
ON THE NORMALITY OF HILBERT CLASS FIELDS

FRANZ LEMMERMEYER

Abstract. We will provide an example of a non-normal extension of the ra-

tionals whose Hilbert class field is normal.

It is known that ifK/Q is a normal extension, then the Hilbert class fieldH = K1

of K is als normal over the rationals. In a question (163131) on math overflow, an
anonymous user asked whether the following converse is true: if H/Q is normal,
must K/Q also be normal? The answer is negative: in this note we will show that
the Hilbert class field H of K = Q( 4

√
−5 ) is a Galois extension of the rationals.

Before we give our example we will show that it is, in a certain sense, the simplest
possible example. More exactly we will show

Proposition 1. The Hilbert class field of a cubic non-normal extension K/Q is
not normal.

Proof. Assume that the Hilbert class field H of K is normal over the rationals. Let
d denote the discriminant of K; then it is well known that the normal closure of
K is given by K(

√
d ). Thus if H/Q is normal, then H must contain

√
d, which

implies that K(
√
d )/K is unramified.

The primes dividing d all must have even ramification index in K(
√
d )/Q; since

K(
√
d )/K is unramified, the ramification index is at most 3. Thus all primes

dividing d have ramification index 2 in K(
√
d )/Q. Since K(

√
d )/K is unramified,

all ramified primes must have ramification index 2 already in K. This contradicts
the decomposition law: ramified primes split as pOK = p3 or pOK = pq2, and in
the first case the ramification index of p is divisible by 3, in the second case p must
ramifiy in the normal closure of K. �

For non-normal quartic field, the situation is different:

Proposition 2. The Hilbert class field H of K = Q( 4
√
−5 ) is normal over Q.

Proof. Let F = Q(ζ5) denote the field of 5th roots of unity. We claim that KF/K
is a cyclic quartic unramified extension. Since only the infinite prime and 5 ramify
in F/Q, it is sufficient to show that the infinitey primes and the primes above 5 are
unramified in KF/K. Since K is totally complex, no infinite prime can ramify in
any extension of K. The fact that the primes above 5 are unramified in KF/K is
a simple consquence of Abhyankar’s Lemma, and may also be proved directly.

Since the quadratic subextension of F is Q(
√

5 ), the field KF contains
√

5 as
well as

√
−5, hence it contains i =

√
−1. Thus KF is the compositum of the normal

closure K(i) of K and of F , hence is normal over Q. �
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