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ABSTRACT. Answering a question by Stark, we show that for an infinite
unramified pro-p-extension of a number field k, the p-class numbers of
its finite subextensions tend to infinity. This is proven by means of a
group-theoretical result on compact p-adic analytic groups. Furthermore
we provide an equivalent formulation of the Fontaine-Mazur conjecture for
p-extensions unramified outside a finite set of primes not containing any
prime above p.

1. INTRODUCTION

The study of p-class numbers in extensions of number fields has a long and
interesting history. Being closely related to deep questions in the realm of
p-adic Galois representations, it is still among the central topics in algebraic
number theory. In the classical case of Z,-extensions, the fundamental results of
Iwasawa reveal a precise description of the growth behavior of p-class numbers.
In particular, whether the size of the p-class groups stays bounded along a
given Z,-extension depends on its A- and p-invariants. While there do exist Z,-
extensions with unbounded p-class numbers, Greenberg’s conjecture predicts
that they should always stay bounded for the cyclotomic Z,-extensions of totally
real number fields.

Contrary to Iwasawa theory, which in general involves p-adic Lie extensions,
i.e. extensions with p-adic analytic Galois groups, coming from algebraic geom-
etry and being ramified above p, analogous questions are also of great interest
in the situation of unramified or more generally tamely ramified (i.e. unram-
ified outside a finite set of primes not containing any primes above p) pro-p-
extensions. As shown by Golod and Safarevi¢, there exist infinite unramified
pro-p-extensions. However, the structure of their Galois groups is still very
mysterious. One of the most important open questions in this context is the
famous conjecture due to Fontaine and Mazur, stating that there exist no infi-
nite tamely ramified pro-p-extensions with p-adic analytic Galois group (cf. [5],
Conj.5a).

For unramified extensions, the Fontaine-Mazur conjecture is closely related to
the following question asked by Stark (cf. [7]): Let k'|k be an infinite unramified
pro-p-extension of the number field k. Are the p-class numbers unbounded along
the finite subextensions of k'|k?
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Applying results of Lubotzky and Mann characterizing p-adic analytic pro-p-
groups by the finiteness of their Priifer rank, Hajir explains that the Fontaine-
Mazur conjecture would imply the following even stronger statement: The ranks
of the p-class groups of the finite subextensions of &’|k tend to infinity (cf. [7]).

In this paper we give an affirmative answer to Stark’s question (cf. Theorem
7). The proof is of group-theoretical nature. We show that a compact p-adic
analytic group G either contains an open subgroup Hy such that the abelian-
ization of any open subgroup of Hj is torsion free or the torsion parts of the
abelianizations of open subgroups of G' have unbounded ezponents (cf. Theorem
1). Together with the results of Lubotzky and Mann, this shows the following
interesting dichotomy for an arbitrary infinite FAb pro-p-group: Either it is
non-analytic and hence the ranks of (the abelianizations) of its open subgroups
are unbounded, or it is analytic and therefore by Theorem 1 the corresponding
exponents necessarily grow to infinity.

In the second part of the paper, we consider the more general situation of
tamely ramified extensions. It is shown how Theorem 1 yields an equivalent
formulation of the aforementioned Fontaine-Mazur conjecture (cf. Conjecture
12 and Theorem 13). In fact, using results from class field theory, the conjecture
can be equivalently stated in terms of boundedness of p-class numbers and local
unramified extensions realized by a given tamely ramified p-adic Lie extension.

2. GROUP-THEORETICAL RESULTS

Let p be a prime number. For a profinite group G, by (G;);>1 we denote its
lower p-central series, i.e.

G1 =G, Gip1 = GY[Gy, G

By G% = G/[G, G] we denote the abelianization of G. Finally, if G is abelian,
let Tor(G) be the torsion subgroup and exp(Tor(G)) its exponent.

Theorem 1. Let G be a compact p-adic analytic group. Then exactly one of
the following holds:

(i) There exists an open subgroup Hy C G such that H is torsion free for
all open subgroups H C Hy, or
(ii) For every open powerful pro-p-subgroup U C G,

klgglo exp(Tor((Uy)?)) = oc.

Remark 2.

(i) Theorem 1 is trivial in the case of a finite p-group G, which obviously
satisfies the first condition.

(ii) The above result seems to be known to the experts, however we could
not find it in the literature. It has kindly been pointed out to the
author by Klopsch that the first condition is equivalent to the follow-
ing: G is virtually abelian, i.e. there exists an open abelian subgroup
of U C G. In fact, assume Hy C G is given as in condition (i) of The-
orem 1. By passing to an open subgroup, we may assume that Hy is
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a uniform pro-p-group (cf. [2], Cor.8.34). However, since Hy has tor-
sion free abelianization, it follows that Hy is itself abelian (e.g. see [2],
Prop.4.32). Conversely, it is clear that any virtually abelian compact
p-adic analytic group satisfies (i).

We need the following Lemma which follows as a special case from [3], Cor.3.5:
Lemma 3. Let G be a powerful pro-p group. Then for all k,k' > 1,i,5 >0
i+ % j
(G, Gl = [(G)”, (G )] = [Grpis G-

Proof of Th.1. First assume that (i) holds. By [2], Cor.8.34, there exists an
open uniform pro-p subgroup U C Hy. By assumption Tor((U;)) is trivial for
all [ > 1, hence (ii) does not hold.

Conversely assume that we are not in case (i). Let U C G be an open
powerful pro-p subgroup. By [2], Th.4.2 we may assume that U is uniform.
Suppose that

exp(Tor((U)™)) | p"

for all £ > 1 and some n > 0. By assumption, there exists an open subgroup
H C Up41 of Upqq such that Tor(H “b) is non-trivial. Let g € H such that
g[H, H] € Tor(H) is not the identity. Furthermore, let r > n 4 1 be maximal
such that g € Uy, i.e. g € U, \ Uy41. Since

9" €UV,
for t =r — (n+1) it follows by Lemma 3 that

n+2t 2t t t

g € [H, H]pm C [Un+1,Un1]” = [(Un+1)" , (Un1)" | = Uy, Ur],
i.e. g[U,,U,] € Tor((U,)?). However, this implies that
gp” € [U’/‘7 Ur] C U2r-

p

On the other hand, since U is uniform, the map x — zP induces an isomorphism
Ui/Uit1 —— Uip1/Uit2

for all i > 1 and therefore g*" € U, \Ur4n+1. It follows that r+n > 2r which

yields a contradiction.’ O

We now want to apply this result to the study of the subgroup growth in
FAb pro-p groups.

Definition 4. A finitely generated pro-p group G is called FAb if for every
open subgroup H C G the abelianization H® = H/[H, H] is finite.?

As an immediate consequence of Theorem 1 we obtain the following

IThis conclusion is inspired by an argument given by Labute in the proof of [11], Lemma
3.2.
2In the literature, the FAb property is sometimes also denoted FIFA.
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Corollary 5. Let G be an infinite FAb p-adic analytic pro-p group. Then
exp(Tor(H®)) — oo
if H runs through the open normal subgroups of G.

For arbitrary (i.e. not necessarily p-adic analytic) FAb pro-p groups we will
prove the following

Theorem 6. Let G be an infinite FAb pro-p group. Then
HH® — 00

if H runs through the open normal subgroups of G.

Recall that for a pro-p group G the (Priifer) rank rk(G) is defined as

rk(G) = limsup {dimg, H'(H,F,) | H < G closed subgroup}.
By results of Lubotzky and Mann (cf. [12]),
tk(G) = limsup {dimp, H'(H,F,) | H < G open subgroup}
= limsup {dimp, HI(H, F,) | H QG open normal subgroup}.

We have the following characterization of p-adic analytic pro-p groups, cf.
[12], Th.A:
Lubotzky-Mann: A pro-p group G is p-adic analytic if and only if tk(G) < oo.

We can now prove Theorem 6.

Proof of Th.6. If exp(H) is unbounded for H running over the open normal
subgroups of G, we are done. Hence assume exp(H?) | p" for some n € N and
all open normal subgroups H. By Corollary 5 we deduce that G is not p-adic
analytic. Now the above result due to Lubotzky and Mann yields rk(G) = oo
which in particular implies #H% — oo and concludes the proof. ]

3. NUMBER THEORETICAL RESULTS

Let k£ be a number field. We denote by h(p) the p-class number, i.e.
hi(p) = #CL(k)(p).

From Theorem 6, we deduce the following result giving an affirmative answer
to Stark’s question (cf. [7]):

Theorem 7. Let k be a number field and K'|k be an infinite unramified p-
extension. Then hi(p) — oo if K runs through the finite normal subextensions

of K'|k.

Proof. Since the Galois group Gal(k'|k) is FAD, this follows immediately by
Theorem 6 and class field theory. ([l
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Remark 8.

(i) An analogous result holds under the weaker assumption that the exten-
sion k'|k is ramified at a finite set of primes S of k not containing any
prime above p. As in the unramified case, the Galois group Gal(k'|k) is
FAb and hence the statement carries over if for a finite subextension K
of k'|k the ideal class group CI(K)(p) is replaced by the p-part of the
ray class group

lim Ix/IRK*.
mesupp(S(K))
Here S(K) denotes the set of primes of K lying above S (see below for a
review of the notation from global class field theory which is used here).

(ii) Asmentioned in the introduction, the above statement would also follow
as a consequence of the Fontaine-Mazur conjecture. In fact, even more is
true: If £’|k is an infinite unramified p-extension, the conjecture predicts
that Gal(k'|k) is not p-adic analytic and hence the p-class ranks of the
finite normal subextensions K|k are unbounded, i.e.

dimg, CI(K)/p — oo.

Conversely, this growth behavior implies the Fontaine-Mazur conjec-
ture in the case where £’|k is the p-class field tower of k (cf. [7]). The
only explicit examples of infinite unramified pro-p-extensions we have
at hand use (variations) of the Golod-Safarevic inequality. In partic-
ular, their Galois groups are not p-adic analytic. However, e.g. it is
not known whether for a given number field with infinite p-class field
tower k'|k, there exists a finite subextension K|k such that Gal(k'|K)
satisfies the Golod-Safarevic inequality (cf. [7], [8]). Against this back-
ground, it seems useful to have the unconditional statement in Theorem
7. Moreover, Corollary 5 gives rise to an equivalent formulation of the
Fontaine-Mazur conjecture (cf. Conjecture 12 and Theorem 13 below).

(iii) It is interesting to compare Theorem 7 to the behavior of p-class num-
bers in wildly ramified p-adic Lie extensions that naturally arise in
Iwasawa theory, such as Zp-extensions. If ky|k is the cyclotomic Z,-
extension of a totally real number field k, Greenberg’s conjecture [6]
predicts that for the Iwasawa pu- and A-invariants we have

fi(koolk) = Alkoo|k) = 0,

i.e. the size of the p-ideal class groups stays bounded along ko|k. On
the other hand, it has been shown by Iwasawa that the u-invariant can
also become arbitrarily large for non-cyclotomic Z,-extensions.

In order to study the relation between our group-theoretical statements and
the Fontaine-Mazur Conjecture, we need some results from class field theory.

Let S be a set of primes of the number field k. We denote by kg (resp. ks(p))
the maximal extension (resp. maximal pro-p-extension) of k& unramified outside
S and set

G,s = Gal(kglk), Gk s(p) := Gal(ks(p)|k).
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In this section we recall some facts from class field theory to estimate the expo-
nent exp(Gy, s(p)®®) where S is a finite set of finite primes of k not containing
any primes above p.

Let I; denote the idele class group of k. Recall that a modulus m of k is a

formal product
m= H p™
p

where p runs through all primes of £ and n, > 0 is an integer for all p such that

(i) np = 0 for all but finitely many p,
(ii) ny € {0,1} if p is an infinite prime.

By I}' C I, we denote the subgroup of all ideles v = (ay), such that

(i) ap € U;l P for all finite primes p where U;L " denotes the ny-th higher unit
group and we set U;l P =Uyifn, =0.
(ii) ap € RY if p is a real prime such that n, = 1.

By global class field theory, the quotient I, /I;'k* is canonically isomorphic
to the Galois group of the ray class field of k modulo m. We denote by supp(.S)
the set of all moduli m = Hp p"™ of k such that n, = 0 for all p ¢ S. By the
Existence Theorem of global class field theory, we have an isomorphism

Gty —=— lm  I/Ipk"
mesupp(S)

Definition 9. Let S be a finite set of finite primes of k£ not containing any
prime above p. We set

e(S) = max {vp(N(p) = 1)}-

Proposition 10. Let S be a finite set of primes of k not containing any prime
above p. Then

exp(Grs(p)™) < p™) - exp(Cli(p))
Proof. Let m € supp(S) and consider the exact sequence of abelian groups
[lesUp —— Lo/ IPk* —— I/ ik —— 1
Here I} = [Lpes.. 5 x [pgs.. Ups where S denotes the set of infinite primes
of k, and we have a canonical isomorphism
I /1M k™ =2 Cly.
Furthermore,
Up = pinpy-1 ¥ Uy

and Up1 is a Zy,-module where I, # p is the residue characteristic of the prime p.
Hence the claim follows by taking pro-p quotients and passing to the projective
limit over all m € supp(S). O
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4. ON THE FONTAINE-MAZUR CONJECTURE

Let k be a number field, k its algebraic closure. A continuous irreducible

p-adic representation
p: Gal(k|k) — GL,(Qp)

is called geometric, if it is unramified outside a finite set of primes of k and its
restriction pjg, to the decomposition group Gy of p is potentially semi-stable
for all primes p of k dividing p.* In [5], Fontaine and Mazur make the following
fundamental conjecture: p is geometric if and only if it comes from algebraic
geometry, i.e. it arises from the Galois action on an étale cohomology group
H!,(V&,Qp(j)) of a smooth projective variety V over k. It has been proven in
the GLy-case (under some further assumptions) by Kisin (cf. [9]). Under the
assumption of further conjectures by Tate and Grothendieck-Serre, it implies
the following prediction about tamely ramified representations (cf. [10] for the
details):

Conjecture 11 (Fontaine-Mazur [5], Conj.5a). Let k be a number field and
p: Gal(k|k) — GL,(Qp)

a continuous irreducible presentation which is unramified outside a finite set S
of primes of k not containing any prime above p. Then p factors through a
finite quotient of Gal(k|k).

Equivalently, the conjecture states that there exist no infinite tamely ramified
p-adic Lie extensions. It has been proven in special situations, cf. [1], [7], [14]
(for the case S = @) and [13]. In this section, using Corollary 5, we give the
following equivalent formulation:

Conjecture 12. Let k be a number field and k'|k a p-adic Lie extension un-
ramified outside a finite set of primes S of k not containing any prime above p.
Then the following holds:

(i) There exists a number n € N such that exp(Cl(K)(p)) | p™ for any finite
normal subextension K|k inside k'

(ii) Forp € S and a prime P of k' lying above p, the local extension k‘lﬁ‘kp
does not contain the mazximal unramified pro-p-extension of ky.

Theorem 13. Conjectures 11 and 12 are equivalent.

Proof. For a number field k, we set Sy, j, := {p prime of k such that p[p}. Assume
that Conjecture 11 holds. Then any p-adic Lie extension k’|k unramified outside
a finite set of primes S with SN S, = & is finite, hence Conjecture 12 holds.

Now let £'|k be a p-adic Lie extension unramified outside S with S NS, =
@ and satisfying the conditions (i) and (ii) of Conjecture 12. It remains to
show that k'|k is finite. Set G = Gal(k’|k). By passing to a finite normal
subextension, we may assume that G is a p-adic analytic pro-p group. Since
no prime above p is ramified in k'|k, it follows that G is FAb. For a prime
p € S, choose a prime P | p of k" and let (ky)"" |k, be the maximal unramified

1The notion of potentially semi-stable p-adic representations is due to Fontaine, cf. [4].
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extension inside kg |k,. By condition (i), the extension (ky)""|ky is finite and
we define f, by
P = (ki)™ : k.
Set
S) = .
f(S) max {/p}

Let K|k be a finite normal subextension of k’|k and px a prime of K lying
above p. Then

up(N(px — 1) S vp(N(p) = 1) + fp < e(S) + f(S5)
where as in section 3 we have set e(S) = maxycg {v,(N(p) —1)}. If Sk denotes
the set of all primes of K lying above .S, the maximal abelian subextension of

K'|K is contained in Kg, (p)® and hence by Proposition 10 and condition (i)
we have

exp(Gal(K'|K)®) < exp(Gx.sy (p)?) < pH ) pn,
By Corollary 5 we conclude that G is finite. O
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