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AUTOMORPHY FACTORS OF HILBERT’S
MODULAR GROUP

By EBERHARD FREITAG

INTRODUCTION. Let I' be a group of analytic ﬁutomorphiama of &
domain DcC* By an automorphy factor of I' we understand a
family of functions I(z, ), z€ D, y eI’ holomorphic on D and without
zeros, which mfisf:v_the condition

I(Z, ?ry) == I(Z, 7") I(?z‘ }"r)
.The most-occurring factors are the ;fnllowilig ones

1) The trivial factors

Iz, y) = ",fz’)’ .

\

Here A is a holomorphic function on 1) without zeros.
2) The powers of the complex functional delerminant (Jacobian).
3) The abelian characters v of T

I(z, y) = oty).

Thé determination of all automorphy factors belonging to a
disconlinuous group is a difficult problem in general. It is roughly
equivalent to the calculation of

Pic D' = | group of analytic line bundles on D/T'.
. More precisely, if I' operates without fixed points, we have

Pic D D= group of automorphy factors
2 subgroup of trivial factors

There is a well-known isomorphism _
| Pic D|T = HY(D[T, 0%)
(@ == sheaf of automorphic functions,
= gheaf of ;nvertihle automorphic functions).
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By means of the exact sequence

ﬂ'—rz-)-d’-ﬂ@f"-anﬂ,l

we reduce the original problem to the calenlation of
a) the singular cohomology of D/T '
b) the analytical cohomology H*(DIT, 0).
This program oould be carried out almost complétely for the domain
D=H"=H x., xHchauaua.lupperha.hpm.ne

Mutauahlma. and Shimura succeeded in caleulating those groups in
case of a compact quotient by means of the Hodge theory [3].
As for the non-compact quotiénts D/I (Hilbert's modular groups)
similar complete results have been found.

a) The singular cohomology was investigated by G. Harder [2].

Let us give a very brief indication of the specific problems arising
in the non-compact case.

By “cutting off cusps’ of D/T" one geta & manifold with boundary.

There is a natural mapping from the ouhomology of the whole
space D/T' to the (well-known) cohomology of the boundary. In
the mentioned paper, Harder debarmimdtheimagemd the
' kai'nelofthumap Hladet-a.ﬂedsmdyofthmproblemleadsmto
the theory of non-analytic modular forms, elpomn.lly into the
theoryofEmmntainm |

b) The mu.lytloal ocohomology was determined in [1].

To overcome the discrepancy between the standard uompmtaﬁua—
tion of D/T" and & non-singular model, we had to carry out a thorough
mvestagaﬁmofthedgebmomtmofthemBntltmnot

x "'nemtogetamm“aomhonoftheoulps.

1. The main result, Inthefollomnglotrbengroupof
simultaneously fractional linear substitutions

_ b a,2,+b
_H(z ’ ...,Z-) e (E_Ié_zl_.-':_!'.ih., —...‘.__..._.!)
: 12,+d, e 2, +d,




e | 2, H(Mz)
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] :
—J.'l..i-"" ||l -| .

e := 3 5‘

@ = Sl%s, a£0
l branch of the logarithm.

R f A In case of n >>3' the only auomorphy factors of T are:

Iz, m odt) T | e+ d) N
il | .

r = (ry, ..., 7,) i a vector of rational numbers;
0 ) Tﬁﬂ]}i.r 18 a system of complex numbers of absolute value one;

)

Momorphw snverlible fumtm on H*.

of I is wunique.

of multipliers of weight r = (r,, ..., r,]) we understand
rer: Of complex numbers of absolute value one, such

- ,) 18 the muglu of a muhlplm' system, the
o ihMMManerdenommtorambomoM

mydmndwtkem)
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We now discuss an application of the main theorem.

A meromorphic modular form with respect to I is & meromorphic
function on H" satisfying the functional equations:

f(M2) = o(M) | | (e, + d)™ f(z) for MeT. ‘

We call r=(r,, ..., r,) the weight and v( M) the multil;liﬁr system of f.

We are interested in the zeros and poles of f which we describe
by a divisor (f) as usual. |

By a divisor we understand a formal and locally finite sum

D= .ﬂrr,n Ez
b v

the summation being taken over irreducible closed analytic sub-
varieties of codimension one. u

'THEOB.EM 2. Let 9 be ;::. [-invariant divisor on H*, n > 3.
T'here exists a meromorphic modular form f with the property

P = (f).

Proor. The space H" is a topologically trivial Stein-space. There-
fore we can find a mammorphic function g on H® with

| D = (g).
The function
_ g(Mz)
1z, M) e Mel

is without poles and zeros because 2 is I'-invariant. We therefore
can apply Theorem 1. Put

=¥

h

2. Sketch of proof. The group I" operates in a natural way on the
multiplicative group H%D, @*) of hulomo::phic invertible functions
on D=H". | :
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J'

1y factors are nothing else but the 1-cocycles with
ard complex a.nd the trivial factors hi(yz)/h(z) are

st |
".L- ......

S i subgroup of trlvml factors
| bk . : ' ..-r 14“' ! |

" Theorem imy thua be formulated as follows
! _":-53:-.* The group H\T', H D, 0%)) is finilely generated and

mnthpmonaaubgmupl‘.cl‘ofﬂmtemdexmolﬂar
ﬁaalementﬂ of ﬁmta order. Let[‘.cI‘be & normal

L A = HYD, 0*)

| in hy mm of the Hochsehlld-ﬂerm sequence

4 II‘., C"‘) - H\T, A) il KTy, 4)7"%e - HYIT,, C"')
holomarphlc modular function is constant, we have
ATe — C*))

H'(I‘/P., C*) are finite. This is proved by means 0f

A, 1
IIII
R £

ﬁ—rZ—rC—rC"'-—:-O.

oohnmology groups of a finite group which acts
m ﬁmte

ore 5 Can assume mthout lom of memhty
;fb |
o ‘48 mmgrumc-aubgroup of Hilbert’s modular group

! ‘f* -
'-I--.

rew
.
¥

. ‘U
-' L };'L!—J .r"J"' ¥

© 8 mtl' itmetay to be seen
& Hl(_[" HYD, d?*)) =H 1(.D[P o*), :
’_'_,__'_.hlc a.na.'lytlml line bundles on X, D[I‘

.'.:. ‘__p_F:E,Jﬂ 1% fﬂ-’i.'fr? i

,}%%Jf-rn =

:r
F
L i
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We now treat the group |
: Pio X, = H'(X,, 6*), X DI -
by munaoftho sequenoce

exp o

0->2Z +0—+0'+0 : !

kaby@istheaheafofhobmplm fnnohnnlmx.. From the
long cohomology sequence results ~
HYX, ®0) - Pic X, +H’(I Z). 1
We thus have to calculate the groaps H{(X,, @) and HYX,, Z). |
TeEoREM 4. The groups H'(Xo, O) vanish for 1< v<n — 2.
Proor. Let § be the finite set of cusp classes of ' and
X=X,ul |
the standard compactification of Xo= D/I. There is a long exact
sequence, which combines the cohomology with supports in 8 mt.h
HYX, 0) > H'(X, 0) > H'(X,, 0) > H;*(X, 0) -~ H (X, 0).
From my paper [1] the result (Theorem 7.1)
H{X,O)=H(X,0) forl<v<m
is taken. '
Anmﬂymofthapmdm:thntﬁmmorphmmmdumd |
by the natural mapping |
Hy(X, 0) > H'(X, 0)..
InmnfnbawmwobhmﬂmeMnequmm
0 » Pic X, » H{X,, Z).
Obmndythefmerankof]?ml’ mmtmdhfhlnubomu!etho
sutomorphy factors 4
Le, M)= @ 5+d) (A <v<w)
are independent of each other. S
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em 3 has been proved if one knows that H’(X Y A
That means

dlmc H¥X, C) =n, X,= D|T.

denve the caloulation of the 2nd Betti number of
wder’s investigations on the singular cohomology of

0&' cusps we obtain a bounded manifold X* which is
eqmva.lant to X, (The boundary component at

ﬁlmz.=0.'; C3 0)

%

C) HY(X*, C)

{ = H (X%, 0)® Hpy(X*,C) © Homy(X*, C).

: B s
s

e e, C) - H'(3X*, C)

morphism of H,,(X,, C) onto the image of {*.

_____ C) i_él a subring, gemerated by the ocohomology-

 _ the universal harmonic forms

4L & | PIC vn,
'E;:i".f_ a v |

pmology olasses in Hi,,(X, C) can be represented
f-- ms (which are rapidly decreasing st infinity).

be ropmtql by means of the theory of
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H, (X, C)=0 forl<v<n—1.
For the subspace of cusp forms H 5o ( X, C) ome has a Hodge
decomposition |
H., = & HL,

CREp
Ptg=r

This part of the theory ooincides with the mvashgatlons of
Matsushima and Shimura [3] who treated the case of a mmpaot
quotient D/T". .One has

HG (X, C) =0 for v £ n and therefore
HYDJT, C) = Hy(X,, C) (n > 3)
A basis of this vector space is represented by the harmonic forms
dz, Ady, |
— S VSN
Y
Remarx. The dimension of H%4, can be oa.lcu]atod explicitly |

using the methods of [1]. Oneobtunsmaxpmonmtarmsof
Shimizu’s rank polynomials. |

3. Ijnebundlﬁonthemndardcompacuﬁcmon D[I'. Every I'-
invariant divisor & on H*(n > 3) can be represented by a modular b 5
formofaaertmnwmghtr—(rl,.,,)aooordmgtoThaﬂmm2 '

~ Finally we investigate the problem in'which case the weight s ';
satisfies the condition :

rl = . r‘l

Fimtly,@ﬂéﬁnaaadiﬁmml.-ﬂ‘/[‘ which can be continued §
to a divisor on the standard compactification X — DT’ due to a
well-known theorem of Remmert.

: Then,wamﬂ@acarher&mr,lfthemuiateddiviwﬁalahmf

on X is a line bundle, i.e. for each point z € X (even if it is a cusp)
exists an open neighbourhood U and a mmmorphm function |
J: U - C which represents 9: -

| (f) =92|U.
At the regu]a.r points, this is a.utomatmally the case.




= o) [ @r+ar| fo) forMer
_‘,.1' _- y=1

| j'-‘ai"' g (1o(M)]| =1;reQ).

: =ta YA ; '-.
':u'.‘t i

,nudhple kD, k € Z, of D is a Cartier dwwisor

4 ’L wndltmn ii) is only relevant in the case of cusps.
-'ﬁi_' __ b :,_: sTVe thn.t in H"/I" only a finite number of quotient

i)=-ii)

e that r is integer because we can replace f by a
.ﬁ*:-sﬁ. that case v has to be an abelian character.

2 "'""..
.—.'l '

.\.I
BNE]
= Thod S ELAEEE

e ¥

) ir riant by the affine substitutions of I
_ zZ>ez+a
a meromorphic function in a neighbourhood
) obviously represents the divisor 9.

.....

“MQEECWBrdlmr.Thmmeamforthe
mgmmorphm function

C Ug— {z€ H"; N(Im z) > C}
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The function A = S is holomorphic and without zeros. The trans- |

g
formation law -
el

hez+ a) =19

]—[ c"h(Z)

vym]

0

is valid. By means of a variant ofKoeaher 8 principle one sees, tha.t
the limit value

lim A(z) =C
-H{IIIIFI) -» 0O

exists and is finite. 3

The same argument also holds for the fantion % instead of A.

Therefore C has to be different from zero. It follows that

el U2

| - ]._.[ e =1

0 ] vm=l

and therefore o | -

v

Finally we mention an mbermtcing application without supplying |
the proof.

COHGLUEIOH TO THEOREM 4. In case of n > 3 we have

Pic X = Z, X = AT (standard-compactification).

We also have got some mfnrma.tlon about a genemtar of Pic X
Choose a natural number ¢, such that

=4 . foryel.
Then X*(X = canonical divigor) defines & line-bundle on X.
This bundle generam a subgroup of finite index i in Pic X
= [Pic X : {.f'v_-.(lmode}] |
It is possible to caloulate the Chern-class of a generator of Pio X |
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= dz, \ dz,

1 e
/8 e .
g T = 2me N T
ines 8 in fact a cohomology cla.aa on X.
\ v “!makﬂ' use of the fact that Chern-classes are always

j (NN eZ,

o INER

.' '3 o Y
her D fﬁiu & two-dimensional oycle on X. Such cycles can be con-
" . by means of certain specializations. The simplest case is
=2
s u._:_: out the integration, one obtains conditions for N.
| If T is the full Hilbert-modular group, then
N
j e(H0N) = 5 N e Z.
™

21 —_ LN

St

REFERENCES

MTAG: Lokale und globale Invarianten der Hilbertschen

bdulgruppe, Invent. math. 17, (1972) 106-134.

On the cohomology of SI (2, D) (preprint).
SHIMA and G. SEiMURA: On the cohomology groups

_ We %b mrtam vector-valued differential forms on the product
£ the hn.lfplanaa Ann. of Math. 78, (1963), 417-449.

I-é problima des groupes de congruence pour Sl,.
.» 92 (1970), 489-527.

..-..
'-.1“



