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Abstract

This report is structured in two main parts: the first part is devoted to the study
of the geometric effects of cutting and pasting of manifolds, while the second
gives an algebraic approach to this relation. In Chapter 1, I present a survey of
the main ideas in [Kre73] and [Neu75]. In this chapter, I include examples and
state some conclusions which are derived from [Kre73], but not explicitly stated
in this reference. In chapter 2, I present my current work on an L-theoretic
interpretation of algebraic cutting and pasting.
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Introduction

The signature of a closed oriented n-dimensional manifold Mn is denoted by
σ(M) ∈ Z, and is defined to be zero if the dimension of M is not divisible by 4. If
n = 4k then σ(M) is defined to be the number of positive eigenvalues minus the
number of negative eigenvalues of the intersection form (H2k(M,R), λ), where

λ : (H2k(M,R)× (H2k(M,R) −→ R; (u, v) 7→ 〈u ∪ v, [M ]〉 .

The additivity of the signature was proved by Novikov:

σ(M1 ∪hM2) = σ(M1) + σ(M2)

for any diffeomorphism h : ∂M1 → ∂M2.
Furthermore Jänich proved in [Jae68] that the signature is the only invariant

with this additive property.
The idea of cutting and pasting grew out of a series of papers by Jänich

( [Jae66], [Jae68], [Jae69]) which studied the Novikov additivity of the signature
and the additivity properties of the Euler characteristic. The results by Jänich
where reviewed and extended in [Kre73] by Kreck, Karras, Neumann and Ossa.

In [Kre73] the theory of cut and paste invariants or briefly SK (Schneiden
und Kleben) invariants is discussed, and the SK groups are defined. The reading
of this book was my starting point this year, and at the end of the first term I
wrote an account on ”SK and SKK groups”1, and gave a survey talk about this
for the ”Young Women in Topology” conference taking place in the Hausdorff
Institute in Bonn in December 2011. Precise statements related to the definition
of the cut and paste invariants and the SK groups illustrated with examples
can be found in the first chapter of this report. A cut and paste invariant is a
function on closed smooth manifolds M which is unchanged if one cuts M along a
codimension 1 submanifold into two pieces and glues them back using a different
diffeomorphism. The SK groups are then the Grothendieck-type groups of all
closed manifolds of a fixed dimension modulo the cut and paste relation.

In the first chapter, I explain the relation between the cut and paste groups
and surgery theory.

The process of a k-surgery on an n-dimensional manifold M consists of remov-
ing a framed k-embedding f : Sk×Dn−k ↪→Mn and replacing it byDk+1×Sn−k−1,

1The SKK-groups are a weaker version of the SK groups. The main idea here is that
difference of the invariants only depends on the gluing diffeomorphism. The SKK groups are
defined in [Kre73] and can be identified with Reinhart’s vector field bordism groups ( [Rei63]).
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with effect the n-dimensional manifold

M ′ = Mn − f(Sk ×Dn−k) ∪Sk×Sn−k−1 Dk+1 × Sn−k−1.

In general, the choice of different embeddings affects the result of surgery. In this
report we derive from statements in [Kre73] that in SK, the result of surgery
does not depend on the embedding.

Two different cut and paste groups are defined in [Kre73], the SK groups
and the bordism SK groups. The relations between these two groups and the
cobordism groups Ωn(X) is reviewed in this report.

In [Neu75] Neumann gives the computation of the SK2(X) group, and in this
same paper he relates the SK-groups to the non-multiplicativity of the signature.
If Fm −→ E4k −→ Mn is a fibration of closed oriented manifolds, it is known
that under certain conditions σ(E) = σ(F ) × σ(M). But this equality does not
always hold. The reduced SK-groups were shown by Neumann to be obstruction
groups for the multiplicativity of the signature.

In chapter 2 of this report I present my current work on providing an L-
theoretic interpretation of the work of Karras, Kreck, Neumann and Ossa on
the connection between the open book decompositions, the SK and SK groups
and the non-multiplicativity of the signature in fibre bundles. The L-theoretic
interpretation is given for the SK groups by Ranicki in Remark 30.30 of [Ran98].
In this report, I give the L-theoretic definition of SK groups, which I denote
as SKL groups. Even though this idea follows very closely to the geometric
formulation of the SK groups, to my knowledge, the SKL groups have not been
previously defined in the Literature.
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Chapter 1

Geometric Cutting and Pasting

1.1 SKn(X) and the cutting and pasting semi-

group

The set of equivalence classes of oriented manifolds in a space X modulo the
relation created by cutting and pasting gives rise to the definition of SK-groups.
This cut and paste relation can be described as follows:

Definition 1.1.1. Cut and paste operations on a manifold M are realized as
follows: Cut a closed n-dimensional smooth manifold M along a codimension 1
manifold F which has trivial normal bundle. After performing this cut we obtain
a manifold with two boundary components, each of them a copy of F . Pasting
back these boundary components by a diffeomorphism h : F → F , results in a
new manifold M(F, h).

Example 1.1.2. Start with M = S1 and cut along the codimension 1 manifold
F = S0. Paste the boundaries using a diffeomorphism h 6= Id as follows:

1. Start with S 2. Cut along the codimension 1 manifold F = S  +S 3. Paste back boundary components to obtain:1 00

F’0

F3

F0 F1

F2F3

F0
F1

F’1

F’2
F2F’3

Figure 1.1: [S1] = 2[S2] under cutting and pasting

In this case the map h : F −→ F ′ is given by mapping F0 7→ F ′3; F1 7→ F ′0;
F2 7→ F ′1; F3 7→ F ′2.

The manifold we obtain is M(S0tS0, h) = S1tS1. So S1tS1 can be obtained
from a single copy of S1 by a cutting and pasting operation.

Example 1.1.3. In this example we will see that orientation need not be preserved
in the process of cutting and pasting. Starting with a torus M = T 2, cut along
a codimension 1 manifold F = S1. Paste back the two copies of S1 which are
the boundaries of the cylinder using the orientation - reversing automorphism
h : S1 −→ S1; z 7→ z−1 to obtain M(S1, h) = Klein bottle:
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F

F

F

2.  Cut along codimension 1 manifold F:1. Start with M: 3. Paste back to obtain:

Figure 1.2: Torus = Klein bottle under cutting and pasting

Definition 1.1.4. (The cutting and pasting semigroup Mn(X)/ ∼SK )
For any connected space X, Mn(X)/ ∼SK is the semigroup of equivalence classes
of pairs (M, f), with M a closed n-dimensional manifold and f : M −→ X a
map, subject to the following equivalence relation:
(M, f) ∼SK (M ′, f ′) if one can be obtained from the other by a sequence of cutting
and pasting operations with a map to X.

Remark 1.1. We will later prove that the cut and paste semigroup Mn(X)/ ∼SK is
an abelian group (with operation induced by disjoint union), which we denote by
SKn(X). An inverse of an equivalence class of manifolds [Nn, ∗] is an equivalence
class −[Nn, ∗] such that

−[Nn, ∗] + [Nn, ∗] = 0 ∈Mn(X)/ ∼SK

We will later prove that the inverse of an element (N, f) ∈Mn(X)/ ∼SK , is given
by

−[N, f ] = [−N, f ]− χ(N)[Sn, ∗] ∈Mn(X)/ ∼SK
where −N is the manifold N with reversed orientation and χ(N) is the Euler
characteristic of N .

Remark 1.2. From now on we will denote the cut and paste semigroup
Mn(X)/ ∼SK as ”SKn(X)”, and we will drop the quotes when we prove that
SKn(X) is in fact a group.

In the first place, we will describe some manifolds which are 0 ∈ ”SKn(X)”.
In example 1.1.2 we have seen that 2[S1] can be obtained from a cut and paste
operation on [S1], so

[S1, ∗] = 2[S1, ∗] ∈ ”SK1(X)”

and hence, [S1, ∗] = 0 ∈ ”SK1(X)”

Remark 1.3. (From [Kre73]) The product of singular manifolds (M, f) induces
the bilinear map

SKn(X)⊕ SKm(Y ) −→ SKn+m(X × Y )

Example 1.1.5. Consider the n-dimensional manifold F n−1 × S1. Similarly to
what happens for S1, [F n−1 × S1] = 2[F n−1 × S1] ∈ ”SKn”, so consequently,
[F n−1 × S1] = 0 ∈ ”SKn”.
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Example 1.1.6. In this example we explain why mapping tori are zero in
”SKn(X)”.

The mapping torus is a twisted double:

T (h) = F × [0, 1/2] ∪h∪1 F × [1/2, 1]

F x [0, 1/2]

F F 
h 

F F 
1 

F x [1/2, 0]

Figure 1.3: A mapping torus is a twisted double

So in ”SKn(X)”, the mapping torus is always a boundary:

T (h : F → F ) = T (1 : F → F ) = F × S1 = 0 ∈ ”SKn(X)”,

which follows from the previous example.

Before we start on a more formal approach to the definition of the inverses,
we give the following example which shows how the inverse of S2 can be found.

Example 1.1.7. In this example, we will find a representative for the inverse of
[S2] ∈ ”SK2(X)”.

If we take F = S1 in example 1.1.5 we see that [S1 × S1] = 0 ∈ ”SK2(X)”.
So, in particular, 2[S1 × S1] = 0 ∈ ”SK2(X)”. We will now perform a sequence
of cut and paste operations on the zero class 0 = [S1×S1 +S1×S1] ∈ ”SK2(X)”
to obtain the inverse of [S2].

1. Start with
S1×S1tS1×S1: 2. Cut along S0×S1: 3. Paste back boundaries:

Figure 1.4: −[S2] = [Σ2] = [surface of genus 2] ∈ ”SK2(X)”

So we find that the inverse of [S2] ∈ ”SK2(X)” is,

−[S2] = [Σ2] = [surface of genus 2] ∈ ”SK2(X)”
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1.2 The behaviour of ”SKn(X)” under Surgery

In this section we will develop some machinery that will allow us to finally prove
that the semigroup ”SKn(X)” is actually an abelian group, and we will also be
able to proof that in ”SKn(X)” the result of surgery is independent of the chosen
embedding for that surgery.

Proposition 1.2.1. The following relation was proved in [Neu71]: let A, B and
C be n-dimensional manifolds with boundary such that ∂A = ∂B = ∂C, and con-
sider diffeomorphisms of the boundaries f : ∂A −→ ∂B, g : ∂B −→ ∂C and h :
∂A −→ ∂C, then

A ∪f B +B ∪g C = C ∪h A+B ∪B ∈ ”SKn(X)”

Proof.

(A ∪f B) + (B ∪g C) = (A+B) ∪f+g B + C

= (A+B) ∪h+1 (B + C)

= (A ∪h C) + (B ∪1 B) ∈ ”SKn(X)”

Proposition 1.2.2. (This is lemma 1.6 in [Kre73]) Let M be an n-dimensional
manifold and M ′ be the effect of surgery on Sk × Dn−k ⊂ M , M ′ =
(M\Sk ×Dn−k) ∪Dk+1 × Sn−k−1,

M + Sn = M ′ + Sk × Sn−k ∈ ”SKn(X)”

Proof. To prove that M + Sn = M ′ + Sk × Sn−k ∈ ”SKn(X)” we are going to
use the identity

A ∪B +B ∪ C = A ∪ C +B ∪B ∈ ”SKn(X)”

We now will rewrite this identity using the following inputs for A, B and C:

• A = M − (Sk ×Dn−k),

• B = Sk ×Dn−k,

• C = Dk+1 × Sn−k−1

M + Sn = [(M − (Sk ×Dn−k)) ∪ (Sk ×Dn−k)] + [(Sk ×Dn−k) ∪ (Dk+1 × Sn−k−1)]
= [(M − (Sk ×Dn−k)) ∪ (Dk+1 × Sn−k−1)] + [(Sk ×Dn−k) ∪ (Sk ×Dn−k)]

= M ′ + Sk × Sn−k

Since A ∪B = M , B ∪ C = Sn, A ∪ C = M ′ and B ∪B = Sk × Sn−k.
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The following Proposition (which appears as Corollary 1.7. in [Kre73]) shows
that some products of two spheres are 0 ∈ ”SKn(X)”.

Proposition 1.2.3. (This corresponds to Corollary 1.7 of [Kre73])
In ”SKn(X)”

[Sk × Sn−k, ∗] =

{
2[Sn, ∗], k even
0, k odd

Proof. This is a consequence of Proposition 1.2.2, because if we choose M = Sn

then the result of surgery on an embedding Sk × Dn−k is M ′ = Sk+1 × Sn−k−1
and then the equation of lemma 1.6 in [Kre73] becomes

[Sn, ∗] + [Sn, ∗] = [Sk+1 × Sn−k−1, ∗] + [Sk × Sn−k, ∗] ∈ ”SKn(X)”

and taking k = 0 here, we obtain,

[Sn, ∗] + [Sn, ∗] = [S1 × Sn−1, ∗] + [S0 × Sn, ∗]
= [S1 × Sn−1, ∗] + [Sn, ∗] + [Sn, ∗] ∈ ”SKn(X)”

so that [S1 × Sn−1, ∗] = 0 ∈ ”SKn(X)” and the Corollary follows by induction.

Proposition 1.2.4. (This corresponds to Corollary 1.8 of [Kre73]) Let M ′ be
the result of surgery on Sk ×Dn−k ⊂M and Y be the trace of the surgery, then

[M, f ] = [M ′, f ′]− (χ(Y )− χ(M))[Sn] ∈ ”SKn(X)”.

Proof. Here we use again the equation in Proposition (1.2.2),

M + Sn = M ′ + Sk × Sn−k ∈ ”SKn(X)”

and use the result of corollary 1.7 in [Kre73]. By this corollary, for k even, we
have M + Sn = M ′ + 2Sn i.e, M − Sn = M ′ And for k odd, M + Sn = M ′ So
that,

[M, f ] = [M ′, f ′]− (−1)k+1[Sn, ∗]

and

χ(Y ) = χ(M × I) + χ(Dk+1 ×Dn−k)− χ(Sk ×Dn−k)

= χ(M) + (−1)k+1

so Corollary 1.8 in [Kre73] follows.

As promised before, we will now show that the group given by the
Grothendieck construction of the cut and paste semigroup is actually equal to
the semigroup itself.

Proposition 1.2.5. The cut and paste semigroup ”SKn(X)” is an abelian group
(with operation induced by disjoint union), which we denote by SKn(X).
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The inverse of an element in [N, f ] ∈ ”SKn(X)”, is given by

−[N, f ] = [−N, f ]− χ(N)[Sn, ∗] ∈ ”SKn(X)”,

where −N is the manifold N with reversed orientation and χ(N) is the Euler
characteristic of N .

Proof. In the statement of Corollary (1.2.4) take (M, f) = (N t−N, f t−f) and
also M ′ = ∅ so that Y = N × I. Then,

[N t −N, f t f ] = −(χ(N × I)− χ(M))[Sn]

[N, f ] + [−N, f ] = χ(N)[Sn]

and hence,
[N, f ] + [−N, f ]− χ(N)[Sn] = 0 ∈ SKn(X)

Example 1.2.6. The formula for the inverses allows us to see why odd dimen-
sional spheres are 0 ∈ SK2k+1(X).

−[S2k+1, ∗] = [−S2k+1, ∗]− χ(S2k+1)[S2k+1, ∗]
= [−S2k+1, ∗]
= [S2k+1, ∗]

which implies that 2[S2k+1, ∗] = 0 ∈ SK2k+1(X) and consequently

[S2k+1, ∗] = 0 ∈ SK2k+1(X).

Example 1.2.7. Note that by the definition of the cut and paste relation it holds
that for n-dimensional closed manifolds M and N ,

M#N + Sn = M +N ∈ SKn(X).

In example 1.1.7 we saw that the surface of genus 2, denoted by Σ2 satisfies,

[Σ2] + [S2] = S1 × S1 = 0 ∈ SK2(X)

Now, a surface of genus 3 is

Σ3 = Σ2#S
1 × S1 ∈ SK2(X)

Using equation 1.2.7,

Σ3 + S2 = Σ2 + S1 × S1 = Σ2 ∈ SK2(X)

It follows by induction that

Σg+1 + S2 = Σg ∈ SK2(X)

9



and consequently,
Σg = −(g − 1)S2 ∈ SK2(X)

where Σg is a surface of genus g.

Remark 1.4. Note that the cut and paste semigroup actually equals the SK-
group, so all the results mentioned up to now hold not only for ”SKn(X)” but
also for SKn(X).

Proposition 1.2.8. In SKn(X) the result of surgery does not depend on the
embedding.

Proof. Note that by Proposition (1.2.2),

M ′ = M + Sn − Sk × Sn−k ∈ SKn(X)

The LHS of this equation is M ′, which is the result of surgery on M . The RHS
is M + Sn − Sk × Sn−k which does not depend on the embedding. Hence the
corollary follows.

1.3 Cutting and pasting invariants

Definition 1.3.1. A cut and paste invariant is a function λ which takes values
in an abelian group G and satisfies the following identity,

λ(M1 ∪f M2) = λ(M1 ∪g M2) ∈ G

where M1 and M2 are n-dimensional manifolds with boundary ∂M1 = ∂M2, and
f and g are diffeomorphisms f, g : ∂M1 → ∂M2.

A natural question to ask is: what are invariants under cut and paste relation?

Proposition 1.3.2. The Euler characteristic is an SK invariant.

Proof. This can be proved by considering the Poincaré formula

χ(M1 ∪M2) = χ(M1) + χ(M2)− χ(M1 ∩M2) ∈ Z,

since χ(M1 ∪M2) does not depend on the diffeomorphism used to glue M1 and
M2.

Proposition 1.3.3. The Signature is an SK invariant.

Proof. By the Novikov additivity formula σ(M1 ∪M2) = σ(M1) + σ(M2), we see
that it is independent of the diffeomorphism used to glue M1 and M2.

Proposition 1.3.4. A function λ sending manifolds to their bordism class,

λ : Mn −→ [M ] ∈ Ωn

is not an SK-invariant.
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Proof. An n-dimensional manifold M fibers over S1 if it is the mapping torus
M = T (h) of an automorphism h : F −→ F of an (n− 1)-dimensional manifold
F as defined by

T (h) = F × [0, 1]/{(x, 0) ∼ (h(x), 1)|x ∈ F}.

Note that the projection F × I −→ I induces the fibration

T (h) −→ S1.

As was explained in example (1.1.6):

T (h) = F × [0, 1/2] ∪h∪1 F × [1/2, 1].

So in SK, the mapping torus is always a boundary

T (h : F → F ) = T (1 : F → F ) = F × S1 = ∂(F ×D2) ∈ SKn(X).

The following counterexample shows that bordism is not an SK invariant,
since in Ωn, the mapping torus T (h : F → F ) is in general not a boundary:

Ω5 = Z2 (and in general Ω2k+1) consists of elements of order 2, which are
classified by the Stiefel-Whitney numbers. Consider the following automorphisms
of CP 2,

• The identity: CP 2 1−→ CP 2,

• Complex conjugation: CP 2 h−→ CP 2.

The DeRham invariant is defined by (See Lemma 4.4 in [Kre84]):

dR(h) = w2(T (h)) · w3(T (h)) = χ1/2(T ;Z2)− χ1/2(T ;Q) ∈ Z2

where h is a diffeomorphism of a 4-dimensional manifold, w2 and w3 are the second
and third Stiefel-Whitney classes, and χ1/2 is the Kervaire semicharacteristic.

So the DeRham invariant dR(1) of the mapping torus T (1 : CP 2 −→ CP 2) is
0, while dR(h) of the mapping torus T (h : CP 2 −→ CP 2) is 1.

Hence we deduce that bordism is not an SK invariant.

Remark 1.5. Alternatively we can note from the definition of the inverses, that
manifolds belonging to the same bordism class such as S2 and a surface of genus
2, belong to different classes in SK∗(X).
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1.4 Cutting and pasting bordism groups SKn(X)

In this section we will define the cut and paste bordism groups, and we will see
how these groups relate to the cobordism groups and to the SK-groups.

Definition 1.4.1. The cut and paste bordism group SKn(X) is SKn(X) factored
by the subgroup In ⊆ SKn(X) generated by all elements which have a represen-
tative that is a boundary in X.

Theorem 1.4.2. (Theorem 1.1 in SK book) SK and SK are related by the exact
sequence,

0 −→ In −→ SKn(X) −→ SKn(X) −→ 0

where In is the subgroup of SKn(X) of manifolds which bound in X, that is,
In ⊂ SKn(X) is the subgroup of SKn(X) which is generated by [Sn, ∗].

In =

{
Z n even
0 n odd

Proof. What we first need to see in order to prove this theorem is that In is
indeed generated by [Sn, ∗]. By definition In = Ker(SKn(X) −→ SKn(X)) is
generated by all classes of singular manifolds [M, f ] such that (M, f) bounds in
X. So we first note that by Corollary 1.8 in [Kre73], if M is the boundary of a
manifold Y n+1 then,

[M, f ] = χ(Y n+1)[Sn, ∗], (1.6)

so that each of the (Mn, f) which bound, are multiples of [Sn, ∗].

If Y n+1 is a closed manifold, then it has no boundary component, so that it
follows from [Kre73] Corollary 1.8 (taking M1 and M2 in this corollary to be both
∅) that,

χ(Y n+1)[Sn] = 0.

This expression allows us to compute the order of [Sn] in SKn and hence In.
First consider n even. In this case we note that the Euler characteristic of a

compact odd dimensional manifold Y 2k+1 is 0, hence [Sn] is an element of infinite
order in In, so that for n even, [Sn] generates In = Z.

Now consider n odd, n = 2k + 1 . In this case we have χ(Y 2k+2)[S2k+1] = 0.
If Y 2k+2 = S2k+2 then χ(Y 2k+2) = 2 and we have that [S2k+1] has order at most
2 in SK2k+1

2[S2k+1] = 0 =⇒ [S2k+1] = 0.

On the other hand, if χ(Y 2k+2) is odd, then

(2a+ 1)[S2k+1] = 0,

but we already know that [S2k+1] has at most order 2, so this implies that
[S2k+1] = 0. Consequently, In = 0, when n is odd.
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Definition 1.4.3. Fn(X) ⊆ Ωn(X) is the subgroup of the bordism classes of
closed n-dimensional manifolds which fiber over S1.

Fn(X) = {[M ] ∈ Ωn(X) | σ(M) = 0}.

Fn(X) is also defined in Remark 30.30 of [Ran98] to be

Fn(X) = im(DBn−1(X) −→ Ωn(X)),

where DB∗(X) are the twisted double bordism groups of definition 30.5 (i) in
[Ran98].

Remark 1.7. In the geometric setting, the subgroup In ⊆ SKn(X) is generated
by [Sn]. All spheres are doubles, which means that they are elements in the
twisted double bordism group DBn(X) represented by (Dn, Sn−1, 1, f, g). But
[Sn] = 0 ∈ Ωn so that In ⊆ ker(D : DBn−1(X) −→ Ωn(X)).

Theorem 1.4.4. (Theorem 1.2 of [Kre73]) Let Fn(X) ⊆ Ωn(X) be subgroup of
the bordism classes of closed n-dimensional manifolds which fiber over S1, then
the following sequence is exact,

0 −→ Fn(X) −→ Ωn(X) −→ SKn(X) −→ 0.

Proof. We need to show that

Ker(Ω∗(X) −→ SK∗(X)) = Im(Fn(X) −→ Ω∗(X)).

Im(Fn(X) −→ Ω∗(X)) will consist of those bordism classes in Ω∗(X) with
representatives which fiber over S1. So we have to show the following:

(i) First we want to show that if (Mn, f) fibers over S1 it represents 0 ∈ SKn,
i.e. it belongs to Ker(Ω∗(X) −→ SK∗(X)):

An n-dimensional manifold Mn fibers over S1 if it is the mapping torus M = T (h)
of an automorphism h : F −→ F of an (n − 1)- dimensional manifold F as
defined by T (h) = F × [0, 1]/{(x, 0) = (h(x), 1) | x ∈ F}. The mapping torus, as
explained before, is a twisted double,

T (h) = F × [0, 1/2] ∪ F × [1/2, 1].

So, in SK∗ it is equivalent to the boundary

T (1 : F → F ) = F × S1 = ∂(F ×D2).

By the definition of SK∗, a boundary represents the zero class in SK∗, so (i)
holds.

(ii) We also need to prove the reverse inclusion:

Ker(Ω∗(X) −→ SK∗(X)) ⊂ F∗(X).
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This means that Ker(Ω∗(X) −→ SK∗(X)) has to be generated by classes in
Ω∗(X) which have representatives which fiber over S1, or what is the same, classes
that have a mapping torus as representative.

So we note that Ker(Ω∗(X) −→ SK∗(X)) is generated by classes of the form
[M,h]− [M ′, h′], where [M ′, h′] is obtained from [M,h] by cutting and pasting.

What we now need to see is if such classes are mapping tori:
Consider M = M1 ∪f M2 and M ′ = M1 ∪g M2 where both M and M ′ have

been cut along an (n − 1)-dimensional manifold F and then pasted back by
diffeomorphisms

f, g : ∂M1 −→ ∂M2.

We now construct a bordism Y in the following way:
Start by considering M1 × I and M2 × I and gluing as in the following pic-

ture. (Note that boundary components in the following figures are shown in light
brown).

f g

M1M1
M1 x I 

M2 x I 
M2

0 1/3 2/3 1

M2

These parts of the boundaries 
dashed in orange correspond 
to    M1 X [2/3, 1]

These parts of the boundaries 
dashed in green correspond to             
   M1 X [0, 1/3]

Figure 1.5: Constructing a bordism of SK-equivalent manifolds

After gluing ∂M1× [0, 1/3] and ∂M2× [0, 1/3] via f , and gluing ∂M1× [2/3, 1]
and ∂M2 × [2/3, 1] via g, we obtain the following bordism Y ,

M1

M2 M2

M1

Mapping torus:  
T(g   f )-1

f g

Bordism Y

Figure 1.6: bordism = SK-equivalence + fiber over S1

If we look more closely at what happens in [1/3, 2/3] we see:
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Mapping torus:  
T(g   f )-1

f g

M1 X [1/3,  2/3]

M2 X [1/3,  2/3]

Figure 1.7: Diffeomorphism of twisted double and mapping torus

So this part of the boundary is formed by

∂M1 × [1/3, 2/3] ∪ ∂M2 × [1/3, 2/3],

by joining (x, 1/3) to (f(x), 1/3) and also joining (x, 2/3) to (g(x), 2/3), where
x ∈ ∂M1. This is diffeomorphic to ∂M1×I with (x, 0) identified with (g−1f(x), 1)
using the diffeomorphism defined by (x, t) → (x, t − 1/3) for x ∈ ∂M1 and
(y, t) → (g−1(y), 4/3 − t) for y ∈ ∂M2. Hence the part of the boundary that we
are now describing is the mapping torus T (g−1f), i.e., it is a fiber bundle over
the circle S1 with fiber ∂M1 = ∂M2.

The bordism Y has boundary,

∂Y = (M1 ∪f M2)− (M1 ∪g M2)− T (g−1f).

From this we see that the classes of singular manifolds [M,h] − [M ′, h′] are just
classes represented by mapping tori. Hence Ker(Ω∗(X) −→ SK∗(X)) ⊂ F∗(X).

Thus (i) and (ii) hold, and this proves that the sequence is exact.

1.5 Computation of SKn(X)

In what follows we will assume the space X to be path connected.
In general SKn(X) 6= SKn. The map from the space X to a point, X −→ ∗

induces a map SKn(X) −→ SKn(∗) = SKn. The kernel of this map will be
denoted by the reduced SK-group.

Definition 1.5.1. (reduced SK-group) Let X be path connected. The reduced

SK-group, S̃Kn(X) is the kernel of the map SKn(X) −→ SKn, induced by
X −→ ∗. Since X is path connected, the map ∗ −→ X induces a splitting so that

SKn(X) = S̃Kn(X)⊕ SKn.

Remark 1.8. The computation of SKn is known, so one of the tools to compute
SKn(X) will be investigate the reduced SK-group S̃Kn(X).

Firstly we give a brief account of the computation of SKn and SKn.

Proposition 1.5.2. The SK groups are given by,

SKn
∼=
{

Z with basis [CP n/2] for n ≡ 0 (mod 4)
0 otherwise
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Proof. This result follows from the exact sequence

0 −→ Fn −→ Ωn −→ SKn −→ 0,

Fn = {[M ] ∈ Ωn | σ(M) = 0} and all the torsion parts in Ωn are contained in Fn,
so the only possible generator for SKn is CP n/2, which has signature 1.

Remark 1.9. note that the signature induces the isomorphism

σ : SK4k
∼= Z.

Since the generator of SK4k is [CP 2k], and σ(CP 2k) = 1, thus generating Z
Example 1.5.3. Note that Ω8 = Z ⊕ Z is generated by CP 4 and CP 2 × CP 2.
But these belong to same equivalence class in SK8 since CP 4 − CP 2 × CP 2 has
zero signature.

Proposition 1.5.4. The SKn groups are given by

SKn
∼=

 Z⊕ Z with basis [Sn], [CP n/2] for n ≡ 0 (mod 4)
Z with basis [Sn] for n ≡ 2 (mod 4)
0 for n ≡ 1 (mod 2)

Proof. The computation of the SKn groups follows from the computations of
SKn given in Proposition (1.5.2) and of In given in the proof of Theorem (1.4.2)
and the exact sequence

0 −→ In −→ SKn −→ SKn −→ 0.

This exact sequence splits since the map (χ − σ)/2 : SKn → In gives a
retraction map to the inclusion map In ↪→ SKn.

The map (χ− σ)/2⊕ σ defines the isomorphism

(χ− σ)/2⊕ σ : SK4k

∼=−→ Z⊕ Z.

First note that for a closed 4k-dimensional manifold (χ(M)−σ(M))/2 ∈ Z. This
follows from Lemma II.1 in [Ker56]. Any 4k-dimensional manifold M4k ∈ SK4k

can be written as a linear combination of 4k-dimensional spheres and complex
projective planes, i.e,

M4k = i[S4k] + j[CP 2k]− jk[S4k].

Recall that χ(S4k) = 2, χ(CP 2k) = 2k + 1 and σ(S2k) = 0, σ(CP 2k) = 1. So
that, χ(M) = 2i+ (2k + 1)− 2jk and σ(M) = j. Consequently,

i = (χ(M)− σ(M))/2 and j = σ(M).

Similarly, the map χ/2 defines the isomorphism

χ/2 : SK4k+2

∼=−→ Z.
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A (4k+2)-dimensional manifold M ∈ SK4k+2 can be written as M4k+2 = p[S4k+2]
and χ(S4k+2) = 2 so p = χ(M)/2.

Proposition 1.5.5. The exact sequence from 1.4.2,

0 −→ In −→ SKn(X) −→ SKn(X) −→ 0

splits.

Proof. If n is odd, then In = 0 and the sequence becomes,

0 −→ SKn(X) −→ SKn(X) −→ 0,

which implies that,
SKn(X) ∼= SKn(X).

So we see that it splits trivially.
When n is even, the map defined by

(χ− σ)

2
: SKn −→ In

gives a retraction map to the inclusion map In ↪→ SKn. See 1.5. Hence the
sequence splits.

As was mentioned before, the computation of SKn(X) is far more complicated
than that of SKn. Although some facts are known, the complete computation
has not been done. The computation SK2(X) is given in [Neu75].

Proposition 1.5.6. Here we now quote some relevant results which are proved
in [Neu75]:

(i) If π1(X) = 1 then S̃Kn(X) = 0.

(ii) If π1(X) is finite then S̃Kn(X) is torsion.

(iii) If X −→ Y induces isomorphisms for πi(X) −→ πi(Y ) for 0 6 i 6 n − 1,
then SKq(X) ∼= SKq(Y ) for q 6 n.

(iv) Ker(SKn(X) −→ SKn) = Ker(SKn(X) −→ SKn).

(v) the subgroup In(X) ⊂ SKn(X) is independent of X, so that

In(X) ∼= In = Ker(SKn −→ SKn).

(vi) S̃Kn(X) = {[M, f ] ∈ SKn(X) | σ(M) = 0}

Proof. For a proof of these results see [Neu75].
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Summarizing some of the results presented int [Neu75], we can draw the fol-
lowing braid of exact sequences:

W

In
''

((

SKn
##

((

0

SKn(X)

66

((

SKn

99

$$
S̃Kn(X)

77

66

SKn(X) ;;

77

0

W

Proposition 1.5.7. SK2k+1(X) = 0.

Proof. Every odd dimensional manifold has open book decomposition for n > 6
(see [Law78]), and from the sequence

0 −→ Fn(X) −→ Ωn(X) −→ SKn(X) −→ 0

we know that any n dimensional manifold with an open book decomposition
represents 0 ∈ SKn(X), hence the result follows.

Remark 1.10. Note that not all manifolds with open book decomposition are zero
in SKn(X). From the computation of In,

In =

{
Z n even
0 n odd

we know that [S2k, f ] 6= 0 ∈ I2k and consequently [S2k, f ] 6= 0 ∈ SK2k. But S2k

has open book decomposition as,

S2k = S2k−2 ×D2 ∪D2k−1 × S1

= S2k−2 ×D2 ∪ T (h : D2k−1 → D2k−1).

Proposition 1.5.8. SK2k+1(X) = 0.

Proof. This result follows directly by combining the computation of In, (which is
zero for n odd), the result in proposition 1.5.7, and theorem 1.4.2.
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Chapter 2

Algebraic Cutting and Pasting

In this chapter we will define the algebraic analogues of the cut and paste op-
erations given in chapter 1. In particular the cutting and pasting ε-symmetric
groups SKL∗(A, ε) (where A is a ring with involution), which are the algebraic
analogues of the SK∗(X) groups.

2.1 The algebraic cut and paste semigroup

In what follows we are going to denote the set of n-dimensional symmetric
Poincaré complexes by L n(A, ε),

L n(A, ε) = {n-dimensional symmetric Poincaré complexes overA}

Definition 2.1.1. Let c1 = (f1 : C −→ D, (δDϕ, ϕ)) and c2 = (f2 : C −→
E, (δEϕ, ϕ)) be n-dimensional ε-symmetric pairs. Also consider the self homotopy
equivalence of the (n− 1)-dimensional ε-symmetric complex (C,ϕ),

(h, χ) : (C,ϕ) −→ (C,ϕ).

The union of the symmetric pairs c1 and c2 results in an n-dimensional ε-
symmetric Poincaré complex c1 ∪(h,χ) −c2 which is defined as follows,

c1 ∪(h,χ) −c2 = (D ∪h −E, δDϕ ∪χ δEϕ)

= (f1h : C −→ D, (δDϕ+ f1χf
∗
1 , ϕ)) ∪ (f2 : C −→ E, (−δEϕ,−ϕ))

where the chain complex D ∪h −E is the following mapping cone,

D ∪h −E = C (

(
f1h
f2

)
: C −→ D ⊕ E),

with differentials, dD (−)rf1h 0
0 dC 0
0 (−)rf2 dE

 :

(D ∪h E)r = Dr ⊕ Cr−1 ⊕ Er −→ (D ∪h E)r−1 = Dr−1 ⊕ Cr−2 ⊕ Er−1
and the symmetric structure is given by
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(δDϕ ∪χ −δEϕ) =

 δDϕs + f1χsf
∗
1 0 0

(−)n−rϕsh
∗f ∗1 (−)n−r+s+1Tεϕs−1 0

0 (−)sf2ϕs −δEϕs

 :

(D∪hE)n−r+s = Dn−r+s⊕Cn−r−1+s⊕En−r+s −→ (D∪hE)r = Dr⊕Cr−1⊕Er

Proposition 2.1.2. Two n-dimensional symmetric Poincaré complexes (A,ϕA)
and (B,ϕB) in L n(A, ε) are SKL equivalent if there exist n-dimensional ε-
symmetric Poincaré pairs c1 = (f1 : C −→ D, (δDϕ, ϕ)) and c2 = (f2 : C −→
E, (δEϕ, ϕ)) such that

(A,ϕA) = c1 ∪(h,χ) c2 and (B,ϕB) = c1 ∪(g,ρ) c2

Proof. Here we show that Proposition 2.1.2 establishes an equivalence relation
on L n(A, ε).

(i) Reflexive: Let (A,ϕA) = c1 ∪(h,χ) c2, as [c1 ∪(h,χ) c2 ∼SKL c1 ∪(h,χ) c2] then
(A,ϕA) is SKL equivalent to itself.

(ii) Symmetric: If (A,ϕA) ∼SKL (B,ϕB) then by definition, (A,ϕA) = c1 ∪(h,χ)

c2 and (B,ϕB) = c1 ∪(g,ρ) c2. And c1 ∪(g,ρ) c2 is equivalent to c1 ∪(h,χ) c2 so
this implies that (B,ϕB) ∼SKL (A,ϕA).

(iii) Transitive: Let c1 and c2 be Poincaré pairs such that

(A,ϕA) = c1 ∪(h,χ) c2 and (B,ϕB) = c1 ∪(g,ρ) c2

and suppose that there exists an ε-symmetric Poincaré complex (P, ϕP )
which is SKL equivalent to (B,ϕB). Then (P, ϕP ) can be written as

(P, ϕP ) = c1 ∪(j,α) c2

But c1 ∪(j,α) c2 ∼SKL c1 ∪(h,χ) c2 so that (P, ϕP ) is also SKL equivalent to
(A,ϕA).

Definition 2.1.3. (Algebraic cutting and pasting semigroup)
”SKLn(A, ε)” is the semigroup of equivalence classes subject to the equiva-
lence relation described in Proposition 2.1.2.

Example 2.1.4. From Proposition 2.1.2 we note that twisted doubles and un-
twisted doubles are equivalent in ”SKLn(A, ε)”.
That is, if c1 = (f : C −→ D, (δϕ, ϕ)) is a symmetric pair and there are self
homotopy equivalences, (h, χ) : (C,ϕ) −→ (C,ϕ) and (1, 0) : (C,ϕ) −→ (C,ϕ),
then,

c1 ∪(h,χ) c1 = c1 ∪(1,0) c1 ∈ ”SKLn(A, ε)”

Here the algebraic twisted and untwisted doubles are defined as in 30.8 in
[Ran98]:
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A twisted double c1 ∪(h,χ) c1 of c1 = (f : C −→ D, (δϕ, ϕ)) is,

c1 ∪(h,χ) −c1 = (D ∪h D, δϕ ∪χ δϕ)

= (fh : C −→ D, (δϕ+ fχf ∗)) ∪ (f : C −→ D, (−δϕ,−ϕ))

where the chain complex D ∪h D is

D ∪h D = C (

(
fh
f

)
: C −→ D ⊕D),

with differentials, dD (−)rfh 0
0 dC 0
0 (−)rf dD

 :

(D ∪h D)r = Dr ⊕ Cr−1 ⊕Dr −→ (D ∪h D)r−1 = Dr−1 ⊕ Cr−2 ⊕Dr−1

and the symmetric structure is given by

(δϕ ∪χ −δϕ) =

 δϕs + fχsf
∗ 0 0

(−)n−rϕsh
∗f ∗ (−)n−r+s+1Tεϕs−1 0

0 (−)sfϕs −δϕs

 :

(D∪hD)n−r+s = Dn−r+s⊕Cn−r−1+s⊕Dn−r+s −→ (D∪hD)r = Dr⊕Cr−1⊕Dr

The untwisted double c1 ∪(1,0) c1 of c1 = (f : C −→ D, (δϕ, ϕ)) is,

c1 ∪(1,0) −c1 = (D ∪1:C−→C D, δϕ ∪0 δϕ)

= (f : C −→ D, (δϕ, ϕ)) ∪ (f : C −→ D, (−δϕ,−ϕ))

where the chain complex D ∪1:C−→C D is

D ∪1 D = C (

(
f
f

)
: C −→ D ⊕D),

with differentials, dD (−)rf 0
0 dC 0
0 (−)rf dD

 :

(D ∪h D)r = Dr ⊕ Cr−1 ⊕Dr −→ (D ∪h D)r−1 = Dr−1 ⊕ Cr−2 ⊕Dr−1

and the symmetric structure is given by

(δϕ ∪0 −δϕ) =

 δϕs 0 0
(−)n−rϕsf

∗ (−)n−r+s+1Tεϕs−1 0
0 (−)sfϕs −δϕs

 :

(D∪hD)n−r+s = Dn−r+s⊕Cn−r−1+s⊕Dn−r+s −→ (D∪hD)r = Dr⊕Cr−1⊕Dr
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2.2 The behaviour of algebraic surgery in the

cut and paste category.

In this section we will present some results which are algebraic analogues of
those given in Section 1.2. Like in that section, these results will allow us to
give a general formula for inverses in ”SKLn(A, ε)”, and we will also see that in
”SKLn(A, ε)” the result of algebraic surgery is independent of the embedding.

Proposition 2.2.1. Consider the following symmetric pairs:

c1 = (f1 : C −→ D, (δDϕ, ϕ))

c2 = (f2 : C −→ E, (δEϕ, ϕ))

c3 = (f3 : C −→ F, (δFϕ, ϕ))

then,

(c1 ∪(h,χ) c2)⊕ (c2 ∪(g,ρ) c3) = (c1 ∪(j,α) c3)⊕ (c2 ∪(1,0) c2) ∈ ”SKLn(A, ε)”

Proof.

(c1 ∪(h,χ) c1)⊕ (c2 ∪(g,ρ) c3) = [(D ∪h E), δDϕ ∪χ δEϕ]⊕ [(E ∪g F ), δEϕ ∪ρ δFϕ]

= [(D ∪h E)⊕ (E ∪g F ), (δDϕ ∪χ δEϕ)⊕ (δEϕ ∪ρ δFϕ)]

= [(D ⊕ E) ∪h+g (E ⊕ F ), (δDϕ⊕ δEϕ) ∪χ+ρ (δEϕ⊕ δFϕ)]

= [(D ⊕ E) ∪j+1 (E ⊕ F ), (δDϕ⊕ δEϕ) ∪α (δEϕ⊕ δFϕ))

= [(D ∪j F )⊕ (E ∪1 E), (δDϕ ∪α δFϕ)⊕ (δEϕ ∪0 δEϕ)]

= (D ∪j F, δDϕ ∪α δFϕ)⊕ (E ∪1 E, δEϕ ∪0 δEϕ)

= (c1 ∪(j,α) c3)⊕ (c2 ∪(1,0) c2) ∈ ”SKLn(A, ε)”

Proposition 2.2.2. In this proposition we give an algebraic analog of the result
in proposition 1.2.2

(C(M), ϕM)⊕(C(Sn), ϕSn) = (C(M ′), ϕM ′)⊕(C(Sk×Sn−k), ϕSk×Sn−k) ∈ ”SKLn(A, ε)”

Proof. Here we first note that geometrically the input of surgery, M is the union
of the framed embedding U = Sk×Dn−k and the complement of this embedding in
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M , which we call M0 = M\U . This complement M0 is not modified in the surgery
process, but the framed embedding U is substituted by U ′ = Dk+1×Sn−k−1. Note
that ∂U = ∂U ′. So the result of surgery is M ′ = M0 ∪ U ′. See the Appendix (3)
for a more detailed explanation. The geometric situation is therefore as follows:

Input:

Surgery process 

Opposite Surgery 

M0
M M’

U’U

M0

Output:

Figure 2.1: Input and Output of geometric surgery

In algebraic surgery an analogous situation can be described. Here we define
the following corresponding symmetric pairs:

c1 = (f1 : C(Sk × Sn−k−1) −→ C(M0), (δC(M0)ϕ, ϕ))

c2 = (f2 : C(Sk × Sn−k−1) −→ C(U), (δC(U)ϕ, ϕ))

c3 = (f2 : C(Sk × Sn−k−1) −→ C(U ′), (δC(U ′)ϕ, ϕ))

The strategy now will be to use the identity in Proposition 2.2.1 gluing together
the pairs c1, c2 and c3 that have just been defined.

Gluing together c1 and c2:
We are now going to glue c1 and c2 along C(Sk×Sn−k−1), using a self homotopy

equivalence of (C(Sk × Sn−k−1), ϕC(M)),

(h, χ) : (C(Sk × Sn−k−1), ϕ) −→ (C(Sk × Sn−k−1), ϕ)

We get:

(C(M), ϕC(M)) = c1 ∪(h,χ) −c2 = (C(M0) ∪h C(U), δϕC(M0) ∪χ δϕC(U))

where the chain complex C(M0) ∪h C(U) is

C(M0) ∪h C(U) = C (

(
f1h
f2

)
: C(Sk × Cn−k−1) −→ C(M0)⊕ C(U)),

This double mapping cone has differentials, dC(M0) (−)rf1h 0
0 dC(Sk×Cn−k−1) 0
0 (−)rf dC(U)

 :

(C(M0) ∪h C(U))r = C(M0)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U)r −→ (C(M0) ∪h
C(U))r−1 = C(M0)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U)r−1
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Gluing together c1 and c3:
In a similar way, we are now going to glue

c1 = (f1 : C(Sk × Sn−k−1) −→ C(M0), (δC(M0)ϕ, ϕ))

c3 = (f2 : C(Sk × Sn−k−1) −→ C(U ′), (δC(U ′)ϕ, ϕ))

along the chain complex C(Sk×Sn−k−1), using another self homotopy equivalence
of (C(Sk × Sn−k−1), ϕ),

(j, α) : (C(Sk × Sn−k−1), ϕ) −→ (C(Sk × Sn−k−1), ϕ)

We get:

(C(M ′), ϕC(M ′)) = c1 ∪(h,χ) −c3 = (C(M0) ∪h C(U ′), δϕC(M0) ∪χ δϕC(U ′))

where the chain complex C(M0) ∪h C(U ′) is

C(M0) ∪h C(U ′) = C (

(
f1j
f3

)
: C(Sk × Cn−k−1) −→ C(M0)⊕ C(U ′)),

The differentials for this double mapping cone are, dC(M0) (−)rf1j 0
0 dC(Sk×Cn−k−1) 0
0 (−)rf3 dC(U ′)

 :

(C(M0) ∪h C(U ′))r = C(M0)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U ′)r −→ (C(M0) ∪h
C(U ′))r−1 = C(M0)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U ′)r−1

Remark 2.1. Note that this differential is essentially the same as the more usual
form given for the differential of the result of algebraic surgery, as given in section
3 of [Ran01]. For a detailed explanation of this and a detailed explanation of the
algebraic interpretation of M0 see the Appendix 3

Gluing together c2 and c3:
We will now glue together the pairs c2 and c3

c1 = (f1 : C(Sk × Sn−k−1) −→ C(U), (δC(U)ϕ, ϕ))

c3 = (f2 : C(Sk × Sn−k−1) −→ C(U ′), (δC(U ′)ϕ, ϕ))

using the self homotopy equivalence of (C(Sk × Sn−k−1), ϕ),

(g, ρ) : (C(Sk × Sn−k−1), ϕ) −→ (C(Sk × Sn−k−1), ϕ)
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We get:

(C(Sn), ϕC(Sn)) = c2 ∪(g,ρ) −c3 = (C(U) ∪h C(U ′), δC(U)ϕ ∪χ δC(U ′)ϕ)

where the chain complex C(U) ∪h C(U ′) is

C(U) ∪h C(U ′) = C (

(
f2g
f3

)
: C(Sk × Cn−k−1) −→ C(U)⊕ C(U ′)),

The differentials for this double mapping cone are, dC(U) (−)rf1j 0
0 dC(Sk×Cn−k−1) 0
0 (−)rf3 dC(U ′)

 :

(C(M0) ∪h C(U ′))r = C(M0)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U ′)r −→ (C(M0) ∪g
C(U ′))r−1 = C(M0)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U ′)r−1

Gluing together c2 and c2: We will now write down the algebraic untwisted
double of c2 :

(C(Sk × Sn−k), ϕC(Sk×Sn−k)) = c2 ∪(1,0) −c2 = (C(U) ∪1 C(U), δC(U)ϕ ∪0 δC(U)ϕ)

where the chain complex C(U) ∪1 C(U) is

C(U) ∪1 C(U) = C (

(
f2
f2

)
: C(Sk × Cn−k−1) −→ C(U)⊕ C(U)),

The differentials for this double mapping cone are, dC(U) (−)rf2 0
0 dC(Sk×Cn−k−1) 0
0 (−)rf2 dC(U)

 :

(C(U) ∪1 C(U))r = C(U)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U)r −→ (C(U) ∪1
C(U))r−1 = C(U)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U)r−1

We now apply the identity in Proposition 2.2.1
For the LHS we have,

(C(M), ϕM)⊕ (C(Sn), ϕSn) = (c1 ∪ −c2)⊕ (c2 ∪ −c3)

which has differentials
dC(M0) (−)rf1h 0 0 0 0

0 dC(Sk×Sn−k−1) 0 0 0 0
0 (−)rf2 dC(U) 0 0 0
0 0 0 dC(U) (−)rf2g 0
0 0 0 0 dC(Sk×Sn−k−1) 0
0 0 0 0 (−)rf3 dC(U ′)

 :
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[C(M0)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U)r]⊕ [C(U)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U ′)r] −→
[C(M0)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U)r−1]⊕ [C(U)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U ′)r−1]

Similarly for the RHS we have,

(C(M ′), ϕM ′)⊕ (C(Sn), ϕSn) = (c1 ∪ −c2)⊕ (c2 ∪ −c3)

which has differentials
dC(M0) (−)rf1g 0 0 0 0

0 dC(Sk×Sn−k−1) 0 0 0 0
0 (−)rf3 dC(U ′) 0 0 0
0 0 0 dC(U) (−)rf2 0
0 0 0 0 dC(Sk×Sn−k−1) 0
0 0 0 0 (−)rf2 dC(U)

 :

[C(M0)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U ′)r]⊕ [C(U)r ⊕ C(Sk × Sn−k−1)r−1 ⊕ C(U ′)r] −→
[C(M0)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U)r−1]⊕ [C(U)r−1 ⊕ C(Sk × Sn−k−1)r−2 ⊕ C(U)r−1]

So the LHS and the RHS are chain equivalent in ”SKLn(A, ε)”, and hence
the result follows.

Proposition 2.2.3. In ”SKLn(A, ε)”,

(C(Sk × Sn−k), ϕ(Sk×Sn−k)) '
{

(C(Sn), ϕSn)⊕ (C(Sn), ϕSn) k even
0 k odd

Proof. In this proof we use Proposition 2.2.2 with (C,ϕ) = (C(Sn), ϕSn).
(C(Sn), ϕSn) is chain equivalent to [(Z ⊕ SnZ), ϕ], and consequently, (C ′, ϕ′) '
[(Z ⊕ Sk+1Z) ⊕ (Sn−k−1Z ⊕ SnZ), ϕ]. Substituting this in Proposition 2.2.2 and
taking k = 0, we find that [(Z ⊕ S1Z ⊕ Sn−1Z ⊕ SnZ), ϕ] ' 0 ∈ ”SKLn(A, ε)”
and the result follows by induction.

Proposition 2.2.4. Let (C,ϕ) be a symmetric Poincaré complex and (C ′, ϕ′)
the result after algebraic surgery on (C,ϕ) with data (f : C −→ D, (δϕ, ϕ)). The
trace of such an algebraic surgery is the (n+ 1)-dimensional symmetric Poincaré
cobordism between (C,ϕ) and (C ′, ϕ′) is ((ff ′) : C ⊕ C ′ −→ D′, (0, ϕ⊕ ϕ′)). An
algebraic description of Corollary 1.8 in [Kre73] is as follows:

(C,ϕ) = (C ′, ϕ′)− (χ(D′)− χ(C))[(C(Sn), ϕSn)]

.

Proof. In general an algebraic surgery can be broken down into a sequence of
elementary surgeries, subject to a K-theoretic restriction 2. In this case we are

2See Proposition 4.7 (iii) in [Ran80]
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dealing with free modules, so this restriction does not exist and the algebraic
surgery is a composition of elementary surgeries. So we first consider D′ to be
the trace of an elementary surgery of type (k, n− k− 1) on a (n+ 1)-dimensional
ε-symmetric pair (f : C −→ D, (δϕ, ϕ)) over A. Then from Proposition 2.2.2 and
Proposition 2.2.3, we can write,

(C,ϕ) =(C ′, ϕ′)⊕ [C(Sn), ϕ] for k even

(C,ϕ)⊕[C(Sn), ϕ] = (C ′, ϕ′) for k odd

So like in the geometric case, we need to see that χ(D′)− χ(C) = (−1)k+1.
In the case of an algebraic elementary surgery, D∗ = Sn−kA, which is concen-

trated in dimension (n− k), and Dn−∗+1 = Sk+1A. So that,

χ(Dn−∗+1) =
∞
Σ
r=0

(−)rrankA(Dn−∗+1) = (−1)k+1

Since D′r = Cr ⊕Dn−r+1 then

χ(D′)− χ(C) = (−1)k+1

Hence the result follows.
For a wider explanation on the effect of algebraic surgery on a symmetric

Poincaré complex see the Appendix 3.

By algebraic analogy with the expression for the inverses in SKn(X) (given
in Proposition 1.2.5 ), the inverses in SKLn(A, ε) are as follows,

Definition 2.2.5. The inverse in SKLn(A, ε) of an n-dimensional symmetric
Poincaré complex (C,ϕ) is

(C,−ϕ)− χ(C)[(C(Sn), ϕSn ]

where the Euler characteristic of the chain complex is given by

χ(C) =
∞
Σ
r=0

(−)rrankA(Cr) ∈ Z

The algebraic semigroup ”SKLn(A, ε)” contains inverses and is an abelian
group. Nevertheless this group is not 4-periodic since the double skew suspension
maps,

”SKLn(A, ε)”
S
2

−→ ”SKLn+4(A, ε)”

(C,ϕ) 7−→ (S
2
C, S

2
ϕ)

and S
2
C(Sn) 6= C(Sn+4). To avoid this we are make appropriate identifications

in the definition of the SKLn(A, ε) group.
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Definition 2.2.6. The algebraic semigroup ”SKLn(A, ε)” contains inverses and
is an abelian group, by identifying C(Sn) and C(Sn+4) we obtain the 4-periodic
SKLn(A, ε) group,

SKLn(A, ε) = ”SKLn(A, ε)”/C(Sn) ∼ C(Sn+4).

2.3 Relation between algebraic cutting and

pasting and ε-symmetric L-theory

In this section we are going to define exact sequences analogous to those presented
in Section 1.4. To this purpose, we are first going to define the cut and paste
ε-symmetric algebraic bordism groups SKLn(A, ε). These groups are defined in
Remark 30.30 in [Ran98]. (Note that the notation used in [Ran98] differs slightly
from the notation we use in this report, so that the groups which we denote by
SKLn are called SKLn there).

Remark 2.2. The twisted double L-groups DBL∗(A, ε) which feature in the next
definitions, are discussed in section 30D of [Ran98]. DBLn(A, ε) is the cobordism
group of (n+1)-dimensional ε-symmetric Poincaré complexes over A with twisted
double structure. These groups are the algebraic analogues of the twisted double
bordism groups DB∗(X).

Definition 2.3.1. (from Remark 30.30 in [Ran98]) The ε-symmetric cut and
paste SKL groups are the quotients of the ε-symmetric L-groups

SKLn(A, ε) = Ln(A, ε)/ ∼

by the equivalence relation generated by

C ∪f −D ∼ C ∪g −D

for n-dimensional ε-symmetric Poincaré pairs (C, ∂C), (D, ∂D) and homotopy
equivalences f, g : ∂C −→ ∂D.

Definition 2.3.2. The groups FLn(A, ε) ⊆ Ln(A, ε) are the algebraic analogues
of the groups Fn(X) ⊆ Ω(X), which are defined in Theorem (1.3c) in [Kre73].

FLn(A, ε) = im(D : DBLn−1(A, ε) −→ Ln(A, ε))

Proposition 2.3.3. (i) The groups from definitions 2.3.2 and 2.3.1 fit into the
following short exact sequence,

0 −→ FLn(A, ε) −→ Ln(A, ε) −→ SKLn(A, ε) −→ 0

(ii) (From Remark 30.30 in [Ran98]) The ε-symmetric SKLn(A, ε) groups are
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the images of the ε-symmetric L-groups in the asymmetric L-groups

SKLn(A, ε) = coker(D : DBLn−1(A, ε) −→ Ln(A, ε))

= im(Ln(A, ε) −→ LAsyn(A))

with SKL2∗+1(A, ε) = 0.

Proof. (i) Similarly to the situation in the geometric case, FLn(A, ε) is a subgroup
of Ln(A, ε) that can be identified as the group of algebraic mapping tori. The
proof of exactness of the sequence is in two stages, just as the proof of Theorem
1.4.4. Consider the ε-symmetric Poincaré pair (C, ∂C), and let TA(h, χ) be the
A-coefficient mapping torus of (h, χ) : (∂C, ϕ) −→ (∂C, ϕ), as it is defined in
(24.3) [Ran98]. First we want to show that every algebraic mapping torus is a
zero in SKLn(A, ε). By the definition of SKLn(A, ε), we know that for any self
homotopy equivalence (h, χ) : (∂C, ϕ) −→ (∂C, ϕ), TA(h, χ) will be equivalent to
the A-coefficient algebraic mapping torus of 1 : (∂C, ϕ) −→ (∂C, ϕ), which we
denote by TA(∂C, ϕ), and

TA(∂C, ϕ) = (∂C, ϕ)⊗ σ∗(S1;Z) = (∂C ⊕ ∂C∗−1, θ)

is a null-cobordism with

θs =

(
0 (−)sϕs

(−)n−r−2ϕs (−)n−1−r+sTεϕs−1

)
: ∂Cn−1−r+s⊕∂Cn−2−r+s −→ ∂Cr⊕

∂Cr−1
Hence FLn(A, ε) ⊆ Ker(Ln(A, ε) −→ SKLn(A, ε)).

Now we need to show the reverse inclusion, Ker(Ln(A, ε) −→ SKLn(A, ε)) ⊆
FLn(A, ε). This kernel is generated by classes of the form (E, θ)− (E ′, θ′), where
(E ′, θ′) is obtained from (E, θ) by cutting and pasting. That is, if E = C ∪f −D
then E ′ = C ∪g −D. A cobordism between them give a pair of pants:

C
f

f-1

-1g

g

C

C

C
D

D

Figure 2.2: Cobordism between cut and paste equivalent Poincaré complexes and
algebraic twisted doubles

For the definition of a twisted double cobordism between a twisted double
(C ∪hC, δϕ∪χ δϕ) and the A-coefficient algebraic mapping torus TA(h, χ) see the
proof of Proposition 30.20 (ii) in [Ran98].

Since the algebraic twisted double is cobordant to the A-coefficient mapping
torus, then the two cut and paste equivalent ε-symmetric Poincaré complexes
(E, θ) = (C ∪f −D, θ) and (E ′, θ′) = (C ∪g −D, θ′) are cobordant to the A-
coefficient algebraic twisted double TA(h, χ).
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(ii) This follows directly from the proof part (i) of this Proposition and Propo-
sition 30.11 in [Ran98].

Definition 2.3.4. The algebraic analog of In ⊆ SKn(X) is ILn ⊆ SKLn(A, ε),
which is the subgroup of cut and paste classes of n-dimensional ε-symmetric
Poincaré complexes such that,

ILn = {[(C,ϕ)] ∈ SKLn(A, ε) | σ((C,ϕ)) = 0}

Proposition 2.3.5. (i) The algebraic cutting and pasting group SKLn(A, ε)
fits into the short exact sequence,

0 −→ ILn −→ SKLn(A, ε) −→ im(Ln(A, ε)→ LAsyn(A, ε)) −→ 0

(ii) This short exact sequence splits, so that,

SKLn(A, ε) ∼= ILn ⊕ im(Ln(A, ε)→ LAsyn(A, ε))

Proof. The proofs of both (i) and (ii) are similar to the geometric case.

2.4 Computations of cut and paste L-theoretic

groups

Proposition 2.4.1. The algebraic cut and paste bordism groups SKL∗(Z) are
given by the following computation,

SKLn(Z) ∼=
{

Z for n ≡ 0 (mod 4)
0 othervise

Proof. The SKL∗(Z) groups fit into the short exact sequence,

0 −→ FLn −→ Ln(Z) −→ SKLn(Z) −→ 0

The computation of the symmetric Ln(Z) groups is

Ln(Z) ∼=


Z for n ≡ 0 (mod 4)
Z2 for n ≡ 1 (mod 4)
0 for n ≡ 2 (mod 4)
0 for n ≡ 3 (mod 4)

In the proof of Proposition 4.3.1 in [Ran81] it is explained that for n ≡ 0 (mod 4),
the generator of the symmetric L-group L0(Z) = Z is represented by the non-
singular symmetric form over Z, (Z, 1 ∈ Q+1(Z)) of signature 1 ∈ Z. And for
n ≡ 1 (mod 4), the generator of L1(Z) = Z2 is represented by the non-singular
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symmetric formation over Z of deRham invariant 1 ∈ Z2.(
Z⊕ Z,

(
0 1
1 1

)
∈ Q+(Z⊕ Z);

(
im

(
1
0

)
: Z→ Z⊕ Z

)
,

(
im

(
1
−2

)
: Z→ Z⊕ Z

))
For the computation of SKL∗(Z) we observe that:
For n ≡ 0 (mod 4), the signature map L0(Z)

σ−→ SKL0(Z) sends the generator
of L0(Z) to 1, which generates Z. Hence SKL0(Z) = Z.

For n ≡ 1 (mod 4), note that from proposition 2.3.3 we have the exact se-
quence

0 −→ FL1(Z)
∼=−→ L1(Z) −→ (im(L1(Z)→ LAsy1(Z))) −→ 0,

But in general, LAsyn(A) is two periodic and LAsy(2∗+1) = 0 so the map

DBL2i(A, ε) −→ L2i+1(A, ε)

is surjective so in particular

FL1(Z) = im(D : DBL0(Z) −→ L1(Z)) ∼= L1(Z)

and hence in the sequence,

0 −→ FL1(Z)
∼=−→ L1(Z) −→ SKL1(Z) −→ 0,

SKL1(Z) is zero.

For n ≡ 2, 3 (mod 4), we observe that the symmetric L-groups over Z are 0.
From this it follows directly that both SKL4k+2(Z) and SKL4k+3(Z) are zero.

Proposition 2.4.2. The algebraic cutting and pasting groups of Z are given by,

SKLn(Z) ∼=


Z⊕ Z for n ≡ 0 (mod 4)
0 for n ≡ 1 (mod 4)
Z for n ≡ 2 (mod 4)
0 for n ≡ 3 (mod 4)

Proof. For n ≡ 0 (mod 4):
Consider the sequence,

0 −→ IL0 −→ SKL0(Z) −→ SKL0(Z) −→ 0

IL0 is generated by [C(S0)] which is the non-singular symmetric form

(Z⊕ Z,
(

1 0
0 −1

)
) ∈ SKL0(Z)

From proposition 2.4.1, we know that SKL0(Z) = Z and is generated by the
non-singular symmetric form (Z, 1 ∈ Q+(Z)). From Proposition 2.3.5 we know
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that the sequence splits, so that there is an isomorphism

(χ− σ)/2⊕ σ : SKL0(Z) = Z⊕ Z

For n ≡ 1, 3 (mod 4), both ILn and SKLn(Z) are zero so SKLn(Z) is also
zero in this case.

For n ≡ 2 (mod 4), SKLn(Z) = 0 which implies that there is an isomorphism

χ/2 : SKLn(Z) −→ Z.

So this gives us the full computation of the 4-periodic SKLn(Z) group.
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Chapter 3

Further ideas

At this point, it would be interesting to investigate the following ideas:

(i) As mentioned before, the reduced SK groups are obstruction groups for
the multiplicativity of the signature. At this point it would be interesting
to investigate if an algebraic analog of this statement is possible.

(ii) We have given the computation of the SKLn(A, ε) groups when A = Z. It
would be interesting to have a computation of these groups for other rings
A. In particular, how can SKLn(Z[π1(X)]) be computed?

(iii) It would be interesting to define the algebraic analog of the SKK groups.

(iv) The SK and the SKK groups are now being studied by M. Kreck, jointly
with P. Teichner. They are relating the idea of these groups to TQFT, but
to my knowledge their recent results have not yet been published, so I am
looking forward to attend a talk by M. Kreck in the topology seminar in
Edinburgh at the beginning of October.
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Appendix A

Surgery ”dictionary”

A.1 Geometric surgery

• Input:

– Manifold M : An n-dimensional manifold M .

– Framed embedding: U = Sk ×Dn−k ⊂M

– Complement of embedding: M0 = (M\Sk ×Dn−k).

• Output:

– Effect of surgery: The effect of surgery on Sk × Dn−k ⊂ M is the
n-dimensional manifold given by,

M ′ = M0 ∪Dk+1 × Sn−k−1

– Dual framed embedding: U ′ = Dk+1 × Sn−k−1 ⊂M ′

– Complement of the dual embedding: M ′
0 = (M ′\Dk × Sn−k−1).

Note that the complement in M ′ of the dual framed embedding is also
M0, i.e,

M ′
0 = M0 = M\Sk ×Dn−k

Input:

Surgery process 

Opposite Surgery 

M0
M M’

U’U

M0

Output:
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• Trace of surgery: The trace of the surgery is the cobordism (W ;M,M ′)
given by attaching a (k + 1) handle at Sk ×Dn−k ⊂M , so that,

W = M × I ∪Dk+1 ×Dn−k

Also note the following homotopy equivalences,

W 'M ∪x Dk+1 'M ′ ∪x′ Dn−k

where x : Sk −→ M is the inclusion Sk × {0} ⊂ Sk × Dn−k ⊂ M , and
similarly x′ : Sn−k−1 −→M ′ is the inclusion Sn−k−1×{0} ⊂ Sk×Dn−k ⊂M

Figure A.1: Cobordism of Surgeries

• Homology effect: the homology effect of surgery is to kill x ∈ Hk(M) so
that Hk(W ) = Hk(M)/〈x〉 with 〈x〉 ⊆ Hk(M) is the subgroup generated
by x.

Braids of exact sequences relating these chain complexes:

• Braid 1

W

Hr(M0)
))

++

Hr(M)
))

))

Hr(M,W ′)

''Hr+1(W,M ∪M ′)

44

**

HrC(M,M0)

44

**

. . .

Hr+1(W,M
′) 55

33

H
66

55

Hr(M0)

77

W

Where H = Hr+1(D
k+1 ×Dn−k, ∂(Dk+1 ×Dn−k))
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• Braid 2

W

Hr+1(W,M)
**

++

Hr(M)
''

''

Hr(M,W ′)

''Hr+1(W,M ∪M ′)

44

**

Hr(W )

66

((

. . .

Hr+1(W,M
′)

44

33

Hr(M
′)

77

77

Hr(W,M)

77

W

• Braid 3

W

. . .
&&

&&

Hr(M0)
''

''

Hr(M,U)
))

Hr(∂U)

66

((

Hr(M)

66

((

Hr(∂U)∗−1

. . .
88

88

Hr(U)
77

77

Hr(M,M0)

55

W

where U = Sk ×Dn−k
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A.2 Algebraic surgery

Note: here ”=” stands for chain equivalent

• Input:

– Chain complex: (C(M), ϕ)

– Surgery data: The data for algebraic surgery on an n-dimensional
symmetric Poincaré complex (C,ϕ) is an (n + 1)- dimensional sym-
metric pair (f : C −→ D, (δϕ, ϕ))

– Chain complex of the embedding: C(Sk ×Dn−k) is chain equiv-

alent to Z⊕ SkZ, and
•
C(Sk ×Dn−k) = C(W,M)∗+1

– Chain complex D: this is the relative chain complex

C(W,M ′) = D = Sn−kZ

– Dual chain complex Dn−∗: this is the dual chain complex

C(W,M)∗+1 = Dn−∗ = SkZ and C(W,M) = Dn−∗+1 = Sk+1Z

– Chain complex of the complement: C(M0) fits into the long exact
sequence,

−→ C(M0) −→ C(M) −→ C(M,M0) −→

and C(M,M0) = C(Sk ×Dn−k, Sk × Sn−k−1) = C(Sk)⊗ C(Dn−k, Sn−k−1)

= (Z⊕ SkZ)⊗ (Sn−kZ) = Sn−kZ⊕ SnZ

Hence Sn−k−1Z ⊕ Sn−1Z −→ C(M0) −→ C(M) −→ C(M,M0) =
Sn−kZ⊕ SnZ so that

C(M0) = C(M)⊕ Sn−k−1Z⊕ Sn−1Z

• Output:

– Effect of surgery on the chain complex (C,ϕ): the effect of
surgery is (C(M ′), ϕ′), where dC 0 (−1)n+1ϕ0f

∗

(−1)rf dD (−1)rδϕ0

0 0 d∗D

 :

C ′r = Cr ⊕Dr+1 ⊕Dn−r+1 −→ C ′r−1 = Cr−1 ⊕Dr ⊕Dn−r+2

– Chain complex of the dual embedding: C(Dk+1×Sn−k−1) is chain

equivalent to Z⊕ Sn−k−1Z and
•
C(Dk+1 × Sn−k−1) = C(W,M ′)∗+1
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– Mapping cone C (f): the algebraic mapping cone of the chain map
f : C −→ D is the chain complex with

dC (f) =

(
dD (−1)rf
0 dC

)
: C (f)r = Dr⊕Cr−1 −→ C (f)r−1 = Dr−1⊕Cr−2

The mapping cone C (f : C −→ D) is chain equivalent to the di-
mension shifted relative chain complex C(W,M ∪M ′)∗+1. Note the
following pushout diagram:

(
D∗+1 ⊕Dn−∗,

(
dD 0
0 d∗D

)) (0 1) //

(
1 δϕ0
0 ϕ0f

∗

)
��

(Dn−∗, d∗D)

ϕ0f∗

��(
C (f)∗+1,

(
dD (−)r+1f
0 dC

)) (0 1) // (C(M), dC)

Braids of exact sequences relating these chain complexes:

• Braid 1

W

C(M0)
))

++

C(M)
((

((

C(M,W ′)

''C(W,M ∪M ′)∗+1

44

**

C(M,M0)

55

))

. . .

C(W,M ′)∗+1 55

33

SnZ
77

66

C(M0)

77

W

• Braid 2

W

C(W,M)∗+1

))

++

C(M)
&&

''

C(M,W ′)

''C(W,M ∪M ′)∗+1

44

**

C(W )

66

((

. . .

C(W,M ′)∗+1 55

33

C(M ′)
88

77

C(W,M)

77

W

• Braid 3

W

. . .
%%

%%

C(M0)
&&

''

C(M,U)
))

C(∂U)

77

''

C(M)

66

((

C(∂U)∗−1

. . .
99

99

C(U)
88

77

C(M,M0)

55

W

where U = Sk ×Dn−k
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