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ABSTRACT. Let p be an odd prime number and S a finite set of prime
numbers = 1 mod p. In [Lab06], J. Labute showed that there exists set
So of prime numbers = 1 mod p with |Sp| = |S| such that the group
Gsus, (p) is a mild pro-p-group. In particular we have cd(Ggus, (p)) = 2
and the scheme Spec(Z) \ (S U Sp) is a K(m,1) for p . In [Sch07] and in
more generality in [Sch08], A. Schmidt extended this result to arbitrary
number fields k. We will show that if £ = Q it is always possible to enlarge
a given set S of prime numbers = 1 mod p by two prime numbers = 1
mod p such that the resulting group is mild. Moreover in many cases it is
sufficient to add one single prime. Finally we give analogous result in the
case p = 2.

1 Construction of strongly free sequences

We make use of the following general criterion by A. Schmidt, cf. [Sch07], Th.
5.5.

(1.1) Proposition. Let k be a field and L(X) the free Lie algebra over X =
{&,...,&4}. Furthermore let p1,...,pr € L(X) be given such that

pi= Y amlé &l

1<k<i<d

foralli=1,...,7 with a;,; € k. Assume that there exists a natural number a,
1 <a<d such that

(i) =0 fora<k<l<dandalli=1,...,r,
(ii) the r x a(d — a)-matriz
(air))iky, 1<i<r 1<k<a<li<d
has rank r.

Then the sequence p1,...,py is strongly free.
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Applying this criterion we will prove the following lemma:

(1.2) Lemma. Let k be a field, n > 2 and L(X) the free Lie algebra over
X ={C,...,Coy2}. Let p1,..., pny2 € L(X) be given such that

pPi = Z aik‘l[(kv Cl] + bl[Cﬁ Cn+1] + Ci[ci? CTL+2]7 1= 17 <y N,
1<k<l<n
Pn+1 = d[Cn—i—l) CZL
Pn+2 = e[<n+27 Cl]?

where a;, b;, c; € k, such that
(i) d,e, by, co # 0 and
(ii) by #0 orc; #0 fori=3,...,n.
Then the sequence p1, ..., pnt+2 18 strongly free.

Proof. We apply (1.1) with a = n. Since the commutator [(,1,(nt2] doesn’t
occur in any of the p;, i =1,...,n+2 condition (i) of (1.1) holds. Furthermore
the matrix of condition (ii) of (1.1) is of the form

[€1,6n+1]  [€2,&nt1] oo [Ensént1]  [E1,€ny2]  [€2.8n42]  + o0 [€n,Eny2]

p1 bl 0 . 0 C1 0 e 0

o2 0 bo . 0 0 Co e 0

pn 0 0 . bn O 0 e Cp,

Pnt1 0 —-d ... 0 0 0 e 0

Pnt2 0 0 0 —e 0 e 0
This matrix has rank n + 2 which follows immediately from the assumptions.
This completes the proof. O
Roughly spoken, the above lemma states the following: If n > 2, L(X) is the
free Lie Algebra on X = {(1,...,(,} and a sequence pf, ..., p), of homogeneous
elements of degree 2 in L(X) is given, then by adding two generators (41, (rt2
one can obtain a strongly free sequence p1,...,pp12 in L(X U {Cn+1,Cn+2})
such that for i = 1,...,n we have p; = p} mod ({41, nr2) (here (Got1, Cnro)

denotes the ideal of L(X U {(pt1,Cnr2}) generated by {(pt1, Cus2}). Under
certain conditions one can obtain a strongly free sequence by adding one single
extra generator. The precise statement is the following:

(1.3) Lemma. Let k be a field, n > 3 and L(X) the free Lie algebra over
X =A{&,....,&+1}. Let p1,..., pny1 € L(X) be given by

pPi = Z ail[gi761]+bi[§i7§n+l]7 izla"'7n7

1<i<n

Pntl = Z clni1, &l

1<i<n

where a;;,b;,d € k, such that
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(i) ain,an2,c1 #0, ¢, =0 and
(i1) b; =0 if and only if i € {1,n}.
Then the sequence pq, ...

, Pnt1 18 strongly free.

Proof. We apply (1.1) with a =n — 1. Since b,, = ¢,, = 0 condition (i) of (1.1)

holds and the (n + 1) x 2(n — 1)-matrix of conditon (ii) is of the form

[€1,6n]  [€2,€n] [En—1,6n]  [1,&nt1]  [€2)E&n+1] [€n—1,&n+1]
o1 ain 0 0 0 0 0
P2 0 aon 0 0 bz 0
s 00 an-1n O 0 bu_1
pn —Qpl —Aan2 —0Qn,n—1 0 0 0
i 0 0 0 —c1 —C2 —Cp—1

where the bold coefficients are non-zero by assumption. This matrix clearly has
rank n + 1 and the claim follows. O

2 Arithmetic Results

We want to deduce some arithmetic consequences for p-extensions with tame
ramification over Q. We start by recalling some notation:

We fix an odd prime number p. Let S = {¢1,...,¢,} be a finite set of
prime numbers = 1 mod p. Let Gg(p) denote the Galois group of the maximal
pro-p-extension of Q unramified outside S. Then dimg, H'(Gs(p), Z/pZ) =
dimp, H*(Gs(p),Z/pZ) = n and Gg(p) admits a minimal presentation of Koch
type, i.e. a presentation

1-R—F —Ggs(p) —1

where F' is the free pro-p-group on generators x1,...,, and R is generated by

P1,- -, Pn as a normal subgroup of F' with
pi=alh. H [z;, 2] mod F3, i=1,...,n,
Jj=1,...,n

where a;; € ), a;; = 0, for i # j we have a;; = 0 if and only if g; is a p-th power
modulo g; (cf. [Koc02], ch. 11.3) and (F;);>1 denotes the descending p-central
series of F'. The numbers a;; are called linking numbers of S with respect to p.
We denote by I's(p) the associated linking diagram of S with respect to p (cf.
[Lab06]).

We make the following notational convention for all upcoming statements in
this section:

(2.1) Notation. A prime ¢ is a prime number ¢ =1 mod p.
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(2.2) Proposition. Let S = {qi1,...,q,} be a finite set of primes. Then there
exrists a prime qny+1 with the additional edges of Fsu{qn+1}(p) arbitrarily pre-
scribed. Precisely if d;,e; € {0,1}, i = 1,...,n are given, then there exists a
prime gn41 such that for the linking numbers a;; of S'U {gn41} with respect to
p we have a; 1 = 0 if and only if d; = 0 and any1,; = 0 if and only if e; = 0.

Proof. See [Lab06], Prop. 6.1. O
We can now proof the following
(2.3) Theorem.

(i) Letn >3 and S = {q1,...,qn} a finite set of primes. Suppose there exist
pairwise distinct i1,12,i3 € {1,...,n} such that for the linking numbers
a;; of S with respect to p we have a;i,, iy, 7 0. Then there exists a
prime qn1 such that the group Gsugg,.,3(p) is mild.

(i) Let n > 2 and S = {q1,...,qn} a finite set of primes. Then there exist
two primes qni1, qn+2 such that the group Gsu(q, gm0} () s mild.

(For the definition of a mild pro-p-group we refer to [Lab06].)

Proof. (i) We may assume that i1 = 1,99 = n,i3 = 2. By (2.2) there is a prime
gn+1 such that a1 41 = Gppt1 = @pgin =0, Gjpp1 #Ofori =2,...,n -1
and ap11,1 # 0. Now (1.3) (ii) applies and G'sugq, 1,g.s0}(P) is mild.

(i) If n > 2 and S = {q1,...,qn} is an arbitrary set of primes, then by (2.2) we
can find a prime g,4+1 such that a1 n41, an+1,2 are both non-zero. Now the claim
follows by applying (i) to the set S U {gn+1}. Note that one can also directly
show this claim by applying the more general lemma (1.2). O

(2.4) Remark. Using arithmetic properties of Gg(p), in [Sch06], Th. 2.1 A.
Schmidt proofs the following result: Let S be a finite set of primes and assume
there is a subset 7' C S such that I'p(p) is a non-singular circuit and for each
g € S\ T there is a directed path in I'g(p) starting in ¢ and ending with a
prime in 7. Using (2.2) again, from this one can easily deduce that for a given
set S = {q1,...,qn} two primes gni1,¢@n+2 can be found such that we have
cdG sUfqni1,ani2}(P) = 2. Note that in (2.3) we obtain the slightly stronger
statement that G'sugq, 1 gns01(P) is @ mild pro-p-group.

We want to give an example for p = 3.

. xample. Let p = 3 an =191,---,q4f Where
2.5) E le. L 3 and S h
q =17, g =181, g3 =673, and ¢4 = 3037.

The linking diagram of S with respect to p has no edges, i.e. we have a;; = 0 for
alli,7 € {1,...,4}. In particular we do not know whether c¢d(Gg(3)) = 2. Now
by (2.3) we can find two primes g5,g6 = 1 mod 3 such that Gguggs.41(3) is
mild. First we are looking for a prime ¢5 such that the linking numbers satisfy
a1s,ase # 0. For example, such a prime is given by ¢ = 13. Finally we’d like to
find a prime gg such that a1 = asg = ags = 0 and asg, ase, a46, ag1 # 0. We may
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choose gg = 2131. More precisely the resulting linking diagram I" Su{qs,%}(i’)) is
of the form

7 181 — > 673 3037

and (1.3) applies. Note that the primes {7,13,3037,2131} form a non-singular
circuit and since there are edges starting in 181 and 673 respectively and ending
in 2131, [Sch06], Th. 2.1 also applies (cf. (2.4)).

3 The case p = 2

Now we consider the case p = 2. By quadratic reciprocity clearly proposition
(2.2) cannot hold anymore in this case. However we can prove the following
analogue of theorem (2.3):

(3.1) Theorem.

(i) Let n > 3 and S = {qo,q1,-.-,qn} a finite set of odd prime numbers.
Suppose that there exist pairwise distinct ig,i1,42,13 € {0,...,n} such
that the following holds:

— iy, 4y = 3 mod 4,
— ¢i; =1 mod 4,
— @iy 15 a square mod q;, but is not a square mod gq;; and g;,.

Then there exists a prime number qgo+1 = 1 mod 4 such that the group
G 5U{gns1}(2) is a mild pro-2-group.

(ii)) Let n > 2 and S = {qo,q1,...,qn} a finite set of odd prime numbers
containing at least two prime numbers = 3 mod 4. Then there exist two
prime numbers Gni1,qn+2 = 1 mod 4 such that Gguig,,1,gus2}(2) 8 @
mild pro-2-group.

(3.2) Corollary. Let S be a finite set of odd prime numbers. We set
So:={q€ S| ¢=3 mod 4} and

3, ifS=0
5 o 2, if S#£ 2,5 =g,
' 1, if #Sp =1,
0, else.
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Then there exist k := 2 + 0 odd prime numbers qi,...,q. such that the group
Gsu{qr,....qe} (2) is a mild pro-2-group. In particular if S is non-empty, there are
always four odd primes qi,...,qa, such that Gguyq, ... g3 (2) is mild.

In order to give a proof of (3.1) we need a slight generalization of (1.1)
involving quadratic terms. The desired result is the following:

(3.3) Proposition. Let G be a pro-2-group that admits a presentation
1-R—F—>G—1,

where F is the free pro-p-group on generators xi,...,xq and as R is generated
by p1,...,pr as a normal subgroup of F with

d

_ 2\ @ij ; .

PiZH(l’j) I H [T, x]%*  mod F3, i=1,...,r,
j=1 1<k<I<d

where a;j,a;, € Fo and (Fi)i>1 denotes the lower 2-central-series of F'. More-
over, suppose that there is a natural number a satisfying 1 < a < d such that
the following conditions hold:

(i) aijj =0 fora<j<dandalll<i<r,
(ii) ajy =0 fora<k<l<dandalli=1,...,r,
(iii) the r x a(d — a)-matriz
(aikl)i,(k,l)a 1<i<r, 1<k<a<l<d
has rank r.

Then G is a mild pro-2-group with generator rank d and relation rank r. In
particular we have cd G < 2.

Proof. This is a direct reformulation of [LM09], Th. 1.1. In order to see this,
first note that dimp, H'(G) = d since R C F>. Now let x1,...,xa € H'(G)
be the corresponding dual basis of the images of x1,...,zq in G%/p. Then we
have a;; = p;(x; U x;) and ajk; = p;(xx U x1). Here p; denotes the image of p;
under the map

R—— R/R2[R, F] X~ H2(G)"

where 1) is the inverse map of the dual of the transgression isomorphism
tg: HY(R/R?[R, F]) = H*(G) (cf. [NSWO08], Th. 3.9.13). Note that by condi-
tion (iii) we have dimg, H*(G) = dimg,(R/R*[R, F]) =7, s0 {p;, i =1,...,1}
is a minimal system of defining relations of G. Let U,V be the subspaces of
H'(G) generated by x1,...,Xa and Xai1,---,Xd respectively. Then by condi-
tions (i) and (ii), the cup product is trivial on V' xV and maps U x V' surjectively
onto H?(G) by condition (iii). Thus G is mild by [LM09], Th. 1.1. (A proof
using a different approach from that in [LMO09] can also be found in [Forl0],
Cor. 6.5.) O
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Proof of (3.1). For the proof of (i) we may assume that io =0, i1 =1, ip =2
and i3 = n. Now we can choose a prime number g,41 such that the following
holds:

— gp+1 =1 mod 4,

— @n+1 is not a square mod qo,

— @n+1 18 a square mod ¢,

— @n+1 is not a square mod ¢;, 1 = 2,...n,
— Qp+1 is a square mod q,.

Let G := Gguyq,.,}(2)- Since S contains a prime number = 3 mod 4, the group
Bs and hence also the group Bgyg,,,} vanishes and G has the presentation

G = {(xg,...,Tnt1| po,---,Pn+1,p), Where
n+1
pi = (x%)al H[xi7$j]aij mod FH? i:(),...,n—l—l,
j=0
n+1

p = fo’ mod F/,
=0

with ai,a;j € Fy such that a; = 0 if and only if ¢; = 1 mod 4 and a;j =0 if
and only if ¢; is a square mod ¢;. Thus since g = 3 mod 4, we may omit the
generator xg. Furthermore, we may omit the relation pg and obtain a minimal

presentation G = F/R = (x1,...,Znq1| p, ..., pjyq) Where
n+2
pi = (:U?)al [z;,2;]% mod F", i=1,...,n+2,
j=1
with
Qjj :afij+a;0aj, t,j=1,...,n+2

(cf. [Koc02], Ex. 11.12). By the assumptions made and by construction of
gn+1 we have a1, = ap1 = a2y = ap2 = 1, a1 p41 = 0 and a; 41 = 1 for
all i = 2,...,n — 1. Furthermore a,4+11 = 1 and for 7 = 2,...,n — 1 we have
an+1,; = 0if and only if ¢; =3 mod 4. We will now apply (3.3) with a =n—1.
Since ¢, = ¢n+1 = 1 mod 4, we have a,, = a,4+1 = 0 and hence condition (i)
holds. Furthermore we have ap 41 = ant1, = 0, hence also condition (ii) is
fulfilled. Finally the (n 4 1) x 2(n — 1)-matrix of condition (iii) is of the form

[z1,2n]  [z2,2n] o0 [Ta—1,2a] @1, oa41] [w2,znga] oo [En—1,®aga]
o1 1 0 A 0 0 0 - 0
2 0 1 .. 0 0 1 e 0
e 00 . anaa. 0O o ... 1
w11 npo1 O 0 ... 0

Pr+1 O O e O 1 an+1,2 e an+17n_]_
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and clearly has rank n + 1. Thus we obtain (i).
For the proof of (ii) let n > 2 and S = {qo,q1,.-.,¢n} a finite set of odd prime
numbers where we may assume ¢y = g1 = 3 mod 4. Then we can find a prime

ny1 =1

mod 4 such that ¢,11 is a square mod gg but is not a square mod ¢;

and g2. Now the claim follows by applying (i) to the set S U {q,+1}. O
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