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Abstract. Let G be a compact Lie group and let X be an oriented Witt G-pseudomanifold. Using
intersection cohomology it is possible to define Sign(G,X) ∈ R(G), the G-signature of X. Let g ∈ G.

Assuming that the inclusion of the fixed point set associated to g is normally non-singular, we prove a

formula for Sign(g,X), the G-signature of X computed at g, thus extending to Witt G-pseudomanifolds
the fundamental result proved by Atiyah, Segal and Singer on smooth compact G-manifolds. Along the

way, we give a detailed study of the fixed point set of a Thom-Mather G-space X and our main result in

this direction is a sufficient condition ensuring that the fixed point set XG is included in X in a normally
non-singular manner. This latter result provides many examples where our formula applies.

We dedicate this work to Georges Skandalis, with admiration.
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1. Introduction

Let X2ℓ be an even dimensional smooth oriented compact manifold and let G be a compact Lie group
acting on X by orientation preserving diffeomorphisms. For the sake of argument assume that ℓ is even (the
case ℓ odd is treated similarly). Using Poincaré duality it is possible to define out of the cohomology of X
two finite dimensional representations H± and the G-signature of X:

Sign(G,X) := [H+]− [H−] ∈ R(G) .

Let us now fix a G-invariant riemannian metric on X. We can then define the signature operator Dsign, a
Dirac-type operator commuting with the action of G. Making crucial use of the Hodge theorem it is possible
to prove that Sign(G,X) is in fact equal to the equivariant index of the signature operator:

Sign(G,X) = indG(D
sign,+) := [Ker(Dsign,+)]− [Ker(Dsign,−)] ∈ R(G) .
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For g ∈ G, we can consider the associated character, which is by definition the g-signature of X, Sign(g,X):

Sign(g,X) := tr(g∗|H+)− tr(g∗|H−) .

This is of course also equal to the equivariant index of the signature operator computed at g, that is
indG(D

sign,+, g) := tr(g∗|Ker(Dsign,+))− tr(g∗|Ker(Dsign,))
1.

The Atiyah-Segal-Singer G-signature formula [ASII] [ASIII] is a formula expressing Sign(g,X) in terms
of characteristic classes associated to the fixed point set Xg and the associated normal bundle Ng → Xg

in X. In the words of Atiyah and Singer, this formula constitutes the most interesting application of their
G-equivariant index theorem to differential topology. Over the years, the formula has been applied in a
variety of situations, beyond the many ones provided already by Atiyah and Singer: algebraic geometry,
knot theory, algebraic number theory, just to mention a few: see for example [Ne95], [Al-Bo24], [Za72],
[Go86], [Hir71], [HiZa77], [Och97].

The proof of the Atiyah-Segal-Singer G-signature formula is obtained from two crucial ingredients:

• the Atiyah-Singer G-index theorem, giving the equality of the topological and the analytic G-indices,
as homomorphisms from KG(TX) to R(G);

• the computation of the topologicalG-index in terms of fixed point set data, a result resting ultimately
on the localization theorem in K-theory, due to Segal.

Recall that a pseudomanifold is called a Witt pseudomanifold, if the (lower, and hence upper) middle per-
versity intersection chain sheaf complex is Verdier self-dual. Note that Witt pseudomanifolds are orientable.
Equivalently, we require that the pseudomanifold is orientable and the links of odd-codimensional strata of
any topological stratification have vanishing (lower) middle-perversity intersection homology in their middle
degree. Such spaces have been introduced by Siegel in [Sie83]; see also Goresky-MacPherson [GM83, p. 118,
5.6.1]. For example, any pure-dimensional complex algebraic variety is a Witt pseudomanifold.

Let now X2ℓ be a smoothly stratified Witt G-pseudomanifold. Using Poincaré duality in intersection
cohomology one can define the G-signature Sign(G,X) ∈ R(G) and thanks to the Hodge theorem on Witt
spaces, due to Cheeger [Ch83], this is also equal to the G-equivariant index of the signature operator
associated to a wedge metric on X2ℓ. Wedge metrics are iteratively locally on the regular part modelled
on metrics of the form g = dr2 + r2gL + π∗gS , where S is a singular stratum with link L, π is a link
bundle projection to S, and gS , gL are metrics on S,L which are independent of the cone coordinate r. The
singularities sit at r = 0. Wedge metrics are also known as incomplete iterated edge metrics or iterated conic
metrics.

The main goal of this article is to prove a formula for Sign(g,X), g ∈ G, thus extending to Witt G-
pseudomanifolds the fundamental result of Atiyah-Segal-Singer.

Our formula applies to the case in which Xg is equivariantly strongly normally non-singularly included
in X. Informally, this means that the fixed point set Xg admits an equivariant normal vector bundle which
is, in addition, a Thom-Mather vector bundle. Under this crucial assumption we express Sign(g,X) in
terms of the Goresky-MacPherson-Siegel homology L-class of Xg and in terms of characteristic classes of
the associated normal bundle (the same characteristic classes as in Atiyah-Segal-Singer). The proof must
of course proceed differently with respect to Atiyah-Segal-Singer, as on Witt spaces we have neither the
topological G-index, as a homomorphism KG(TX) → R(G), nor its equality with an analytic index. Instead
we follow an alternative route to the original result, proposed by Jonathan Rosenberg in [Ros91]; this proof
employs KK-theory in an essential way and is primarily an analytic proof of the Atiyah-Segal-Singer formula.
Precisely for these reasons it can be extended to the Witt case, assuming that Xg is normally non-singularly
included in X. In fact, we take this opportunity to add a number of details in Rosenberg’s argument.

Let us state our G-signature formula. Thus, let X be an (oriented) compact Witt G-pseudomanifold of
even dimension. We initially assume that G = ⟨g⟩ is topologically cyclic and compact. In order to state our
formula, we consider the set C of connected components of Xg = XG. Let F ⊂ Xg be an element in C. We
are assuming that F admits a G-equivariant orientable normal bundle EF . Then we prove that F is a Witt
pseudomanifold of even dimension (Propositions 2.17, 2.18). In particular, F is oriented. As explained in

1This was denoted by Atiyah and Singer by L(g,Dsign,+) and referred to as the Lefschetz number associated to g and
Dsign,+. We shall follow the notation indG(Dsign,+).
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detail in [ASIII, Section 3], the action of g on EF allows us to write EF as a direct sum of oriented even
dimensional G-subbundles EF (−1) and EF (e

iθj ), where 0 < θj < π, 1 ≤ j ≤ k. The G-subbundles EF (e
iθj )

carry a canonical G-invariant complex structure. Here g acts as −Id on EF (−1) and acts as eiθj Id on
EF (e

iθj ); recall that 1 is not an eigenvalue of g because F is a component of Xg. Assume for simplicity that
EF (−1) also admits a G-invariant complex structure. Then, with θ0 := π, all bundles EF (e

iθj ) have Chern
classes and we can consider the cohomological characteristic classes C(EF (e

iθj )) defined by the symmetric
functions ∏

m

1 + eiθjexm

1− eiθjexm
,

where the xm denote the Chern roots. With these preliminaries, we can state our G-signature formula on
Witt spaces:

Theorem 1.1. Let G = ⟨g⟩ be topologically cyclic and compact. Let X be a compact oriented Witt G-
pseudomanifold which has the G-homotopy type of a finite G-CW complex. Assume that the inclusion
Xg ≡ XG ⊂ X is a strong G−equivariant normally non-singular inclusion and that EF (−1) admits a
G-equivariant complex structure for each connected component of Xg. Then

Sign (g,X) =
∑
F∈C

⟨
k∏
j=0

C(EF (e
iθj )) ; L∗(F ) ⟩

with L∗(F ) denoting the (renormalized) Goresky-MacPherson-Siegel homology L-class of the Witt space F .

For instance, as we point out in Proposition 6.7, subanalytic proper actions admit a G-CW structure,
in fact, a G-equivariant triangulation. We can also bring in, as in [ASIII], the complex characteristic class
Mθ(EF (e

iθ)) defined by the symmetric function∏
m

tanh(iθ/2)

tanh(xm+iθ
2 )

.

A simple computation then shows that our formula can also be written as

Sign (g,X) =
∑
F∈C

⟨C(EF (−1))

k∏
j=1

(−1)sj (i tan(θj/2))
−sjMθj (EF (e

iθj )) ; L∗(F ) ⟩

with sj = dimCEF (e
iθj ). A functoriality argument then shows that the formula also holds for an arbitrary

compact Lie group G and g ∈ G. See Remark 6.18 at the end of the article.

Having established our formula, we then provide a class of Witt spaces to which the formula applies. To
this end, we use transversality and an idea due to Goresky and MacPherson in order to prove the following
result, illustrated in Figure 1.

Theorem 1.2. Let G be a compact Lie group and let M be a smooth closed G-manifold. Consider a closed
G−equivariant Whitney stratified subset Y ⊂M . Assume that N ⊂MG is a closed submanifold transverse
to each stratum of Y . Then Y ∩N is a closed G−equivariant Whitney stratified subset ofM and the inclusion
Y ∩N ⊂ Y is G−equivariant strongly normally non-singular.

In particular, if M is a smooth complex compact algebraic variety (such as e.g. projective space) with an
algebraic action of a compact Lie group G and Y ⊂M is a G-invariant singular subvariety that is equipped
with a G-equivariant Whitney stratification and that meetsMG transversely, then Y G = Y ∩MG is included
in Y via a G-equivariant strongly normally non-singular inclusion. We provide simple explicit examples of
projective and affine complex and real algebraic hypersurfaces in Examples 3.9, 3.10, 3.11.

The word strongly refers here to the existence of a G-equivariant stratified diffeomorphism between a
G-invariant tubular neighbourhood of Y ∩ N and a G-equivariant real vector bundle over it. As we shall
see, the proof of this result is rather intricate. It sharpens (and corrects) a similar result of Goresky and
MacPherson in [GM88], where, however, one was only proving the existence of a homeomorphism between
a tubular neighbourhood of Y ∩N and a real vector bundle over it. The passage from homeomorphism to
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G

Figure 1. The transverse intersection of the stratified set Y ⊂ M with the fixed point
set of the ambient smooth action has an equivariant normal vector bundle neighborhood in
Y , indicated by the shaded region.

stratified diffeomorphism is a non-trivial improvement that will force us to dive deeply into techniques
due to Mather and Verona.

The paper is organized as follows. In Section 2 we recall the notion of Thom-Mather G-space and
introduce the notion of (strong) normally non-singular inclusion. We provide examples of fixed point sets
satisfying these properties. We also give general results for Witt G-pseudomanifolds, proving in particular
that the fixed point set of a Witt G-pseudomanifold is again Witt. In Section 3 we prove Theorem 1.2. In
Section 4 we introduce the equivariant signature class of a Witt G-pseudomanifold, [Dsign] ∈ KG

∗ (X), and
list some of its properties. Crucial here are results relative to Gysin maps in K-homology of Witt spaces
[Hil14], [ABP25]. Purely topologically, Gysin restriction and bundle transfer results for orientation classes
of Witt spaces in bordism, KO[12 ]- and L-homology, as well as ordinary homology, were first established
in [Ban20], [Ban24], and [Ban25]. In Section 5 we give a rigorous definition of G-signature on Witt G-
pseudomanifolds and provide different equivalent descriptions. Finally, in Section 6 we state and prove our
G-signature formula on Witt G-pseudomanifolds.

For singular complex algebraic varieties, homological Hirzebruch characteristic classes have been defined
by Brasselet, Schürmann and Yokura in [BSY10]. Equivariant analogs have been constructed by Cappell,
Maxim, Schürmann and Shaneson in [CMSS12] for finite groups G that act on quasi-projective varieties
X by algebraic automorphisms. These classes Ty∗(X; g) are supported on the fixed point set Xg and
come either motivically from the relative Grothendieck group KG

0 (Var /X) of G-equivariant quasi-projective
varieties over X under a transformation KG

0 (Var /X) → HBM
ev (Xg)⊗C[y], or indeed from the Grothendieck

group K0(MHMG(X)) of G-equivariant mixed Hodge modules under a transformation K0(MHMG(X)) →
HBM
ev (Xg) ⊗ C[y±1, (1 + y)−1]. Note that there is a transformation KG

0 (Var /X) → K0(MHMG(X)). The
heart of the construction is an equivariant motivic Chern class transformation into the Grothendieck group
K0(Coh

G(X)) of G-equivariant coherent sheaves on X using a weak notion of equivariant derived categories
to be able to adapt Saito’s filtered de Rham functors. Contrary to the present paper, normal non-singularity
of the fixed point sets is not assumed in [CMSS12], as an analysis of the normal bundles is not carried out
there.

On the analytic level, previous contributions to a G-index formula on singular pseudomanifolds are due
to Nazaikinskii-Schulze-Sternin-Shatalov [NSSS], Lesch [Le], Bei [Bei13], all under the assumption that the
pseudomanifold has isolated singularities, and Jayasinghe [Ja23] in more general situations. All these articles
assume that the fixed point set consists of isolated points.



THE G-SIGNATURE THEOREM ON WITT SPACES 5

Acknowledgements. Part of this work was done while the first and the third author were visiting the
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2. G-actions and fixed point sets

We begin this Section by giving the notion of Thom-Mather G-stratified space, with G a compact Lie
group. Let (X,S, T ) be a Thom-Mather stratified space. Here S = {S} denotes the stratification of X and
T = {TS , πS , ρS}S∈S denotes the control data.

Definition 2.1. Let G be a compact Lie group. We shall say that (X,S, T ) is a G-Thom-Mather space if:
(i) G acts on X topologically in such a way that ∀g ∈ G and ∀S ∈ S the homeomorphism defined by g on X
restricts to a diffeomorphism of S; (ii) ∀S ∈ S the tubular neighbourhood TS is G-invariant, the projection
πS : TS → S is G-equivariant and the tubular function ρS : TS → [0,∞) is G-invariant.

The following result is due to Pflaum and Wilkin, see [Pf-Wi, Theorem 2.12].

Theorem 2.2. Let M be a smooth G-manifold, where G is a compact Lie group. Let X ⊂ M be a G-
invariant subspace; that is, ∀g ∈ G the homeomorphism defined by g on M maps X homeomorphically into
itself. Assume now that X is equipped with a Whitney stratification S in M such that ∀g ∈ G and ∀S ∈ S
we have gS = S, so that g induces a diffeomorphism of S. Then there exists a system T of G-equivariant
control data on X so that (X,S, T ) is a Thom-Mather G-stratified space.

The proof of Pflaum-Wilkin produces equivariant control data along the coarsest global stratification
associated to a G-compatible Whitney local stratification Sloc. See the remark below. Such a global
stratification satisfies the hypothesis of Theorem 2.2 by Proposition 2.3 in [Pf-Wi]. However, following
the proof given there, in turn based on the proof of [Mat12, Prop. 7.1], one understands that the same
conclusion holds if we start with a G-invariant Whitney global stratification S as in the statement of the
above Theorem. This stratification might be different from the coarsest global stratification associated to
the local stratification it defines. This phenomenon will be explained below.

More generally:

Theorem 2.3. Let M , (X,S) and G be as in Theorem 2.2. If N is another smooth G-manifold and
f : M → N is a G-equivariant smooth map with the property that f |X : X → N is a stratified submersion
(that is, f |S : S → N is a submersion for each stratum S in X), then there exists a system T of G-equivariant
control data on X that is compatible with f .

For the proof, see again [Pf-Wi, Theorem 2.12].

Remark 2.4. Let X be a separable locally compact Hausdorff space. If Sloc is a local stratification of X,
defined in terms of germs Sx, as in [Pfl01], [Pf-Wi], then one obtains from Sloc a global stratification S of
X by decomposing X into the spaces Sd,m of points x ∈ X of depth d and dimSx = m. These Sd,m are
smooth manifolds and the global stratification S = {Sd,m | d,m} induces the local stratification Sloc. It is
the coarsest stratification with this property.
Assume now that X comes with a global stratification Z. For example X ⊂M is a Whitney stratified space
in a compact manifold M . Then Z will induce a local stratification Sloc(Z); it is generally not true that the
associated coarsest decomposition {Sd,m} coincides with the given stratification Z as the following example
illustrates.

Example 2.5. Let X = R be the real line equipped with the stratification Z given by S−, {0}, S+, where
S− consists of the negative, and S+ of the positive real numbers. The induced local stratification Sloc(Z)
associates the set germ S0 = {0} to 0 ∈ X and the germ Sx of an open interval neighborhood to any
x ∈ R − {0}. The coarsest global stratification of X inducing Sloc(Z) consists of the pieces S1,0 = {0}
(d = 1, m = 0) and S0,1 = R− {0} (d = 0, m = 1). This does not agree with Z, it is strictly coarser than
Z.
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The analysis of the signature operator is best carried out by endowing a pseudomanifold with a wedge
metric (also known as iterated incomplete edge metrics or iterated conic metric). The following result will
be important.

Proposition 2.6. Given a compact Lie group G and a compact Thom-Mather G-stratified space X, there
always exists a G-invariant wedge metric g on X.

Proof. We can fix a wedge metric g0 on X, see [ALMP12] or, equivalently, [BHS92, Appendix]. In general,
the pull-back of a wedge metric by a stratified diffeomorphism is again a wedge metric. This is proved in
[BHS92, Lemme 5.5]. Alternatively, the datum of a wedge metric g0 is the same as the datum of a bundle
metric on the wedge tangent bundle over the resolution M of X; a stratified diffeomorphism f : X → X
lifts to a smooth map F :M →M which is a b-map of manifolds with corners that preserves the boundary
iterated fibration structure ofM . This implies that F ∗g0 defines again a bundle metric on the wedge tangent
bundle and its restriction to the interior is thus a wedge metric on X, and it is equal to f∗g0. Hence, if
h ∈ G, then h∗g0 is again a wedge metric. Denote by dµ(h) the (bi-invariant) Haar measure of G. Then,
since G is compact, we see that g =

∫
G
h∗g0 dµ(h) defines a wedge metric on X which is clearly G−invariant

since the Haar measure is bi-invariant. □

We want to investigate the fixed point set XG of a Thom-Mather G-stratified space X. We shall need
that XG is the topologically disjoint union of subsets F that have a normal vector bundle; put differently,
as we shall now explain, we shall want the inclusion F ↪→ X to be normally non-singular. Let us thus recall
the notion of a normally non-singular inclusion as given by Goresky and MacPherson in [GM88, 1.11, p.
46].

Definition 2.7. An inclusion F ⊂ X is called normally non-singular, if there exists a real vector bundle
p : E → F , an open neighborhood U ⊂ X of F , and a homeomorphism

ϕ : U −→ E

whose restriction to F is the zero section inclusion F ⊂ E.

We will now give a slightly stronger notion, suitable for our purposes. To this end, we will first introduce
the notion of Thom-Mather vector bundles over a Thom-Mather space.

Definition 2.8. Let (B,SB , TB) be a Thom-Mather stratified space. A Thom-Mather vector bundle over
(B,SB , TB) consists of a real vector bundle p : E → B of rank k and Thom-Mather data (E,SE , TE) on E
such that the strata in SE are of the form p−1(S), S ∈ SB , and there exist local trivializations

p−1(Uα)

p
##

ϕα // Uα × Rk

pr1{{
Uα

given by stratified diffeomorphisms ϕα. (Recall that this means in particular that ϕα preserves control data.)
Here,

• the open subset p−1(Uα) ⊂ E is equipped with the strata and control data obtained by restricting
(SE , TE),

• the open subset Uα ⊂ B is equipped with the strata and control data obtained by restricting (SB , TB),
• and Uα×Rk is equipped with the strata and control data obtained by pulling back those on Uα under

the standard first factor projection (as in Verona [Ver84, p. 8]).

This agrees with the notion of vector bundle over a stratified space as understood in [ABP25], where in
fact a general notion of Thom-Mather stratified fiber bundles is developed.

Definition 2.9. An inclusion F ⊂ X of Thom-Mather stratified spaces is called strongly normally non-
singular if there exists a Thom-Mather vector bundle p : E → F , together with U and ϕ as in Definition
2.7, where ϕ is now required to be a stratified diffeomorphism.
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Now we can state the definition of a G−equivariant strongly normally non-singular inclusion. We rely
on the concept of equivariant control data as introduced in [Pf-Wi].

Definition 2.10. Let F ⊂ X be an equivariant inclusion of smoothly Thom-Mather G−stratified spaces.
The inclusion F ⊂ X is called G-equivariantly strongly normally non-singular, if there exists a G-equivariant
real vector bundle p : E → F , a G−invariant open neighborhood U ⊂ X of F , and a G-equivariant stratified
diffeomorphism

ϕ : U −→ E

respecting the relevant families of equivariant control data, and whose restriction to F is the zero section
inclusion F ⊂ E.

Let X be a Thom-Mather G-stratified space. In general, the inclusion of the components F of the
fixed point set XG need not be normally non-singular. What follows is a simple example illustrating the
phenomenon.

Example 2.11. Let L be a closed smooth manifold on which G acts freely. Let X be the suspension of L. The
suspension of the G-action on L yields a G-action on X such that XG is given by the two suspension points.
If the cone on L is not Euclidean, then the suspension points have no normal vector bundle neighborhood in
X.

On the other hand, let us give a simple example where the inclusion of the fixed point set is indeed
equivariantly strongly normally non-singular.

Example 2.12. (Product of a smooth G-space with a trivial but singular G-space.) Let G be a compact Lie
group and let S be a smooth G-manifold with fixed point set SG. By the slice theorem, the smooth submanifold
SG has a G-invariant tubular neighborhood US in S with an equivariant diffeomorphism ϕS : US ∼= ES to the
total space of a G-vector bundle ES → SG, the normal bundle of SG in S. Let F be a Witt pseudomanifold.
The product X = S × F is a Witt pseudomanifold, since S is smooth. Its strata are of the form S × T, for
strata T of F . Let G act on X by

g(s, y) := (gs, y), s ∈ S, y ∈ F, g ∈ G.

This action preserves the strata of X. The fixed point set of this action is given by

XG = SG × F.

Indeed, if (s, y) ∈ SG×F , then g(s, y) = (gs, y) = (s, y). Conversely, if (s, y) ∈ XG, then (gs, y) = g(s, y) =
(s, y), so (s, y) ∈ SG × F . The set UX = US × F is a G-invariant neighborhood of XG in X, and the map

ϕX = ϕS × idF : UX ∼= ES × F

is a G-equivariant stratified diffeomorphism. The space ES × F is the total space of the G-vector bundle
given by pulling back ES → SG under the projection SG × F → SG. Thus UX is a G-tubular neighborhood
of XG in X which is G-equivariantly stratified diffeomorphic to a G-vector bundle. This shows that the fixed
point set XG is equivariantly strongly normally non-singular in X. (For instance, if G = Z/n, then S could
be a surface of genus n on which G acts by the usual rotation. Then there are precisely two fixed points.)

We give further explicit examples in the next section.

Definition 2.13. Let (X,S, T ) be a Thom-Mather stratified space. Consider the filtration given by Xj :=
∪S∈S,dimS≤jS. We shall say that (X,S, T ) is a n-dimensional Thom-Mather pseudomanifold if

X = Xn , Xn−1 = Xn−2 and X \Xn−1 is open and dense in X

Definition 2.14. A Thom-Mather pseudomanifold (X,S) of dimension n is said to satisfy the Witt con-
dition, if the lower middle perversity intersection chain sheaf complex with rational coefficients is Verdier
self-dual with respect to the dimension n in the derived category of X.

By the topological invariance of the intersection chain sheaf [GM83, §4], the Witt condition is in fact inde-
pendent of a choice of stratification on a pseudomanifold. If one does fix a topological stratification, though,
then the Witt condition is equivalent to requiring IHm̄

l (L2l;Q) = 0 for the links L of odd-codimensional
strata; see [GM83, p. 118, Proposition 5.6.1].
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Definition 2.15. A Thom-Mather G-stratified space (X,S, T ) is called a Thom-Mather G-pseudomanifold,
if its underlying Thom-Mather stratified space (forgetting the group action), is a Thom-Mather pseudoman-
ifold.

Definition 2.16. A (Thom-Mather) Witt G-pseudomanifold is a Thom-Mather G-pseudomanifold that
satisfies the Witt condition. From now on, unless otherwise stated, a Witt G-pseudomanifold will be assumed
to be endowed with Thom-Mather control data.

Proposition 2.17. Let X be a Witt G-pseudomanifold, g ∈ G and let F be a connected component of
Xg. Assume that the inclusion F ⊂ X is strongly normally non-singular and that the normal bundle is
orientable. Then F is also a Thom-Mather pseudomanifold that satisfies the Witt condition.

Proof. We show that F is a pseudomanifold. Let Xj be the union of strata S of X such that dimS ≤ j.
As X is a pseudomanifold, we have X = Xn, Xn−1 = Xn−2, where n is the dimension of X. Furthermore,
X −Xn−1 is open and dense in X. Setting Fj := F ∩Xj , we obtain a filtration Fn ⊃ Fn−1 ⊃ · · · ⊃ F0 of
F . This filtration satisfies

F = F ∩X = F ∩Xn = Fn

and

Fn−1 = F ∩Xn−1 = F ∩Xn−2 = Fn−2,

as required. The set F − Fn−1 is open in F , since it is the intersection of F with the set X −Xn−1, which
is open in X. Regarding the pseudomanifold property, it remains to be shown that F − Fn−1 is dense
in F . Let a ∈ F be any point. We shall construct a sequence (xk) ⊂ F − Fn−1 that converges to a as
k → ∞. By the strong normal non-singularity assumption, F has a tubular neighborhood U in X. This is
an open subset of X, and there is a stratified diffeomorphism ϕ : U → E from U onto the total space E of
a Thom-Mather-vector bundle π : E → F over F so that on F, ϕ is the zero section embedding i : F ⊂ E.
Since X −Xn−1 is dense in X, there exists a sequence (yk) ⊂ X −Xn−1 such that yk → a as k → ∞. As
a ∈ F ⊂ U, yk → a, and U is open in X, we may assume that (yk) ⊂ U . The set U is filtered by Uj = U∩Xj ,
while the total space E is filtered by Ej := π−1(Fj). Since ϕ preserves strata, we have ϕ(Uj) = Ej for every
j, and

ϕ(U − Un−1) = E − En−1 = π−1(F )− π−1(Fn−1) = π−1(F − Fn−1).

The points yk lie in

U ∩ (X −Xn−1) = U − Un−1.

Consequently, ϕ(yk) ∈ π−1(F −Fn−1). We set xk := πϕ(yk). Then (xk) ⊂ F −Fn−1, and since ϕ(a) = i(a),

xk = πϕ(yk) → πϕ(a) = πi(a) = a,

as required. Thus F is indeed a pseudomanifold.
Note that since ϕ is strongly normally non-singular (Definition 2.9), F is in particular equipped with

Thom-Mather control data, whose pullback to E under π agrees under ϕ with the control data induced on
U by the control data on X.

It remains to verify the Witt condition. This condition is local. Thus open subsets of Witt spaces are
Witt spaces. Hence U is a Witt space. The Witt condition is preserved by the stratified diffeomorphism
ϕ. Therefore, E is a Witt space. But E is locally trivial as a vector bundle over F . So F can be covered
by open subsets Vα so that π : E → F is covered by open sets π−1(Vα) that are stratified diffeomorphic
to Vα × Rk over Vα. Since E is Witt, every open subset π−1(Vα) is Witt. Therefore, every Vα × Rk is
Witt. Now, the Witt condition “desuspends”; this concept has been introduced by the first named author
in Lemma 14.1 of [Ban24]. By this desuspension principle, Vα is Witt. So F is covered by open subsets
each of which is Witt. Consequently, F itself is Witt. □

We also have the following result:

Proposition 2.18. We make the assumptions of Proposition 2.17. Assume morever that X is G−equivariantly
oriented and that dim X is even. Then, all the connected components of Xg are also even dimensional.
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Proof. We endow X with a G-invariant wedge metric g. For g ∈ G let F be a connected component of Xg

and let x ∈ (F \ Fn−1). Recall from the previous Proposition that F is a pseudomanifold so that F \ Fn−1

is open and dense in F and, in particular, non-empty. Moreover, clearly, x ∈ X \ Xn−1. Consider the
automorphism Dg(x) : Tx(X \Xn−1) → Tx(X \Xn−1), where we have used the fact that gx = x. Observe
now that detDg(x) is equal to (−1)k where k is the multiplicity of the eigenvalue −1 of Dg(x) in the
orthogonal group O(Tx(X \Xn−1)). Since Dg(x) preserves the orientation of Tx(X \Xn−1), k is necessarily
even and Dg(x) ∈ SO(Tx(X \Xn−1)). Let l denotes the multiplicity of the eigenvalue 1 of Dg(x). Classic
diagonalization results about rotations show that dim Tx(X \Xn−1) − k − l is even. Then l is even. Next,
consider the exponential map, expx : ker(Dg(x) − Id) → (F \ Fn−1); as explained in [ASII, p. 537], its
restriction to a small open ball centered at 0 ∈ ker(Dg(x) − Id) defines a diffeomorphism onto a small
neighborhood of x ∈ F \ Fn−1. From this we deduce that the Witt space F is of even dimension equal to
l. □

3. Transversality and fixed point sets

Before stating the next Theorem, which will give a large class of examples of G−equivariant strongly
normally non-singular inclusions, we introduce some notations about tubular neighborhoods. Let G be
a compact Lie group. Consider a smooth closed G−manifold M endowed with a G−invariant metric
h, N ⊂ MG a closed G−invariant submanifold of M . Denote by π : E → N the real vector bundle
(TM/TN)|N , endow it with the fiberwise G−equivariant euclidean norm || · || induced by h. Of course,
E → N is naturally a G−equivariant euclidean real vector bundle. For each ϵ > 0, denote by Eϵ the set of
vectors e ∈ E such ||e|| < ϵ. For ϵ small enough, we can fix a G-equivariant tubular diffeomorphism:

ϕ : Eϵ → Uϵ

onto an open neighborhood Uϵ of N in M such that ϕ ◦ π(e) = π(e) ∈ N for all e ∈ Eϵ. Actually, using
the identification (TM/TN)|N ≃ TN⊥ ⊂ TM|N , we can choose ϕ to be induced by the restriction of the

exponential map to TN⊥. We shall also need to consider the closed ball bundle Ēϵ → N where Ēϵ denotes
the set of vectors e ∈ E such ||e|| ≤ ϵ. Observe that the manifold with boundary Ēϵ is a G-equivariant
Whitney stratified subset of M , with strata Ēϵ \∂Ēϵ and ∂Ēϵ. If ϵ > 0 is small enough, we can assume that
ϕ induces a G−stratified diffeomorphism, still denoted ϕ, onto the closure of Uϵ in M : ϕ : Ēϵ → Ūϵ. The
following main result of this section is illustrated in Figure 1.

Theorem 3.1. Let G be a compact Lie group. Consider Y ⊂ M a closed G-invariant Whitney stratified
subset of M (as in the statement of Theorem 2.2). Assume that N ⊂ MG is transverse to each stratum of
Y . Then Y ∩ N is a closed G−equivariant Whitney stratified subset of M and the inclusion Y ∩ N ⊂ Y
is G−equivariant strongly normally non-singular with normal (Thom-Mather) vector bundle obtained by
restricting the smooth normal bundle of N in M .

Remark 3.2. In this article we are interested in a geometric formula for the G-signature computed at g,
Sign(X, g), with X a G-Witt pseudomanifold and g ∈ G. Our result will hold under the assumption that
the inclusion Xg ⊂ X is equivariantly strongly normally non singular. Thus we shall ask Xg, g ∈ G, to be
equivariantly strongly normally non-singularly included, and not XG, as in the above Theorem. However,
what we shall do eventually is to consider G = ⟨g⟩ and assume it compact topologically cyclic so that
Xg = XG. Thus we shall be able to apply the above result with G = ⟨g⟩.

Proof. Our proof is inspired by [GM88, p. 48]; however, we shall need to improve on the result of Goresky
and MacPherson and in various ways: first, there is no reason why the homeomorphism from a tubular
neighbourhood of Y ∩N to a vector bundle over Y ∩N constructed in [GM88, p. 48] should map Y ∩N to
the zero section of the vector bundle, whereas this is an explicit requirement in Definition 2.7; second, we shall
need to bring the discussion to a G-equivariant level; third, and this is the most important improvement,
we shall need to sharpen the result in [GM88, p. 48] and pass from a homeomorphism to a stratified
diffeomorphism.

For δ > 0 small enough, consider the G-equivariant map:

Ψ : Ēϵ × (−δ, 1 + δ) →M
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given by

Ψ(e, t) ≡ Ψt(e) = ϕ(te) = Expπ(e)(te).

Here G acts trivially on (−δ, 1 + δ). Notice that Ψ1 = ϕ and Ψ0 = ϕ ◦ π.
The Theorem will be proved in several steps:

• we refine Thom’s first isotopy lemma in the special case of a map Π to R and in our particular
geometric situation; in this first step techniques due to Mather and Verona will be used crucially;

• we use this refined isotopy lemma in order to construct a G-equivariant stratified diffeomorphism
between Ψ−1

0 (Y ), that is, π−1(N ∩ Y ) ∩ Ēϵ and Ψ−1
1 (Y ), that is ϕ−1(Y ∩ Ūϵ);

• notice that the above steps also involve the definition of suitable control data;
• we apply ϕ so as to have a stratified diffeomorphism between π−1(N ∩Y )∩Ēϵ and Y ∩ Ūϵ; this is the

stratified diffeomorphism that allows us to conclude that the inclusion Y ∩N ⊂ Y is G−equivariant
strongly normally non-singular with normal (Thom-Mather) vector bundle obtained by restricting
the smooth normal bundle of N in M .

We begin to discuss these various steps. Since N is transverse to the strata of Y and the restriction to
N of each map Ψt is the identity then, for δ > 0 small enough, each map Ψt is transverse to each stratum
of Y . Therefore, see [G81], Ψ−1(Y ) is a G-Whitney stratified subset of Ēϵ × (−δ, 1 + δ) with strata of the
form Z = Ψ−1(S), S a stratum of Y . Moreover, the projection P2 : Ψ−1(Y ) → (−δ, 1 + δ) onto the second
factor, (e, t) 7→ t, defines a proper G−equivariant map and a stratified submersion. The fact that (P2)|Z
is a submersion for t close to zero is a subtle consequence of the fact that N is transverse to the strata of
Y and we briefly outline the argument. Since S is transverse to N , for each point y0 of N ∩ S there exists
local coordinates y of N and local normal coordinates ξ (near 0) such that near the point y0, S is locally
parametrized by:

(yI , ξ) 7→ Exp(yI , yII(yI , ξ) ) ξ

where y = (yI , yII) and (yI , ξ) 7→ yII(yI , ξ) is a suitable smooth function. Therefore, near a point (y0, ξ0, 0)
of Z = Ψ−1(S), Z is locally the set of points of the form by (yI , yII(yI , tξ); ξ, t) where t is a free variable
near 0. Thus (P2)|Z is a submersion as announced.
Actually, it will be more comfortable to replace (−δ, 1+ δ) by R, so we introduce a smooth diffeomorphism
χ : R → (−δ, 1 + δ) and consider the map

Φ : Ēϵ × R →M

given by Φ(e, θ) = Ψ(e, χ(θ)). Consider then the projection onto the second factor given by Π : Φ−1(Y ) 7→ R,
Π(e, θ) = θ. As above Φ−1(Y ) is aG−Whitney stratified subset of Ēϵ×R with strata of the form Z = Φ−1(S)
where S is a stratum of Y and Π is a G−equivariant proper stratified submersion. Morever, if x ∈ Y ∩N
then Φ−1{x} contains {x} × R so that Π is surjective.

Now we apply [Pf-Wi, Theorem 2.12] and Mather [Mat12, Proposition 7.1], withM = Ēϵ×R, P = R, f =
Π, S = Φ−1(Y ), and obtain the existence of a family of G−equivariant control data {TZ , πZ , ρZ , Z stratum}
on Φ−1(Y ) which are compatible with Π in the sense that Π ◦πZ = Π on TZ for each stratum Z of Φ−1(Y ).
The stratified diffeomorphism appearing implicitly in the statement of Theorem 3.1 will be obtained by
integrating a stratified controlled vector field on Φ−1(Y ). In order to define this vector field and study its
properties we need to refine the control data that we have just defined. To this end we establish the next
two Lemmas.

Lemma 3.3. There exists a G−equivariant control data system (TS , πS , ρS) on Y such that the following
is true. Consider two strata S1 < S0 of Y , then, πS1,S0

sends TS1
∩ S0 ∩ N into S1 ∩ N ⊂ Y ∩ N where

πS1,S0 : TS1 ∩S0 → S1 denotes the restriction of πS1 . Thus, the so-called π−fibre condition of [G81, Section
4.1] is satisfied for N ∩ Y in Y .

Proof. One proceeds easily along the lines of the proof of [Mat12, Cor. 10.4 ; Prop. 7.1], but done
equivariantly as in [Pf-Wi], using the fact that N ⊂ MG and that Y is a G−equivariant closed Whitney
subset of M . □
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Lemma 3.4. We can choose the control data G−equivariant (TZ , πZ , ρZ)of Φ
−1(Y ) (compatible with Π) so

that the following is true (for ϵ > 0 small enough). Consider two strata S1 < S0 of Y , then the following
diagram is commutative:

TZ1
∩ (Z0)

πZ1,Z0

��

Φ // TS1
∩ S0

πS1,S0

��
Z1

Φ // S1 ,

where Z1 = Φ−1(S1) < Z0 = Φ−1(S0), TZ1
= Φ−1(TS1

) and, πS1,S0
: TS1

∩ S0 → S1 denotes the restriction
of the retraction of the corresponding control data and similarly for Zj instead of Sj.

Proof. We use the local coordinates (y; ξ) given by (y, ξ) 7→ Expyξ , so N is defined locally by ξ = 0. Since
N is transverse to S0, locally near N , S0 admits a parametrization of the form:

(yI , ξ) 7→ Exp(yI ,yII(yI ,ξ))(ξ) .

Then Z0 = Φ−1(S0) admits the local parametrization:

(yI ; ξ, θ) 7→ (yI , yII(yI , tξ); ξ, θ) ,

where t = χ(θ).
Now πS1 sends a point in TS1 ∩ S0 of coordinates (yI , tξ) (that is the point Exp(yI ,yII(yI ,tξ))(tξ)) to a

point in S1 of the form Expa(yI ,tξ)b(yI , tξ), for suitable smooth functions a with values in N and b(yI , tξ)

with values in the normal fiber over the point a(yI , tξ) ∈ N . By Lemma 3.3 , b(yI , 0) ≡ 0 so that b(yI , tξ) =∑k
j=1 tξjbj(yI , tξ) where k denotes the dimension of the fiber of the vector bundle E → N . Now, using

these local coordinates we define πZ1,Z0
by the formula:

πZ1,Z0(yI , yII(yI , tξ); ξ, θ) = (a(yI , tξ);

k∑
j=1

ξjbj(yI , tξ), θ)

where the right hand side is indeed in Z1, given that Z1 = Φ−1(S1).
Now let us explain briefly why πZ1,Z0

is intrinsically defined, independently of the choice of coordinates.
Consider another local parametrization:

(y′I ; ξ
′, θ) 7→ (y′I , y

′
II(y

′
I , tξ

′); ξ′, θ) ,

where t = χ(θ). Then, as before, πS1
sends a point in TS1

∩ S0 of coordinates (y′I , tξ
′) (that is the point

Exp(y′I ,y′II(y′I ,tξ′))(tξ
′)) to a point in S1 of the form Expa′(y′I ,tξ′)b

′(y′I , tξ
′), for suitable smooth functions a′

with values in N and b′(y′I , tξ
′) with values in the normal fiber over the point a′(y′I , tξ

′) ∈ N . But, on the
overlap of the two charts, given that πS1

is intrinsically defined, we obtain:

a′(y′I , tξ
′) = a(yI , tξ) , b

′(y′I , tξ
′) = b(yI , tξ) ,

and thus
∑k
j=1 ξ

′
jbj(y

′
I , tξ

′) =
∑k
j=1 ξjbj(yI , tξ) in a first step for t ̸= 0 and then for t = 0 by continuity.

This proves that πZ1,Z0 is intrinsically defined.
Now, for v ̸∈ Z1, but close to Z1 and belonging to the union of the strata dominating Z1, we define

πZ1
(v) := πZ1,Z(v), where Z is the unique stratum containing v. Note that this Z satisfies Z1 < Z, so that

πZ1,Z is indeed defined as above. If v ∈ Z1, we put πZ1
(v) := v. Let us check briefly the continuity of the

map πZ1
so defined. Consider a sequence (zn, θn) [resp. (z′n, θ

′
n)] of points of Z0 [resp. Z] converging to

(z, θ). We consider only the case where (z, θ) belongs to the intersection of an open neighborhood of Z1

with Z1 ∪Z1<Z′ Z ′. Therefore, this point (z, θ) belongs to a stratum of the form Z̃ = Φ−1(S̃) for a suitable

stratum S̃ of Y . By the frontier condition, this stratum Z̃ is either equal to Z0 or Z or is dominated by

both Z0 and Z. By assumption on the domain of πZ1 , we can assume that either Z̃ = Z1 or Z̃ dominates
Z1. Then we have to check that the sequences πZ1,Z0(zn, θn) and πZ1,Z(z

′
n, θ

′
n) both converge to πZ1,Z̃

(z, θ).

One proves this by using the fact that, by construction, the diagram of Lemma 3.4 is commutative and, in

the case where θ = 0, the fact that S̃ is transverse to N .
By construction also, πZ1,Z0 is compatible with Π. Then, we define the control function ρZ1 by:

ρZ1
(yI , yII(yI , tξ); ξ, θ) = ρS1

(
Exp(yI ,yII(yI ,tξ))tξ

)
, t = χ(θ) .
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Using the identity Φ ◦ πZ1,Z0
= πS1,S0

◦ Φ, one obtains the equality ρZ1
(πZ0

(v)) = ρZ1
(v). Moreover, using

the identity πS1
◦ πS0

= πS1
(on its domain of definition) and the commutativity, of the diagram of the

Lemma, one proves that πZ1
◦ πZ0

= πZ1
(on its domain of definition). Since we have just checked that

ρZ1 ◦ πZ0 = ρZ1 , one then obtains immediately the Lemma. □

Proposition 3.5. There exists a G−equivariant stratified controlled smooth 2 vector field η on Φ−1(Y ) such
that the following two conditions are satisfied:
1] For any z ∈ Φ−1(Y ), Π∗η(z) =

d
d θ , the unit oriented vector of the real line.

2] Consider any point (y, θ0) ∈ (Y ∩N)×R belonging to a stratum Z of Φ−1(Y ). Then, the whole real line
{y}×R is included in Z, the tangent vector (0, ∂θ) ∈ T(y,θ0)(Ēϵ×R) belongs to T(y,θ0)Z and, η(y, θ0) = (0, ∂θ) .

Proof. By Verona [Ver84, Lemma 2.4] (or [Mat12, Proposition 9.1]), the existence of a stratified controlled
vector field satisfying 1] is known and the G−equivariance of the construction can be ensured by a classic
averaging technique, as we shall see later. Recall ([Mat12, Sect. 9, page 493]) that, by definition, the
stratified controlled vector field η should satisfy the following two conditions with respect to two strata
Z1 < Z0 of Φ−1(Y ) and any v ∈ TZ1

∩ Z0:

ηZ0
. ρZ1

(v) = 0

(πZ1,Z0)∗ηZ0(v) = ηZ1(πZ1,Z0(v)) ,
(1)

where ρZ1 : TZ1 ∩Z0 → R denotes the tubular function and πZ1,Z0 : TZ1 ∩Z0 → Z1 denotes (the restriction
of) the retraction of the corresponding control data.

About 2], the fact that (0, ∂θ) ∈ T(y,θ0)Z with Z = Φ−1(S), is an immediate consequence of tranversality;
indeed T(y,θ0)Z is the vector space of tangent vectors that are sent to TΦ(y,θ0)S by (Φ)∗ moreover one
computes that (Φ)∗(0, ∂θ)(y, θ0) = 0 so that (0, ∂θ) ∈ T(y,θ0)Z. Moreover, as y ∈ S it is clear that {y}×R ⊂
Z. The notation (Φ)∗(0, ∂θ)(y, θ0) is the one adopted by Mather: if F : X → W is a smooth map, then
F∗(vx)(x) is the differential of F computed at x and applied to the tangent vector vx.
We come to the condition η(y, θ0) = (0, ∂θ) of 2], which is a non trivial additional requirement. If one
follows the proof (by induction on the dimension of the strata) of [Mat12, Sect. 9, page 493] then, in order
to achieve such a requirement, one has to state and check the following additional property.

Lemma 3.6. Consider (y, θ0) ∈
(
(Y ∩N)× R

)
∩ (TZ1

∩ Z0), then:

πZ1,Z0(y, θ0) ∈ (Y ∩N)× R
(πZ1,Z0

)∗(0, ∂θ)(y, θ0) = (0, ∂θ) .
(2)

Proof. Observe that in the special case N = MG then, by the G−equivariance of πZ1,Z0
, we see that

πZ1,Z0
(y, θ0) is G−invariant and thus belongs to (Y ∩N)×R. Therefore one gets easily the first part of (2).

In the general case N ⊂MG, we have to use Lemma 3.4. Consider (y, θ0) ∈
(
(Y ∩N)×R

)
∩(TZ1

∩Z0), since

by Lemma 3.4, TZ1 = Φ−1(TS1), we see that {y}×R is included in
(
(Y ∩N)×R

)
∩(TZ1 ∩Z0). Therefore, we

are free to make θ0 vary, which will be crucial . Then write πZ1,Z0
(y, θ0) = (y′, ξ′, θ0) ∈ Ēϵ×R, y′ ∈ Y ∩N ,

where

y′ = y′(y, θ0) , ξ
′ = ξ′(y, θ0) .

Basically, in what follows, we will fix y and let θ0 vary. By Lemma 3.4 we have:

Φ ◦ πZ1,Z0
(y, θ0) = expy′(y,θ0)(χ(θ0)ξ

′(y, θ0)) = πS1,S0
◦ Φ(y, θ0) = πS1,S0

(y) . (3)

So, clearly expy′(y,θ0)(χ(θ0)ξ
′(y, θ0)) does not depend on θ0 and depends only on y. Since the tubular isomor-

phism ϕ (defined via the exponential map) is an isomorphism, we conclude that y′(y, θ0) and χ(θ0)ξ
′(y, θ0)

depend only on y. So write χ(θ0)ξ
′(y, θ0) = e(y). Then, letting χ(θ0) go to zero, we obtain e(y) = 0 because

the norm of ξ′(y, θ0) remains bounded by ϵ. Thus ξ′(y, θ0) = 0 for χ(θ0) ̸= 0 and then also for the isolated
zero χ−1(0) by continuity. Thus

πZ1,Z0
(y, θ0) = (y′, θ0) ∈ (Y ∩N)× R

2this means that the restriction of η to each stratum is smooth
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which is what we wanted to prove.
Now, let us prove the second part of (2). As already remarked, as y ∈ Y ∩N we have

Φ∗(0, ∂θ)(y, θ0) = 0 (4)

Then, recall that by Lemma 3.4, Φ◦πZ1,Z0
= πS1,S0

◦Φ, therefore (4) implies that
(
Φ◦πZ1,Z0

)
∗(0, ∂θ)(y, θ0) =

0. Therefore,

Φ∗
(
(πZ1,Z0)∗(0, ∂θ)(y, θ0)

)
(y′, θ0) = 0 .

Then, since y′ ∈ Y ∩ N, one checks easily that (πZ1,Z0
)∗ · (0, ∂θ)(y, θ0) = (0, c∂θ) for some real number c.

Then, given that πZ1,Z0 is compatible with Π one obtains c = 1. The Lemma is thus proved. □

Now, following [Mat12, Proof of Prop. 9.1] and adding (2) in the process, we can prove by induction on
the dimension of the strata the existence of a stratified controlled vector field η satisfying all the requirements
of the Proposition, except the G−equivariance. But, given the G−equivariance of the control data and the
fact that N is pointwise fixed by G, we see that for any g ∈ G, g∗η will also satisfy all the requirements
of Proposition 3.5 except the G−equivariance. Therefore, the stratified vector field

∫
G
g∗η dµ(g) will be

G−equivariant and will satisfy all the requirements of the Proposition. □

Denote by λθ(z) the flow of η(z) on Φ−1(Y ). Since Π is proper, the flow λθ(z) is complete in θ for any z
(see [Ver84, Proof of Thm 2.6]). The next lemma shows that this flow behaves nicely with respect to Π.

Lemma 3.7. One has:
1]

∀(z, θ) ∈ Φ−1(Y )× R , Π(λθ(z)) = Π(z) + θ .

2] Consider a point (y, θ0) ∈ (Y ∩N)× R belonging to a stratum Z of Φ−1(Y ). Then for any θ ∈ R,

λθ(y, θ0) = (y, θ0 + θ) ∈ Z .

Proof. 1] Denote the differential of Π computed at λθ(z) by Π∗(λ
θ(z)). By the chain rule, one has:

d

dθ
Π(λθ(z)) = Π∗(λ

θ(z))η(λθ(z)) = 1 .

This implies Π(λθ(z))−Π(λ0(z)) = θ, hence the desired result of 1].
2] This is a consequence of Proposition 3.5. 2] and of the uniqueness result of the Cauchy-Lipschitz Theorem.

□

Therefore, since the vector field η is controlled, for any a, b ∈ R, the map Ma,b : Π
−1({a}) → Π−1({b})

given by Ma,b(z) = λb−a(z) certainly defines a G−equivariant homeomorphism. In fact Ma,b satisfies
stronger regularity properties, as we shall now see. Consider a stratum of Π−1({a}) of the form S∩Π−1({a})
where S is a stratum of Φ−1(Y ). Then, since η|S is smooth, by restriction λb−a induces a smooth map from

S ∩ Π−1({a}) onto λb−a(S ∩ Π−1({a})) which, by the previous lemma, is equal to S ∩ Π−1({b}). Now,
following [Ver84, Proof of Thm 2.6], we may consider a controlled tubular neighborhood of S ∩ Π−1({a})
of the form TS ∩ Π−1({a}) where TS is a controlled tubular neighborhood of S. Since the vector field η is
controlled, λb−a defines a morphism in the sense of Verona, and we see that Ma,b is compatible with the
family of control data of S ∩Π−1({a}) and S ∩Π−1({b}) respectively. Now we apply this with a = χ−1(0)
and b = χ−1(1). We then see that Π−1({a}) = π−1(N∩Y )∩Ēϵ and that Π−1({b}) = ϕ−1(Y ∩Ūϵ). Following
[GM88, p. 48] we define:

j = ϕ ◦Ma,b : π−1(N ∩ Y ) ∩ Ēϵ → Y ∩ Ūϵ . (5)

The map j so defined is a smooth stratified G−equivariant diffeomorphism and, lemma 3.7. 2] shows that
j leaves the zero section N ∩ Y fixed pointwise. Moreover the map ϕ is a smooth diffeomorphism which is
the restriction of a diffeomorphism (still denoted ϕ) defined over bigger open subsets, so the map ϕ can be
used in order to induce, from the family of control data of ϕ−1(Y ∩ Ūϵ), a family of control data for Y ∩ Ūϵ.

At this point, the reader may complain that we have introduced π−1(N ∩ Y ) ∩ Ēϵ whereas we wanted
rather π−1(N ∩ Y ) ∩ Eϵ. To get this, we proceed briefly as follows. Consider ϵ1 ∈]0, ϵ[ and define jϵ1 as in
(5) but with ϵ1 instead of ϵ. Given that j is an homeomorphism which extends j1, it is clear that j1 will
send π−1(N ∩ Y ) ∩ Eϵ1 , which is the interior of π−1(N ∩ Y ) ∩ Ēϵ1 , onto an open neighborhood of Y ∩ N
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and define a smooth stratified diffeomorphism compatible with the families of control data. The Theorem
is thus proved. □

Remark 3.8. Let us examine briefly the stratification structure of

Φ−1(Y ) ∩ {θ = a} = Π−1({a}) = π−1(N ∩ Y ) ∩ Eϵ
where we recall that χ(a) = 0 and that π was defined at the beginning of this Section. The stratum are of
the form Φ−1(S) ∩ {θ = a} where S is a stratum of Y . But since Φ(e, a) = ϕ(χ(a)e) = expπ(e)(0 · e), we
immediately see that Φ−1(S) ∩ {θ = a} = π−1(N ∩ S) ∩ Eϵ. But, by transversality, the strata of N ∩ Y are
of the form N ∩ S. So the strata of π−1(N ∩ Y ) ∩ Eϵ are lifts of the strata of N ∩ Y . Next, we describe
briefly the control data of π−1(N ∩ Y ) ∩ Eϵ using Lemmas 3.3 and 3.4 and their proofs. One has:

πZ1∩Π−1({a}),Z2∩Π−1({a})(yI , yII(yI , 0); ξ, a) = (a(yI , 0);

k∑
j=1

ξkbj(yI , 0), a) . (6)

Now recall from Lemma 3.3 and the proof of Lemma 3.4 that you can interpret a(yI , 0) as the coordinates
of the point πS1(yI , yII(yI , 0)) = πS1∩N (yI , yII(yI , 0)). Therefore the control map (6) is a lift of the control
map πS1

restricted to N ∩ S1. Lastly, using again the proof of Lemma 3.4, one sees that the radial function
is given by

ρZ1∩Π−1({a})(yI , yII(yI , 0); ξ, a) = ρS1(yI , yII(yI , 0)) .

Summarizing, the bundle π−1(N ∩ Y ) ∩ Eϵ is indeed a Thom-Mather vector bundle over N ∩ Y .

Example 3.9. The permutation group G = Sk on k letters, k ≥ 2, acts on the complex projective space

M = P2+k = {(x : y : z : u1 : u2 : · · · : uk)}
by permuting the last k homogeneous coordinates u1, . . . , uk. If k ≥ 3, then the fixed point set of this action
is

N =MG = {(x : y : z : u : u : · · · : u)} = V (u1 − u2, u1 − u3, . . . , u1 − uk),

where V (I) ⊂ P2+k denotes the algebraic vanishing set defined by a homogeneous ideal I ⊂ C[x, y, z, u1, . . . , uk].
Thus N is a 3-plane in P2+k. If k = 2, then there is the additional fixed point (0 : 0 : 0 : 1 : −1). We
assume k ≥ 3 from now on. Let X ⊂ P2+k be the singular hypersurface

X = V (xy).

Its singular set is given by
Xk = V (x, y) = {(0 : 0 : z : u1 : · · · : uk)},

a k-plane in P2+k. In fact, the filtration X ⊃ Xk is a Whitney stratification of X in P2+k. The set X is
invariant under the action of G, with fixed point set

XG = X ∩N = V (xy, u1 − u2, . . . , u1 − uk).

The stratum Xk is also G-invariant. The 3-plane N is transverse to the Whitney strata X −Xk, Xk of X.
By Theorem 3.1 , XG is normally non-singular in X and its normal bundle is the restriction of the normal
bundle of the submanifold N ⊂ P2+k.

Example 3.10. We take the same G = Sk-action on M = P2+k as in Example 3.9, k ≥ 3. Let X ⊂ P2+k

be the singular hypersurface
X = V (zy2 − x3 − zx2).

(In P2, this equation defines the nodal cubic curve with isolated singular point (0 : 0 : 1) given by the ideal
(x, y).) The singular set of X is given by

Xk = V (x, y) = {(0 : 0 : z : u1 : · · · : uk)},
a k-plane in P2+k, as in the previous example. This time, a Whitney stratification of X in P2+k is given by
the depth 2 filtration

X ⊃ Xk = V (x, y) ⊃ Xk−1 = V (x, y, z).

The set X and all of its strata are invariant under the action of G, with fixed point set

XG = X ∩N = V (zy2 − x3 − zx2, u1 − u2, . . . , u1 − uk).
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It is straightforward to verify that N is transverse to the Whitney strata X − Xk, Xk − Xk−1, and Xk−1

of X. By Theorem 3.1 , XG is normally non-singular in X and its normal bundle is the restriction of the
normal bundle of the submanifold N ⊂ P2+k.

Example 3.11. Consider the real affine algebraic variety X in M = R3 given by the hypersurface

X = {(x, y, z) | (x2 + y2)2 − 2(1− z2)(x2 − y2) = 0}.

The singular set S of X is given by x = y = 0, i.e. the z-axis. Decomposing this singular set further as

S = S0 ∪ S1, S0 := {(0, 0, 1), (0, 0,−1)}, S1 := {(0, 0, z) | z ̸= ±1},

one obtains in fact a Whitney stratification X = S0 ∪ S1 ∪ (X − S) of X ⊂ R3. Over z ̸= ±1, we may
regard X as a family {Lz} of lemniscates Lz ⊂ R2 × {z} parametrized by z. Over z = 1 and z = −1, the
lemniscates degenerate to a point. A smooth G = Z/2-action on R3 is generated by the reflection

R(x, y, z) = (x, y,−z).

The variety X is invariant under R, and each Whitney stratum S0, S1 and X − S is invariant under R.
The fixed point set MG in R3 is {(x, y, 0)}. Therefore, the fixed point set XG is given by

XG = X ∩MG = {(x, y, 0) | (x2 + y2)2 − 2(x2 − y2) = 0},

which is the lemniscate L0. This is a curve with one singular point, the origin (x, y, 0) = (0, 0, 0).
Now, MG is vacuously transverse to the stratum S0, since their intersection is empty. The stratum S1

is obviously transverse to the plane MG at their intersection point S1 ∩MG = {(0, 0, 0)}. We show that the
stratum X − S is transverse to MG: Let p be a point in the intersection (X − S) ∩MG = L0 − {(0, 0, 0)}.
Then p has coordinates p = (x0, y0, 0). If f denotes the defining equation that cuts out X, then the derivative
fz = 4z(x2 − y2) vanishes at p. So the normal space Np to X − S at p, which is spanned by the gradient
of f , is contained in Tp(R2 × 0). But since Np ⊕ Tp(X − S) = TpR3, it follows that Tp(X − S) cannot
also be contained in Tp(R2 × 0) = Tp(M

G). Therefore, Tp(X − S) + Tp(M
G) = TpR3, which establishes the

transversality of X − S and MG in R3. Thus by Theorem 3.1 the inclusion XG ⊂ X is strongly normally
non-singular.

4. The equivariant K-homology class defined by Dsign and its properties

In this Section we shall define the equivariant K-homology class of the signature operator on an oriented
Thom-Mather G-pseudomanifold satisfying the Witt condition and study its main properties. As the proofs
are easy extensions of the ones in the non-equivariant case, we shall be brief.

4.1. The equivariant K-homology class [Dsign
g ] ∈ KG

j (X). Let X be an oriented Thom-Mather G-space,
endowed with a G-invariant wedge metric g. We shall assume that G acts preserving the orientation. From
now on the wording oriented Thom-Mather G-space will be deemed to imply that the action preserves the
orientation. We consider the signature operator Dsign

g associated to g, acting on wedge differential forms.
We shall be brief in this section and refer for example to [ALMP12], [ALMP18], [AGR23] for relevant
background.

The operator Dsign
g is an example of wedge operator of Dirac-type. See [AGR23]. One way to analyze

the properties of such an operator is by considering it on the resolution M of X, a manifold with fibered
corners. Let us fix a stratum a of X and the associated boundary hypersurface ∂aM inside the resolution
M . ∂aM is a fibration with base BaM and typical fibers FaM . Let x be a boundary defining function for
∂aM . Consider a wedge operator of Dirac type ðE . It is not difficult to see that xðE |x=0 is a vertical family
of differential operators on the fibration FaM − ∂aM → BaM . A wedge operator of Dirac type, ðE , acting
on the sections of a bundle of wedge Clifford module E, satisfies the analytic Witt condition if for every
stratum a of X and therefore for every boundary hypersurface ∂aM of M with boundary defining function
x, the boundary family xðE |x=0 is L2-invertible. Such an operator admits a natural self-adjoint domain
DV APS(ðE),

DV APS(ðE) = ρ1/2H1
e (M,E) ∩ Dmax(ðE)
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with ρ a total boundary defining function andH1
e (M,E) the edge Sobolev space of order 1. V APS stands for

Vertical Atiyah Patodi Singer. It is proved in [AGR23] that ðE with this domain is a self-adjoint Fredholm
operator with compact resolvant.

Let now X be an oriented Witt pseudomanifold endowed with a wedge metric g; thanks to [ALMP18,
Corollary 4.2], one then sees that the signature operator Dsign

g satisfies the analytic Witt condition.

The operator Dsign
g admits therefore a self-adjoint Fredholm domain DV APS(Dsign

g ). This is the domain
that we shall consider. If we now assume that the metric g is G-invariant, then we see easily that the
operator (Dsign

g ,DV APS(Dsign
g )) commutes with the action of G. The kernel of this operator, which is finite

dimensional, thus defines a finite dimensional G-representation. If we are in the even dimensional case,
then we obtain the equivariant index indG(D

sign
g ) := [KerDsign,+

g ] − [KerDsign,−
g ] ∈ R(G). More generally,

proceeding as in [ALMP12], see also [ABP25], but taking into account the G-equivariance, we obtain the
following fundamental result:

Theorem 4.1. Let G be a compact Lie group and let X be an oriented Thom-Mather G-pseudomanifold
satisfying the Witt condition; the action of G preserves the orientation. We fix a G-invariant wedge metric
g. Then the signature operator Dsign

g with domain DV APS(Dsign
g ) defines an equivariant K-homology class

[Dsign
g ] ∈ KG

j (X) , with j = dimX (mod 2) (7)

Given two G-invariant wedge metrics g0 and g1, there exists a path of G-invariant wedge metrics gt joining
them and

[Dsign
g0

] = [Dsign
g1

] in KG
j (X) .

We often denote the signature operator by D and this equivariant class by [D], unless confusion should arise.

If X is even dimensional and π : X → point is the map to a point, then π∗[D] ∈ KG
0 (point) = R(G) is the

equivariant index of D:

π∗[D] = indG(D) in R(G).

See Proposition 5.3 below for a proof. It is important to point out for later use that KG
0 (X) is an R(G)-

module.

4.2. G-Stratified Diffeomorphism invariance. The following result, with proof similar to the one given
in [ABP25, Proposition 4.1], will be important in our treatment of the G-signature formula on G-Witt
spaces.

Proposition 4.2. Let X and Y be two oriented Thom-Mather G-pseudomanifolds satisfying the Witt con-
ditionand let ϕ : X → Y be an equivariant stratified diffeomorphism preserving the orientations.3 Let
[DX ] ∈ KG

∗ (X) and [DY ] ∈ KG
∗ (Y ) be the associated equivariant signature classes. Then

ϕ∗[DX ] = [DY ] in KG
∗ (Y ).

4.3. Gysin homomorphisms in the G-equivariant setting. We extend to theG-equivariant case results
of Hilsum [Hil14] and Albin, Banagl and Piazza [ABP25]. We only state what we really need, although it
should not be difficult to extend the general results in [ABP25] to the equivariant case.

Theorem 4.3. Let E
p−→ X be a G-equivariant vector bundle over a G-Witt pseudomanifold X. Then there

exists a well-defined element Σ(p) ∈ KKG
∗ (E,X), ∗ = rkE, represented by the vertical family of signature

operators along the fibers, such that

[DE ] = Σ(p)⊗ [DX ] . (8)

We can thus define a Gysin homomorphism

p! : KG
∗ (X) → KG

∗+rkE(E) , α→ Σ(p)⊗ α

and we deduce from (8) that

p![DX ] = [DE ] .

3This means, in particular, that ϕ respects the equivariant control data on X and Y .
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Proof. The proof given in [ABP25] is based crucially on Kucherovsky’s conditions ensuring that the Kasparov
product of two unbounded cycles is equal to the class of a given cycle. As explained in [Fo] [Fo-Re],
Kucherovsky’s theorem holds in the G-equivariant setting, with G compact. Making use of this refined
result, we can repeat the proof in [ABP25] in the G-equivariant case. □

5. The equivariant signature

Let G be a compact Lie group and let X be a compact oriented Thom-Mather G-pseudomanifold of
dimension n = 2m satisfying the Witt condition. Recall that by definition this means that G acts preserving
the orientation.

To define a G-signature, we proceed as in Atiyah-Singer III [ASIII], except that the singularities in X
require us to work with intersection homology instead of ordinary homology. Let IH∗(X) denote the inter-
section cohomology of X, with real coefficients, taken with respect to the lower or upper middle perversity.
The Witt condition ensures that the canonical map from lower to upper middle perversity intersection
cohomology is an isomorphism, and that the bilinear intersection form

B : IHm(X)× IHm(X) −→ R

is nondegenerate. This form is symmetric when m is even and skew-symmetric when m is odd. For
every g ∈ G, the map g : X → X is a stratified diffeomorphism and thus induces an automorphism
g∗ : IHm(X) → IHm(X). This makes IHm(X) a G-module. The form B is G-invariant, since the action of
G on X preserves the orientation. Let ⟨·, ·⟩ be a positive definite and G-invariant inner product on IHm(X).
An operator A is defined by the equation B(x, y) = ⟨x,Ay⟩. This operator commutes with the action of G,
as for all g ∈ G, ⟨x, g−1A(gy)⟩ = ⟨g−1gx, g−1A(gy)⟩ = ⟨gx,A(gy)⟩ = B(gx, gy) = B(x, y) = ⟨x,Ay⟩. The
adjoint is given by A∗ = (−1)mA.

Suppose that m is even. Then A is self-adjoint and IHm(X) decomposes as a direct sum IHm(X) =
IH+ ⊕ IH−, where IH+ and IH− are the positive and negative eigenspaces of A. These are G-invariant
and thus define real G-modules that we will also denote by IH+, IH−. Up to isomorphism, these are
independent of the choice of inner product ⟨·, ·⟩, as G is compact and thus has discrete characters, while the
space of G-invariant inner products is connected.

Definition 5.1. For m even, the G-signature of the compact oriented G-Witt pseudomanifold X is the
virtual representation

Sign(G,X) := IH+ − IH− ∈ RO(G) ⊂ R(G).

On elements g ∈ G, we will in particular consider the real numbers

Sign(g,X) := tr(g∗|IH+)− tr(g∗|IH−).

This number depends only on the action of g on IH∗(X). Since G acts by stratified diffeomorphisms on X
and IHm(X) is invariant by stratified homotopy, Sign(g,X) depends only on the connected component of
g in G. If m is odd, then A is skew-adjoint. Let (AA∗)1/2 denote the positive square root of AA∗ = −A2.
Since the square of the operator J = A/(AA∗)1/2 is J2 = −1, J defines a complex structure on IHm(X). As
J commutes with the G-action, we obtain a complex G-module IHm(X). Again, this module is independent
of the choice of inner product.

Definition 5.2. For m odd, the G-signature of the G-Witt space X is the virtual representation

Sign(G,X) := IHm(X)− IHm(X)∗ ∈ R(G)

with IHm(X)∗ denoting the dual representation.

On elements g ∈ G, we will in particular consider the complex numbers

Sign(g,X) := 2i Im tr(g∗|IHm(X)),

where one takes the trace of g∗ as an automorphism of a complex vector space. This number is again
independent of choices.

Now, following [ASIII, p. 579], we briefly connect this construction to the space of real L2 harmonic forms

on X and the G−equivariant signature operator Dsign
X associated to the chosen wedge metric. Recall that
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by Cheeger [Ch83], 0 is isolated in the L2-spectrum of Dsign
X and IH∗(X)⊗R C is identified with KerDsign

X .
First assume m even. As in [ASIII, p. 579], one gets:

IH+ ⊗R C = (KerDsign,+
X ) ∩ Ωm

IH− ⊗R C = (KerDsign,−
X ) ∩ Ωm ,

(9)

where Ωm denotes the vector space of L2−forms on the regular part of X. Moreover, proceeding still as in
[ASIII, p. 579], one checks easily that for any integer 0 ≤ q < m,

(KerDsign
X ) ∩ Ωq ⊕ (KerDsign

X ) ∩ Ωm−q

does not contribute to the equivariant index

indG(g,D
sign,+
X ) = tr(g∗|Ker(Dsign,+))− tr(g∗|Ker(Dsign,−))

Therefore, we conclude, proceeding as in [ASIII], that

Sign(g,X) = indG(g,D
sign,+
X ) . (10)

As in [ASIII], one checks that the result (10) holds true as well when m is odd.

Proposition 5.3. Consider the projection π : X → {point} and the G−equivariant K−homology class

[Dsign
X ] ∈ KG

∗ (X) so that π∗([D
sign
X ]) ∈ KG

∗ (point) = R(G). Then:

∀g ∈ G , Sign(g,X) = π∗([D
sign
X ])(g) .

Proof. As an element of the group KKG
0 (C,C) ≃ R(G), π∗([D

sign
X ]) is defined by the Z2−graded Kas-

parov module (L2(X,Ω∗), λ,Dsign
X ) where λ denotes the complex scalar multiplication. Recall that the

L2−spectrum of Dsign
X has a gap at zero so that:

L2(X,Ω∗) = kerDsign
X ⊕⊥ (kerDsign

X )⊥ ,

where Dsign
X is invertible on (ker Dsign

X )⊥. Therefore, π∗([D
sign
X ]) is the sum of (ker Dsign

X , λ, 0) and of the

degenerate Kasparov module ((kerDsign
X )⊥, λ,Dsign

X ). Thus:

π∗([D
sign
X ]) = (kerDsign

X , λ, 0).

and consequently
π∗([D

sign
X ]) = indG(D

sign,+
X ) in R(G) (11)

At this stage, the Proposition is an immediate consequence of (10).
□

Summarizing, we have proved that

Sign(g,X) = indG(D
sign,+
X )(g) = π∗([D

sign
X ])(g). (12)

6. The G-signature formula on G-Witt pseudomanifolds

Let X be an oriented Witt G-pseudomanifold. In this Section we finally prove a formula for Sign(g,X),
g ∈ G, under a strong normal non-singular inclusion hypothesis on the fixed point set Xg. Recall that for
X an oriented smooth manifold without boundary, Atiyah and Singer [ASIII] used two ingredients in order
to give a geometric formula for Sign(g,X):

(1) the Atiyah-Singer G-index theorem, giving the equality of the topological and the analytic G-indices,
as homomorphisms from KG(TX) to R(G);

(2) Segal’s localization theorem in K-theory [Segal], [ASII], a crucial tool for the computation of the
topological G-index in terms of fixed point set data.

In the singular Witt case, we do not have (1). Building on an alternative treatment of the result of
Atiyah-Segal-Singer, due to Jonathan Rosenberg [Ros91], we shall instead work exclusively at the analytic
level. More precisely, we shall employ K−homology classes and KK-classes; moreover, we shall use the
Chern character in K−homology and in bivariant KK−theory, as defined by Puschnigg [Pu03], in order to
connect these K-theory groups to (co)homology. We shall also use Segal’s localization theorem but in the
context of equivariant K-homology and more generally equivariant bivariant KK-theory, KKG

∗ (X,Y ).
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6.1. Localization. We first recall briefly the definition of the localization of an R-module V with respect
to a prime ideal p in commutative ring R. Set S = R \ p, this subset of R is multiplicatively closed. One
defines an equivalence relation ∼ on the set S × V by saying that

(s, v) ∼ (s′, v′), if ∃ t ∈ S , ts′v = tsv′ . (13)

Then Vp is defined as the set of equivalence classes (S × V )/ ∼, it is naturally endowed with a structure of
an Rp-module and called the localized module of V at p.

Now, let G be a compact Lie group, g ∈ G and let H be the (topologically) cyclic subgroup generated
by g. Let p be the prime ideal of R(G) consisting of virtual representations whose character vanishes at g:

p = {[V ]− [W ] ∈ R(G) | Tr(g|V )− Tr(g|W ) = 0} .

Then the support of p coincides with H ([Segal]) and H is finite iff p is a maximal ideal.
LetX be a compact G−Witt pseudomanifold equipped with a G−invariant orientation and a G−invariant

wedge metric, dimX being even. Assume that the connected components F of XH are orientable and
equivariantly normally non-singularly included in X. By Proposition 2.17 we have that F is a Witt pseu-
domanifold. Moreover, by Proposition 2.18, we deduce that F is even dimensional, so that the fibers of
the normal bundle EF of F in X are also of even dimension (= dimX − dimF ). We make the additional
assumption that the normal bundle EF is a G−equivariant complex vector bundle; this means, in particular,
that the Thom isomorphism in complex K-theory is available.

Example 6.1. If the smooth manifoldM of Theorem 3.1 is complex and N ⊂MG is a complex submanifold,
then the normal bundle of N in M is a complex vector bundle, and thus its restriction to Y ∩N , which is
the normal bundle of Y ∩N in Y , is a complex vector bundle.

Given that our ultimate goal in this section is to compute Sign (g,X) we can and shall assume in
the sequel that G = H = ⟨g⟩ so that G is compact topologically cyclic (and thus abelian). As explained in
[ASII, p.539] and also at the end of this Subsection, the general formula for G a compact Lie group then
follows easily by a functoriality argument. Notice that if G = H = ⟨g⟩ then Xg = XG = XH .

We consider KG
∗ (X) and, more generally, KG

∗ (X,Y ). We want to introduce KG
∗ (X,Y )p. We describe

briefly the localized group KKG
∗ (A,B)p for any pair of G-C∗-algebras A and B. First, KKG

∗ (A,B) is a
R(G)−module in the following way. Recall that, G being compact, R(G) may be identified withKKG

0 (C,C),
then the general intersection product of KKG

0 (C,C) with KKG
∗ (A,B) endows KKG

∗ (A,B) with a structure
of R(G)−module. Then KKG

∗ (A,B)p is defined as in (13) with R = R(G), V = KKG
∗ (A,B) and p the

prime ideal consisting of the virtual representations whose character vanishes at g.
We have endowedX with aG-invariant wedge metric. Let [DX ] ∈ KG

∗ (X) be the equivariantK−homology
class of the signature operator on X. As above, let F be a component of Xg = XG; as the inclusion of F into
X is assumed to be equivariantly strongly normally non singular we know that F is a Witt pseudomanifold
and since X is oriented and the normal bundle EF is complex, hence oriented, it follows that F receives an
orientation. As already remarked, for any such F there exists a G−equivariant tubular neighborhood UF
of F in X and an equivariant stratified diffeomorphism

ϕ : UF → EF

with EF the equivariant normal bundle of F in X. Such equivariant tubular neighbourhoods are provided in
many examples by the transversality results explained in detail in Theorem 3.1. We can and we shall assume
that our G-invariant wedge metric has the following structure: if UF is a G-invariant tubular neighbourhood
of F and ψ : EF → UF is the G-equivariant stratified diffeomorphism given by ϕ−1, then ψ∗(g|UF

) is equal
to gF + h, with gF a wedge metric on the Witt space F and h a G-invariant bundle metric along the fibers
of the normal bundle EF . Consider the natural map

αF : KKG
∗ (C(X),C) → KKG

∗ (C0(EF ),C)

obtained by composing the restriction map KKG
∗ (C(X),C) → KKG

∗ (C0(UF ),C) with the isomorphism
ϕ∗ : KKG

∗ (C0(UF ),C) → KKG
∗ (C0(EF ),C) induced by the equivariant stratified diffeomorphism ϕ. We

have the following analogue of Theorem 3.7 in [Ros91]:
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Proposition 6.2. Let p : EF → F be the equivariant normal bundle associated to F . One has the following
equality

αF ([DX ]) = Σ(p)⊗ [DF ]

where a Kasparov product appears on the right hand side, Σ(p) ∈ KKG
∗ (C0(EF ), C(F )) denotes the bivariant

class defined by the family of signature operators along the fibers of EF and where [DF ] ∈ KK(C(F ),C)
denotes the K−Homology class of the signature operator on F .

Proof. By naturality and stratified diffeomorphism invariance, Proposition 4.2, we have αF ([DX ]) = [DEF
].

The result then follows from Theorem 4.3. □

Recall that we have assumed that EF is a complex G−equivariant vector bundle over F whose fibers
are therefore complex vector spaces. If we want to stress the complex structure of the normal bundle
we denote it by EF,c or simply Ec if F is understood. Let us fix F in the sequel. Consider the virtual

complex vector bundle ∧−1Ec =
∧even

Ec −
∧odd

Ec over F . Its space of sections define a bi-module over
C(F ) so that ∧−1Ec defines a bivariant class denoted [[∧−1Ec]] in KKG(C(F ), C(F )); alternatively we
can define [[∧−1Ec]] as the Kasparov product [∧−1Ec] ⊗ ∆F of [∧−1Ec] ∈ KKG(C, C(F )) with the class
∆F ∈ KKG(C(F ) ⊗ C(F ), C(F )) defined by the diagonal immersion F → F × F . More precisely for a
general C∗−algebra D, the Kasparov product in its general version is a bilinear map

KKG(C, C(F ))×KKG(C(F )⊗D,C(F )) → KKG(D,C(F )) ,

and we apply it to the case D = C(F ).

For a proof of the following Proposition we refer to [ASII, Lemma 2.7] and [Ros91, Proposition 3.8]

Proposition 6.3. The element [[∧−1Ec]] is invertible in KKG(F, F )p.

We denote the image of [[∧−1Ec]] in KK
G(F, F )p by [[∧−1Ec]]p. Lastly consider the Thom bivariant class

τF ∈ KKG
∗ (C(F ), C0(EF )); as we are assuming that EF is a complex vector bundle, we know that this class

is invertible and it induces, by Kasparov product, the Thom isomorphism. We denote by τF,p the image of
τF in KKG

∗ (C(F ), C0(EF ))p.

Definition 6.4. Define the homomorphism γF : KKG
∗ (C0(EF ),C)p → KKG

∗ (C(F ),C)p by the following
Kasparov products:

γF (x) = ([[∧−1Ec]]p)
−1 ⊗ τF,p ⊗ x .

This is an isomorphism, being the composition of two isomorphisms.

The map γF makes explicit the isomorphism stated in Theorem 3.1 of [Ros91], between KG
∗ (UF )p and

KG
∗ (F )p. Notice that in [Ros91] the tubular neighbourhood UF and the normal bundle EF are treated as

the same object.

We shall be interested in the class γF (αF [DX ]p).

6.2. The G-signature formula. We finally come to the G-signature formula, that is a geometric formula
for Sign (g,X). The proof proceeds in two steps. In the first step we localize the computation of Sign (g,X)
to the connected components F of the fixed point set of g. This is achieved in (18); see also Definition 6.10
where we define formally the contribution of a connected component F to Sign (g,X). In a second step, later
in this Subsection, we give a more precise (and geometric) formula for these contributions. Here we follow
[Ros91] but give a number of details, building on [Pu03]. We thank Jonathan Rosenberg for suggesting the
use of [Pu03].

Consider the projection π : X → {A} to a point; by Proposition 5.3 we know that Sign (g,X) =
π∗([DX ])(g) with DX denoting as usual the signature operator associated to a G-invariant wedge metric.
The following Lemma-Definition is elementary:

Lemma 6.5. One defines in an intrinsic way a map θg : R(G)p → C by the following formula:

if a = χ/ψ ∈ R(G)p then we set θg(a) =
χ(g)
ψ(g) .
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Of course, π∗ induces a map, (KG
0 (X))p → KG

0 ({A})p = R(G)p, still denoted π∗ and it is clear from
naturality that Sign (g,X) = θg(π∗([DX ]p)). Recall that C denotes the finite set of connected components
of XG; we can assume that the UF , F ∈ C, are pairwise disjoint. Observe that

KG
0 (XG)p = ⊕F∈CK

G
0 (F )p =

(
⊕F∈CK0(F )

)
⊗R(G)p

where on the second equality we have used the fact that the action of G on F is trivial. We can define a
map γ : KG

0 (X)p → KG
0 (XG)p by:

γ(y) = ⊕F∈C(γF ◦ αF )(y) ∈ ⊕F∈CK
G
0 (F )⊗R(G)p . (14)

The map γ makes explicit an homorphism considered in Theorem 3.1 of [Ros91]. For G = ⟨g⟩, the next
two Propositions will state a K-homological analogue of Segal’s localization Theorem. Before stating them,
we need some preparations. Let Z ⊂ X be a closed G−invariant subspace. The injection iZ : Z → X
defines a ”restriction map”: i∗Z : KK(C;C(X)) → KK(C;C(Z)). Now denote by FZ the homomorphim of
C∗−algebras:

C(X) → C(Z)

f 7→ f ◦ iZ .
(15)

Then [C(Z), FZ , 0] ∈ KKG
0 (C(X);C(Z)) defines a Kasparov bimodule and we shall denote by

i[Z] : KK
G
0 (C(Z);C) → KKG

0 (C(X);C)
the map defined by the Kasparov product:

∀M ∈ KKG
0 (C(Z);C) , i[Z](M) = [Z,FZ , 0]⊗M .

Next we recall the pairing <;>Z defined by the Kasparov product:

KKG
0 (C;C(Z))×KKG

0 (C(Z);C) → R(G)

(A,B) 7→ A⊗B =< A;B >Z .
(16)

In some sense, i∗Z and i[Z] are adjoint to each other:

∀(A,B0) ∈ KKG
0 (C;C(X))×KKG

0 (C(Z);C) , < A; i[Z](B0) >X=< i∗Z(A);B0 >Z .

But the connexion between KKG
0 (C(Z);C) and the dual of KKG

0 (C;C(Z)) is a very delicate matter in-
volving the universal coefficient Theorem, see for instance [Ros-Wei87, Theorem 2.4].

The next Proposition generalizes results established by Rosenberg and Weinberger when G is finite or
else a torus. See [Ros-Wei87] and [Ros91]. The proof that we give extends the arguments given in [Ros91]
from the case G finite to more general groups. This explains our additional assumptions. Notice that this
version of the K-homology localization theorem is certainly sufficient to our needs.

Proposition 6.6. Let G be a compact Lie group and p ⊂ R(G) a prime ideal. Let (S) be the support
of p. Let X be a compact G-space which has the G-homotopy type of a finite G-CW-complex. Consider

X(S) =
⋃
g∈GX

gSg−1

. If every orbit is G-spinc, then the inclusion X(S) ↪→ X induces an isomorphism

i[X(S)] : K
G
∗ (X(S))p

≃−→ KG
∗ (X)p.

The orbits are G-spinc if, for instance, all isotropy groups are normal, in particular if G is abelian.

Proof. By G-homotopy invariance of KG
∗ , we may assume that X is a finite G-CW-complex. The G-CW

pair (X,X(S)) has an associated long exact sequence

· · · ∂∗−→ KG
∗ (X(S)) −→ KG

∗ (X) −→ KG
∗ (X,X(S))

∂∗−→ · · ·
of R(G)-modules. Localization at p is an exact functor. Thus the localized sequence

· · · ∂∗−→ KG
∗ (X(S))p −→ KG

∗ (X)p −→ KG
∗ (X,X(S))p

∂∗−→ · · ·
is still exact. The statement of the proposition is thus equivalent to the vanishing of the relative group
KG

∗ (X,X(S))p, which we shall show by an induction on the finitely many equivariant cells.

Let Y ⊂ X be a G-subcomplex such that Y ⊃ X(S) and KG
∗ (Y,X(S))p = 0. (These conditions are

satisfied when Y = X(S), which furnishes the induction start.) Suppose that Y ′ = Y ∪ (G/K × Dm) is
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obtained from Y by attaching an equivariant cell. Once we have proved that KG
∗ (Y ′, Y )p = 0, then the

exact sequence of the triple (Y ′, Y,X(S)),

· · · ∂∗−→ KG
∗ (Y,X(S))p −→ KG

∗ (Y ′, X(S))p −→ KG
∗ (Y ′, Y )p

∂∗−→ · · · ,

will show that KG
∗ (Y ′, X(S))p = 0. So we reach the desired conclusion for Y = X in finitely many inductive

steps.
Hence the central task is to show that KG

∗ (Y ′, Y )p = 0 when Y ′ is obtained from Y by attaching a single
equivariant cell G/K ×Dm. (The group G acts trivially on the disk Dm.)

We shall show first that the support S of p cannot be subconjugate to K. For suppose, by contradiction,
that T := gSg−1 ⊂ K for some g ∈ G. Consider the base point eK ∈ G/K, where e ∈ G is the neutral
element. Since T ⊂ K, we have for every t ∈ T ,

t · (eK) = tK = K = eK.

Thus eK is a T -fixed point of G/K. As G acts trivially on Dm, every point (eK, q) ∈ G/K × Dm◦ is a

T -fixed point of the open cell. All of these points are then in XT = XgSg−1 ⊂ X(S). But by construction,

G/K ×Dm◦ ⊂ X − Y ⊂ X −X(S).

This shows that S is indeed not subconjugate to K in G.
By excision,

KG
∗ (Y ′, Y )p ∼= KG

∗ ((G/K)× (Dm, ∂Dm))p.

For a G-space A, let A+ denote the G-space obtained by taking the union of A with a disjoint G-fixed
point and let ΣmA+ denote its m-fold suspension as a G-space. Then by the (equivariant) suspension
isomorphism,

KG
∗ ((G/K)× (Dm, ∂Dm)) = K̃G

∗ (Σm(G/K)+) ∼= K̃G
∗−m((G/K)+) = KG

∗−m(G/K).

The orbit G/K is a smooth compact manifold; let d denote its dimension. By assumption, G/K is G-spinc.
Therefore, G-equivariant Poincaré duality is available (see Walter [W10, p. 57, 1.11.23]) and asserts that
cap product with the fundamental class is an isomorphism

K∗
G(G/K) ∼= KG

d−∗(G/K).

Now, for the cohomological group we know that K∗
G(G/K) = K∗

K(pt) = R(K).
We recall a key representation theoretic fact established by Segal [Segal, p. 125, Prop. (3.7)]: Let H

be any Lie subgroup of G. Then R(H)p ̸= 0 if and only if the support S of p is subconjugate to H. We
established earlier that S is not subconjugate to K in G. Therefore, R(K)p = 0. In summary, we find
(neglecting the degree transformations in the notation) that

KG
∗ (Y ′, Y )p ∼= KG

∗ (G/K)p ∼= K∗
G(G/K)p ∼= R(K)p = 0,

as was to be shown.
Lastly, suppose that all isotropy groups K are normal in G. In this case, G/K is a Lie group (Lee [L03,

p. 232, Prop. 9.29]). Hence the tangent bundle of G/K is G-equivariantly trivial and so G/K is G-spin,
and thus G-spinc. □

Let us provide a class of relevant examples of G-spaces that possess the structure of G-CW complex.
Recall that a topological group G is called subanalytic if it is contained in some real analytic manifold
M as a subanalytic subset. We note that every finite group is a subanalytic group. We assume that if a
subanalytic group G ⊂ M acts on a subanalytic set X ⊂ N , then it does so subanalytically, i.e. the graph
of the action G×X → X is subanalytic in M ×N ×N .

Proposition 6.7. Let X be a locally compact subanalytic set and let G be a subanalytic proper transforma-
tion group of X. Then X admits a G-CW structure, in fact, a G-equivariant triangulation.

Proof. Let {X(H)} be the decomposition of X by orbit types,

X(H) = {x ∈ X | (Gx) = (H)},
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where (H) ranges over all isotropy types of the G-action. Let q : X → X/G denote the quotient map.
Points x∗ ∈ X/G have a well-defined notion of G-isotropy type because all points of an orbit have the same
isotropy type. The decomposition of X induces an orbit type decomposition {q(X(H))} of X/G.

By the subanalytic triangulation theorem [MS85, Cor. 3.5] of Matumoto and Shiota, the orbit space
X/G has a unique subanalytic structure such that the quotient map q : X → X/G is subanalytic, and there
exists a subanalytic triangulation of X/G compatible with the orbit type decomposition {q(X(H))}. Thus
there is a simplicial complex K and a subanalytic homeomorphism τ : |K| → X/G. Compatibility with
the decomposition {q(X(H))} means that for every isotropy type (H), the space q(X(H)) is a union of open
simplices in K, i.e.

q(X(H)) =
⋃
j

τ(∆◦
j ) (17)

with ∆j ∈ K.
Now let ∆ ∈ K be any simplex and let x∗, y∗ ∈ τ(∆◦) be points in its interior, viewed in X/G. We

claim that x∗ and y∗ have the same isotropy type. Thus for x ∈ q−1(x∗) and y ∈ q−1(y∗), we need to see
that Gx and Gy are conjugate in G. By (17), there exists an isotropy type (H) such that τ(∆◦) ⊂ q(X(H)).

If A ⊂ X is any subset, then its saturation q−1(q(A)) is given by G ·A. Since A := X(H) is already a union

of orbits, we have q−1(q(X(H))) = X(H). Therefore,

q−1(τ(∆◦)) ⊂ q−1(q(X(H))) = X(H).

Since x and y are in q−1(τ(∆◦)), it follows that x, y ∈ X(H). Consequently, (Gx) = (H) = (Gy), which
establishes the claim.

Thus the isotropy type is constant over the open simplices of the triangulation τ . By Illman’s general
equivariant triangulation theorem [I83, p. 497, Thm. 5.5], X admits an equivariant triangulation (in which
the triangulation of the orbit space is the barycentric subdivision of τ). This equivariant triangulation,
according to [I83, p. 498, Prop. 6.1], endows X with an equivariant CW complex structure. □

Now let us go back to the case in which G is compact topologically cyclic so that p is the prime ideal of
R(G) consisting of virtual representations whose character vanishes at g, p = {[V ]− [W ] ∈ R(G) | tr(g|V )−
tr(g|W ) = 0}; then the support p coincides with G, X(S) = XG = Xg and we have an isomorphism

i[XG] : KK
G
0 (C(XG);C)p → KKG

0 (C(X);C)p .

Proposition 6.8. The map γ : KG
0 (X)p → KG

0 (XG)p coincides with the inverse i−1
[XG]

of the above map

and is thus an isomorphism.

Proof. We are going to show that γ ◦ i[XG] = Id on KG
0 (XG)p, since we know by Proposition 6.6 that i[XG]

is an isomorphism, this will prove the Proposition. It suffices to check that, for every connected component
of XG :

γF ◦ αF ◦ i[F ] = Id on KG
0 (F)p .

So we have to prove that:

[[∧−1Ec]]
−1
p ⊗ τF,p ◦ αF ◦ i[F ] = Id .

Now observe that αF ◦i[F ] is the Kasparov product by the Kasparov module (put on the left) [C(F ), C(UF ) →
C(F ), 0]. Then, using the associativity of the Kasparov product, one computes easily that:

[[∧−1Ec]]
−1
p ⊗ τF,p ⊗ ([C(F ), C(UF ) → C(F ), 0]⊗ ·) = Id on KG

0 (F)p .

This proves the Proposition. □

Lastly, for X and for each F ∈ C, consider the projection maps πX : X → {Pt} and πF : F → {Pt}
with Pt a point. Recall that the map (πX)∗ : KG

0 (X) → KG
0 ({Pt}) is given by the Kasparov product

x 7→ [C(X), j, 0] ⊗ x where [C(X), j, 0] ∈ KKG
0 (C, C(X)) is the Kasparov module associated to the scalar

multiplication map j : C → C(X)
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Lemma 6.9. One has the following commutative diagram:

KG
0 (X)p

(πX)∗ //

γ

��

KG
0 ({Pt})p = R(G)p

Id

��
KG

0 (XG)p
⊕(πF )∗ // KG

0 ({Pt})p = R(G)p .

Proof. By associativity of the Kasparov product, one checks easily the following identity:

(πX)∗ ◦ i[XG] = ⊕(πF )∗ ,

between maps from KG
0 (XG) to KG

0 ({Pt}) = R(G). Now, we localize all these modules at p and we apply
on the right handside of this identity i−1

[XG]
= γ (see Prop 6.8). We then obtain immediately the Lemma. □

Recall Proposition 5.3 and (10) for the various equivalent descriptions of Sign (g,X). Applying Lemma
6.9 to [DX ]p ∈ KG

0 (X)p we obtain:

Sign (g,X) = θg
(
π∗([DX ]p)

)
=

∑
F∈C

θg
(
(πF )∗ ◦ γF ◦ αF ([DX ]p)

)
(18)

This equality motivates the following:

Definition 6.10. We call θg
(
(πF )∗ ◦ γF ◦ αF ([DX ]p)

)
the contribution of F to Sign (g,X).

Now, one defines a Chern character Chg : K
G
0 (F )p = K0(F )⊗R(G)p → Heven(F,C) by the formula:

Chg(x⊗ χ/ψ) = θg(χ/ψ) Ch x = χ(g)/ψ(g) Ch x .

Therefore, we get a Chern character

Chg : K
G
0 (XG)p → Heven(X

G,C). (19)

Next, consider the projection to a point π : X → {A}. Then using Lemma 6.9 and the functoriality property
of the Chern character in K-homology, one obtains the following commutative diagram:

KG
0 (X)p

Chg ◦γ
��

π∗ // KG
0 ({A})p = R(G)p

θg

��
Heven(X

G,C) π∗ // H0({A},C) = C .

We deduce that:

Lemma 6.11. Sign (g,X) = θgπ∗([DX ]p) coincides with the projection onto the zero degree part of the
homology class Chg(γ([DX ]p) =

∑
F∈C Chg(γF ◦ αF ([DX ]p).

In the next Proposition, we provide, following [Ros91], a formula which allows to compute the localized
class γF ◦ αF ([DX ]p). We use the notations of Proposition 3.8 of [Ros91]. Recall that UF denotes a
G−equivariant tubular neighbourhood of F in X and there exists a stratified diffeomorphism ϕ : UF → EF ,
with EF the G−equivariant normal bundle of F in X. Consider as before a (topological) generator g of G
(=H).
Since G is compact, we may write EF as a direct sum of oriented even dimensional subbundles EF (−1)
and EF (e

iθj ), where 0 < θj < π, 1 ≤ j ≤ k. Moreover, as explained in [ASIII], the bundles EF (e
iθj ) have

a natural G-invariant complex structure. Here g acts as −Id on EF (−1) and acts as eiθj Id on EF (e
iθj )

endowed with its G−invariant complex structure EF,c(e
iθj ).4

4Recall ([ASII], [Ros91]) that 1 is not an eigenvalue of g because F is a component of Xg = XG
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Remark 6.12. We shall assume that each EF (−1) admits a G-invariant complex structure.5 More gen-
erally, we could assume that EF (−1) admits a G−invariant spinc−structure with the graded spinor bundle
S(EF (−1)) = S+(EF (−1))⊕S−(EF (−1)); then we would still be able to make use of the Thom isomorphism,
an essential tool in our arguments, and our results will still be true.

In the sequel we shall often set E = EF so as to lighten the notation.
We shall also write E(eiπ) for E(−1), as this will be useful in the writing of certain formulas. If we want

to stress the (assumed) complex structure on E(−1) we write Ec(−1) or Ec(e
iπ) .

Proposition 6.13. Consider [DF ] ∈ KK∗(F ;C). It induces an element [DF ]p ∈ KK∗(F ;C)⊗R(G)p. One
has:

γF ◦ αF [DX ]p = [[E ]]⊗ [DF ]p inKKG
∗ (F ;C)p = KK∗(F ;C)⊗R(G)p ,

with the class [[E ]] ∈ KKG
∗ (F ;F )p given by the product

[[E(eiθ1)]]⊗ . . .⊗ [[E(eiθk)]]⊗ [[E(eiπ)]] ,

where the following classes are given by ”quotient” virtual bundles which have meaning in the localized
K−theory group K∗

G(F, F )p = K∗(F, F )⊗R(G)p:

[[E(eiθj )]] = [[
∧
Ec(e

iθj )]]

[[
∧even

Ec(eiθj )]]− [[
∧odd

Ec(eiθj )]]
, (20)

with θ0 = π.

Proof. This follows from the proof of Proposition 3.8 in [Ros91] once we use Theorem 4.3. □

Remark 6.14. We could assume only that E(−1) is spinc and then

[[E(−1)]] =
[[S(E(−1))]]

[[S+(E(−1))]]− [[S−(E(−1))]]
.

Now we give the final arguments in order to prove an extension of the formula of Atiyah-Singer ([ASIII]
Theorem 6.12) for Sign (g,X), g ∈ G, when X is a Witt G-pseudomanifold whose fixed point sets are
normally non singularly included in X. The two previous propositions, Proposition 6.2 and Proposition
6.13, show that γF ◦ αF ([DX ]p) ∈ KK∗(F ;C) ⊗ R(G)p is the Kasparov product [[E ]] ⊗ [DF ]p of the class
[[E ]] ∈ KKG

∗ (F, F )p and of the class [DF ]p ∈ KK∗(F, pt)p.
We now bring into the picture the Chern character in bivariant KK-theory, employing in particular

Theorems 5.18 and 8.6 of Puschnigg [Pu03]. We know, X being G−equivariantly orientable, that dim F is
even. Puschnigg has constructed a bivariant Chern character:

Ch : KK0(F, F ) → HCevenloc (C(F ), C(F )) = Homeven(⊕n∈ZH
2n(F,C);⊕n∈ZH

2n(F,C)) .

where the subscript lc means local cyclic cohomology. Recall that KKG
0 (F, F ) ≃ KK0(F, F )⊗R(G) . Then

one has the following Chern Character:

Chg : KK
G
0 (F, F )p → HCevenloc (C(F ), C(F ))

u⊗ χ/ψ 7→ Chg(u⊗ χ/ψ) =
χ(g)

ψ(g)
Ch(u) .

(21)

Notation. Notice that we have used the bold face notation for the Chern character in (localized) bivariant
KK-theory.

Lemma 6.15. Let E be the cup product of the ”quotient” bundles E(eiθj ) and E(−1) which are defined in
Proposition 6.13. Then Chg [[E ]] is the endomorphim on even cohomology Heven(F ) given by:

v 7→ v ∧ Chg E .

5This is in fact equivalent to assuming that EF admits a G-invariant complex structure.
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Proof. Recall that E is a quotient bundle in KKG
0 (C, F )p. By definition of the localized module

(KKG
0 (C, F ))p = (R(G))p ⊗KK0(C, F ),

there exists a Z2−graded (difference) complex vector bundle A over F and ω1, ω2 ∈ R(G) \ p such that:

ω1 ⊗ ω2 ⊗ E = ω1 ⊗A in KK0(C,F) .

Denote by [[A]] ∈ KK0(F, F ) the bivariant class defined by the Kasparov module (C(F,A), π, 0) where
π : C(F ) → C(F,A) is the scalar multiplication map along the fibers. Since ωj ∈ R(G) \ p, we have
χωj

(g) ̸= 0 where χωj
denotes the character of the virtual representation ωj for j = 1, 2 .

Then, in view of (21) it suffices, in order to prove the Lemma, to show that Ch[[A]] is the endomorphism
on Heven(F ) given by:

v 7→ v ∧ Ch A .

Consider then any complex vector bundle E1 → F on F . It defines a Kasparov module

[E1] ∈ KK0({pt}, F )

and the Kasparov product with [[A]] allows to define an endomorphism of KK0({pt}, F ) by the formula:

E1 7→ E1 ⊗ [[A]] .

Then by the properties of the bivariant Chern character (see eg [Pu03], [Cu97]) we obtain that

Ch([[A]])(Ch(E1)) = Ch(E1 ⊗ [[A]]) . (22)

But the K−theory class (of the Kasparov product) E1 ⊗ [[A]] is defined by the Z2−graded vector bundle
E1 ⊗A on F so that:

Ch(E1 ⊗ [[A]]) = Ch(E1 ⊗A) = Ch(E1) ∧ ChA .

This proves the Lemma since all the Ch(E1) generate H
even(F,C) as a C−vector space. □

We now go back to (20). By setting θ0 = π, we can again write Ec(−1) as Ec(e
iθ0). Consider then

Ec(e
iθ1), . . . , Ec(e

iθk), Ec(e
iθ0).

Recall that [
∧even

Ec(e
iθj )]− [

∧odd
Ec(e

iθj )] are invertible elements in KKG
∗ ({pt}, F )p; thus

Chg
[
∧
Ec(e

iθj )]

[
∧even

Ec(eiθj )]− [
∧odd

Ec(eiθj )]

makes sense. Moreover Chg [
∧even

Ec(e
iθj )]− Chg [

∧odd
Ec(e

iθj )] are also invertibles so that

Chg
∧
Ec(e

iθj )

Chg
∧even

Ec(eiθj )− Chg
∧odd

Ec(eiθj )

also makes sense. Since Chg transforms the tensor product of two vector bundles into the wedge product of
the respective Chern characters, we obtain

Chg
[
∧
Ec(e

iθj )]

[
∧even

Ec(eiθj )]− [
∧odd

Ec(eiθj )]
=

Chg
∧
Ec(e

iθj )

Chg
∧even

Ec(eiθj )− Chg
∧odd

Ec(eiθj )
.

Similar remarks apply to
[S(E(−1))]

[S+(E(−1))]− [S−(E(−1))]

if we only assume that E(−1) is spinc.
We also have the Chern character in K−homology:

Ch : KK0(F, pt) →
⊕
n∈Z

H2n(F ;C) .

where the above direct sum is finite. Recall that homological L-classes Lj(X) ∈ Hj(X;Q) for oriented
compact Witt pseudomanifolds were defined by Goresky-MacPherson in [GM80] and by Siegel in [Sie83];
see also [Ban07] for more information on these classes and their extension to pseudomanifolds that do not
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satisfy the Witt condition. In the case of a smooth manifold, these classes are Poincaré dual to Hirzebruch’s
cohomological L-classes of the tangent bundle. The renormalization

L∗(X) =
∑
j

2jL2j(X) ∈ H∗(X;Q)

yields classes which correspond to the unstable Atiyah-Singer L-classes in the smooth case. We know
from Moscovici-Wu [Mo-Wu97] that Ch [DF ] coincides with L∗(F ). Recall that F being triangulable, the
singular homology of F coincides with Alexander Spanier homology of F and this identification is used
here, given that the Chern character of [D] is an element in the Alexander-Spanier homology. We view
L∗(F ) as a linear form on even cohomology Heven(F ): u 7→ ⟨u;L∗(F )⟩; this is more convenient in order to
compute Chern characters of Kasparov products, as we shall now explain. Indeed, recall that Puschnigg
proved that his bivariant Chern character transforms Kasparov product into composition; thus we obtain
Chg([[E ]] ⊗ [DF ]p) = Chg([[E ]]) ◦ Ch [DF ] where Ch [DF ] is seen as a linear form, as we have anticipated.
Therefore the composition Chg([[E ]]⊗ [DF ]) = Chg([[E ]]) ◦ Ch [DF ] is given by the map

v 7→ ⟨v ∧ Chg E ;L∗(F )⟩ . (23)

Taking v = 1 ∈ H0(F ) and applying Lemma 6.11 and Proposition 6.13 we obtain that Sign (g,X) is the
sum of the terms ⟨Chg E ;L∗(F )⟩ for the various F ∈ C. This establishes part 1] of the next Theorem, which,
together with part 2], establishes Theorem 1.1 in the Introduction.

Theorem 6.16. Let X be a compact oriented Witt G-pseudomanifold and assume that G = ⟨g⟩ is topolog-
ically cyclic and compact. Assume that the inclusion Xg ≡ XG ⊂ X is G−equivariantly strongly normally
non-singular. We assume that the normal bundle EF to each connected component F of XG admits a G-
invariant complex structure; equivalently, we assume that EF (−1) admits a G-invariant complex structure.
Then:
1] For every g ∈ G and with θ0 = π one has

Sign (g,X) =
∑
F∈C

<

k∏
j=0

Chg
∧
Ec(e

iθj )

Chg
∧even

Ec(eiθj )− Chg
∧odd

Ec(eiθj )
; L∗(F ) > . (24)

2] Assume that Ec(e
iθj ) is a direct sum of complex line bundles A1, . . . , Am. Let cℓ, 1 ≤ ℓ ≤ m denote the

first Chern class of the line bundle Aℓ. Then one has:

Chg
∧
Ec(e

iθj )

Chg
∧even

Ec(eiθj )− Chg
∧odd

Ec(eiθj )
=

m∏
ℓ=1

1 + eiθjecℓ

1− eiθjecℓ
. (25)

Notice that this also apply to θ0 = π, given that E(−1) admits a G-invariant complex structure.
Consequently, if we consider the cohomological characteristic classes C(EF (e

iθj )) defined by the symmetric
functions ∏

ℓ

1 + eiθjexℓ

1− eiθjexℓ
,

then

Sign (g,X) =
∑
F∈C

⟨
k∏
j=0

C(EF (e
iθj )) ; L∗(F ) ⟩

Proof. Let us prove 2]. One has: ∧
Aℓ(e

iθj ) = C⊕Aℓ(e
iθj ) ,

where g acts as Id on C and as eiθjId on Aℓ(e
iθj ). Then, one has:∧

Ec(e
iθj ) =

m⊗
ℓ=1

∧
Aℓ(e

iθj )

even∧
Ec(e

iθj )−
odd∧

Ec(e
iθj ) =

l⊗
ℓ=1

(C−Aℓ(e
iθj )) .

(26)



28 MARKUS BANAGL, ERIC LEICHTNAM, AND PAOLO PIAZZA

Therefore, using (21) one gets by an easy computation (see also [Ros91, Page 11]):

Chg
∧
Aℓ(e

iθj ) = 1 + eiθjecℓ , Chg (C−Ak(e
iθj )) = 1− eiθjecℓ .

Part 2] follows then immediately.
□

Remark 6.17. Notice that the right hand side of (25) is well defined as a differential form because the
constant term of 1− eiθjecj is not zero given that eiθj ̸= 1.

Remark 6.18. We have given a formula for Sign(g,X) assuming that G = ⟨g⟩ is topologically cyclic and
compact. Following a remark by Atiyah and Segal, [ASII, page 539, line -9], we explain why this provides
a formula for general compact Lie group actions. Let G be such a general group and let g ∈ G. We want
to give a formula for Sign(g,X), that is indG(D

sign,+)(g). Recall that we have a restriction homomorphism
ρ : KG

∗ (X) → KH
∗ (X), with H = ⟨g⟩. The signature operator Dsign associated to a G-invariant wedge

metric defines classes [DG
X ] ∈ KG

∗ (X) and [DH
X ] ∈ KH

∗ (X) and we have, by definition, ρ([DG
X ]) = [DH

X ]. Let
π : X → {pt} the map to a point and let πG∗ and πH∗ the homomorphisms induced in equivariant K-homology.
We have, by functoriality, πH∗ ◦ ρ = πG∗ Then

indH(Dsign,+)(g) = πH∗ [DH
X ](g) = πH∗ ◦ ρ([DG

X ])(g) = πG∗ [D
G
X ](g) = indG(D

sign,+)(g)

and since the first term is computed by Theorem 6.16, we are done.

Remark 6.19. Notice that our arguments give in fact a formula for Chg([[E ]]⊗ [DF ]p); see (23).
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