g. All together we have

g =min(g1.92), 9 # 91, 9 # 9o

and g1, g2 are 1-Lipschitz.
So with the criterion Lemma from [AGWO5], g cannot be a Busemann point. O

There is a rather elegant and convenient way express the function fz , by some kind of
a “pseudo-norm”:

Definition 4.2.3 Let C' C V* be a convex subset and p € V. Define

Iplc = (glp)- (4.7)

— inf
qeC
Remark 4.2.4 In general, this is not a norm. But it is
. o = — inf S=.
[+l =~ int () = 1]
as shown in [4.1.2)

Lemma 4.2.5 Let E be an extreme set of B® and p € V. Then

fep()=Ip—|g—Iple-

Proof. With fg(-) = Ig(-) + (:|p) — infycp(g|p) we obtain for all y € V:

Tep(y) = sup ((zly) = fp(w))

= xseu‘g)*(<x|y> — Ig(x) — (z|p) + ;22(‘1’17))
= sup((z|ly — p)) + in£<q|p>

z€E ac
= = inf ((zlp—y)) + inf {alp)

=lp—yle —Iple O

3The subdifferential of a convex function f : X — R (X a Banach space) at a point z € X is the set
Of(z) :={z" € X" | f(q) — f(z) > (z*|qg — ) Vg € X }. By the theory of supporting hyperplanes, it is
not empty if f is continuous and convex.
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Corollary 4.2.6 D ={fp., | z€V}
Proof. Follows from Lemma [£.1.3] O

Lemma 4.2.7 Let C' C V be a convex subset of a finite-dimensional vector space V. A set
FE is an extreme set of C' if and only if there is a finite sequence of convex sets Fy, ..., I},
such that Fy = C, F,, = F and F;4+1 is an exposed face of F; for alli =0,...,n— 1.

Proof.

“=>" Let E be an extreme set of C.

If E contains a relative interior point of C, then ¥ = C by extremality of F.

If E is contained entirely within the relative boundary of C, then E N riC' = ). So
by the second separation Theorem [2.2.18] there is a supporting hyperplane H; to C
containing E. Define I} := Hy N C, then by definition, F} is an exposed face of C'
containing . F is an extreme set of F}, since £ C F; C C and FE is an extreme
set of C. If we apply this procedure several times, we receive the required sequence
of sets. As an exposed face is the intersection of the set with a hyperplane, we are
losing one dimension in each step which guarantees that our sequence will be finite.

“<=” We now assume that such a sequence exists. Because of the transitivity of the
property of being an extreme set (Lemma [2.4.3]) and because every exposed face is
also an extreme set (Lemma [2.4.6)), F,, = E' is an extreme set of Fy = C. O

Lemma 4.2.8 Let C C V* be a compact convex set and F' an exposed face of C. Suppose
there exists a sequence (py)nen in V and an € > 0 such that

(i) o [piv1 — pilr < |pn —polr +e YneN
(jj) ‘pn - ‘F - |pn|F e g pointwise

where g is a lower semi-continuous convex function.
Then there is a sequence (¢p)nen in V and an €’ > 0 such that

8 ?:_01 lgiv1 — dilc < |gn —@olc +€" VneN
I1) |gn —-lc — lanlc sy g pointwise

Proof. The proof of this lemma is quite technical and long so it will be shown in the
appendix in detail. ]

Lemma 4.2.9 Let (gn)nen be a sequence in V' satisfying

n—1

> llgir — aill < llan — qol| + €
1=0

for all n € N and some € > 0. Then the sequence (qy)neN is an almost geodesic.
Proof. In [AGW05] an almost geodesic is defined in a very different way, but it it shown in
Corollary 7.12 of the same paper that this definition and the one given in this thesis lead

to the same Busemann points. A sequence as stated in the lemma satisfies the conditions
of an almost geodesic in the sense of [AGWO05]. O
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Lemma 4.2.10 Every function in A\ D is a Busemann point.

Proof. Let g € A\ D. That means that there exists an extreme set F of B® and a point
p € V such that g = ff, , = [p — :[g — |p|E, but that there is no point 2 € V' such that
g=|lz—-| = |lz]l = |z = -|Be — |2|Be- (This results in the condition of E being a proper
extreme set of B° in Theorem [1.0.32]) As E is an extreme set, we know from Lemma
that there is a finite sequence Fy, ..., F, of convex sets with Fy = B°, F,, = F and
F;1 is an exposed face of F; for every i € {0,...,n—1}. Take F = E, C =F,_1,e =0
and g = ff, with the sequence p, = p ¥n € N. Then all conditions of Lemma are
satisfied and by applying this lemma several times, we obtain a sequence (¢, )nen in V and
an & > 0 satisfying the assertion of the lemma with C'= B°. Thus we also have

lgn — B> — lgnlBe — fE, =9 asn— oo

which means that ff , is a horofunction. Because fr , # [z — || — [[z| for all z € V, g
really lies only in the boundary of the compactification. With Lemma, we see that
(gn) is an almost geodesic and therefore g is a Busemann point. O

Proof of Theorem[{.0.33. The theorem now follows directly from Lemma Lemma

[4:2.10| and Corollary [£.2.6] O

4.3 Proof of Theorem [4.0.33

We now come to the proof of the second theorem about the distinction between Busemann
points and horofunctions.

Lemma 4.3.1 If A is closed, then the set of extreme subsets of B° is closed in the
Painlevé-Kuratowski topology.

Proof. Let (E,)nen be a sequence of extreme sets of B° converging to E. We have to show
that E also is an extreme set of B°. As E,, — E we also have I, — Ip as n — ooﬂ
Ig, € *AVneNas fg,0(¢) =1g,(q) + 04+ 0 = Ig,(q) Vg € V*. From this and because
A is closed, it follows that also I € *A, so F is an extreme set of B°. O

Lemma 4.3.2 If the set of extreme sets of B° is closed in the Painlevé-Kuratowski topol-
ogy, then A is closed.

Proof. We know from Lemma that every function in A\ D is a Busemann point
and consequently also a horofunction. By definition the horofunctions are clD \ D, from
which we obtain

D C ACcD.

To show that A is closed, it is enough to prove that if (fy,)nen is a sequence in *D, then
fi=1limy, oo frn € *A.

For this we will use the following criterion shown as a claim in the proof of Lemma [4.2.2]
If f €cl(D) then:

fe A<= ify=(1— Nz + Az then f(y) = (1 =N f(z) + Af(2).

Let z,z € B°,z # z and y = (1 — A)z + Az with A € (0,1). With the remark above,
we have to show that f(y) = (1 — \)f(z) + Af(2). As f is convex, meaning f(y) <
(1 =X)f(x) + Af(z), we have nothing to show if f(y) = oc.

4See also Lemma
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Let f(y) < oo and | -| be any norm on V*.
We claz’mﬂ that there exists a sequence (yn,)nen of points in B° and a constant § > 0 such
that:

(1) yn — y
(ii) fn(yn) — f(y)
(iii) ¥Yn € N the point y, is in some extreme set E,, and |y, — Ore1En| > 0

where 0,¢1F,, denotes the relative boundary of E,.

With this claim and the fact that f, > 0 Vn € N, it follows that f, is Lipschitz-
continuous on FE,, with Lipschitz constant %f"). Because %}j") — @ as n goes to oo,
we can find a constant [ such that for each n € N the function f,, is [-Lipschitzian.

Let F' be a limit point of the sequence FE,,, so by our assumption that the set of extreme
sets is closed in the Painlevé-Kuratowski topology, F' is an extreme set. Now assume that
E, — F as n — o0, if necessary by taking a subsequence. From y, € E,Vn € N
and y, — y we see that y € F. So by extremality of F' also z and z are elements of
F. Therefore we can find sequences (x,)nen, (2n)neny with xz, — = and z, — z and
Tn, 2n € By for each n € N, satisfying f,(z,) — f(z) and fn(zn) — f(2) as n — oc.
Define

Y, =1 =Nz, + Az, VneN

By extremality of F,, and the fact that x,, z, € E,, we know that
Y, € E, VneN

and
Y, — (1 =Nz + Xz =y asn — oo.

So the f, are all [-Lipschitzian in F, and y, and y] have the same limit, namely y.
Therefore

Jim fo(y,) = lim fo(yn) = f(y).
With this we have
Fly) = lim_fu(yn)
= 1im (1= )/ (@n) + Afa(20))
=(1-=Nz— Az

We conclude that the set {z € V* | f is finite on z} is an extreme set and f is affine on
it. Therefore f €* A. O

Lemma 4.3.3 The set A is closed in the epigraph topology if and only if the set of
extreme subsets of B° is closed in the Painlevé-Kuratowski topology.

Proof. The proof of this lemma is a direct consequence of the two lemmata before which
show one direction each. O

5The proof can be found in the appendix on page
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Proof of Theorem [{.0.53,

“«<=" Let the set of extreme sets of B° be closed in the Painlevé-Kuratowski topology.
Then by Lemma A is closed. From the proof of Lemma we know that
D C A CclD. So A being closed means that A = clD. Therefore A\ D = clD \ D
which is equivalent to every horofunction being a Busemann point.

“=" If every Busemann point is a horofunction, then A\ D = clD \ D. Therefore A =
clD which tell us that A is closed and with Lemma [4.3.3] the assertion follows. [



5 Examples: Horocompactifications of R

In this section we treat some examples to illuminate the findings of the previous section.
As the examples are computationally extensive, we will only show four of them here in
the main part, the others are given in the appendix. The reader is nevertheless invited to
have a look at them to get an intuition for the horofunction compactification.

The structure of the examples is always the same. After determining the dual unit ball
B° of B we calculate the functions fg, for each extreme set F of B°. Afterwards we
compute their Legendre-Fenchel transform f . In the last step we find sequences z, in
X, such that ¢, — f , as n — co. The interesting part then is to see which sequences
converge to the same functions, that is, which sequences determine the same point in the
horofunction compactification, and to find out the geometrical meaning of the unit and
the dual unit ball. In the examples we will only consider sequences (z,),en Which follow
a straight line. We will give a characterisation of the converging sequences at the end of
this section and explain why we are allowed to limit ourselves to straight lines.

In most of the examples we will consider polyhedral norms. For these the set £ of extreme
sets of B° is finite and hence closed in the Painlevé-Kuratowski topology. So we know by
Theorem that every horofunction is a Busemann point and sometimes speak of the
Busemann compactification. In the examples with a curved unit sphere (section and
sections andin the appendix) £ is not finite, but nevertheless, in the considered
cases it is closed in this topology, so here we also have a Busemann compactification.

Before we start with the examples, we will show two simple lemmata concerning extreme
sets, which contain exactly one point or all of B°.

Lemma 5.0.4 Let X be a finite-dimensional normed space with unit ball B and let
E = {e} be an extreme point of the dual unit ball B°. Then for all p € X:

fep=1E (5.1)

and

fep() = (el). (5.2)

Proof. Let E = {e} and p € X. Then we have for all ¢ € X*

fEp(@) = Iiey(q) + (alp) — ygﬁ }(y\p>

={20 0O o)~ (el

_ ) O+ (elp) = (elp) ifg=e
0o+ {q|p) — (elp) ifq#e

)0 ifg=e
] oo ifg#e

= Ir(q).

31
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For all y € X** = X the transform of fg, = Ig is

fEp(y) = sup ((z]y) — fEp(z))

rER*
= sup ((zly) — I{¢}())
reR* ——
€{0,00}
= (ely). O

Corollary 5.0.5 If the extreme set £ C B° consists of a single point, then ff  is inde-
pendent of p.

Lemma 5.0.6 Let X be a finite-dimensional normed space with unit ball B and let E be
a one-dimensional extreme set of the dual unit ball B°. Let a,b € 0B° be the two vertices
in the relative boundary of EE. Then for p € V arbitrary:

fep(q) = Ie(q) + (qlp) — min{{alp), (b|p)} (5.3)

and

fEp(y) = max{(aly — p), (bly — p)} + min{(alp), (bp)} (5.4)

forallge V¥ andy e V.
Proof. Let x € E. Then there is a A € [0,1] such that x = Aa + (1 — A\)b. Therefore

inf (z]p) = Aéﬂf 1]<Aa + (1= A)blp)

- Aél[lofﬂ](/\m — blp) + (blp))

p— 1 f -
(blp) + ot Aa — blp)

_ 0 if (a —blp) >0
- O { (a—blp) if (o~ blp) <0

_ { (blp)  if (alp) > (blp)
(alp) if (alp) < (blp)
= min{(alp), (b|p)}.

So all together we have for ¢ € V*:
fep(@) = Ip(q) + {alp) — inf (z]p)

= Ip(q) + (glp) — min{(alp). (blp)}.

For the Legendre-Fenchel transform we obtain by a similar calculation:

Tep(y) = sup ((2ly) = fip(x))

= xseu‘g(@!w — Ig(z) — (z|p) + min{(alp), (b[p)})

= 222“5”'@’ —p)) + min{{alp), (b|p)}

= sup ({(Aa+ (1 —A)bly —p)) + min{(alp), (blp)}
A€[0,1]

= max{(aly — p), (bly — p)} + min{(alp), (b|p)}

where we used that we can write every x € E as ¢ = Aa+ (1 — A\)b for some A € [0,1]. O
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Actually we are only interested in the proper extreme sets of B°. But here is a nice
little result we have for B° as an extreme set of itself.

Lemma 5.0.7 Let B° be the dual unit ball of a finite-dimensional normed space X. Then
for some p € X it is

fgo,p - wp
with 1, as defined in on page[23
Proof. Let y € X. By Lemma we already know that ff;, (y) = [p —ylg — |plE for

every extreme set F of B® and p € V. So now we have

fBop(y) = |p—ylpe — IplBe = [Ip — ¥l = [IPll = Yp(y)-

5.1 X = R™ with L'-Metric

We will start with the example of R™ equipped with the Ll—normﬂ This example is rather
basic, as we already know the dual unit ball B° and the norm induced by B which saves
ourselves several calculations. Another advantage of the L'-norm is its symmetry which
allows us to generalise it easily to higher dimensions. We will show the two-dimensional and
the general case here in the main part. Although the three-dimensional case is contained
in the general result, it is shown in the appendix on page for those who would like to
see another concrete example.

The Case of m =2
The dual of the unit ball B = {x € R? | ||z|; <1} is
B° ={y € R? | (y|z) > -1 Vx € B}
= {y e R? | (y|z) < 1Vz € B}

= {y € R? | max(jy1l, |so]) < 1}
={yeR? [ |lyle < 1}

by Lemma [2.5.13] A picture of B and B° is given in figure [5.1

Y )
Es 11 F» Ey
1
BO
B F; F
X
-1 1 r -1 1

-1 By 1R, E,

Figure 5.1: B and B° of the L'-norm

For x = (x1,...,2m) € R™ it is ||z|1 := |z1]| + ... + |2m].
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The proper extreme sets of B° are:

Byi={e} = (LD} Bai={e} == {(-L1)} By:={es} = {(-1,-D)} Eq:={es} := {(1,-1))

F1 = 1) ’t’ S 1} = COHV(El,E4) F2 = i) |t| S 1} = COHV(El,EQ)

-1
t

t
-1

Fg:

t] < l} = conv(Es, Ey)

t] < 1} = conv(FEs2, E3) F,:=

Let &€ be the set of extreme sets of B°,
£ = {Ezan | 1= 1,...,4}.
Let p = (p1,p2) € R? be an arbitrary point.

From Lemma we already know the form of the fg ,-functions of the extreme points,
namely

fEmp(CJ) = IEi<q) Vi € {1727374}7q € (R2)*'

Now to the one-dimensional extreme sets Fj:

We will calculate the deduce the expression for the fg,-function for the extreme set Fy
using equation on page As Fy is the convex hull of the points e; = (1,1) and
e4 = (1, —1) we first have to calculate for an arbitrary p € R?

min{(e1[p), (ea|p)} = min {((1,1)[p), ((1, -1)[ p)}
= min{p; + p2,p1 — p2}
= min{pz, —p2} + p1
= —|p2| + p1.

With this we get easily
frp(@) = Ik (q) + (qlp) — min{(e1p), (es|p)}

= I (q) + (alp) + [p2| — m1
_ { p1+tp2 —p1 + |p2| if ¢ = (1,t) € F; for some [t| <1

oo ifq¢F1
_J tpa+p2| ifg=(1,t) € Fy for some |t| <1
- 0] ifqg_fFl

In the same way, we get:

[Rp(@) = (alp) — p2 + p1| + IR, (q)
frsp(@) = (alp) + p1 + [p2| + £ (q)
Trip(@) = (qlp) + p2 + Ip1] + Ik, (q).

Let ¥y = (y1,42) € R%2. Then for the Legendre-Fenchel transform of the extreme sets
consisting of only one point we have by Lemma [5.0.4}

fe W) =11 +y2=((1,1) | y),

and in the same way

fEap¥) = —v1 +y2=((-1,1) | y) = {e2ly)
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JospW) ==y —y2 = ((—=1,-1) | y) = (esly)
Feap(W) =91 —y2 = (1, =1) [ y) = (ealy).
As expected, ff, ., is independent of p.

Now to the one-dimensional extreme sets. We use the notation e; = (1,1) and e4 = (1, —1)
and equation (5.4 to derive:

[y p(y) = max{(e1|ly — p), (ealy — p)} + min{{e1|p), (ea[p)}

max {((1,1)[y —p), (1, =1)|y —p)} + min {{((1, 1) p), (1, =1)|p)}
max{y1 —p1 + (y2 — p2),y1 — 1 — (Y2 — p2)} + min{p1 + p2, p1 — P2}
=y1 — p1 + max{yz — p2, —(y2 — p2)} + p1 + min{pa, —p2}

=y1 + |y2 — p2| — |p2l.

And for the extreme sets we get:

T p(y) = ly1 — p1l + y2 — [p1
Tryp(y) = |y2 — p2| — y1 — [p2]
TrpW) = ly1 — p1l — y2 — |p1l-

We see that ff, , is either dependent on p; or on py, a fact that will fall into context after
we found sequences converging to these functions.

The Geometric Interpretation We now need a sequence (zj)nen in R? such that
Yz, — fppasn— oo It is

Yz () = llzn = ylls = l2nlli = [200 = w1l + |22 = ya| = [201] = [2n2];

where the second index denotes the component.
If 2p1,2n2 — —oo then there is an N € N such that 2,1 < y; and 2,2 < y2 ¥n > N.
For these n we have |z, 1 — y1| = y1 — 2n,1 and |2, 2 — Y2| = Y2 — 2,,2. Therefore

—|zn2l = Y1 — 2n1 + Y2 — 2Zn2 + Zn1 + Zn2
=y1 + y2.

20,1 — y1] + |2n2 — 2| — 20

If our sequence is following a straight line which is shifted to pass through a point
p = (p1,p2), we have the sequence z, = (—k,—I)-n+ (p1,p2) — (—00, —o0) with k,1 > 0
and we obtain

lzn = yllt = llznlli = | = kn+p1 =y + | = In+p2 —ya| = [ = kn+pi| — | = In + po|

"Z0kn —prtyi+In—py+yz —kn+pr—ln+py

=y1 +y2
and therefore
’lzZ)Zn — fz’l P’

independent of the point p.
In the same way we get

o —k P1 —00 . *
Zp = (—l) -n+ <p2> — (—oo) yields v, — fp,
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k 1 o . *

= (—l) -n 4+ <p2> — (—oo) yields ¢, — sz,p
k D1 oo . *

Zp = (l) -n 4+ (pz) — (OO) yields ¢, — fE37p
—k 1 —0o0 . *

o < z ) " (m) - ( % ) e e T b

For the one-dimensional extreme sets we need one of the two components to remain con-
stant. This will give us the point p = (p1, p2) of [ p-
Let z, = (—1,0) - n + (p1, p2) — (—00,p2) be a sequence in R2. Then

Yz (y) = 20 = yll = llzal

=|—n+p—wu|+Ip2—v2| — | —n+pi| —|p2|

>0
"Z'n —p1+y1+ [p2 — y2| —n+p1 — |pa|

= |p2 — y2| = Ipyl +y1 = fr, ,(¥)-

And similarly for the other extreme sets. So in the end we have

_ -1 . b1 —o0 . *
zn—<0> n—i—( ) — <p2 ) yields v, — fp ,
b1
—00

p
p . *
) yields v, — fp, ,

2
(5 ()
Z’VL = * Tl + —>
-1 P2

1 p1 oo u
z <0> n <p2> <p2> yields ¢ n fFS,P
0 p1 b1 : u
- <1> et <p2> — (oo> yields v, — ff

We already noticed that f}i,p depends on one component of p only and now we see
that it is the one which defines the left-right respectively the up-down shift of the straight
line with respect to the origin. These four lines here are exactly those going through an
extreme point of B if they are not shifted. So the directions of the straight line gives us
the extreme set £ whereas the parallel shift determines the p of ff .

The General Case

For simplicity we say that a sequence (z,)nen following a straight line is converging to
the extreme set £ C 0B° if ¢, — [ for some p € R™. The treatment of the three
dimensional case can be found in the appendix and I will refer to it in the following. Its
main result can be split into two aspects which fit with our deductions from the two-
dimensional case. The first is the fact that the extremal set a sequence is converging to
lies in some manner on the opposite side (with respect to the origin O) of the intersection
point of 9B with the straight line the sequence is following. The second result is that if the
extremal set E is not only a single point, then parallel lines lead to different horofunctions
(different p), but of the same extremal set E. Only the direction of the sequence has
influence on the E of ff .

The last step now is to generalise our calculations to m dimensions. In both the two- and
three-dimensional examples, especially in the three-dimensional one, we remarked that
there are three types of sequences for each component of z, to consider, those going to
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either +00 or —oo and those remaining constant.
Let D = {1,...,m}. Let {P, M,T}E| be a partition of D, that is PUM UT = D and
P, M, T are pairwise disjoint. Define the following set:

Epyr ={x e R" |z; =1Vie P; v; =—-1Vj e M; x, =t with [ty| <1Vk e T}.
For example, if m =3 and P = {2}, M = {3} and T = {1}, then (cf. page
Epyr ={(t,,1,-1)||t| <1} = Fj.
With this definition, the set of extreme sets of B° is
E:={Epyr | D=PUMUT}.

Now one can easily conclude that #Ext(B°) = 3™.
Let F := Eppyr be an extreme set of B for some sets P, M and T and p € R™. Then

TEp(q) = Ie(q) + (qlp) — yigyylw

=1Ip(q) + {qlp) = D> _pi+ > pj— inf{ztkpk!tklél}

ieP JEM keT
=1Ip(q) + (qlp) =Y pi+ > pj— Y inf (tipk)

icP JEM ke 1tRI=1
=1Ip(q)+{ap) = Y _pi+ > pi+ Y lpkl,

ieP JEM keT

which is in accordance with the 2- and the 3- dimensional case.
The Legendre-Fenchel transform then is:

fEp(y) = sup ((z]y) — fEp(z))

TeR™
= sup |(zly) — Ip(z) — (zlp) + D _pi— D _pi— > |psl
zeRm™ ieP jeEM keT
= Sup[<x|y oI+ pi— > pi— > |pkl
icP jEM keT
=Y (Wi—pi)— > (yi—pj)+sup{ > trlye —pr)| It <1
ieP jeM keT
> pi— > pi— > bkl
icP JEM keT
=Y sup [te(ye —pe) = D okl + D> (i —pi +pi) — Y (y; — pj +0j)
keT Itel<1 keT i€P jeEM
= Zyi - Z Yj + Z(\yk — il — pxl)-
i€EP jeEM keT

For the geometrical interpretation, let (z,)nen be a sequence in R™ with its components
defined as:

—kin ifieP
Zni = kin ifie M
Di ifeel,

2P stands for “plus”, M stands for “minus” and T for the parameter “t”.
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where k; > 0 for all i € PU M. Then we have for a fixed y € R™ and n large enough such
that k;n > |y;| for all i € PU M:

Yz () = 20 — yllt = l|2nll1
= (lzni — il = |znil)
=1
=Y (I =k —yil = | = kinl) + > (Ikjn —y;| — [knl) + D (Ipe — vel — Ipkl)

iep jen keT
= (kin+yi — kin) + > _ (kjn —y; — kin) + > (Ipe — | — [pe])
iep jen keT
=Y ui— > yi+ Y (yx — rl — Ipel),
ier  jem kel

which shows that
Y, — fE, a8 — 0.

So independent of the dimension, the result is the same: the direction of the sequence
determines the extreme set E and if E contains more than one point, the parallel shift of
the line determines p. The only thing not really clear yet is how to find E. We already
know that this has to do with the extreme sets opposite of the intersection point of the
sequence with B°, but the precise result will be presented later in section

5.2 X = R? with a Symmetric Polyhedral Unit Ball

In this example we will limit ourselves to two dimensions and consider the Busemann
compactification of R? equipped with a norm induced by an arbitrary polytope B. We
recall that the norm induced by B for z € R? was defined by:

|z|| g = inf{a > 0 | x € aB}.
By definition, B is the unit ball of this norm.
Consider the following convex set in R? (compare figure :

B := conv{(1,0),(1,1),(0,1),(-1,0),(—1,-1),(0,—1)}

Yy
as as
|~ P
4 “ .
a4
as ag

Figure 5.2: B as a hexagonal polytope

Then B is a bounded, convex, open and centrally symmetric set and therefore it defines
a norm. The first difference to the example before is that we have to find an expression
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for the norm ||p||p of some point p € R2. We will use that the shape of B is a mixture of
the unit balls of the L'- and the L°°-norm.

Let p € R? be a point and let § € [—7, 7] be the angle between p # 0 and the positive
x-axis, namely as seen in figure Then the norm of p is symmetric and given by

max{[p], |z} if 6 € [0,3)
Iplls = § [p1l +[pel if 0 €[5, 7]
I=pli5 if 6 € (—m,0).

We now follow [Wal(07] to calculate the horofunctions of R? with this metric. So we first
have to determine the extremal sets of the dual unit ball B° and therefore we have to find

Be.

The Dual Unit Ball The vertices of B are:

7 1,0) ag = (1, 1) az = (0, 1)

ap = a7 = (
as = (—1,0) as = (—1,-1) ag=(0,—1).

For the dual unit ball B°, defined by the condition B° = {y € R? | (y|z) > —1 Vx € B},
we have to find points b; € (R?)* for i = 1,...,6 such that

(bila;) = (bilait1) = -1 Vi=1,...,6.

Therefore we get:

And so by Lemma [2.5.16]

B° = conv{(1,0), (0,1), (=1, 1), (~1,0), (0, —1), (1, —1)}.

Yy
Es B | B
F
Fy !
Ey
X
Ey
Fy
F 0

Es Fj Es

Figure 5.3: B° of our polyhedral B

The proper extreme sets of B° are (see figure [5.3):
Points:

FEp = {61} = {(1,0)} Ey = {62} = {(
= {eat :={ sb=A{

1Y Byi={es} :={(-1,1)}
(=1,0)} E5:={e b=A{

0
(0,-1)} Ee:={es}:={(1,-1)}
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Facets:
o= —tt—|— 1>|O§t§ 1} = conv(ey,ez) Fy:= T) -1 §x§0} = conv(ey, €3)
3= N 0<y<1p=conv(es ey) Fy = _tt_ 1)‘ —1<t< 0} = conv(ey, €5)
Fy = 1 0<z<1;=-conv(es,eg) Fy = ;) —-1<y< O} = conv(eq, €g)

Second Step: the fg,-Functions From Lemmal5.1} we already know the form of fg
if F is a set consisting of a single point. So we have:

fop=1Is  Yie{l,. .. 6}

For the facets we calculate for some point p = (p1,p2) € R? using equation (5.3):

frp(@) = Ik (q) + (glp) — min{{e1|p), (e2|p)}
= I (q) + (glp) — min {((1,0)[p), ((0,1)[p)}
= Ir,(q) + {qlp) — min{p1, pa}.

We find the functions for the other extreme sets in the same way. So in the end we have:

frp(@) = Ir (¢) + (glp) — min{p1,p2}
frp(@) = Ir,(q) + (glp) — p2 + max{p1, 0}
frsp(@) = Ik, (q) + (qlp) + p1 — min{0, pa}
frip(@) = Ik, (q) + (q|p) + max{p1, p2}
frsp(@) = Ir;(q) + (g|p) + p2 — min{py, 0}
frsp(@) = IR (q) + (alp) — p1 + max{0, po}

Comparing these functions, we notice that for each i € {1,2, 3} the expressions of fr, ,(q)
and fr,_,p(q) are quite similar. Looking at the picture we see that these are exactly the
pairs for which the facets are parallel.

Third Step: the fap-Functions In this step, we have to calculate the Legendre-
Fenchel transforms of our functions above. For the extremal points E; = {e;} (i €

{1,...,6}) we know by Lemma [5.2]

fE,p(W) = (eily),

and therefore

fEl,p(l/) =Y
fEap(Y) = y2
fEsp(y) = —y1 + 2
fEpW) =~
fEsp(Y) = —42
fEsp¥) =11 —v2
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Now to the one-dimensional extremal sets, the F;, i € {1,...,6}. The calculations by
using equation (5.4)) are as follows:

[y p(y) = max{(e1|ly — p), {e2ly — p)} + min{{e1|p), (e2[p)}
=max {((1,0)|y —p),{(0,1)|y — p)} + min{p1, p2}
= max{y1 — p1,y2 — p2} + min{p1, p2}.

For the other functions we get by similar calculations:

[y p(y) = max{y; — p1,0} + min{py, 0} — y2
frep(W) = —min{0,y2 — po} — max{0,p2} + 1

Here again the transforms of the sets parallel to each other are very similar.
As max{x} = —min{—xz}, the relation between these functions is

f;’i,p(y) = f;;i+3,fp(_y) Vi € {17273}

The Geometrical Part As in the examples above, we now want to find sequences
(2n)nen C R?, such that

V2 (y) = llzn — yllB — llznllB — fE,(y) as n — o0

where E denotes a proper extreme set of B°.

Just like before, we start with sequences which converge to some fEhp. Inspired by
the first example we will therefore consider sequences (zp)nen along a straight line in
the direction of a facet of B, possibly shifted by p. Let z, = (k,1) - n + (p1,p2) with
k> 0,k # 1. Then (2z,) — (00,00) as n — 0o. So

0(zn) = arctan <;> € (0, 72r>

for n large enough such that z, lies in the first quadrant. Then

kn—+p ifk>1

|lznll B = max{|kn + p1],|n + p2|} = max{kn + p1,n + p2} = { ntpy ifk<1

and for n large enough (such that z, — y lies in the first quadrant)

|lzn — y||B = max{|kn + p1 — y1|,|n + p2 — y2|}
= max{kn + p1 — y1,n +p2 — Y2}

) kn+pr—y ifk>1
]l ndpr—yr ifk<1.

Hence for £ > 1 and n large enough we obtain

Vo (V) = 20 — yllB — ll20llB
=kn+pr—y1 —kn—p
=~ = fZ]47p(y)'
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For k < 1 and again n large enough it is

V2 (y) = llzn — vl — 20l B
=N+p2—Y2—Nn—p2
= Y2 = fz's,p(y)'

k p1 oo sy fr
Zn = (1> ‘n+ <p2> — ( ) yields vz, fBup

1 p1 R — f*
= <k> o <p2> - <°O> yields v, Tewr

In contrast to the examples before, the angle of the straight line the sequence is following
within the first quadrant is important now. The straight line through the origin and
ag is just the line dividing the two areas in which each sequence converges to the same
Busemann point.

With similar calculations we find for the other extreme sets:

()

n +
n+

Sofor k>1

b1 —00 . *
<p2> — ( ~ ) yields ¢, — fp, , for k>0
b1 —00 . *
<p2> — <—oo> yields ¥, — fp, , for k>1
p1 —o0\ . i
<p2> — <—oo> yields ¥, — fg, , for k>1

k pP1 o . *
(5 (2) = () st — i

We notice that all these sequences are independent of p and depend only on the angle
as the pictures and illustrate.

We now fix a point p = (p1,p2) € R? and consider sequences parallel to those straight
lines through the vertices of B, for example the sequence (z;,)nen With

Zn = (170) ‘n+ (plap?)-
Then for ps > 0, 2z, lies in the first quadrant and for ps < 0 it lies in the forth. Therefore
2l 5 = max{|n[, [p2|} fp2>0
" In| + |p2| if pp <0

) on if po > 0 and for n big enough
o n—py if ps <0

=n —min{0, p2}.

n—-1m
b2 — Y2

_ max{|n — y1|,|p2 — y2|} ifp2—y2>0
In —y1| + [p2 — 2| if pp —y2 <0

And we have

lzn = yllB = ‘
B
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n—uy if pop—y2 >0
= . for n > 0.
{n—yl+y2—p2 if pop —y2 <0

So together we get for n > 1

Yz (y) = 20 = yllB = |20l

_ n—y; —n+ min{0,ps} if yo —pa <0
n—y1+y2 —p2—n+min{0,p2} ifyo —p2 >0

= —y1 + max{0,y2 — p2} + min{0, p2}
= f;g,p(y)'

With similar calculations we obtain the following result:

e
(Y

— < ) yields ¢, — fF
n+

)
) -
) -
)
)~

4! . *
—oo) yields ¢, — f5, ,

8

) yields ¢, — fF, ,

3
3

2

3

1
2

3
+

—00 .
2 ) yields ., — ff,

3

)

==(o)
:<01> (
) nt (p;
-(5)

1
2 n+ B ields 1, —s f3
" P2 —00 vt En Frp

1
The following picture illustrates the result. Straight lines in a coloured area of the left
picture converge to a Busemann point ff , where £ can be found in the right picture with
the same colour.

3

OO . *
oo) yields ., — ff,

Eq

Figure 5.4: Sequences along a straight line in the direction of a facet of B converge to a
Busemann point fz , where E is a single point.
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) )
as| £ By  F B,
B B® )
F3
aq Eq
< — T xT
ay E4
F
F 0
as,
/ a6 E;5 Fy Eg

Figure 5.5: Sequences along straight lines through vertices of B converge to Busemann
points fz , where E is one-dimensional.

Lines through an extreme set F' of B but not through an extreme point converge all
to the same Busemann point fE,p where F is an extreme point of B° lying in some way
on the opposite side of F' and orthogonal to it. The point p has no influence in this case,
only the direction counts. If the sequence runs parallel to a straight line through a vertex
of B, then p denotes this parallel shift and the sequence converges to a Busemann point
belonging to a one-dimensional extreme set of B°.

5.3 X = R? with a Non-Symmetric Polyhedral Unit Ball

In the examples before we always considered a polyhedral symmetric convex set as unit
ball. We will now look at an example where the unit ball is still convex and polyhedral but
not symmetric. The introduction to horofunction compactification in section [3] deals with
a possibly non-symmetric metric and symmetry is not required in section 4| to determine
the Busemann points.

We will need the result of this example later in section when we examine the horo-
function compactification of SL(3,R)/SO(3).

Let B be the convex hull of

ar = (1,0); a2 = (—5,3V3); a3 = (-5, —3V3).

ag 14

T T
&

as b7

Figure 5.6: Unit ball B as a triangle
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The Norm Induced by B Let C;j := Kcony(a;,a;) Pe the cone generated by the line
between a; and a;. We first calculate the norm ||z||p for every x in the cone Ci . The
line [, on which every point has norm 1, can be described as

| = 15 1 ERZSE[—l,l}.

Let 0 # z = (a,b) € C12. Then thereis a k > 0 and an s € {—%, \/ﬂ such that

= Rk 1 1 .
b —ﬁS—f—%

From this it follows a = ks and therefore from the second component

V3b=—ks+k=—a+k.
‘(Z) =a+V3b Vo € Cha.
B

Because of the symmetry of B with respect to the z-axis we know that

et = ;)

The norm of the point in the last cone U3 is just twice the negative first component
|zl = —2a. All together we have for some z = (a,b) € R?

a a++/3lb| ifa>0or b > —+/3a;
B

—2a if a < 0 and |b] < —v/3a.
The Dual Unit Ball We did not require B to be symmetric in the proofs of Lemma
2.5.15|and Lemma [2.5.16] so we can use them now to determine the dual unit ball B°. At
first we need b; ; € R? such that (bijlai) = (bijlaj) = —1. We calculate

bio=(-1,—v3); bas=(-2,0); b31=(—1,V3),

(3 (3) ()

In this special case the dual unit ball has the same shape as B but twice as big as illustrated

in figure

The extreme sets of B° are:
FEy = {61} = {(2,0)}; FEy = {62} = {(—1, \/g)}, by = {63} = {(_L _\/g)};

and

|l s =

=a—V3bVaz e Cyy.
B

(5.5)

and so we know

t
Fllz 1t

-1
Fy = . )

t
F3 = 1t_2>|—1§t§2}:conv(61,83).
3

>| —1<t< 2} = conv(eq, €3);

|
B
IN
~

< \/3} = conv (e, €3);
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Figure 5.7: B° of our triangular B

Calculation of fg, As we already know the result for the extreme points of B° we will
start directly with the one-dimensional extreme sets of B°. For some p € R? and ¢ € (R?)*
we have with the notations above:

min{(e1[p), (e2|p)} = min{((2,0)|p), ((~1,v3)|p)}
= min{2p1, —p1 + V3p2}
= 2p; + min{0, —3p; + V3p2}
= 2p; — max{3p; — V3ps,0}
and therefore
frp(@) = Ik (q) + (glp) — min{{e1|p), (e2|p)}
= Ir,(q) + (glp) — 2p1 + max{3p1 — v/3pz, 0}.

For the other facets we get by similar calculations:

sz,p(Q) = Ip,(q) + <Q\p> +p1+ \/§!p2|
frp(0) = I (q) + (glp) — 2p1 + max{3p; + v/3ps, 0}.

The Legendre-Fenchel Transform f7 ,  We know by Lemma that for E; = {e;},
1=1,...,3, the Legendre-Fenchel transform at y € R is

fEp(y) = (eily),

independent of the point p.
For the other extreme sets we calculate using Lemma [5.0.6]

[y p(y) = max{(e1]y — p), (e2|ly — p)} + min{{e1|p), {e2|p)}
= max{((2,0)|y — p), (=1, V3)ly — p)} + 2p1 — max{3ps — V/3ps, 0}
= 2(y1 — p1) + max{0, =3(y1 — p1) + V3(y2 — p2)} + 2p1 — max{3p; — V3p2,0}
= 2y, + max{3(p1 — y1) — V3(p2 — ¥2), 0} + max{3p; — V/3ps, 0}.
In the same way we get
fryp () = V3ly2 — p2| — V3Ip2| — 11
Fi p(y) = max{3(p1 — y1) + V3(p2 — y2),0} — max{3p; + v/3p2,0} + 2y1.
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The Geometrical Part Just as in the previous examples, we want to find sequences
(2n)nen such that 1., — ff, (n — oo) for some extreme set 2 C 9B and p € R2. We
already saw (for polyhedral unit balls) that if a sequence following a parallel to a straight
line passing through the origin and an extreme set F' of B with dimF = k converges to a
Busemann point ff, ,, then dimE = n —1— k. Furthermore, the extreme set the sequence
is converging to is perpendicular to the straight line. We will check whether it is also like
this in the non-symmetric case.

At first we take a straight line of direction aq, say z, = (1,0) - n + (p1,p2). Then with

¥z, (y) = 20 —yllB — [0l

y € R? and n large, we calculate
_|[[{rtPhi—n n+ Pl
P2 — Y2

:n+p1—y1+\f\p2—y2\—n—p1—\/§|p2\
V3|p2 — yo| — V3|p2| — 1 = fh, ,(v)-

If we take a sequence parallel to a straight line through as we have to be careful which
norm to take. So we obtain with z, = (—1,v/3) - n + (p1, p2):

Ve, (y) = ll2n — yllB — l2ullB
—n+pr—n I —ntm
Vin+p—u2 /||, Vintpa )|,
A pi VBBt pr — ) ifp -y >~
] 2n—2p1 + 2y ifp —y1 < —

(P2 — ¥2);
(P2 — y2)

al-sl-

I s V3(V3n +p2) if pp > —%pz;
2n — 2p1 if p1 < —%m

B { 2n+p1 —y1 +V3(p2 —y2) if 3(p1 — v1) + V3(p2 — y2) > 0;

| 2n—2p1+ 2y if 3(p1 — 1) + V3(p2 —y2) <0
B { 2n+p1 + V3py if 3p1 + V3pa > 0;
2n — 2py if 3p1 +v/3p2 < 0
= max{3(p1 — y1) + V3(p2 — y2), 0} — max{3py + V/3p2, 0} — 2p1 + 2y1 + 2
= [Ep(¥)

The calculation for the straight line trough ag goes similarly and we obtain for a sequence
zn = (=1, =V3) - n+ (p1,pa):
/(/}Zn (y> = f;j—'l,p(y)

for n large enough.

If we take a sequence in the direction of an one-dimensional extreme set of B but not in
the direction of a vertex, then we know that this sequence will converge to a Busemann
point associated to an extreme point of B° and therefore we don’t have to care about
the point p. If n is large enough, then 2, and 2, — y will be in the same cone C;; and
therefore we don’t have to distinguish between the norms within one calculation. So we
get for z, = (k,l) - n and n large enough independent of p:

kn — 1y kn
Ve (y In — I\
Y2 )5 g
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kn —y1 +V3(In —y2) — kn — V/3In if (k1) € Ci2;
—2(kn —y1) + 2kn if (k,1) € Cy3;
kn —y1 —V3(In —yo) — kn +/3In if (k1) € Cs31

—y1 —V3ya if (k,1) € C1;

21

if (k,1) € Cy3;

—y1 +V3y2 if (k1) € Cs1
<(_17 _\/§)|y> if (kal) € 01,2;

((2,0)ly)

if (k1) € Ca3;

<(_17 ﬁ)’y) if (kv l) € C(3,1
Jisp(y) i (k1) € Cr;

FEp(y
fEy oy

if (k, l) S C273;
if (k,1) € Cs1.

We see that it makes no difference whether the unit ball is symmetric or not, the connection
between the shape of B and B° and the Busemann points is always the same.

5.4 R? Equipped with a Lens-Shaped Norm

We come now to norms whose unit spheres are curved. The cases of R? equipped with the
usual Euclidean norm as well as with the L2-norm can be found in the appendi « There
the boundary of the unit ball is differentiable everywhere. Conversely we consider now
the following lens-shaped region B, whose boundary is differentiable everywhere except
for two points. B can be described as an intersection of two discs with radius 2 centred

at ++/3.

A

Figure 5.8: Lens-shaped unit ball B

There are two ways to describe B. On the one hand we can describe it as the intersection
of the two circles as mentioned above:

o[

(w—\/§)2+y2§4}ﬂ{<§> € R?

3See page and m

(VB iR <)
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On the other hand we can use polar coordinates. For this we need the angle « as in the

picture above. From tana = % we obtain a = §. With this we can write

s={ (") o [5od)s remafo{ (s )| e [55]s e )

The boundary of B is

6B—{<i(2cosa_\/§)>‘—g§0‘<7T}‘ (5.6)

2 sin «

The Norm Induced by B We now want to calculate the norm on R? induced by B.
For an arbitrary point # = (a,b) € R? let d = (d1,ds) € OB be the intersection point of
OB with the straight line from the origin to . Then the distance

k= lalls = H@
(o) -+(2)

+(2cosa — /3)

2 sin «

B

is defined by the equation

We already know that d is of the form for some o € [-F, §]. As B is

symmetric, it suffices to consider either the left or the right part of the lens. We will deal
with the right part. This means we have to solve

a 2cosa — /3
<b>:k< 2sin « )

for k. From the first component we obtain a = 2k cos @ — v/3k, and from this

) (a+V/3k)?

cos " &0 = ——————.

4k2
If we insert this in the equation from the second component using that sin? o = 1 —cos? o,
we obtain

k? — 2aV/3k — (a® + %) =0,

an therefore

k= aVv3 4 Va2 + b2.

We have to choose the positive sign for the square root so that the boundary of B really
has norm 1. For the norm of some = = (a,b) € R? with a > 0 this yields

19

Because of the symmetry of the lens, this also holds for ¢ < 0 and we have found the norm
of all z = (a,b) € R

= |a|V/3 + V4a? + b2. (5.7)

B
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The Dual Unit Ball The most difficult part of this example is to calculate the dual
unit ball B° of B as we don’t have a polytope and therefore can’t use the results of section
We claim that B° is the region bounded by

B 5 +(z +3)
H._{<i1> —\/§<Z<J§}U{<i%m>

0<z<2}. (5.8)

P N R Y AN

-2-+/3 2+3

Figure 5.9: B° of the lens shaped norm: a ellipse pulled apart symmetrically

As long as we have not proven this fact, define for notational reasons

D::{@h)’—ﬂgzsﬁ; 0§h§1}u{<i§31_7@>‘0§2§2; 0§l§2}.

Then 0D = H. D is an ellipse cut in the middle and pulled apart symmetrically to
accommodate a rectangle of height 2 and length 2v/3 in the middle. We now want to
prove, that D = B°. For this we have to show two things:

—_

1. DCB°: (zly) > —1forallz € B, ye D
2.B°CD:Vy¢ D3IxeB:(zy <—1.

Proof of 1.
Strategy of the proof: we prove that the minimum of (:|-) : 9D x 9B — R; (d, b) — (d|b)
is > —1. Then by bilinearity of the dual pairing this is also true on D x B.

(2cosa —+/3)

Let z = .
e 2sin «

€ 0B for some a € [-F, §].

We first show the assumption for the rectangle part. Let therefore y = (2, + 1) for some
z € [=/3,4/3]. The different colours of the signs mark their relations. Signs of the same
colour are linked, which means that you can choose either the upper or the lower sign for
all of them. The dual pairing of x and y then is

= () ()

= + z(2cosa —+/3) + 2sina
> V3(2cosa — V/3) + 2sina (5.9)

as z € [—\/3, \/3] We now want to find the minimum of this expression with respect to
a, so we set the partial derivative to zero:

a((@ly))|,_ 5 =2V3sina + 2cosa =0
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This condition is fulfilled for tan(a) = % from which a = & follows. If we insert

this into (5.9) we obtain
(zly) > V3(V3—-V3) 1=-1.

As {£%} are exactly the boundary points of [—F, %] the first case is shown.

Now we make a similar calculation for the elliptical part of D. Let x be as above and
+ (24 3)
= f 2]. Th
Yy ( gy or some z € [0, 2] en

(oly) = < (2cosa—\/§)> ( + (z—i-\/g))
2sin o V4 — 22

= :i:22c:osoz$\/§z:|:2\/§cosoz$3 V4 — 2?sina
=:A

=A + V44— 22sina. (5.10)

The red sign stems from the combination of the orange and the blue one where we either
choose the same (+) or different (—) signs.
The partial derivatives are

da({z]y)) = T 2zsina T 2V3sina + V4 — 22 cosa =0

az(<l'|y>) = 4+ 2cosa F \/g \j%

The second equation yields the condition =+ cosav4—z2 = + @\/ 4 — 22 %z sin a
and from this follows

= 0. (5.11)

1. .
— _ 52sina
V4 — 22 = + -

(cosa — %5%)

If we insert this into the derivative with respect to a and rewrite the resulting equation,
it is independent of the choice of signs:

222\/5200504—\/5

_ 5.12
2v/3 — 3cosa ( )

+(2cosa — /3)

. there is one choice for the parameter
2sin «

This means that for every z =

z in the first component of y such that the dual pairing (z|y) is extremal. With z as in

(5.12)) we calculate
4cos? o+ 3 — 43 cosa

4—22=4-12
12 — 12v/3 cos a + 9 cos?
= (2\/3_3(308&)2(—0% a+1)
125sin? o

(2v/3 — 3cosa)?

If we insert expression (5.12)) for z into (5.11)), we see that the condition of being 0 is
fulfilled independently of a. So we have to determine o another way. For this we calculate

A= +2zcosa F V3z + 2v/3cosa F 3
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2cosa— /3 2cosa— /3
= 2cosa-2V3——— Y5 1 \/3.2/3—"""— V" 4 9V/3cosa F 3
+ 3cosa — 2v/3 3cosa —2v3 *
_ g —8v3cos? o+ 12cosa + 12 cosa — 64/3 + 6/3 cos? o — 12cos v — 9cos a + 6/3
N 3cosa — 2¢/3
1
= =+ N(—Q\/g0082a+300804)

where we set
N :=3cosa — 2V3.

23
N # 0 because Tf > 1.

Using these results we obtain

3cosa — 2v/3 cos? a . 2v/3sin «

T = + sinqg—————
< ]y) 3cosa—2\/§ 300sa—2\/§

1
= N( + 3cosa T 2V3cos? o + 2v/3(1 — cos® a))

= —[(F17 1)23cos’a + 3cosa + 2V/3].

Now there are two cases to distinguish. The first one is that we choose the upper or the
lower sign for both red and green. We will mark this case with a subscript “1”. This leads
to

1
(xly)r = = N(—4\/§cos2a+300sa+2\/§).

We want to find the minimum of this function with respect to a. Therefore we take the
partial derivative with respect to a and set this equal to zero:
4y/3sin o !
Oa((z|y)1) = + T[(\/gcosa —2)2-1]=0.

The expression in squared brackets is never equal to zero, because this would lead either
to the contradiction cosa = /3 > 1 or to cosa = % From this would follow o > 7 > %
which is a contradiction as well. So the only possibility for this term to be zero is for
a = 0. The second derivative E| of (x|y)1 at a = 0 is negative for + and positive for —. So
in the first case we have a maximum and a minimum in the second case. The two values
of M at these extrema are

el i—4\/§+3+2\/§

X -0 = .

ylaO 3_2\/§
=41

Now let us look at the other case (which gets a subscript “2”) where we choose the upper
sign for one and the lower sign for the other coloured sign. This choice gives us a new blue
sign. We then have:

(z]y) 3cosa —2v/3

T = -

Y2 3cosa —2v/3
= + 1.

LR ((zly)r) = £ 123

(3 cos a—2+/3)3 (

15cost o — 22\/30053 a+13cos?a + 14v/3cosa — 14).
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It remains to check the dual pairing on the boundary points z € {0,2} and o = £§. Easy
calculations show that in all these cases (z|y) > —1.

So in both cases (z|y) > —1, which is exactly what we wanted to show.

Proof of 2.
Let y ¢ D. Then y can be written as

[ £ (z+V3+a)
Y=\ Ava—22 +0)

with a,b > 0, not a = b = 0, both not uniquely determined and for some z € [0,2]. From

the calculation above we know that there is an = = (2 ;(;?naa_ \/§)> € OB (that is

a € [—§,§l) where = — + and sign(sina) = with

Then
(2]y) = F (2cosa —v/3) + (z +v3 +a)
Y 2sina F(VA—22+b)
=—17F + (2cosa—+3)a 2| sin ar|b
< -1

This shows that we can find an = € B for every y ¢ D such that (z|y) < —1.
With 1. and 2. together we have shown, that

D = B°.

Extreme Sets of B° Let B° be as described above. We have three different kinds of
extreme sets:

E1 = BO

() oo (9 ()

+ (2 +V3)
= = < <
E, := {s} where s ( 5@) for some 0 < 2z <2

Computation of the fg, -Functions As in our examples before, the next step is to
calculate the fEJ,—functionsﬂ

As we only need the proper extreme sets of B°, we don’t have to make the calculation for
E1. So for Fy let p = (p1,p2) € R2.

min {((V3, £1)[p}, (~V3,£1)|p} } = min {v/3p1 £ ps, ~v/3p1 £ pa }
= V3min {p1, —p1} £ po
= —V3|p1| £ p2

SRemember that fr,(q) = Ir(q) + {q|p) — inf,cr(y|p), where E is an extreme set of B® and p € V.
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and therefore by Lemma [5.0.6
frep(@) = T (a) + {alp) — min {((V3, £1)|p), ((—V3, £ 1)lp) }
= Ir, (q) + (qlp) + V3|p1| F p2

The last type of extreme sets are extreme sets consisting of a single point. We already
know the result for this case from Lemma [(5.0.4

fEs ,p(q) = IEs (q)
The Legendre-Fenchel Transforms Using equation ((5.4) we get for y € R?

Fy ) = max {(V3, £1)ly = p), ((=V3, £D)ly — p) } +min {{(v/3, £1)p), (~V3,£1)|p) |
= max {\/g(m —p1) + (y2 —p2), _\/§(y1 - Pl) + (y2 —P2>} - \/§\p1\ +p2

= V3ly1 — p1| £ y2 Fp2 — V3|p1] £ 12
= \/g‘yl —pi| — \/§|P1| = 1)

and by (L2.5)

Te.pW) = (yls).
The Geometrical Part The last step is to find sequences z, in R?, such that

ban(y) = ll2n = yllB = llz0llB — fE,(y) as n = oco.

Recall that the norm in our example is
H (Z) = V3la| + Va2 + 12

B
as calculated in (5.7]). Let us first look at sequences following straight lines parallel to the
axes. Let p = (p1, p2) be a point in R?.
Consider the sequence z, = (1,0) - n + (p1,p2) — (00, p2) with n € N. Then

Yz (y) = 20 = yllB = ll2nll5

= V3ln — 1| + /40 — 1) + (p2 — y2)? — V3In| — /402 + p3

"2 /30— V3y1 — V3n + 2[n — yi|

(P2 — v2
4(n — yy)? mt 4n?

= —V3y1 +2(n— 1) l1+M+O<E)] —2n l1+£§2+0<nlg>]

= —\/§y1+2(n—y1) —2n+0O <1>

— —V3y1 — 2y1 = —<<2 +0\/§>‘y>

If we go along the same line to the other direction, we have to be careful with the minus
signs, and obtain after a similar calculation:

VoY) = 2-n — yllB — 2=nllB
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_ 2
"2 VB V3yr — V3 +2(n + 1)y [1+ i](ofl +Z2))2 -
1

=\/§y1+2(n+y1)—2n+(’)(i)
— V3y1 + 21 :<<_(2g\/§)>|y> :fﬁsz,p for s’ = <_246\/§> .

We now consider a sequence following a straight line parallel to the y-axis.
Let z, = (0,1) - n+ (p1,p2) — (p1,00) and again let p = (p1,p2) be any point. Then

wzn (y) — ];1 :yl _ b1
n Y2 B Zn B
= V3lp1 — |+ /4D — )2 + (2 = n— y2)2 = V3Ipa| — \/4p] + 22

A(py —y1)? 1
:\/§!p1—y1!—\/§\p1!+]zn—y2" 1+(my1)2+0(3>
(Zn—yQ) Zn

1+4p1+0(21)]

1
:Jé|p1—y1|—¢§\p1|+zn—y2—zn+o()

Zn
— V3Ip1 — 1| = V3Ip1| — y2 = f5,_ ().

and similarly for a sequence in the other direction

Ve (¥) — [Ey p(Y)-

The next sequence follows a straight line not parallel to one of the axes. Let therefore
zn = (k1) -t + (p1,p2) — (00,00) as t — oo with k,l € R k,l > 0. Then by a long
calculation, carried out in the appendix, we get

V3 + 2k )

" kt +p1 — kt + p1
o It+ ps — It 4 po
\1/4k2+l2

f_>y1 e
( VAak?2 + 2 4k‘2 + 12 WZTeEEl

o iZ+\/§
aBelliptic:{(ié\/ﬁ>|0§2§2},

we see by choosing

4k
2y = —F——
4k% + 12
that ¢ € Bgptic- S0 for every sequence z, following a line not parallel to the y-axis, 9.,

converges to the dual pairing of a point in the elliptic boundary part of B° with y.



56 Chapter 5. Examples: Horocompactifications of R™

Geometrical Construction There is an easy way to find the point ¢ geometrically
without any calculation.
Claim

We use the notations from above. For a sequence z; following the straight line

hy = (/;) -t with k,l € RT, t — o0,

l

that is the vertical line to —h with b € R? such that the image of g is a supporting
hyperplane, namely a tangent line, to B°. Then

let g be the line given by

¢Zz — fz‘s7p’

where
Es={s}=¢g+ N 0B°

4k
\/g - )/4k2+l2> .

is the point at which ¢ touches B°. Here s = — (
VAK2 412

Figure 5.10: Constructing the hyperplane g; perpendicular to h; to find the extreme set
FE as the intersection of g; with 0B°

Proof of the claim
We already know that ¢,, — fg_,. Let gx; = g+ N IB° be the intersection point of
the vertical line g; with the dual unit ball. It remains to prove that s = g ;. The line

gt = ( l > -t has slope —% gt is tangent to BJ at x € R? if f/(z) = —%, where

—k elliptic
flz) = —%\/4 — 22 describes the boundary of the ellipse in the section of the negative
straight line —h; our sequence is followingﬂ Hence
/ _ —2r T n k
fila) = T a2 T /a2
= lr = —2kv4— 22
= Pz? = 16k* — 4k*z?
= (4k? + 1222 = 16k2
k
e xr = iﬁ = Zl:Zq.

Tn the strict sense we are considering the ellipse without the rectangle in the middle here, because it
makes no difference in calculating the derivative and the slope. We must not forget to add ++/3 to the
z-value in the end.
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Because of the direction of the line h; we have to choose the minus sign in the last equation
and get for the intersection point:

dk,l = (_f;{g ) == <\/§+)/4:§W> =
2

72
VAak2 412

A special case occurs when our sequence is following a straight line parallel to the z-axis,
then v, (y) — (y | £ (2 ++/3,0)) as calculated above. The points 4(2 + v/3,0) are the
only two tangent intersection points of vertical lines parallel to the y-axis with 0B°.

A similar result holds for the one-dimensional extreme set. The only difference is that we
have to consider the point p now. Remember that if we take a sequence parallel to the
positive y-axis, z, = (p1,n), we obtained ¢, — Ik, p- If we take the vertical to the
negative straight line, namely to the negative y-axis, such that it is tangent to B°, we get
gt = (t,—1) and therefore

gt NOB° = F5_.

We will come back to this in section

5.5 Horofunctions # Busemann Points

If we want to get an examplﬂ of a horofunction that is not a Busemann point, we have
to go to the three dimensional space. There we define the norm

Iz, 9, )| = max (m el V22 + y) .

Then the unit ball is
B = {(m,y,z) ERg‘]a:|+\z| <landz?+49° < 1}.

As the dual unit ball B° is the polar of B and the polar of an intersection is the convex
hull of the polarsﬁ7 the dual unit ball B° is the convex hull of the square with vertices
(£1,0,£1) and the unit circle in the x — y-plane.

We define the sequence
cos

1
n
Pn = | sin &

n for all n € N.

0

Then every point {p,} is an extreme point of B°, but the limit (1,0, 0) for n — oo is not
extreme because it can be written as

1 1
(17()’ 0) = 5(1?0, 1) + 5(17 07 _1)

with (1,0, £1) € B°, see also Lemma on page So the set £ of extreme sets of B°
is not closed in the Painlevé-Kuratowski topology and from Theorem we now know
that there must be a horofunction that is not a Busemann point.

One example is the function

f:RY—R,  (r,9,2)— —x

"Following [Wal(7].
8See Lemma [2.5.14



58 Chapter 5. Examples: Horocompactifications of R™

We first show that f is a horofunction:

For every n € N the function ||mp,, — || — [[mpn|| converges to the function
& RP— R
1 1
q+— —(pnlg) = —q1 cos — — gz sin —
n n

as m — 00. Therefore &, is a horofunction for every n € N. Furthermore &, — f as
n —» 00, so f is also a horofunction.

To show that f is not a Busemann point, we use the criterion of Lemma That means
that we have to find two 1-Lipschitz functions each different from f whose minimum is f.
The following functions fi, f : R? — R sufice:

—x+z ifz2>0
— if z<0

fl(l',y,Z) = {
and

fQ(l',y,Z) =

—x if z>0
—x—z ifz2<0

Both functions are 1-Lipschitz and f = min(f1, f2). Thus f is a horofunction but not a
Busemann point.

5.6 Deductions from the Examples

In this section we want to find a characterisation of the sequences in R™ defining the
Busemann compactification of R™ equipped with a polyhedral norm.

In the following let B always be a convex polyhedral unit ball in R™ and B° its dual.
Before we come to the main result, we have to prove some useful lemmata.

Lemma 5.6.1 For each x € R™ there is a proper extreme set £ C B° of the dual unit
ball, such that

|zl =[]z,
where |z|c = —infoec(q|x) for a convex set C' (see on page [26).
Proof. Let x € R™ be arbitrary. Then there is a unique & € 9B such that
x =k

for some k > 0. Clearly ||Z||p = 1 and therefore ||z||p = k. By construction of B° there is
ay € 0B° such that (y|Z) = —1. This means that there is a minimal extreme set £ C 0B°
containing y. Hence

z||p = k||Z||p = —k inf (q|2

2]z = KIZl[5 Jnf (ql7)

qlgE<QIw> qlgE<qlfv>

= |z|g. m

The important point of this proof is to see how the extreme set E depends on the point
x and which role the dual unit ball plays.

Let FF C B be an extreme set of B. As B is polyhedral, F' is polyhedral too. We will
denote by F° the extreme set of B° for which (x|y) = —1 for all z € F° and y € F. Then
F° is a polyhedral convex extreme set of B°.
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Lemma 5.6.2 Let I’ be a non-empty proper extreme set of B and E := F°. Let x € R™
be such that G ” eriF. Let En,...,E. be the vertices of the convex set E C B°, that
is extreme points of B°, E; =: {e;} and let F; := E? for a]l i=1,...,k. Let p € R™ be

small enough such that there is a j € {1,...,k} with |Ix+pH € Fj. Then

|z +ple = |z +plE,-

Remark 5.6.3 If FF C B is not a hyperplane, the F; are facets of B with F in their
relative boundary. If F'is a hyperplane, E consists of a single point and E = F; for all 4.
In this case the lemma is trivial.

Proof of the lemma. Define the function f : E — R via f(q) = (g¢|z+p). As E is compact
and f is affine, f takes its maximum and its minimum on the boundary of Eﬂ As the
boundary of E is the finite union of several polyhedral convex sets, we can conclude that f

takes its minimum and maximum on the vertices E1,..., E; of E. Because of the duality
Fj = E; = {e;}° and as € F; we know that

(el -
"+ plis

r+p > .,
TP NS i
|z +pllB

|Ix+p||

and

(e

_ — inf
|z +plE qlgE<QI:r + p)

Therefore we have

= inf (e;|lz + p)

i=1,...,

. rT+p

= ||z +p|B mf <e >

b lls ok A\ ol

x+p

=lz+p B<e- >

b2l (e |1
= (ejlz +p)
— inf

qlenEj<q|$ +p)
= —|z +plg;- O

Lemma 5.6.4 Let F' be a proper extreme set of B and x € R" such that |;|”‘B erikF.
Let E = F°. Then for all p € R™

|z +ple = [zl B + |plE-

Proof. As i— € F, we know that for all ¢ € E there holds <q|m> = —1 and therefore
(qlz) = —||=|| - With this we obtain

= — inf
o+ ple == inf {glz+p)
= — inf
qlgE[<QI£v> + (q|p)]
— — inf
2]l ;QE@\M

= |lz||B + |p|E- ]

9 As f is continuous and E is compact, we can conclude that it takes its minimum and maximum on E.
If they would lie only in the interior of F, the derivative would be 0 at that point. As f is affine, it
would be constant in contradiction to the assumption that it takes its extrema not on the boundary.
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We remind the reader of the following definition:

Definition Let C' C R™ be a convex set. The smallest cone containing C' was defined
by
Ko :={z € R™ | z = ac for some a > 0,c € C}.

Definition 5.6.5 Let ¥ C 9B be an extreme set of B. Let V(F) be the subspace
generated by the cone Kp, that is, the smallest subspace of R containing Kz and let
V(F)* be its orthogonal complement with respect to the Euclidean scalar product on R™.
Let IIr denote the projection onto the subspace V(F'). Let F be the set of extreme sets
of B.

Lemma 5.6.6 Let (y,)nen be a sequence in R™ with ||y,||p — oo as n — oo. Then
yn has a subsequence y,, which satisfies the following conditions:
JF € F,p € V(F)* such that:

(i) dN e NVng, > N : Hp(ynk) € Kp.
(i) d (XLp(Yn, ), Orel K ) — 00 as n —+ oo,
(iii) ||Yyn, — ILp(Yn,) —pllg — 0 as n — oo.

Proof. E Every y € R™ can be uniquely written as y = yr + y© with yr € V(F) and
yf e V(F )J-. So a lower index denotes the projection onto the space and an upper index
the projection onto the complementary space.

We will use an induction over the dimension m of the space R™. As the proof gets a
bit complicated in the end, where we have to consider several projections of extreme sets,
we give a picture (see figure and as an example to get an image for the procedure.

Let m = 1. Then we have two extreme sets Fi, F5 of the unit ball, one on each side of
the origin and (yy), has a subsequence (yp, )n, going to infinity in one of the two cones
(that is in one of the two half-spaces), say in Kp,. Then g (yn,) = Yn, € Kp, which
shows the first and third condition. As the relative boundary of Kp, is the origin, we see
that the second condition is also true.

Let now m > 1 and (y,) a sequence in R™ with ||y,| — oo as n — oo. Then it has

a subsequence (yp, )n, such that the sequence (IIyanTIB> converges to some point b € B.
"k Nk

Let ' € F be the smallest extreme set such that b € F' and write y,, = yp, r+ yf;k. Then
Yn,, F = Hp(yn,) € Kp for all ny large enough and therefore (i) is satisfied. The second
Yn

condition is also satisfied because m — b € F and if the distance d(I1p(yn, ), Orel KF)
nE

would not go to infinity, we would have found another F' € F.

If condition (#4i) is not already satisfied we have to distinguish two cases. Either the
subsequence (y} )n, € V(F)* is bounded. Then it has a converging subsequence in
V(F)* which fulfils the last condition.

Alternatively, if (y}, ) is not bounded, we have to make use of the induction. Consider
W .=V(F )L as our new vector space equipped with the unit norm obtained by projecting
those F; having F' in their relative boundary. Then the norm on W is also polyhedral and
dimW < m. Let a prime ’ at some object denote the object projected onto W = V(F)*+

0We will follow the idea of the proof of Proposition 3.25 (2) of [GJT98| but with different notations.
Our conditions are equivalent to those in [GJT98| where the polyhedral compactification of a flat is
explained. The polyhedral compactification is isomorphic to the Busemann compactification, see [Bri06}
Beh. 2.16].
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(for example, ' denotes the set of extreme sets of B’ in W). By induction we know that
(5 Jn, has a subsequence (yf;k)nkj which satisfies all conditions for some F] € F' and
J
p1 € V(F{)J‘, the complement taken in W. For the corresponding sequence (yn, )n, in
J J
R™ with Yn, = Yy F T yffkj we set for convenience x; := yy; . Then (mf)] = (yfk])n,C7
satisfies

() (2f)p = U (2f) € Kpy
(i) d((21)py, Oy ) — 00

(i) [« = (zf)p —pillpr — 0

Let F} € F be such that F' C 0, K, and F] the projection of F} onto W.
We will show, that z; satisfies all conditions for the extreme set F7.
We can split z; in

F
Tj = TjF + T

!
=+ (xf)Fl’ +(=Tf)F1
—_———
Py

= Tim T

F)F{ Fy

because (z; = z;*, where the orthogonal complement of V(1) is taken in W. This

follows from the fact that F' C Fy and F| C V(F)*. For the same reasons z; p + (mf)pl =

1
(xj,r)m + (:Uf)pl = (z;)r, = xj,p, (see also figure and for an illustration).

z z
V(F)* . V(F})
F
— Yy ; Yy
F -1 1
X -1¥
Figure 5.11: F, Fy and V(Fy)* Figure 5.12: V(F)* with F} and V(F})*

We will now show that (z;) satisfies the conditions (i) — (4i7) with respect to F7.

(i) We have to show that the projection of x; on V' (F) lies in the cone Kp,. We know
that xjp, = x;Fp + (a:f ), and because of the choice of the subsequence at the
beginning, z; r € Kr and Kr C 0y KF,. So x; , lies in one or more of the cones in
V(F1) having F in their relative boundary. If the sequence did lie in another cone
than Kp,, the projection to W and V(FY]) would not lie in Kpy which would be a
contradiction to (2')(4).

(ii) d(zjF 01 Kp) — 00 because zjp, lies in Kp, and as ”a:ﬁ — b e F, the
sequences goes to infinite distance from all parts of the relative boundary of Kp
aside from maybe those lying next to F. Projecting them to W they become part
of the relative boundary of F] so condition (2’)(i7) guarantees, that these distances
are also unbounded.



62 Chapter 5. Examples: Horocompactifications of R™

(iif) Tt is
25 — x5 = pillg = 2] = plls = [1(z])"F = pill5r — 0
by the last condition of :cf .
So we finally found a subsequence (z;); = (ynkj )nkj of (yn)n satisfying all conditions. [J

We are now approaching the main theorem of this section. We will use the notations of
the chapters before and start with an overview of the maps needed.
Let

fep: R™)* —[0,00)

q— fep(q) = Ie(q) + (qlp) — yigg<ylp>

be the first of our two considered functions, where I (q) denotes the indicator function for
the extreme set £ C B° (see also (4.1) on page [21)). We will need the Legendre-Fenchel
transform of fr,. In (4.2.5) we already calculated that

fEp(y) = sup ((ylz) — fEp(z))
ze(R™)*

— inf (g|p — y) + inf
qlgE<q|p Y) qlgE<q|p>
=lp—yle - [ple

The other map we need is

’L/}Z:Rm —>RZO

yr—v:(y) = Iz —ylls = llz]l5

for each z € R™. By Lemma [£.1.2] we know that

V=(y) = llz =yl —lzlB

. B -
qlenBo<q!z y>+q1€nBo<q\Z>

Theorem 5.6.7 Let B C R™ be a convex polyhedral unit ball and B° its dual. Let F
denote the set of proper extreme sets of B and £ those of B°. Let (zp)nen be a sequence
in R™,
Then 1., () = ||zn — |5 — l|znll B converges to the Busemann point ff, , with p € R™ and
FE € & if and only if the following conditions are satisfied:

(1) ||zn|lB — 00 as n — oc.

(2) IF € F,p € V(F)* such that:
(i) dAN eNVn>N: HF(Zn) € Kp.
(ii) d (Ilp(zp), Orel Kp) —> 00 as n — o0.

(iii) ||z — Op(2n) — pllB — 0 as n — 0.

If 4, converges, then £ = F°.
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Proof.

“«<=" We first show that 1, converges if the conditions are satisfied, so let (z,)nen be a
sequences satisfying (1) and (2). Define the sequence

kp :=1p(z,)
whose distance from the relative boundary of Kr goes to infinity by 2(i7). Let
y € R™ be arbitrary.

L. We first show that ¢y,+p — fg, with E'= F°. Let n be large enough such
that there are F;, F; € F with dimF; = dimF; = m — 1 satisfying

kn +p_y kn+p
Tontp—ol5 <% Tontals €5 (5:14)

As B is polyhedral, each extreme set of B lies in the relative boundary of an
m — 1-dimensional extreme set of B and if n is large enough then the above
mentioned conditions can always be satisfied.

Let E; = .FZ-O € &€ and Ej = f‘jjo € €. Then

Vkptp(¥) = |k + 0 —yllB — |k + pllB

1
= kn+p—ylE, — |kn + 0I5,

[[v

’kn +p- y|E - |kn +p‘E

[[eo

lkalls + |0 =yl — [kl — IplE
=Ip—yle — Iple = fEp(Y)
Step 1 follows by Lemma and with equation (5.14)). The second step is a

consequence of Lemma [5.6.2) and the third one of Lemma [5.6.4 The sets F;, F}
are chosen precisely such that all these lemmata can be applied.

II. We now show the statement for z, where we will use (I.) and the fact that
|z — kn — p||p — 0. Then we have

(V2 — fEp)W) = ll2n —yllB — l2nllB — fE, ()
=lzn —kn—p+kn+p—yllB — |20 — kn — P+ kn + 0|5 — o)
<Ilzn —kn = pllB + lkn + 2 —yllB + 120 — kn — pllB — |k +pllB — fE,(Y)
— 0

by the usual and the reverse triangle inequality. Similarly we get

(V2 = fER)W) =20 —kn =P+ kn +p—ylB = ll2n — kn — P+ kn + pllB — fE,(Y)
> —llzn — kn = pllB + [|kn + 1 = yllB = lI2n — kn — PllB = [|kn + DllB = fEL(Y)
— 0,

so we have shown that v.,(y) — f5,(y). By section (3| (page we know
that pointwise convergence of v, is equivalent to uniform convergence on
bounded sets, which again is equivalent to uniform convergence on compact
sets in C(R™). Therefore ¢, — ff .
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“=—” We have to show that every sequence (z,)nen C R™ with ¢, — [, for some
E € £ and p € V(E°)* satisfies the conditions of the theorem. The proof is based
on Lemma [5.6.6], where we have shown that every sequence converging to infinity
has a subsequence fulfilling conditions (2)(i) — (iii) for some F € F.

Let (z,)n be a sequence with ¢, — fg’p and let ' := E°. Assume a subsequence
(zn,,) of (2n) satisfies all conditions for some F; € F different from F. Then by the
first part of the proof we would have ¢, — fg, , # fg, as E1 # E which is a
contradiction. Thus (z,,) has a subsequence satisfying all conditions with respect to
F. We have to show that this subsequence can be chosen as the whole sequence.

If not the entire sequence (z,) fulfils condition (1), there are two possibilities. If (z,)
converges to some point in  we get functions in the closure but not in the boundary
of ¥(X), that is, no Busemann points. The other possibility is that (z,,) has at least
two subsequences converging to different Busemann points. In both versions v,
does not converge. Therefore we can conclude that (z,,) satisfies (1) and use Lemma
0.0.0l

If (2)(7) is not fulfilled, we can find two different subsequences, the first one, (z,),
with IIf(2y,,) € Kr and another one, (2y,), with g (z,;) ¢ K for all nj. Then (n;)
and (zp;) are unbounded and there is a subsequence, also denoted by (zy,), such
that there is an n; € N with I, (2,,) € Kp, and F' # F1. (2p,) also satisfies the
other conditions and thus ¢, — [E, p, where Ey := F7. Then ¢, would have
subsequences with different limits and would not converge any more.

If one of the other conditions is not fulfilled, the proof goes similarly. We always have
a subsequence satisfying the conditions and one not satisfying it and get two different
limits in the end. The last condition depends also on the point p. Therefore the
difference between the Busemann points may occur because of different p € V (F)*,
for example if we have parallel subsequences.

This shows that a sequence converging to some Busemann point fulfils all these
conditions. O

Remark 5.6.8

1. We saw that both sequences (k) in the cone Kp (generated by F € F) whose
distance to Oyl K is unbounded, and sequences (z,) converging to such a sequence
(k,,) converge to the same Busemann point. A parallel shift by a constant p € V(F)+
determines the point p of f . But the only property having influence on the proper
extreme set £ C 9B° of ff , is the direction of the sequence. This is the reason
why we only considered sequences along straight lines in our examples. If z, follows
a straight line h, we can easily determine F": first shift h so that it passes through
the origin. Then F' is the smallest extreme set in which h intersects the boundary
of the dual unit ball.

2. Tt is remarkable that the sequences v, (y) become constant if B is polyhedral, that
is Yr, (y) = fi,(y) for n large enough (dependent on y). If B is not polyhedral
but has a curved boundary, we do have sequences that do not become constant but
converge to some fg . see for example E[) on page The reason is that we
cannot find m-dimensional extreme sets I, F; € F such that equation holds
for all n > N for some N € N.

Remark 5.6.9 We gave the proof here only for polyhedral norms B. We saw that the
geometrical construction also works for the lens-shaped unit ball and the Euclidean metric.
That is a reason why we only considered sequences following a straight line also in those
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examples. I suppose that a result similar to the theorem also holds for some of the non-
polyhedral norms, especially if every horofunction is a Busemann point, and that it can
be shown by using the continuity of the norm.

Examples to Illustrate the Conditions in Theorem [5.6.7

We will consider three examples of sequences not following a straight line to see what the
conditions given in the theorem mean. Let X = R? be equipped with the L'-norm (see
also section on page . The unit ball and its dual with the notations of the extreme
sets used in the following are illustrated in figure [5.13

Y

y Es 11F> Ey

1 B?
G Fy )
B G 1 "
- -
) 1

-1 o —1|F, E,

Figure 5.13: B and B° of the L'-norm in R?

1) At first we consider the sequence (z,)nen with z, = (n, 3 sin(n) + 1). Then the
first condition is readily verified. The other conditions require the choice of an
extreme set F' € F. The only reasonable choices are F' = (1, the extreme point,
or F' = (9, the extreme facet. If ' = (G then the third condition is not fulfilled,

does not go to 0

n () _(m
(ésin(n)Jrl) (0) (pg) 5

as n — oo for any p € R2. If we take F' = G, then the third condition is satisfied
because Ilg, (2,) = 2z, but 2, remains in finite distance to 01 K, and therefore the
second condition is not satisfied.Indeed, when we compute v, , we get

—1If, .
. 5sin(n) + 1 .
1

—|n| — ’2 sin(n) + 1‘
1.
—n— ’25111(71) + 1’

because ||z, — g, (2n) — pllB =

Yz () = llzn — ylls = l2nlly

_ n N
~ [\ 5sin(n) +1 Yo

1
=|n—y|+ ’sin(n) +1—y

2

1
”Eon—yl + ’QSin(n)—l—l — Y

1. 1 .
=-y+ 581n(n)+1—y2 — ism(n)—l—l

which does not converge at all, in particular not to a Busemann point.

2) Let us consider the sequence (z,)nen with z, = (n,log(n)). Then all conditions are
fulfilled for F' = G5 and we have

Yz () = 20 = ylls = ll2alln
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= |n — 1] + [log(n) — y2| — [n| — [log(n)|
"Z"n — 1 + log(n) — y2 — n — log(n)
=—y1—v2 = fiy,(y)
as expected (with an arbitrary p € R?). Rather remarkable is, that ”Zi"”B converges
to GG1 while Ej5 is the dual of Gs.
3) At last we consider (z,)nen With 2, = (n,1). Then z, lies completely in K¢, but

converges to Kg, C OwelK G, which is the relevant information as we will see. If
F = (9, then z, converges to the relative boundary of F' and therefore the second
condition is not fulfilled. If F' = (G; all conditions are satisfied and we suppose that
Yz, — [pp With p = 0. Indeed

Yz (Y) = ll2n = ylls = ll2nlla

1 1
=n—yl+ |- =y —Inl—|=
n n
0 1 1
S |
n n

n>

0 *
—y1+ y2| = [ 0(v)

for y € R2.

The next question is how to determine F geometrically, once the direction of the se-

quence is fixed. We already saw one geometrical construction for the lens-shaped norm in

section [5.4] on page [56}

Geometrical Construction

Based on the proof of the theorem above and the lemmata at the beginning of this sec-
tion, there is an easy way to find the extreme set £ needed for the horofunction fz , by

CO

nstruction. We will again only consider sequences (z;, )necn along straight lines. Let h be

the straight line our sequence is following. Now draw (in the picture of B°) a hyperplane g

[

perpendicular to —h, such that it is a supporting hyperplane to B°. Then the extreme

set, which is the intersection of this hyperplane and 9B°, is our extreme set E (see also

figure [5.14)).

Yy Yy
as as Es Ey
BO
B . g o
ai TN B
T T

a4 E,
—h

as ag E;5 FEg

Figure 5.14: Finding the associated extreme set F4 for h geometrically

"That is a straight line in R2.
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If the line A is passing through the extreme set F' of B, then we know by Lemma [5.6.1
that we have to find F°. The construction of the dual unit ball in section 2.5l tell us that
we obtain exactly E by drawing that perpendicular hyperplane.

Now we can draw such an extreme set for every kind of sequence and we will get the
picture of B° in the end. This is clear by comparing this construction with the way we
constructed the dual unit ball.

Remark 5.6.10 Another way to construct the horoboundary geometrically is the “blow
up and shift” technique, explained in [KMNO6].

Remark 5.6.11 If we understand the p in fg, as a coordinate of a point on F, we get
a bijection between B° and the horoboundary.






6 Symmetric Spaces

6.1 Some Basic Facts and the Diffeomorphism M = G/K

We start with a definition:

Definition 6.1.1 A symmetric space M is a Riemannian manifold (M, g) such that for
every point p € M there is an isometry

sp: M — M
with
e s,(p)=p
° dsplp = —idr, M-
Remark 6.1.2 There holds 512) =1idyy.

From now on let M denote a symmetric space if not stated otherwise.

Equipped with the compact-open-topology F_-I Isom (M, g) becomes a locally compact
topological group and acts as a transformation group on Mﬂ Now fix a ¢ € OpM, the
orthogonal frame bundle at some p € M. By the embedding

Isom(M, g) — OM

f— fopd
of Isom(M, g) into the orthogonal frame bundle, Isom(M, g) gets a smooth structure in-
dependent of the choices of ¢ and p. This smooth structure is compatible with the group

structure and thus
G = Isom(M, g)

carries the structure of a Lie group (see also [Hel78, Ch. IV, Lem. 3.2]). We set

K :=Gp, ={f € G| f(po) = po}
the stabiliser of some point pg € M in G.

Lemma 6.1.3 ([Hel78, Ch.IV, Thm. 2.5]) With the notations above, K is a compact
subgroup of G.

A very important fact is that we can identify our symmetric space M with the space of
left cosets G/K:

'This topology is generated by the open sets W (U, C) := {f € Isom(M, g) | f(C) C U}, where U C M is
open and C' C M is compact .

2 A topological group G is called a transformation group of M, if there is group homomorphism G x M —
M and if the actions of G on M is continuous.

69



70 Chapter 6. Symmetric Spaces

Theorem 6.1.4 ([Hel78, Ch. IV, Thm. 3.3]) Let M be a symmetric space. Then
with the notations from above we have

G/K =M

by the analytic diffeomorphism gK +— gpy.

Now we will assign a pair of Lie groups to each symmetric space and vice versa. This
correspondence allows us to work with Lie groups and compact subgroups when talking
about symmetric spaces. Therefore we need the following definition.

Definition 6.1.5 Let G be a connected Lie group and H < G a closed subgroup. We call
(G, H) a symmetric pair, if there is an involutive automorphism o : G — G such that

(GO’)O g Hg GU’

where G7 = {g € G | 0(g) = g} is the set of fixed points of G and (G?)° is the connected
component of the identity.
If Adg(H) ﬁ is compact, (G, H) is called a Riemannian symmetric pair.

This definition is motivated by the following theorem:

Theorem 6.1.6 ([Hel78, Ch. IV, Thm. 3.3]) Let M = G/K be a symmetric space
with G = Isom(M, g) and K = Gy, for some py € M. Then the mapping

Opy : G — G
g Spy © g 0 Sp,
is an involutive automorphism of G such that
(Gom)° C K C G0
Furthermore K has no normal subgroup of G apart from {id}.

Proposition 6.1.7 ([Ji05, Prop. 4.4]) If G is a Lie group and K a compact subgroup,
then the homogeneous space G/K admits a left G-invariant Riemannian metric.

The action of G on M is given by the diffeomorphism
7(9) : G/K — G/K
K — gz K.
The opposite of the proposition is also true as the following theorem shows.

Theorem 6.1.8 ([Hel78, Ch. IV, Prop. 3.4]) Let (G, K) be a symmetric pair with
involution o and w : G — G/K the usual projection. Denote py := 7(e) the image of
the identity element of G. Then with any G-invariant Riemannian metric h on G/K, the

manifold G/K is a symmetric space and the geodesic symmetry s,, is independent of the
choice of h and fulfils

Spy 0T =ToOoC0
7(0(9)) = $po7(9)3po-

3The adjoint map is defined in 1] on page
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As G is a Lie group, we can describe M not only in terms of Lie groups but also by the
associated Lie algebras.
Let therefore o, be the involutive automorphism as in Theorem [6.1.6|and let g be the Lie
algebra of GG. By the identification g = T,G we obtain the involution

0170 g8 0170 = (dUPO)E'

Then there holds gy, (e!X) = e (X) VX € g.

As 912,0 = id, 0,, is diagonalisable and the only possible eigenspaces are those to the
eigenvalues 1 and —1. ThenE| the Lie algebra of K is given by the positive eigenspace,
namely

t=L(K)={Xeg]|0,(X)=X} (6.1)
If we set
pi={X g 0p(X)=-X} (6.2)
we can write g as the direct sum of vectorspaces
g=t3dp.

This decomposition is called the Cartan decomposition of g with Cartan involution 0.
As 60, preserves the Lie bracket, that is 6,,[X,Y] = [0,,(X),0,,(Y)] VX,Y € g, we
have the following relations:
[€, €]
(€, p]
[p, ]

N 1NN

t
p
t.
The usual projection coincides with

m:G— M

g +— g.po,

the natural mapping induced by the action of G on M. Then by the differential (dr). : € — {0}
we obtain the isomorphism
p =Ty M.

We now define some maps of G and g, we will need in the following chapters.

Definition 6.1.9
e For h € G we have the conjugation
Int(h): G — G
g+— hgh™\. (6.3)
e By taking the differential of the conjugation at the identity element e we get

Ad: G — Gl(g)
h —> Ad(h) (6.4)

with
Ad(h) := dInt(h), : g — g

“See [Hel78, Ch. TV, Thm. 3.3].
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e Another differential leads to

ad:g—g
X — ad(X) (6.5)
with
ad(X):g—g
Y s ad(X)(Y) = [X,Y], (6.6)
where [, -] denotes the Lie bracket on g.

e At last we have the exponential mapping exp : g — G defined by
exp(X) = vx(1)

where vx : R — G is the unique analytic homomorphism such that yx(0) = X
(see also [Hel78| Ch. II, Cor. 1.5]).

6.2 Root Space Decomposition of g

In this section we will follow [Ebe96l p.71ff].
As we are interested in compactifications of symmetric spaces, we will only consider sym-
metric spaces of non-compact type.

Definition 6.2.1 Let M be a symmetric space. M is called a symmetric space of non-
compact type, if M is of non-positive sectional curvature, simply connected and not the
Riemannian product of an Euclidean space R¥, k > 1, and another manifold N.

Lemma 6.2.2 ([Ebe96, Prop. 2.1.1]) Let M = G/K be a symmetric space of non-
compact type. Then G is a semisimple Lie group with trivial center.

We already had the Cartan decomposition g = £ @ p where p was the eigenspace of 6y,
to -1 and p =T, M. Let a C p be a maximal abelian subalgebraﬂ

Lemma 6.2.3 ([Hel78, Ch. V, Lemma 6.3])

(i) All maximal abelian subalgebras of p are conjugate to each other, that is for all
a,a’ C p maximal abelian there is a k € K such that Ad(k)a = d'.

(ii) Let a be a maximal abelian subalgebra of p. Then p = Ad(K)a = Upcg Ad(k)a.

The Cartan decomposition is respected by adjunction, so for g € G and ¢ = g(pp) the
Cartan decomposition of g with respect to ¢ is given by g = Ad(g)t + Ad(g)p. It follows
that the dimension of a maximal abelian subspace of p is independent of our choice of a.
So we will give it a name.

Definition 6.2.4 Let M be a symmetric space and p as above. The rank of M is the
dimension of some maximal abelian subspace of p.

Let k(X,Y) = tr(ad(X) o ad(Y)) be the Killing form of g.

Lemma 6.2.5 ([Ebe96, p. 77]) If M is of non-compact type, the Killing form satisfies

5p is not an algebra itself, so when we say that a is an abelian subalgebra of p, we mean that it is a
subspace of p and a subalgebra of g. As [p,p] Np = {0}, a subalgebra of p is automatically abelian.
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(i) K¢ is negative definite,
(ii) K|, is positive definite,
(iii) x(€,p) =0.

We set
Q(X,Y) = —kr(X,0,(Y)).

Proposition 6.2.6 ) is a positive definite bilinear form on g.

Proof. 1t is obvious that @ is bilinear, the positive definiteness follows from the previous
lemma. O

On p we have Q) = k.
Lemma 6.2.7 ([Ebe96, 2.7.1])
(i) Q(Op(X),0p(Y)) = Q(X,Y) VX, Y € g.
(ii) If X € p, then the map adX : g — g is symmetric with respect to Cf]
(iii) Ad(K) preserves Q on g and Ad(¢) o 0, = 6,0 Ad(¢) V¢ € K.

Now let a C p be a maximal abelian subspace. Then by (ii) of the previous lemma, we
know that the maps ad(X) are symmetric with respect to x for all X in a. Additionally
a is abelian and so we have

ad(X)oad(Y)=ad(Y)oad(X)VX,Y € a.

By linear algebra, we know now that all maps ad(X), X € a, are simultaneously diago-
nalisable with a k-orthogonal transformation and their eigenvalues depend on X € a. So
we define for each a € a* = Hom(a, R):

go:={X €g|[H,X|=0ad(H)X =a(H)X VH € a}.
If & # 0 and g, # 0, then o € a* is called a root. The set of all roots is denoted by X:

Y:={a€a"|aisaroot }
={a:a—Rlinear | 0 £ X €g:ad(H)X =a(H)X VH € a} C g".

Y is non-empty and furthermore we get the root space decomposition

9=009 Y fa-

aco
Remark 6.2.8 As a is abelian, a C gg.

For oo € ¥ C a* its kernel
ker(a) ={H € a | a(H) =0},

is a hyperplane which divides the vector space a into several connected components.

5That is Q(ad(X)Y, Z) = Q(Y, ad(X)Z) VY, Z € g.
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Definition 6.2.9 The connected components of a\|J,cx, ker(a) are called Weyl chambers.
An element of a Weyl chamber, that is some H € a with a(H) # 0 for all « € ¥, is called
reqular. Otherwise it is called singular.

Fix one Weyl chamber a® of a. Then a root « is called positive (o > 0) if a«(H) > 0 for
all H € a™. The set of positive roots is denoted by X7.

Definition 6.2.10 A positive root o € X7 is called simple, if « is not the sum of two
positive roots. The set of simple roots is denoted by A.

We now come to the Weyl group. It acts on the Weyl chambers by permutation. For
its definition we need the following two subgroups of K.

Definition 6.2.11 The normaliser of a in K is defined as
Ngk(a) :={k € K | Ad(k)a C a}. (6.7)
It contains the centraliser
Ck(a):={ke K | Ad(k)H = HVH € a}
which is a normal subgroup of Nk (a).

Definition 6.2.12 The Weyl group is the quotient group
W := Nk (a)/Ck(a).
Lemma 6.2.13 ([Ebe96,, section 2.9]) The Weyl group W satisfies:
(i) W is discrete and finite.
(ii)) W is generated by reflections at the hyperplanes ker(c).
(iii) The action of W on the set of Weyl chambers of a is simply transitive.

Let k be the rank of M. Corresponding to maximal abelian subalgebras a of p we have
certain submanifolds of M, so-called k-flats:

Definition 6.2.14 A k-flat F in M is a complete, totally geodesic k-dimensional sub-
manifold of M.
Totally geodesic means that every geodesic in F' is also a geodesic in M.

Theorem 6.2.15 ([Ji05, Prop. 4.70]) Let a be a maximal abelian subalgebra of p and
po € M a chosen basepoint. Let A := exp(a) be the corresponding subgroup of G.

(i) The orbit F := A.py is a k-flat in M.

(ii) Any k-flat of M passing through the basepoint py is of the form F' = exp(a) for some
maximal abelian subalgebra a C p.

There is a close relation between maximal abelian subalgebras and k-flats. Thus it is
not surprising that k-flats are also conjugate to each other:

Theorem 6.2.16 ([Ebe96, Prop. 2.10, p.85]) Let Fy and F» be k-flats in M and
p1 € F1, po € F5 points. Then there is a g € G such that g(p1) = p2 and g(Fy) = F>.

Lemma 6.2.17 ([Ji05, Lem. 4.80]) With the notations as before, A = exp(a) is a
closed subgroups of G.
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Lemma 6.2.18 ([Hel78, Ch. V, Thm. 6.7 and Ch. IX, Thm. 1.1]) Let A =
exp(a), AT = exp(a¥t) the exponential of the positive Weyl chamber and AT its closure in
G. Then

G = KAK.

Moreover, as the Weyl group acts simply transitive on the set of Weyl chambers and
permutes them, we also have o
G=KAtK.

That is, for every g € G there are ki, ks, k3, ks € K and an a € A or an at € A+ such
that g = kyaks respectively g = ksatky.
In the second case a* € At is unique.

6.3 Finsler Geometry of Symmetric Spaces

Again Some Convex Analysis

We will follow [Pla95] and [Hol04] for an introduction on Finsler metrics on symmetric
spaces.
We begin this section with a theorem of Kostant, followed by some convex analysis.

Theorem 6.3.1 (Kostant) With the notations from above, let a C p be a maximal
abelian subspace and w : p — a the orthogonal projection with respect to the Killing
form k. Let W denote the Weyl group and let n € a. Then

m(Ad(K)n) = conv(Wn).
Let B C a be convex and W-invariant. Set
C := Ad(K)B.
Proposition 6.3.2 C' C p is convex.

Proof. Let & € conv(C) be a point. Then 3¢,...,&, € C and Fty,...,t, € [0,1] with
Yot t; = 1 such that

£ = ;tifi-
By the definition of C', we can choose k; € I; ,1; € B such that
& = Ad(ky)n; Yi=1,...,m.
It is p = Ad(K)a and therefore 3k € K : Ad(k){ € a. So we have

Ad(k)¢ = Ad(k) i t; Ad(ki)n;
i=1

=Y t;Ad(kk;)n; € a
=1

— i tim(Ad(kk;)n;)
=1

because 7|, = id.
As n; € B C a Vi we can deduce with the Theorem of Kostant:

w(Ad(kk;)n;) € conv(Wn;) Vi.
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From this it follows that

Ad(k)¢ =t m(Ad(kk;)n;) € B
€conv(Wn;)CB
because B is assumed to be W-invariant and convex. There is a b € B with
Ad(k) = b.
Applying Ad(k™1) to this equation gives us & = Ad(k~')b € Ad(K)B = C. O
Corollary 6.3.3
(i) CNna=Band n(C)=1B

(ii) Let B C a be a W-invariant convex ball, that is a neighbourhood of the origin.
Then C := Ad(K)B C p is also a convex ball, that is it contains the origin and is
n-dimensional.

Proof.

(i) Let £ € CNa. Then n(§) = § = Ad(k)b for some k € K,b € B and so § =
(&) = w(Ad(k)b) € conv(Wb) C B by the Theorem of Kostant and because B is
W-invariant and convex.
7m(C) = B follows in the same way.

(ii) We already know that C is convex so it remains to show that C is a ball. As B is
a W-invariant convex ball of a it defines a norm on a. Let p € p be a point. By
Theorem there is a k € K and an a € a with p = Ad(k)a. Since B is the unit
ball of a norm on a there is a b € B and a r € R such that a = rb. Together we have

x = Ad(k)rb = rAd(k)b

where Ad(k)b € C. As p was arbitrary, C' is a ball. O

Finsler Metrics

We provide two equivalent definitions for a Finsler structure on a smooth manifold. See
for example [BCS00Q, 1.2.B] where the equivalence is shown.

The more elegant way is to define the Finsler metric like [P1a95] by a norm on each tangent
space together with some conditions on the variation of the norm.

Definition 6.3.4 Let N be a differentiable manifold. ||-|| : TN — Rxq is called a Finsler
metric on N, if for each vector field X € V(IV) the following map is continuous:

N — R+

pr— | X(@)llp-

The norm ||-||, on T, N does not have to be symmetric.

It is also common, and we will do so in the following, to choose differentiable variations
like the smoothness of the above map on the slit tangent bundle TN —0 = U, ey (T, N —0).

The other definition following [Hol04] is not as beautiful but sometimes easier to deal
with because it clearly lists the conditions on the metric.
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Definition 6.3.5 Let N be a smooth manifold. A Finsler metric on N is a continuous
function
F: TN —[0,00)

such that
(1) smoothness: F' is smooth on TN — 0.

(2) homogeneity: F(p,\X) = AF(p,X) YA > 0.

(3) strong convexity: let (z') be a chart of N centered at p such that (z*, X; = %) is
a chart of TN near (p,0). Then the matrix
0 1
(0, X) = ———— [ =F%) (p, X
9i(p, X) IX,0%, (2 ) (p, X)

is positive definite for all (p, X) € TN — 0.

Lemma 6.3.6 ([Pla95, Ex. 6.1.2]) Let N be homogeneous, that is, there is some
topological group G which acts transitively on N by diffeomorphisms. Let pg € N be a
point and C C T, N a convex Gp,-invariant ball. Then there is exactly one G-invariant
Finsler metric on N with C as unit ball of this norm ||-||,.

So the Finsler structure on a smooth manifold can be seen as a generalisation of a
Riemannian metric. Instead of a scalar product on each tangent space, we now have a
(not necessarily symmetric) norm.

In the same way as in Riemannian geometry, we can now define the length of a curve
v:I — N by

I RACIORTON
and the forward distance between two points p and ¢ by
d = inf L
F(p7 Q) ’YIEHQZ (’Y)a
where Qb is the space of continuously differentiable paths v : I — N with v(0) = p and
(1) =q.

Is is important to distinguish between the forward and the backward distance of two
points, because the homogeneity condition of the norms is only true for positive A and

hence in general dr(p, q) # dr(q,p).

A ball with radius r around the point p

Bp(p;r) :=={q € N [ dr(p,q) <7}
is a differentiable subset of N with continuous boundary. The unit ball is

Bl :=={X €T,N | F(p,X) < 1}, (6.8)
defined separately in each tangent space. The indicatriz is defined to be

I ={X €T,N | F(p,X) =1}. (6.9)
Lemma 6.3.7 ([Run59, p. 11]) The closure Big of the unit ball is

[X € T,N | F(p,X) < 1},

which is a convex body, and its boundary is given by the indicatrix.
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A Useful Characterisation

Theorem 6.3.8 Let M be a symmetric space of non-compact type and let po € M be a
point, G = Isom(M, g) be the group of isometries of M and K = G,,. Let p = T, M be
defined as in section and a C p be a maximal abelian subspace. Let W be the Weyl

group.
Then there is a bijection between

(1) the W-invariant convex balls B of a

(2) the Ad(K)-invariant convex balls C' of p and

(3) the G-invariant Finsler metrices on M.

Proof.

v (2) Let B C a be a W-invariant convex ball. Ad(K)B C p is an Ad(K)-invariant convex

ball by Corollary
Let C' C p be given. Then by the same corollary C' N a is a convex ball and as the

action of W = Ng(a)/Ck(a) on a is induced by the action of K, we know that B is
W-invariant. As the maps B — Ad(k)B and C' — C N a are inverse to each other
the equivalence is shown.

s 3) Let C C p be given. By Lemma there is exactly one Finsler metric ||-|| on M,

which is G-invariant such that C' is the convex unit ball of ||-||,,. Conversely every
Finsler metric has a uniquely defined unit ball C. 0

Remark 6.3.9 If the rank of the symmetric space is one, that is dim a = 1, then there is
only one G-invariant Finsler-metric on M.

Lemma 6.3.10 If we choose the Euclidean unit sphere with respect to the norm induced
by the Killing form x as the W-invariant convex ball in a, then the corresponding Finsler
structure on G /K induces a Riemannian metric on g for all V,W € T, M by

G0 (Vs W) 1= 5 [F(po, V + W) = F(po, V)? = F(po, W)?] .

N | —

The other way round we have

FV) = 1/gpy (Vs V).

6.4 Horofunction Compactification of Symmetric Spaces

In this section we want to examine the Busemann compactification of a symmetric space
equipped with a Finsler metric. We will need everything we did up to now and as usual
we will use the notations introduced in the chapters before.

Let M = G/K be a symmetric space, G = Isom® (M, g) the identity component of its group
of isometries[] and K = G, for some base point pg € M. Let g denote the Lie algebra
of G and g = £+ p the Cartan decomposition, where p = T, M is the eigenspace of the
Cartan involution @), to the eigenvalue -1. Let a C p be a maximal abelian subalgebra

"Just like the entire Isom(M, g) also the identitiy component of the isometry group acts transitively on
M (see [Ji05, Lem. 4.2]). So it suffices to use the identity component only.
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and A := exp(a) the connected subgroup of G.
The obvious action of G on M = G/K, given by left multiplication,

GxM-—M
(9,2) — g

is transitive. Therefore

G.po={g9po| g€ G} =M.
We can now use the decomposition G = KAK (see Lemma [6.2.18]) to see
G.po=KAK.po=KA.py= M. (6.10)

Let now H be a group acting on a metric space (X, d). Then H acts on C(X) via

(h-f)(z) = f(h™ )

forall fe C(X), he H and z € X.
This is applicable to our symmetric space M and the group GG. Consider the map 1 defined

in (3.1) on page
v: M — C(M)
z o 1, with ¢,: M — R (6.11)
x  — Py(z)=d(z,z) — d(po,2)
Lemma 6.4.1 v is K-equivariant:

Proof. Let z € M,k € K and x € M. By Lemmal6.1.7] we know that the distance function
d is left invariant and thus we obtain with K = G-

d(z, k. z) — d(po, k. 2)
=d(k tax, 2) —d(k  po, 2)
d(k~t.x, 2) —d(po, 2)
= . (k™ 12) = ko (). O

The horofunction compactification was based on the embedding M — C(M) Via|§|

{t- | z € M} =¢(M) € C(M).
The horofunction boundary was defined by

Welze MI\{¢. | z € M}.

Lemma 6.4.2 With the notations from above

(M) = K.p(A.po).

8For better readability we will denote the closure of a space Y by Y from now on. If needed, the
surrounding space is indicated.
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Proof. G acts on M and therefore g1.(g2.2) = (g192). Vg1,92 € G and x € M. Because
K = Gy, is a subgroup, this also holds for elements of K and we conclude with Lemma
0.4, 1]

(M) = (K. A.po) = K4p(A.po)
We now have to show that K can be taken out of the closure:
!
K.4(A.po) = Kap(A.po).

“C” Let f € K.ap(A.py). Then there is a sequence (fn)nen C K.ap(A.po) such that
fn — f, so there are k,, € K, a,, € A for each n € N with

fn = kn‘l/}(an‘po)‘

As K is compact, we can find a converging subsequence (k) C (k;) such that

k:nj—ﬂc

for some k € K. Define
gnj = d](anj pO)

Again because of compactness (now of ¥(M)) we take another subsequence, denoted
by n again, such that g, — ¢ € ¥(M) for some g. Then

f: lim fn]‘ :n}gnoo(knjw(a‘njpo»

nj—00
= 35, (hn-gn)
=k.g=k. lim Y(an.po) € Kap(A.po).
=7 OO0 e eer!

€y (A.po)

We can calculate the limits separately in the second line, because the action is
continuous.

“D” Let f € K.ap(A.pp), that is Ik € K and a sequence (fy,)neny € ¥(A.po) such that
knh—>Hc>lo fn=1.
This means that there is a sequence (ay), € A such that f, = v¥(an.po). Then
k.fn = kab(an.po) = ¥(kay.po) and therefore because of the continuity of the action
f=k lim f,

n—oo
ek
= liMp—o0 (k.Y (an.po)) € K.9p(A.po). O

Now we would like to use our knowledge about horofunction compactifications of finite-

dimensional normed spaces to compactify our symmetric space M. This will be done in
the following way.
Take M = G/K as before and find a maximal Abelian subalgebra a C p C g. Then a is a
finite-dimensional normed space. When M is endowed with a G-invariant Finsler metric,
there is a unique W-invariant convex ball B of a corresponding to our metric via Theorem
[6.3:8 This ball is the unit ball of our norm induced on a and we can find the compact-
ification of a with respect to B by determining B° and calculating the f -functions as
detailed in Chapter [f]
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Theorem 6.4.3 ([Pla95, Prop. 6.2.2]) The flat A.py equipped with the induced Finsler
structure is a normed real space. If a is equipped with the corresponding norm induced
by the convex unit ball B, the restriction

expy, |, @ — A.pg

is an isometry.

So we know that
homeo isometry homeo
~

1/1(51) = a = A.pg = ’l,ZJ(Apo)

Therefore C'(a) and C(A.pg) are homeomorphic and we obtain the homeomorphism

W C(a) ~ 71/)(14'2)0) C’(A-po)7

where the second closure is taken in C(A.pg) but not in C(M) as needed. But as each
function f in 1(A.po) is a linear combination of the distance function d which is defined
on M, f is also defined on M. Among the extensions to M there is a unique one lying in
(M), namely the obvious one given by defining ¢ on M. This can be seen by on
page 92} Thus

C(M) 71— C(Apo) 7= C(a)

SO0 ~ Kp(Ape) “M = Kp(Apo) ) = k(@) “ c cm).

Although we take the closure with respect to C(A.pg) or C(a), the action of K can only
be understood by treating the closures as subsets of C(M). The point is that there is
no meaningful action of K on t(a) because normally (that is if K # Ni(a)) there are
k € K with Ad(k™1).H ¢ a for some H € a. But there is an action of N (a) on v (a)
by definition of Ng(a), see also on page In fact K.i)(a) is homeomorphic to
(K x ¥(a)) /Nk(a).

All together we deduced the following theorem:

Theorem 6.4.4 Let M = G/K be a symmetric space of non-compact type equipped with
a Finsler metric F'. Let a be a maximal Abelian subalgebra of p. Then the horofunction
compactification of M is homeomorphic to the orbit of the horofunction compactification
of a under K:

S0 ~ K(a).



7 Examples: Horoboundaries of
Symmetric Spaces

7.1 X = SL(3,R)/SO(3)

We will now examine the Busemann compactification of the symmetric space M = SL(3,R)/SO(3)
equipped with a Finsler metric. It is

G = SL(3,R)

and
K =50(3)={AcSL(3,R) | AT = A71}.

The Lie algebra g of G is
g=sl(3,R) = {X € Mat(3,R) | trX = 0}.
With the Cartan involution
Op: 9 — 9
X r— X7
we get the Cartan decomposition g = £ @ p, where
t={Xeglf(X)=X}

—{Xeg| X" =X}
=s50(3),
is the Lie algebra of K, and
p={Xeg|b(X)=-X}
—{Xecg| X" =X and trX = 0}.
The set
A1

3
a= A2 € Mat(3,R)| Y Ai=0p Cp
A3 i=1

is a maximal Abelian subalgebra of p of dimension 2. Therefore the rank of our symmetric
space is 2.

Root space decomposition The next step is to determine the root spaces of g. We
recall the definition of such a root space for some root o € a* = Hom(a, R):

ga={Xe€g|[H X]=adH)X = o(H)X VH € a}.

82
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A1
Let therefore H = A2 € aand X = (z45);; € Mat(3,R) some matrix with
A3
trX = 0. Then

ad(H)X = [H,X] =HX — XH

A1 Airiz A3 A1r11 Aewiz A3ris
= | Aawa1r A2x22 Aowoz | — [ Aiwar A2xo2  Aswos
A3r31 A3wzz  A3ws3 A1T31 Aowza  A3ws3
0 (A= A2)zi2 (M1 — Az)zaz
= ()\2 — )\1)$21 0 ()\2 — )\3)1’23 = CX
(A3 —=A1)z3r (A3 — A2)xaz 0

for some ¢ := a(H) € R.

To get a general result, we take a basis B of g consisting of elemenatry matrices, namely
B={E;;|i,j=1,...,3} where E;; is given by (E; j)r; = 6; 10;;, the matrix whose only
non-zero component is indicated by its name. Then

ad(H)E@j = ()‘z — /\j)Ei,j~

Therefore it is obvious what the roots look like. We define «;; € a* via

Oéij )\2 = )\i — )\j.
A3

Then ad(H)E; ; = o; E; j as required and for the root spaces we get
Ya;; = RE; ;
and

go = a.
Therefore ker(a;;) = {H € a | A\; = \;} and with this
a\ |J ker(a)={Hea|XN#X\Vi,j=1,....3}
a€y

We fix the Weyl chamber
a+::{Hea!/\1>)\2>)\3}.

Then the positive roots are
51 = {oug, ags, a3}

As aq9 + a3 = a3, the two simple roots are
A= {0'1 = (12,09 = 0423}

and they form a basis of a*. As the Weyl group consists of all reflections of the Weyl
chambers, we can calculate the reflections of the simple roots, the norm of them and the
angle between them as shown in [TY05, Chapter 18]. a* with the positive roots and the
Weyl chambers of a are illustrated in figure



84 Chapter 7. Examples: Horoboundaries of Symmetric Spaces

Az > 1 > A ker(ol): Al = A9

02 13 = 01 + 02
A2 > Az > A1 A1 > A2 > A3
o1 ker(O’Q)Z)\g = )\3
Az > A2 > A\p A1 > A3 > Ag

xs > A >  ker(ags)iA = Az

Figure 7.1: The root lattice of a* and the Weyl-Chamber system of a C sl(3,R).

Compactification We know by Theorem [6.3.8|that every G-invariant Finsler structure
on SL(3,R)/SO(3) induces a W-invariant convex unit ball in a and vice versa. W-invariant
in this setting means, that the unit ball has to be symmetric with respect to the three
hyperplanes. One possibility is to take the Finsler structure on M which is induced by the
Riemannian metric on M, that induces the Killing form on a, which gives the Fuclidean
norm on a, which is clearly symmetric. If we start on a there are three possibilities to
choose a unit ball as simple as possible. These choices are to take the extremal points
of the unit ball only on the Weyl chamber walls, that is the hyperplanes, whichare the
kernels of the simple roots. The first option is to take six points on the walls such that
their convex hull is hexagonal, for example take all points to have the same distanceﬂ from
the origin and define the unit ball to be the convex hull of these points. The other two unit
ball possibilities are to take equilateral triangles. Because of the action of the Weyl group
W, if we fix one point on one of the hyperplanes, the other two points are determined in
this case. So there are up to reparametrisation two possibilities for the triangulars, which
are shown in figure

Figure 7.2: Hexagon or triangles as W-invariant norms on a.

As a is a finite-dimensional normed space, we know by chapter what the Busemann
compactifications of these poytopes look like, namely they look like the dual unit ball of
the norm. For the hexagonal norm it is a hexagon of the same shape rotated by 30° such
that the facets are perpendicular to the hyperplanes. The dual unit ball of the triangle
was already calculated in[5.3|and had the same shape as the unit ball, just reparametrised.

Thus all horofunction compactifications of SL(3,R)/SO(3) have the structure SO(3).R2
with some horofunction compactification of R? compatible with Weyl-group invariance.

L This is the usual distance of R%.It coincides with the distance coming from the Killing form.
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7.2 X =5p(4,R)/U(2)
The next example is the Busemann compactification of the symmetric space
M = Sp(4,R)/U(2).
It is
G =5p(4,R) = {A € Mat(4,R) |ATQA — O with Q = (_?12 %2) }

and?
K =U(2) = 0(4) N GL(2,C) N Sp(4, R)

where GL(2,C) = {A € GL(4,R) | AJ = JA} is the group of complex, invertible matrices
corresponding to the complex structure

The Lie algebra of G is

sp(4,R) = {A € gl(4,R) | QA + ATQ = 0}

= { (Z —ZT> € Mat(4,R)

and the Cartan involution is just as in the last example 6,(A4) = —A?. By some compu-
tation we get the following decomposition of sp(4, R):

a,b,c € Mat(2,R); bl =, cT:c}

t={Acsp(4,R) | AT = -4}

= { (_“b 2) € Mat(4,R)

p={Acsp(4,R)| AT = A}

= { <Z _ba> € Mat(4,R)

A maximal Abelian subalgebra of p is

a,be Mat(2,R); ol = —a; b7 = b}

and

a,b € Mat(2,R); ol = a; bT:b}.

a:= \ € Mat(4,R)| A\, 2 € R} Cp.
—A1
—Xo

2Actually K is the intersection of any two groups among these three.
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Root space decomposition of g We have to find roots o € a* and X € g such that
[H,X] = «a(H)X for all H € a. This means that we have to solve the eigenvalue problem
for ad(H). Consider the following basis of g:

B:={A;|i,j<2}U{B;; |i<j<2}U{Cj|i<j<2}

with
Aij = (apg)pq and apg = Opidgj — Op,j+20q,i+2
Bij = (bpg)pg and byg = 6pidqjt2 + pjdgit2 — i
Cij = (cpg)pq and cpg = dpit20g5 + Opj+204 — ij.

Then for some H = diag[A1, A2, —A1, —A2] € a it is
[H, Aij] = (X = Aj) Ay
[H, Bi;] = (Xi + Aj)Bij
[H, Cl]] = _()\i + )\j)Cij-
Therefore the roots are
Y=oy | i# 54,5 <23U{Biy |1 <j<2pU{yy [i<j<2}
with
aij(H) = Xi = A,
Bij(H) = Xi + A;
Yig(H) = —=(Xi + A5).
For the Weyl chambers we get
a\ | ker(a) ={H €a| A\ # £Xo; A1 # 0 # Ao}
acy

and we fix the Weyl chamber

at = cajlA1 >N >0
_)\1
—Xo

The positive roots then are
5 = {2, Bu1, Pz, a2}

and the simple ones are only
A = {a = ai1g, B := Baa}

because a2 + f22 = P12 and 2a12 + Sa2 = Pu1.
Again by [TY05, Chapter 18] we conclude that ||3|| = v/2||a|| and that the angle between

these two roots is 135°. So we get the following picture of a and its Weyl chambers (see

figure .

Compactification We did not choose a Finsler structure yet on M = Sp(4,R)/U(2)
and so we can start from the other side and fix a W-invariant norm on a which stands
in 1-to-1 correspondence to some G-invariant Finsler structure on M. If we want to take
a polyhedral unit ball, there are again three simple choices where the extremal points lie
only on the hyperplanes. These three possibilities are to take an octagon or one of two
possible squares. These possibilities are illustrated in figure [7.4]
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a+f -
B 200+ f3 A=A AL =0
—Q (6] )\1:)\2
—2a — f3 a3 —B Ao =0

Figure 7.3: The root lattice of a* and the Weyl chamber system of a C sp(4, R)

Figure 7.4: W-invariant polytopes as norms on a

Possible Further Projects: Comparison with the Furstenberg Compactification
When we chose a Finsler norm on X by fixing the convex unit ball on a in the examples
above, we took polytopes with extreme points on the hyperplanes only. These hyperplanes
were determined as those subspaces, on which one of the positive roots vanishes.

The Furstenberg compactification of a symmetric space X = G/K is one of the many
other ways to compactify X which are isomorphic in some cases. For detailed explana-
tion and characterisation of the isomorphic compactifications, see [GJT98]. We will also
follow |GJT98| now to introduce the Furstenberg compactification and to motivate the
isomorphism between the Furstenberg and the horofunction compactification of the three
symmetric spaces with Finsler metric determined by the choice of the three unit balls in
figure [7.4

Besides the Cartan decomposition G = KAK as in Lemma there is also the Iwa-

sawa decomposition:
G=KAN (7.1)

with A = exp(a) and N the nilpotent Lie group with Lie algebra n := " s+ ga-
Additionally we have

Proposition 7.2.1 ([GJT98, Prop. 2.4]) P := M AN is a closed subgroup of G with
Lie algebra go+ Y ex+ 9o = m~+a-+n where M := Ck(a) is the centraliser of a in K and
m the centraliser of a in &.

Definition 7.2.2 We call a closed subgroup P’ of G parabolic, if there is a g € G such
that gPg~' C P'. If P C P’, then P’ is called standard parabolic.

The concept of Furstenberg was to use the natural affine action of G on the compact
convex set of probability measures on the so-called Furstenberg boundary to define a
compactification of X.
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Definition 7.2.3 A compact homogeneous space Y of G is called a boundary of G, if
there is a sequence (g,,) for every probability measure p on Y such that g, - 1 converges
to a measure supported by a point.

Lemma 7.2.4 ([GJT98, Thm. 2.8]) The standard parabolic subgroups of G are in
one-to-one-corespondence with the subsets I C A.

Therefore we make the following definition.
Definition 7.2.5 Let P be the parabolic subgroup of G' corresponding to I C A.

Proposition 7.2.6 ([GJT98, Thm. 9.37]) Let G be a semi-simple Lie group with
finite center. Then F = G/P is a boundary. Furthermore, E is a boundary of G if and
only if there exists a parabolic subgroup @ such that E = G/Q.

Let M;(G/P') denote the set of probability measures on the boundary E = G/P?.
With help of the Iwasawa decomposition one can conclude that K acts transitively
on G/P!. So there is a unique K-invariant probability measure on G/P! and we will
denote this by m. The map v : G — My(G/P!); g+ g -m induces a continuous map

o' G/K — My (G/P")
gK —g-m
which is injective if and only if K is the stabiliser of m in G (see also [GJT98, p.68]). In
this case, X can be identified, as a set, with the G-orbit of 7z under the map ¢! and we

call such a boundary faithful.
There is a useful characterisation for such faithful boundaries:

Lemma 7.2.7 ([GJT98, Lem. 4.50]) If G is simple, then G /P! is a faithful boundary
if and only if P! is a proper parabolic subgroup of G, that is I is a proper subset of A.

We are now prepared to define the Furstenberg compactification:

Definition 7.2.8 Let G/P! be a faithful boundary. Then the closure of the image ¢! (M)
in M;(G/P") is called a Furstenberg compactification of X.

We will illustrate now the isomorphism between the two compactifications by showing
that each of the three convex balls determines uniquely a parabolic subgroup of G' and
vice versa.

Definition 7.2.9 Let I be a proper subset of A. The Weyl chamber face C7 is defined
to be o
Cr:={H €at | o;(H) =0 if and only if a; € I}.

Considering picture[7.3] we see that the Weyl chamber faces are exactly the hyperplanes
deviding a, that is the relative boundaries of a Weyl chamber.

Lemma 7.2.10 ([GJT98, Prop. 3.9]) The standard parabolic subgroup P! is the
stabilizer of [y] if v(t) = exp(tH).py, with H € C of unit length.

The equivalence relation on the set of directed unit speed geodesics is given by
o~z = lim d(ni(t),72(t)) < co.

Therefore two geodesics in R? are equivalent if and only if they are parallel.
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Example 7.2.11 In order to use the lemmata just presented, we have to complexify
our Lie algebra and consider from now on X = Sp(4,C)/SU(4), which has the same
rootspace decompostion. So the simple roots are A = {« 1= aq2, 8 := Pa2}. G = Sp(4,C)
is simple Lie group and we know by Lemma and Definition [7.2.§] that we have
three compactifications of X, namely those corresponding to the proper subsets Iy := (0,
I :={a} and I3 := {§} of A.

In the first case when I = (), C; = a* and P! is the stabilizer of all sequences with H in
a’. That means that they all converge to the same Busemann point, in accordance to our
result of section [5.6] and therefore this corresponds to the horofunction compactification
of X with the Finsler metric induced by the octagon in figure [7.4]

In the second case when I = {a} we obtain the unit ball in the middle of picture
because C7 is the hyperplane where « vanishes, so all parallel sequences in that direction
have to converge to the same boundary point. If I = {3} we obtain the compactification
of X with a Finsler metric determined by the square on the right in picture






8 Appendix

8.1 Proof of Lemma 2.5.16|

Proof of Lemma [2.5.16]

Lemma Let B C R" be a polyhedral unit ball with k vertices ay,...,a and l (n — 1)-
dimensional facets. Letby,...,by € (R™)* such that B = {x € R" | (bij|lz) > -1Vi=1,...,l}
(as defined in Lemma . Then

B° = conv{by,...,b;} = B.
Proof We recall the definition of the dual unit ball:
B° = {y € (R")" | (yla) > —1 Va € B}.

“C” Let y € B°, that is (y|x) > —1 Vo € B. We have to show that y can be written as a
linear combination of the b; with coefficients s; € [0,1] and Y!_, s; = 1.
Consider the straight line g = R>oy through the origin and y. Let z := gNIB be the
intersection point of this line with the boundary of B. As B is convex, z is unique.
Then there is an s € R>o with

Y = sx.

We claim that s < 1. Indeed, assume s > 1. Then as z € 8I~3, there are boundary
points {b;,,...,b;, } C {b1,...b} C OB all lying in one supporting hyperplane to B
and there are ¢;,,...,%;, € [0,1] such that >°}_;¢;, =1 and

n
k=1

Then there is an m € {iy,...,4,} such that a,, is the intersection point of the n
hyperplanes defined by b;,,...,b;,. Then (b; |ap) = —1 for all k = 1,...,n by
construction of the b;,. Therefore we get

(Whm) = {slam) = 53 tibs am)
k=1

n
=3 Z Liy <bik’am>
k=1
n
= —S Ztik
k=1
=—-s< -1

which is a contradiction to y € B°.
So s < 1 and therefore y € conv{by,...,b}.

91
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“D” Let y € B =conv{by,...,b}. Then therearet; € [0,1] (i =1,...,1) with 32}, t; =1
such that

l
Yy = Z tibi.
i=1
Let = € B be arbitrary. Then
J
(ylz) = Zt’ (bi|z)

=1

l

This shows that (y|z) > —1 Vx € B, which means that y € B°.

8.2 Proof of Propositions [3.0.17], [3.0.26] and of Lemma
3.0.24]

Proof of Proposition [3.0.17

Proposition The map v is continuous and injective.

Proof. We first show the continuity of ¢. Let (x,)nen be a sequence in X converging to
some z € X. We show continuity of ¢ by showing that v, — 1, uniformly on X and
therefore also on bounded sets.

Let ¢ > 0 and N € N large enough with dsym(x,x,) < € for all n > N. By the triangle
inequality, we get

Va(2) = Y, (2)

A(z,) — d(po, 2) — d(z,20) + dpo, )

d(z,zy) + d(xn, ) — d(po, ) — d(z, ) + d(po, z) + d(x, )
d(@n, ) + d(z, 2n)

dsym(x7xn) (8.1)

IN

In the same way, we also get 1;(2) — ¥y, (2) > —dsym(z, z,) and together

W}IE(Z) - ﬂ}xn('z” < dsym($7$n) <e

independent of z. Therefore 1), converges uniformly on X from which continuity follows.
Next we show that v is injective. Therefore let x,y € X, x # y and labelled such that
d(po,z) > d(po,y). Then

Yy(z) — Yu(x) = d(x,y) — d(po,y) — d(z,z) + d(po, x)
= d(po, ) — d(po,y) +d(z,y) (8.2)

>0

d(z,y)

Y

So ¥y # 1, and ¥ is injective. O
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Proof of Lemma [3.0.24]
For this proof we need the famous Theorem of Ascoli-Arzela:

Theorem of Ascoli-Arzela Let X be a locally compaclﬂ topological space and let Y
be a metric spaceﬂ. Then a subset H C C'(X,Y) is relatively compact if and only if H is
equicontinuous and H(x) CY is relatively compact for all x € X.

Now we can prove the lemma:
Lemma If our metric dgyn, is proper, then cl{1,|z € X} is compact.

Proof. In our case we have Y = R, which is a metric space. As X is a metric space
and dgym is proper, any closed ball is a compact neighbourhood for its inner points, so
X is locally compact. Let H = ¢(X) C C(X,R) = C(X). We have to show, that H is
equicontinuous and H(x) C R is relatively compact. Then H = cl{1),|z € X} is compact
by the Theorem of Ascoli-Arzela.

We first show the equicontinuity: Let z € X and ¢, = ¥(2) € ¥(X). Then

W}z(x) - wz@/)’ = ]d(x,z) - d(po,z) - d(y,Z) + d<p07z)’ < dsym(x;y) <e

independently from z and equicontinuity follows.
Now we show, that H(z) is relatively compact in R for all z € X. Let x,z € X. Then

V. (z) = d(x, z) — d(po, z) < d(x,po) + d(po, z) — d(po, 2) < dsym(x,po)
. (x) = d(z, z) — d(po, z) > d(z,z) — d(po, ) — d(z, 2) > —dsym(z, po)

and therefore |1, (x)| < dsym(x,po) for all z € X and so H(x) is bounded. With the
theorem of Heine-Borel we conclude, that H(z) is relatively compact for every x € X and
the assertion follows. O

Proof of Proposition [3.0.26

Proposition Assume (A), (B) and (C) (see page[18) hold. Then 1 is an embedding of
X into C(X). In other words, 1 is a homeomorphism from X to (X).

Proof. In Proposition we already showed that v is continuous and injective. It
remains to show that 1)~! is also continuous. This means, that we have to show that
1., — 1y, for some sequence (1),,) implies z, — y.

We will show the assertion by contraposition: If z, — oo EL we show that there is no
subsequence of (1,,) converging to some 1, with y € X.

Therefore let (z,) be a sequence in X with z, — oco. Without loss of generality, we
assume that 1., "—3 ¢ € cl{y).|z € X}.
Because the metric dgym, is proper, dsym(y, zn) ¥ oo for all y € X.

Let y € X be arbitrary. We define the following geodesic segments with respect to the
metric d:
Yo 2 [0,0p] — X

with
7 (0) =y, and v,(b,) = z, Vn € N.

LA space X is called locally compact, if each point of X has a compact neighbourhood.
20r a uniform space in general.
3Which means that it eventually leaves and never returns to every compact set.
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Choose and fix r € R with
r > d(po,y) +£(y).

The reason for this choice will become clear later on.
From assumption (C) it follows, that the function

h:10,b,] — R
t— h(t) = dsym(ya')/n(t))
is continuous for every n € N.

Proof of this little assertion: Let ¢ > 0. Assumption (C) tells us that for all 6 > 0 there
is an M € N such that for all m > M there holds

A (1), 1 (tm)) <6 <= d(yn(tm), Y (t)) <9,

where t,, is a sequence in R converging to .
Now let m be appropriate such that d(v,(t), Yn(tm)) = tm —t < := 5. Then

h(tm) — h(t) = dsym(y, Y (tm)) — dsym (Y, ¥u(t))
= d(y, W (tm)) + d(vn(tm),y) — d(y, a(t)) — d(y(t), y)
< d(y, (1) + d(yn(t), Yn(tm)) + d(Va(tm), (1)) + d(n(t), y)
— d(y, m(t)) — d(n(t),y)
(

= d(%(t)ﬁn( m)) +d ’Yn( ) (t))
<20 =¢e.

In the same way, one can show that h(t,,) — h(t) > —e. So together we have
|h(tm) — h(t)] < e

from which continuity of A follows.
Back to the main proof. It is

h(O) d sym ya7n( )) ym(yvy) =0
h(bn) = dsym(y Yn(bn)) = dsym(% Zn),

so for n large enough we can find a ¢, € Ry with dgym(y, z,) = r where z, := v,(tn).
By construction, all x,, lie in a closed ball of radius r around y. Since the metric dgy, is
proper, this closed ball is also compact. Therefore there is an = € X such that z,, — x if
n — oo (if necessary we take a subsequence). In particular we also have dgym (y, ) = .

We come now to the last step of the proof. As v, was a geodesic segment with respect
to d, there holds d(y, x,) + d(xyn, 2,) = d(y, z,) and from this it follows

(1 (-Tn) — Yz, (y) = d(xna Zn) - d(pOa Zn) - d(?/) Zn) + d(p07 Zn)
=d(xn, zn) — d(y, zn)
= _d(yvxn)'

Written the other way round, it is ¢, (x,,) = ¥, (y) — d(y, x,) for every n € N. The 1),
are 1-Lipschitz with respect to dgy, which yields v, (x,) — &(x) and in the limit we
obtain

§(x) =¢&(y) —d(y, z). (8.3)
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The essential step now is to proof, that v, # &.
We know that ¢y (x) = d(x,y) — d(po, y). Together with the choice r > d(po,y) + £(y) we
get:

Yy(z) — &(x) = d(z,y) — d(po,y) — &(y) + d(y,z)
= dsym(y, ) — d(po, y) — &(y)
=7 —d(po,y) —&(y)
>0

As y was arbitrary, ¢, # £ Vy € X.

The conclusion of the proof is as following: Let ¢, be a sequence in X such that 1, —
Yy in P(X). As seen above, (g,) can not have any subsequence escaping to infinity
which means that (¢,) is bounded in the dgyn,-metric. That is the sequence (gy) remains
in a closed and therefore compact ball, so we know that is has converging subsequences
(Gny )ny- As ) is continuous and injective, we can conclude that the limit of each converging
subsequence is ¢ and therefore that ¢, — q. ]

8.3 Proof of Lemma 4.2.8 and of the Claim in Lemma [4.3.2]

Proof of Lemma [4.2.8

For the proof of this lemma, we will need the following two properties of the epigraph
topology:

(P1) Let (fn)nen be a sequence of proper lower semi-continuous functions f, : X —
RU{oo} with f,, — f in the epigraph topology and let each function take the value
400 outside a fixed bounded region common for all functions.
Then inff,, — inff. [Bee93, Lemma 7.5.3]

(P2) Let f, and f be as above an let g : X — R be a real-valued lower semi-continuous
convex function which is continuous at a point where f is finite. Then f,+g9 — f+g.
[Bee93, Lemma 7.4.5]

Lemma Let C' C V* be a compact convex set and F' an exposed face of C. Suppose
there exists a sequence (pp)nen in 'V and an € > 0 such that

(i) S0 piv1 — pile < |pn —polr +e VneN
(i) |pn —|F — [PnlF e g pointwise

where g is a lower semi-continuous convex function.
Then there is a sequence (¢p)nen in V and an €’ > 0 such that

D ?:_01 lgi+1 — dilc < |gn —qolc +€" VneN
11) |gn — -lc — lanlc =y g pointwise
Proof. We first show (I).

There is an affine functiof : V* — R with { fly) =0 vyer

flx) >0 YzeC\F Let f := f— f(0)

“As F is part of a hyperplane H, f can be constructed by setting f(y) = (h|y) — a where h is the normal
to H and a = (h|z) Vz € H.
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be the linear functional on V* with the same gradient. Let {2, },en be a sequence of points

in V such that
= U {zn}

neN

is dense in V and contains the origin.
We claim: It is possible to find a sequence of real numbers (Ay,),ecn such that if we define
Gn = Pn + A f Yn € N, then there holds:

1
|Qn+1 - Qn|C - ’%Hrl Qn|F < 27 (8'4)

1
lgn — 2zl — |gn — 2|F < - Vz € {20,.-.,2n} (8.5)

Proof of the claim: We show (8.5) first. Fix n, then we have to find A, € R. As for every
xeV*and A € Rit is

(Af +1c)(z) = >\(ff)+fc

) M) ifzeC

] ifv¢C
AM(x)=0 ifzeFCC

=<¢ M(x)>0 ifzeC\F
00 ifex¢C

A—o 0 ifxeF .

—>{oo ifr ¢ F = Ir(z),

we have in the epigraph topology
M+ 1o — Ir (A — ).

By the second property (P2) we get \f + Ic + (-|r) — Ir + (:|r) (A — o0) for every
point r € V. With the first one (P1) we obtain

inf(\f — I + (-|r)) — inf(Ip + (-|r)) as A — 0.

It is
inf(Ip + (-|r)) = inf(Af + Irp + (-|r)) VAER,

which follows from

inf (\f(x) + Ip(z) + (z|r)) = nf (\f(2) + (z[r))

eV zeF
= 11612((5517“)) because f(y) =0 Vy € F
= %n‘f*((m]r) + Ip(z)) VAeR,reV.

So together we get by the identification A f ev*=V

Jn (AF 4 rle = A+ rle) = lim (= inf (2AF +7) + inf 1A + 7))

= Jim | = inf [{z]r) + Af(z) = Af(0)] + Inf [{ylr) + A f(y) =Af(0)]

A—00 S
=0
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= lim (— in‘;*[<m|r>+/\f(a:)+Ic(ac)]+yi€n‘§*[<y\r>+IF(y)]>

A—00 Te

— Jim (= int [(alr) + Af@) + Io(o)] ) + inf [{olr) + Tr(v)

A—00
Ur(z) + (2|r)] + inf [(ylr) + Ir(y)]

— inf
zeV*
=0

By using the equality

gn — zilo = |gn — zilr = N F + (00 — 2)lc = INDF + (pn — 20)|[p — 0

as )\g) — oo for each n € N, we see that for a fixed p, and a z; € {z0,...,2,} we can find
a A large enough such that is fulfilled. As the set {zo,...,2,} is finite we can take
the maximum and set A, := max;—g . n )\%i).

For equation , we have to choose A\,41 large enough once A, is fixed.

Back to the original proof. With the identity f(y) = 0 Vy € F' we get

|git1 — ailFr = (Ylgi+1 — ai)

— inf
yeF

= _;2£<y’pi+1 + X1 f —pi — Nif)

= - ;g};[(y\piﬂ —pi) + Xig1 f(y) = Xig1 f(0) = X f(y) + A f(0)]

=— ;glfm(y!pwl —pi) + fO)(Aiy1 — Ai)

= |pit1 — pilr + F(O)(Nit1 — Ni) (8.6)

and

|Qn - QO|F = _;2£(<y|pn + )\nf —Po — )\OfA>)

=— ;gg[(y\pn —po) + Anf(y) = A f(0) = Ao f(y) + Ao f(0)]

=-— ;gﬁ(y!pn —po) + f(0)(An — Ni)

= |pn — polr + F(0)(An — Ao). (8.7)
Because of F' C C', we have

|-l <[] (8.8)

Before we calculate the next step, let’s bring together the equations we need for it.

|@n+1 — Gnlc = |@n+1 — dnlr < 2% Vn € N
lgn — qolc > |gn — @olF Vn €N

|gi+1 — ¢ilr = f0)(Ait1 — Ni) + [pit1 — pilp
lgn — qolr = f(0)(An — Xo) — [Pn — PolF

Lemma 2 Y10 [Pit1 — Pilr < |pn —polr +€ Vn €N



98 Chapter 8. Appendix

And with these we get

n—1 n—1 1
Z |gi+1 — qilc — |gn — @olc < Z(\%’H — qi|F + 27) — lgn — qolF
=0 i=0

|
—

n

n—1 1
|giv1 — ¢ilF — |qn — qolF + Z on
i=0

N
Il
o

i
L
L

n—

[F(O)Nis1 = Xi) = [pis1 — pilr] = F(O)(An — Ao) = [P — polr + ) Qin

=0
n—1 1
Ipi+1 — pilF — |Pn — polr + f(0)(An — Ao) = F(O)(An — Xo) + ) o

1=

I
{ng

i
L

.
o
o

<e+2=¢.

The assertion follows with the sequence (g,,)nen and with & := ¢ + 2.

We will now proof (II).
Let |pn, — -|F — |pn|lF — g pointwise. We have to show that |g, —|c — |gnlc — ¢
pointwise with the sequence (¢,) as defined above.
Let u € Z = Upen{#n} € V. If n is large enough, then 0,u € {zo,...,2,}. With
and |- |c > | - | we obtain:

1
l4n = ulc = lanlc = lan = ulp + lanlr < = = lanlc + lanlc
1
= _ 8.9
- (89)
IQn - u’C - ‘Qn’C’ - ‘Qn - u‘F + |Qn‘F > |Qn - u’F - ‘Qn - U‘F - (‘Qn - O‘C' - |Qn - O’F)
1
> —— 8.10
> (810

for every n large enough. Furthermore, we have:

= inf (ylpn + Anf =) + inf (2lpn + Anf)

= — inf [(ylpn — u) = Anf(y) = Anf(0)] + inf [{z[p) + A f(z) — Anf(0)]
yelF zel

= - ;gyylpn —u) + ;gywlpm

lgn — ulp — |gnlF =

= |pn —ulr — |pnlFr — g(u) as n — oo. (8.11)
The equations (8.9), (8.10) and (8.11) together lead to

1
lgn — ulc — |gnlc < ot lgn — ulF — |gnlr — g(u)

1
lan = ule = lanlc = ==+ lan — ulr = lan|r — g(u)
and therefore
lgn — ulc — |gn|lc — g(u) as n — o0 Yu € Z.

From Lemma we know that |¢, — [c — |anlc = f&
Fenchel transform, we obtain

g If we take the Legendre-

(lgn = lc = lanlc)” = feq. = o + (lan) + lanlc-

Since this function takes the value +o00 everywhere outside a compact set, |¢, —-|c — |gn|c
is 1-Lipschitz with respect to any norm on V. Therefore pointwise convergence on a dense
subset (here: Z) of V implies convergence everywhere, which proofs the assertion. ]
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Proof of the claim in the proof of Lemma [4.3.2

Claim
There is a sequence (y,,)nen of points in B° and a constant 6 > 0 such that:

(i) yn —y
(iii) Vn € N the point y, is in some extreme set E,, and |y, — Ore1Ey| >

where 0,1 F,, denotes the relative boundary of F,.

Proof. By [Bee93, Thm. 5.3.5]|E| we know that we can find a sequence (a,)pen in B° with
an — y and lim, .~ fn(an) = f(y). For all n € N let E,, be smallest with a,, € Eﬂﬁ and
define

0, ;= inf —
n wegilEn’a” wl,

the distance of a,, and 9,qF,,. Now set

0 := limsup 6.
n—-—:o0

If 6 > 0, then there is a subsequence of (a,,) satisfying the claim.
Let 6 = limsup,,_ .., 6, = 0. For each n € N choose b,, € 0e1 &), such that

|an, — bn| = dp.

Such a b, exists because Oy E,, is closed. If n — oo, then |a, — b,| = 6, — 0 and
therefore
b, — y as n — oo.

Define ¢, as the point different from b,, which lies on the intersection of 0. F, and the
straight line through b,, and anﬂ We now define the following sequence (s, )nen of points:

o { b if fu(bn) < fulan) + V0

¢, otherwise.

Let (n;);en be a sequence of indices for which the first case holds and let (m;);cn be one
for which the second case holds.

As limsup;_, o0 fn; (bn,) < limsup;_, oo (fn; (an;) ++/0n;) = f(y), we also have

lim sup fp, (bn;) < f(y)- (8.12)

1—00

Using lim,, .~ b, = y and the fact that f,, — f in the epigraph topology we conclude by
[Bee93, Thm. 5.3.5] (see footnote ||

liminf f,,. (bn,) > f(y)

1—>00

® Let X be a first countable Hausdorff space and let f, fi, f2,... be a sequence in L(X), the space of
lower semi-continuous functions. Then f,, L f if and only if the following two conditions hold:
e J(zn) — z with f(x) = limn—oo fn(zn)

o if (z,) — x we have f(z) <liminf, oo frn(Zn).

51f F,, is not a singleton, then a,, ¢ Ore1 En.
"That means that ¢, lies on the other side of an.
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and together with (8.12)) that

i—00
Now to the second case. As ap,b, and ¢, lie on a line, there is A € (0,1) such that
am = Ab+ (1 — N)ep. So it is

from which we obtain

1 A A

m — Um| = m T bm_mzi m_bm-
lem = am| = |y —am — 7 am| = —la |

As fp, € *D we have fy,(¢n) > 0. A small calculation, using that f,, is affine of B° yields:

fm(am) Z fm(am) - fm(cm)
= Flm) = 5 o) + T2 ()

A
= 5 (Fm(bm) = frn(am))

Together we obtain
fm(am) _ fm(am)
‘Cm_am| ﬁ|am_bm|
ﬁ(fm(bm) — fm(am))

%’am_bm’

_ fm(bm) = fm(am)

|am — bm|

Vom 1

om Vom

where the last inequality follows from the fact that we are in the second case (that is
fm(bm) — fm(am) > Vom) and from |a,, — by| = dp, by definition. We know that
lim, o0 fm(am) = f(y) and that 6, — 0 as n — oo. These two equations lead to
lim; o0 |@m; — Cm,;| = 0 from which we get

lim ¢, = lim ap,, = v.

71— 00 11— 00
So

lim inf fo, (¢m;) > f(y)-

1—00

Because f,; (bm,;) > fm,(am,) for all i € N, we have

A
fmi(em;) = %fmz(amz) - mfmz(bmz)

A
< ﬁfml(aml) - ﬁfmz(aml)
= fmi(ami)

and therefore
lim sup fmZ (sz) < f(y) .

1—00
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All together we obtain
fm(em) — f(y)
and
sp —> y as well as f,(s,) — f(y) as n — oc.

As s, € O, for all n € N, unless F, is a singleton, the smallest extreme set containing
Sp, has dimension less than the one of E,,. If we repeat this procedure of constructing (s,,)
several times, we obtain a sequence (Y, )nen either consisting entirely of extreme points or
containing a subsequence satisfying the claim. If the former would hold, then {y} would
be a limit point of the extreme sets {y,}. So by our assumption (that set of extreme sets
of B° is closed in the Painlevé-Kuratowski topology) {y} would also be an extreme set.
But this would be a contradiction to y = (1 — A\)x 4+ Az as y # z,z. Therefore the other
case holds and the claim is proofed. O

8.4 Further Examples

In this section of the appendix I will give some more examples of how to calculate the
horofunctions following [Wal07]. Some of the examples are really additional ones, not
mentioned in the main part, one of them, with the L'-metric, contains the three dimen-
sional case to make is easier to understand the general higher dimensional case dealt with
in the main part. Some of the subsections, like for the lens shaped norm, are only some
of the calculations which were just long but not essential for understanding.

8.4.1 X =R Equipped with the Standard Metric
In the first case let X = R. Let the unit ball be

B={recR| —-3<xz<1},
then
B ={y eR"| (ylz) =2 -1 Vo € [-3,1]}
:{yER*[ —1§y§:1))}.

As B = B° if we identify R = R*, we can illustrate them both in the same picture:

1 x
F_3 B 0 Iy

1 x
E, B° °FE

1
3
Figure 8.1: B° and B in R

The norm defined by B is

25 = T ifxz>0
B = —%x if z <0.

The proper extreme sets of B° are:

E_;:={-1} and E% = {;}
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The Functions fg, and f5 , We now have to calculate the functions fg, and fg , for
each extreme set E. From Lemma [5.0.4] it follows for all ¢ € X:

()
q),

fELl,p(Q) =

Ig
fE%,p(Q) IE

1
3

and

or in other words

fg717p - _id

" L.
fh,p=5id WpER

3

From Theorem (4.0.32| we know, that the set of Busemann points of R is {id, %id b If
we take any sequence (z,5),en in R U {£00} converging to 400, then

V() — [5_, ()
V- (y) — f% »(¥)
as n —r 0.

Indeed, let (z,) be a sequence in R going to co. Then there is an N € N such that z, >y
and z, > 0 for all n > N. With this we get

V2 (y) = 20 — yllB — ll2nllB
=Zn — Y~ Zn
= —Yy= f;,hp(y)u

for all n > N and therefore 1, (y) — fi , ,(y) as n — oo,
The case z, — —oo follows the same way.

So for X = R there are only two different types of sequences to consider. This gives us
the horofunction compactification by adding {4+o0o} and {—oco} which in this case is a well
known compactificatioin.

8.4.2 X = R3 with the L!'-Norm

We already saw this example in the case where X = R2. In the main part we also
dealt with the general higher dimensional case. This example for n = 3 shall help us
understand this general case because the calculations and notations are very similar and
it is still imaginable and drawable.

B, B° and Their Extreme Sets In this case the unit ball is defined as

B:= {:U = (z1, 12, 23) € R?

i|$i§1}

=1



8.4. Further Examples 103

1 -1 0 0 0 0
= conv O1,10¢{,{1,1-1],10{,] O ,
0 0 0 1 -1

see also figure [8.3

With an analogous calculations as in the two-dimensional case, we obtain for the dual
unit ball

B° ={y = (y1,y2,y3) € R* | max(|y1], |y2l, |ys]) < 1)}

1 —1 -1 1 1 —1 -1 1
= conv 1,11, -1),1-1], 1,1 ]|,1—-11],]—-1
1 1 1 1 -1 -1 -1 -1
E3 z Fs By
B/ 1] Fy
v B Ey
Ey
VF1 Fio
: % Yy
! 1
F 1
12 : 1 P Iy
S A R Yo
1E7
F3,' F4
ST Fy
Eg E5

Figure 8.3: B° of the L'-norm in R?
The extreme sets of B° are these:

1. Points: the points whose convex hull define the dual unit ball, let’s enumerate them
with F1,..., Eg in the same order as above.
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2. Lines:

t 1 1

Fre= (1|t <1p  Fe=Q |t||ltl<1y  Fo:={|1]||t <1
1 1 ¢
¢ -1 —1

Fp=S [ 1|t <1y Fei=q| t ||[[/<1p Fio=q| 1 |[lt|<1
1 1 ¢
¢ -1 —1

Fy={|-1|lt/<1} Fr= |t <1y Fus=q|-1|[1t|<1
-1 -1 t
’ 1

Fye={ | 1 || <1y Fse=< |t ||[[t/<1p Fio=9 | -1]|t|<1
-1 —1 t

The lines are numbered in such way, that the first four extreme sets are denoting
parallel lines, as well as the other two groups of four.

3. Faces:
1 s S
G := s|l]s],|t] <1 Gs = 1]]s],|t| <1 Gs = tll sl ]t <1
t t 1
-1 s S
Gy = s |Isl, [t <13 Gaq:= —11||s|,|t|] <1} Gg:= to]s], [t <1
t t -1

Here also, we number the sets according to parallelism.
4. The last extreme set is of course B° itself.

So all together we have 27 extreme sets of B°.

Calculation of the fg ,-functions For the extreme points we have as usual
fEi,p = IEZ Vi € {17 R 78}7

independent of p.
For the one dimensional extreme sets, the edges of the cube, we have

frp(@) = Ir (q) + (qlp) — min{{e1|p), (e2[p) }
= I (q) + {glp) — min{py + pa + p3, —p1 + p2 + p3}
= Ir,(q) + (qlp) — p2 — p3 + [p1]

because Fy = conv(E1, E2) with B} = {e1} and Fy = {es}.
By similar calculations and symmetry arguments we receive

I p(q) (9)

=Ip (alp) — p2 — p3 + |p1
Jrp(@) = Ir,(q)

_|_
+ (qlp) + p2 — p3 + |1
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[rp(@) = Iry () + (glp) + p2 + p3 + |p1]
[rip(@) = Ir,(q) + (glp) — p2 + p3 + |p1]
frsp(@) = Ir(q) + (glp) — p1 — p3 + P2
TFrsp(@) = Irs(q) + {glp) + p1 — p3 + |p2|
frp(@) = Ir.(q) + (qlp) + p1 + p3 + [p2
[rep(@) = Iry(q) + (glp) — p1 + p3 + |p2|
fryp(@) = Ir,(q) + (alp) — p1 — p2 + |ps]
TFiop(@) = Ir,(q) + (a|p) +P1 — p2 + |p3]
frp(@) = Ir, (¢) + {glp) + p1 + p2 + |ps|
frp(@) = Ir,(q) + {glp) — p1 + p2 + |ps|
and
fe1p(@) = I, (q) + (glp) — p1 + |p2| + [ps]
fesp(@) = Ic,(q) + (glp) + p1 + |p2| + [p3]
fasp(@) = Ic;(q) + (qlp) — p2 + p1| + |p3|
feip(@) = Ic,(a) + (qlp) + p2 + [p1| + |p3|
fesp(@) = Ic;(q) + (alp) — p3 + [p1| + |p2|
feep(@) = Ice(q) + (glp) + p3 + [p1] + [p2]

Now it is clear why we chose this numeration of the extreme sets. The sets, no matter if
one or two dimensional, lying parallel to each other have yield to nearly the same functions,
differing only by sign. We will come back to this observation when we calculate the general
n-dimensional case.

The Legendre-Fenchel-transform The next step is to calculate the Legendre-Fenchel
transforms of our functions above. The case of the extreme points is simple and well known
by now. We have for i € {1,...,8}:

fE,p(y) = (eily) for E; = {e;}.

For the lines we have

fr p(y) = max{(e1|y — p), (e2|y — p)} + min{(e1|p), (e2|p)}
= max{(y1 — p1) + (Y2 — p2) + (Y3 — p3), —(y1 — p1) + (Y2 — p2) + (y3 — p3)}
— |p1] +p2 + p3
=y —pil +y2 —p2+ys —p3s—Ip1| +p2+ps3
= |y1 — p1| — |p1] + y2 + ys.

For the calculation of the transforms of the other functions, we can use the similarity of
them and obtain:

fE o) =y =il = 1] +v2 +u3
T p(y) = ly1 — o1l = |p1| — y2 + 3
fEpW) =l —p1l = Ip1l —v2 — u3
TEpW) = ly1 — 1l — 1l +y2 — w3
fisp(¥) = |y2 — p2| — [p2| +v1 +u3
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fip(¥) = |y2 — p2| — Ip2| — 91 + y3

T p(y) = ly2 — p2| — |p2| =91 — v3

Trep W) = ly2 — p2| — Ip2| + 91 — y3

Tryp(y) = lys — p3| — |p3| +y1 + 2

Trop(¥) = lys — 3| — |p3| —y1 + 2

fE, W) = lys — p3| — |p3| —y1 — v2
(y) =

frap(y) = lys — ps3| — |ps| + y1 — yo.

For the faces we get:

fé, (W) = ly2 — p2| — Ip2| + y3 — pa| — |p3| +u1

fé 0 W) = ly2 — 2| — p2l + lyz — p3| — |p3| —n1

fésp(¥) = |ly1 —p1| = Ip1] + [ys — p3| — |p3| + v2

fGopW) = ly1 —p1l = Ip1] + lys — ps| — |ps| — v2

fés p(y) = ly1 — p1| — Ip1l + ly2 — p2| — [p2| + y3

fesp®) = ly1 — p1l = |p1l + |y2 — p2| — [p2| — ys.

We see that every transform consists of an index- and sign permutation of |y; — p;| — [pi| +
ly; — pj|l — |pj| £ yr with 4, 5,k € {1,2,3} pairwise distinct.

Before we interpret these results in the next section, we will first have a look at the
geometrical interpretation.

Geometrical part Let (2,)n,en be a sequence in R3. Then

b (¥) = 20 =yl = llzalle = 200 = w1l + 202 = v2| + (203 = 43| = [2n1] = |2n2] = |203

= 2n,1 — y1| = |Zn1] + 1202 — vl = [2n3] + 203 — ¥3| — |23

Let one of the components of this sequence, z,;, i € {1,2,3}, tend to co. Then there is
an N € N, such that z,; > max(0,y;) for all n bigger than IN. Therefore

|2n,i — il = 2nil = 2ni — Yi — 2ni = —yi Yn > N.

This means that this part of our sum converges to —y;. Similarly, if z, ; — —oo, then
this part of the sum converges to +y;. The third case to consider is, what happens if
Zn,k converges to a constant component py. Then |z, — yk| — |2nk| — Dk — Y| — DK
Compared with the end of the last paragraph, we see that each of the three types of
sequences converges to one of the three possibilities we had for a component.
Summarised we have that all 8 variations of the signs of a sequence of the form

+kn 00
Zn=| £ln | — | o©
+n 00

with k,1 > 0 yield the Legendre-Fenchel transforms belonging to the 8 extremal points.
They correspond to sequences through one of the 8 open octants of R3. If we would draw
B and B° in the same picture, the extreme point of B° they are converging to lies directly
on the opposite site of the open octant with respect to the origin. Here it makes no
difference whether the sequence goes through the origin or not, the only important factor
is the direction, that is the face of B it would intersect with if the sequence would follow
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a line through the origin.

If we fix one of the components, we get a sequence belonging to one of the extremal edges.
Let (zn)n be a sequence with z, ; = p; for one j € {1,2,3}. Then ¢,, — f}?j’p , where
F} is the extremal set with ¢ in the j-th component and and the signs of the 1 in the other
components are opposite to those of z,. These are exactly the sequences parallel to a line
passing through the origin and through one edge of the octagon B, but not going through
an extreme point of it. The edge the sequence is converging to lies again on the opposite
side with respect to the origin.

The last case, belonging to the faces, are sequences (z,), with two components fixed,
say zni = pi and z,j = p;, 1 # j € {1,2,3}. Here again we see the dependence on the
point p the sequence is passing through. These 6 kinds of sequences (3 possibilities for
choosing the fixed component and for each of them two possibilities for the sign of the
third component) tend to one transform belonging to an extreme face of B°. These are
the sequences following lines parallel to one of the straight lines going through an extreme
face of B°.

8.4.3 X = R? with the Euclidean Norm

As a first step to unit balls with a curved boundary, we have a look at the standard
Euclidean norm in R2. If we identify R? = (R?)*, the unit ball and it’s dual are the same,

namely
Y

z2+y2§1}.

Figure 8.4: Kuclidean unit ball B and B°

As the boundary of B° is a curved line, every point of the boundary is an extreme point
and these are the only proper extreme sets of B°. So the set of proper extreme sets of B°

is {Ey | 0 < a < 271} where
sin o

Let E = E, for some « € [0,27) and p = (p1,p2) € R? be a point. As E, is a one pointed
set, fgp = Ig. Therefore

fEp(y) = sup(z|y) = y1 cosa + ya sin cv.
zeE
We now have to find a sequence (z,) in R? such that 1., converges to [k, as n tends
to infinity. Inspired by the examples above, we suppose, that for a given « there will be
exactly one straight line emanating from the origin that converges to fr , and that this
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line has to run exactly in the opposite direction of E,. Therefore we consider the sequence
(2n)nen € R? with z, = (—ncosa, —nsina). Then

|2 — yll = \/(—ncosa —y1)2 4+ (—nsina — y9)2

= \/n2 cos? a + n?sin? a + 2n(yy cosa + yo sina) + y§ + y3

2 1
— \/n2 (1 + ﬁ@l cos a + Yz sina) + ?(y% + yg))

2 1
= n\/l + E(yl cos o + yg sina) + ﬁ(y% +93)

1.2 1 1
—n [1 + 5(;(3/1 cosa + yo sina)) + ﬁ(y% +93) 4+ 0O <n2ﬂ

1 1
=n [1 + —(y1cosa+ yosina) + O (2”
n n
1

—n—i—ylcosa—i-ygsina—i-(?()
n

and
[2nl = n.

Here we used the first-order Taylor series approximation of v/1 + x. As there is an n in the
denominator of each summand in the forth line, we are allowed to use this approximation
by choosing n large enough. Together we obtain

Yz (Y) = ll2n = yll = llznll

. 1
:n+ylcosa+y281na+(9<> —-n
n

. 1
=yicosa+ yoesina+ O — |,
n
which leads to
Uz (y) — fEp(y) asn — oo
The set {E, | a € [0,27)} is closed in the Painlevé-Kuratowski topology, so we know
that every horofunction is a Busemann point.
If we take a sequence (z],) following a line not emanating from the origin but going through
the point ¢ = (¢1,¢2), we have to replace y; and ys by y1 — ¢1 and ys — g2 respectively in
the first calculation. With this we receive (with z, as above)

. 1
ot = vl = 2w+ 0=l = 1+ (= ) cosar + (o~ a)sina +0 (1)

and

—ncosa + qp
—nsina + g2

lzll = llzn +all = H (

= \/n2 cos? a +n?sin? a + ¢ + g3 — 2n(qy cos a + g sin @)

2 1
— n\/l — E(Ch cosa + g sina) + E(Q% +43)

T R (CTUES RIS
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. (1)
=n—qgcosa—qgasina+ O —].
n
So in this case we get

e, () = llzn = yll = llznll

1 1
=n+(y1 —q)cosa+ (y2 — q2)sina+ O () — (n—qlcosa—qgsinoz—k(? <>)
n n

i 1
=y cosa+ yosina + O <>
n

1
— =gl = Il + 0 ()

n
so both converge to the same Busemann point ff, .

We see that it makes no difference whether we take a sequence through the origin or
a parallel one, the only important information is the direction the sequence is following.
As B = B°, it is easy to draw them both in the same picture (see also figure and we
can find out easily, that (if we only consider sequences on lines through the origin) the
extreme set a sequence is converging to is exactly the negative point of the intersection
point of this sequence and B°.

8.4.4 The Case X = R? with the L3- Norm

As another example of a norm with curved unit sphere we consider the %—norm on R%. We
consider this example because the unit sphere is curved everywhere, just as the euclidean
one, but now B # B°.

So for a point z = (x1,z2) € R? its distance to the origin is

2
3

3 3
lzlls = (Jou]? + |wal?)

7={(;) <=

and it’s dual is by Lemma ([2.5.13))

r{()es

The proper extreme sets of the dual unit ball are the boundary points of B°. We define
the set of an extreme point as

Therefore the unit ball is

2|7 + |y|? 51},

2+ Jyf? < 1}.

i = { (s}

k +3/1— |k“3 ’
where —1 < k < 1.
Let E := E; for some k € [—1,1]. It is sufficient to consider only those points with
non-negative second component because the other case follows just by changing the signs
of the second component. As all extreme sets are extreme points, we always have

fE,p = IE‘
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and
fep(y) = Slelg<w\y> = ky1 + /1 — |k]3ys.

We now want to find a sequence (z,)nen such that 1, converges to [& - Inspired by
the examples above, we suppose that one such sequence should follow a straight line
perpendicular to the tangent line at —Ej. Consider the following sequence (z,) with

k2
Zn = — <(1—k3)§> ‘n

This sequence is indeed perpendicular to the tangent line because ||z1]|3 = 1 and (z1|Ey) =
2

—1, therefore orthogonality follows by the definition and the construction of B°. Then we

have

ay 2
| —nk?[2 + | = n(1—k*)3]3}°

{
)

[EAF
2

For the calculation of ||z, — yH% we will need the following formulas for a,b € R small

enough:
(1+a)? :1+ga+(’)(a2) (8.13)
2
(1+b)3 :1+§b+0(b2) (8.14)
Then we get:
: L
o = wlly = { |-k =]+ [-n(1 = )7 — [
2
3

Together we have

be) = 2w — wlls — lzalls
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: 1
—n+/<:y1—|—\3/1—k:3y2+(’)()—n
n
:k:y1+\3/1—k3y2+0( )

1
n
and therefore
V2, — fE,p a8 — 0.
]C2

1 k5)2> - n, it would have
— 3

If we would have taken E,  and the sequence z, = — ( (

been ¢,, — f*,p as n —» 00.

So even if B is not polyhedral and B # B°, we see the same result as in the other examples.
The starting point of the sequence has no influence on the extreme set the sequence is
converging to. Only the direction matters and the extreme set lies in the opposite quadrant
with respect to the origin.

8.4.5 R? with a Lens-Shaped Norm - Calculation of 1,

We show here the calculation of ), (y) for the sequence z, = <k> “n 4+ (p 1) — <OO>

as n — oo with k,I € R, k,l > 0 and arbitrary y € R?.

_[[kn+p1—n [[kn+p1
djzn(y)_H( )B H(ln+p2>

In+p2—y2
= V3[kn +p1 — y1| — V3lkn + p1| + \/4(/<:n +p1—y1)? + (In+ p2 — y2)?
- \/4(lm +p1)? + (In +p2)?
= V3lkn+p1 — y1| — V3|kn +p1| — \/(4kz2 + 12)n? + 2(4kp1 + Ip2)n + 4p? + p3
+ {(4k2 +1%)n? + 2(4kpy — dkyy + Ip2 — ly2)n

B

1
2

+4yi + Y5 + 4pt + p5 — 8piy1 — 2P2y2}

n 2(4k l 4p? + p3
21—\/§y1—n' le,fliz_HQ\/l+ E P1+ 192)+ P71 + 5

42 Py (4k2 + 12)n?

2(4kp1 — 4ky1 + Ipa — ly2)
SVA4R2 + 1251
n + { * (4k2 + 2)n

1
+4y% + 3 + 4pi + p3 — 8p1y1 — 2paya | 2
(k2 + B)n2

1 (2(4kp1 + Ip2) 4p? + p3 ( 1 )
= 3By —n VA2 A2 |1+ - o=
V3y1 —n L 2( @2+ Bn @) O\

1 (2(4kp1 — 4ky1 + Ip2 — ly2)
. 4k2 l? 1 _
0 VAR + 12 { +2< (42 1+ 2)n
+4y% + Y3 + 4p? + p3 — 8p1y1 — 2p2y ) <1>
(4k% + 12)n? n?

4kpy — 4kyy + lpo — Ly 1
= —V3y1 +n-V4k2 +12 + +(’)()
u VIRZ 1 12 n

_t,,/4k2+12_4kp1+lm+0(1>

4k2 + 12 n
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4k l 1
_ayy - Mty @( )

4k2 1 2 n

4k l V3 4+ 2k
— —\/§—>y1—y2:—<< \1/4k+l y ).
( VAak2 + 12 VAk2 + 12 W el

|
s}
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