Diss. ETH No. 19087

The non-local symplectic vortex equations and
gauged Gromov-Witten invariants

A dissertation submitted to

ETH ZURICH

for the degree of
DOCTOR OF SCIENCES

presented by

ANDREAS MICHAEL JOHANNES OTT
Dipl. Math., Universitat Bayreuth

accepted on the recommendation of

Professor Dietmar Salamon
Professor Christopher Woodward

Professor Paul Biran

2010






— to my parents






iii

Acknowledgments

I am most grateful to my supervisors Dietmar Salamon and Christopher Woodward
for their encouragement and support, and for all their help in writing this thesis. I am also
much indebted to Fabian Ziltener for many helpful discussions, and I would further like to
thank Eduardo Gonzalez, Tobias Hartnick, Ignasi Mundet i Riera and Jan Swoboda for
their valuable comments. Moreover, I gratefully acknowledge financial support by ETH
Research Grant TH-01 06-1, and I would also like to thank the Mathematics Department
at Rutgers University for their hospitality and excellent working conditions. Finally I
would like to thank my friends and family for their encouragement and moral support
during the writing of this thesis.






Abstract

The goal of this thesis is to define gauged Gromov-Witten invariants for closed mono-
tone symplectic manifolds equipped with a Hamiltonian action of a compact Lie group.
Gauged Gromov-Witten invariants were first studied by Cieliebak, Gaio, and Salamon
for actions of arbitrary compact Lie groups on symplectically aspherical manifolds, and
by Mundet i Riera for semi-free circle actions on monotone manifolds. Our definition
of the invariants follows the pseudocycle approach to the definition of Gromov-Witten
invariants for semipositive symplectic manifolds due to McDuff and Salamon. Gauged
Gromov-Witten invariants are defined by counting solutions of the symplectic vortex
equations. Solutions of these equations are called vortices and may be regarded as
gauge-theoretical deformations of pseudoholomorphic curves. Traditionally, the sym-
plectic vortex equations are formulated in terms of invariant almost complex structures
on the target manifold. As it turns out, this invariance condition makes it impossible to
obtain transversality for simple bubbles appearing in the compactification of the moduli
space. Hence the pseudocycle approach to the definition of the invariants is bound to fail
in this case. To overcome this problem we introduce a new non-local perturbation scheme
for the symplectic vortex equations. The basic idea is to drop the invariance condition
on the almost complex structure at the cost of introducing an additional dependence of
the almost complex structure on the solution itself. This dependence is implemented by
means of a holonomy perturbation satisfying certain axioms. We give an explicit con-
struction of this perturbation. In this way, we are led to the definition of the non-local
symplectic vortex equations. Solutions of these equations are called non-local vortices.
We prove that the moduli space of gauge equivalence classes of marked non-local vortices
admits a Gromov compactification by polystable non-local vortices. Our proof combines
techniques from gauge theory and symplectic topology. We prove a non-local mean value
inequality for subharmonic functions on the disk and establish an a priori estimate for
non-local vortices. We prove a removable singularity theorem for vortices. This allows us
to apply weak Uhlenbeck compactness in order to reduce the compactification problem
to Gromov compactness for pseudoholomorphic curves. We construct an evaluation map
from the moduli space of marked non-local vortices to the Borel construction and prove
that it is a pseudocycle. This enables us to define the gauged Gromov-Witten invariants
as an intersection number of pseudocycles in the Borel construction. We conclude by
showing that the invariants do not depend on the data used to define them.



Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Definition von geeichten Gromov-Witten-
Invarianten fiir solche abgeschlossenen monotonen symplektischen Mannigfaltigkeiten,
auf welchen eine kompakte Liegruppe auf Hamiltonsche Art und Weise wirkt. Geeichte
Gromov-Witten-Invarianten wurden erstmalig von Cieliebak, Gaio und Salamon, sowie
von Mundet i Riera studiert. Dieser betrachtet halb-freie Wirkungen des Einheitskrei-
ses auf monotonen Mannigfaltigkeiten, wahrend jene den Fall von Wirkungen beliebiger
kompakter Liegruppen auf symplektisch-asphérischen Mannigfaltigkeiten studieren. Un-
sere Definition der Invarianten folgt einem von McDuff und Salamon zur Definition der
Gromov-Witten-Invarianten fiir semipositive symplektische Mannigfaltigkeiten entwick-
elten Zugang, welcher sich Pseudozykel bedient. Geeichte Gromov-Witten-Invarianten
werden definiert, indem man Losungen der symplektischen Vortexgleichungen zahlt. Die
Losungen dieser Gleichungen heissen Vortices und kénnen als eichtheoretische Deforma-
tionen pseudoholomorpher Kurven angesehen werden. Gewohnlich werden die Vortex-
gleichungen unter Verwendung invarianter fast-komplexer Strukturen auf der Zielmannig-
faltigkeit formuliert. Es zeigt sich jedoch, dass diese Invarianzbedingung es unmog-
lich macht, Transversalitat fiir die einfachen Blasen, welche bei der Kompaktifizierung
des Modulraumes auftreten, zu erreichen. Dies bedeutet, dass der auf Pseudozykeln
beruhende Zugang zur Definition der Invarianten in diesem Falle scheitern muss. Um
diese Schwierigkeiten zu iiberwinden, fithren wir ein neues Storungsschema fiir die sym-
plektischen Vortexgleichungen ein. Dem liegt folgende Idee zugrunde: Wir lassen be-
liebige fast-komplexe Strukturen zu, miissen dafiir aber eine zusétzliche Abhéangigkeit
der fast-komplexen Struktur von den Losungen einfithren. Diese Abhangigkeit wird be-
werkstelligt durch eine Holonomiestorung, die gewissen Axiomen gentigt. Wir geben eine
explizite Konstruktion einer solchen Stérung an. Auf diese Weise gelangen wir zur Defini-
tion der nicht-lokalen symplektischen Vortexgleichungen. Deren Losungen werden als
nicht-lokale Vortices bezeichnet. Wir zeigen, dass der Modulraum von Eichaquivalenz-
klassen markierter nicht-lokaler Vortices durch polystabile nicht-lokale Vortices Gromov-
kompaktifizierbar ist. Unser Beweis vereint Techniken aus der Eichtheorie sowie aus der
symplektischen Topologie. Wir beweisen eine nicht-lokale Mittelwertungleichung fiir sub-
harmonische Funktionen auf der Scheibe und zeigen eine A-priori-Abschétzung fiir nicht-
lokale Vortices. Ferner beweisen wir einen Hebbarkeitssatz fiir Vortices. Dies erlaubt die
Anwendung von schwacher Uhlenbeck-Kompaktheit, um das Kompaktifizierungsproblem
fiir Vortices auf Gromov-Kompaktheit fiir pseudoholomorphe Kurven zu reduzieren. Wir
konstruieren eine Auswertungsabbildung vom Modulraum markierter nicht-lokaler Vor-
tices in die Borel-Konstruktion und zeigen, dass diese ein Pseudozykel ist. Dies versetzt
uns sodann in die Lage, die geeichten Gromov-Witten-Invarianten als Schnittzahlen von
Pseudozykeln in der Borel-Konstruktion zu definieren. Schliesslich zeigen wir, dass die
Invarianten nicht von den zu ihrer Definition verwendeten Daten abhangen.
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CHAPTER 1
Introduction

Gauged Gromov-Witten invariants for Hamiltonian actions of compact Lie groups on
symplectic manifolds were first studied by Cieliebak, Gaio, and Salamon [4] and Mundet
i Riera [26]. Cieliebak et. al. defined these invariants for actions of arbitrary compact
Lie groups on symplectically aspherical manifolds satisfying certain natural technical
conditions; the definition given by Mundet i Riera applies to semi-free circle actions on
closed monotone manifolds also satisfying certain further technical conditions. Recently,
Gonzélez and Woodward [13] and Frenkel, Teleman, and Tolland [10] defined similar
invariants for smooth projective varieties equipped with an action of a reductive algebraic
group.

The goal of this thesis is to remove the asphericity assumption in Cieliebak et. al. [4]
and to define gauged Gromov-Witten invariants for arbitrary closed monotone symplec-
tic manifolds endowed with a Hamiltonian action of a compact Lie group under the
assumption that the group acts freely on the zero level set of the moment map. This is
part of a joint project with E. Gonzdlez, C. Woodward, and F.Ziltener [12] whose aim
is to define gauged Gromov-Witten invariants with holonomy conditions at the marked
points.

We begin with a review of the basic ideas underlying the definition of the gauged
Gromov-Witten invariants. Let (M,w, ) be a Hamiltonian G-manifold with moment
map p: M — g, where GG is a compact Lie group with Lie algebra g. The invariants are
then defined by counting solutions (A, u) of the symplectic vortex equations

a(u) =0, Fa + p(u)dvoly = 0, (1.1)

where A is a connection on some fixed principal G-bundle P over a closed Riemann
surface > with fixed complex structure, Fy denotes its curvature, u is a G-equivariant
map P — M, dvoly is a fixed area form on ¥, and J: ¥ — J(M,w)? is a family
of G-invariant w-compatible almost complex structures on M. The symplectic vortex
equations were introduced by Cieliebak et.al. [4] and, independently, Mundet i Riera
[25]. They are invariant under the action of the group of gauge transformations of
the bundle P. Note that for this invariance to hold the almost complex structure .J
necessarily has to be G-invariant. Solutions of equations (1.1) are called wvortices and
may be regarded as a gauge-theoretical deformation of pseudoholomorphic curves. Over
the past several years, the symplectic vortex equations have been studied from different
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2 1. INTRODUCTION

perspectives [3, 5, 8, 9, 11, 12, 13, 14, 27, 28, 29, 30, 33, 37, 39, 40, 41]. In
mathematical physics they are known as gauged sigma models [18, 36].

In more technical terms, gauged Gromov-Witten invariants are defined by means of
intersection theory on a suitable compactification of the moduli space of gauge equiva-
lence classes of vortices of fixed degree. Under certain technical assumptions, this mod-
uli space is compact whenever the manifold (M,w) is symplectically aspherical [4]. The
latter condition means that the symplectic form w vanishes on all spherical homology
classes, which in particular implies that M does not contain any nontrivial pseudoholo-
morphic spheres. Once this asphericity assumption is removed, the moduli space will in
general no longer be compact and spherical fiber bubbles in the fibers of the associated
bundle P xg M — » may bubble off. However, in this case the moduli space admits
a Gromov compactification by polystable vortices [31]. The definition of the invariants
then requires transversality for the spherical fiber bubbles so as to ensure that certain
boundary strata of this compactification are actually smooth manifolds. While it is a
well-known fact that for monotone (M, w) transversality for spherical fiber bubbles holds
for generic almost complex structure in the fiber, we cannot expect this to be true in the
present situation since the almost complex structure J was assumed to be G-invariant.
In order to define the invariants in the non-aspherical case we thus need a device which
enables us to avoid G-invariance of the almost complex structure J on the one hand, but
still allows for a compactification of the moduli space on the other hand. This is where
the non-local vortex equations come into play.

The non-local vortex equations arise naturally from a non-local perturbation scheme
for the standard vortex equations (1.1). The main idea behind this construction is as
follows. We drop the G-invariance condition on the almost complex structure by re-
placing J with a G-equivariant family P — J(M,w) of arbitrary w-compatible almost
complex structures. The vortex equations (1.1) would then in general no longer be gauge-
invariant. To compensate for this, we let the family J also depend on the pair (A, u) in a
way that is equivariant with respect to the action of the group of gauge transformations.
This dependence is accomplished by means of a carefully chosen holonomy perturba-
tion, which may be regarded as a classifying map for the action of the group of gauge
transformations on the space of pairs (A, u).

Technically, this perturbation scheme is realized as follows (see Chapter 2). Assume
that G acts freely on u~1(0). Fix a real constant F > 0, and choose an area form dvols
on the Riemann surface ¥ that is F-admissible (Definition 2.1.1). Roughly speaking, this
means that the area is evenly distributed over ¥ and the total area is sufficiently large
with respect to E. We then consider the Banach manifold B of pairs (A, u) consisting of
a connection A on P and a G-equivariant map u: P — M, both of class W'? for some
fixed real number p > 2, satisfying the taming condition

/ () dvoly, < E.
>
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This condition ensures that the canonical projection B — B/G*? by the action of the
group G*? of gauge transformations of P of class W?? is a principal G*P-bundle (see
Section 2.1) and hence admits a regular G*P-equivariant classifying map

0: B— W' (P, EGN)”

(Theorem 2.1.5) satisfying a number of axioms which will later be indispensable for the
study of the analytical properties of the non-local vortex equations (Definition 2.1.3).
The classifying map © assigns to every pair (A, u) € B a G-equivariant map

Ouu: P — EGN

of class WP taking values in a fixed finite-dimensional model EGY — BGY of the
universal G-bundle EG — BG (for technical reasons we have to work with EGY instead
of EG). We next fix a smooth G-equivariant family

J: EGN — J(M,w), e~ J,

of w-compatible almost complex structures on M, which in turn gives rise to a map that
assigns to every pair (A, u) € B a G-equivariant family

J@(A,u): P — j(Mv CU), p—= JQ(AvU)(P)

of almost complex structures on M. We may then define the non-local Cauchy-Riemann
operator

_ 1 .
Osae(u) = 3 (dAu + Jo(aw (u) odguo JE);

where dqu 1= du+ X 4(u) is the twisted derivative of v and js denotes the fixed complex
structure on X. The non-local symplectic vortex equations now take the form

0jae(u) =0,  Fa+ p(u)dvoly =0 (1.2)
for pairs (A, u) € B (see Section 2.2).

Our strategy for the definition of the gauged Gromov-Witten invariants is to adapt the
pseudocycle approach to the definition of the Gromov-Witten invariants for semipositive
symplectic manifolds due to McDuff and Salamon [22] to the present situation.

The first step is to construct a compactification of the moduli space

M, (P, M; B)

of n-marked non-local vortices of fixed degree B (see Chapter 3), where B € HS (M;Z)
is an integral equivariant homology class in M. The elements of this space are gauge
equivalence classes of solutions of equations (1.2) such that the equivariant degree of
the map u equals the class B (see Section 2.2), where the G-bundle P — ¥ is de-
termined by the characteristic class coming from B under the canonical projection
H$(M;Z) — Hy(BG;Z). As it turns out, the moduli space M, (P, M; B) admits a
Gromov compactification by polystable non-local vortices in a way similar to the Gromov
compactification of the moduli space of solutions of the standard vortex equations (1.1)
constructed in [31] (Theorem 3.1.7). The strategy for constructing this compactification
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is to reformulate the problem in such a way that it may be solved by means of standard
techniques from gauge theory (weak Uhlenbeck compactness for connections [32]) and
symplectic topology (Gromov compactness for pseudoholomorphic curves [15]). This was
first carried out by Mundet i Riera [26] for solutions of the standard vortex equations
(1.1) under the assumption that G is the circle. Our approach relies on techniques devel-
oped by Cieliebak et. al. [3] and by McDuff and Salamon [22]. The key step is to prove
a removable singularity theorem for vortices (Theorem 3.3.2) that fits into the non-local
framework. It relies on an a priori estimate for non-local vortices (Theorem 3.2.1), which
in turn follows from a non-local version of the mean value inequality for subharmonic
functions on the disk (Proposition 3.2.2).

The next step in the definition of the invariants is to establish an evaluation map
ev: M, (P,M;B) — (EG xg M)"

on the moduli space of n-marked vortices taking values in the n-fold product of the
Borel construction (see Section 5.1). Under the assumption that (M, w) is monotone and
after incorporating an additional Hamiltonian perturbation H into the non-local vortex
equations (1.2) (see Section 2.2), this evaluation map turns out to be a pseudocycle of
(real) dimension

%(dimM —2dimG) - x(2) + 2(c{(TM), B) +2n

for generic almost complex structure J and Hamiltonian perturbation H (Proposi-
tion 5.2.1). Recall that (M,w) is called monotone if there exists a number 7 > 0 such
that

(W], A) =7 - {cr(TM), A)
for every spherical homology class A € Hy(M;Z).

The proof of the pseudocycle property of the evaluation map relies on a transver-
sality result for polystable non-local vortices (see Chapter 4). More precisely, we prove
that the moduli space of simple polystable non-local vortices of fixed combinatorial type
and prescribed degrees (see Section 4.3) is a manifold of the expected dimension (The-
orem 4.3.5). This in particular requires transversality for the spherical fiber bubbles
in the associated bundle P x5 M — >, which can now be achieved since the almost
complex structure J is no longer assumed to be G-invariant. It is useful to think of the
fiber bubbles in P x5 M as fiber bubbles in the bundle FG xg M — BG associated to
the universal bundle. Transversality for the fiber bubbles in P x4 M then appears as an
instance of parametric transversality for fiber bubbles in EG xg M (see Section A.3).

We may now define the gauged Gromov-Witten invariants
GGWp oty Hy(M)®" — Z (1.3)
as an intersection number of pseudocycles by

M
GGWyimlan, ... a,) == [ -ev,
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where f: V — (EG X G M)n is a pseudocycle Poincaré dual to the product a; ® - -- ® a,
(see Section 5.3). Here we denote by H (M) the torsion-free part of the integral equi-
variant cohomology of M. A priori, the invariants (1.3) depend on the almost complex
structure J and the Hamiltonian perturbation H. However, the Main Theorem below
asserts that they are in fact invariants in the sense that they do not depend on the choice
of generic J and H.

We may now state the main result of this work (Theorem 5.3.2).

MAIN THEOREM. Let G' be a compact connected Lie group, and let (M,w, ) be a
closed Hamiltonian G-manifold. Assume that (M,w) is monotone and that G acts freely
on = 1(0).

Fiz an equivariant homology class B € HS (M;Z) and a positive integer n. Then the
homomorphism

GGWy oty Hy(M)®" — Z
defined by

GGWABK{;iZ}fH(al, coay) = fev
15 1ndependent of the generic almost complex structure J, the generic Hamiltonian per-
turbation H, and the pseudocycle f used to define it.

The homomorphisms (1.3) are invariants of the Hamiltonian G-manifold (M, w, ),
depending only on the degree B, the area form dvoly and the classifying map ©. We
expect that they are in fact independent of the admissible area form dvoly and the
reqular classifying map O, although this has yet to be proven. They will be called
gauged Gromov-Witten invariants.






CHAPTER 2
The non-local symplectic vortex equations

The goal of this chapter is to introduce the non-local symplectic vortex equations.
They arise naturally from a certain perturbation scheme for the standard vortex equa-
tions (1.1). This perturbation scheme is reminiscent of a construction of a holonomy
perturbation due to Floer [7]. We will give an axiomatic characterization of this per-
turbation scheme in Section 2.1, deferring the details of its construction to Section 2.3
at the end of this chapter. The non-local vortex equations will then be introduced in
Section 2.2.

Throughout this thesis, we fix the following notation. Let G be a compact connected
Lie group, with Lie algebra denoted by g, and let (M,w, u) be a closed Hamiltonian
G-manifold. Explicitly, this means that M is a G-manifold equipped with a G-invariant
symplectic form w and a G-equivariant moment map p: M — g* = g such that the
identity

U Xe)w = d{p, &)
holds for every { € g, where X, denotes the infinitesimal action of £ on M. Here we
identify the Lie algebra g with its dual g* by means of some fixed invariant inner product
on g. We will always assume that G acts freely on p~'(0). Note that this implies that
0 is a regular value of p. Moreover, it follows from this assumption that there exists a
real constant 0 > 0 such that

Ms = {z € M| |u(u)| <4}

is a smooth compact submanifold with boundary of M upon which G acts freely.
Let ¥ be a closed Riemann surface with fixed complex structure js. Let m: P — X
be a principal G-bundle over 3. We denote by P(g) := P X¢ g the adjoint bundle.

2.1. Regular classifying maps

The goal of this section is to give an axiomatic characterization of the perturbation
scheme that will later be used to define the non-local vortex equations. We begin by
introducing some notation.

2.1.1. Admissible area forms and the configuration space of pairs. In this
subsection we introduce a configuration space consisting of pairs (A, u), where A is a
connection on P and u: P — M is a G-equivariant map, satisfying a certain taming

7



8 2. THE NON-LOCAL SYMPLECTIC VORTEX EQUATIONS

condition. This configuration space will later serve as the domain of definition for the
non-local vortex equations.

We begin by defining a certain class of area forms on the Riemann surface Y. Given
an area form dvoly on ¥, we denote by (-, )y := dvolg(-, jx -) the Kahler metric on %
determined by dvols, and the complex structure js,.

DEFINITION 2.1.1. (Admissible area forms) Let E be a positive real constant. An
area form dvoly on X is called F-admissible if the corresponding Kéhler metric (-, )5
has the following property. There exist a positive real number R, smaller than half the
injectivity radius of X, and finitely many points zy,..., 2z, on ¥ such that the closed

geodesic disks Br/s(21), - .., Brys(z.) form a covering of ¥ and the area of every annulus
Br(zi) \ Brya(z;) satisfies

Vol(Bg(zi) \ Brya(z)) > 5_E;

fori=1,...,a.

Fix a real number p > 2. We denote by A?(P) the space of connections on P of class
WhPand by WHP(P, M)% the space of G-equivariant maps u: P — M of class WP
(see [34], Appendices A and B for details on these spaces). By Rellich’s theorem ([34],
Theorem B.2), any pair (A, u) € AYP(P) x WP(P, M)% is of class C°. Fix a positive
constant F and an F-admissible area form dvoly on ¥, and consider the configuration
space of all pairs (4,u) € AYP(P)x WIP(P, M) such that the map u satisfies the
taming condition

/ ()l dvoly, < E, (2.1)
b))

where the norm is understood with respect to the invariant inner product on the Lie
algebra g. We will denote this configuration space by

B := B""(P,M; E,dvoly) := {(A,u) € A"P(P) x W"P(P, M)“ | u satisfies (2.1)}.
The group G2? := G*P(P) := W?2P(P,G)¢ of gauge transformations of class W?2? of the
bundle P acts on the space AP(P) x WHP(P, M)% from the right by

g (Au) = (g7 Ag+g " dg.g"'u) (22)

(see [34], Lemmata A.6 and B.3 for details). This action leaves the taming condition (2.1)
invariant and hence induces an action of G2 on the configuration space B'*.

LEMMA 2.1.2. The action (2.2) of the group of gauge transformations G*P on the
configuration space BYP is free. The projection BYP — BYP/G*P is a principal fiber
bundle with structure group G*P.

PROOF. We first prove that the action is free. Consider a pair (A,u) € B"? and a
gauge transformation g € G*P, and suppose that

g 'Ag+¢g'dg=A and ¢ lu=u. (2.3)
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Since u satisfies the taming condition (2.1), admissibility of the area form dvoly implies
that there exists a base point pg € P such that u(py) € Ms, that is, the action of G on
M is free at u(pg). In fact, if there were no such point then Definition 2.1.1 would imply
existence of a point z;, € ¥ such that |[u(u(p))| > ¢ for all points p € P such that 7(p)
is contained in the annulus Bg(z;,) \ Br/2(2,). We would then further conclude from
Definition 2.1.1 that

E
/ |u(w)]* dvoly, > / |pu(u)|* dvoly > 62 - = =E,
= Br(zig)\Brya2(=iy) 0

contradicting (2.1). Hence it follows from assumption (2.3) that ¢ is a solution of the
ordinary differential equation

g 'Ag+gtdg=A4, glp) =1, (2.4)

where 1 € G denotes the unit element. By the Cauchy-Lipschitz theorem ([17], Ch.V,
Thm. 3.1), ¢ is uniquely determined by the initial condition g(py) = 1. Whence g(p) =1
for all p € P, that is, ¢ is the identity gauge transformation.

In order to see that B» — BLP / G?? is a principal G%P-bundle, we combine the local
slice theorem ([34], Theorem F and [3], Theorem B.1) for the action of the group

7= {g € G glm) = 1}

of based gauge transformations on the space of connections A7 (P) with the local slice
theorem (see [6], Section 2.4) for the residual action of G' on the fiber of P over the base
point pqg. Il

2.1.2. The classifying space for the group of gauge transformations. Fix a
classifying space BG of the group G and a universal G-bundle EG — BG. Let G°(P) be
the group of continuous gauge transformations of P. Denote by C°(P, EG)® the space of
continuous G-equivariant maps 6: P — EG, and by C%(3, BG) the space of continuous
maps 0: ¥ — BG such that P = §*EG. The latter space is a classifying space for the
group of gauge transformations G°(P), and the natural map

C°(P,EG)Y — C%%, BG)

which sends a G-equivariant map 6: P — EG to the corresponding map 6: ¥ — BG
between quotients defines a principal G°(P)-bundle which is universal for G°(P) (see
Husemoller [19], Sections 7.2 and 7.3 for details). Here G°(P) acts on C°(P, EG)® from
the right by

g'0:=0g. (2.5)
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By Lemma 2.1.2, the canonical projection B'? — Bl?/G*? defines a principal G*?-
bundle. Any continuous G*P-equivariant map

B — C°(P,EG)° (2.6)
descends to a classifying map
B"/G*" — Cp(%, BG)

for this bundle ([19], Sec. 4.4, Thm.4.2). By abuse of language we shall therefore call any
map (2.6) a classifying map for the configuration space B'*. Note that this classifying
map is unique up to equivariant homotopy.

2.1.3. Regular classifying maps. In order to carry out the analysis in the subse-
quent chapters we have to restrict to a certain class of classifying maps (2.6). The next
definition gives an axiomatic characterization of such classifying maps.

For every positive integer N we fix a finite dimensional approximation EGYN c EG
of the universal G-bundle EG (see Husemoller [19], Sec.4.11). Note that EGY is a finite
dimensional smooth manifold upon which G acts freely.

DEFINITION 2.1.3 (Regular classifying maps). Fix a real number p > 2, a real con-
stant £ > 0, and an E-admissible area form dvoly on ¥. A classifying map

0: BY = BY(P, M; E,dvoly) — C°(P,EG)Y, (A, u)+— O (2.7)

in the sense of Section 2.1.2 is called regular if it satisfies the following axioms (see
Remark 2.1.4 below for an explanation of the notation).

(Finiteness) There exists a finite dimensional approximation EGY of EG such
that for every pair (A, u) € B the map ©(4,): P — EG takes values in EGY.

(Regularity) (i) For every pair (A,u) € B'?, the map O(4,): P — EGY is of
class Whe.
(ii) If A is of class C* for some k > 1, then O, is of class C* as well.
(iii) The map

©: B — W' (P, EGN)G

is Fréchet differentiable.

(Continuity) Let Z be a finite subset of ¥, and suppose that (A4,,u,) is a
sequence of pairs in B that converges to a pair (A,u) € B"* in the following
sense.

(i) A, converges to A in the C°-topology on X;
(i) u, converges to u in the C°-topology on compact subsets of ¥\ Z.
Then the sequence Oy, ., converges to O 4, in the C°-topology.
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(Estimates) Fix a G-invariant metric on EG".
(i) There exists a constant C' > 0 such that for all (A, u) € B'"? we have

H@(Avu)HLP(E) + ”dA@(Avu)HLp(z) <C- (1 + HFA”LP(E)>'

(ii) There exists a constant C” > 0 such that for all (A,u) € B'? of class C*
we have

440 sy < O (1 [ Fall )

(iii) There exists a constant C” > 0 such that for all (A, u) € B'? of class C*?
we have

Va(0100a) )] £ " (141l sy

/
+/ —‘VAFA(Z/ ) dvolg(z’)>
B,(5)(2) dz(z, < )

for all points z € 3. Here, we write B,x)(z) for the geodesic disk on X
around z whose radius is the injectivity radius ¢(X) of ¥, and we denote
by ds(-, ) the Riemannian distance function on .

We will denote by CF,, := CE,,(P, M; E, dvoly; EG) the space of all regular classifying
maps (2.7).

REMARK 2.1.4. We explain the notation appearing in Definition 2.1.3.

In the (Regularity) axiom, the Sobolev space of classifying maps of class W is to
be understood as follows (see [34], App. B for more details).

Recall that G acts freely on the finite dimensional approximation EG” of the univer-
sal bundle EG. Denoting the corresponding quotient by BGY we thus obtain a principal
G-bundle EGY — BGY. There is a one-to-one correspondence between G-equivariant
maps §: P — EGY and sections : ¥ — P xg EGY of the fiber bundle P xo EGY — %
associated to the G-bundle 7: P — X by the G-action on EG". More specifically, the
section @ is given by (2) := [p, 8(p)] for all z € 3, where p € P is such that 7(p) = 2. We
will usually not distinguish in the notation between a G-equivariant map 6: P — EGYN
and its corresponding section : ¥ — P xg EGV.

Next, let us fix a G-invariant metric on EGY. By the equivariant Nash embedding
theorem [23] there exists a Euclidean vector space V' of sufficiently large dimension
that is equipped with a right action of G by isometries, together with an isometric G-
equivariant embedding of the manifold EG¥ into the vector space V. This embedding
makes the fiber bundle P x¢ EGY — ¥ into a subbundle of the associated vector bundle
E := P x¢V — X. In particular, we may think of a G-equivariant map P — EG" as a
section of the vector bundle FE.
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Fix a smooth reference connection Ay € A(P) on P. It defines a covariant derivative
Vi :T(E,E) = T(E,T"E® E), Vo = da+ X4, ()

on smooth sections of the vector bundle £. Here, X, denotes the infinitesimal action
of » € g on V. Note that in this definition we think of a as a G-equivariant map
P — V, and that the covariant derivative V4,a is G-equivariant and horizontal and
hence descends to a 1-form on 3.

The Kahler metric on ¥ determined by the area form dvoly and the complex struc-
ture jy, together with the G-invariant metric on V' give rise to a fiberwise metric on
the tensor bundle @*T*Y. ® F — 3, k = 0,1. We may define the LP-norm of a section
a e, YL ®E), k=0,1, by

1
Joll = ([ Jal avols )
>

for 1 < p < oo. Here |a| denotes the pointwise norm of a understood with respect to
the fiberwise metric on the bundle @*7*X @ E. The W1P-Sobolev norm of a section
a € CHX, E) of class C! is then given by

1

ol = (ol + [ Vaself, )" (28)

The Sobolev space WP(X, E) of WP-sections of the vector bundle E is then defined as
the completion of the space of smooth sections of E with respect to the W!'P-norm (2.8).
The Sobolev norm extends to the whole Sobolev space, making W!?(¥, E) into a Banach
space. Note that all Sobolev norms obtained in this way are equivalent. The topology
on W1P(X, E) defined by these norms will be called the W!P-topology.

We may now define the Sobolev space WP(P, EGN)Y of all G-equivariant maps
P — EGY of class WP as the space of all continuous G-equivariant maps P — EGY
that, when considered as a section of the vector bundle £ — ¥ as described above, have
finite W1P-norm. In this way we obtain an inclusion

WtP(P, EGM)Y — WP (%, F)

which endows the space WP (P, EGN)¢ with the structure of a smooth Banach manifold.
Note in particular that this Banach manifold structure does not depend on the choice of
G-invariant metric on EGV.

In the (Estimates) axiom, the covariant derivatives of the map ©(4,) and of the
curvature F'y are defined as follows.

Let us first consider the map ©4,): P — EGY. Its twisted derivative
daOaw: TP = Te,, , EGY

is given by
daOaw) == dOaw) + Xa(Oaw)),
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where X, denotes the infinitesimal action of € g on EG". We may equivalently think
of this map as a 1-form on 3, that is, as a section of the tensor bundle T"Y ® F — 3,
where F' denotes the vector bundle

F =00, ,TEGY /G — %. (2.9)

Fix a G-invariant metric on EG"Y, and denote by V#¢ the corresponding Levi-Civita
connection on EGY. The connection A then gives rise to a covariant derivative

Vi:CYS, F) - C'(2, T" S ® F)
on the vector bundle F' defined by
Vi€ = VPO + VI9X4(6),

where X, denotes the infinitesimal action of n € g on EG".

Let V* be the Levi-Civita connection on X, understood with respect to the Kahler
metric determined by the area form dvoly and the complex structure jy,. The connec-
tions V¥ and V¥ then define a covariant derivative

Va: CH(E,TE@F) - C' (3,0 TS ® F)
acting on the 1-form d4©4,,) by the formula

Va(daOam) (w,v) = VEG (daOaw) (v) + Ve . X aw) (daOaw)
— daOaw (Vi) (2.10)

for all smooth vector fields w, v on X.
Lastly, we consider the covariant derivative of the curvature F4. As above, let V* be

the Levi-Civita connection on 3. Recall that P(g) = P X g denotes the adjoint bundle
of P. The connection A defines a twisted derivative
Va: C'(Z,P(g)) — C°(2, TS ® P(g))
by the formula
Van :=dn+ [A,n)].
The operators V= and V4 then give rise to a covariant derivative
Va: CHE,@°T*E @ P(g)) — C°(X,@*T*Y ® P(g))
acting on the curvature F4 by the formula
VaF4 (v, 01,02) = V4, (FA(vl, vz)) — Fy (V?Ovl, 1)2) — Fy (vl, Vfovg)

for all smooth vector fields vg, v1,v2 on .

In the (Estimates) axiom, the norms ||FA||2LP(2) and ||FA||%OO(Z) are understood with
respect to the fiberwise metric on the tensor bundle ®?7T*Y ® P(g) induced by the
Kahler metric on ¥ and the G-invariant inner product on g. Likewise, for any point
z € ¥ the expression |V4F4(z)| denotes the norm of the section V4F4 at the point z,
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taken with respect to the fiber metric on the tensor bundle ®37T*Y ® P(g). Further-
more, the norms [|[da©aullre) and [|[da©aw|l=(s) are understood with respect to
the fiberwise metric on the tensor bundle 7% ® F' induced by the Kéahler metric on X
and the G-invariant metric on EGY, where the vector bundle F is as in (2.9) above.
Likewise, for any point z € 3 the expression |V4(da©a.))(z)| denotes the norm of the
section V4(d4©(a.)) at the point z, taken with respect to the fiber metric on the tensor
bundle @*T*Y ® F.

2.1.4. Existence of regular classifying maps. The next theorem, which is the
main result of this section, ensures existence of regular classifying maps.

THEOREM 2.1.5. Fizx a real constant E > 0 and an E-admissible area form dvoly
on Y. Let p > 2 be a real number. Then there exists a classifying map

©: B'Y?(P,M; E,dvoly) — C°(P, EG)®
that is regular in the sense of Definition 2.1.5.

The proof of Theorem 2.1.5 is deferred to Section 2.3.

2.2. Non-local symplectic vortices

In this section, we introduce the non-local symplectic vortex equations. We define
Hamiltonian perturbations of these equations, and prove an energy identity and a regu-
larity result for solutions of the corresponding equations.

2.2.1. The non-local symplectic vortex equations. Fix a real constant £ > 0
and an F-admissible area form dvoly on . Let p > 2 be a real number. By Theorem 2.1.5
we may choose a finite dimensional approximation EG" of EG and a regular classifying
map

O: B""(P, M; E,dvolg) — Wl’p(P, EGN)G, (A u) = O = 0(A,u) (2.11)

for the configuration space

B (P, M; E,dvolg) := A“(P) x {u c WP (P, M)¢

/E|,¢L(u)|2@1v01E < E}

(see Section 2.1.3 for the definition of regular classifying maps).

Let J(M,w) denote the space of smooth w-compatible almost complex structures
on M. Fix a smooth G-equivariant family

J: EGN — J(M,w), e J, (2.12)
of w-compatible almost complex structures on M. It gives rise to a map

Jo: BYP(P,M; E,dvoly) — W' (P, J(M,w))",  (A,u) — Joau
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which assigns to a pair (A, u) a G-equivariant family
Jo(aw: P = T(Mw),  p— Jouuwp) (2.13)
of almost complex structures on M.

REMARK 2.2.1. We may think of the family (2.12) as a vertical almost complex
structure on the fiber bundle EGYN xo M — BGY. It pulls back along the map O (4,u)
to the family (2.13) which is a vertical almost complex structure on the fiber bundle
P(M) = P xgM — X. This family further pulls back along the section u: ¥ — P(M)
to a complex structure Jg(a,,)(u) on the vector bundle w*T'M /G — 3. In fact, the family
(2.13) induces a G-equivariant family

Joawy(u): P — End(u™TM),  p— Joauwm (u(p))

of almost complex structures on the vector bundle v*T'M — P. To verify the equivari-
ance property of this family we compute

Jo(auw (W) (ph) = Jo(awmn) (u(ph))
= Jh-10(4,u)( (h lu(p)
(h Joau @) (h™'u(p))
W (Jo(aw(u)(p))

for p € P and h € GG. Hence Jg(a,4)(u) descends to a complex structure on the vector
bundle w*TM/G — X.

We will denote by J := J(EG, M,w) the stratified space of all smooth G-equivariant
families (2.12) of w-compatible almost complex structures on M, where N runs through
all positive integers.

For any pair (A,u) € BY(P, M; E,dvols) we denote by
dAu =du + XA(U)

the twisted derivative of . Recall at this point that X, denotes the infinitesimal action
of £ on M, for every £ € g. The complex antilinear part

_ 1 .
Osae(u) = 5 <dAu + Jo(au(u) o dau 0]g>

will be called the non-local Cauchy-Riemann operator. The non-local symplectic
vortex equations are the system of first order non-linear partial differential equations

gJ,A,G(U) =0, Fa+ p(u)dvoly =0 (2.14)

for pairs (A,u) € BY(P,M;E,dvoly), where F, denotes the curvature form of the
connection A.
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The non-local vortex equations are invariant under the action of the group of gauge
transformations G*P(P). In fact, let (A, u) be a solution of (2.14) and let g € G*?. Then

_ 1
Osgraelyv) = 3 (dg*A(gflu) t Jogagtn (97 w) 0 dgalgu) o J'E)

1 4
= (9*dAU + Jo(awg (97 ') 0 g*dauo ]2)

g dau+ (9" Joaw) (97 ) o g*dau o jz)

i (dAU + Jo(au)(u) o dsu o jz)

)

NI~ N~ N

and
Fpoa + u(g_lu) dvoly = ¢*Fa+ g 'u(u)

= g(Fa+p(u)g™’
— 0.

In the first calculation we used G*P(P)-equivariance of the classifying map © and G-
equivariance of the family J. The solutions of equations (2.14) are called non-local
vortices.

REMARK 2.2.2. The non-local vortex equations (2.14) reduce to the standard vortex
equations (1.1) whenever the family

J: EGN — J(M,w)

of almost complex structures is constant. In fact, in this case it follows that J takes
values in the space J (M, w) of G-invariant almost complex structures, which is the set
of fixed points for the G-action on J(M,w).

2.2.2. Hamiltonian perturbations. In order to obtain transversality we will later
need to consider Hamiltonian perturbations of the non-local vortex equations (2.14). Our
exposition follows Cieliebak et. al. [3].

Let C>(M)% denote the space of smooth G-invariant functions on M, and denote by

H o= H(Z, M,w, 1) = Q'(2,C=(M))

the space of smooth Hamiltonian perturbations. For H € H and v, € T.YX we write
H, = H,(v,) € C>°(M)®, and denote by Xy, € Vect(M,w) the G-invariant Hamil-
tonian vector field of the function H,_ determined by the relation

Xy, )w=dH,,. (2.15)
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For every section u € C*(X, P(M)), a Hamiltonian perturbation H € H determines a
1-form Xp(u) € QY(P,u*TM) by

(X (w),(0p) = Xn, .5, (u(p))

for all p € P and v, € T,P. This 1-form is G-equivariant and horizontal and thus
descends to a 1-form

Xp(u) € Q(S,u*TM/G).
For any pair (A4,u) € BY(P, M; E, dvoly) we denote by
(1/L]¥1L = dyu + ;X:}{<QL)

the perturbed twisted derivative of u. Its complex antilinear part

_ 1 .
Ojame(u) = 5 (dA,HU + Jo(au(u) odapuo ]2)

will be called the perturbed non-local Cauchy-Riemann operator. The perturbed non-
local symplectic vortex equations are the system

Ojame(u) =0,  F4+ p(u)dvols =0 (2.16)

for pairs (A,u) € B (P, M; E,dvoly). Note that these equations are invariant under
the action of the group of gauge transformations G*?(P). A pair (A, u) that solves these
equations will be called a perturbed non-local vortex. Note further that the perturbed
equations (2.16) reduce to equations (2.14) in the case H = 0.

REMARK 2.2.3. To simplify terminology, we will usually refer to equations (2.14) and
(2.16) as the vortex equations, and call their solutions vortices.

2.2.3. Perturbation data. The perturbed non-local vortex equations (2.16) de-
pend on the choice of a regular classifying map O, a family of almost complex struc-
tures J, and a Hamiltonian perturbation H. We now formalize this dependence. Recall
from Sections 2.1.3, 2.2.1 and 2.2.2 the definition of the spaces C2_, J and H.

reg’
DEFINITION 2.2.4. A triple (©,J, H) € C, x J x H is called a perturbation da-
tum if the composition

Jo: BY?(P,M; E,dvoly) — Map(P, J (M, w))*

given by
Jowaw: P22 BGN Ly 7(M,w)

is well-defined in the set-theoretical sense.

The perturbed non-local vortex equations (2.16) are thus defined for any choice of
perturbation datum (0, J, H) € CE, x J x H.

reg
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2.2.4. Energy identity. The energy identity for the standard vortex equations (1.1)
(see [3], Proposition 2.2 for details) generalizes to the non-local case in a straightforward
way, as we shall now explain.

We define the Yang-Mills-Higgs energy of a pair (A4, u) € BY?(P, M; E, dvols) on
an open subset U C X by

1 2 2 2
E(A,u;U) = 5/(] (|FA}g + |da sl + |u(u)\g) dvoly;,
and write F(A,u) for the Yang-Mills-Higgs energy of (A, u) on X. The norms appearing
in this definition are understood as follows. First of all, for every pair (A, u) the G-
equivariant family (2.13) of w-compatible almost complex structures on M gives rise to
a fiber metric

() '>J@(A,u> = w(-, Joau):) (2.17)

on the vector bundle v*T'M /G — 3. The norm of the 1-form d4 yu is then pointwise
defined to be the operator norm of the linear map

dapu(z): T.X — w*'TM/G

for z € ¥, understood with respect to the Kéhler metric (-, -)s on 3 determined by the
area form dvoly, and the complex structure jy, and the fiber metric (2.17) on w*T'M/G.
The norm of p(u) is poinwise understood with respect to the G-invariant inner product
on g. Note that the Yang-Mills-Higgs energy is invariant under the action of the group
of gauge transformations.

REMARK 2.2.5. For later reference we remark that the Yang-Mills-Higgs energy of a
vortex (A, u) on an open subset U C X may be expressed in the form

1 2 2
E(Au;U) = /U <§‘dA,HU|Je + ‘,u(u)|g) dvoly, .
This is an immediate consequence of the second vortex equation in (2.16).

For a G-equivariant map u: P — M, its equivariant degree is defined to be the
class [u]9 € HS(M;Z) in the integral equivariant homology of M that is obtained by
equivariant push-forward of the fundamental class of ¥ along u (see [3], Section 2.3 for
details).

Every pair (A4,u) € BY(P, M; E, dvoly) satisfies the following energy identity which
relates the Yang-Mills-Higgs energy of (A, u) with the equivariant symplectic area of
the map u. It is adapted from Proposition 2.2 in Cieliebak et.al. [3]. Recall that the
curvature of a Hamiltonian connection H is

1
Qp dvols := dH + Z{H N H} € O*(%,0%(M)“),
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where {-, -} denotes the Poisson bracket on the space of smooth functions on M. Its
Hofer norm is then given by

= [ (sup 2ut-2) — o ) ) ol
> \zeM zeM
Note that this norm does not depend on the area form dvoly.

PROPOSITION 2.2.6 (Energy identity). Fiz a real constant E > 0 and an E-admissible
area form dvoly on ¥. Let p > 2 be a real number, and fiz a perturbation datum

(©,J,H)eC x T xH.

reg
Let (A,u) € B"?(P,M; E,dvoly). The Yang-Mills-Higgs energy of the pair (A, u)

and the equivariant symplectic area of the map u are related by
— 2 1 2
E(A,u) = / (\aJ,A,H,@(u)\J@ + §\FA + () dvolz\g) dvoly,
b

+ <[w — Ha, [U]G> + /2 Qg (u)dvoly .

Here the equivariant symplectic area of the map u is given by
(= o ul°) = [ v dluta). 4),
b

independently of A, and Qy € C°(X,C°(M)%) denotes the curvature of the Hamilton-
ian connection H. In particular, the Yang-Mills-Higgs energy of a vortex (A, u) solving
equations (2.16) satisfies an estimate

E(A,u) < ([w = ple, [u]?) + [|Qu(u)

Y

where HQHH is the Hofer norm of the curvature Qp.

PROOF. The proof of Proposition 2.2 in Cieliebak et. al. [3] carries over word by word
to our situation. In fact, the family of almost complex structures Jo(au)(u) plays the
role of the family of almost complex structures J, in that proof. U

2.2.5. Local coordinates. We will frequently need to consider the vortex equa-
tions (2.16) in local coordinates. Let D C C be an open subset of the complex plane C
with complex coordinate s +it. Let ¢: C D D — ¥ be a holomorphic chart map which
trivializes the bundle P, and choose a lift ¢: D — P of this map.

A vortex (A,u) € BY (P, M; E,dvols) solving equations (2.16) determines a triple
(@, ¥, u!°) consisting of functions ®, ¥: D — g and a map u'°°: D — M, both of class
WP by the relations

G*A=0ds+¥dt and u°° =wuop.
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Moreover, the area form dvoly, gives rise to a smooth function A: D — (0, 00) by
¢* dvoly, = \? ds A dt,
and the Hamiltonian perturbation determines smooth functions F,G: D x M — R by
¢'H = Fds+ Gdt.

A short calculation ([3], Proof of Prop. 2.2) now shows that the triple (®, ¥, u'°°) satisfies
the equations

0,u°¢ + Xg (uloc) + Xp (uloc)
+ (Joaw) © ¥) (ul"c) (@u10C + Xy (uloc) + Xa (uloc)) =0 (2.18)
05U — 0,® + [®, U] + A pu(u') = 0.

For fixed (A, u), these equations may be regarded as the standard vortex equations on
the trivial G-bundle over D, and the triple (®, ¥, u!°) becomes a vortex in the usual
sense.

REMARK 2.2.7. We emphasize that the first equation in (2.18) depends on the vor-
tex (A,u). In fact, (Joau o ¢)(u'*®) is the complex structure on the vector bundle
(u)*TM = o*(u*TM/G) — ¥ induced by the G-equivariant family of almost complex
structures Joauy: P — J(M,w) (see Remark 2.2.1) and thus depends on (A, ) via the
classifying map ©. It is in this sense that the vortex equations (2.14) and (2.16) are

non-local.
We define the Yang-Mills-Higgs energy density of the vortex (®, ¥, u!°°) by

locy . loc loc loc) |2 2 loc) |2

e(®, W, ™) 1= [0 4 Xo (u'*) + Xp () [} + A |n () |,

and its Yang-Mills-Higgs energy by

E(®, U, u) := / e(P, W, ') ds A dt.
D
We further define the Yang-Mills-Higgs energy density of the vortex (A,u) on D by
1 12 NP
ex(A,u) == <§’dA7Hu o SO‘J@ogo + ‘/L(u o gp)’g) A2,

Note that the Yang-Mills-Higgs energy densities e, (A4, u) and e(®, ¥, u!°°) and the Yang-
Mills-Higgs energy E(®, ¥, u!°°) are invariant under the action of the group of gauge
transformations and only depend on the chart map ¢ but not on the choice of lift .
The two energy densities are then related by

e(CD,‘Il,uloc) = e, (A, u), (2.19)

and the Yang-Mills-Higgs energy of the vortex (®, ¥, u'°°) agrees with the Yang-Mills-
Higgs energy of the vortex (A, u) on D in the sense that

E(®,¥,u") = E(A,u;¢(D)). (2.20)
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2.2.6. Elliptic regularity. Elliptic regularity continues to hold for non-local vor-
tices. We prove the following proposition, which generalizes Theorem 3.1 in Cieliebak
et.al.[3]. For any positive integer ¢ we denote by H’ := C*(3, T*S ® C*°(M)%) the
space of Hamiltonian perturbations of class C*.

ProrosiTiON 2.2.8 (Elliptic regularity). Fiz a real constant E > 0 and an E-
admissible area form dvoly on . Let p > 2 be a real number, and fix a perturbation
datum (0, J, H) € C_ x J x H" for some positive integer (.

reg

If the pair (A,u) € BY?(P, M; E,dvoly) solves the non-local vortex equations (2.16),
then there exists a gauge transformation g € G*P(P) such that the pair (g* A, g~*u) is of
class W and of class C*~1.

The proof of Proposition 2.2.8 is based on the following lemma. It is adapted from
the proof of Theorem 3.1 in [3].

LEMMA 2.2.9. Assume that the hypotheses of Proposition 2.2.8 are satisfied. Suppose
in addition that there exists a smooth connection Ay € A(P) such that A is in Coulomb
gauge relative to Ag, that is,

o(A—Ag) = 0. (2.21)

Then (A,u) is of class W and of class C*~*.

PRrROOF. The proof is by standard elliptic bootstrapping. It is modeled on the proof
of Theorem 3.1 in [3]. Let ¢ > 1. We will prove by induction that A and u are of class
WHHLP and of class CF, for 1 < k < ¢ — 1.

For k = 1, this is true since (A, u) is of class W? by assumption.
Now suppose that the claim is true for some 1 < k < /¢ — 1.

Consider the connection A. Set o := A — Ay € WkP(X, T*Y ® P(g)). Combining the
Coulomb gauge condition (2.21) with the second vortex equation in (2.16) we obtain

dgpar = da+[Ag A a]

= dA —dAg+ [Ag A A] — [Ag A Ag)
1 1
= —(dA0+§[AO/\A0]) —§[AOAAO]+[AO/\A]+dA

1 1
= —FAO—i[Oé/\Oé]—i—ﬁ[A/\A]‘f‘dA

1
= —FAO—é[Oé/\a]—i‘FA

1
= —Fy, — 5 [ A a] = p(u) dvoly, . (2.22)
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Since A and u are of class W*P by assumption, it follows from formula (2.22) that d4,«
is of class W*?_ Furthermore, it is obvious from formula (2.21) that dy « is of class WP,
Hence it follows from elliptic regularity for the Hodge-Laplace operator d4,d7, +d’ da,
that « is of class W**1P. Thus A = Ay + « is of class W*+1P. By Rellich’s theorem
([34], Thm. B.2) it follows that A is of class C*.

Next we prove that u is of class W**1P and of class C*. We shall work in local
coordinates. Choose a holomorphic coordinate chart C D D — Y and a Darboux
chart on M. We may thus assume without loss of generality that (M,w) = (R*",wy),
where wy is the standard symplectic form on R?". By (2.18), with respect to these local
coordinates, the first of the vortex equations (2.16) takes the form

dsu+ Xo(u) + Xp(u) + Joaw (W) (du + Xo(v) + Xg(u)) =0 (2.23)
where we express the connection A as
A=®ds+Udt, &, 0:D g,
the Hamiltonian perturbation H as
H=Fds+Gdt, FG:DxM—R,
and consider Jg(a,,)(u) as a matrix-valued map
Joau(u): D — May, 2,(R). (2.24)
We may then rewrite equation (2.23) as
dst + Joau (u) Ou = —Xo(u) — Xp(u) — Joaw () (Xu(uw) + Xa(u)). (2.25)

Let us investigate the regularity of the right-hand side of this equation. Firstly, we have
already proved that A and hence ® and ¥ are of class C*. It follows that the families
of smooth vector fields X and Xy on M are of class C* on D. Likewise, H and hence
F and G are of class C* by assumption. Thus we see from (2.15) that the families of
smooth vector fields X and Xg on M are of class C*~!, whence of class C*, on D (since
k < ¢—1). Since u is of class WP by assumption, it follows that each of the sections
Xo(u), Xg(u), Xr(u) and Xg(u) is of class C* on D ([34], Lemma B.8). Secondly, it
follows from part (ii) of the (Regularity) axiom for the regular classifying map © (see
Definition 2.1.3) that the map ©4,,) is of class C*. Hence, since the family of almost
complex structures J is smooth and w is of class W*P by assumption, it follows that the
map (2.24) is of class W,” on D ([34], Lemma B.8). We therefore conclude that the
right-hand side of equation (2.25) is of class Wi-? ([34], Lemma B.3).

Applying Proposition B.4.9 (i) in [22] (see also Lemma 3.3 in [3]) it follows that u is
of class W*t1P on D. By Rellich’s theorem we infer that u is of class C* on D. O
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We are now ready for the proof of Proposition 2.2.8.

PrROOF OF PROPOSITION 2.2.8. The proof is modeled on the proof of Theorem 3.1
in [3]. Suppose that (A,u) € BY“(P, M;E,dvoly) solves the non-local vortex equa-
tions (2.16). We apply the local slice theorem ([34], Thm. F and [3], Thm. B.1). To this
end, we take A as reference connection and choose a smooth connection Ay € A(P) such
that ||A — Aollwrs(x) (and hence also ||A — Ag||rr(x)) is sufficiently small. Then the local
slice theorem (taking ¢ = p) asserts the existence of a gauge transformation g € G2?(P)
such that

4’ (940 — A) = 0.
This implies ([34], Lemma 8.4 (ii)) that
dZ*Ao (A B g*AO) =0,
whence
dzo (g*A — AO) =g d;*AO (A - g*AO) =0.

That is, g*A is in Coulomb gauge relative to Ay. By gauge invariance of the vortex
equations (2.16), we may apply Lemma 2.2.9 to the pair (¢*A, g~ u). O

2.3. Existence of regular classifying maps

This section is devoted to the proof of Theorem 2.1.5 which claims that regular
classifying maps do exist. We give an explicit construction of a regular classifying map
and prove that it satisfies the regularity axioms of Definition 2.1.3. Our construction is
reminiscent of a construction of a holonomy perturbation due to Floer [7].

2.3.1. Systems of holonomy maps. Recall that 3 carries a Kahler metric deter-
mined by the complex structure jx and the area form dvoly. Let 2y € 3 be an arbitrary
point, and fix a positive real number R that is smaller than half the injectivity radius
of . Denote by

B := B(z0; R) and D := B(z; R/2)

the closed geodesic disks of radius R and R/2 around zp. Define a smooth family of
geodesics

v: Dx(B\D)— C'([0,1],B),  (2,2) = Y. (2.26)
by assigning to every pair of points (z,z’) € D x(B\ D) the geodesic
’Y(z,z’): [07 1] - B7 T = 7(z,z/) (7-)

joining the point z in the disk D with the point 2’ in the annulus B\ D, understood with
respect to the Kahler metric on X.
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Fix a connection A on P of class C'. We may then lift the family of paths (2.26) to
a family of A-horizontal paths in P, obtaining a family

h*y: P|lp x(B\D) — C'([0,1], P) (2.27)
that assigns to every pair of points (p, 2') € P|p x(B\ D) the A-horizontal lift
WYy 10,1] = Py haYa,n(0) = p

of the geodesic Y(r(p),»): [0,1] — X. Note that the path hAy(W(p)vz/) is the unique solution
of the ordinary differential equation

d
A(gh“‘%w(p),z')) =0, W), (0) =p. (2.28)

By construction, it has the property that

T (A Y w(),2) (T)) = Vinp),e) (T)

for all 7 € [0,1], where 7: P — ¥ denotes the bundle projection. Note moreover that
the path hAv(W(p),Z/) is of class C! since A is of class C* by assumption, by the Cauchy-
Lipschitz theorem ([17], Ch.V, Thm.3.1).

Fix a smooth trivializing section o: B — P|g of the bundle P over the disk B. We
associate to the triple (7,0, A) a system of holonomy maps

hol® := hol?(v,0): P|p x(B\D) = G,  (p,2') — hol*(p, ) (2.29)
defined by the relation
W %), (1) = 0 (2') - hol* (p, ) (2.30)

in the fiber of P over 2’. Fixing the endpoint 2’ in the annulus B\ D, the system (2.29)
gives rise to a reduced holonomy map

hols: Plp — G, p hold(p) :=hol®(p, ). (2.31)
It has the following transformation property.

LEMMA 2.3.1. Let g € C*(P,G)Y be a gauge transformation of P class C?, and let
h € G. Then

holZ, (p.g(p)~*h) = g(a(2')) ™" - holZ(p) - h.

PROOF. Let us first consider the family of A-horizontal paths (2.27). For a gauge
transformation g € C%(P,G) and h € G we have, by definition of the family (2.27),

x 1
W Y )11, (0) = %) 2 (0) - g (W) 2 (0)) - o
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and

d -1
A (5 (A - 90 w0) 1) )

d N .
- A((EhAV(ﬂ(p),z’Q -g(h %r(p),z/)) -h)
_ d .
= g(M™ Y r(yn) - h - A(Eh%(”(p)’zo (W Yy n) =0,

The Cauchy-Lipschitz theorem on uniqueness of solutions of ordinary differential equa-
tions ([17], Ch.V, Thm.3.1) then implies that

-1

WA o)1), (T) = Wy, (T) - g (hAV (7)) - h

for all 7 € [0,1]. Let us abbreviate v := Yz and p? := holZ(p). By relation (2.30)
we further get

o(Z') - holng (p.g(p)’lh)
= W o)1, (1)
= ™Y n(1) - 9B (1) - b
= o(2) - hol <>-g<a<z>-holﬁ<p>)”-h
= o(2)-holfi(p) - holZ(p) ™" - g(o(2")) ™" - holZi(p) - A
= o(2) - g(a(z) ™" - holZ(p) - b,
whence
hol?,* (p.g(p) h) = g(o(')) ™" - hol(p) - h

as claimed. O

The lemma shows that the reduced holonomy map (2.31) is G-equivariant with re-
spect to the standard right action of G on itself. We will frequently be interested in the
dependence of this map on the connection A. This leads us to consider the relative
reduced holonomy map

hol, : A'(P) — CY(P|p,G)Y, A+ hold (2.32)

for every point 2’ in the annulus B\ D. Here and throughout this section, A'(P) denotes
the space of connections on P that are of class C!.

Next we collect some basic properties of the holonomy maps (2.31) and (2.32) that
will later be needed in proving regularity of the classifying map that we shall construct.
Of particular importance to us will be explicit formulas for the derivatives of the reduced
holonomy maps (2.31). In order to formulate our results it will be convenient to have
the following notation.
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Recall from (2.26) above the definition of the geodesics (... joining z € D with
2" € B\D. We now consider infinitesimal variations of these paths under the assumption
that the endpoint z’ is kept fixed. More precisely, we consider the derivative of the map

v D — CH[0,1],B), 2z 7(2) == 0. (2.33)
We shall denote its derivative at a point z € D by

8.7 T.D — C*([0,1],T,,_ , B), v, 87(v.). (2.34)

(%)
It assigns to every tangent vector v, at z the Jacobi field along the path 7, .y obtained
by infinitesimal variation of the family (2.33) in the direction of v,.

Fix a smooth vector field v on B and consider the geodesic disk Bsgr(z’) on 3 around
the point 2’. For every 7 € [0,1) the geodesics v, and their infinitesimal variations &y,
give rise to smooth vector fields X7 and Y,” on the punctured disk Bap.(1—7)(2") \ {#'} in
the following way. Denote by

o= et B\ {7} = Biracn(D\{F}, 20 26m()  (239)

the map that assigns to a point z € Byg(2’) the point at time 7 on the geodesic
Yz [0,1] — B joining 2’ with z. This map is injective, and we denote its inverse
by

7" Bar-n (2) \ {2} = Bar(2) \ {2} (236)
We then define the vector fields X7 and Y, by
X7(2) 1= 097 (2).2)(T) € T2X (2.37)
and
Y (2) = (8yr (272 (Vyr()) (7) € T2 (2.38)
for all points z € Bop.a1—-)(2') \ {#'}. Here, y(y7(2),2: [0,1] — B is the geodesic joining
the point 77(z) with 2/, and 0.+(.)v(vy7(2)) is the derivative of the map (2.33) at the

point 77 (z) in the direction of the tangent vector vy-(.) € Tyr(»)3 as defined in (2.34).

Denote by wyc € QY(G,g) the Maurer-Cartan form on G (see [20], Sec.1.4), and
recall that we have fixed a trivializing section o: B — P|g of the bundle P over the

disk B. The following two propositions collect basic properties of the holonomy maps
(2.31) and (2.32).
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PROPOSITION 2.3.2. Fix a point 2’ € B\ D and a connection A on P of class C*.
Then the reduced holonomy map (2.31) has the following properties.

(i) Let k > 1, and assume that A is of class C*. Then the system of holonomy
maps (2.29) is of class C*.

(ii) By (i) the reduced holonomy map (2.51) is of class C. Its covariant derivative
satisfies the following identities in the Lie algebra g, where wyc € QYG, g)
denotes the Maurer-Cartan form and o: B — P|p is a fized trivializing section
of the bundle P over B.

(a) Fiz a point z € D and a tangent vector v, € T,%. Then we have

wnic (0 (dahol) (v.)) = / (0" Fa) (9572, (7); (8:7(22)) (7))

(b) Fiz a G-invariant metric on G, and assume that A is of class C*. Then
by (i) the reduced holonomy map (2.31) is of class C?. Fix a point z € D
and tangent vectors v,,w, € 1,3, and let v and w be smooth vector fields
on D that restrict to v, and w, at the point z. Then we have

whic (Va (0" (daholl)) (w., v.))
-/ (a0 F) (09502, 8,307 (5:2(02)) ()
+ (0" Fa) (V3 o) X7 (872 (v2)) (7))
(0" Fa) (07 (1), Vi) Ve = Y3, (-(2)) ) dr

- (VS*(dAholf,)(wz)wMC) (U* (dAhOlff) (Uz))-

Here we use the notation introduced in (2.33), (2.34), (2.35), (2.37) and (2.38)
above (see Remark 2.5.3 below for an explanation of the covariant derivatives
appearing in the formulas).

REMARK 2.3.3. We explain the notation appearing in Proposition 2.3.2. First of all,
the covariant derivative of the map

hols): Plp — G
is given by
daholy == dholf, +X 4 (hol),
where X, denotes the infinitesimal action of n € g on G. Locally on D this induces a
map
0'* (dAhOI?,) :TD — Thol;“, och

We may equivalently think of this map as a 1-form on D, that is, as a section of the
tensor bundle T*D ® F — D, where F' denotes the vector bundle

F = (holf, oa)* TG — D.
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Fix a G-invariant metric on G, and denote by V& the corresponding Levi-Civita
connection on . The connection A and the section ¢ then give rise to a covariant
derivative

Vi:CYD,F)— C"(D,T*S® F)
on the vector bundle F' defined by
Vi€ = VEE+ VX a(8),

where X, denotes the infinitesimal right action of n € g on G.

Let V* be the Levi-Civita connection on ¥, understood with respect to the Kahler
metric determined by the area form dvoly and the complex structure jx. The connec-
tions V> and V% then define a covariant derivative

Va: CY(D, T*"D® F) — C°(D,®*T*D @ F)
acting on the 1-form o*(d4hol%) by the formula

Va(o*(daholl))(w,v) = VG, (¢ (dahol) (v))
1 VS anort oy Xowat) (0" (dahol?)) — 0" (dahol?) (V3i(v) - (2.39)
for all smooth vector fields w,v on D.

Next we consider the covariant derivative of the curvature ¢*F4. The connection A
defines a covariant derivative

Va: CY(D,g) — C°(D, g)
by
Van i=dn + [07A, 7).

As above, let V* be the Levi-Civita connection on . The connections V4 and V> then
give rise to a covariant derivative

Va: CY(D,@*T"D ®@ g) — C°(D,®°T*D @ g)
acting on the curvature o*F'4 by the formula
(Va(0*Fa)) (vo, v1,v2) := Vau, (07 Fa)(v1,02)) — (0°Fa) (Vi v1,v2)
— (O'*FA) (Ul, VEO/UQ) (240)

for all smooth vector fields vg, v1, v9 on D.

Lastly, we denote by V% the 1-form on G obtained by covariant differentiation
of the Maurer-Cartan form wyc with respect to the Levi-Civita connection V& on G.
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PROPOSITION 2.3.4. Fiz a G-invariant metric on G. Recall that A'(P) denotes the

space of connections on P of class C', and that 0: B — P|p is a fized trivializing section
of the bundle P over B. Then the holonomy maps (2.31) and (2.32) have the following
properties (see Remarks 2.1.4 and 2.3.3 above for an explanation of the notation).

(i) For every point 2/ € B\ D the map (2.32) is continuous with respect to the
CP-topologies on A(P) and on C1(P|p,G)“.

(ii) Fiz a real number p > 2. There exists a constant Cy > 0 such that for all points
2’ € B\ D and all connections A € A'(P) we have

* A
}O‘ (dAh01Z/> SC’l HFAHLP(Z)'
(iii) There exists a constant Cy > 0 such that for all points 2’ € B\ D and for all
connections A € A'(P) we have
|o*(dahol}))
(iv) There exists a constant Cs > 0 such that for all points 2" € B\ D and all
connections A € A'(P) of class C* we have

o)

‘LOO(D) <Gy HFA”LOO(E)'

(Va2 < Ca- (14 ]Falfegs

v | (Valo" F) (e (7)) )

for all points = € D. Here (.. denotes the geodesic introduced in (2.26)
above, joining the points z and 2.

We prove Propsition 2.3.2 first; the proof of Proposition 2.3.4 starts on page 33.

PROOF OF PROPOSITION 2.3.2. Proof of (i): The system of holonomy maps (2.29) is
defined in terms of the horizontal lifts (2.27) which are solutions of the ordinary dif-
ferential equation (2.28). The coefficients of this equation are given in terms of the
connection A. Hence the claim is a consequence of the Cauchy-Lipschitz theorem ([17],
Ch.V, Thm.4.1), which states that the solution of an ordinary differential equation with
Ck-coefficients is a function of class C*.

Proof of (ii): Fix a point 2/ € B\D, and let A be a connection on P of class C*. Consider
the map

ho: Plp — Py, pr ha(p) i= b .2n (1) (2.41)

which assigns to every point p € P|p the endpoint of the A-horizontal lift of the ray
Yin(p),>) Starting at p. As we have seen in the proof of (i) above, this map is of class C*
since A is of class C''. Moreover, the proof of Lemma 2.3.1 shows that it is G-equivariant.
In order to prove assertion (ii,a) of the proposition we first derive a formula for the
twisted derivative of the map (2.41).
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Recall from (2.33) the notation v./(z) = 7(.,.7), and recall moreover that o: B — P|p
denotes a trivializing section of P over B.

CLAIM. For every point p € P|p and every tangent vector v, € T, P, the covariant
derivative of the map (2.41) satisfies the identity

Ap ) (dahz (3)) = /0 (0" F) (0wt (), (e (dr (@) (7)) dr. (2.42)

PROOF OF CLAIM. First, we claim that the covariant derivative of the map (2.41)
may be expressed in terms of the infinitesimal variation of the family of horizontal paths
(2.27) in the direction of the tangent vector @, by

dah(By) = (day (7.0 (A (8,))) (1. (2.43)

In fact, we compute

dah(0y) = dph(T,7) = dp (W Y(n(,20 (1) (3,7) = (dao) (W Y, (A7 (3,°7)) ) (1),

where ;°" denotes the A-horizontal component of @,. Since dn(;°") = dn(7,), formula

P
(2.43) follows.

Next, for € > 0 sufficiently small we choose a smooth path s: (—¢,€) — P, A — s(\)
in P such that

ds

S(O) =D a
A=0

= Up.
It gives rise to a 1-parameter family of geodesics in B

(—6,6) = C'([0,1],B), A== Yn(s(1).2)

which associates to A the geodesic joining the point m(s(\)) with the point z’. This
family then lifts to a 1-parameter family of A-horizontal paths in P

(—e,e) = C'([0,1],P), A+ hy = h'y,.

Thus, for every A € (—e¢, €), the path h) is the unique solution of the ordinary differential
equation

A@:h) =0, ha(0) = s(N). (2.44)

Since A is of class C! we may, by the Cauchy-Lipschitz theorem ([17], Ch.V, Thm. 3.1),
write the family A — hy as a map of class C"*

h: (—€€) x[0,1] = P, (A, 7) — hyx(7).
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Then [0\h, 0;h| = 0, so we obtain

d d d

EA(@JL) = EA(axh) —aA(arh)

= Lo nAOr\h) — Lo, nA(O-h)

= dA(9,h,0\h) + A([@Th, GAh])

= Fa(0:h,0\h) — [A(@Th),A(ﬁ,\h)]

= F4(0;h,0\h). (2.45)
Let us explain this computation. In the first equality, we used equation (2.44). The
second equality is just a reformulation in terms of Lie derivatives on P. The third
equality uses a basic identity for Lie derivatives ([20], Prop.1.3.11), while the fourth

equality uses the identity [0 h,0,;h] = 0 and the definition of the curvature. The fifth
equality is again a consequence of equation (2.44). We further have

A7) = (drs(a)) (B ()2 (A7 (5))) (7),
whence

OAh(r)| = (et (™ 0.)) (A (3,))) (7)

for all 7 € [0, 1]. Setting A = 0 in (2.45) we therefore obtain
d

@A((dw(p)(hAV(w(-),z'))(dW(ﬁp))) (T)>

=Fy (&hAV(n(p),z/)(T ), (A (A Y (,2)) (A7 (8))) (7 )) :

Since F'4 is horizontal and equivariant, we may now pull the right-hand side of this
relation back to the disk B along the section 0: B — P. In fact, since 7 o 0 = id we
have

0" 0rh Y (n ()2 (T) = 0 V(). ) (T)
and
0" A () (W V()20 ) (AT (0))) (T) = (8 (A7 (T))) (7).
Hence we obtain

L A( (et (0550000 A (5,1)) ()

dr
= (0" Fa) (0.2 (7): (Sei 12 (dm(5))) (7).
Since (dr(p) (h*(n(),2)(dm(T,))) (0) = 0, integrating this differential equation yields

A( (A (W00 (@ (3,)) (1)

1
_ /0 (0 Fa) (9w, (7), (8o (dm(@,))) (7) ) .
Combining this with identity (2.43), the Claim follows. 4
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We now use the result of the Claim above to deduce the formula of assertion (ii, a).
Fix a point z € D and a tangent vector v, € T,3. Using the section o: D — P|p we
may define lifts p := o(2) € P|p and 9, := do(v,) € T,P. Then

(p) =2 and dn(7,) =v,. (2.46)
Recall from formula (2.30) that the reduced holonomy map was defined by
W %),y (1) = 0 (2') - holZ (p).

Differentiating this identity covariantly at the point p in the direction of v,, and using
the notation h.(p) = h*y(z(p) ..y (1) introduced in (2.41) above, we obtain

dah () = hat (p). waic (daholZ (3,)),

where wyc € Q'(G, g) denotes the Maurer-Cartan form on G. Hence

Ahz/(p) (dAhZ’ (61))) = WMmc (dAhOlff (ﬁp))- (247)
Since p = o(z) and 0, = do(v,) we have
daholf (3,) = o™ (dahol2) (v,). (2.48)

Combining formulas (2.46), (2.47) and (2.48) with formula (2.42) in the Claim above,
we finally obtain

wie (07 (dahol?) (v.)) = /0 (0" F) (aﬂ(z,z,)(f), (8.7 (vz))(f)) dr. (2.49)

This proves (ii, a).

Let us now prove assertion (ii, b). Fix a G-invariant metric on G and let V¢ denote
the corresponding Levi-Civita connection on GG. Let v be a smooth vector field on X, fix
a point z € D, and let w, € T,% be a tangent vector. First of all, by formula (2.39) we
have

Va(o* (dAholf,) J(w;,v,) = Vau, (o (dAholf,) (v)) —o* (dAholf,) (Vi v), (2.50)

where V¥ is the Levi-Civita connection on ¥, understood with respect to the Kihler
metric.

Let us consider the first term on the right-hand side of equation (2.50). By the
Leibniz rule we have

wMC (VAMZ (0'* (dAhOI?/) (U))) = VA,wz (ch (O'* (dAhOI?/) (U)))
- (Vf*(dAholj)(wz)ch) (o (dAholﬁ)(vz)). (2.51)

For an explanation of the covariant derivatives appearing in this computation we refer the
reader to Remark 2.3.3 above. By formula (2.49) above, using the notation introduced
in (2.35), (2.37) and (2.38) we have

e (0" (dahol) (1) = [ (0" Fa) (X7 (30(2),¥7 (3 (2)))
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We may thus compute the first term on the right-hand side of formula (2.51) by differ-
entiating the map

D 3 2" = wye (o (daholl) (vr)) = /0 (0" Fa) (X7 (3(2")), Y. (7(2"))) dr

at the point z, obtaining

:uw@mwwmmﬁwn::A\mm@mmuﬂ%mxwm«myh

_ /0 e (0" F) (X7, YY) dr (2.52)

Here we use the abbreviation v,w, := d,y;(w.) in the tangent space T, (,)X. By for-
mula (2.40) we further have

VA,'yTwz ((U*FA)(XT’ Y;)T)) = (VA(U*FA)) (’erm XT(%'<Z))7 Y;)T(PYT(Z)))
(0" P (V20 XY (1(2)) + (0" Fa) (X7 ((2). V5 ¥7) . (253)

YrWz YrWz ~ U

Likewise, for the second term on the right-hand side of equation (2.50) we obtain
from (2.49) the expression

e (o (@abol2) (VE0) = [ (0 F) (X002 () e (250

Combining (2.54), (2.53), (2.52) and (2.51) with equation (2.50) above, we finally
obtain

Va (0" (dahol?)) (w.,v.) = /0 <(VA(U*FA>)('VTmeT(’YT(Z))aYJ('VT(Z»)

(0" Fa) (V30 X7 Y] (3:(2))) + (0" Fa) (XT(7:(2)), V5, Yy — Yvazv(%(Z)))) dr
(Vg oynic) (o° (dahol2) (v2).

Using the definition of the vector fields X7 and Y] in (2.37) and (2.38), and using
Yrw, = d,v-(w,), the formula claimed in (ii,b) follows. This completes the proof of
Proposition 2.3.2. U

PROOF OF PROPOSITION 2.3.4. Fix a G-invariant metric on G.
Proof of (i): The system of holonomy maps (2.29) is defined in terms of the horizontal
lifts (2.27) which are solutions of the ordinary differential equation (2.28). The coef-
ficients of this equation are given in terms of the connection A. Hence the claim is a
consequence of the Cauchy-Lipschitz theorem ([17], Ch. V, Thm. 3.1), which implies that
the solutions of an ordinary differential equation depend continuously on its coefficients.
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Proof of (ii): Let 2/ € B\ D and A € A'(P), and consider the reduced holonomy map
holy: Plp — G.

It will be most convenient to work in local polar geodesic coordinates around the point 2’
on Y. More precisely, we denote by

exp, : TX D Bar(0) — Bag(2'),  exp,(0) =7 (2.55)

the Riemannian exponential map on the tangent space of ¥ at z’. It maps the Euclidean
disk Byr(0) in the tangent space 1.3 = R? diffeomorphically onto the geodesic disk
Bog(Z') on ¥. Recall at this point that the constant R was chosen to be smaller than
half the injectivity radius of . Note that the disk B is contained in the chart Bogr(Z').
We endow the punctured disk Byg(0) \ {0} with polar coordinates (7, ¢), thinking of the
point (7, ) as the lift of the point z. For every angle ¢ € [0, 27), let us denote by

I(p) :=={r € (0,2R] | exp,.(r,¢) € D} (2.56)

the set of all numbers 7 such that the point (1, ¢) € Bagr(0) gets mapped into the disk D
under the exponential map (2.55). We further write the lift of the area form on ¥ under
the exponential map in the form

exp’ dvoly(2) = A(r, @) - rdr Adyp (2.57)

for some bounded smooth function A\: Bag(0) \ {0} — (0, c0).

Fix a point z € ¥ and a tangent vector v, € T,%. Applying Proposition 2.3.2 (ii, a)
and using the polar geodesic coordinates introduced above, we obtain for the covariant
derivative of the reduced holonomy map at z in the direction of v, the relation

wonie (0" (dghold) (v.)) = /0 Fa(0300(7): (o (8) (7)) dr, (258)

where we abbreviate
Fy = (0oexp,) Fa.
Here, 0: B — P|p denotes a fixed section. We further denote by

Yrpy0): [0,1] = Bag(0), 7= (1 —=7)-7,¢) (2.59)
the line segment joining the point (r,¢) with the origin in R?. Then J((.4)0) is the

lift of the geodesic (... As before, we use the abbreviation ... = J(()0. The
vector © € R? denotes the lift of the tangent vector v,, and we denote by 80Y(r) (V)
the Jacobi field along ()0 obtained by differentiation of the map (r, ) — F((r4).0)
in the direction of ©. Using the reparametrization 7/ := r - (1 — 7), the integral on the

right-hand side of (2.58) may then be written as

- [ Fa(0rirnd = 1), (o (@) (= 7))
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Note that there exists a constant ¢; > 0 (not depending on z and z’) such that

/

- N T
| (80 (0) (1 = 7'/7)| < er - [0] - w
for all 7/ € [0, r]; and note moreover that we have an identity
Vo)L =7'[r) = (7, ¢)

in R?, by (2.59). Passing to operator norms, we thus obtain from (2.58) an estimate

|o* (dAholf,)(z)‘ < cy- /7"
0

for some constant ¢ > 0 (not depending on z, 2’ and A).

Fix a real number p > 2. Applying Hdélder’s inequality we obtain from (2.60) the
relation

Fa((r', go))‘ . T?/dr’ (2.60)

= / poT /
Ea(r o) - S ar

o (dAholf,)(sz <cg- /07"

for some constant ¢5 > 0 (not depending on z, 2" and A). Here we used that 0 < 7//r < 1.
Using the notation introduced in (2.56) and (2.57) above, we may now integrate this
inequality over the disk D, obtaining

/D 2
YA

<o [0

Here, for the second estimate we used Fubini’s theorem and the fact that I(¢) C (0,2R)].

Now
2T r
I

o* (daholy)) (2)|” dvols(2)

R o) Zar') Mo rardy

Fa((7, gp))‘p -7 dr’ dgp) (1, )2 dr. (2.61)

-7 dr dyp

‘p

Fo)| - arde < [ |Fa((re)
B3r(0)
< c4-/ |Fa(2)[” dvols(2)
Bar(2')

< c4-/E|FA(z)|pdvolg(z)

for some constant ¢4 > 0 (not depending on 2z’ and A). Here, we think of (7/,¢) as
polar coordinates on the disk Byg(0). Furthermore, for the second estimate we used
relation (2.57). Hence we obtain from (2.61) an estimate

/D 0" (dahol) (2)]” dvols(2) < cs - /Z Fa(2)]? dvoly(2)
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for some constant c5 > 0 (not depending on 2’ and A). Setting C; := (c5)'/? it follows
that

* A
a (dAhOlZ’)HLP(D) <G HFA“LP(E)‘
This proves assertion (ii).
Proof of (iii): Let 2/ € B\ D and A € A'(P), and consider the reduced holonomy map
hol: P|p — G.

Fix a point z € 3 and a tangent vector v, € T,3. Applying Proposition 2.3.2 (ii,a), we
obtain for the covariant derivative of the reduced holonomy map at z in the direction
of v, the relation

e (0" (@abol2) (1)) = [ (0" Pa) (010 (0). (B (02)) (7))

Passing to operator norms, it follows that there exists a constant cg > 0 (not depending
on z' and A) such that

1

o* (dAhole,)(z)‘ < g - / ’FA (/}/(z7zl)(7-)) ‘ dr
0

for all points z € D. We conclude from this that

Jo* (dahold) || o ) < Co- || Fa

for some constant Cy > 0 (not depending on 2’ and A). This proves assertion (iii).

[oe (P
Proof of (iv): Let 2/ € B\ D and A € A'(P) be of class C?, and consider the pull-back
o*(dshol)): TD — TG (2.62)

of the covariant derivative of the reduced holonomy map. Fix a point z € D and tangent
vectors v,,w, € T,D. Choose smooth vector fields v and w on D that restrict to v,
and w, at the point z. Applying Proposition 2.3.2 (ii,b), we obtain for the covariant
derivative of the map (2.62) at z in the direction of w, and v, the relation

wwic (Va (o (dAholf,) ) (w2, v.))
- /0 ((VA(J*FA>) (dz'%'(wz)7 37_*}/(2,72/)(7')7 (6272’(02)) (T))
+ (0" Fa) (Vi ) X T (8:72(v2)) (7))

+ (0" Fa) (070 (7), Vi ) Yo — YVTM(%(Z)))) dr
- (VUG*(dAholf,)(wz)wMC) (0" (daholZr) (vz)).  (2.63)
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Here we use the notation introduced in (2.33), (2.34), (2.35), (2.37), (2.38) and Re-
mark 2.3.3. We may then estimate the first two terms appearing on the right-hand side
of this formula by

} (VA(U*FA)) (dz'%'(wz)) aTV(z,z’)(T% (62"72’ ('Uz)> (T)) ‘
< e fwsl - [vs] - |(Va(o™ Fa)) (v (7))] - (2.64)

and
‘( *FA)(VdZ% X7, (6272/(11,2))(7'))‘ < cr-|w, v, - HFAHLw(z) (2.65)

for some constant ¢; > 0 (not depending on z, 2’ and A). Using assertion (iii) above,
the last term may be estimated by

‘ (VG*(dAhol )(wz)ch) (o (dAholf,) (v2)) ‘
VGchHLOO(G) |o” (dAholf/)(z)|2

s O3 - wsl - o] |V e gy - 1 Fall sy (2.66)

IA

cg - |ws| - |v.| -

IN

for some constant cg > 0 (not depending on z, 2’ and A). For the third term we have an
inequality

(0" Fa) (070 (7). Vi Yo = Ve, (02(2)))
S Cy - ‘V(Xijz"/f(wz)Y;uT - (’77— ‘ ||FAHL0° (267)

for some constant ¢y > 0 (not depending on z, 2z’ and A). In order to estimate this
further, we need the following claim, which states that the map

a: Vect(D) x Vect(D) — Vect(D),  a(w,v):= V?VT(w)Y;T =Yg, (7)) (2.68)

given by the first term on the right-hand side of inequality (2.67) is tensorial. Here,
Vect(D) denotes smooth vector fields on D.

CLAIM. The map (2.68) is linear over the smooth functions on D.

PROOF OF CLAIM. Let us abbreviate V := V*. Linearity in the first argument is
clear. Let now f be a smooth function on D and consider a(w, f - v). Let z € D. Then

a(w, f-o)(2) = Vi, @w)Yie = Y, (50 (07(2)). (2.69)
Recall from (2.35) and (2.38) that the vector field Y/, is defined in terms of the Jacobi

field by
Yiu(2) = (8072 (f(77(2)) - v (9) ) (7)
where 4™ denotes the inverse of the map . given by %( "=
this that

Y(zr,2) (7). It follows from

Yi,=f(y")- Y/
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Hence we have

de%(wz)YfT.y = de%(wz) (f('YT) : Y;;T)
- (d(WTO%)(Z)f © dvr(Z)VT) (devr(w2)) - Y (7(2))
+ (77 07:)(2)) - Vs, wa) Yo
= dof(w:) - Y] (7:(2) + f(2) - Vaoy, )Yy - (2.70)

Likewise, using the Leibniz rule
Vw(f'v) :df(w) 'U+f'vwv

we obtain

Yo, (0(r(2)) = Ydf( 1o (17 (2) + Yig,.(1(2))
df (w)((v" 0 7)) (2) - ¥ (9-(2))
+ (77 0r)(2)) - Y5,0(17(2))
= dof(w:) - Y (7:(2)) + f(2) - Yy, (97 (2)). (2.71)
Combining (2.70) and (2.71) with (2.69) then yields

a(w, f-0)(2) = f(2) - Vare )Y = f(2) - Y9,,(1=(2)) = f(2) - a(w, v)(2).
This proves the claim. O

By the Claim there exists a constant ¢;p > 0 (not depending on z, 2z’ and A) such
that

‘de% (w) Yy — égv(%(Z))’ < i - o] - uwl - (2.72)

Whence combining inequalities (2.64), (2.65), (2.67) and (2.66) with (2.63) and passing
to operator norms we obtain an estimate

1
} (VA (O'* (dAhOlf;))) (Z)’ <cppt /0 (| (VA(U*FA)) (7(z,z’)<7—>>‘
+ HFAHiw(z) + HFAHLOO(Z) + 1) dr + HVGWMCHLOO(G)
for some constant ¢;; > 0 (not depending on z, 2z’ and A). This finally implies that

(Valo"@ot) ) < G- (14 Fals

+ [ (19" ) (D] o)

for some constant C3 > 0 (not depending on z, 2’ and A). This proves assertion (iv) and
finishes the proof of Proposition 2.3.4. U
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2.3.2. Construction of a classifying map. Fix a real constant £ > 0 and an
E-admissible area form dvoly on ¥ (see Definition 2.1.1). Let p > 2 be a real number.
Our goal in this subsection is to give an explicit construction of a regular classifying map

0: B'? := B"(P, M; E,dvoly) — C°(P, EG)®

in the sense of Section 2.1.2 and Definition 2.1.3. More specifically, we shall construct a
G*P-equivariant map

6: B — W'?(P,EGN)" (2.73)

taking values in G-equivariant maps P — EGY of class WP (see Remark 2.1.4). We
remind the reader that W (P, EGY)Y is contained in C°(P, EG)% by Rellich’s theorem.

We will proceed as follows. Recall from Section 2.1.1 that the configuration space B?
consists of all pairs (A,u) € AY(P) x WhP(P, M)% such that the map u satisfies the
taming condition

/ ()l dvoly < B. (2.74)
by

Let us consider the subspace
B:={(Au) € AY(P) x WH(P, M)“| (A, u) is of class C" and u satisfies (2.74) }

consisting of pairs of class C'. Denote by G the group of gauge transformations of P that
are of class C%. The free action (2.2) of the group of gauge transformations G*? on the
configuration space B'? then restricts to a well-defined action of G on the subspace B.
Our strategy for the construction of the classifying map (2.73) now is to first construct
a G-equivariant classifying map

0: B— C' (P, EGN) (2.75)

for the space B and then to extend it to all of B by continuity.

The first step in the construction of the classifying map (2.75) is to exhibit sufficiently
many systems of holonomy maps on ¥ (see Section 2.3.1). By admissiblity of the area
form dvoly (see Definition 2.1.1) we may pick a positive real number R, smaller than
half the injectivity radius of X, and finitely many points z1,...,z, on X such that the
closed geodesic disks Br/3(21), ..., Br/s(2,) form a covering of ¥ and the area of every
annulus Bg(2;) \ Br/2(2;) satisfies

VOl(BR(Zi) \ BR/Q(ZrL‘)) > E

5 (2.76)

fori=1,...,a. Let us denote
Bz’ = BR<Zi> and -Dz = BR/Q(ZZ)

forv=1,...,a. We then have the following basic lemma.
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LEMMA 2.3.5. For every 1 < ¢ < a and for every continuous G-equivariant map
u: P — M satisfying the taming condition (2.74) there exists an open subset V! C B\D;
such that

|(u)(2)] < 0/2
for all z € V.

PROOF. Let 1 <i < a and suppose that u € Wé’p(P, M; dvoly). Assume for contra-
diction that |u(u)(2)| > 6/2 for all z € B;\ D;. Combining inequalities (2.74) and (2.76)
we then obtain

9 9 52 5 8
|p(u)|” dvoly, > [1(w)|” dvoly > — - Vol(B\ D;) > — - & =2,

contradicting inequality (2.74). Hence there exists 2y € 3 such that |u(u)(zo)| < 6/2.
Since u is continuous the lemma follows. O

For the actual definition of the systems of holonomy maps on the disks B; let us now
consider, for ¢t = 1,..., a, the smooth family of geodesics

’72 D, X(BZ\Dl) - COO([()? 1]7B2)7 (Z7Z/) Hyéz,z/) (277)
that assigns to every pair of points (z,2") € D; x(B;\ D;) the geodesic
P)/E'zg’): [0, 1] — Bi7 T = ’}/22721) (T)

joining the point z in the disk D; with the point 2’ in the annulus B;\ D;. Fix moreover
smooth sections

oi: Bi — P|p, (2.78)

that trivialize the bundle P over each disk B;. As we have seen in Section 2.3.1, for any
connection A on P of class C' the triple (7%, 0;, A) gives rise to a system of holonomy
maps

holf‘ = holA(Wi, 0i): Plp, x(B;\D;) — G, (p,2') — holf(p, 2') (2.79)

on the disk B;. We will frequently think of these systems as families of reduced holonomy
maps

holl',: Plp, = G, p+ holf,(p) := hol{(p, 2') (2.80)

parametrized by the points 2’ in the annuli B;\ D;.

Continuing with the construction of the classifying map (2.75) we first note that the
compact connected Lie group G embeds into the unitary group U(¢), for some positive
integer ¢ (see [1], Sec. I11.3). For the purposes of this subsection we may therefore assume
without loss of generality that the group G equals the unitary group U(¢). We will,
however, not indicate this in the notation. Recall that G acts freely on the submanifold
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Ms; = {x € M| |u(z)] < 0}. Hence there exists a positive integer n and a smooth
classifying map

0: Ms — V(l,n) C M,,(C) (2.81)

for the principal G-bundle Ms — M;/G taking values in the compact Stiefel manifold
V(¢,n) of unitary ¢-frames in C". Here we think of unitary ¢-frames in C" as n-by-£
matrices whose column vectors form an orthonormal set in C". In this way V(¢,n)
becomes a submanifold of M, ,(C) which can be expressed by

V(t,n) ={U € M,,(C) | U*U =1d, }.
Choose moreover a smooth bump function g: M — [0, 1] such that
R
We then define pre-classifying maps
®': Bx Plp, x(Bi\D;) — Rsq - V({,n) C M, ,(C), i=1,...,a, (2.82)
by
(A, uip, 2') = o(u(0i(2))) - 0(u(oi(2"))) - holi (p, =), (2.83)

where 0;: B; — P|p, are the trivializing sections (2.78). Here R - V(¢,n) is the cone
in M, ,(C) over the Stiefel manifold V (¢, n).

CLAIM. The maps (2.82) are well-defined.

PROOF OF CLAIM. The expression 0(u(c;(2'))) is well-defined if u(u(c;(2'))) lies in
the submanifold Ms = {z € M| |u(xz)] < §}. This in turn is the case whenever
o(u(i(2))) > 0. 0

The product space B x P comes with two natural group actions. The group of gauge
transformations G acts from the right by

g (A up) = (9" A, g uip.g(p) ™) (2.84a)
(see (2.2)), and G acts from the right on the second factor by
(A, u;p) - h = (A, u;p.h). (2.84b)

These two group actions commute because

(p-h).(9(p-h)~" = p.(hh ™ g(p)"'h) = (p-g(p)~")-h

forp € P, g € G and h € G. The next lemma shows that the pre-classifying maps (2.82)
are invariant under the action (2.84a) and equivariant with respect to the action (2.84b)
and the standard right action of G' on M,, ,(C).



42 2. THE NON-LOCAL SYMPLECTIC VORTEX EQUATIONS

LEMMA 2.3.6. Let (A,u) € B, p € Plp,, g € G and h € G. Then the pre-classifying
maps (2.82) transform by the rule
(g A, g 'us pg(p)~'h, 2') = B (A, u;p, 2') - b

PROOF. We see from formula (2.83) that, since the bump function g is G-invariant,
it will be enough to verify the claimed relation for the product #(u(o;(2'))) - hol?(p, /).
Recall from Lemma 2.3.1 that

hol! *(p.g(p)"h, =) = g(o(=)) " - hol(p, =) - h.
Hence we obtain
0(9 " u(0:(="))) - hol{* (p.g(p) " h. 2')
= 0(u(0:(=)) - 9(0(2) - g(0()) 7 - holi!(p, 2') - h = O (u(o3(2))) - hol{' (p, ') - h,
which proves the lemma. O
We now average the pre-classifying maps (2.82) over the annuli B;\ D;, as follows.
Denote by F(¢,n) the non-compact Stiefel manifold of /-frames in C", thinking of such

frames as n-by-¢ matrices whose column vectors form a linearly independent set in C™.
In this way F'(¢,n) becomes an open submanifold of M, ,(C) which can be expressed by

F(t,n)={F € M,,(C)| F*F e U(()}

and which contains the compact Stiefel manifold V' (¢,n) as a proper submanifold. We
fix finitely many open convex cones C1, ..., Cy in F(¢,n) such that the sets C; NV (¢, n)
form an open covering of V (¢, n). We further fix a smooth partition of unity

0;:V(l,n)— 0,1, j=1,...,b
subordinate to this covering. Then we define averaged pre-classifying maps
F: BxPlp, = {0}UF({,n), i=1,...,a,j=1,...,b (2.85)
by

F;(A,u;p) = /B‘\D. 0 (0(u(al( M) - holA(p, )) - ON(A,u;p, 2) dvolg(2)).  (2.86)

CLAIM. The maps (2.85) are well-defined.

PROOF OF CLAIM. Fix (A,u;p) € B x P|p, and consider the map
BAD: 5 2 0,(0(u(:(2) - hol(p, 1)) - D(A, wi p, ') € T, (2.87)

where C; denotes the closure of the cone C;. By Proposition 2.3.2 (i) the map (2.87)
is continuous. This ensures that the integral on the right-hand-side in the definition of
F}(A,u;p) converges. This integral yields an n-by-¢ matrix F}(A,u;p) € M, ,(C). It
remains to check that this matrix is in fact zero or a frame. But this is immediate:
since the map (2.87) takes values in the closure of the convex cone C; we conclude that
F]?(A, u;p) must also be contained in the closure of C}, that is, it is zero or a frame. [
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Next, patching together the averaged pre-classifying maps (2.85) we define maps

F': BxP|p, — F({,bn), i=1,...,a (2.88)
by
F{(A, u;p)
Fi(Auip) = | Fi(Aup) | (2.89)
Fi(A,u; p)

CLAIM. The maps (2.88) are well-defined.

PROOF OF CLAIM. We have to check that the matrix F*(A,u;p) is a frame in C*".
Since each matrix F;(A, u; p) is either zero or a frame in C", it will be enough to check
that FJ?O(A, u;p) # 0 for some jo. To this end, we recall from Lemma 2.3.5 that there
exists an open subset V! C B;\ D; such that |u(u)(z')] < 6/2 for all 2/ € V. Tt then
follows from the definition of the pre-clssifying map (2.82) that

Z ")) - hol (p, 2)) - ®(A, u;p, 2') = O(u(o;(2))) - holy (p, ') € V(£,n).

This identity shows that there exists jo and an open subset V%0 C V.’ such that for all
2" € V70 the matrix

0jo (B(ulai(2))) - hol! (p, 2")) - @' (A, us p, 2')

is an element of the cone Cj,. By convexity of Cj, it follows that

FiAwn= [ 2 (O ) ot ) - @A) vl () €

whence F} (A, u;p) # 0. O

We now apply the Gram-Schmidt process in order to modify the maps (2.88) so as
to take values in the compact G-space V'(¢,bn). Recall that the Gram-Schmidt process
determines a G-equivariant smooth retraction map

Hgsi F(g, bn) — V(ﬁ, bn)
We may then consider maps
Hgso F': Bx Plp, = V({,bn), i=1,...,a. (2.90)

Next we patch together these maps in order to obtain a map that is defined on B x P.
To this end we choose smooth bump functions

Ai: X — [0, 1], i=1,...,a
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subordinate to the covering {Dy, ..., D,} and such that
supp(A;) C D; and ZA? =1 (2.91)
i=1
Then we define a map
©: Bx P — V({ abn) (2.92)
by setting
M (7 (p)) - Has (FH(A, u; p))

O(Aup) = | M) - Tes (Fi(Auip) |- (2.93)

)\a(ﬂ-(p)) : HGS (FG(A,U,?]?))
CLAIM. The map (2.92) is well-defined.

PrROOF OF CLAIM. We have to check that the matrix ©(A, u;p) is a unitary ¢(-frame
in C®". Since each matrix Ilgg (F i(A,u;p)) is a unitary (-frame in C’, this is an

immediate consequence of the normalization property (2.91) of the patching functions \;.
O

Recall that we are assuming G = U(¢). In this case we may choose the universal
G-bundle EG — BG to be the U({)-bundle

V(l,00) — Gr(l, ),

where V (¢, 00) denotes the infinite Stiefel manifold of unitary ¢-frames and Gr(¢, c0) is
the infinite Grassmannian. If we set N := abn — 1, the Stiefel manifold V' (¢, abn) then
appears as the finite dimensional approximation EU ()" to EU(¢) (see Husemoller [19],
Ch.4, Sec.11). In more invariant terms we may hence write the map (2.92) in the form

©: Bx P — EG". (2.94)

LEMMA 2.3.7. The map (2.94) is equivariant with respect to the G-action (2.84b)
and the standard right action of G on EGN.

ProOOF. This follows from the definition of the maps (2.92), (2.90), (2.85), (2.82)
together with Lemma 2.3.6. U

By Lemma 2.3.7 we may write the map (2.94) as a map
©: B — Map(P, EG™)Y, (A, u) = Oau) (2.95)

which assigns to every pair (A,u) € B a G-equivariant map ©(4,): P — EGY. It has
the following basic properties.
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LEMMA 2.3.8. The map (2.95) has the following properties.

(1) It is equivariant with respect to the actions (2.2) and (2.5) of the group of gauge
transformations G.
(ii) For every pair (A,u) € B the map O (4 : P — EG" is of class C*.

PROOF. Proof of (i): By Lemma 2.3.6 the map (2.94) is invariant under the ac-
tion (2.84a) of the group of gauge transformations G. Since the G-action (2.84a) and the
G-action (2.84b) commute, this implies that the map

0:B— Map(P, EGN)G
is G-equivariant with respect to the actions (2.2) and (2.5). In fact, for g € G we have
Ogag-1) () = O (g4, g~ us p)

=O(g*A, g7 u; pg(p) 9(pg(p)) ")

= (4, u;pg(p))

= (a0 (P9 (p))

= (©aw 9) ().

Proof of (ii): Recalling the definitions of the maps (2.92), (2.90), (2.85) and (2.82) we

see that assertion (ii) follows from Proposition 2.3.2 (i) since (A, u) € Bis of class C1. [
By Lemma 2.3.8 we may consider the map (2.94) as a G-equivariant map
0: B— C'(P, EGN)°. (2.96)
It remains to prove that this map extends to a G?*P-equivariant map
O: B — Wl’p(P, EGN)G

on the configuration space B'P, which will then be a classifying map in the sense of
Section 2.1.2. But this follows immediately once we have proved that the map (2.96)
is continuous with respect to the W'P-topologies on B and C*(P, EGN). This is the
content of the next proposition.

PROPOSITION 2.3.9. The map (2.96) is continuous with respect to the W' -topologies
on B and on C*(P, EGN)%.

PROOF. First of all, we briefly recall the definition of the W!P-topologies on the
spaces B and C1(P, EGN)“.

Since the taming condition (2.74) is an open condition, the space B inherits its W1»-
topology from the W'P-topology on the product space A(P) x C*(P,M)%. The Whr-
topology on A(P) is defined in terms of the W!?-norm on the space C' (2, T*3X ® P(g)),
where P(g) = P X g is the adjoint bundle, by means of the decomposition

A(P) = Ay +CHZ, T*S ® P(g))
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for a fixed smooth reference connection Ay on P. The W'P-topology on C1(P, M)% is
defined in terms of a fixed G-invariant metric on P. However, in the present situation it
will be useful to to make this more concrete by passing to a linear target space for the
maps P — M. More precisely, by the equivariant Nash embedding theorem [23] there
exists a Euclidean vector space V' of sufficiently large dimension that is equipped with
an action of GG by isometries, together with an isometric G-equivariant embedding of P
into V. The W'P-topology on C'(P, M) is then induced from the W'P-topology on
CHP, V)¢ = CY(Z, P xgV) via the inclusion

CY(P,M)¢ — CY(P,V)C. (2.97)

The W1P-topology on the space C(P, EG™)Y is defined as follows. Recall that we are
assuming G = U(¢), whence the finite dimensional approximation EGY of EG is given
by the Stiefel manifold V (¢, N + 1) of unitary (-frames in C¥*1, for N sufficiently large.
Thus EG" is G-equivariantly embedded into the linear space My, ,(C) of complex
N + 1 by ¢ matrices, hence we have an inclusion

C'(P,EGN) — C" (P, My41.4(C))°. (2.98)
The W'P-topology on the space C*(P, EGY)% is now induced from the W'?-topology
on CY(P,My,1,4(C))¥ = CYZ, P xg My114(C)) via this inclusion. In particular, we
may consider the classifying map (2.97) as a map

O: B — C'(P, My1,(C))°

which assigns to a pair (A4, u) of class C' a G-equivariant map ©(4.): P — My41,(C) of
class C'. Note again that, as in the case of C*(P, M)%, we are passing to a linear target
space for the maps © 4 ) since the estimates we shall be dealing with later on will most
conveniently be formulated in terms of a linear structure on the space C'(P, EGN)¢.

Let us now consider a sequence of pairs (A,,u,) € B that converges to (A,u) € B
in the W1P-topology. We have to prove that the corresponding sequence of classifying
maps O(4, ,) converges to O (4, in the WP-topology on C'(P, EGN)Y.

Using the inclusion (2.98) we may consider the sequence of norms

o FVao (Oaw = Oayun) || (2:99)

for some fixed smooth reference connection Ay € A(P) on P (see Remark 2.1.4). We
prove that this sequence tends to zero as v — oo. In fact, this will be a consequence
of the following two claims, as we shall now explain. The proofs of these claims will be
deferred to the end of the current proof of Proposition 2.3.9.

1©m) = Oy )|l yyiw = 1Oy = Oty

CLAIM 1. The map (2.96) is continuous with respect to the C°-topologies on B and
on C*(P, EGN)G.

CrLAIM 2. There exists a constant Cy > 0 such that for all v we have
1 SC1L-||[Fa— Fa,

HdA@(A,u) —da, 0w, u) -
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To see how these claims imply that sequence (2.99) converges to zero first note that,
by Rellich’s theorem ([34], Thm. B.2 (iii)), the sequence (A,,u,) converges to (A, u) in
the C%-topology. Hence by Claim 1 the sequence ©(g4,,,) converges to © ) in the
C%-topology as well. But this implies that

H@(Avu) - @(Au,u,,) Lp - 0 (2100)

as v — oo. In order to estimate the second term on the right hand side of (2.99) we first
recall that (see Remark 2.1.4)

Vo (©aw) — Oar ) = day (Oam) — Oa,u))
= daOuw — da, O, ) + Xag—a(u) = Xag—a, (u).

Hence we obtain

90 (Oa = Octn) 1 < 1440040 = da Ot
[ Xaral) = Xy )]

Since v and u’ evaluate into the linear space V' by assumption, there exists a constant
C5 > 0 such that for all v we have an estimate

1Xa0-a(w) = Xag-a ()|, < Co- A= A

Hence by Claim 2 we conclude

HVAO (@(A,U) - @(Awuu))HLp <Ci- HFA — Fa, wt Cy - HA - AVHLp'

Since A, converges to A in the WP-topology, it follows that F4, converges to F4 in the
LP-topology (here we use that p > 2), whence

Va5 (Oaw) = Oayun) || 1p = 0

as ¥ — 00. Combining this with (2.100) we finally conclude that sequence (2.99) con-
verges to zero.

PROOF OF CLAIM 1. A careful inspection of formulas (2.83), (2.86), (2.89) and
(2.93) appearing in the construction of the classifying map (2.96) at the beginning of this
subsection shows that the classifying map is continuous with respect to the C°-topology.
We emphasize that this argument crucially relies on Proposition 2.3.4 (i), which ensures
that the relative reduced holonomy map (2.32) is continuous with respect to the C°-
topology. U
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PROOF OF CrLAIM 2. It follows from formulas (2.89) and (2.93) that there exists a
constant ¢; > 0 (not depending on v) such that for all points z € ¥ and all tangent
vectors v, € T,> we have

|dAO (A (v2) — da, O(a, ) (v2)]
<crs Y |or(daFf (A u;)) (v:) = 07 (da, Fj (A, uyi ) (v:)], (2.101)

4]
z€eD;

where the sum runs over all pairs (7, j) such that the point z is contained in the disk D;
and o: B; — P|p, denotes a fixed section for each i. Recall from (2.83) and (2.86) that

Fithun) = [ o(ulo) - e,(00(0) -holtp,)
B(u(os(2))) - hol? (p, ') dvolg(2')
and

F}%Aw uy;p> = / Q(uu(0i<zl))) " 05 (Q(uu<01(2/))) ’ hOl?V (pa Zl))

BA\D;
- 0(u, (0:(2"))) - hol (p, 2') dvoly(2')

for p € P|p,. We conclude from these formulas that there exist constants ¢§ > 0 (not
depending on v) such that

o7 (AaFy (A, 1)) (v2) = 07 (o, F (Ay, 1)) (02)

< c;j . / ‘ch (aj (dAholf}Z,) (v,) — o} (dAyholfz“,) (vz)> ’ dvoly(2')
B;\D; ’ g

for all points 2 € D; and all v, € T.%, where wyc € Q'(G; g) denotes the Maurer-Cartan
form on G. Here we used that the reduced holonomy maps (2.80) have compact target G.
Combining this with estimate (2.101) and passing to operator norms, it follows that there
exists a constant ¢z > 0 (not depending on v) such that

}dA@(A,u) (2) —da, O, u)(2) |

<o X [
. B;\D;
ZGDi

for all points z € ¥, where the sum runs over all 7 such that z is contained in the disk D;.

o (dAholfz/)(z) — o) (dAyholf;,) (2)]| dvols(2') (2.102)
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Fix a real number p > 2. Applying Hélder’s inequality in combination with Fubini’s
theorem, it follows from (2.102) that

[dA© A — da, O (4, )

Lr(x)
<Y / o7 (dabolfL,) — a7 (da,hols) |, dvols (). (2:103)
i=1 Y Bi\Di '
Here we used that Y is covered by the disks D; for i = 1,...,a. Now in complete analogy

to statement (ii) of Proposition 2.3.4 we have an estimate

|07 (dahol;,) — o7 (da,hol)

<y ||Fa—Fa,

|LP(D¢) Lr(S)

for some constant ¢, > 0 (not depending on v). Hence we obtain from (2.103) an estimate
|dA©a) — da, O(a, ) & S0 |Fa — Fa, Lo (z)

for some constant C; > 0 (not depending on v). This proves Claim 2.

Lp
The proof of Proposition 2.3.9 is now complete. U

2.3.3. Proof of Theorem 2.1.5. We prove that the classifying map
0: B — W' (P, EGN)” (2.104)

defined in the previous subsection satisfies the regularity axioms of Definition 2.1.3.
Recall that this map was obtained by continuous extension from an explicitly constructed
classifying map

0: B— C'(P,EGN) (2.105)
that is defined on the dense subspace B C BYP of pairs of class C*.

Proof of (Finiteness): This axiom is satisfied by construction of the map (2.104) in
Section 2.3.2.

Proof of (Regularity): Proof of (i): This property is satisfied by construction of the
map (2.104) in Section 2.3.2.

Proof of (ii): A careful inspection of formulas (2.83), (2.86), (2.89) and (2.93) appearing
in the construction of the classifying map (2.104) in Section 2.3.2 shows that this property
is a consequence of the corresponding regularity result for the systems of holonomy
maps (2.79), which holds by Proposition 2.3.2 (i).

Proof of (iii): Again, formulas (2.83), (2.86), (2.89) and (2.93) show that the classifying
map (2.104) is in fact Fréchet differentiable. Here we use Proposition B.1.20 in [22].
This proves (Regularity).
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Proof of (Continuity): The configuration space B of pairs of class C' is dense in B,
whence it suffices to verify that (Continuity) holds for the classifying map (2.105).

Let Z be a finite subset of ¥ and consider a sequence (4,,u,) in B that converges to
(A,u) € B in the following sense.
(a) A, converges to A in the C%-topology on ¥;
(b) u, converges to u in the C°-topology on compact subsets of ¥\ Z.
We shall prove that the sequence © 4, ,,) converges to ©4 ) in the CP-topology on X.
First of all, it follows from formulas (2.83), (2.86), (2.89) and (2.93) appearing in the

construction of the classifying map (2.105) that it will be enough to prove that, for every
pair (7, ), the sequence of maps

P|Di S>pr P}?<Auvuu;p>
converges to the map
Plp, > p+— Fj(A, u;p)
in the C°-topology. This in turn will follow by compactness of the disks D; once we have
proved that
Fi(Ay,uy;p) — Fi (A, u;p)

in the space of matrices M, ((C) (with respect to the standard Euclidean norm thereon)
for every point p € P

D;-
In order to prove this we fix a point p € P|p, and define functions

oo S B\ D; — M, ¢(C)
by
f(Z) = o(u(04(2))) - 0j(B(uy(0i(2"))) - hol (p, 2")) - O(uy(03(2"))) - hol™ (p, ')

and

Fo(2) = o(ul0i(2)) - 0 (0(u(0s(2))) - holf (p, ) - Ou(o(="))) - hol (p, 2').

The definition of these functions is motivated by formulas (2.83) and (2.86). Since the
classifying map 6 introduced in (2.81) takes values in the compact Stiefel manifold, the
functions f; are uniformly bounded in M, ((C). Moreover, by Proposition 2.3.4 (i) and
assumption (a) above,

hol ™ (p, 2) — hol(p, 2')
in U(?) for every 2’ € B;\ D;; by assumption (b),
uy(03(2)) = u(oi(2))

in M for almost every 2z’ € B;\ D;. Hence we obtain

f (@) = fo(2)
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for almost every 2z’ € B;\D;. Then Lebesgue’s Dominated Convergence Theorem implies
that

lim F;(Al,,ul,;p) = lim [y dvoly = / fp dvoly = F;(A,u;p).

V—00 V—00

This proves (Continuity).

Proof of (Estimates): First of all, note that since B is dense in B, it will be sufficient
to prove estimates (i)—(iii) for the classifying map (2.105).
Let (A,u) € B. Then the map O 4, is of class C* by (Regularity, i) above.

Proof of (i): Since O (4, has compact target EG" it will be enough to prove that

|4l < er (1 + HFAIIL,,) (2.106)

for some constant ¢; > 0 (not depending on (A, u)).

Recall from Section 2.3.2 the construction of the classifying map (2.105). It follows
from formulas (2.89) and (2.93) that there exists a constant ¢; > 0 (not depending on
(A, u)) such that for all points z € ¥ and all tangent vectors v, € 7.3 we have

14O () (V)] < €5 - (|Uzy + 37 |07 (daFi(A, -))(vz)|), (2.107)
b,

where the sum runs over all pairs (¢, j) such that the point z is contained in the disk D;.
Here the 0;: D; — P|p, denote fixed sections. Recall from (2.83) and (2.86) that

FiAup) = [ o(uloi() - ¢)(Blulon() - ol p. )

B\D;
(u(o;(2))) - hol (p, ') dvols(2')

for p € P|p,. We conclude from this formula that there exist constants ¢§ > 0 (not
depending on (A, u)) such that

o7 (daFi(A,u;)) (vs)] < cf - /B " }ch(af(dAholfz/)(vz))|gdvolg(z/)

for all points 2 € D; and all tangent vectors v, € T.%, where wyc € QG g) denotes
the Maurer-Cartan form on G. Here we used that the reduced holonomy maps (2.80)
have compact target G. Combining this with estimate (2.107) and passing to operator
norms, it follows that there exists a constant ¢4 > 0 (not depending on (A, u)) such that

daO s <cg- |1+ /
ootz (45 [
z€D;

for all points z € X, where the sum runs over all 7 such that z is contained in the disk D;.

o} (daholf)(2)] dvols (z')) (2.108)
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Fix a real number p > 2. Applying Hélder’s inequality in combination with Fubini’s
theorem, it follows from (2.108) that

448 sy < 1 (1

+Z/

Here we used that ¥ is covered by the disks Di fori=1,...,a. By Proposition 2.3.4 (ii)
we have

7 (dabolL)]|,, b, dvols(z )>. (2.109)

o7 (daholi)|| 1o,

for some constant ¢5 > 0 (not depending on (A, u)). Hence we obtain from (2.109) the
desired estimate (2.106). This proves (i).

Proof of (ii): By inequality (2.108) in the proof of (i) above there exists a constant ¢4 > 0
(not depending on (A, u)) such that

’dA@(A,u ( < (7 (1 + Z /

for all points z € ¥, where the sum runs over all 7 such that z is contained in the disk D;.
It follows from this that

HdA@(AuHLOO(E) (1—1—2/ ||a dAhol )HLOO )dvolg(z')) (2.110)

Here we used that 3 is covered by the disks D; for i = 1,...,a. By Proposition 2.3.4 (iii)
we have

S G HFA”LP(E)

7 (dahol) (2)] dvolg(z’))

o (dabotf) || o,
for some constant cg > 0 (not depending on (A, w)). Hence we obtain from (2.110) that

440 sy < O (L [1Fall )
for some constant C' > 0 (not depending on (A, w)). This proves (ii).

Proof of (iii): Assume that A is of class C?. Then O 4, is of class C* by (Regularity, ii).
Recall from Section 2.3.2 the construction of the classifying map (2.105). It follows from
formulas (2.89) and (2.93) that there exists a constant ¢; > 0 (not depending on (A, u))
such that for all points z € ¥ and all tangent vectors w,, v, € T,> we have

< G- HFA”LOO(E)

(Va(dAO (a,)) (w2, v2)| < 7 - (|wz\ Noa] + Jw.] - |da®aw (v)]

+Z\ Va(o7 (daFj (A, u; ))))(wz,vz)\), (2.111)

ZED
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where the sum runs over all pairs (¢, j) such that the point z is contained in the disk D;.
In order to estimate this further recall that by (2.108) above we have

‘dAG)(Au vz‘<c4 lv,| - <1+Z/

Recall moreover from (2.83) and (2.86) that

dAhOl )z)|dvolg(z’)). (2.112)

Fithun) = [ o(ulo) - e, (60() holtp, )

B(u(os(2)) - hol? (p, ') dvolg(2')

p.. We conclude from this formula that there exist constants ¢ > 0 (not
depending on (A, u)) such that

| (Va(o7 (daFj (A, u;)))) (w2, v2)
<. /B . (pMC (07 (daholf ) (w2))], - s (0 (dahol2, ) (02))].

+ ‘wMC<(VA (of (dAholf}Z,)))(wz,vz)> ’g) dvolg(2') (2.113)

for all 2 € D; and all w,,v, € T.%, where wyc € QY(G; g) denotes the Maurer-Cartan
form on G. Here we used that the reduced holonomy maps (2.80) have compact target G.
Combining (2.112) and (2.113) with (2.111) and passing to operator norms, it follows
that there exists a constant ¢g > 0 (not depending on (A, u)) such that

1V (daO (i) (2)] < o - (1+Z/

dAhOI )( )‘

o (dahol?, ) ( |+]VA (dahol’, ))(z)|>dvolg(z'))

for all points z € ¥, where the sum runs over all 7 such that z is contained in the disk D;.
We may further estimate this by

| Va(da®rawm)(2)] < co- <1 * Z /
+||o

dAhOI

(Di)

*(dhol?) | ) dvolg (')

+Z/ ‘VA dAhol (z)|dvolg(z’)). (2.114)
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Here we used that X is covered by the disks D; for ¢ = 1,...,a. Recall from Proposi-
tion 2.3.4 (iii,iv) that

|o7 (dahol’,)

‘Loo(Di) < - ||FAHL°°(E)
and

2

(Ta(er @) < e (15 1l

| | (Valo" F) (e (7)) )

for some constant ¢y > 0 (not depending on z and (A,u)). Here (.. denotes the
geodesic introduced in (2.26) above, joining the points z and z’. Plugging this into
inequality (2.114) above we finally conclude that there exists a constant ¢;; > 0 (not
depending (A, u)) such that

}VA(dAQ(A,u))<Z)‘ <cie (1 + HFA”ioo(z:)

+ Z /Bz-\Di </01 |(VA(U*FA))(7(Z,,Z/)(T))}d7'> dvolz(z/)) (2.115)

for all points z € X.

In order to estimate the integral on the right-hand side of inequality (2.115) it will
be most convenient to work in local polar geodesic coordinates around the point z on X.
More precisely, we denote by

€exXp, : TZE D) BQR(O) — BQR(Z), eXpZ(O) =z (2116)

the Riemannian exponential map on the tangent space of ¥ at z. It maps the Euclidean
disk Bsr(0) in the tangent space T,% = R? diffeomorphically onto the geodesic disk
Byr(z) on ¥. Recall at this point that the constant R was chosen to be smaller than
half the injectivity radius of 3; and that B; = Br(2;), D; = Bry2(%) and z € D;. Hence
the disk B; is contained in the chart Bagr(z). We endow the punctured disk Bog(0) \ {0}
with polar coordinates (r,¢). For every angle ¢ € [0,27), let us denote by

I(¢) == {r € (0,2R] ‘ exp,(r, ) € B;\D;}

the set of all numbers 7 such that the point (r, ) € Bag(0) gets mapped into the annulus
B;\D; under the exponential map (2.116). We write the lift of the area form on 3 under
the exponential map in the form

expr dvoly(2') = A(r, @) - rdr Adyp (2.117)
for some bounded smooth function A: Byg(0) \ {0} — (0, 00), and denote

Fy:=(0oexp,) Fy.
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We may then express the integral on the right-hand side of inequality (2.115) in the form

/ / (/;'V"‘ﬁ 4G ()] dT) X(r,p) - rdrdg.

Here we think of (r ) as the lift of the point 2’ under the exponential map (2.116), and
we further denote by
Yo,ren  [0,1] = Bar(0), 7 (T-1,0)

the line segment joining the origin with the point (r,¢) in R?. Then (e is the
lift of the geodesic v(..y. Using the reparametrization 7’ := r - 7 and the fact that
I(y) C (0,2R], we may estimate this integral further from the above by

/ /ZR(/ VaFa(Fo.rion (7 /r)); >_A2(r7¢>.rdrd¢
(2 o)

AT ) —;\2(( )) d(p) dr

2R/ r2m 02R _
< c¢i2- / (/ / ; : |VAFA (i(O,(r,@))(T//T)H ’ )‘2(7_/7 50) - dr! ng) dr
0 0 0
VaFa((7,
_ 2R . 012 . / ‘ A A((/T QO))’ . )\2(le gp) . 7_/ dT/ dQO
Bar(0) T
[VaFa(2')] /
< ¢3¢ / ————2 dvolg(2') (2.118)
” =) (2) ds(z, 2')

for constants 2, c13 > 0 (not depending on z and (A4, u)). Here ¢«(X) denotes the injec-
tivity radius of X, and dyx(-,-) is the Riemannian distance function on . In the first
equality we used Fubini’s theorem; in the first inequality we used that the quotient

A(r, o)
AT, ¢)
is uniformly bounded and that » < R; in the second equality we used the identity
Yo.ren(T) = (7',0)

in R?; for the last inequality recall that R was chosen such that 2R < ((¥). Combining
estimate (2.118) with inequality (2.115) we finally conclude that
[VaFa(2)| :
Va(da®w)(2)| < C”- (1—1— Fall +/ ——————= dvolg(2)
‘ ( ( )) ‘ H ||L ) Bucs)(2) ds(z, 2/ bX

for some constant C” > 0 (not depending on (A, u) and z). This proves (iii).
The proof of Theorem 2.1.5 is now complete.







CHAPTER 3
Gromov compactness

In this chapter, we prove that the moduli space of gauge equivalence classes of solu-
tions of the perturbed non-local vortex equations (2.16) admits a Gromov compactifica-
tion by polystable non-local vortices (Theorem 3.1.7).

We begin by adapting the concept of Gromov convergence for vortices due to Mundet
i Riera [26] and Gonzalez and Woodward [13] to the non-local case, in Section 3.1. Our
approach is very much inspired by the definition of Gromov convergence for pseudoholo-
morphic curves in McDuff and Salamon [22]. The section closes with the statement of
Theorem 3.1.7. The other sections are then devoted to the proof of this result.

The basic strategy of our proof is to reformulate the problem in such a way that it
may be solved by combining weak Uhlenbeck compactness for connections with Gromov
compactness for pseudoholomorphic curves. This was first carried out by Mundet i
Riera [26] in the case where the Lie group G is the circle. Our goal in this chapter is
to give a proof that works for arbitrary compact connected Lie groups GG and that relies
on the techniques developed by McDuff and Salamon [22] in their proof of Gromov
compactness for pseudoholomorphic curves.

Compactness for solutions of the standard vortex equations (1.1) was proved by
Cieliebak et. al. [3] under the assumption that the manifold M is symplectically aspheri-
cal. As a first step towards the proof of Theorem 3.1.7 we will in Section 3.4 adapt their
proof to solutions of the perturbed non-local vortex equations (2.16) for not necessar-
ily aspherical target M. This yields compactness for non-local vortices up to possible
bubbling phenomena which we ignore for the moment. The proof of this result is based
on a removable singularity theorem for non-local vortices, which will be established in
Section 3.3. This theorem in turn requires an a priori estimate for non-local vortices.
We will derive this estimate in Section 3.2.

In order to complete the proof of Theorem 3.1.7 it remains to deal with the bub-
bling phenomena. In Section 3.5 we will apply Gromov’s graph construction in order
to transform vortices into pseudoholomorphic curves. This will finally allow us in Sec-
tion 3.6 to construct the Gromov compactification for non-local vortices by reducing the
problem to Gromov compactness for ordinary pseudoholomorphic curves. Again, the
analytical methods entering into these arguments crucially rely on the a priori estimate
for non-local vortices obtained in Section 3.2.
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3.1. Gromov convergence

The goal of this section is to introduce the concept of Gromov convergence for non-
local vortices, and to state Theorem 3.1.7 on Gromov compactness for non-local vortices.

3.1.1. Trees and nodal curves. We begin by recalling some basic facts about trees
and nodal curves from McDuff and Salamon [22], Section D.2, modifying the notation
and terminology a little. A tree is a directed connected graph without cycles. We denote
it by (V, E), where V is a finite set of vertices and £ C V x V is the edge relation. A
rooted tree is a tree (V, E) which has a distinguished root vertex 0 € V. We will
indicate this in the notation by writing the set of vertices V' as a disjoint union

V ={0} U Vs.

The elements of Vg are called spherical vertices. Note that V' always contains the root
vertex 0 whereas Vg may be empty. Let n be a nonnegative integer. An n-labeled tree
is a triple 7' = (V, E, A) consisting of a rooted tree (V = {0} U Vg, F) and a labeling

AAL,...,n} =V, i ;.

Given an n-labeled tree T = (V = {0} U Vg, E, A), we mean by a normalized nodal curve
of combinatorial type 71" a tuple

(27 Z) = ({Ea}aEV7 {Zaﬁ}aEﬁa {Oéi, Zi}lgign)a
often just written as
z = ({Zaﬁ}aEﬂa {Oéi, Zi}1§z‘§n),
consisting of a closed Riemann surface Yy, called the principal component, associated
to the root vertex 0; rational curves ¥, := P!, called spherical components, for every
a € Vs; nodal points z,5 € X, labeled by the directed edges aE23 of T'; and n distinct
marked points z; € X,,, 7 = 1,...,n, such that for every o € V' the points 2,5 for aE'3
and z; for a; = « are pairwise distinct. For o € V' we denote the set of nodal points on
the component 3, by
Zy = {zag } aEﬁ},
and we define the set of special points on X, by
Y, =2Z,U {zi | o = 04}.
If two vertices «, 3 € V' are not connected by an edge, denote by z,s3 the unique nodal

point on ¥, which corresponds to the first edge on the chain running from « to 5. As a
special case of this, we define the point zp; on the principal component ¥q to be

Zi if o = O,
20i = .
200, oy €V

In other words, if z; lies on a spherical component, then zg; is the unique nodal point on
the principal component at which the bubble tree containing z; is attached. Otherwise,
zo; coincides with z;.
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3.1.2. Polystable non-local vortices. Polystable vortices were first introduced
by Mundet i Riera [26] and by Gonzalez and Woodward [13]. We adapt their definition
here to the case of non-local vortices. Denote by P(M) := P xg M — ¥ the symplectic
fiber bundle associated to the G-bundle P — ¥ and the G-manifold M.

REMARK 3.1.1. We may equivalently think of a G-equivariant map u: P — M as a
section u: ¥ — P(M). In fact, this section is defined by

%320 [pulp)] € P(M), 7(p) =z,

where m: P — Y denotes the bundle projection. We will usually not distinguish between
these two viewpoints in the notation and switch freely from one to the other, depending
on the situation.

DEFINITION 3.1.2 (Polystable non-local vortices). Fix a real constant £ > 0 and an
FE-admissible area form dvoly on . Let p > 2 be a real number and fix a perturbation
datum (O, J, H) € Ck, x J xH.

Let n be a nonnegative integer, and let 7' = (V' = {0} U Vg, E,A) be an n-labeled
tree. A polystable non-local vortex of combinatorial type 7T is a tuple

(A7 u, Z) = ((Aa Uo), {ua}ae Vs {Zaﬂ}aEﬁa {ai7 Zi}lgign)
consisting of

e a normalized nodal curve ({Za}aev, {2ap}ars, {au, Zi}lgisn) of combinatorial
type T" with principal component ¥y = ¥;

e a perturbed non-local vortex (A, uy) € BYP(P, M; E,dvols) on the principal
component ¥ satisfying equations (2.16);

e a Jo(4,u)(%0a)-holomorphic curve uq : Xo — P(M),,, in the fiber of P(M) over
the nodal point 2o, € g for every a € Vg

such that the following conditions are satisfied.
(Connectedness) u,(za3) = ug(25,) for all a, 5 € V such that aEfS.
(Polystability) |Y,| > 3 for all a € Vg such that u, is constant.

To understand the meaning of the (Connectedness) condition in the case av = 0, we
think of the G-equivariant map ug: P — M as a section ug: 3 — P(M) as explained in
Remark 3.1.1. The (Connectedness) condition then means that wug(z93) = ug(zs0) in the
fiber of P(M) over the nodal point zp3 € Xq.

REMARK 3.1.3. Recall from Remark 2.2.1 that we may think of the almost complex
structure Jo(a,u0) as a vertical almost complex structure on the fiber bundle P(M). The
Jo(Au0) (20a)-holomorphic curves uq: 3o — P(M),,, are also called spherical fiber
bubbles. Fixing an identification P(M),,, = M, they may be regarded as ordinary
pseudoholomorphic curves ¥, — M. To make this more precise, for each point p € P
we define a trivialization of the fiber of the bundle P(M) over the point 7(p) by

LpiMi)P(M)ﬂ—(p):Pw(p) XGMv xr—>[p,x],
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where 7: P — ¥ denotes the bundle projection. In this way, the map u,: 3, — P(M)
is seen to be equivalent to the family of pairs

20a

(pa,va = Lp 0 Uy g — M)
where p, ranges over the fiber P, and the map v,: X, — M is an ordinary Jo(aue)(p.)-
holomorphic curve.

Given a polystable non-local vortex (A, u,z) of combinatorial type T'= (V = {0} U
Vs, E,A), we define its energy to be

E(Au) :=E(A u) + Y E(u,)

where F(A, ug) is the Yang-Mills-Higgs energy of the non-local vortex (A, ug), and E(u,)
denotes the energy of the Jg(a,u,)(20a)-holomorphic curve uq: 3o — P(M),,, (see [22],
Section 2.2).

The energy identity of Proposition 2.2.6 extends to polystable non-local vortices in
the following way. Define the degree of the polystable non-local vortex (A4, u,z) to be
the class

W= [W]+ ) [ua]” € Hy' (M;Z)

a€eVg

in equivariant cohomology, where [u]% € HS(M;Z) denotes the degree of the non-local
vortex (A, up) (see Section 2.2), and the class [u,]¢ is defined as follows. Let §: P — EG
be a classifying map for the bundle P — . The composition of maps

Do 25 (P, x M)/G — (P x M)/G 224 (EG x M)/G = M
then defines a class [u,|® € HS(M;Z) which is independent of the choice of 6.

PROPOSITION 3.1.4 (Energy identity). Let (A, u, 2) be a polystable non-local vortex.
Its energy and degree are related by

B(4,w) = (o= e [%) + [ Qutw)avols + Y (1ol

a€eVg

where the Poincaré pairing of the classes [w] and [ug] is given by

(e fual) = | e

PROOF. The energy identity for pseudoholomorphic curves of Lemma 2.2.1 in [22]
yields

E(uy) = <  [ta >

for every a € V5. Hence the claimed identity follows from the energy identity for non-
local vortices of Proposition 2.2.6. O
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3.1.3. Gromov convergence. As a special case of Definition 3.1.2, we shall mean
by an n-marked non-local vortex a tuple

(Ayu,z) = (A u, 21, ..., 2)

consisting of a perturbed non-local vortex (A, u) satisfying equations (2.16) and a se-
quence zi,..., 2z, of n distinct marked points on Y. For z5 € ¥ and r > 0, denote
by

Bi(20) ={z€ 2| |z — 20| < r}
the closed geodesic disk in ¥ of radius r centered at the point zy, understood with respect

to the Kéhler metric determined by the area form dvoly,, and the complex structure jx, .
Let B C C be the closed unit disk.

DEFINITION 3.1.5 (Gromov convergence). Fix a real constant £ > 0 and an FE-
admissible area form dvoly on ». Let p > 2 be a real number, and fix a perturbation
datum (0, J,H) € C%,, x J x H.

reg
Let n be a nonnegative integer, and let 7' = (V' = {0} U Vs, E,A) be an n-labeled
tree. A sequence of n-marked non-local vortices

(AIJ7UV; Zz/) = (Alj; Uy, lel, e Zl/)

’rn

is said to Gromov converge to a polystable non-local vortex of combinatorial type T
(Aa u, Z) = ((Av U'O)a {ua}aeVsa {Zaﬂ}aEﬁa {aia Zi}lﬁign)

if there exist

(a) a sequence of gauge transformations g, € G*?(P) of the bundle P;
(b) a positive real number r such that B, (20,) N Zy = {20a} for every nodal point
200 € Z(),
(¢) a holomorphic disk ¢, : B — B,(204) such that ¢,(0) = zp,, for each a € Vg;
(d) a sequence of biholomorphic maps ¢% € Aut(X,), for each o € V, where we
define ¢f := idy, for all v
such that the following holds.

(Map) The sequence

(g;AW g;luw {(gu_luV) O Pzo0 © ¢Z}aeVs>
converges to

(A,uo, {ua}aeVs)

in the following sense.
(i) The sequence g} A, converges to A weakly in the W1?-topology and strongly
in the C%-topology on X;
(i) the sequence (g% A,, g, 'u,) converges to (A, ug) weakly in the W?P-topology
and strongly in the C'-topology on every compact subset of ¥ \ Zo;
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(ili) for every a € Vg the sequence
ufl = (g, ') © @uy, 0 9 QU — P(M),
where
Qf = (¢5)'BC C
is an open subset of the bubble ¥, converges to
Ug: Do — P(M),,,

strongly in the C*°-topology on every compact subset of ¥, \ Z,.
(Energy) The sequence E(A,,u,) converges to F(A,u).
(Rescaling) If «, 5 € Vg are such that aF3 then the sequence

¢Zﬁ = (¢Z¢)_1 o Q%

converges to z,g in the C*-topology on every compact subset of ¥\ {25a}-

(Marked point) For each i = 1,...,n, the sequence of marked points z! con-
verges in the following sense:
(i) If o; = 0, then the sequence z! converges to z; in Y.

(ii) If oy € Vs, then the sequence (., o @5, )" (2}) converges to z; in ¥,

3.1.4. Conservation of the degree. As in the case of pseudoholomorphic curves,
the degrees of a Gromov converging sequence of non-local vortices stabilize. We have
the following result.

PROPOSITION 3.1.6 (Conservation of the degree). Fiz a real constant E > 0 and an
E-admissible area form dvoly, on X. Let p > 2 be a real number, and fix a perturbation
datum (©,J, H) € C2, x J x H. Let n be a nonnegative integer.

reg

Let (A,,u,, z,) be a sequence of n-marked non-local vortices that Gromov converges
to a non-local vortex (A, w, z). Then the degree is preserved in the sense that
¢ = [

[w,]” = [u

in H$(M;Z) for v sufficiently large.

PROOF. The proof is similar to the proof of conservation of the degree for a Gromov
convergent sequence of pseudoholomorphic curves ([22], Thm. 5.2.2 (ii)). O
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3.1.5. Main result. The main result of this chapter is the following theorem.

THEOREM 3.1.7 (Gromov compactness). Fiz a real constant E > 0 and an E-
admissible area form dvoly on . Let p > 2 be a real number, and fix a perturbation
datum (©,J, H) € Ck, x J x H. Let n be a nonnegative integer.

Let (A,,u,, 2,) be a sequence of n-marked non-local vortices solving equations (2.16)

such that the Yang-Mills-Higgs enerqgy satisfies a uniform bound
sup E(A,, u,) < oo.

Then the sequence (A,,u,, z,) has a Gromov convergent subsequence.

We will prove Theorem 3.1.7 in Section 3.6. The strategy of our proof is to combine
techniques from gauge theory and symplectic topology, namely, Uhlenbeck compactness
for connections and Gromov compactness for pseudoholomorphic curves. More precisely,
we reduce the construction of the limit polystable vortex to the construction of the limit
stable curve of a suitably chosen sequence of pseudoholomorphic curves with uniformly
bounded energy as in McDuff and Salamon [22]. This requires some preliminary results,
which we provide in the subsequent sections.

Sections 3.2 and 3.3 are of preparatory nature. In Section 3.2 we prove an a priori
estimate for non-local vortices. This estimate is the main analytical tool for the analysis
of this chapter. In Section 3.3 we establish removal of singularities for non-local vortices.

In Section 3.4 we begin with the actual proof of Gromov compactness. We prove a
compactness result for non-local vortices, ignoring any bubbling. In Section 3.5 we apply
Gromov’s graph construction in order to transform non-local vortices into pseudoholo-
morphic curves. The actual proof of Theorem 3.1.7 is contained in Section 3.6, where
we combine the results of the previous Sections 3.4 and 3.5.

3.2. A priori estimate

The aim of this section is to prove Theorem 3.2.1 below which provides an a priori
estimate for solutions of the perturbed non-local vortex equations (2.16). A priori esti-
mates for solutions of the standard vortex equations (1.1) were proved before by Gaio
and Salamon [11] and Ziltener [40] (see also Frauenfelder [8]). The a priori estimate
of Theorem 3.2.1 will be the main analytical tool for all the analysis of the remaining
sections of this chapter.

3.2.1. Main result. Given an area form dvoly, on ¥, we denote by (-, -)x; the Kéhler
metric determined by jx and dvoly; and, moreover, for zy € ¥ and r > 0 B,(zy) denotes
the closed geodesic disk in I of radius r centered at the point zy. Recall that we denote
by H® := CYZ, T*X @ C*(M)%) the space of Hamiltonian perturbations of class C*, for
any positive integer £.

The main result of this section is the following theorem.
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THEOREM 3.2.1 (A priori estimate). Fiz real constants Ey > E > 0 and an E-
admissible area form dvols on X. Let p > 2 be a real number, and fix a perturbation
datum (0, J,H) € Ch,, x J x H" for some integer { > 4.

Then there exist constants h > 0, C' > 0 and R > 0, depending on Ey, such that for all
20 € ¥ and all 0 < r < R the following holds. If a solution (A,u) € BY(P, M; E,dvols)
of the perturbed non-local vortex equations (2.16) has Yang-Mills-Higgs energy bounded
by

E(A, U,) < .E()7

then
1 C
E(A,u; B.(2)) <h = §}dA’Hu(z0)‘i® + | (u(z0)) ‘z < 3 E(A,u; B.(2)).

The proof of Theorem 3.2.1 will be given in Section 3.2.2 below. It is based on the
following two propositions.

Let B,.(0) C C denote the closed unit disk of radius r centered at the origin, equipped
with the standard Euclidean metric.

PROPOSITION 3.2.2 (Mean value inequality). There exist constants ci,co > 0 such
that the following holds for all 0 < r < 1. Let w: B,(0) — [0,00) be a nonnegative
function of class C? and assume that it satisfies for some constant a > 0 the partial
differential inequality

Aw(z) > —a <w2<x> F bu) [ al) dy)

r? +(0) ly — x|

for all x € B,./5(0). Then
/

1
/ w<® = w0 < IFerale, / w0,
B (0) a r »(0)

The proof of Proposition 3.2.2 will be given after the proof of Theorem 3.2.1 in
Section 3.2.3 below.

Before we state the next proposition we recall from Section 2.2.5 the definition of the
Yang-Mills-Higgs energy density of a vortex in terms of local coordinates. Let B C C
denote the closed unit disk with complex coordinate s +it. Let ¢: B — X be a holo-
morphic disk in ¥ which trivializes the bundle P, and choose a lift ¢: B — P of this
map. The area form dvoly, gives rise to a smooth function A\: B — (0, 00) by

©o* dvoly, = \* ds A dt.

Then the Yang-Mills-Higgs energy density of a vortex (A,u) € BY (P, M; E,dvols) in
the chart B is the function

1
ep(A,u) == (§|dA’Hu ° Sé‘iew + ‘u(uo @‘z) A

on the disk B.
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PROPOSITION 3.2.3. Let us fix real constants Ey > E > 0 and an E-admissible
area form dvolys on 3. Let p > 2 be a real number, and fix a perturbation datum
(©,J,H) € Ck, J x H® for some integer { > 4. Let p: B — ¥ be a holomorphic
disk in 3.

Then there exists a constant ¢ > 0, depending on Ey, such that for every vortex
(A,u) € BY" (P, M; E,dvols) whose Yang-Mills-Higgs energy is bounded by

E(A7 u) < EO

the following holds. For all zo € B and all r > 0 such that B.(xy) C B the Yang-Mills-
Higgs energy density e := e, (A, u) satisfies the partial differential inequality

Ae(z) > —c (e%c) 2 o) [ V) dy) (3.1)

72 r(x0) |y - QZ'|

for all x € B, 5(x0).

The proof of Proposition 3.2.3 is deferred to Section 3.2.4. We are now ready for the
proof of Theorem 3.2.1.

3.2.2. Proof of Theorem 3.2.1. We prove Theorem 3.2.1 assuming the above
Propositions 3.2.2 and 3.2.3. Let us fix real constants Fy > E > 0 and an E-admissible
area form dvoly on X. Let p > 2 be a real number, and fix a perturbation datum
(©,J,H) € C%,, x J x H" for some integer ¢ > 4. Let B C C denote the closed unit disk
in C.

The proof is in two steps. We first establish an a priori estimate in local coordinates,
and then globalize this estimate.

CrAIM. Let ¢: B — 3 be a holomorphic disk in 3. Then there exist constants § > 0
and C' > 0 such that for every vortex (A,u) € B (P, M; E,dvols) whose Yang-Mills-
Higgs energy is bounded by

E(A, u) < E()
the following holds. For all xo € B and all v > 0 such that B.(z¢) C B the Yang-Mills-
Higgs energy density e := e, (A, u) satisfies an a priori estimate

E(A,u;Br(z0)) <0 = eu(A,u)(zo) < 7% - E(A, u; By(20)). (3.2)

PrOOF OF CLAIM. Let ¢: B — X be a holomorphic disk in . Let ¢ be the con-
stant from Proposition 3.2.3 (depending on FEjy), and let ¢, ¢y be the constants from
Proposition 3.2.2. Define constants

5= and C:= (14+c+c)co. (3.3)

c
Let 2o € B and r > 0 be such that B,(xo) C B. Let (A,u) be a vortex such that
E(A,u) < Ej, and denote by e := e, (A, u) its Yang-Mills-Higgs energy density on the
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disk B. Define a function w: B,.(0) — R by translation
w(x) = e(x + xg).
Then Proposition 3.2.3 implies that w > 0 and

Bufe) 2 ¢ (w¥e) + 5D ) [y

r2

L0 |y — 7
for all z € B, /2(0). Hence it follows from Proposition 3.2.2 that
1
/ w<d = w(o)SHC—chlm,/ w. (3.4)
B,-(0) c r B,-(0)
Since
E(A,u; BT(JUO)) :/ e :/ w,
By (o) B (0)
the a priori estimate (3.2) follows from (3.3) and (3.4). O

We now globalize the a priori estimate of the Claim above. To this end, we choose a
finite collection of holomorphic disks

0;i:COB - g(B)CcY, j=1,....,N
in X in such a way that the open subsets
Uj = ¢;(B\0B)

form a covering of X. By the Lebesgue Number Lemma, there exists a constant R > 0
such that for every zp € ¥ and every 0 < r < R there exists jo € {1,..., N} such that
BT<Z()) cU jo-
For every j the area form dvoly; defines a smooth function \;: B — (0,00) by the
relation
@3 dvoly = )\? ds A dt.

Denote by dy: ¥ x ¥ — [0,00) the distance function on ¥ determined by the Kéahler
metric (-, ), and by dg: B x B — [0, 00) the distance function on B determined by the
Euclidean metric. By compactness of B there exist constants ¢; > 0 such that

ds (@j(21), j(22)) < ¢ - dp(a1, 22) (3.5)

for all 1,22 € B. Finally we denote, for every j, by ¢; and C; the constants of the
Claim above associated to the coordinate chart ;.

We then define constants
h:= min {6;} and C:= lrgnjzg};V{Cj e ||)\j||5§(3)}. (3.6)

1<j<N

Let now (A, u) € BY?(P, M; E,dvols) be a vortex whose Yang-Mills-Higgs energy is
bounded by E(A,u) < Ey. Let zp € ¥ and 0 < r < R, and assume that

E(A,u; B.(2)) < h. (3.7)
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As we have seen above, there exists jo € {1,..., N} such that B,(z) C Uj,. Define
To = goj’ol(zo) and pg = cj’o1 xa (3.8)

where the constant c;, was defined by relation (3.5). We consider the Yang-Mills-Higgs
energy of the vortex (A, u) on the disk B, ((p). It follows from estimate (3.5) that

B, (x0) C goj’()l (Br(zo)) C B.
Hence it follows from formula (2.20) that
E(A,u; Byy(20)) < E(A, u;905 (Br(20)) = E(A, u; B(20))- (3.9)
By assumption (3.7) and the definition of the constant £ in (3.6) we conclude
E(A, u; By (20)) < b < 6.

Hence the a priori estimate (3.2) of the Claim above yields

Cio
€y (A u)(20) < p_% B (A, u; By (w0)).-

Using inequality (3.9) and the definition of py in (3.8), we obtain from this

C’. . CZ
JTQ L. E(A,w; By (20)).

€0 (A7 u) (:L‘U) <
The claimed a priori estimate will now follow from the identity
1 2 2 _
§|dA7HU(ZO)‘J@ + | (u(20))|” = ey, (A, u) (o) - A (20),

which holds by definition of the energy density e, (A, u). In fact, by definition of the
constant C' in (3.6) we then obtain from the previous inequality the estimate

2 Co 'C?0||>\jo||53(3)
= 2

%|dA,Hu(ZO>‘2J® + |p(u(z0))] - E(A, u; Br(2))

,
C

=3 E(A,u; B (20)).

This completes the proof of Theorem 3.2.1.

3.2.3. Proof of Proposition 3.2.2. The proof is adapted from the proof of the
mean value inequality of Theorem 1.1 in Wehrheim [35]. It relies on the following mean
value inequality for subharmonic functions due to Morrey [24] (see [35] for an elementary
proof of this inequality).

LEMMA 3.2.4 (Wehrheim [35], Lemma 3.2). There exists a constant ¢ > 1 such that
the following holds for all 0 < r < 1. Let w: B,(0) — [0,00) be a nonnegative function
of class C? such that Aw > 0. Then

c
w(0) < 2 / w.
r(0)
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We now begin with the proof of Proposition 3.2.2. Let ¢ be the positive constant of
Lemma 3.2.4 above. Define constants

1
10242

Let 0 <7 < 1and let w: B,(0) — [0,00) be a nonnegative function of class C?. Assume
that it satisfies for some constant a > 0 the inequalities

Awmz—a@ﬂw+4M”+wuwA; : Jﬂa@) (3.10)

72 (0) ly — |

cy and ¢y 1= 8192¢2.

for all z € B, /»(0), and that

/ w< L (3.11)
B,(0) a
Consider the function f: [0,1] — [0, 00) defined by

flp) =1 —p)* sup w
BpT/Z(O)

for 0 < p < 1. This function is continuous with f(1) = 0, so there exists a number
0 < p < 1 such that

f(p) = max f(p).

0<p<1

Then there exists a point T € Bj,/2(0) such that

¢:= sup w=w(z). (3.12)
Bﬁ'r/2(0)
Define
1 1
=—(1—p) < —. 3.13
ci=s(1-p) <y (313)

CrAM 1. The function w satisfies

w(0) < 4e’¢  and sup w <A4é. (3.14)
Bpyeyry2(0)

ProOOF OF CLAIM 1. The claimed estimates follow right from the definition of the
function f and the number p. As for the first estimate we obtain, using (3.13),

w(0) = f(0) < f(p) = (1 —p)* sup w=4de’C.

BﬁT/Q(O)
To verify the second estimate, first note that
1 p+1
pre=p+51-p =0 <1,
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whence Bs1¢),/2(0) C B,/2(0). Here we used (3.13) and that p < 1 by definition. Hence
we obtain

sup w=(1—p—e)f(p+e)<4(1—-p) 2 f(p)=4- sup w=4c
B(E+E)T/2(0) Bﬁr/Q(O)

This proves Claim 1. U

We next prove that the function w is subharmonic. This will then allow us to apply
Lemma 3.2.4 above.

CLAIM 2. For 0 < § < er/4 the function w satisfies an inequality

4 1
Aw > —144@62—32a6< +1+68+ - / w> (3.15)
0> Jp.(

on the disk Bey/4(7).

PROOF OF CLAIM 2. Let 0 < § <er/4 and x € B.,/4(7). By assumption (3.10) we
have

dute) = -a (wep+ 25 b ut)- [ Vo). (310)

We may write the third term on the right-hand side of this inequality as
w(zx) - / Vw(y)dy = / Vw(y)dy
Bmﬂy—ﬂ w—ﬂ
—|—w(:1:)-/ \/ y)dy. (3.17)
B (0)\Bs(z) |Z/

Note that 0 < er/4 and hence pr/2 +er/4+ 06 < (p+ ¢)r/2, so we have an inclusion

B(S(l') C B(ﬁ-i—E)T/Q(O)

Using Young’s inequality and the second inequality in (3.14) we may therefore estimate
the first term on the right-hand side of (3.17) by

1
w(:)s)/ |y—x|\/ y)dy < w(z) - sup vw - |dy

B5(x) By [y =
=w(x) - sup Vw2 - §
Bs(x)

< 8w(z)? +86% sup w
Bs ()

< 1282 + 3246°%¢.

1 (0) ly — l‘\
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Likewise, using Holder’s inequality and the fact that » < 1 by assumption, we obtain for
the second term on the right—hand side of (3.17)

1
w(zx) - / \/ y) dy < w( 5 Vw
B (0)\Bs(z) |y 0)

1
§4E+165~—~/ w.
52
»(0)

Inserting these estimates into (3.16) and using the second estimate in (3.14) again,
inequality (3.15) follows. O

Now let 0 < 0 < er/4. It follows from (3.15) that the function
4 1
v(z):=8ac 85+—+1—|—52—|——-/ w ) -z — 7 + w(z)
T2 (52 B, (0)

is subharmonic on the disk B.,;4(%). Here we use that A |z —z|> = 4. Hence, using
(3.12) and applying Lemma 3.2.4, we obtain for 0 < p < e

_ (7) < 16¢ /
c = v(zr) < . v
(pr)? B,y /a(T)
4 1 1
= 128acé(8c+——|—1+(52—|——2 / w)- 2-/ |z — z[°
0 /B0 (or)? Jp,, @
n 16¢ /
. w
(pr)? B,y 4(%)

4 1 16¢
< acc 80+——|—1+62—|—— / w)~p7’2—|— / w. 3.18
( 42 +(0) ( ) (PT)2 B, (0) ( )

Here we used that

[ le-af=2 /MM’5 15 ()" < 35 (o)’
r—I|"=2m- =— (pr — (pr)™.
@ 0 12" =18 VY

Bp,n/4 z

Let us abbreviate

4 (er)? 16
A=ac(8+ = +1 : - (er)”.
ac ( c+ 2 + 1+ 16 + (@)’ /T(O) w) (er)

We distinguish two cases.
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Case 1. A < 1. Setting § = er/4 and p = ¢, estimate (3.18) implies that

. 32¢ /
c< . w.
(er)? Je.(0)

Hence we obtain from the first estimate in (3.14) that

128
w(0) <4e?e < 20-/ wg%-/ w.
r B,(0) r - (0)

Here we used that ¢ > 1. This proves the mean value inequality in Case 1.

CASE 2. A > % In this case, we may choose 0 < p < € such that

11 4 (er)? 16
- —ac(8e+ = 41 - | 3.19
L R R r@“’) (819)

Then, setting 0 = er/4, estimate (3.18) implies that
e < 32¢ 32 / w.
(PT) +(0)
Plugging this into the first estimate in (3.14) and using (3.19) again, we obtain
w(0) < 4e?e < 256a02<8525+62(£2+1>+ﬁ—|—1—§-/ w)/ w
r 16 Js +(0)

2 1 16
< 256ac? <8€ c+ s +to+ / w) / w. (3.20)
21 I (0)

In the last inequality we used that € < 1/2 by (3.13) and that » < 1 by assumption. We
distinguish two subcases.

SUBCASE 2A. 8¢ < %+ 3+ 2 fBT(O) w. Then estimate (3.20) and inequality (3.11)

yield
2 1 16
w(0)<512ac< +—+—2 / w>/ w
2 B, (0) B, (0)

< 819272 - “+Cl /
B)

< (1+a—|—01 o /

Here we used that » < 1 by assumption. This proves the mean value inequality in
Subcase 2a.
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SUBCASE 2B. 8¢%¢ > % + 1+ 18 fB,.(o) w. In this case, it follows from estimate (3.20)

that
4e?¢ < 4096ac’ % - / w
+(0)
whence

/ > 1 C1
w>——— = —
B (0) 1024ac*  a’

contradicting inequality (3.11).

This proves the mean value inequality in Case 2. The proof of Proposition 3.2.2 is
now complete.

3.2.4. Proof of Proposition 3.2.3. Fix real constants E£y > E > 0 and an F-
admissible area form dvoly, on . Let p > 2 be a real number, and fix a perturbation
datum (O, J, H) € CP, x J x H* for some integer £ > 4.

reg
Let (A,u) € BY (P, M; E,dvols) be a solution of the vortex equations (2.16) such
that the Yang-Mills-Higgs energy is bounded by

E(A,u) < Ey. (3.21)

Let B C C denote the closed unit disk with complex coordinate x = s + it. Let further
¢: B — X be a holomorphic disk in > which trivializes the bundle P, and choose a
lift ¢: B — P of this map. Recall from Section 2.2.5 that, locally in the chart B, the
vortex (A, u) determines a triple (®, ¥, u!°°) consisting of functions ®, ¥: D — g and a
map u'°°: D — M, both of class WP, by the relations

AlC = 3*A=dds+Tdt and v :=wuog.
The area form dvoly, gives rise to a smooth function A\: D — (0,00) by
©* dvoly = \* ds A dt,

and the Hamiltonian perturbation determines smooth functions F,G: D x M — R by

©'H = Fds+ Gdt.
Moreover, the G-equivariant map

Ouu: P — EGN
gives rise to a map

@1&:’”) = O op: B— EGY,

of class WP, and there is a corresponding family of almost complex structures

I':= Jgwcany: B— J(M,w),

also of class WP, We may think of this family as a complex structure on the vector
bundle (u'°°)*T'M — B (see Remark 2.2.1).
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The triple (®, ¥, u!°°) satisfies the vortex equations (2.18), which in the present no-
tation take the form

asuloc + X<1> (uloc) +XF(UIOC) 4 ](uloc) (atuloc +X\Il (uloc) + XG(UIOC)) =0
0¥ — 0, @ + [®, U] + N pu(u?) = 0.

Moreover, by formula (2.19) the Yang-Mills-Higgs energy density of the vortex (A, u) in
the chart B can be expressed in terms of (®, ¥, u'°¢) by

e:=-ey(Au) = ‘8Suloc + Xo (u°) + Xp (u') ﬁ + A2 ’,u(uloc) }2. (3.23)

In the following we shall drop the superscripts from the notation and write A, v and ©
for A°°, 4!°¢ and ©'°°, respectively.

(3.22)

Note that the Laplacian Ae is well-defined because the energy density e is actually of
class C?. In fact, by elliptic regularity for vortices (see Proposition 2.2.8; here we use that
¢ > 4 by assumption) and gauge invariance of the energy density e (see Section 2.2.4)
we may without loss of generality assume that the vortex (A, u) is of class C3. Then
formula (3.23) above shows that e is of class C?.

The proof of Proposition 3.2.3 will be in two stages. We first compute an explicit
formula for the Laplacian Ae of the energy density (Claim 1 on p.75), and then obtain
the desired inequality (3.1) from a straightforward estimate (Claim 2 on p. 82).

Before we may begin with the computations we need to introduce some more notation.
First of all, it will be convenient to use the abbreviations

vy = da gu(d;) = gu + Xo(u) + Xp(u),
vy 1= da gu(0y) = dpu + Xy (u) + Xa(u), (3.24)
R = FA((?S, 8t) = as\p - 8tq) + [@7 \Ij]

Note that v, and v, are smooth sections of the vector bundle «*T'M — B and that x is a
smooth function B — g. With this notation, the vortex equations (3.22) take the form

ve+ T(u)v, =0,  w+ A pu(u) =0, (3.25)
and the Yang-Mills-Higgs energy density (3.23) of the vortex (A, u) is given by
e = e, (A, u) i= |v|7 + A\ |p(u)]”. (3.26)

Furthermore, we recall from Appendix A.1 the definition of certain operators. The family
I: B— J(M,w) gives rise to a family

(o Baw—= (),
of Riemannian metrics on M, which in turn determines a family
V:B2xw— Vp,

of associated Levi-Civita connections on M and a family of corresponding Riemann
curvature tensors

R: B>z~ R, € Q*(M,End(TM)).
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We will also denote the infinitesimal action of G on M at a point x € M by
Ly g — T M, £ L& = Xe(2),
and its adjoint with respect to the inner product (-,-)4 on g and the family of metrics
(-,-)y on M by
L :T,M—g, v~ L.
We have a twisted covariant derivative
Va: Q°(B,g) — Q'(B,g),  Van=dn+[A,1],

acting on smooth g-valued functions on B. Evaluating in the directions of the coordinate
vector fields 05 and 0;, we obtain operators

Vas Vas: Q(D,g) — Q%D,g)
given by the formulas
Vasn=0m+[2,n,  Vam=0m+ [V,
In addition, we have a twisted covariant derivative
Va: QB wTM) — QY (B,w*TM), V&= VE+ VeXa(u),

acting on sections of the vector bundle v*T'M — B. Evaluating in the directions of the
coordinate vector fields ds and 0;, we obtain operators

Vas Var: Q(B,u*TM) — QYB,u*TM)
given by the formulas
Va,s& = Vi€ + VeXo(u), Vai& = Vi€ + Ve Xy (u).

Moreover, we have a twisted covariant derivative

5a: Q°(B,Q°(M,End(TM))) — Q'(B,Q°(M, End(TM)))
acting on functions B — Q°(M, End(TM)) given by

ul' =dI' — Lx, I,
where Lx,I' is the Lie derivative of I’ along the vector field X 4. Evaluating in the
directions of the coordinate vector fields 9, and 0;, we obtain operators
8a,s: Oa: (B, Q°(M,End(TM)) — Q°(B,Q°(M,End(TM)),
given by
dasl' =00 — Lx, I, dal' =00 — Ly, I
Lastly, recall that the twisted derivative of the family V: B 3 z — V, of connections
on M is given by the map
D,V =dV¥o8uI: TB — QY(M,End(TM)), (3.27)

where dVC is the derivative of the map V*C: J(M,w) > I' — Vy, which assigns
to every w-compatible almost complex structure I’ on M the Levi-Civita connection
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determined by the corresponding Riemannian metric (-,-)y = w(-,I’-). Evaluating in
the directions of the coordinate vector fields 9, and 9;, we obtain functions

DAV, Ds~V: B — Q'(M,End(TM))
given by
DaV =dV*C(84,I), DV =dV(s4,]).

We close this review of notation by recalling from Appendix A.1 that there is a g-valued
bilinear form p: «*T'M ® u*T'M — g satisfying

<77>P(51>§2)>g = <v§1XT](u)a€2>I
for &1,& € QY(B,u*TM) and n € Q°(B, g).

We are now ready to begin with the actual proof of Proposition 3.2.3. We start with
the following identity.

CrAM 1. The Laplacian of the Yang-Mills-Higgs energy densily is given by the for-
mula

Ae = 2|V 0> + 2| Vavs]? = 2 |(BasD)vs)® — 2 (vg, R(vs, vy)vy)
—2(vs, (DasV)(ve) ve) + 2 (vs, (D V) (vs) vr) — 69, (A) (p(w), Lywy)
+60:(N)(p(u), Livs) — 220 ((V, D) vs, Lupa(w)) + 20 (u(w), 3p(ve, v,)
= 2p(vs, vp)) + 4N [Love* + AN Lo + AN) () [* + 20 Ly pa(w)
— 222((8a.4 1) v, Lupr(u)) 4+ 2 (84,51 )vs, Vasvs) + 2 {(84.41)vs, Va s0s)
+4 <(6A,tl)vta VA,tUS> -2 <Usa (vvs(éA,sI))Ut> +2 <U57 (vvs(éA,tI))Us>
+ (V5 (Vo (84,1))vs) + (01, (Vo (8a,51))vs) — (84,51 vs, (Vi I )vs)
+ <(6A,tl)vsa (Vvtl)vs> -2 <’U5, (6A,s(6A,s[))Ut> +2 <US> (6A,s(5A7t[))'Us>
+ (v, (04,5(8a,s1))vs) + (vt, (8a,6(0a:))vs).  (3.28)
Our proof builds on the computations carried out by Gaio and Salamon [11], Sec-
tion 9. Recall from (3.26) that
e = [vs* + N |u(u)]*,
whence
Ae = A(fvs?) + AN u(u)[?). (3.29)
We will compute each term separately. Let us first consider

A(Jvs]?) = 02([vs]?) + 07 (|vs]?).
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By Proposition A.1.6, we have
95 (|vs]?) = s(vs, vs)
= (Va,s0s, Us) + (Us, Vas0s) + (T0s, (04,61 )vs)
= 2 (s, Vasvs) + (Tvs, (84,51 )vs)
and hence
(|vs|?) = 2 0u(vs, Vasvs) + 0s(Tvg, (84,41 )vs)
= 2(vs, VasVasvs) +2(Vasvs, Vasvs) + 2 (Lvs, (84,s1)Vasvs)
+ (Vas(1vs), (0asD)vs) + (Tvs, Vas((8a,51)vs))
+ (84,61 ) Tvs, 1(8a,51)vs))
= 2(vy, Va,Vasts) + 2 |Vaus|” + 2 (Tvg, (84,1 Vasvs)
+ (84,6005, Vas(T03)) + (Tvg, Vas((84.51)vs)) — [T(84.51 )05,
where the last equality holds by Lemma A.1.4 (i). By Proposition A.1.5,
Vas(Ivs) = IV svs + (Vi L)vs + (84,51 )vs,
Va,s((84,61)vs) = (04,61)Va,svs + (Vo (04,61))vs + (84,5(84,51))vs.
Plugging this into the previous expression, we get
02 ([vs]?) = 2 (v, Vs Vasvs) + 2 [Vasvs]? + 2 (T, (84,51) Vi 50s)
+ ((0a,s1)vs, IV A s05) + (84,51 )vs, (Vo D)vs) + (84,51 )vs, (0a,sI)vs)
+ (s, (84,61)Va,svs) + (Tvg, (Vo, (0a,61))vs) + (T, (84,5(84,51))vs)
— 1 (85 T)vs|* .
Using Lemma A.1.4 (i), (iii) this becomes
02 (Jvs*) = 2(vs, Va s Vasvs) + 2 [Vasvsl* +2((8a,1) s, Vasvs)
+((Bas D) Tvg, Vasvs) + (84,5005, (Vo D)vg) + | (84,61 0|
+ ((8a,s1)Tvs, Va svs) + (Tvs, (Vi (8a,s1))vs) + (Tvs, (84,5(84.51))vs)
- ‘(5A,SI)US|2
= 2 |Vasos|* +2 (v, Vi Vasvs) + 4 ((8a,1) v, Vasvs)
+ (a5 )vs, (Vo D)vs) + (Tvs, (Vo (84,6 1))vs) + (T, (84,5(8a,61))vs).-
Likewise, we compute
37 ([vs]?) = 2 [Va 05" + 2 (vs, Va Vo) + 4 ((8a,1) Tvg, Vayvs)
+ ((datD)vs, (Vo, D)vs) + (Lvg, (Vy, (0a.4L))vs) + (Tvs, (04.4(0atl))vs).

Combining the last two formulas and using the first vortex equation (3.25) we finally
obtain
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A(\Us|2) = 2 |Vass]? + 2| Vavs|® + 2 (v, (VasVas + VauVar)vs)
+4((0a,s1)vt, Vasvs) + 4 ((0atD) v, Varvs) + ((0a,s1)vs, (Vo I)vs)
+ (84 )vs, (Vo D)vs) + (i, (Vo (8a.51))vs) + (01, (Vo (84.41))vs)
+ (g, (04.5(0as1))vs) + (vg, (844(8aD))vs). (3.30)

We can compute this further using the following two lemmata.

LEMMA 3.2.5. The sections vg, vy and the function k satisfy the following identities.
(1) VA,sUt — VA’t'US = Lufi
(i) Vasvs + Vaur = —I Lyk — (a0 )ve + (04,1 )vs

Proor. Using the formulas

VSX\I;(’LL) = Xas\p(u) + VQSUX\I/(U), Vth>(u) = Xat(b(U) + VatuX.:p(U)

and rearranging terms, we obtain

VA,sUt - VA,tUs
=V, 0pu + V, Xy (u) + Va,u X (u) + Vxy ) Xe(u) — V; 05u — Vi Xg(u)
— Va,uXw(u) — Vg Xw(u)
=V, 0 — Vi Osu + Xp, 0(u) — X, 0(t) + Vg Xa (1) — Vg w)yXw(uw) + Va,uXw(u)
— Vo.uXw(u) — Vag,uXo(u) + Vo, Xo(u)
= Vi,u 04t — Vi, 0su + Xo,0(u) — Xo,0(w) + Vg Xo(t) — Vg Xw(u).

Since the Levi-Civita connection V. is torsion free for z € D,
Vo.u 0t — Vg, Osu = [Oyu, Ogu] = 0
and
Vg () Xe (1) = Vg ) Xu(v) = [Xo(u), X (u)] = Xiou)(u).

Note that, to be consistent with [11], we use the sign convention for the Lie bracket
defined in [21], Remark 3.3. That is, for vector fields X,Y on M we have Lixy] =
[Ly, Lx]. Whence

Vaste — Vauvs = Xou(u) — Xo,o(u) + Xie,u (u)
= L, (0,0 — 0,0 + [0, 7))
= L,k.

For the proof of (ii) we will need the following formula:

(Vo D)ve — (Vo I)vs = 0. (3.31)
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To see this, just note that by the first vortex equation (3.25),
(Vo D)oy = = (Vi D) (Ivs) = I* (Vi 1) (Tvy),
and using Lemma A.1.1 (ii), (i), we therefore get
(Vo Dve = I(Vy D) (Ivs) = —I*(Vy D)vs = (Vo vy

Now by the first vortex equation (3.25) and Proposition A.1.5,

Va,svs + Va0

= —Vas({v)) + Va(Lv)

= —1IVa 0 — (Vo D)ve — (05D )ve + IV A 05 + (Vo D) vs + (8441 )vs

= —I(Vasvr — Vavs) — (Vo Dvy + (Vo L )vs — (das0)ve + (8441 vs.
By Assertion (i) and Formula (3.31) we thus obtain

Vasvs + Vaur = =1 Lyk — (OasD)ve + (a4 )vs.

LEMMA 3.2.6. The twisted Laplacian of the section vs is given by the formula

(VasVas+ VarVar)vs = —R(vs,v)vr — (DasV)(ve) v + (DasV)(vs) vy
+ 05 (W) Lupu(w) + 04(N?) Lups() + N*(Vy, I) Luge(u) + A*(8a,67) Lupa(w)
+ NIV, Xy (1) + 22V, Xy (w) — N1 L, LE Tvg + N> L, LE v,
+ 184, 1) VA 05 + (544 D)Vasvs — (84.61) (Vo I)vs — (8451 (84,5105
— (Vi (0a,s1))ve + (Vi (04,4 1) )vs — (84,5(8a,51))vr + (84,5(0a,¢1))vs.

PROOF. By Lemma A.1.10, the second vortex equation (3.25) and Lemma 3.2.5,

(VasVas+ VarVar)vs

= (VaVas — VaVar)vi + Vas(Vasvs + Vavr) — Var(Vasve — Vavg)

= —R(vs, )0y + N> Vi, Xy (w) — (D as V) (vr) = (Day V) (05))0r — Vas (I Lyk)
Vs ((5asD)T0,) + Vs (50T)vs) — Vias(Luk).  (3.32)

We will inspect the last four terms on the right-hand side of this equality separately. By
the second vortex equation (3.25) and Proposition A.1.5, we get

Vas(ILyk)

= _VA,S()‘zl Luﬂ(u))

= — 9(A)I Lupu(u) — N Va o(I Lyp(w))

= = 0s(N) Lyp(u) — NIV a5 Lypa(u) — N*(Vi, I) Lypa(u) — N*(84,67) Lupa(u).
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Moreover, by Lemmas A.1.9 and A.1.3,
Vas(Lup()) = Lu(Vasp(w)) + Vi, Xy (u) = = Loy s + Vi Xy (w).
Whence
Vol Lyk) = = 85N Lupalw) — N*(V,, I) Lps(u) + A2 L, Ly v,
= NIV, Xy (u) = N2 (8a,51) Lupa(w).  (3.33)

Similarly, using the vortex equations (3.25) and Lemmata A.1.9 and A.1.3, we further
obtain

Vai(Luk) = =V (A Lyp(u))

wft(w) — N Ly L vg — AV, X (1) (3.34)
Furthermore, by Proposition A.1.5 we have

Vas((0a:D)vs) = (8441)Vasvs + (Vi (0a2L))vs + (0a,5(8a¢1))vs (3.35)
and

VA,S((éA’sI>IUS) = <5A,SI)VA’S(IUS> + (VUS(6A7SI))IUS + (6A’s(5A7SI))IUS
= — I(5A7SI)VA75?JS + (6,4,5[) (VUS[)US —+ (6,4,5[)(6,4,5[)?)5
+ (Vi (0a,s1))ve + (84,5(8a,51)) v, (3.36)

where in the last equality we used Lemma A.1.4 (i) and the first vortex equation (3.25).
Plugging (3.33), (3.34), (3.35) and (3.36) into Formula (3.32) above, we finally get

(VasVas+VarVa)vs=—Rvs,v0)vy — (DasV)(vr) vy + (DarV)(vs) vy
+ (W) Lupu(u) + 04(N?) Lupe(u) + N*(Vy, I) Lupe(u) + A*(8a,67) Lupa(w)
+ NIV, Xy (0) + 222V, Xy (w) — N1 L, LE Tvg + A L, LE v,
+ I1(04.s1)Va svs + (8441)Vasvs — (0asI) (Vo L )vs — (8a51)(0as1)vs
— (Vo (0a,sD))ve + (Vo (0a.41))vs — (84,5(da51))vs + (84,5(0at]))vs.

This proves the lemma. U
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We may now proceed with the computation of Formula (3.30). Using Lemma 3.2.6
we obtain

A([vs]?) = 2| Vasvs]? 4+ 2| Va v, — 2 (vs, R(vs, ve)ve) — 2 (v, (DasV) (ve) vy)
£2 (0, (DAadV)(02) ) + 20,02) (00, T L) +20,02) (0, L)
+ 20 (s, (Vo I) L)) + 20 (vg, (8a,67) Lupa(w)) + 2X% (05, IV, X () (
+ AN} (U5, Vi, Xy (1)) — 207 (v, T Ly L Tvg) 4+ 20% (vg, L, LEvg)
+ 2 (s, I(84,s1)Vas0s) + 2 (s, (0441)Va svs) — 2 (v, (84,s1) (Vo I)vs)
= 2(vs, (8a,51) (Bas D )vs) — 2 (s, (Vi (Ba,s 1)) ve) + 2 (vs, (Vo (8441 )) vs)
— 2 (s, (84,5(0a,61))ve) + 2 (v, (04,6(8a,e 1) )vs) + 4 (84,51 )1, Va,s0s)
4 ((da ) v, Vavs) + ((0asD)vs, (Vo L)vs) 4+ ((0ail)vs, (Vi I)vs)
+ (v, (Vvs(fm,sf))vs) + (ve, (Vo (8a,61))vs) + (i, (8a,5(8a,s1))vs) + (v, (Ba,4(8a,01))vs)-

w))

By the first vortex equation (3.25) and the definition of the bilinear form p above, we
have

<US, [VUSXH(u)(U» = —<I'Usa vvsX,u(u)(u» - _<Uta vvqu(U) (u)> = <;L(U), _p(US’ Ut>>
and
<U57 vthu(u)(u)> = </J(U), p(Ut, U5>>-

Plugging this into the previous expression and using Lemma A.1.1 (iv), Lemma A.1.4 (iii)
and the first vortex equation (3.25) we further obtain

A(\US|2) =2 ]VA,S”USIQ + 2 |VA7tvs|2 — 2 (vg, R(vs, v)ve) — 2 (v, (DasV)(vr) vy)
+2 (vs, (D V) (vs) ve) = 205(N*) (p(w), Live) + 2 8p(A*) (p(u), Lyyvs)
= 2N (Vo D), Lupa(w)) + 22 (84,61 )vs, Lupa(u)) + 2X3%(uu(w), 2p(ve, vs) — p(vs, vr))
+ 2N L 4 202 LEvg | — 2 (861 )vt, Vasvs) + 2 (84415, Va5
—2((8a,s1)vs, (Vo D)vs) — 2 ((8a,s1)vs, (8a,s1)vs) — 2 (v, (Vo (0a,51)) )
+2 (vs, (Vo (0atD)) vs) — 2 (vs, (84,5(8a,s1))ve) + 2 (s, (84,5(0at]))vs)
4((0a,sT)vt, Vasvs) + 4 {((8asl)ve, Varvs) + (8451 )vs, (Vo I)vs)
<(6A t1)vs, (Vi D)vs) + (v, (Vo (84,61))vs) + (ve, (Vi (84,41))vs)
+ Ve, (84,5 (84,61))vs) + (vt, (84,6(8a,1))vs).

T~~~
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Cancelling and rearranging terms we finally get

A(|US|2) = 2|Vasvs|* + 2 |Vau,|* — 2 |(6A’SI)US|2 — 2 (vs, R(vg, vy)vy)
— 2(vs, (DasV)(ve) ve) + 2 (vs, (Day V) (vs) vr) — 205(N) (p(w), Liwy)
20,V (), L) — 20%((Vo Do Lupt(w)) + 2028, L)
£ ON (), 20(00, ) — plow, 1)) + 202+ 2L
+2((0as1)ve, Vasvs) + 2 (841l )vs, Vasvs) + 4 ((da+])ve, Va1vs)
— 25, (Vi (8a,51))ve) + 2 (vs, (Vo (8a,1))vs) + (01, (Vi (84,1))vs)
+ Ve, (Vi (0a,51))vs) — ((8a,s1)vs, (Vo I)vs) + (Bl )vs, (Vi I)vs)
— 2 (s, (84,5(04.s1))ve) + 2 (vs, (84,5(841))Vs)
+ (vt, (04,5(84,1))vs) + (vt, (04t (8a]))vs). (3.37)

Next we consider the second term A(A?|u(w)[?) in (3.29). This term was computed by
Gaio and Salamon [11], Section 9, in the case where I, does not depend on the point z.
Generalizing their formula to our situation, we obtain

AN () ) = AN () ? + 4 9,(N°) (p(u), Live) — 485
22| L 4 222 Ly 4 20 Loy (u)|? — 2A2< (u)
—2)\? (p(w), LiI(d4,1)ve) + 2)\?

N (p(w), Ly Tv,)
7/)(“57Ut) p(vg, vs))
(p(w), Ly I (841 )vs). (3.38)

Here we use the relation
VarLivs — Vg L
=L (VAytvs — VA,SU,:) + p(ve, vs) — p(vs, ve) — L (044 )vs + L 1 (84,51 ) vy
= N LiLyp(u) + p(vg, vs) — p(vs, vp) — LEL(8a I )vs + LET(84.41 vy,

which is a direct consequence of Lemma A.1.9, Lemma 3.2.5 (i) and the second vortex

equation (3.25). Now by Lemma A.1.4(ii),(i) and the first vortex equation (3.25), we
have

— 223 (pu(w), LT (84,51 )ve) + 223 (uu(w), LET (84,41 )vs)

= —2X* (I (84,61 )vs, Lupe(u)) + 203 (I (84,41 )vs, Luypt(u))

= —2X* (84,61 )vs, Lupr(u)) — 223 (841 )y, Lypu(u)).
Plugging this into (3.38), we have

AN pu(u)[*) = 222 [Livel* + 20 [Ljvs|* — 4 05(N*) (u(w), Live) + 4 0(A*){pa(u), Lyvs)

+ AN () ? 4 220 Lyp(u)[* = 232 (u(w), p(vs, vi) = p(or,v5))
— 2A2((84.4 vy, Lupt(u)) — 2X2((84..1)vr, Lups(u)).  (3.39)
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Inserting (3.37) and (3.39) into (3.29) and rearranging terms, we obtain the claimed
formula (3.28) for the Laplacian of the Yang-Mills-Higgs energy density. This completes
the proof of Claim 1.

The second part of the proof of Proposition 3.2.3 is to prove the following claim.

CLAIM 2. There exists a constant ¢ > 0 (not depending on e) such that the following
holds. For all xo € B and all r > 0 such that B,(x¢) C B the Yang-Mills-Higgs energy
density satisfies the partial differential inequality

Ae(z) > —c <e2(aj) + if) +e(x) - / ;\/@dy) (3.40)
r By (x0) ly — o
for all x € B, jo(z0).
We begin by noting that, from the first vortex equation (3.25), we have
jos] = =Tl = o] (3.41)

Using the Cauchy-Schwarz inequality and formula (3.28), we immediately obtain the
straightforward estimate

Ae > 2 |Vaw]? +2 [Vaws]” =2 |(0asD)) [vs]” — 2||R| Jvs|*
= 2|Das VIl o, = 2[Dac V| os]* = 68 (N?) |u(u)| L]
= 60,(N%) [p(w)] |Lyvs| = 22| VI || [Lupa(w)] [os]* — 222[[ 8,1 || [Lupa(w)] 0
+ 2X" [Lopo(w)[* = 1002 [p(u)| oIl fos* + AK?) [p(u)* + 40 [Liwi]” + 427 Lo, |
= 2184, L[| [Vasvs] [vs] = 2[18a2 L[| [Va,svs] [vs] = 4 1844 || [Vaivs] |vs|
= 3IV@as Dl fvs” =3IV @Eas D) ool = 184, TN VI Jos]” = 184, LIV o
= 31845 Bas D [os]” = 2185 (BacD)Il [vsl* = 184, (Ba D) o]

Here we denote pointwise operator norms by ||-||. We proceed by estimating this further
using Young’s inequality. We begin with the 5th and 6th term. Recall from (3.27) that

D4,V =dV*od,,1
for v € TB, where dVC is the derivative of the map V*: J(M,w) > I — V;. Hence
DAV < [[dVY|][84 01
for v € T'B, which implies that
1DV < [[AV I + (180,111

and
DAV < [[AVEC|* + (|82
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Next for the 7th and 8th term we have

2 900,02 Ju(w)])?
60,(%) [u(w)| [Liu] < 222

= 9(9N)? [u(w)[* + 422 |Livg

+4X2 |Liw?

and similarly
60, (N?) [i(u)] [Lyvs| < 9(0:)? [i(u)|* + 43 [Liw, |
For the 9th and 10th term we get, respectively,
2N V|| [Lga(w)] Jos|* < IV [o] + A* |Lupe(w)?

and

N[04 | |Lupe(w)] [vs] < N84 || Jus]* + A" [Lupu(w)[*.

For the 12th term,
10X ()| |l Josl* < A [p(w) * + 25 [|p]|* [os|*
For the 16th, 17th and 18th term,
2 (|84, [| [Va,s0s] Jvg] < HéA,sIH2 |US|2 + |VA,SUS|27
2184t 1| [Va,svs| |vs| < HéA,tIHQ |US|2 + |VA,SUS|2
and
41184, 1| [V 05| [0s] < 2180, T [05]" + 2 [Va g0,
For the 19th and 20th term,
IV (84Dl [os] < [V(8a,sD)|* + [vs]”
and
IV @Eac D)l fos] < [IV(BaiD)* + [og]*
Finally, for the 21st and 22nd term, we have
1845 TV [os] < 18a,6T[1% + (VT Jvs]*

and

184 ZINVII vs] < N8, 1” + VI Jus]*.

83

Applying all these inequalities and using the identity [dA|> = (9,0)? + (9:\)2, we may

estimate Ae further by

Ae > =25 (| RJl + ol + VI + [[ a9 C|* + 184, T |2 + 84,72 + 1) o]
= (W21 = A0 + 22 )N ()’ = 5 (184,112 + 84011 + 1 V(84,01)

H V@D + 1805 (8as D)l + [184,5(8ae D) + ||5A,t(5A,t1)||> o |
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Since

e = |og" + X [p(w)?
by (3.26) we conclude that

Ae > =25 ([RI + o2 + [VII2 + AV C* + [5a,07]12 + 18,111 + 1) €2
— (A2OUAR = A0) +22) € = 5 ([8au T + 18411 + V(64,1
V) + Na(8asT) ] + [805(8ae) | + [18a0(8acD ) €. (3:42)

The right-hand side of this inequality can be estimated further in the following way
(see p. 73 for definitions). Because the domain of the smooth function A: B — (0, 00) is
compact, it follows that there exists an upper bound ¢; > 0 (not depending on (A, u))
such that

ATZ2(9]AAP = AN)) + X2 < ¢ (3.43)

pointwise on B. Likewise, the smooth family I: B — J(M,w) has compact parameter
space, so there exists a constant ¢; > 0 (not depending on (A, u)) such that

IR+ llp=I1” + VL] < c2 (3.44)

for all z € B.
Note further that [[dVXC]| is a constant that does not depend on (A, u).

[t remains to estimate those terms in inequality (3.42) that involve A-twisted deriva-
tives. It will be convenient to write the family of almost complex structures I in the
form

I = J@(A,u) =Jo @(A,U)' (3.45)

We begin by considering the first order twisted derivatives of I. By formula (3.45),
we obtain

5,471,] = dJ(dA@(Aju) (U)) (346)
for every smooth vector field v on B. Hence we get a pointwise estimate
1840711 < [|dT]| - [dA© (4,0 (v)

where the norm ||d.J|| does not depend on (A, u). By part (ii) of the (Estimates) axiom
for the regular classifying map © (see Definition 2.1.3), we have

|daOau (v)| < es-[v] - (1 + HFAHLOO(E)) (3.47)

for some constant ¢z > 0 (not depending on (A, u)). By compactness of M, it follows
from the second vortex equation

Y

Fa = —p(u) dvoly,
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that
[Fallzoo(s) < ca (3.48)

for some constant ¢4 > 0 (not depending on (A, u)). Hence we conclude that there exists
a constant ¢5 > 0 (not depending on (A, u)) such that

184,51 1[; 184411 < c5 (3.49)

pointwise on B.
In a similar fashion we obtain estimates for the second order covariant derivatives

of I, as follows. Recall from (3.46) that

51471,] = dJ(dA@(Ayu) (U))
Hence
V(6aul) = (V(d])) (da®(aw(v))-
Now it follows from estimates (3.47) and (3.48) that the map

daO(a(v): P — TEGY

takes values in a certain compact subset K = K (v) of the tangent bundle TEG" which
does not depend on (A, u). Thus we conclude that there exists a constant ¢g > 0 (not
depending on (A, u)) such that

IV@AsDI [V(arD)| < 6 (3.50)

pointwise on B.

Let us next estimate the second order twisted derivatives of I. Recall that B denotes
the closed unit disk in C. Fix a point zy € B and a constant r > 0 such that B, (z) C B.
In particular, this means that r < 1. Let « € B, 5(x0).

Let v be a smooth vector field on B. Differentiating formula (3.46) we obtain

a.0(8401) = A(A)) (V. (A4Oa) (1)) )
whence

184,00 (Ba D) < 1 A(AT)] - |V (daO () (v))] (3.51)
for every tangent vector w € T, B. Here the norm ||d(dJ)|| does not depend on (A, u).
By part (iii) of the (Estimates) axiom for the regular classifying map © (see Defini-
tion 2.1.3), we have

" 2 |VAFA(Z/)‘ /
’VA (dA@(A,u))(SD(IE))| <C (1 + HFAHLOO(Z) + /;L(g)(cp(:n)) dn(e(2), 2] dvols(2")

for all points x € B. Here the point ¢(x) is the image in ¥ of the point z € B under
the chart map ¢: B — X, the integral is over the geodesic disk B,x)(¢(z)) C ¥ around
the point ¢(x) with radius the injectivity radius ¢(X) of ¥, and dyx(-,-) denotes the
Riemannian distance function on .



86 3. GROMOV COMPACTNESS

Recall moreover from formula (2.10) that

Va(daO(aw) (w,v) = Vau(da®am (V) + Vo @ Xaw) (daO )
— dA@(A,u) (va).

This shows that there exists a constant ¢;(v) > 0 (not depending on (A, u)) such
that

|V (daOawm (v))]
< cr(v) - w] - <1+ HFAH;(E) /( W(ﬂ% dvolg(z’)> . (3.52)

We now estimate the integral on the right-hand side of (3.52). By the Leibniz rule it
follows from the second vortex equation

Fy = —p(u) dvoly
that
VaFa = —(Va(p(u))) dvoly, —p(u) Vdvols,
= — (d,u o dAu) dvoly, —p(u) Vdvols.

We obtain from this a pointwise estimate
|VAFA| S Cg <||d,u||Loo(M) . |dAU| . |dV012| + ||,U||Loo(M) . |VdVOlzl> (353)

for some constant cg > 0 (not depending on (A,u)). Note that the norms |||z (ar),
| de]| Lo (ary, |dvols| and |[Vdvols| do not depend on (A, u), whence there exists a constant
cg > 0 (not depending on (A, u)) such that

IVaFal <o+ (1+|daul). (3.54)
Recall that
e = [v,* + A% |pu(u)
by (3.26), that
|vs| = [ve]
by (3.41), and that
vy = dau(0s) + Xp(u), vy = dau(0y) + Xg(u).
by (3.24). Thus we obtain an estimate
|dau| < o+ |[dau(ds + 0y)|
< c1o - (Idaw(0s)] + [dau()])

< cro - (Jvs] + [ Xp(u)] + o] + [ Xe(u)])
< (Jos| 4+ 1)

(Ve

+1)

<c¢qy -
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for constants cyg,c1; > 0 (not depending on (A, u)). Combining this with (3.54) we get,
locally on the chart B, an estimate

|VAFA| S C12 * (1 + \/E) (355)

for some constant c¢;5 > 0 (not depending on (A,w)). Moreover, by Young’s inequality
it follows from (3.54) that

IVaFa| < co- (2 + |dAu|2>. (3.56)

Using (3.55) and (3.56), we may now estimate the integral on the right-hand side of
inequality (3.52) by

[VaFa(2))] ,
Jroe oty ds((0), ) dVOlE(”gC”'(/M)\y (14 Vel) dy

1
+ - /
r B, (=) (p(x)\¢p(Br(z0))

(2 + ydAu(z')E) dvolg(z')> (3.57)

for some constant ¢;3 > 0 (not depending on (A, w)). Here we used that the chart map ¢
and its inverse are both continuously differentiable, and that » < 1 by assumption. Since

1 1
/ —dys/ —dy =4y
By(z0) ly — | Bo(z) Y]

we may estimate the integral in the first term on the right-hand side of inequality (3.57)
by

47?7“4—/ vely)dy.
Br LBO |y_x|

Likewise, by assumption (3.21) we may estimate the integral in the second term on the
right-hand side of inequality (3.57) in terms of the area of ¥ and the Yang-Mills-Higgs
energy of (A4,u) by
/(2 + |daul?) dvols < 2 (VOI(Z) + E(A,u)) < 2 (Vol(X) + Ej).
b

Hence we conclude that there exists a constant ¢4 > 0 (not depending on (A, u)) such

that
|VAFA Z/)’
—— " dvols(2
/m (a7 o)

1
S Ci4 * (1 + ") +/ vV e dy) (358)
r By (z0) ‘y - .Z"
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Combining (3.51), (3.52), (3.48) and (3.58), we finally get estimates
184,5(8a,s )], [184,5(8a T ) I, 1184, (8ae ) |

1 1
<cas- |14+ =+ / ve(y) dy) (3.59)
° ( r? B, (z0) |y - ZL‘|

pointwise on B for some constant ¢15 > 0 (not depending on (A, u)).

Applying estimates (3.43), (3.44), (3.49), (3.50) and (3.59) to inequality (3.42), we
conclude that there exists a constant ¢16 > 0 (not depending on (A, u)) such that

Ae(x) > —ci6 (62(1:) +e(x) + if) +e(z) - /Br(xo) » i m e(y) dy>

r
for all z € B,(xg). Since r < 1 by assumption, the partial differential inequality (3.40)
follows, which proves Claim 2.

This completes the proof of Proposition 3.2.3.

3.3. Removal of singularities

The goal of this section is to prove a Removable Singularity Theorem for vortices
on the punctured unit disk (Theorem 3.3.2). We use Gromov’s graph trick in order to
reduce this problem to removal of singularities for certain punctured pseudoholomorphic
disks. This enables us to apply techniques from McDuff and Salamon [22], Section 4.5.

3.3.1. Vortices on the punctured unit disk. Let B C C be the closed unit
disk and write the complex coordinate on C as z = s + it. Fix a continuous family
I: B — J(M,w) of w-compatible almost complex structures on M, a smooth function
A: B — (0,00) and a Hamiltonian perturbation H: TB — C*®(M)%. Consider the
vortex equations

— 1
Oram(u) = 3 (dA7Hu + I(u) odagu oi) =0, Fa+Mpu(u)dsAdt=0 (3.60)

on the punctured unit disk for pairs (A4, u) consisting of a connection A € Q'(B\ {0}, g)
of class C'!' and a map u: B\ {0} — M of class C'. As in Section 2.2, we denote by
dA7Hu = dU—FXA,H(U), XA’H(UJ) = XA<U)+XH(U)

the derivative of u, twisted by the connection A and the perturbation H. To simplify
notation, we shall use the abbreviation

Xauw = Xaw) + X

for the evaluation at a tangent vector v € T'B. Solutions of equations (3.60) are called
vortices. The Yang-Mills-Higgs energy density of such a vortex (A, u) is the function

1
(4, = (Gl + ) 2,
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where the norms are understood with respect to the Euclidean metric on B, the family
of Riemannian metrics (-,-); := w(-,1-) on M and the inner product (-,-) on g. The
Yang-Mills-Higgs energy of (A, u) on an open subset U C B is then given by

E(Au;U) :/e(A,u) ds A dt.
U

Note that this energy may be infinite.

REMARK 3.3.1. Note that equations (3.60) are not invariant under the action of the
group of gauge transformations C?(B, G). This is because the almost complex structure I
is not required to be G-invariant. However, equations (3.60) will appear naturally in the
proof of Gromov compactness for non-local vortices in Section 3.4.

3.3.2. Main result. We are now ready to state the main result of this section.

THEOREM 3.3.2 (Removal of singularities). Fiz a continuous family I: B — J(M,w)
of w-compatible almost complex structures on M and a smooth function \: B — (0, 00).
Let (A,u) be a vortex of class C* solving equations (3.60) on the punctured unit disk
B\ {0}, and assume that the following holds.

(i) A extends continuously to all of B.

(ii) (A, u) has finite Yang-Mills-Higgs energy E(A,u; B) < 00.

(iii) (A, u) satisfies an a priori estimate of the following form. There exist constants
0 >0 and C' > 0 such that the following holds. For all zy € B and all r > 0
such that B.(z9) C B the Yang-Mills-Higgs energy density e := e(A, u) satisfies
E(Au; B (%)) <0 = e(Au)(z0) < c. E(A,u; B, (2)).

r2

Then u is of class WP on B for every real number p > 2.

The actual proof of Theorem 3.3.2 will be given in Section 3.3.6 below. It requires
some prelimiaries which we now discuss. Our approach is inspired by the proof of removal
of singularities for punctured pseudoholomorphic curves in McDuff and Salamon [22],
Section 4.5.

Fix a continuous family /: B — J(M,w) of w-compatible almost complex structures
on M and a smooth function A\: B — (0,00). Let (A4, u) be a vortex of class C! solving
equations (3.60) on the punctured unit disk B \ {0} and satisfying assumptions (i)-(iii)
of Theorem 3.3.2.

3.3.3. The graph construction. Let M := B x M denote the total space of the
trivial symplectic fiber bundle over the disk B with fiber M. The map u: B\ {0} — M
then gives rise to a section of this bundle given by

@: B\{0} = M, a(z) = (zu(2)).
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The family /: B — J(M,w) of almost complex structures on M gives rise to an almost
complex structure I on the manifold M defined by
T(v,w) i= (v, Tw + I X4 gy () — Xamao(2)) (3.61)
for (z,z) € Bx M and v € T,B, w € T, M. In fact, we have
P(o,w) = (P o, I(Tw + T Xa s () = Xawo(@) + T Xaman () = Xame (@)

= (—v,—w — Xanw(x) = IXanin (@) + 1 Xa oo (®) + Xanw(@))

= —(v,w).
Note at this point that the almost complex structure Iis only continuous on M. This

follows directly from (3.61) since I and A are only assumed to be continuous on B.
The first step towards the proof of Theorem 3.3.2 is the following observation.
LEMMA 3.3.3. The map u: B\ {0} — M s (i, I)-holomorphic.

PrROOF. We begin by noting that the differential of the map u is given by
da(v) = (v, du(v))

for v € TB. By the first vortex equation (3.60), we have

I dapgu(v) =dagu(iv).

Whence

iv, Idu(v) + IX a0 (1) = Xa g (w)
iv,Idapgu(v) — Xange(w)

iU, dA7HU(1U> - XA,H(iv)(u))

= (iv,du(iv))
= da(iv).
This implies that
d3() = %(da + (@) odaoi) =0,
which proves the lemma. O

Next we define a symplectic form w on the manifold M that tames the almost complex
structure I. It will be defined in terms of the standard symplectic form wy := ds A dt
on the disk B and the symplectic form w on M in the following way. We fix a constant
ca,g > 1 such that

1

[ Xane (@), < zeam- ol (3.62)
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uniformly for all tangent vectors v € T'B and all points © € M, where |-|; and |- |
denote the norms associated to the metric (-,-); on M and the Euclidean metric on B,
respectively. Such a constant cy g exists by compactness of B and M. We then define

W=y wo D w.
LEMMA 3.3.4. The symplectic form w tames the almost complex structure I.

PROOF. Let (v,w) € TM be such that (v,w) # 0. Applying inequality (3.62), the
Cauchy-Schwarz inequality and Young’s inequality we obtain

@ ((v, w), I(v, w)) = A pwo(v,iv) +w(w+ Xanuw, (w+ Xanw))
— w(Xanw), I(w+ Xanw)) —wl (w4 Xamw), IXamG0)
+ w(I X4 1wy, IX 4 H(v))

= Cpy- |v)? + |w+ Xame ‘ —(Xanw,w+Xanw),
- <[ w+ X4, H(v))s XAHiv)>I <IXAH(7J) XA,H(iv) >1
2 CAH |’U’ +’w+XAH ’ ‘XAH ‘I]wthAH ’I
— I (w + Xauw)|, | Xanao, —UXAHU)|]|XAH(11;)’
> e v? + |w + X4 H) ’ — 41X A 10 { ’w‘f‘XAH ’1
- \w + Xanw|; — 41 Xananl; = [ Xanw, [ Xauco,
Z CA7H'|U| +§|”LU+XA7H(1,)|§—5|XA7H(U)}§—5|XA,H(10)‘§
1 1 1 .
> ol 5 o+ Xamol; = 5 ol = 2 - liof
1 1 1
= 6124,1{‘|U’2+§|w+XA7H(v)|§_50124,H'|U‘2_50124,H'|U‘2
1
> 5(61247}[ . |U|2+ ‘w_‘_XA,H(v)‘i) > 0.

g

Let us denote by (-,-)7 the Riemannian metric on M associated to the symplectic
form w and the almost complex structure I, that is,
1 ~ ~

{(v1,w1), (va, w2)>f =3 (fa((vl, w1), 1 (v, ws)) — & (I (vr,w1), (vs, wQ)))

for (vy,wy), (v, wy) € TM. The norm associated to this metric is then given by
5 ~
|(U7 w) |f = w((“? ’LU), [(Uv w))

for (v, w) € TM. The next result relates this norm with the metrics on B and M.
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LEMMA 3.3.5. The metric on M determined by w and I satisfies the relation
1 2 2 2 2
§<|'U| ‘l“UJ"'XA,H('U)‘I) S ‘( ‘[<36AH <|U| +‘w+XAvH(U)‘I>
for all tangent vectors (v, w) € TM, where cam is the constant from (3.62).
Proor. We have already seen in the proof of Lemma 3.3.4 that
1 2 2
(07 = (. 0). Tw.w) 2 5 (0P + oo+ Xamoo 7).
A similar computation yields the estimate

&((an)77(vaw)) = hp o] +‘w+XAH(U‘ — (Xamw)w + Xanw),
- <I w + XA,H(U))7 XA,H(iv)>I + <[XA,H(v)>XA,H(iv)>1

< - loP o+ Xanwl; + [Xanwl, v+ Xanwl,
+ 1w + Xanw)|, [Xanao |, + TXanw], [Xamio],
< om0l + o+ Xa; + [Xamo|; + o+ Xanwl,
+ w4 Xanw ﬁ + | X4 mGv) ‘i + | Xanw|, [ Xaman!,
< Ap P 43w+ Xanw|; + 2| Xanw|; + 2| Xamen;
< CA,H : |U| +3 !w + XA,H(U)’1 + CA,H : |U| + 5,24,1{ : |iv|2
= [0 + 3w+ Xa gy + 1ol + - [of
< 3 (Ci,H P+ lw + XA,H(U)LQ,)
< 30,24,H(\v|2 +[w + XA,H@I?).
Here we used that c4 g > 1 by definition. O

3.3.4. Mean value inequality. We derive a mean value inequality for the I-

holomorphic curve @: B\ {0} — M from the a priori estimate for the vortex (A, u)
provided by assumption (iii) of Theorem 3.3.2. We emphasize that the mean value in-
equality of Lemma 4.3.1 in McDuff and Salamon [22] does not apply to the curve @ since

the almost complex structure Iis only continuous.
Recall first that the energy of the curve @ on an open subset U C B is given by

1
E(u;U) = §/U|da|§v-)\2 ds A dt,

where the operator norm |di|7 is understood with respect to the standard metric on B
and the metric on M determined by @ and I (see [22], Section 2.2).
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LEMMA 3.3.6. The energy of the curve a: B\ {0} — M is finite, that is,
E(u,B) < 00

Moreover, there exist constants § > 0, Cag > 0 and ro > 0 such that for all zo € B\ {0}
and all 0 < r < ry such that B,(z) C B\ {0}, the curve @ satisfies the mean value
inequality

C
E(fa; Br(zo)) <0 — ‘du(zo)ll < :ZH

E({U Br(Zo)) +Can-

PROOF. We start by comparing the energy of the map u: B\ {0} — M and the
Yang-Mills-Higgs energy of the vortex (A, u). Recall that the Yang-Mills-Higgs energy
of (A,u) on U C B is given by

1
E(Au;U) = / <§ |da mruls + \,u(u)|2> A ds A dt.
U
By Lemma 3.3.5 we have estimates
|dﬂ(v)|? = (U du(v )|1
2) _ Ly o 2
> 2 (1o + |au(o) + Xa s @]2) = 5 (1o + damu()2)

and
[da(w)[F = | (v, du(v) |7
<3¢ (1o +]du(®) + Xanw @) =34 - (ol + [damu()l}).
for all v € T B. Rewriting these estimates in terms of operator norms we get

1
5(1 + ydA,Huﬁ) < |da|<3c - (1 + |dA,Hu\§>. (3.63)

Hence we may estimate the energy of @ in terms of the Yang-Mills-Higgs energy of (A, u)
by

1
E(u;B) = 5/3\@]?} M ds Adt
< gci’H./<1+|dA7Hu|§> A2 ds Adt
B
1
= 30317}1/ (5 |da puls + |,u(u)|2) A% ds Adt
B

1
—30124)H-/B(|u(u)|2—§) A ds Adt

1
3¢y E(Au)+3c / (|u(u)\2 + 5) A2 ds A dt.
B

IN
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The first term on the right-hand side of this inequality is finite as E(®, ¥, u) < oo by
assumption (ii). The second term is finite because |u(u)| is bounded since M is compact.
Hence E(@; B) < oo, which proves the first assertion of the lemma.

To prove the mean value inequality, we fix zyp € B\ {0} and r > 0 such that B, (z) C
B\ {0}. By assumption (iii) of the theorem there exist constants ¢’ > 0 and C' > 0 such
that the vortex (®, W, u) satisfies the a priori estimate

E(A,u; Bi(2)) <8 = e(A,u)(z) < T_Cz - E(A, u; Br(2)). (3.64)

Define a constant

e
K= 9 H)‘HZO(B) : H”H?)O(M) = 0.

Note that K is finite by compactness of B and M. We next define the constants ¢ and
Ca,m by
5/

0= q >0 and Cypg:= 120,24,1{ O (K +1)- H)‘”;i(B) >0,

where cy4 g is the constant from (3.62). We also set

: /o
To ::mln{ ﬁ’l} > 0.

Assume now that r < rg and

E(a; B,(2)) < 6. (3.65)
We then obtain from (3.63) the inequality
1
E(@; B, (z)) = —/ |dal? A2 ds A dt
2 J. (o)

1
Z/ (|dA,Hu|§ + 1) A2 ds A dt
Br(20)

1 1
_ _/ gl + Jp(u)? ) A2 ds A dt
2 /00 \2

1/ ( s 1\
- = ()] ——))\ ds A dt
2 /B, (z0) 2

1 1
> éE(A,u; B, (z)) — §Kr2.

Y

We have thus proved that
E(A,u; B, (%)) < 2E(; Br(20)) + K1°. (3.66)

Hence it follows from assumption (3.65) that

!
E(A,u; By (2)) < % + K%
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Since r < rq it follows from the definition of ry and the previous inequality that
E(A,u; BT(zO)) <?,
and so the a priori estimate (3.64) implies that
(A, u)(z0) < o - B(A,u; Bu(z0))
Combining this with the second inequality in (3.63), we obtain

dii(z0)* < 3¢5+ (1+ =)}

1
<6y - (5 |dA’Hu(zo)|§ + ’,u(u(zo))|2> +3u
=6 - e(Au)(z0) - A (20) + 3¢y
- 6chyC-A?(20)

- E(A,u; B (20)) + 3 i
Here we used the relation

1

B) |da,rru(z0)|* + |1e(u(20))* = e(A4,u)(20) - A% (20)

which holds by formula (2.19). Applying inequality (3.66) again, we obtain from this an
estimate

12 Ci’H C - /\_Q(Zo)

|dii(z0)]? < - - E(@; B,(20)) +3(4CK - A 2(2) +1) - A g o)
3.67
C
< ;‘Q’H - E(@; Br(20)) + Ca.
This finishes the proof of Lemma 3.3.6. U

3.3.5. Isoperimetric inequality. We shall also need the following isoperimetric
inequality for the almost Kahler manifold M which is taken from Theorem 4.4.1 in [22].
Before stating this inequality, we briefly recall some notation from [22], Section 4.4. For

any smooth loop v: 0B — M we denote by

éwwzéﬂmwme

its length with respect to the metric (-, -)7. If the length () is smaller than the injectivity
radius of M, then v admits a smooth local extension u,: B — M such that

Uy (ew) =7(0)
for all # € [0,2x]. The local symplectic action of v is then defined by

a(y) = —/Bu:@.
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Note that it does not depend on the choice of local extension u, as long as the length
of 7 is smaller than the injectivity radius of M. Then the isoperimetric inequality
from Theorem 4.4.1 in [22] applies to the manifold M even though the almost complex

structure [ is only continuous. In fact, a careful analysis of the proof of Theorem 4.4.1
shows that it does not require the almost complex structure to have more regularity,
whence we have proved the following lemma.

LEMMA 3.3.7. For every constant ¢ > 1/4rw there exists a constant £y > 0 such that
)<to = la()| <c l(y)
for every smooth loop v: OB — M.

The next result shows how this isoperimetric inequality can be used to estimate the
energy of the curve . It is adapted from Lemma 4.5.1 in McDuff and Salamon [22].
First of all, we introduce some more notation. Let ry be the constant of Lemma 3.3.6.
Define a smooth function

e: (0,r9) — [0,00),  &(r):= E(a; B,(0)) = %/B o |dai)?,

which assigns to every r the energy of the punctured curve a: B\ {0} — M on the disk
B,(0), and let v,: 9B — M denote the loop defined by

V,(0) := a(re”)
for 6 € [0, 27]. Note that the function € is nondecreasing and that lim, o e(r) = 0.
LEMMA 3.3.8. For every constant ¢ > 1/4w there exists a constant 1 > 0 such that
O<r<n = e(r) <c-l(y)2

PRrROOF. The proof is adapted from that of Lemma 4.5.1 in [22]. So let ¢ > 1/4m,
let ¢y be the constant from Lemma 3.3.7, and let §, C4 g and 7y be the constants from
Lemma 3.3.6. We fix a constant r; > 0 such that

1
r1 < min {7’0, 5} and  £(2r;) < min {5, (3.68)

02— 22 Cypyri

271’2 CA,H '
This is possible since by Lemma 3.3.6 the energy (1) = E(u) is finite and because the
function ¢ is smooth and nondecreasing with lim,_oe(r) = 0.

Let now 0 < r < r;. Then E(@; By-(0)) = £(2r) < d by inequality (3.68), so the
mean value inequality of Lemma 3.3.6 yields

|dai(re”) ‘2 < % -e(2r) + Can.

Hence the norm of the derivative of v, in the direction of 6 satisfies an estimate

Canm

- ()] = % |da(re”)| < \/ C/;’H e(2r) + 2402
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Using inequality (3.68) we thus infer that the length of the loop ~, satisfies

2m
Uy = / 17,-(6)] dO < \/27r2 Cam-e2r)+2m2Cy - 12 < . (3.69)
0

Let 0 < p <r <7y, and denote by u,: B — M the local extension of the loop 7, defined

by the formula .
up(pe”) == exp, o) (' €(6))

for 0 < p’ < p and 6 € |0, 27], where the map £: [0, 27] — T%(O)M is determined by the
condition

exp., ) (§(0)) = ,(0).
We consider the sphere v,,: 5% — M that is obtained from the restriction of the curve

u: B\ {0} — M to the annulus B,(0) \ B,(0) by filling in the boundary circles 7, and
v, with the disks u, and u,. Since the symplectic form @ tames the almost complex

structure I by Lemma 3.3.4, it follows from Lemma 2.2.1 in [22] that the I-holomorphic
curve @: B,(0) \ B,(0) — M satisfies the energy identity
E(a; B,(0) \ B,(0)) :/ @,
Br(0)\B,(0)

The sphere v,,: 5% — M is contractible because it is the boundary of the 3-ball consisting
of the union of the disks us: B — M for p < s <r. Whence

O:/v;r@:/ a*a+/u;a—/u:&.
52 B (0)\B,(0) B B

To understand the minus sign on the right-hand side of this identity note that the disks
u, and u, have different orientation considered as submanifolds of the sphere S?. Hence
we obtain the identity

E(ﬁ;Br(O)\BP(O))—F/Bu;J):/u,’ffa.

B
Taking the limit p — 0, we obtain from this an equality

e(r) = E(@; B,(0)) = /Bu:@ = a(v,),

which expresses the energy of the punctured curve a: B\ {0} — M in terms of the local
symplectic action of the loop .. By inequality (3.69) we may apply the isoperimetric
inequality of Lemma 3.3.7, whence

e(r) < e ()%
This proves Lemma 3.3.8. O

We are now ready for the actual proof of Theorem 3.3.2.
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3.3.6. Proof of Theorem 3.3.2. This proof is modeled on the proof of Theo-
rem 4.1.2 in McDuff and Salamon [22], Section 4.5.

Let p > 2 be a real number. Choose r > 0 such that

1
r<r < 5 and  £(2r) <4,

where 71 and § are the constants from Lemma 3.3.8 and Lemma 3.3.6, respectively. Note
that the existence of r is guaranteed because (1) = E(u; B) < oo by Lemma 3.3.6 and
the function ¢ is smooth and nondecreasing with lim, o e(r) = 0.

Let 0 < p < r. First of all, note that we may write the function ¢ in the form

1 / Z
e(p) :§-/B |daf* = / / |da(p ) ‘ dody’.

Choose the constant ¢ > 1/47 from Lemma 3.3.8 sufficiently small such that

1 1
< — 4 - 3.70
¢ 47 * 2 p ( )

The isoperimetric inequality of Lemma 3.3.8 then yields

e(p) < e l(v,)*

C,O2 2T ~ ;
=5 </o ‘du(pe 9)|d9)
2
<mcp*- / ‘d&(pew) }2d9
0

=2mcp-£(p).

2

Here we used Hoélder’s inequality and the explicit formula for £(p) given above. Setting

1
=— <1
@ 4 c

we may rewrite the previous inequality in the form

2 _ ()

p ~ elp)
Let p < p1 < r1. Integrating this differential inequality from p to p; then yields

() <

2c

whence

elp) <crop
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for some constant ¢; := p;?*-e(p1). Applying the mean value inequality of Lemma 3.3.6
we obtain the estimate

A C
[di(pe”)[* < ;127H -(20) + Can < ca-p 2"V + Ca,

where Cy  is the constant of Lemma 3.3.6 and ¢y > 0 is some constant (not depending
on p and 6). Furthermore

|dii(pe)| < ez p " 4+ /Cap. (3.71)

This inequality has two important consequences. First, applying Minkowski’s inequality
we obtain

1 1
</ |dﬁ’p)p < Veo - (/ pp(la))p ++/Cam- (7Tr2) ,
By(0) B (0)

where the integral

r 27 T
/ p—p(l—a) _ / / pl—p(l—a) dgdp = 27 - / pl—p(l—a) dp
+(0) o Jo 0

is finite because

3=

<2
pl—oc

by (3.70) and hence 1 — p(1 — ) > —1. Thus we conclude that

1

(/ |da\f’)” < o,
B, (0)

This shows that the derivative of the punctured curve @: B\ {0} — M is of class L? on

the disk B,.(0). Second, it follows from (3.71) that the punctured curve a: B\ {0} — M
extends continuously over zero. In fact, consider any two points z; = 1€, 2y = 1€
in the punctured disk B,(0) \ {0} such that 0 <7 <ry <7 and 6,,0, € [0,27]. Then

|W(22) — @(21)] < |a(roe™) — a@(rie®)| + |a(re”?) — a(rie™)|

/ " da(pe®) dp' T ' /9 9 dii(re®) d&'

1

& [%
S/2‘dﬂ(pew?)‘dp—i-/Q}d&(rleie)‘de
r 01

1

<

02

T2
<csz- / <p_(1_°‘) + 1> dp+cy - / dé
9

T1 1

203-(T§‘+T2—r‘f—r1>+c4-(02—01)

<cs- <(7“2—7“1)0‘+7"2—7°1> + c5 - ‘er—eiel}
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for constants cs, ¢4, c5 > 0 not depending on z; and z,. As the manifold M is compact
and hence complete, we conclude that @ extends continuously over zero. Since the curve
@ is smooth on the punctured disk B\ {0}, Exercise 4.5.4 in [22] now shows that the weak
first derivatives of @ exist on B,(0) and agree with the strong derivatives on B,.(0) \ {0}.
Thus @ is of class W? on the disk B,.(0) and hence on all of B.

This completes the proof of Theorem 3.3.2.

3.4. Convergence modulo bubbling

The aim of this section is to prove a compactness result for non-local vortices, ignor-
ing any bubbling phenomena (Theorem 3.4.1). This is the first step towards Gromov
compactness for non-local vortices.

3.4.1. Main result. The main result of this section is the following theorem. Recall
that we denote by H* := C*(3, T*S @ C*°(P, M)%) the space of Hamiltonian perturba-
tions of class C*, for any positive integer .

THEOREM 3.4.1 (Convergence modulo bubbling). Fiz a real constant E > 0 and an
E-admissible area form dvols, on . Let p > 2 be a real number, and fiz a perturbation
datum (0, J, H) € CF,, X J X H’ for some integer { > 4.

Let (A,,u,) be a sequence of non-local vortices solving equations (2.16) such that the

Yang-Mills-Higgs energy satisfies a uniform bound
sup E(A,,, ul,) < 0.

Then there exist a non-local vortex (A, u) of class C*~ that solves equations (2.16),
a sequence of gauge transformations g, € G*P(P), and a finite set Z = {z1,...,zx} of
distinct points on Y such that, after passing to a subsequence if necessary, the following

holds.

(i) The sequence g:A, converges to A weakly in the WP-topology and strongly in
the C°-topology on ¥;
(i) the sequence (g% A,, g, u,) converges to (A, u) weakly in the W?P-topology and
strongly in the C'-topology on compact subsets of ¥\ Z;
(iii) for every j € {1,..., N} and every e > 0 such that B.(z;)NZ = {z;}, the limit

ms(zj) = 1111—{20 E(Q;Aw g;luu; Bs(”zj))
exists and is a continuous function of €, and
m(z;) == lirr(l]mg(zj) > h,
E—

where h is the constant of Theorem 3.2.1;
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(iv) for every compact subset K C X such that Z is contained in the interior of K,

N
E(A,u; K) + Zm(zj) = lim E(glfAl,,gljlu,,;K).

Jj=1

Under the additional hypothesis that no bubbling occurs, we get the following stronger
compactness result, which we state here for later reference.

COROLLARY 3.4.2. Fix a real constant E > 0 and an E-admissible area form dvols
on Y. Letp > 2 be a real number, and fix a perturbation datum (©,J, H) € CP, x J x H*

reg
for some integer £ > 4. Let (A,,u,) be a sequence of non-local vortices solving equations

(2.16) such that

sup E(A,,,ul,) < oo and SUPHdAU,HUuHLoo(E) < 0.

Then there exist a non-local vortex (A, u) of class C*= that solves equations (2.16),
and a sequence of gauge transformations g, € G*P(P) such that, after passing to a
subsequence if necessary, the sequence (g*A,, g, u,) converges to (A,u) weakly in the
W?2P-topology and strongly in the C'-topology on .

The proof of Theorem 3.4.1 and its Corollary 3.4.2 will occupy the remainder of this
section. It is inspired by the proofs of Theorem 4.6.1 in McDuff and Salamon [22] and
Theorem 3.2 in Cieliebak et. al. [3].

Throughout this section, let us make the following assumptions. We fix a real con-
stant £ > 0 and an E-admissible area form dvoly, on Y. Let p > 2 be a real number,
and fix a perturbation datum (0, .J, H) € C?, x J x H* for £ > 4. Consider a sequence

reg
(A,,u,) € BY(P, M; E,dvoly)

of solutions of the non-local vortex equations (2.16) such that the Yang-Mills-Higgs
energy satisfies a uniform bound

sup E(Al,, uy) < 00.

3.4.2. Singular points. The first step in the proof Theorem 3.4.1 is to investigate
those points on ¥ where bubbling occurs. Following the terminology in McDuff and
Salamon [22], Section 4.6, we call a point z € 3 singular for the sequence (A,,u,) if
there exists a sequence z¥ of points in ¥ converging to z such that

‘dAV,HuV(ZV)’Je — 0.

The main result of this subsection is the observation that the sequence (A,,w,) can have
only finitely many singular points. This is the content of Lemma 3.4.4 below. It relies
on the following technical lemma.
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LEMMA 3.4.3. Let z be a singular point of the sequence (A,,u,). Then
liminf F(A,,u,; B.(2)) > h

V—00

for every 0 < e < R, where h and R are the constants from Theorem 3.2.1.

PROOF. Our proof follows the lines of the proof of Theorem 2.1 in Wehrheim [35].
Let z be a singular point of the sequence (A,,u, ), and assume for contradiction that

liminf E(A,,u,; B:()) <h
V—00
for some 0 < ¢ < R. Since z is singular there exists a sequence z¥ — z such that
‘dAV’Hu,,(z”)‘J@ — 0.

Hence there exists 14 such that

8Ch
o2

2" € Beja(2), ’dAV,Huu(ZVO)L]e > and  E(A,,u,; B.jp(2"°)) < h.  (3.72)

We may therefore apply the a priori estimate from Theorem 3.2.1 to the vortex (A,,u,)
on the disk B./y(2"°), obtaining an estimate

1 14 2 1 14 2 14 2 O 14
3l ()| < Slda, i ()5 + [ (7)) < 55+ B(Av, s Bepa(0)).

(e/2)?
Using the third inequality in (3.72), it now follows from this that

8Ch
[da (), < "=

contradicting the second inequality in (3.72). O

Since sup, F(A,,u,) < oo by assumption, it follows from Lemma 3.4.3 that the se-
quence (A,, u,) has finitely many singular points. More specifically, we have the following
result.

LEMMA 3.4.4. After passing to a subsequence if necessary, the sequence (A, ,u,) has
a finite set Z = {z1,...,zny} C X of singular points and satisfies

SupHdAu:HuVHLoo(K) < 00
for every compact set K C 3\ Z.

PRrROOF. The proof of this lemma is exactly the same as that of the Claim in the
proof of Theorem 4.6.1 in [22]. However, for the sake of completeness we record it here
anyway. By Lemma 3.4.3 the sequence (A,,u,) has finitely many singular points. We
may hence assume by induction that, after passing to a subsequence if necessary, the set
of singular points of the sequence (A,,u,) contains the set

Zk = {zl,...,zk}.
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(We start with k£ = 0 and Z, = 0.) If the sequence ||da,u,||~(x) is bounded for every
compact set K C 3\ Zj then there is nothing to prove. Otherwise, we can choose a
compact subset K C X\ Z, such that the sequence ||da,u,||z(k) is unbounded. Then
we may take a sequence of points 2j ; in K such that
e sy = I (),
After passing to a further subsequence if necessary, we may assume that the sequence
Z,1 converges to a point 241 € X \ Z, and
’dAV’Hu,,(z,’C’H)‘J@ — 00.

Whence the singular set of this latter subsequence contains the set
ZkJrl = Zk U {Zk-Jrl}-
Since the number of possible singular points is finite, this completes the proof. Il

By Lemma 3.4.4 above, it is no loss of generality to assume that the sequence (A,, u,)
has finitely many singular points

Z:=A{z,...,2n} C X
and satisfies

SupHdAu,HuVHLoo(K) < 00 (3.73)

for every compact set K C 3\ Z contained in the complement of the singular points.

We are now ready to investigate the convergence properties of the sequence (A,,u,)
more closely.

3.4.3. Uhlenbeck compactness and Coulomb gauge. We apply Uhlenbeck’s
weak compactness theorem, the local slice theorem for the action of the group of gauge
transformations, and the Banach-Alaoglu theorem (see [34] and [38] for details) to the
sequence (A,,u,).

LEMMA 3.4.5. There exist a pair (A,u) consisting of a connection A € A'“P(P)
and a section u € WLP(2\ Z, P(M)) defined on $\ Z, a smooth reference connection

Ay € A(P), and a sequence of gauge transformations g, € G*>P(P) such that the following
holds.

(i) The connection A is in Coulomb gauge relative to Ay, that is,
d}, (A —Ag) =0.

(ii) After passing to a subsequence if mecessary, the sequence (g*A,, g, u,) con-
verges to (A, u) in the following sense.
(a) The sequence giA, converges to A weakly in the W'P-topology and strongly
in the C°-topology on .
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(b) The sequence g, 'u, converges to u weakly in the W'P-topology and strongly
in the C°-topology on compact subsets of ¥\ Z.

(c) Every g:A, is in Coulomb gauge relative to A, that is,
d’ (ng,, — A) =0.
(iii) The Yang-Mills-Higgs energy of the sequence (g%A,, g, u,) satisfies a uniform
bound
sup E(g:A,, g, 'u,) < 0.

PROOF. Our argument is taken from the proof of Theorem 3.2 in Cieliebak et. al. [3].
By assumption, (A,,w,) is a solution of the second vortex equation

Fa, = —p(u,) dvoly .

Since M is compact, the right-hand side of this equation is uniformly bounded in the
LP-norm on X, whence the sequence F), is uniformly bounded in the LP-norm on 3.
Thus, by weak Uhlenbeck compactness ([34], Thm. A) there exists a sequence of gauge
transformations h, € G*P(P) such that the sequence h’A, is uniformly bounded in
ALP(P) with respect to the WP-topology. It follows from the Banach-Alaoglu theorem
([38], Thm. V.2.1) that there exists a connection A € A"P(P) such that, after passing
to a subsequence if necessary, the sequence h}A, converges to A weakly in the W1r-
topology.

Now we apply the local slice theorem ([34], Thm.F, see also [3], Thm.B.1). We
take A as reference connection and choose a smooth connection 4, € A(P) such that
|A = Ag|lwissy (and hence also ||A — Ag|s(s)) is sufficiently small. Then the local slice
theorem (taking ¢ = p) asserts the existence of a gauge transformation h € G??(P) such
that

&5 (hAg — A) = 0.
This implies (see [34], Lemma 8.4 (ii)) that
Ay 4, (A —h.Ag) =0,
whence

o (WA= Ag) = h*dj;_y, (A — hAg) =0.

Define the connection
A:=h"Aec A'P(P).
Then A is in Coulomb gauge relative to Ay. This proves (i).

We have seen above that h}A, is uniformly bounded in A" (P), so h*h}A, is uni-
formly bounded in A'P(P) as well (by continuity of the action of the group of gauge
transformations, see [34], Lemma A.6). Hence it follows from the Banach-Alaoglu the-
orem and Rellich’s theorem ([34], Thm. B.2 (iii)) that, after passing to a subsequence if
necessary, the sequence h*h* A, converges to A weakly in the W1P-topology and strongly
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in the C°-topology. Now we apply the local slice theorem a second time, taking A as
reference connection. By what we just proved, we have

Jim {|A*h, Ay = Al sy =0, sup [Py Ay = Allpangs) < oo

Then the local slice theorem (again taking ¢ = p) asserts the existence of a sequence of
gauge transformations h, € G*P(P) such that

&y (hih*hi A, — A) =0 (3.74)
and

lim

V—00

WERhEA, — A‘

MR hEA, — AH <oco.  (3.75)

0 Sljp ‘ Whr(%)

Lr(%) -
We finally define the desired sequence of gauge transformations by
gy = h,h*h, € G**(P)

(see [34], Lemma A.5). Then (3.74) proves (c) in (ii).

Furthermore, by the Banach-Alaoglu theorem and Rellich’s theorem it follows from
the second estimate in (3.75) that the sequence g} A, is uniformly bounded in the W!»-
norm, and that, after passing to a subsequence if necessary, the sequence g’ A, converges
to A weakly in the W'P-topology and strongly in the C°-topology. This proves part (a)
in (ii).

It remains to show convergence for the sequence of sections g, 'u,. By Holder’s
inequality it follows from (3.73) that

Sup HdgﬁAwH(g_luV)”Lp(K) = sup [|da,, mu | o) < sUP |da, mt || oo gy < 00

for every compact subset K C 3\ Z. Hence, by compactness of M it follows that the
sequence g, 'u, is uniformly bounded in the W!P-norm on compact subsets of 3\ Z.
Thus we conclude from the Banach-Alaoglu theorem and Rellich’s theorem that there
exists a section u € W,2P(2\ Z, P(M)) that is of class W'? on compact subsets of ¥\ Z,
such that, after passing to a subsequence if necessary, the sequence g, 'u, converges to
u weakly in the W1P-topology and strongly in the C°-topology on compact subsets of
¥\ Z. This proves (a) and (b) in (ii).

Lastly, Assertion (iii) follows from the assumption sup, E(A,,u,) < oo by gauge
invariance of the Yang-Mills-Higgs energy. The lemma is proved. U
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By Lemma 3.4.5 and gauge invariance of the vortex equations (2.16) we may hence-
forth assume without loss of generality that there exists a pair (A, u) consisting of a
connection A € A'(P) on P and a section u € W,"P(£\ Z, P(M)) of P(M) defined

loc

on ¥\ Z, and a smooth reference connection Ay € A(P), such that the following holds.

(i’) The connection A is in Coulomb gauge relative to Ay, that is,
dy, (A —Ay) = 0.

(ii") The sequence (A,,u,) converges to (A,u) in the following sense.
(a) The sequence A, converges to A weakly in the WP-topology and strongly
in the C%topology on X.

(b) The sequence u,, converges to u weakly in the W1P-topology and strongly
in the C%-topology on compact subsets of ¥\ Z.
(c¢) Every A, is in Coulomb gauge relative to A, that is,
4 (A, — A) =0.
(iii’) The Yang-Mills-Higgs energy of the sequence (A,, u, ) satisfies a uniform bound
sup E(A,, u,) < o0.

Let us note at this point that part (a) of (ii’) above proves assertion (i) of Theorem 3.4.1.

3.4.4. The limit equations. This subsection is devoted to the study of the non-
local vortex equations

EJ’AU7@7H<UV) =0, Fa, + 1(u,) dvoly =0

in the limit ¥ — oo. This yields equations for the limit pair (A, ). Since the sequence
of sections w,, only converges on compact subsets of X2\ Z, these limit equations will only
be defined on X\ Z. However, using the Removable Singularity Theorem 3.3.2 we will
later be able to write down equations for (A, ) that hold on all of X.

LEMMA 3.4.6. There exists a G-equivariant map
Ou: P — EGY
of class WP such that, after passing to a subsequence if necessary, the sequence of maps
@(Au,uu): P — EGN
converges to O, weakly in the WYP-topology and strongly in the C°-topology.

PROOF. By part (a) of (ii’) on p. 106 the sequence A, converges to A weakly in the
WP_topology on ¥ and is therefore uniformly bounded in the W1?-topology on ¥ by
the Banach-Steinhaus theorem. Hence the sequence F), is uniformly bounded in L”
on ¥, whence part (i) of the (Estimates) axiom for the regular classifying map © (see

Definition 2.1.3) implies that the sequence of maps © (4, 4, is uniformly bounded in the
WP_topology on ¥ as well. Hence we conclude from the theorems of Banach-Alaoglu
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and Rellich that there exists a G-equivariant map O..: P — EGY of class W such
that, after passing to a subsequence if necessary, the sequence © 4, 4, converges to O
weakly in the W1P-topology and strongly in the C°-topology. U

The limit classifying map ©.: P — EGY gives rise to a G-equivariant family of
w-compatible almost complex structures on M, denoted by

Jo, =J00O: P— J(Muw).
Note that, by Lemma 3.4.6 above, the family Jg_ is of class W'? and hence continuous
by Rellich’s theorem.

LEMMA 3.4.7. The pair (A,u) is a solution of class I/Vlicp of the vortex equations

- 1
0o aH(U) = 5 (dA,HU + Jo.. (u) oda pu ojg> =0, Fa+p(u)dvoly =0 (3.76)
on the complement 3\ Z of the singular points.

ProOOF. By Lemma 3.4.6 we may assume without loss of generality that the sequence
of maps O 4, ,,) converges to O, strongly in the C°-topology. Hence the sequence of
families of almost complex structures Jo(a,u,): P — J(M,w) converges to the family
Jo,, strongly in the C%-topology as well. Moreover, by parts (a) and (b) of (ii’) on p. 106
we know that the sequence (A,,u,) converges to (A, u) weakly in the WP-topology on
compact subsets of ¥. We thus conclude that the sequence of 1-forms

_ 1 .
0sa,.0.0(U) = 3 (da,,muw + Joa,u) (W) o da, nu, o js)

converges weakly in the LP-norm on compact subsets of ¥\ Z to the 1-form
1
T2
Likewise, it follows that the sequence of 2-forms

Fa, + pu(u,) dvols

converges weakly in the LP-norm on compact subsets of ¥\ Z to the 2-form
Fa+ p(u)dvoly .

On the other hand, every vortex (A,,u,) solves the non-local vortex equations

5J7AV7@7H(U/V> =0, Fa, + p(u,) dvoly = 0.

5]900714’].1(11) : (dA,Hu+J@oo(u)odAyHuojE).

Passing to weak LP-limits, it thus follows that the pair (A,u) is a solution of class W,?
of the vortex equations

0o am(w) =0,  Fa+ p(u)dvolg =0
on the open subset ¥\ Z. 0

In order to apply the Removable Singularity Theorem 3.3.2 we need to improve the
convergence properties of the sequence (A,,u,).
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LEMMA 3.4.8. The limit pair (A,u) has the following properties.

(i) (A,u) is of class WP and of class C* on £\ Z.
(ii) After passing to a subsequence if necessary, the sequence (A,,u,) converges to

(A, u) weakly in the W?P-topology and strongly in the C'-topology on compact
subsets of ¥\ Z.

PrOOF. The proof is by standard elliptic bootstrapping and is adapted from the
proof of Theorem 3.1 in Cieliebak et. al. [3].

Proof of (i): By Lemma 3.4.7 the pair (A, u) solves the limit vortex equations (3.76).

Consider the connection A. Set o := A — Ay € WFP(X,T*3, ® P(g)). By (i’) on
p. 106, there exists a smooth reference connection Ay € A(P) such that A is in Coulomb
gauge relative to Ag, that is,

djy,a = 0. (3.77)
Combining this equation with the second vortex equation in (3.76) we obtain

dgpa = da+[Ag A
= dA —dAg+ [Ag A A] — [Ag A Ag)

1 1
= —(dA0+§[AO/\A0]) —§[A0/\AO]+[A0/\A]+dA

1 1
= —FAO—§[a/\oz]+§[A/\A]+dA

1
= —FAO—i[a/\a]—l—FA
1
= —Fy, — 5 l[a A a] — p(u) dvols; . (3.78)

Since A and u are of class W,.* on ¥\ Z, it follows from formula (3.78) that da,o is of

class WL? on ¥\ Z. Furthermore, it is obvious from formula (3.77) that d’y, o is of class

W on ¥ \ Z. Hence it follows from elliptic regularity for the Hodge-Laplace operator

loc

daodfy, +dy, da, that « is of class WP on ¥\ Z. Thus A = Ay + « is of class W2¥ on
¥\ Z. By Rellich’s theorem ([34], Thm. B.2 (iii)), it follows that A is of class C' on the
subset X\ Z.

Next we prove that u is of class C* on ¥\ Z. We shall work in local coordinates.
Choose a holomorphic coordinate chart C > D — ¥\ Z and a Darboux chart on M.
We may thus assume without loss of generality that (M,w) = (R**, wy), where wy is the
standard symplectic form on R?*". By (2.18), with respect to these local coordinates, the

first of the limit vortex equations (3.76) takes the form

dsu + Xo(u) + Xr(uw) + Jo (u) (Oru + X (u) + Xa(u)) =0 (3.79)
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where we express the connection A as
A=dds+¥dt, &, V:D—g,
the Hamiltonian perturbation H as
H=Fds+Gdt, F,G:DxM — R,
and consider Jo_(u) as a matrix-valued map
Jo (u): D — Moy 2, (R). (3.80)

We may then rewrite equation (3.79) as

Osu+ Jo (u) Ou = —Xo(u) — Xr(u) — Jo (u) (Xe(u) + Xa(u)). (3.81)

Let us investigate the regularity of the right-hand side of this equation. Firstly, we have
already proved that A is of class C! on ¥\ Z, whence ® and ¥ are of class C! on D.
It follows that the families of smooth vector fields X and Xy on M are of class C* on
D. Likewise, H and hence F and G are of class C* by assumption. Thus we see from
(2.15) that the families of smooth vector fields X and X on M are of class C* on D.
Since u is of class I/Vlif on D by assumption, it follows that each of the sections Xg(u),
Xy (u), Xr(u) and Xg(u) is of class C* on D ([34], Lemma B.8). Secondly, we have seen
above that Lemma 3.4.6 implies that the family Jo__ is of class WP, Hence, since u is
of class VVlif on D by assumption, it follows that the map (3.80) is of class VVéf on D
([34], Lemma B.8). We therefore conclude that the right-hand side of equation (3.81)
is of class W27 on D (see [34], Lemma B.3). Applying Proposition B.4.9 (i) in [22] (see

also Lemma 3.3 in [3]) it follows that u is of class W>” on D. By Rellich’s theorem we
infer that u is of class C* on D.

Proof of (ii): We first show that the sequence (4,,u,) is uniformly bounded in W?? on
compact subsets of ¥\ Z.

Let K C ¥\ Z be an arbitrary compact subset. By parts (a) and (b) of (ii’) on p. 106
the sequence (A, u,) converges weakly in the WP-topology on K. Hence it follows from
the Banach-Steinhaus theorem that (A,,u,) satisfies a uniform W'?-bound on K.

Consider the sequence A,. Set o, == A, — A € W'P(S\ Z,T*(X\ Z) ® P(g)). By
part (c) of (ii’) on p. 106, every A, is in Coulomb gauge relative to A, that is,

d% oy, = 0. (3.82)
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Combining this equation with the second vortex equation Fl, + p(u,)dvoly = 0 we
obtain

dac, = da, +[ANa,)]
= dA, —dA+ [ANA)] — [ANA]

1 1
— _<dA+§[A/\A])—§[AAA]+[A/\AV]+dAV
1 1
= —FA—§[04V/\04V]—|—§[Al,/\AV]deAV
1
= —FA—i[OéV/\Oéy]‘i‘FAV

1
= —Fy - 5 [, A ] — p(uy,) dvoly . (3.83)

Since A, and u,, are uniformly bounded in W'? on K it follows from formula (3.83) that
d 4, is uniformly bounded in W'? on K. Furthermore, it is obvious from formula (3.82)
that d%a,, is uniformly bounded in W'? on K. Since A is of class W2 on ¥\ Z by asser-

loc

tion (i), it follows from elliptic regularity for the Hodge-Laplace operator d d’% + d% da
that a,, is uniformly bounded in W?? on K. Thus the sequence A, = A+ a,, is uniformly
bounded in W2 on K.

Next we consider the sequence of sections u,. As in the proof of assertion (i) above
we shall work in a holomorphic chart C > D — ¥\ Z and a Darboux chart on M, that
is, we assume without loss of generality that (M,w) = (R?*",wy). By (2.18), with respect
to these local coordinates, the first of the vortex equations (2.16) for (A4,,u,) takes the
form

dsty + Xo, (uy) + Xp(wy) + Jo(a, uw) () (Orun + Xu, (w,) + Xa(u,)) =0 (3.84)
where we express the connection A, as
A, =®,ds+ ¥, dt, o, V,: D —g,
the Hamiltonian perturbation H as
H=Fds+ Gdt, F.G: DxM — R,
and consider Jg(a, u,)(uy) as a matrix-valued map
Jo(a,,u) (W) D — Map 2, (R). (3.85)
We may then rewrite equation (3.84) as
sty + Jo(a, u) (Un) Oruy
= —Xo, (u,) — Xr(w) — Joa,u) () (Xu, (w,) + Xa(w,)). (3.86)
Let us consider the right-hand side of this equation.
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Since the sequence A, is uniformly bounded in W?P on compact subsets of ¥\ Z,
Rellich’s theorem implies that A,, whence ®, and ¥, are uniformly bounded in C! on
K. Hence the vector fields Xy, and Xy, are uniformly bounded in C! on K.

Moreover, by Lemma 3.4.6 and the Banach-Steinhaus theorem we may assume with-
out loss of generality that the sequence of maps ©4, .,) is uniformly bounded in the
WP-topology on K. Hence part (i) of the (Estimates) axiom for the regular classifying
map O (see Definition 2.1.3) implies that the sequence © 4, 4, is uniformly bounded in
the WhP-topology on K as well. Since u, is uniformly bounded in W'* on compact sub-
sets of ¥\ Z, it thus follows from Lemmata B.8 and B.1 in [34] that the maps (3.85) are
uniformly bounded in W'? on K. Hence we conclude that the right-hand side of equa-
tion (3.86) is uniformly bounded in W' on K. Applying Proposition B.4.9 (i) and (ii)
in [22] (see also Lemma 3.3 in [3]), it follows that u, satisfies a uniform W?P-bound on
the subset K. This shows that the sequence u,, is uniformly bounded in W?2® on compact
subsets of X\ Z.

Since (A,,u,,) is uniformly bounded in W?? on compact subsets of ¥\ Z, it follows
from the theorems of Alaoglu and Rellich that there exists a connection A,, on P and a
G-equivaraint map u..: P — M, both of class I/Vlif and of class C! on ¥\ Z, such that,
after passing to a subsequence if necessary, the sequence (A,,u,) converges to (Ax, Uso)
weakly in the W?2P-topology and strongly in the C'-topology on compact subsets of
¥\ Z. Since (A,,u,) converges to (A,u) strongly in the C°-topology on compact subsets
of ¥\ Z by (ii’), parts (a) and (b), we must necessarily have A = A, and u = ux.

This completes the proof of Lemma 3.4.8. U

3.4.5. Removal of singularities. We verify that the limit pair (A, u) satisfies the
assumptions of the Removable Singularity Theorem 3.3.2.

LEMMA 3.4.9. The limit pair (A,u) has the following properties.

(i) It has finite Yang-Mills-Higgs energy E(A,u) < oo.
(i) It satisfies an a priori estimate of the following form.
There exist constants h >0, C' > 0 and R > 0 such that for all zg € ¥\ Z
and all 0 < r < R such that B.(z0) C X\ Z, the following holds. If

El](_)C>o (Av U BT‘(ZO)) < ha
then
C
2

r

%{dA,HU(ZO)E@w + ‘M(U(Zo))‘Q < = B (A u; Be(2)).

PROOF. Let K, C ¥\ Z be an exhausting sequence of compact subsets such that

K,CK, and | JK,=%\Z

I
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By Lemma 3.4.8 (ii) we may without loss of generality assume that the sequence (A,, u,)
converges to (A,u) strongly in the C'-topology on compact subsets of ¥\ Z. By
Lemma 3.4.6 we may without loss of generality assume that the sequence of maps © 4, 4,
converges to O, strongly in the C°-topology. Hence the sequence of families of almost
complex structures Jo(a,,u,): P — J(M,w) converges to the family Jgo_ strongly in the
C%-topology as well. It follows that the sequence of functions

1

e(A,,u,) = 5

2 2
|dAV,HuV|J@(AU,uU) + [p(uy)]
converges to
1 2 2
e(A,u) == 3 [damul;, + |u(u)]
strongly in the C%-topology on every compact set K,.
Proof of (i): We conclude further that

/ e(A, u) dvoly, = lim e(A,,u,) dvoly
Ku

V—00 K
“w

for every pu. Moreover, since (A,,u,) is smooth on X,

lim e(A,,u,)dvoly = /

w=oo JK, \Z

e(A,,u,) dvoly = / e(A,,u,)dvoly = E(A,,u,)
b

for every v. By Fatou’s lemma we therefore have

E(Au) = /Ee(A,u)dvolg

= / e(A, u) dvoly,
\Z

< liminf/ e(A, u) dvoly,
Ky

J4—00

= hrninf(lim/ e(Al,,u,,)dvolg>
J4—00 v—oo Jpe,

< sup (lim/ e(A,,u,) dvol;;) = sup E(A,,u,).
K, v

v —00

In the last inequality we used that, for v fixed, the sequence [ K, e(A,,u,) dvoly is non-
decreasing. Since sup, E(A,,u,) < oo by (iii’) on p. 106, the claim follows.

Proof of (ii): Let h, C and R be the constants of Theorem 3.2.1. Let zp € ¥\ Z and let
0 < r < R such that B,(z9) C X\ Z. Assume that

Eje . (A, u; Br(zo)) < h.
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There exists py such that B,(zy) C K,,. Fix ¢ = ¢(r) > 0 so small that
1
eo < §(h — Ej,. (A, u; Br(zo))). (3.87)

We have seen above that e(A,, u,) converges to e(A, u) strongly in C° on K,,. It follows
that

lim By, . (A,,,u,,;Br(zo)) = lim e(A,,u,) dvols

V—00 V—00 BT(ZO)
= / e(A,u) dvoly = E;, (A, u; B, (%))
BT‘(ZO)

and
lim e(A,,u,)(z0) = e(A,u)(20).

V—00

To simplify notation we will drop the subscripts indicating the dependency on the almost
complex structure in the remainder of the proof. It follows that there exists vy = v(€o)
such that

E(A,,,u,,; Br(zo)) < E’(A,u; Br(zo)) +e€
and
e(A,u)(z0) < e(A,,u,)(20) + €
for all 0 < € < ¢y and all v > 1. Then by the choice of ¢, in inequality (3.87) we have
E(A,,uy; By(2)) < B,

so the a priori estimate of Theorem 3.2.1 implies that
C
e(Aw uu)<ZO) S T_2 : E(Aw Uy ; BT(ZO))
for all v > v5. We conclude from this that
e(A,u)(z0) < e(Ay,u,)(20) + €
C
r2
C

r2

<

' E(Aua Uy; BT(ZO)) te€
C
<5 E(AuBi(z2) +e- (5 +1
r
for all 0 < € < ¢g. We must therefore have

(A, u)(z0) < o B(A ; By(z0).

Lemma 3.4.9 is proved. U
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We may now apply the Removable Singularity Theorem 3.3.2 to the limit pair (A, u).
LEMMA 3.4.10. The pair (A,u) is a solution of the vortex equations
Ojoam(u) =0,  Fa+ p(u)dvoly =0
on all of 3.

Proor. We apply the Removable Singularity Theorem 3.3.2 to each of the finitely
many singular points in Z.

Let z; € Z be a singular point of the sequence (A,,u,), and choose a holomorphic
disk B — ¥ such that the singular point z; gets identified with the origin 0 € B,
where B C C denotes the closed unit disk. As we have seen in Section 2.2.5, locally in
this chart the vortex (A, u) gets identified with a pair (A, u) consisting of a connection
A e QY (B\{0},g) and a map u: B\ {0} — M satisfying the vortex equations

s am(uw) =0,  Fa+ N p(u) dsAdt=0,
where A: B — (0, 00) is a smooth function determined by

dvoly, = \? ds A dt.

Let us now check that the pair (A, u) satisfies the assumptions of the Removable
Singularity Theorem.

First of all, Lemma 3.4.6 implies that the family Jg_ is continuous on Y. Further-
more, by Lemma 3.4.8 the pair (A, u) is of class C! on the punctured disk B\ {0}.

Next, since A is of class W1 on ¥ it follows by Rellich’s theorem that A is continuous
on all of B.

Moreover, by Lemma 3.4.9 (i) the Yang-Mills-Higgs energy F(A,u) of the non-local
vortex (A,w) is finite. Hence it follows from identity (2.20) that the Yang-Mills-Higgs
energy F(A,u; B) of (A,u) on B is also finite.

Lastly, it follows from Lemma 3.4.9 (ii) and identity (2.20) that the pair (A, u) satisfies
an a priori estimate of the following form: There exist constants 6 > 0 and C > 0 such
that the following holds. For all z, € B and all » > 0 such that B,(z) C B the
Yang-Mills-Higgs energy density e := e(A, u) satisfies

E(Au; Bo(%)) <0 = e(A,u)(z) < % - E(A,u; B.(2)).

The Removable Singularity Theorem now implies that the map u is of class WP
on all of B. By finiteness of the set Z of singular points we have thus proved that the
section u: ¥\ Z — P(M) extends to a section u: ¥ — P(M) of class W'? on ¥. By
Lemma 3.76, the pair (A, u) solves the vortex equations

5Je(,o,A,H(U) =0, Fa+ p(u) dvoly =0
on all of X. B
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3.4.6. The limit non-local vortex. In this subsection we study the properties of
the limit vortex (A, u). First of all, we check that it is dvolg-tame.

LEMMA 3.4.11. The limit pair (A,u) satisfies the taming condition (2.1).

PROOF. First of all, every vortex (A,,u,) satisfies the taming condition (2.1)

/ () dvoly < E
s

by assumption. Now by part (b) of (ii’) on p.106, the sequence wu,(z) converges to
u(z) for all points z € ¥\ Z. Since Z is finite, it follows that the sequence |u(t,)l|
converges to |u(u)| pointwise almost everywhere on .. Moreover, since M is compact the
sequence |jt(ty, )| is uniformly bounded in the C°-topology. Hence Lebesgue’s Dominated
Convergence Theorem implies that

/|,u(u)|2dvolg = lim / |1e(w,)|? dvoly, < E.
b)Y v s

By the previous lemma, the map
®(A7u): P — EGN
is well-defined. It is of class W1? and hence also of class C°. Since A, converges to
A strongly in the C%-topology on ¥ by part (a) of (ii’) on p.106, it is an immediate
consequence of the (Continuity) axiom for the regular classifying map © (see Definition
2.1.3) that both maps ©4,) and O : P — EGN appear as the C°-limit of the sequence
©(4,,u,), Whence
O = O.
In particular, we have
J@OO = J@(A,u) =Jo @(A,u)3 P — j(M,w).
This shows that the limit pair (A,u) is a non-local vortex of class WP solving the
non-local vortex equations
Ojaemn(u) =0,  Fs+4 p(u)dvoly = 0. (3.88)

We may hence apply elliptic bootstrapping as in Section 2.2.6 in order to improve the
regularity of the pair (A, u).

LEMMA 3.4.12. The limit vortex (A, u) is of class C*~1.

PROOF. By (3.88) above, the pair (A, u) solves the non-local vortex equations (2.16).
By Lemma 3.4.5 (i), the connection A is in Coulomb gauge with respect to a smooth

reference connection Ay. Thus Lemma 2.2.9 applies to the pair (A, u) and we conclude
that (A4,u) is of class C*~L. O

This completes the proof of assertions (i) and (ii) of Theorem 3.4.1.
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3.4.7. Convergence of the energy. It remains to prove parts (iii) and (iv) of
Theorem 3.4.1. We will proceed along the lines of the proofs of assertions (ii) and (iii)
of Theorem 4.6.1 in McDuff and Salamon [22].

Fix numbers £; > 0 for j = 1,..., N such that the geodesic disks B, (z;) are pairwise
disjoint. Then, after passing to a subsequence if necessary, the limits

mej(zj) = lim E(Az/7uV;B€j (Zj))

V—00

exist for j = 1,..., N. The function ¢ — m.(z;) is continuous for 0 < ¢ < ¢; since
(A,,u,) converges in C' on the annulus B; (z;) \ B:(z;) by Lemma 3.4.8. Recall from
Lemma 3.4.3 that

lim infE(A,,, Uy, ng(zj)) > h.

V—00
Hence it follows that

m(zj) = }:iir(l]ma(zj) > h.

This proves (iii) in Theorem 3.4.1. To prove (iv), fix a number ¢ < min; ¢; and note that

N
E(A,U;K\ U Bg(zj)> = lim E(A,,u,; K Z lim E(A,, u,; B:(z)))

j:1 V—00 V—00
= lim E Al,,u,,, ng 2;).
Taking the limit ¢ — 0,
N
E(Au; K) = lim E(Awu,,;K) — Zm(zj),
j=1

which proves assertion (iv).
This finishes the proof of Theorem 3.4.1.

3.4.8. Proof of Corollary 3.4.2. Let us now assume in addition that the sequence
(A, u,) satisfies

supHdAu,Hu,,HLw(E) < 0.

This implies that there are no singular points, that is, Z = (). Hence the corollary is an
immediate consequence of assertion (ii) of Theorem 3.4.1.
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3.5. Vortices vs. pseudoholomorphic maps

Inspired by work of Mundet i Riera [26] and Gaio and Salamon [11] we apply Gro-
mov’s graph construction in order to transform vortices into pseudoholomorphic curves.
We deduce a mean value inequality for these curves from the a priori estimate for vortices
proved in Section 3.2. The results of this section (Proposition 3.5.3) are in preparation
for the proof of Theorem 3.1.7 in Section 3.6.

3.5.1. The graph construction. Fix a real constant £ > 0 and an E-admissible
area form dvoly on X. Let p > 2 be a real number, and fix a perturbation datum
(©,J,H) € Ch, x T xH.

Recall that we denote by p: P(M) = P xg M — ¥ the fiber bundle associated to
the G-bundle 7: P — ¥ and the G-manifold M. We may equivalently think of a G-
equivariant map u: P — M as a section @: ¥ — P(M) of this fiber bundle, defined

by
u(2) = [p,u(p)l, =(p) == (3.89)

The goal of this section is to endow the total space P(M) with the structure of an almost
complex symplectic manifold in such a way that every section @: ¥ — P(M) coming
from a non-local vortex (A, u) becomes a pseudoholomorphic curve.

We begin with a general review of symplectic forms and almost complex structures
on the fiber bundle P(M). Our exposition follows the work of Mundet i Riera [26],
Mundet i Riera and Tian [27], Cieliebak, Gaio, and Salamon [4], Gaio and Salamon
[11], Gonzélez and Woodward [13] and Gonzélez, Woodward, and Ziltener [12].

3.5.2. Splitting of the tangent bundle. Let A € AY(P) be an arbitrary con-
nection of class W'?. We denote the points of P(M) = P xg M as equivalence classes
[p, x|, where p € P and v € M. The tangent space T}, P(M) of P(M) at any such
point is then given by

Tip P(M) = (T,P x T, M) /{(p&, —Xe(2)) | € € g},

where p.{ € T,,P denotes the infinitesimal action of £ on P at the point p. The elements
of this tangent space will be denoted as equivalence classes [v, w], where v € T,P and
w e T, M.

The connection A gives rise to a splitting
TP = TPhor D TPvert

of the tangent bundle of P into horizontal and vertical subbundles. The horizontal
component of a tangent vector v € T),P is then given by the relation

v ="+ p.A,(v).
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The splitting of T'P further induces a splitting
TP(M)=TP(M)" o TP(M)** (3.90)
of the tangent bundle of P(M) in the following way. The horizontal subbundle is the
image of TP in TP(M) and is given by
TP(M)™ = TP xo M = p*TY,

where p: P(M) — X denotes the bundle projection. The vertical subbundle is the kernel
of the differential dp: TP(M) — TX and is given by

TP(M)* = P xgTM.

The decomposition of any tangent vector [v,w] € T}, . P(M) corresponding to (3.90) is
then given by

[0, ] = [vhor,O}
and
[v, W] = [p.Ap(v),w] = [O,w - XA,,(U)($)]-
It will later be useful to write this decomposition in the form

[v,w] = [V"", W+ Xa,)(2)]. (3.91)

3.5.3. Symplectic form. Assume that the connection A is smooth. We explain
how A and H induce a symplectic form on the total space P(M). Our exposition follows
Guillemin and Sternberg [16], Section 9.5, and Gaio and Salamon [11], Appendix A.

Denote by py: Px M — P and py: P x M — M the canonical projections. Define
a 1-form ag on the product P x M by

ag (U7 w) = Hdzﬂr(v) (.ZU)

for all (p,x) € Px M and (v,w) € T,P x T, M. Note that this form is G-invariant.
Consider the 2-form

fO\'/A7H = p;w — d<pTA,,u Op2>g — dOéH € QZ(P X M)
To simplify notation, we will henceforth drop the projections p; and p, and simply write
,O'VA,H =W — d<A, ,u> — dOéH.

CLAIM. The 2-form o g is closed, G-invariant, and vanishes along the orbits of the
G-action on P x M.

PROOF OF CLAIM. The 2-form o4 g is closed because w is closed. It is G-invariant
since w and oy are G-invariant and A and p are G-equivariant. To prove that it vanishes
along the orbits of the G-action on P x M, we first note that

oag =w— (dA, u) + (AANdp) — dag.
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More explicitly, this formula can be written in terms of the curvature forms of A and H
as follows. Let (p,z) € P x M and (vy,w;), (vo,ws) € T,P x T, M. Then
5A,H(<U17 wl), (02, w2)) = w(ﬂh + XH(dﬂ'(’Ul))( ) wp + XH(dﬂ(vz))(‘r))
— <FA(U1,’U2) — [A(vy), A(ve)], > + <A v1), dp(ws) > — <A(v2),du(w1)>
— Qg (n(p), x) - dvoly (dﬁ(vl), d7T(U2>). (3.92)

Assume now that (vi,w;) = (p.§, —X¢(z)) is the infinitesimal action of £ € g on (p, x).
Then dm(v;) = 0. Hence, using the relations

W(Xf(x)ﬂi&) = <dﬂ(w2)7§>a d/i(Xs(x)) = (¢, u(2)], <[§1,§2]7§3> = <§1, [52753]>
where &1,&,, &5 € g, and the fact that Fy is horizontal, we obtain from (3.92)

Fa((p-& —Xe()), (v2, w2))

= —w(Xe(r),w2) = (Fa(p&v2) — [A(p€), Alv2)], () + (A(p.€), dps(w2))
+<A(v2)7du(Xs( )
+

= —(dp(ws), &) p€), A(v2)], (@) + (& dp(ws)) + (A(vs), du(Xe(2)))
= (&, A(vo)], u( >+<A va), [€, p(@)])
(

= p
= —{(A(v), €, p(x)]) + (A(va), [€, u(x)]) =

By the Claim above, 04 i descends to a closed 2-form
oam € QQ(P(M))

Note that for H = 0 this form agrees with the coupling form in [16]. We obtain from
(3.92) an explicit formula for the 2-form o4 5. For tangent vectors [vy, w:], [va, wo] €
Ty P(M), [p,x] € P(M), we have

UA,H([Uh wi ], [vz, wz])
= OA,H<[U§1°T,w1+XA(v1)(I)} [Ugor7w2+XA(vz)<$)D
= w(wi + Xaw) (@) + Xt hory) (), W2 4 X () () +XH(d,r(vgor))(x))
= (Fa (01, v3”), p(w)) + ([A(0r™), A(v3”)], ()
+{A™), i (w2 + Xaw (2))) = (A(v”), dpwr + Xag,) (@)
— Qu(7(p), z) - dvoly (dr (v}*), dmr (v5°))
= w(wy 4+ Xaw)(z )+XH(d7r(v1))( ), W + Xa(u) (2) + X (an(ua)) (7))
— (Fa(v1,v2), (z)) — Qu(7(p), x) - dvols (dr(vy), dm(v2)) (z) (3.93)

since A vanishes on horizontal tangent vectors and F4 is horizontal. In particular,
we see from this formula that the 2-form o4y may be degenerate in the horizontal
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direction. However, we can make it into a symplectic form on P(M) by adding on
a sufficiently large multiple of the pull-back of the area form dvoly along the bundle
projection p: P(M) — X. This leads us to define the symplectic form on P(M) by

wang = (1+capm) pdvolg +o4pn € Q(P(M)), (3.94)
where c4 g > 0 is some sufficiently large constant such that
[(Fa(vi,v2), u()) + Qu (7 (p), z) - dvols (dr(vy), dm(vs)) |
<cap-|dm(vr)]-|dm(ve)] (3.95)

for all v1,vo € T,P and all (p,x) € P x M. Note that such a constant exists by com-
pactness of P x M and because the curvature F4 is horizontal.

LEMMA 3.5.1. The form wa g is a symplectic form on P(M).

PRrROOF. It follows from the defining relation (3.94) that w, is closed since both dvoly;
and the 2-form o4 gy are closed. To check that wy g is non-degenerate, let [vy,w,] €
Tty P(M) and suppose that

wA,H([Ul, w1], [02, IUQ]) =0 (3-96)

for all [va, ws] € Tip 0 P(M).
Firstly, let vy = 0. Plugging the explicit Formula (3.93) into (3.94) we obtain

w(wi 4+ Xaw) (@) + X#(an(o) (), w2) = wa g ([v1, wi], [v2, wa]) =0
for all wy € T, M. Since w is non-degenerate this implies that
wy + XA(vl)(f) + XH(dﬂ-(vl)) ($) =0. (397)

Secondly, let v3 = (7*jx)v; be the horizontal lift of jy d,m(v;) to T, P and let wy = 0.
Plugging (3.93) into (3.94) and using (3.97) and (3.95) we then obtain

0 = —(Fa(vi,v2),u(x)) — Qu(m(p), ) - dvolg (dm(vy), dmr(vs))
+ (14 cam) - p*dvols(vy, va)
—cap - |[dpm(v1)] - |dpm(va)] + (14 cap) - dvoly (dmr(vy), dpm(v2))
= —capy-|dpm(v1)|- |judm(v1)] + (1 + can) - dvoly (d’/T(’Ul),jz d’/T(Ul))
— Jan().
It follows that dmw(v;) = 0, whence v!" = 0. Combining this with (3.97) we obtain
(1, wq] = [vilor, wy + XA(UI)(m)} =0.

Hence o4 g is non-degenerate. |
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3.5.4. Almost complex structure. Let (A, u) be a non-local vortex of class W'
solving equations (2.16). We use the splitting (3.90) of the tangent bundle T'P(M)
induced by A and H to exhibit an almost complex structure g 4,4 7 on P(M) in terms of
the complex structure js; on % and the almost complex structure 7 on M. We emphasize
that the almost complex structure Ig 4.4 1 depends on the vortex (A, u).

First, we note that the complex structure jy, lifts to a G-equivariant complex structure
77*]'2 . TPhor N TPhor

on the horizontal subbundle. We then define an endomorphism Ig 44 of the tangent
bundle T'P(M) by

o aa,m[v, W] = [(W*jz)vhor, Jo(au) (W + Xaw) + Xuarw)) — Xy dw(y))] . (3.98)
More explicitly, for [p,z] € P(M) and [v, w] € T}, P(M) this formula reads
lo a1V, w]
= [(W*J'E>pvh°r> Jo(aup) (W + Xa,0) (%) + Xer(m) (@) = Xugs dw(v»(ff)] :
By the next lemma, this endomorphism is in fact an almost complex structure.
LEMMA 3.5.2. Ig ag u 5 an almost complex structure on P(M).
PROOF. Let [v,w] € TP(M). Then formula (3.98) yields
Baaulv,w] = loaun [(W*jz)vhor, Joaw (W + Xaw) + Xunw)) — Xu(s dﬂ(v))]
= :(W*J'z)%hora Jo(aw (Joaw (W + Xaw) + Xuanw)) = Xu(js drw)
+ Xargpren) + Xnar(jmre) = Xy dn((w*jz>vh°f>>]

= _—Uh°r7 —w — Xaw) — Xun(w) = Joa,u)Xu(s dr(v))

+Jo(aw Xz ar)) = Xn(z dw(v»}

= _—Uh°r7 —w — Xaw) — Xub(drw) — Joa,u X a(s dr(v))
+ ot Xt o) + Xntar(oy |

= — Uhor,w —I—XA(U)}

= —[v,w].

In the third equality we used that A vanishes on horizontal vectors, and in the last
equality we used relation (3.91). g
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3.5.5. Main result. The main result of this section is the following proposition.

PROPOSITION 3.5.3. Fix a real constant E2 > 0 and an E-admissible area form dvoly
on 3. Letp > 2 be a real number, and fix a perturbation datum (©,J,H) € CP, x J x H.

reg
Let (Ap,up) be a smooth non-local vortex solving equations (2.16). Then the following
holds.

(i) The 2-form wa, g defined by (3.94) is a well-defined symplectic form on P(M).
(ii) There exists a constant ¢ > 0 such that the following holds.
For every non-local vortex (A, u) of class WP solving equations (2.16), the
almost complex structures lo aanm and lo a, a0 defined by (3.98) satisfy

| 7oA 5.m — I@,AQ,’&Q,HHcO(Z) <d-[|JA- AUHcO(E) || Joam — J@(Ao,uO)HCO(E)'
There exist constants ¢,c’ > 0, ro > 0, and §,C > 0 such that for all non-local
vortices (A, u) of class WY solving equations (2.16) and satisfying
|A = A
the following holds.

(iii) The almost complex structure Ig aau defined by (3.98) is tamed by the sym-
plectic form wa, m.

(iv) The section t: X — P(M) defined by (3.89) is a (jx, lo.aam)-holomorphic
curve.

HCO(E) <c and [|Joaw — JG(Ao,uo)HCO(E) =c

Denote by (-, ") 1o a0n = Waou(, lo,aamn) the Riemannian metric on P(M) determined
by the symplectic form wa, m and the almost complex structure Ig aam, and recall that
the energy of the curve u: ¥ — P(M) is given by

- 1 9
Elg ap (1) = 5 /2 |du|le,A,H dvolsy;,

where the norm |da|;, is understood with respect to the metric (-, )
and the Kdahler metric on X determined by dvoly, and jx.

(v) The energy of the curve u: ¥ — P(M) and the Yang-Mills-Higgs energy of the
vortex (A,u) are related by

on P(M)

Io Aa,H

o i) <" (EJ@(A, )+ v01(2)>.

(vi) For all zp € ¥ and all 0 < 7 < 19, the curve u: ¥ — P(M) satisfies a mean
value inequality of the form

EI@,A,H (ﬂ/; Br(z())) <9

= |dii(z0)
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3.5.6. Proof of Proposition 3.5.3. Fix areal constant £ > 0 and an E-admissible
area form dvoly on X. Let p > 2 be a real number, and fix a perturbation datum
(©,J,H) € Ct, x J x H. Let (Ap,up) be a non-local vortex solving equations (2.16).

reg

Proof of (i): By assumption, the connection Ay is smooth. Hence the 2-form wa, g
given by formula (3.94) is well-defined. By Lemma 3.5.1 above, it is a symplectic form
on P(M).

Proof of (ii): First of all, by Lemma 3.5.2 above Ig 4,0 and lg 4., g are almost
complex structures on P(M). By assumption, the pair (Ag, ug) is smooth and the pair
(A, u) is of class WP, In particular, Ay and A are of class C° by Rellich’s theorem ([34],
Theorem B.2). Hence it follows from part (i) of the (Regularity) axiom for the regular
classifying map O (see Definition 2.1.3) and formula (3.98) that g a,.a,x and o aun
are both of class C°. The estimate is straightforward from formula (3.98).

Proof of (iii): This is a consequence of the following lemma.

LEMMA 3.5.4. There exists a constant ¢ > 0 such that the following holds. For every
non-local vortex (A,u) of class WP satisfying

A - AOHCO(Z) <c and [|Joaw — JG(AOMO)HC’O(E) sc
the almost complex structure Ig aapm given by (3.98) is tamed by the symplectic form
WAg.H-
PROOF. Suppose that [v,w] € TP(M) such that [v,w] # 0. We have to prove that
waon ([v,w], o aqmv, w]) > 0.

By formula (3.91) we may without loss of generality assume that v is A-horizontal. Then
(3.98) yields

To aamlv,w] = [(7"j5)v, Jo(aumw + Jo(auw X)) — Xu(s @) -
Combining this with (3.93) and (3.94), we then obtain

wAO’H(['U, w], lo aam[v, w])
= UAO,H([U, w], ]@’A{a?H[fU,w]) + (14 capn) -p*dvolg([v,w], ]@7,47117[{[1},21)])
= w(w+ Xaw) + Xnran), Joau + Jouu Xurw) = Xn(s dr)

+ X ao(e (o) + Xb(dn(x=js)))

— (Fao (v, (7 j5)v), ) — Qp dvolg (dr(v), dr((7*j5)v))

+ (1 + cay.n) - dvoly (dﬂ'(U),jg dﬁ(v))
= w(w+ Xagw) + Xnrew)) Joaw® + Jom Xurw) + Xao i)

— (Fa (v, (7*j5)v), p) — Qp dvolg (d7(v), jg dm(v))

+ (1 + cay,m) - dvoly, (de(U),jz dw(v)). (3.99)
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The last three terms on the right-hand side of this equation may be estimated using
inequality (3.95) by
— (Fay(v, (7" js)v), 1) — Qp dvols (dr(v), js dm(v))
+ (1 + cap,i) - dvols (dm(v), js dm(v))
—Cagr - |dm (V)] - [z dm ()] + (1 + cag,n) - [dm(v)[*
|dm(v)]?. (3.100)
In order to estimate the first term in (3.99), we express it in the form
w(w + Xagw) + Xn(anw)) Jocam + Joaw Xanw) + Xao(xjs)v))
= w(w, Joauw) + w(Xa—ao@r() Jounw) + w(Xu@rw), Joauww)
+w(w, Jo(auw X)) + W(X<A Ao(dn(v))s Jo(a u)XH<d7r<v>>)
+w(Xn(arw)): Joaum Xnan@y) + @ (W, X(a-a0) s dr(v)))

AVANLY,

+ W (XA a0)(dr()) X(A-40) iz dr(v))) + W (Xrr(an(v))> X(A-a0) (G dn(v))) -

Here we used that A — Ag is horizontal and hence descends to the base Y, and that
A(v) = 0 since v is A-horizontal by assumption. Now we have

w(w, Joauww) = |w|(2]@(A’u) ;o w(Xar): Joaw Xun(w)) = ’XH(dﬂ(v ’{,@(Am
and

W (Xr(an(w)) Jo(auww) = —w(Jouw, X)) = —w (W, Joauw X(n(w)))-
Moreover, there exists a constant ¢ > 1 (not depending on (A, u)) such that

‘W(X(A_AU)(dﬂ'(v))’ J@(A,U)U})‘ S é ‘dﬂ'(’l])| ’ |w|J@(A w) ’ HA o AOHCO(E)

|w (X (a-ao(an@)s Joam Xu@ewn)| < € ldr(@)* - |4 = Aol cos,
|w(w, X(a—ag) s droy)| < € \dﬂ(v)| : |w|J@(A o A~ AOHCO(E)

| (X (a-a)ar) Xa-agGsaney)| < € (@) [|A - AO”CO(E)

| (Xntanto) X(a-ao)Gs anen) | < € dn(@) - |4 = Ao cos,

Using Young’s inequality we therefore obtain an estimate
|w(w + Xagw) + Xaanw)) Joamw + Joaw Xaanw) + Xap(wis)) |

> Jwlf,, ., — 2 |dr(v)] - |w|J@(A o A=A HCO@)

—2¢ |dr(v) HA AOHCO ¢ |dm(v) HA AOHCO(Z)
1
= |w|J@(A7u)_§|w|J@( —2¢* |dn(v ”A AOHCO(Z)
—2¢ |dm(v) ”A AOHCO(E)
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>1]
—|w
2

=22 |dr(0)” - [|4 = Aol gy - (1+ 14 = Aol o)) -
Combining this with (3.100) it follows from (3.99) that

’2
Jo(aw)

WAy, H ([Uv ’UJ], I@,A,ﬂ,H[U7 w])
1 -
> 2 0l 147 (1= 22 4= Aol gugsy - (1414 = Aol cugs)))-
Hence, setting ¢ := (\/1+1/¢2 —1)/2 > 0, we get

1
WAO’H([’U,w]7l@7A’ﬂ’H['U,w]) > 5 <|w|‘2,®(Ayu) + |d7T(U)|2> >0

whenever
HA N AOHCO(E)
Note that the constant ¢ does not depend on (A, u). O

<ec

Proof of (iv): Since (A, u) is a non-local vortex, assertion (iv) follows from the following
lemma.

LEMMA 3.5.5. Let (A,u) € AY(P)x WIP(P, M) be a pair of class WP, Let
u: X — P(M) be the section associated to u defined by (3.89). If the pair (A, u) satisfies
the equation

O5a0,m ) == (danu+ Jo(au(u) o daguo js) =0,

N —

then '
Ot a1 (0) 1= 5 (A + Toaa.61(3) 0 dito i) =0,
that is, @ is a (jx, lo a.a.m)-holomorphic curve.

PRrROOF. First, we express the derivative of the curve @ in terms of the derivative of
the map u. For z € ¥ and v € T, we have

da(z)(v) = [0, du(p)(0)] = [0, damu(p)(?) = Xpw (u(p))]
for p € P such that 7(p) = 2, where ¢ € T,,P denotes the A-horizontal lift of v. Here we
used the definition
dagu =du+ X4(u) + Xg(u),
and the fact that dqu(p)(0) = du(p)(0) since v is A-horizontal. By assumption, (A, u)
satisfies the equation
da,ru + Jo(au(u) o daguo js = 0.
It follows that
J@(A,u) (U) dA7Hu(f}) = dAVHU((W*jE)ﬁ).
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Using formula (3.98) we therefore obtain
Toa(i) dii(v) = Toa0.(i) [v daru(p)() = Xy (u(p))]
- = m Jotaan () (daru(p)(5) — Xir (u(p)) + Xago(u(p))
X <u<p>>) ~ Xt (u(p))]
= [(739), Joran (@) damu(p)(®) — Xugue (u(p))]
j5)8, g (p) ((7*5)8) = Xtz (u(p) |

(&
= ()5, dulp) (+"5)7)
= du(jsv).

This implies
di+ le aanm(t) odio ju =0,

which proves the lemma. Il

Proof of (v) and (vi): Let (4, u) be a non-local vortex of class W' such that

4= Aoy < ¢ om0 can = Tottoun sy <

where ¢ is the constant of Lemma 3.5.4 above. By Lemma 3.5.4 the symplectic form
wa, n tames the almost complex structure Ig 4.4 7. We shall denote by (-, '>1@7A}ﬂ,H the
Riemannian metric on P(M) determined by wa, x and lg a44. It is given by

(vl ey, .,
= %(WAO,H([Ula wi], Io,a,a,1 V2, wa]) + wag i ([v2, wa], To a5, 1]V, w1]))
for [vy, wy], [ve, wy] € TP(M). The norm associated to this metric is then given by
Hv,w]ﬁ@ﬁﬂﬂ = waen (v, ], Io,aauv, w))

for [v,w] € TP(M). The next lemma relates this norm with the Kahler metric on %
determined by dvoly, and jy and the metric on M determined by w and Jg(4,u)-

LEMMA 3.5.6. Fiz a smooth reference connection Ay € A(P). There exist constants

¢ >0 and Ca, g > 0 such that for all non-local vortices (A, u) of class WP satisfying
HA - AO <c and ||J®(A,u) - J@(AOaUO)HC’O(E) <c

HCO(E)

the following holds.



3.5. VORTICES VS.PSEUDOHOLOMORPHIC MAPS 127

The Riemannian metric (-, )io 4. on P(M) determined by wa,r and Ie aa.n sat-
1sfies the relation

1
§(|d7r ! +\w+XHdM) \JO(M))

2 2
< HU, w |1®,A,a,H < CAO,H . <|d7T(U)| + ‘w + XH(dW(U))}J@(AM))

for all [v,w] € TP(M) such that v is A-horizontal, where m: P — % denotes the bundle
projection.

PROOF. Let [v,w] € TP(M). By formula (3.91) we may without loss of generality
assume that v is A-horizontal. By (3.98) we have

To aaulv,w] = [(T*s)v, Jo(auw + Joauw Xun(w) — X drw)]-
A calculation similar to the one in the proof of Lemma 3.5.4 above yields
. wlly, ., = @+ Xaanwys Jowam (0 + Xuarey))
0 (X(a-ao(ar(), Joram (W + Xnar(w)))
0 (w0 + X (ar(w))s X(a-40) s dr(0)))
+w(Xa- Ao)(dr(v)) X (4-40) (G dn(0)))
— (Fay (v, (7 j5)v), p) — Qp dvols (dr(v), js dm(v))
+ (14 cag,n) - dvoly, (dm(v), js; dm(v))
Recall further from the proof of Lemma 3.5.4 that there exists a constant ¢; > 1 (not
depending on (A, u)) such that

(w + Xt (ae(v))» X (A= A0) (s dn(v))) |

|0 (XA g, Jo(am (W + Xuarw))) |

< ¢ |dm(v) ‘w“‘XHdﬂv) ‘J oA H _AOHCU(E)
and
|w (X (4 A0)dr))s X(A-a0) (s ane)) | < €1 [dm(w)]* - || A = AOHCO(E)
Using Young’s inequality we therefore obtain estimates
|[v,w] ‘ie(A,u),A,a,H >+ Niranto )|ie<A w)
_201\d7r ‘U)‘i‘XH(dﬂ'fu)L]@(A’u) : HA_AOHCO(E)
—C1 |d7T HA AOHCO(E) + |d7T(’U)|2 (3101)
> }w + XH(r(v) |i® awy 9 }w + XH(dﬂ'(v))|2J®(Au)
— 201 ’dﬂ' HA AOHcO(z)
— 201 ’dﬂ' HA AOHcO(E) + |d7T(U)|2
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\w+XHd7r \J( oy T T
— 4¢3 |dm(v) HA AOHCO(E)
and
va\IOAuH =< |w+XH(dw(v \?@W)
—2¢q |dm(v) |w + XH(dr(v)) ‘J@(Ayu) ‘ HA - AOHCO(E)
—¢ |dr ()’ ]|A - A0||CO + (14 2c405) [dr(v)]* (3.102)
< |w+XHd7T(U \J \w+XHd7r >}JO(M)
+2¢3 |d7(v) HA AOHCO(E)
+2¢2 |dr(v)]? - ||A - AOHCO(Z) + (14 2c4,1) |dr(v)[?
< 2\w+XHdM o, (1 2ea00) ldr(0)
+4c} |dr(v)[* - ||A - AOHCO(Z)

Whence there exists a constant Cy, g > 0 (not depending on (A, u)) such that

+ ldr(v) )

Hv,w{IGAuH_Q (‘w_’_XHdW )|J®<A)

and
+ ldr(v)P)

whenever the norm ||A — Ag||co(x) is sufficiently small. Thus, taking c to be the constant
of Lemma 3.5.4 and shrinking it if necessary, the lemma follows. U

Hv,w”i@’Aﬁ’H < Capn - (‘w + XH(dn(w ‘JO(A Y

We now complete the proof of assertions (v) and (vi) of Proposition 3.5.3 by proving
the following lemma.

LEMMA 3.5.7. Fiz a smooth reference connection Ay € A(P), and let Ca,p be the
constant of Lemma 3.5.6. There exist constants rqg > 0 and 6,C > 0 such that for all
non-local vortices (A, u) of class WP satisfying

4 <

HCO(E) <c and HJG)(AM) - JG(AO,UO)HCO(Z) <6

where ¢ is the constant of Lemma 3.5.6, the following holds.

(i) The energy of the curve u: X — P(M) and the Yang-Mills-Higgs energy of the
vortex (A,u) are related by

Eigan(t) < Capn - (EJ@(A, u) + VOI(Z)).
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(ii) For all zyp € ¥ and all 0 < v < rq, the curve 4: X — P(M) satisfies a mean
value inequality of the form

EI(—),A,H (ﬂ; Br(zo)) <0
C
2

— |dﬂ(zo)|§eﬁA’H <

- Erg 4 1 (@ By (20)) + C.

PROOF. We first compare the Yang-Mills-Higgs energy of the vortex (A, u) with the
energy of the curve : ¥ — P(M). For z € ¥ and v € T,3 we have

da(z)(v) = [0, du(p)(0)] = [0, dau(z)(0)] (3.103)

for all p € P such that 7(p) = z, where © € T, P denotes the A-horizontal lift of v. Recall
that

dA,Hu =dsu+ XH(U)

Hence, by Lemma 3.5.6 and formula (3.103) we have an inequality

1 -
5 (0P + ldamu(@)f3,) < Jda@)[;, < Canr - (o + |damu()f3, )

for all v € T'Y, where Uy, p is the constant of Lemma 3.5.6. Rewriting this in terms of
operator norms we therefore get an estimate

1 -2
§(1 + |dA7Hu|?,@> <|daf;, < Can- (1 + |dA7Hu|3@>. (3.104)

Let U C ¥ be an open subset. Recall from [22], Section 2.2, that the energy of the curve
u on U is given by

- 1 N
EI@,A,H (u§ U) = 5 /U \duﬁe,A’H dvols,

and recall from Remark 2.2.5 that the Yang-Mills-Higgs energy of the vortex (A, u) on
U may be expressed as

1

1
E;(AwU) = §/U (5 |dA’Hu|3® + |u(u)|2) dvoly; .
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Proof of (i): We use inequality (3.104) to estimate the energy of the curve @ in terms of
the Yang-Mills-Higgs energy of the vortex (A, u) by

. 1 .
Broan@) = 5 [ Wil}, ,, dvols

S % . / <1 + |dA7Hu|?]®> dVOlZ
pH)

1
= Chap,H /2 (5 |dA7Hu|?,@ + |u(u)|2) dvoly,
C
- St [ (2wl - 1) dvols

< Cagn Ejo(Au) + Cag - / dvols,
b

= Car - (Bso(A,u) + VoI(D)).
This proves (i).

Proof of (ii): Let zp € ¥. By Theorem 3.2.1 there exist constants & > 0, ' > 0 and
R > 0 such that for all 0 < r < R the vortex (A, u) satisfies the a priori estimate

Ejo (A, u; B.(20)) < h
!

1
— §‘dA7Hu(z0)‘i® + |u(u(z0)]” < 5 Buo (A Bi(z0). (3.105)

We set
2
K= H/LHCO(M) = 0.
Note that K is finite by compactness of M. We then define constants 6 and C' by

5::72>0 and C:=4Cy,-(1+C")- (1+K~ sup M),
4 0<r<R 72

where Cy, g is the constant of Lemma 3.5.6. Here B, (2) denotes the closed geodesic

disk in ¥ around zj of radius r, understood with respect to the Kéahler metric determined

by the area for dvoly, and the complex structure jx,. Further, fix a constant 0 < ro < R

such that

h

Vol(B,(z)) < K

for all 0 < r < rg.
Assume now that r < ry and

Erg 4u (@ Br(2)) < 0. (3.106)
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We then obtain from (3.104) the inequality

1

'y ~12
EI@,A,H (u, BT(ZO)) = 5 /B; o) |du|I@!A’H dVOlE
(20

1
1

1

1

v

We have thus proved that
Ejo (A, u; B(20)) <2 Ep (4 B (20)) + K - Vol(B,(z0)).
Hence by (3.106),

Ej, (A,u; Br(zo)) < g + K- Vol(Br(zo)).

Z — (1 + dA,Hu 2 >dVOlE
4 /BT(Z()) ‘ ’J@

1 2 2
_ ! L\l + luw) )dvolz
2 /BT(Zo) (2 Jo

_ _/ (2 pu(u)|® — 1) dvoly
4 Br(zo)

3 Ej (A, u; Br(zo)) - %K . Vol(BT(zo)).

Since r < r( it follows from the definition of ry and the last inequality that

EJ@ <A> U BT(ZO)) < ha

so the a priori estimate (3.105) implies

Combining this with the second inequality in (3.104) we get

1 C’
E‘dA,HU<ZO)’i@ + ‘“(U(Zo))F < ﬁ WO (AU; BT(ZO))'

|dﬁ(2’o)ﬁ@7A’H < Capn (1 + ‘dA:HU(ZO)ﬁfe)

1
<2Cun- (glamtanll, + uuGo)]) + Can

_ 20 Cag
- 2

r

Once again applying inequality (3.107) we obtain

‘dfb(Z()

4C" Cpytr

2
)‘I@,A,H - T2

C .
< i Erga (@ B (20)) + C.

This proves (ii) and finishes the proof of the lemma.

The proof of Proposition 3.5.3 is now complete.

- Ejo (A, 45 Br(20)) + Cap -

“Eloan (ﬂ; Br<ZO>) +2Ca0m (Cl - K

~Vol(B,(2))

r2
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(3.107)

(3.108)

)
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3.6. Proof of Gromov compactness

We are now ready to prove Theorem 3.1.7 on Gromov compactness for vortices. Our
strategy is to adapt the proof of Theorem 5.3.1 on Gromov convergence for pseudoholo-
morphic curves in McDuff and Salamon [22], replacing the statements of Theorem 4.6.1
and Propositions 4.7.1 and 4.7.2 in [22] with the corresponding statements of Theo-
rem 3.4.1 and Proposition A.2.1.

Fix a real constant £ > 0 and an E-admissible area form dvoly on ¥. Let p > 2
be a real number, and fix a perturbation datum (©,J, H) € CL, x J x H. Let n be a
nonnegative integer.

Let (A,,u,,2z,) be a sequence of n-marked non-local vortices solving equations (2.16)
such that the Yang-Mills-Higgs energy satisfies a uniform bound

sup E(A,,u,) < oo.

v

Our goal is to construct a rooted n-labeled tree T' = (V = {0} U Vg, E,A) and a
polystable non-local vortex

(A u,2) = ((4,v0), {tatacvs: {Zaptars: { 2ih1<icn) (3.109)

of combinatorial type T such that the sequence (A,, u,, z,) Gromov converges to (A, u, z)
in the sense of Definition 3.1.5. We shall proceed in nine steps.

Step 1 We fix a root vertex 0 and associate to it the principal component ¥ := .

Step 2 We apply Theorem 3.4.1 to the sequence of non-local vortices (A,,u,). The
conclusion is that there exists a smooth vortex (A, ug), a sequence of gauge transforma-
tions g, € G*?(P), and a finite set Zy = {(y, ..., {x} of bubbling points on ¥y such that,
after passing to a subsequence if necessary,

(i) the sequence g*A, converges to A weakly in the W1P-topology and strongly in
the C%topology on Y;
(ii) the sequence (g*A,, g, u,) converges to (A, ug) strongly in the C'-topology on
compact subsets of ¥ \ Zy;
(iii) for every j € {1,..., N} and every € > 0 such that B.({;) N Zy = {(;} the limit

me(Cj) = Vh_)Igo E(Q:Aw g;luu; BE(CJ))
exists and is a continuous function of ¢, and
m(G) = limmc () > A,

where h is the constant of Theorem 3.2.1;
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(iv) for every compact subset K C ¥, such that Zj is contained in the interior of
K,
N
E(A, Ug; K) + Z m(¢;) = lim E(ngl,, g, tuy; K).

Jj=1

Step 3 We apply Proposition 3.5.3 to the non-local vortex (A, ug). It follows that there
exists a symplectic form wy g and an almost complex structure

I':=1Io aug,H

on the closed manifold P(M) := P xg M such that I is tamed by wa g and the section
ug: 3o — P(M) (see Remark 3.1.1) becomes a (js,, I )-holomorphic curve.

Step 4 After passing to a subsequence if necessary, we apply Proposition 3.5.3 to the
sequence of non-local vortices (g:A,, g, u,).

In fact, by (i) and (ii) in Step 2, after passing to a subsequence if necessary each
element of the sequence (g3 A,, g, 'u,) does satisfy the assumptions of Proposition 3.5.3.
To see this note that it follows from (ii) in Step 2 and the (Continuity) axiom for the
regular classifying map © (see Definition 2.1.3) that Jo( converges to Je(4,u)
in the C°-topology on X.

We thus obtain a sequence of wy g-tame almost complex structures

g,‘jAy,g;lu,,)

Ly =1g g, g7 a0
on P(M) that converges to I strongly in the C°-topology and such that
(v) the curve g, 'u,: ¥y — P(M) is (jx,, I, )-holomorphic for every v;

(vi) the energy of the curve g, 'u, satisfies a uniform bound

sup £y, (g;lu,,) < 00

(vii) there exist constants 1o > 0 and §,C' > 0 (not depending on v) such that for
every v the curve u, satisfies a mean value inequality of the following form.
For all z5 € ¥y and all 0 < r < rq,

Efu (gy_luua BT‘(ZO)) <0

C
- {d(gV_IUV)(ZO)‘i, S ﬁ ’ EIV (gu_luVaBr(z(])) +C

Note that in order to obtain (vi) we used gauge invariance of the Yang-Mills-Higgs energy
and the fact that sup, E(A,,u,) < oo by assumption.
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Step 5 We rephrase assertions (iii) and (iv) in Step 2 above in terms of the energy of
the sequence g, 'u,. More precisely, we claim that

(iii’) for every j € {1,..., N} and every € > 0 such that B.(¢;) N Zy = {¢;} the limit
mL(¢) = lim Ey, (g, uy; B(())
exists and is a continuous function of ¢, and
m'(¢;) := limm(G) = h,
where h is the constant of Theorem 3.2.1;

iv’) for every compact subse C X such that Z; is contained in the interior o
iv’) f y t subset K C X h that Zj i tained in the interior of
K,

N
E(A,up; K) + Y m'(¢)) = lim E(g;A,. g, uy; K).
j=1
To see this, we first note that, after passing to a subsequence if necessary, it follows as
in the proof of Theorem 4.6.1 in [22] that the limit m.(z;) exists and is a continuous
function of ¢, for j = 1,..., N. Assertions (iii’) and (iv’) then follow from assertions (iii)
and (iv) in Step 2 once we have shown that

m'(¢;) =m(¢;) for j=1,..., N,
which we will do now.
To simplify notation, we write 4, := g*A, and @, := ¢, u,. Let j € {1,..., N} and
let ¢ > 0. The Yang-Mills-Higgs energy of the vortex (A, ,@,) on B.(¢;) is given by

A 1
E(Auaﬁzﬁ Be(Cj)) - i/B (C_)|dAV,H7:LV|i@ dvols, +/B (Cl)}/ﬁ(ﬁV”QdVOlEov (3‘110)

and the energy of the curve 4, : ¥y — P(M) on B.({;) is given by
. 1 .

B (i B(6)) =5 [ |a

Bs(Cj)

It follows from (3.103) in the proof of Lemma 3.5.7 and estimates (3.101) and (3.102) in
the proof of Lemma 3.5.6 that there exists a constant ¢ > 0 (not depending on (A,, 4,)
such that

, dvoly, . (3.111)

~—

it ()]}, < s, @(9) + Xag| 5, +2¢ ol - [da,a0(8) + Xuwl 5, - |4 = All cogs

+2¢ [u* - ||A, - AHQCO(EO) + (14 2cam) o)
and

mam@+xmm;zmmwﬁ+%mwm&m@+xmv A, — All o

)‘J@ } o)

20 ol 1Ay = Alfagg,y + ol
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for v € T>, where © € TP denotes the A,-horizontal lift of v. By Young’s inequality,
we have

2¢ |v] - |d g @, (D) +XH(U)‘J@ : ||,21,, - AHCO(EO) <c v
+c ‘dfiyav(ﬁ) + XH(U)}QJ@ ' HAV - AHZ’O(EO)'
Hence, passing to operator norms we obtain inequalities

2
Jo

|di,

2 N
<
1o < [diy

<A gl AR and |dg g, P ¥R, (3.112)

where we abbreviate

2
Jo

A, — AHZ,O(EO) + 2c

R, =c+2cppg+c ‘dAy,HaV A, - A“QCO(Eo)’

Now we have

N 9 .,
/Bs(Cj) f, dvoly, = 2¢ ||AV - AHCO(ED) . /Bg(g )’dAV,Huu’J@ dvoly,

J

+ (e 2eam +2¢||4y — All2ag,, ) - VoLBL(G))-

Taking the limit v — oo, we get

lim R, dvols, = (c+2cag) - Vol(B.((;)).

veo Be (CJ)

Here we used that A, converges to A strongly in the C°-topology on Yy by (i) in Step 2
above, and that

.2
sup/B . ‘dAWHuZ,‘J@ dvoly, < 00

v

since sup,, E(A,,,&,,) < o0 by assumption. Combining the above limit with (3.112),
(3.110) and (3.111) we conclude that

1
me(¢;) = lim = |dg | dvols, + lim |u(@,)|* dvols,
v=002 Jp. ;) 7 © v= /B (¢;)
.1 2 2
< lim 5 ‘duu ; dvols, —|—<c+ 2¢ap + H“HCO(M)> .Vol(Ba(Cj))
vee 2 JBL(¢) Y

= ml(G)+ (e 2eam + [l ) - VOU(BoG)
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and
1
mi(G) = Jim o | . )\day . dvoly,
e\&y
. ~ 12 . ~ 2
< lim o | |dj, |, dvols, + lim | |pu(a,)|” dvols,
Be(&5) Be(¢;)

+(c+2cam) - Vol(B:(g))
= m.(¢) + (c+2cam) - Vol(B:(()).

Finally letting ¢ — 0, we thus obtain

m(¢) <m'(¢;) and  m'(¢) < m(¢).
Whence m/(¢;) = m((;). This finishes the proof of assertions (iii’) and (iv’).

Step 6 We prove that the sequence of n-marked I,-holomorphic curves (g, 'u,,z,)
Gromov converges to a stable map (u, z) of combinatorial type T'= (V = {0} U Vs, E, A)
in the sense of Definition 5.2.1 in [22], with the only exception that

(viii) we assume that X is of arbitrary genus but does not admit any automorphisms
other than the identity.

We claim that the proof is the same as the proof of Theorem 5.3.1 in [22], except
for the modification (viii). In fact, the proof of Theorem 5.3.1 in [22] is based on
Theorem 4.6.1 and Propositions 4.7.1 and 4.7.2 in [22]. Therefore, all we need to do
is to replace the statements of Theorem 4.6.1 with the corresponding statements (i),
(ii), (iii’) and (iv’) above, and the statements of Propositions 4.7.1 and 4.7.2 with the
corresponding statements of Proposition A.2.1, applied to the sequence of I,-holomorphic
curves g, 'u,. We shall appeal to Proposition A.2.1 in the following situation. We take
(see Step 4)

e the closed symplectic manifold (M, w) to be the manifold (P(M),wa n);

e the almost complex structures I, and I on M to be the almost complex struc-
tures [, and I on P(M), respectively;

e the sequence of I,-holomorphic curves u, to be the sequence of I,,-holomorphic
curves

g, tu, s Yo — P(M).
Note that it follows from (ii), (iii’) and Step 4 that the assumptions of Proposition A.2.1
are indeed satisfied by the sequence of I,-holomorphic curves g, 'u,.
So the proof of Theorem 5.3.1 in [22] carries over except for the modification (viii).
In our case the principal component ¥y will be a distinguished component of the stable

map u. As a consequence, we have to modify the base step in the induction argument
in the proof of Theorem 5.3.1 in [22] (see p. 119 in [22]) in the following way.
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We define the set Z; in [22] to be the set

Zy =2y =1{C,- -, (N}
of bubbling points on the principal component ¥, obtained in Step 2. Then

e there exists a positive real number r such that B,((;) N Z; = {(;} for each
7=1,...,N;

e there exist holomorphic disks ¢;: C D B — B,((;) such that ¢;(0) = ¢; for
each 7 =1,..., N, where B denotes the closed unit disk.

Moreover, we define the sequence of automorphisms ¢} of C in [22] to be trivial, that is,
gbq = ld(c

for all v. Then it follows from Assertion (ii) above that, for every j = 1,..., N, the
sequence

(6 ) 0 @5 = (9, w,) 0 9 0 & B — P(M) (3.113)
converges to
upo@;: B— P(M)

strongly in the C*°-topology on every compact subset of the punctured disk B\ {0}.
Hence we may apply Proposition A.2.1 to the sequence of I,-holomorphic curves (3.113),
for j € {1,...,N}. This shows that the inductive step of the proof of Theorem 5.3.1
in [22] is valid for the sequence of curves (3.113).

It follows that the sequence (g, 'u,,z,) Gromov converges to a stable map

(ua Z) = (u07 {ua}a€V57 {Zaﬁ}aEﬁ7 {aia Zi}lgign)

of combinatorial type T' = (V = {0} U Vs, £, A). This stable map has a distinguished
principal component ¥y corresponding to the root vertex 0 of the tree T'.

Step 7 We define the polystable vortex (3.109) to be the polystable vortex that consists
of the vortex (A, ug) on the principal component ¥y obtained in Step 2 and the stable
map (u,z) obtained in Step 6.

Step 8 It follows from the convergence of (g5A,,u,'u,) against (A,u) proved in (i)
and (ii) in Step 2 and from Gromov convergence of the sequence (g, 'u,,z,) against the
stable curve (u,z) proved in Step 6, that the sequence of marked vortices (A,,u,,z,)
Gromov converges against the polystable vortex (3.109) in the sense of Definition 3.1.5,
with the only exception that the (Energy) axiom in this definition remains to be verified.
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Step 9 We check that the (Energy) axiom in Definition 3.1.5 is also satisfied. In
fact, since (g, 'u,,z,) Gromov converges against the stable map (u,z) it follows from
Definition 5.2.1 in [22] that

Z Er(uy) = moa(u) = lim lim Ey, (g, u; B:(200))

e—0v—o00
Y S TOa

for every a € Vi such that 0E«a. Here we used that u§ = (g, 'u,) o ¢ = g, 'u,. On the
other hand, we know from (iv’) in Step 5 that

E(A, ug) + Z lim lim By, (g, 'w,; B-(20a)) = Vh_)Igo E(g,A,, 9, w).

e—0v—o0

aeVs,0FEa
Hence by gauge invariance of the Yang-Mills-Higgs energy we get
lim E(A,,u,) = E(A,uo) Z Er(ug).
V—00 Vs

Now we see from the definition of the almost complex structure I := Ig 44,z on P(M)
in (3.98) in Section 3.5 that I and Jo(au,) agree on the fibers of P(Af). Since the
curve u, maps into the fiber P(M),, over the bubbling point zy, € X, it thus follows
that Er(ua) = Ejg s .., (z0a) (Ua). We conclude that

lim E(A,,u,) = E(A, u) + Y Elgung o) (ta) = E(A,0).
aeVg

This proves the (Energy) axiom.

Thus we conclude that, after passing to a subsequence if necessary, the sequence of
n-marked vortices (A,,u,,z,) Gromov converges to the polystable vortex (3.109) in the
sense of Definition 3.1.5.

The proof of Theorem 3.1.7 is now complete.



CHAPTER 4
Moduli spaces and transversality

In this chapter we study the moduli space of polystable non-local vortices. We first
prove a Fredholm theorem for the linearized non-local vortex equations, in Section 4.1.
Next, in Section 4.2 we consider the moduli space of irreducible non-local vortices and
prove that this moduli space is an oriented finite-dimensional manifold for generic J
and H. Our proof is adapted from Cieliebak et. el. [3]. In Section 4.3 we finally define the
moduli space of simple polystable non-local vortices and prove that its strata are oriented
finite dimensional manifolds of the expected dimension for generic J and H. Note that
we have to restrict to simple polystable vortices in order to obtain transversality. Here
we follow the approach to the definition of the moduli space of pseudoholomorphic curves
due to McDuff and Salamon [22].

4.1. Fredholm theory for non-local vortices

The aim of this section is to provide a Fredholm theorem for non-local vortices. Our
argument follows the lines of Section 4.2 in Cieliebak et. el. [3].

4.1.1. The linearized non-local vortex equations. Fix a real constant £ > 0,
an F-admissible area form dvoly, on X, a real number p > 2 and a positive integer k. We
denote by A*P(P) the space of connections on P of class WP, and by W*?(P, M)% the
space of G-equivariant maps u: P — M of class WP (see [34], Appendices A and B for
details on these spaces). Following the approach of Cieliebak et.el. [3], Section 4.2, we
consider the Banach manifold

B¥? = B*P(P, M; E, dvoly) = {(Au) € AbP(PY x WhP (P, M)¢ } u satisfies (2.1)}.

The group G¥*1P(P) of gauge transformations of P of class W 1P acts on this space by
formula (2.2) from the right (see [34], Lemmata A.6 and B.3 for details). The tangent
space of B*P at (A, u) € B*? is given by

TiauB"? =W (S, T*S @ P(g)) @ W (S, E,),  E,=u"TM/G.

Fix a perturbation datum (0, J) € Cl, X J. As in Remark 2.2.1, the G-equivariant fam-
ily of almost complex structures Jo(au): P — J(M,w) determines a complex structure
on the vector bundle £, — .

139
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We define a vector bundle EF 1P = Sﬁe_l’p — B*P with fibers given by

gf/;iv)p =W (S A TS e EB,) o WP (S, A’T*S @ P(g)),

Jo(a )
where P(g) := P Xg g denotes the adjoint bundle. The action of the group of gauge
transformations G¥+1P(P) on B*? lifts to an action on this bundle.
Fix a positive integer ¢ and denote by H* := C4(X, T*Y ® C*(M)Y) the space of
Hamiltonian perturbations of class C* (see Section 2.2.2). For H € H’ consider the
GF+LP(P)-equivariant section

fJ’QHi Bk’p — gkil’p
given by
Fron(Au) = <(A, u),a;,A@’H(u), Fa+ p(u) dV012>.
Note that the operators defining this section are precisely the operators appearing on
the left-hand side of the perturbed non-local vortex equations (2.16). Thus a pair (A, u)
solves equations (2.16) if and only if Fje g (A, u) = 0.
Consider the augmented vertical derivative

k— ) )
Dau: TiawB — &1, 7 @ W (3, P(g)) (4.1)
of the section F;eo i at a zero (A, u). It is given in explicit terms by
a DAa + Du§
Dau (€> = | daa + dp(u)é dvoly | . (4.2)
—dja+ L3¢

Let us explain this operator in more detail. The first component on the right-hand side
of (4.2) is defined as follows. The operator

Da: WHP(S,T"S @ P(g)) — WP (S,A% | TS @ E,) (4.3)
is obtained by linearizing the Cauchy-Riemann operator
_ 1 .
dsa0,u(u) = 3 (da,mu+ Jo(aw(u) o daguo jx)

with respect to A. It is given in explicit terms by the formula

1
Dya = (L,a)"" — §J9(A,u)<u> (d@(A,u)J (da,uO(a, 0))) O0a0.u(u),
where .
(Lua)o,l = 5 (Luoz + J@(A,u) (u) oL,xo ]E)

is the complex antilinear part of the 1-form L,a € W*1P(S, T*Y ® E,,). Here we denote
by L,: g — T,M the infinitesimal action of G on M at the point x € M. Moreover, the
operator

d(A,u)G): T‘(A,u)lgk_1 - Wk_Lp (P, T@(A,u)EGN)Gv (Oé, 5) = d(A,u)@(O'/7 6)
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is the derivative at (A, u) of the regular classifying map ©: B*? — Wkr(P, EGN)Y, and
the operator
d@(A’u)J: T@(AM)EGN — TJ(M, w)

is the derivative at © (4, of the G-equivariant family J: EGY — J(M,w) of almost
complex structures on M. Recall at this point that the tangent space T, J(M,w) at

an almost complex structure J, € J(M,w), e € EGY, consists of all those sections
Y € Q%M,End(TM)) that satisfy

YJ+J.Y =0 and w(Yv,w)+w(v,Yw)=0.
Lastly, the operator

1 .
Osa0,m(u) = 3 (da,ru — Joauw(w) o dayuo js)
is the complex linear part of the derivative d4 yu. Likewise, the operator

D,: WkP(S,E,) - WP (A TS ® E,) (4.4)

Jo(au)

is obtained by linearizing the Cauchy-Riemann operator 0 s.A.0.1(u) with respect to u,
and is given in explicit terms by the formula

1
D, €= (Vagé&)™ — §J®(A,u) (u) <V§J@(A,u) + do(auJ (diawO(0, 5))) Osa0.uu).

We see from this formula that the operator (4.4) is a real linear Cauchy-Riemann operator
in the sense of McDuff and Salamon [22], Definition C.1.5. Here the operator

(Vau&) = %(VA,Hf + Jo(aw (u) o Vaué o jy)
denotes the complex antilinear part of the 1-form
Vanué = VE+VeXan(u),
where the 1-form X, y: TP — Vect(M,w) is given by
Xan () = Xaw) + Xy,
for v € T,,P.
The operator
da 4 dp(u) dvols : Tia B — WP (S @ A* TS, P(g))
(o, &) — daa + dp(u)é dvols

in the second component on the right-hand side of (4.2) is obtained by linearizing the
operator

Fa+ p(u) dvols: BM? — WF P (S g A*T*S, P(g))
(see [3], Section 4.2, formula (23) for details).



142 4. MODULI SPACES AND TRANSVERSALITY

The augmentation operator
—dy Ly TawB — WHP(S,P(g)),  (,€) = —dja+ L€

in the third component on the right-hand side of (4.2) is introduced for gauge fixing (see
[3], Section 4.2, formula (23) for details). It imposes an additional local slice condition
on the action of the group of gauge transformations G¥*1?(P) on B*?. Here we denote
by L} : T,M — g the adjoint of the infinitesimal action of G on M at the point z € M.

4.1.2. Main result. The main result of this section is the following proposition.

PROPOSITION 4.1.1. Fix a real constant E > 0 and an E-admissible area form dvoly
on¥. Letp > 2 be a real number, and fix a perturbation datum (©,J, H) € CP, x J x H*

reg

for some positive integer £. Then the operator (4.1) is Fredholm for every pair (A,u) €
BEP. Its (real) index is given by

indDy, = 2(d1mM—2d1mG) —|—2<c1 (TM), [u] >,

where x(X) denotes the Euler characteristic of the surface 3, ¢¢(TM) denotes the equi-
variant first Chern class of the tangent bundle of M, and [u|® denotes the equivariant
degree of the map u.

PROOF. The proof is adapted from the proof of Proposition 4.6 in Cieliebak et. al. [3].
Let us consider the operator

WHP (S, T*S @ P(g)) — W*'?(3, P(g)) @ WP (S ® A*T*S, P(g))
a— (dha, daa)
first. It is Fredholm of index

(4.5)

—dim G - x(X).
By the Riemann-Roch theorem ([22], Them. C.1.10) the real linear Cauchy-Riemann
operator (4.4) is Fredholm of index
1
ind Dy, = 5 dim X - x(2) + 2 (c1(E.), [Z]),

where
(B[S = (T, x5 [5)
= (ug ey TM) % [2])
= (F(TM),uS 75 [E]) = (7' (TM), [u]).

We see from (4.2) that the operator (4.1) is a compact perturbation of the direct sum
of the Fredholm operators (4.5) and (4.4). In fact, the operator (4.3) and the operators
du(u) dvoly and L¥ are compact since they factor through the inclusion W*? — Ck-1
which is compact by Rellich’s theorem ([34], Thm. B.2). Here we used that the derivative

d(Ayu)@Z T(Am)Bk_l’p — Wk_l’p<P, T@(A,U)EGN)G
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is bounded by part (iii) of the (Regularity) axiom for the regular classifying map © (see
Definition 2.1.3).

Summing up we conclude that the operator (4.1) is Fredholm and its index is given
by the sum of the indices of the operators (4.5) and (4.4) ([22], Thm. A.1.5). O

4.1.3. The adjoint operator. The aim of this subsection is to provide the technical
Lemma 4.1.2 below. We begin by considering the formal L2-adjoint

Dl g(ljl’p ® WP (3, P(g)) — T(awmB*" (4.6)

7u)
of the operator (4.1). It is given by the formula

n * *
. _ ([ Din+dyo—day
,DA;u z - <DZ77+<]Lu*¢+Lu77Z) ) (47)

where * denotes the Hodge star operator determined by the area form dvoly, on 3.
Following the terminology in [3], Section 4.1, a pair (A, u) € AY(P) x WLP(P, M)%
is called regular if the infinitesimal action

W (S, Plg)) — W (SIS 0 Plg) & W (S0 TM/G), ¥ — (—dat, L)

of the group of gauge transformations G*?(P) at (A,u) is injective. Here L,: g — T, M
denotes the infinitesimal action of G on M at the point x € M.

We may now state the technical lemma, which is a straightforward generalization of
Proposition 4.8 (i) in [3].

LEMMA 4.1.2. If (A,u) is a regqular solution of the vortex equations (2.16), then
D} .(n,0,9) = 0 implies 1 = 0.

PRrOOF. The proof is adapted from Cieliebak et. al. [3], Section 4.2. Let (A, u) be a
regular solution of the vortex equations (2.16). We begin with the following

CLAIM. D D}, (0, ¢,9) = (71, ¢, %), where ¢ = % dap + L Lyi).
Proor or CrLAIM. First of all; it follows from a straightforward computation that

Dau D0, 6, 0) = (i1, 6,7),

where

v = —d4(Din+ diyd — davp) + Li(Din+ JLy*¢ + L)
= dydav+ L Ly —dy Diyn + Ly, Din + [xFa + p(u), ).
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By the first vortex equation (2.16), we have
—d Dy + LiDin = 0.
In fact, as we have seen above, the operator (A, u) + 0740 x(u) is a G>P( P)-equivariant

section of the vector bundle over B¥? with fibers W*=17(2 A% T*S @ E,). Thus its

Jo(aw)
vertical derivative at (A, u), given by the operator («,&) — Daa + D,&, vanishes on
the infinitesimal action of any gauge transformation v € Q°(X, P(g)) at (A, u), given by
<_ dva Luw)v that iS,

—Dadyyy + DLy = 0.
It follows that

(—dy Din+ LiDin, ) = (n,—Dadat + D, L,y) = 0

for every n € Qg@l (X, Ey,), whence — d’y Diin+ L% Din = 0. By the second vortex equation
(2.16), we have

[«Fa + p(u), x¢] = 0.
This proves the Claim. U

Suppose now that D} ,(n, ,1) = 0. By the above Claim, if follows that
whence

|dat|” + | Lut|” = (dat, datd) + (Luth, L) = (A% dat) + LELb,00) = 0.

This implies datp = L, = 0, so regularity of (A,u) yields ¢» = 0. The lemma is
proved. Il

4.2. Irreducible non-local vortices

The goal of this section is introduce the moduli space of irreducible non-local vortices.
We prove that, for generic Hamiltonian perturbations, this moduli space carries the
structure of an oriented finite-dimensional manifold. Our arguments are adpated from
the definition of the moduli space of irreducible vortices in Cieliebak et. al. [3], Section 4.1.

4.2.1. Irreducible vortices. We begin by recalling from Cieliebak et. al. [3], Sec-
tion 4.1, the notion of irreducible vortices. Fix a real number p > 2. A pair (A,u) €
AYP(P) x WLP(P, M) is called irreducible if there exists a point py € P such that the
following holds.

(i) Guge) = {1}, where 1 € G denotes the unit element;
(i) im Ly(py) Nim I Lygpy) = {0} for every almost complex structure I € J(M,w).
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4.2.2. Regular area forms. We introduce a regularity condition for area forms
on Y, which sharpens the admissibility condition of Definition 2.1.1. By definition, this
condition implies that all non-local vortices are irreducible in the sense of Section 4.2.1.
It will later play a central role in the proof of transversality for polystable non-local
vortices in Section 4.3.

DEFINITION 4.2.1 (Regular area forms). Fix a real constant £ > 0. An area form

dvoly, on ¥ is called E-regular if it is F-admissible and all elements of the configuration
space BY"?(P, M; E, dvoly) are irreducible.

The next lemma ensures that E-regular area forms always exist.

LEMMA 4.2.2. For every real constant EE > 0 there exists an E-reqular area form
dvols; on X.

PROOF. The proof is similar to the proof of Lemma 4.2 in Cieliebak et. al. [3]. U

4.2.3. Moduli space. In this subsection, we introduce the moduli space of non-
local vortices. Fix a class B € HSY(M;Z) in the integral equivariant homology of M.
Firstly, the class B descends to a class b € Hy(BG;Z), which in turn determines an
isomorphism class of principal G-bundles over ¥ such that the characteristic class of
these bundles agrees with b (see [4], Prop. 2.1 for details). Let us fix a principal G-bundle
m: P — Y with characteristic class b. Secondly, we denote the equivariant symplectic
area of the class B by

Ep = <[w — )€, B>.
Here w — i denotes the equivariant symplectic form (see [16] for details). Let us fix an
FEp-admissible area form dvoly, on X.

Let £ be a positive integer. Recall the notation H’ := C4(X, T*Y ® C*°(M)%). Given

a perturbation datum (0, J, H) € CE,, x J x H*, we denote by

reg

M(P, M; B, dvoly; ©, J, H)
the space of all vortices (A,u) € BY?(P, M; Ep,dvols) of degree B (see Section 2.2.4)
that solve the perturbed non-local vortex equations (2.16), and by

M*(P, M; B, dvols;; ©, J, H)
the subspace of irreducible vortices. The group of gauge transformations G>?(P) acts on
both spaces by (2.2). The quotient

M(P,M; B, dvols; 0, J, H) := M(P, M; B,dvoly; ©, J, H)/G*?(P)

is called the moduli space of vortices of degree B. Its subspace of irreducible vortices
is denoted by

—

M* (P, M; B, dvols; ©, J, H) := M*(P,M; B,dvols; 0, J, H) /G*!(P).

Note that these two moduli spaces agree whenever the area form dvoly is Fg-regular
(see Definition 4.2.1).
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4.2.4. Regular Hamiltonian perturbations. Fix an FEp-admissible area form
dvoly; on ¥ and a perturbation datum (0, J, H) € Ck, x J x H. Following the termi-
nology in [3], Definition 4.9, the Hamiltonian perturbation H is called regular for the
quadruple (dvoly, ©, J, B) if the augmented vertical derivative Dy, (see Section 4.1.1)
is surjective for every irreducible vortex (A, u) € .K/lv*(P, X; B,dvoly; O, J, H). We shall
denote by

Hyeg(dvols; ©, J; B) C'H

the set of Hamiltonian perturbations such that H is regular for (dvoly, ©, J, B).

4.2.5. Main result. We are now in a position to state the main result of this
section in Theorem 4.2.3 below. This theorem generalizes Theorems 4.10 (i) and 5.1 (ii)
in Cieliebak et. al. [3] to the non-local case.

Fix an equivariant homology class B € HS'(M;Z) and let Eg = {[w — u]%, B) be the
equivariant symplectic area of B. Fix an Eg-admissible area form dvoly, on ¥ and a real
number p > 2. Recall from Section 2.1.1 the definition of the configuration space

B'" := B"P(P,M; Eg,dvoly) := {(A4,u) € A"P(P) x W"P(P,M)% | u satisfies (2.1)}

of pairs (A, u) of class W' satisfying the taming condition (2.1). Note that this space is
a smooth Banach manifold. By Lemma 2.1.2, the group G*? := G*?(P) of gauge trans-
formations acts freely on B'?, and the quotient B /G*? is a smooth Banach manifold.

THEOREM 4.2.3. Fir a class B € HS(M;Z) and let Ep = ([w — p|%, B). Fiz an
Ep-admissible area form dvoly on X, a real number p > 2, and a perturbation datum

(©,,H)eCr, xJ xH.

reg

i) If H € Hyep(dvols; ©,J; B), then the moduli space
g
M*(P,M; B,dvoly; 0, J, H)

is an oriented smooth submanifold of BY?/G*P of (real) dimension
1
5(dimM —2dimG) - x(Z) +2( (T M), B),

where x(X) denotes the Euler characteristic of the surface ¥ and (T M) is
the equivariant first Chern class of the tangent bundle of M.
(i) The set Hyeg(dvols; O, J; B) is a countable intersection of open and dense sub-

sets of 'H.

The proof of Theorem 4.2.3 will occupy the remainder of this section. It is adapted
from the proofs of Theorems 4.10 (i) and 5.1 (ii) in Cieliebak et. al. [3] and from the proof
of Theorem 3.1.5 in McDuff and Salamon [22].

Let us fix a class B € HJ(M;Z) and let Ep := {[w — p|% B). Fix moreover an
Ep-admissible area form dvoly on X, a real number p > 2, and a perturbation datum
(©,J,H) eCt, xJ xH.

reg
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4.2.6. Proof of Theorem 4.2.3 (i). Let H € H be a regular Hamiltonian pertur-
bation. Recall from Section 4.1.1 that we have a smooth Banach vector bundle £¥ — B'?.
An irreducible pair (A, u) is contained in the space M*(P, M; B,dvoly;©, J, H) if and
only if it is a zero of the G*P-equivariant section

fJ,QHZ Bl’p — (‘:p, fj,@J{(A, u) = ((A, u),gif;,@,g(u), FA + u(u) dVOlg).

This section is a smooth map between smooth Banach manifolds. The subset B* of
irreducible pairs in B is an open smooth Banach submanifold. We therefore have

M*(P,M; B, dvoly; ©, J, H) = Fg ', 4(0) N B*.

Recall from Section 4.1.1 that the augmented vertical derivative of the section Fg jp at
a zero (A, u) is given by the operator

DA,u: T(A,u)BLp - 5€A7u) G WP (27 P(g))

Since H is regular, this operator is surjective (see Section 4.2.4). By Proposition 4.1.1
it is Fredholm of (real) index

%(dimM —2dimG) - x(Z) +2({(T M), B).
Hence it has a right inverse by [22], Lemma A.3.6. It thus follows from the infinite di-
mensional implicit function theorem ([22], Thm. A.3.3) that M*(P, M; B, dvols; ©, J, H)
is a smooth submanifold of the Banach manifold B'?/G%? of the claimed dimension (see
[22], proof of Theorem 3.1.5 (i), for further details).

The manifold M*(P, M; B, dvols; ©, J, H) carries a natural orientation. The proof
of this fact is the same as the proof of Proposition 4.13 in [3].

This proves part (i) of Theorem 4.2.3.

4.2.7. Universal moduli space. The proof of part (ii) of Theorem 4.2.3 is based on
the following proposition. Recall that H* := C*(X, T*X ® C*(M)%) denotes the Banach
space of Hamiltonian perturbations of class C*, for any positive integer £. Consider the
space

M*(B,J;He) = {(A,u, H) ‘ (A u) € M*(P,X;B,dvolg;@,J, H) and H € He}

consisting of all triples (A, u, H), where (A, u) is an irreducible perturbed non-local vortex
of degree B and the Hamiltonian perturbation H varies over the space H’. This space
is invariant under the action of the group of gauge transformations G*?(P). Passing to
the quotient we obtain the universal moduli space

M (B, J;H') := M*(B, J; H') JG**(P) = M*(P, X; B, dvoly; ©, J, H) x Hr.
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PROPOSITION 4.2.4. For every real number p > 2 and every integer { > 4, the univer-
sal moduli space M*(B, J; H) is a separable C*~1-Banach submanifold of B /G*P x HE.

PrROOF. The proof is adapted from the proofs of Theorem 4.10 (i) in Cieliebak
et.al. [3] and Proposition 3.2.1 in McDuff and Salamon [22]. Fix an almost complex
structure J € J. Consider the C*~'-Banach space bundle

=& - B"YoH
with fibers given by
E sy =L (ZAL | T'E@E,) & LP(3,N* TS © P(g)), E,:=uTM/G

Jo(au)

(see [22], Section 3.2 for details on the Banach manifold structure on this bundle). The
action of the group of gauge transformations G2 on B*? lifts to an action on this bundle.
Consider the G*P-equivariant section

Fro: B?P o H — &P
given by
Fro(Au, H) = ((A, u, H),0510n 1), Fa+ pu(u) dvolg).

This section is a map of class C*~! between C*~'-Banach manifolds. Its augmented
vertical derivative

Dawn: TiawB™” & Ty — &, @ LF(X, P(g))

at a zero (A, u, H) is given by

a (X))
Dawir | € | = Dau (2‘) + 0 . (4.8)
A 0

It is a map of class C*~! between Banach spaces. Here D, is the augmented vertical
derivative (4.1) of the section Fe g at a zero (A4, u) introduced in Section 4.1, and

1 .
(X () = 3 (X0) + Jogan(u) o X () 0 )
denotes the complex antilinear part of the 1-form X (u) € CYX, T*X ® E,,). Note that
the tangent space of H® at H is given by TyH* = CY(X,T*X @ C*°(P, M)).

A triple (A,u, H) is contained in the space M*(B,J;H") if and only if (A,u) is
irreducible and Fg j(A,u, H) = 0. Recall from Section 4.2.1 that irreducibility of pairs
is an open condition. Thus the assertion of the proposition will follow from the infinite
dimensional implicit function theorem ([22], Thm. A.3.3) once we have shown that the
augmented vertical derivative Dy, g is surjective and has a right inverse for every triple

(A,u, H) € M*(B, J; H").
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We prove that the operator Dy, g is surjective: Formula (4.8) shows that the oper-
ator Dy, g is a compact perturbation of the operator Dy,. By Proposition 4.1.1, the
operator D4, is Fredholm. Hence it follows that the operator Dy, g is Fredholm as well
([22], Thm. A.1.5). In particular, it has a closed image. In order to prove surjectivity it
will therefore suffice to show that the image of Dy, g is dense.

Assume for contradiction that the image of Dy, y were not dense. Let ¢ be a real
number such that 1/p + 1/¢ = 1. Then, by the Hahn-Banach theorem, there exists a
nonzero triple

(.6, 0) € LY(S,AY , TS ® E,) @ LS, A°T"S @ P(g)) © L(%, P(g))

that is L?-orthogonal to the image of the operator Dy, g. We see from formula (4.8)
that the image of the operator D4, is contained in the image of the operator Dy, m.
Hence the triple (1, ¢,v) is L?-orthogonal to the image of the operator Dy4,. This has
two consequences. Firstly, by Proposition 2.2.8 we may assume without loss of generality
that the vortex (A,u) is of class W*?. Hence it follows from standard elliptic operator
theory ([22], Thm C.2.3) that (1, ¢, %) is of class W*? and

D3y u(n,0,9) = 0. (4.9)

Secondly, we have

/2<777XF1(U)> dvoly =0 (4.10)

for every H € H'.

By irreducibility of (A,u) there exists a point py € P and an open G-invariant
neighborhood U = U(py) C P such that

Gu(p) = {1} and imLu(p) N imJLu(p) = {O}
for all p € U, where 1 € GG denotes the unit element. We claim that this implies that
(777 ¢7 ¢) =0,

contradicting our assumption. In fact, it follows from formula (4.10) that n(p) = 0 for
all p € U. A proof of this may be found in the proof of Theorem 4.10 (i) in Cieliebak
et. al. [3], and this proof still applies in our case after replacing the family of almost com-
plex structures J: ¥ — Jg(M,w) by the family Jouu: P — J(M,w). Furthermore,
by Lemma 4.1.2 it follows from (4.9) that ¢» = 0. Combining formulas (4.7) and (4.9) we
therefore conclude that Ly)¢ = 0 for all p € U. Since G,y = {1} this implies ¢(p) = 0
for all p € U. We have thus proved that n and ¢ vanish simultaneously on some open
subset of P. Since

Dz,u(na Qb, 0) =0

by (4.9) it follows by unique continuation for first order elliptic operators (see McDuff
and Salamon [22], Section 2.3 and Remark 3.2.3 for details) that n =0 and ¢ = 0.
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We prove that the operator D4, g has a right inverse: This is an immediate con-
sequence of Lemma A.3.6 in McDuff and Salamon [22] since D4, g is Fredholm and
surjective by the above.

Thus the infinite dimensional implicit function theorem implies that M*(B, J; H*)
is a C*~!-Banach submanifold of B'*/G*? x H*. It is separable since B'?/G*P x H* has
this property. This proves Proposition 4.2.4. Il

4.2.8. Proof of Theorem 4.2.3 (ii). We are now ready for the proof of part (ii)
of Theorem 4.2.3. Recall from Section 4.1.1 the definition of the G?*P-equivariant section

From: B = &, Fron(Adu) = ((A,u),0540,(w), Fa+ ulu) dvols )
and of the augmented vertical derivative
Daw: TawB" — &y © WP (2, P(g))
of Fje.un at the zero (A, ). Denote by
erg = {H cH* | D4, is surjective for all (A, u) € ./T/l/*(P, M:; B, dvoly; ©, J, H)}

the set of all Hamiltonian perturbations of class C* such that (J, H) is regular.
The proof is in two steps.

Step 1 We prove that the set erg is a countable intersection of open and dense subsets

of H* for ¢ sufficiently large.

Let ¢ > 4. Fix an almost complex structure J € J, and consider the canonical
projection
P: M*(B,J;H') — H".
By Proposition 4.2.4, this map is a C*~'-map between separable C*~'-Banach manifolds.
Fix an element ([4,u], H) € M*(B,J;H’) and consider the derivative

dau.mP: Tipaw,mM* (B, J;HY) — TyH".

CrAM. The derivative d(a.,mP is a Fredholm operator. Its index agrees with the
index of the augmented vertical derivative Dy,,. It is onto if and only if Da,, is onto.

PrROOF OF CLAIM. By formula (4.8) in the proof of Proposition 4.2.4 above, the
tangent space

T(au,mM* (B, J;H') C Tiaw (B /G*F) & CH(S, TS @ C(P, M)%)
consists of all triples (o, &, H) such that

o (X7 (u)™!
Dauwn | € | =Dau (O‘> + 0 = 0. (4.11)
It §
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The derivative da,),mP is given by the projection ([a,£], H) — H. Hence the claim
follows from Lemma A.3.6 in [22]. O

It follows from the Claim that a regular value H of the projection P is a Hamiltonian
perturbation such that D4, is surjective for every irreducible vortex [A,u] in the fiber
of P over H. Equivalently, the set erg of regular Hamiltonian perturbations of class
C* is exactly the set of regular values of the projection P. By the Sard-Smale theorem
([22], Theorem A.5.1) this set is a countable intersection of open and dense subsets of

H¢ whenever
¢ —2>indP =indDgy,.

Here we used that the projection P is a map of class C*~! between separable Banach
spaces.

Step 2 We prove that the set H,e, is a countable intersection of open and dense subsets
of H.

For H € ‘H* and any real number ¢ > 0 we consider the space MC(H ) of vortices
(A, u) € M(P,M; B,dvoly; O, J, H) satisfying the conditions

[dazrul| o) < (4.12)

and

Q=

inf dy (u(po), x) >

GaA{1} ,ml A+ nel < ¢|Luweym + J Lu)n2| (4.13)

for some point pg € P and all 71,17, € g, where 1 € GG denotes the unit element and
dpr: M x M — R denotes the Riemannian distance function on M determined by the

metric (-, ) jg,,,- Condition (4.13) ensures that the space M. (H) consists entirely of
irreducible vortices. Consider the set

Hiegc i= {H cH ‘ D4, is surjective for all vortices (A, u) € MVC(H)}

Note that, for varying ¢ > 0, the spaces /WC(H ) exhaust the space of irreducible vortices

M*(P, X; B,dvoly; O, J, H). Hence

Hreg = m Hreg,c-

c>0

It therefore suffices to prove that each set H,eg . is open and dense in ‘H with respect to
the C*-topology.

We prove that the complement of H,es. in H is closed: Let H, be a sequence in
H \ Hyeg, that converges to H € H in the C*-topology. Then there exists a sequence of
vortices (A,,u,) such that (A4,,u,) € M.(H,) and the operator D, ,, is not surjective
for all v.
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Combining Proposition 2.2.6, Corollary 3.4.2 and Proposition 3.1.6 we conclude that
there exists a vortex (A, u) € M(P, M; B,dvoly; ©, J, H) and a sequence of gauge trans-
formations g, € G*? such that, after passing to a subsequence if necessary, the sequence
(g:A,, g, 'u,) converges to (A, u) strongly in the C'-topology on ..

This has two consequences. Firstly, the limit vortex (A, u) is contained in the space

MVC(H ). Secondly, since the operators Dy, ., are not surjective for all v it follows that
the operator D4, is not surjective either. Hence H € H \ Hyegc-

We prove that Hyeg o is dense in ‘H: Let H € H. Consider the set
HE = {H e H* ! D4, is surjective for all vortices (A4, u) € MC(H) of class Cg}.

reg,c
Note that
7_(reg,c = HZ NH.

reg,c

By Step 1 the set H’, is dense in H* for ¢ sufficiently large. It follows that there exists

reg

a sequence H, in erg such that

|H — Hyl|., <27 (4.14)

lee

(4

for large £. Since H, € H’., we have, in particuar, that H, € H As above it follows

reg reg,c*
that erm is open in H* with respect to the C*-topology. Whence there exists ¢, > 0
such that

HH/ B HéHC“ < €& H' € erg,c
for every H' € H*. Now choose H, € H such that
|2, — Hy| ;0 <min{e,, 275 (4.15)

Then
HyeH, ,NH = Hiege,

reg,c

and it follows from (4.14) and (4.15) that
1 = Hill o < |[H = Hell o + [ He = Hil| o < 27
for ¢ > k and all integers k > 1. Hence Hj € H,eg,. converges to H in the C*°-topology.
This finishes the proof of Theorem 4.2.3 (ii).

4.3. Polystable non-local vortices

In this section, we introduce the moduli space of irreducible polystable non-local
vortices. We prove that, for generic almost complex structure and generic Hamiltonian
perturbation, certain strata of this moduli space consisting of simple polystable non-
local vortices of fixed combinatorial type and prescribed degrees are oriented finite-
dimensional manifolds. These strata will play an essential role in the definition of the
gauged Gromov-Witten invariants in Chapter 5. We will adapt the approach taken in
McDuff and Salamon [22], Section 8.5.
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4.3.1. Compatible homology classes. The canonical projection
EG xgM — BG
from the Borel construction onto the classifying space induces a characteristic projection
c: HS(M;7) — Hy(BG;7)
in homology.

DEFINITION 4.3.1. Two equivariant homology classes By, By € HS(M;Z) are called
compatible if ¢(By) = ¢(Bs).

Let P — ¥ be a principal G-bundle. A class B € H(M;Z) is called representable
by P if there exists a G-equivariant map u: P — M such that [u] = B. We have the
following criterion for representability:

Two classes By, By € HS(M;Z) are representable by one and the same principal
G-bundle if and only if they are compatible. This principal G-bundle is then determined
up to isomorphism by the characteristic class ¢(B;) = ¢(B2) € Hy(BG;Z).

4.3.2. Automorphisms of polystable vortices. Fix an equivariant homology
class B € H§(M;Z) and let Ep = {([w — u]% B) be the equivariant symplectic area
of B. Let p > 2 be a real number. Fix an Eg-admissible area form dvoly, on ¥ and a
perturbation datum (0, J, H) € CE, x J x H.

reg

Fix an n-labeled tree T' = (V = {0} UV, E, A). The group of reparametrizations
of combinatorial type T is the group R of all tuples (7', (¢a)aev), where

e 7: T — T is an isomorphism of n-labeled trees satisfying 7(0) = 0 (see [22],
Section D.2 for details);
® Oq: Xy — Xr(a) is an automorphism of ]P’l, for every a € V;
® ¢ = idy,,
and the group multiplication is given by

(7', {¢a}) o (T {da}) = (7" 0 7, { () © Pa}).

Recall at this point that the automorphism group of P! is isomorphic to PSL(2,C). The
group Rz x GZP(P) acts from the right on the set of all polystable non-local vortices of
degree B and of combinatorial type T" by

(Ayu,z) - (1, {Pa},9) = (121, u, Z) (4.16)
where
® Zi(ayr(8) = Pa'(zap) for a, B € V satisfying aEf;
o Zi=o¢ z)fori=1,... n;
¢ A=g'A=glAg+g " dg;
o 0= g lu
® Ur(a) = (92 Ua) © ¢ for every a € Vg
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(see Section 2.1.1 for the action of the group of gauge transformations and Section 3.1.2
for polystable vortices). Note that it follows from this definition that A, = /NXT(Q). In par-
ticular, the marked point Z; lies on the component s, where &; = 7(«;). Furthermore,
it follows that Zpr(a) = z0a since the group of reparametrizations acts trivially on the
principal component. Thus we see that the special points on the principal component >
are invariant under reparametrization.

4.3.3. The moduli space of polystable non-local vortices. For every n-labeled
tree T', we denote the set of all polystable non-local vortices of degree B and of combi-
natorial type T' by -

M (P, M;dvoly; B;©, J, H).
Taking the quotient with respect to the action (4.16) of the automorphism group we
obtain the moduli space

My (P, M;dvols; B; 0, J H) := MVT(P, M:; dvoly; B; O, J, H)/(%T X gZP(P))

of polystable non-local vortices of degree B and of combinatorial type 7. The moduli
space of n-marked polystable non-local vortices of degree B is then obtained by
taking the union

M, (P, M;dvoly; B; ©,J, H) := | J Mz (P, M;dvoly; B;©, J, H)
T

over all isomorphism classes of n-labelled trees. Note that only finitely many strata in
this union are nonempty. The top stratum of this moduli space is denoted by
M, (P, M;dvols; B,n; ©, J, H) := Moy (P, M;dvoly; B;©, J, H)

and will be called the moduli space of n-marked non-local vortices of degree B.

4.3.4. Simple polystable non-local vortices. Let n be a nonnegative integer,
and let T'= (V = {0} U Vs, E, A) be an n-labeled tree. Following the terminolgy in
McDuff and Salamon [22], Sections 6.1 and 8.5, a polystable non-local vortex

(A, u,2) = ((A 1), {tataevs {Zastams: {0 zit1<icn)
is called simple if every non-constant fiber bubble u,, o € Vg, is a simple pseudo-
holomorphic curve in the sense of [22], Section 2.5, and u,(P') # ug(P') for any two
vertices a # (3 such that u, and ug are non-constant. Let {B,}.ev be a collection of
equivariant homology classes in HS'(M;Z) such that

ZBa:B.

We denote by -
M (P, M;dvols; {B.};©, J, H)
the set of all simple polystable non-local vortices

(A’ u, Z) = ((Av UO)’ {Ua}aevs, {Zocﬁ}anﬁa {aia Zi}lgign)
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of combinatorial type T such that
[ua]® = B, for all a € V.

The automorphism group Ry x G?P(P) acts on this set. For technical reasons, we take
the quotient in two stages (which is possible since the actions of the reparametrization
group and of the group of gauge transformations commute). The quotient by the action
of the group of gauge transformations will be denoted by

M\}(P, M;dvols; {B,}; 0, J, H) = My (P, M;dvoly; {B,}; 0, J, H) /QQ’p(P),
and the quotient by the action of the full automorphism group will be denoted by
M*T(P, M; dvoly; {B,}; 0, J, H) = /\//\IT(P, M;dvols; {B,}; 0, J, H)/%T.

The latter space is called the moduli space of simple polystable vortices of com-
binatorial type T and prescribed degrees {B,}.

4.3.5. Universal fiber bubbles. The construction of the moduli space of simple
polystable non-local vortices requires us to study the moduli space of pseudoholomorphic
spheres in the fibers of the Borel construction EG xg M — BG. For technical reasons,
we shall be working with finite dimensional approximations of EG (see Section 2.1.3).
We will therefore consider the symplectic fiber bundle

M := MY = EGN xg M — BGYN

associated to the finite dimensional approximation EGY — BG?Y of the universal bundle
EG — BG. The G-invariant symplectic form w on M induces a fiberwise symplectic

form & on M. We may think of the G- equivariant family of w-compatible almost complex
structures J: EGY — J(M,w) as an W-compatible vertical almost complex structure

J € JVr(M,3) on the bundle M. An equivariant homology class B € HS(M;Z) is
called a fiberwise spherical class if the class B is a fiberwise spherical class when
considered as a homology class in Hy(M;Z) (see Section A.3.1).

Let now B € HF(M;Z) be a fiberwise spherical equivariant homology class. We
define the moduli space of of simple fiber bubbles of degree B in M to be

M*(Mg;A; J) = {(b,v) | be BGYN and v € M*(]\Z;Ab; Jb)}

(see Section A.3.3 for details), thinking of its elements as pseudoholomorphic spheres
in the fibers of the Borel construction. We shall denote by Jies(B) the set of almost
complex structures in 7 that are regular for B in the sense of Section A.3.2.
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Applying Theorem A.3.3 we obtain the following transversality result.

PROPOSITION 4.3.2. Let B € HY(M;7Z) be a fiberwise spherical equivariant homology
class.

(i) If J € Jreg(B), then the moduli space M*(ME; B;J) is a smooth oriented
manifold of (real) dimension

dim BGY + dim M + 2(c{(TM), B),

where ¢ (T'M) denotes the equivariant first Chern class of the tangent bundle
of M.

(i) The set Jreg(B) is a countable intersection of open and dense subsets of J .

REMARK 4.3.3. We emphasize that the dimension of the base BG", and hence the
degree B, enters into the formula for the dimension of the moduli space in Proposi-
tion 4.3.2 (i). This is the reason why it is not possible to define gauged Gromov-Witten
invariants for strongly semipositive Hamiltonian manifolds following the approach of Mc-
Duff and Salamon [22], Chapter 8. Rather, we have to restrict ourselves to the class of
monotone manifolds.

4.3.6. The edge evaluation map. Let us fix an n-labeled tree T = (V = {0} U
Vs, E,\) and a collection {B,}acy of equivariant homology classes in HS (M;Z) such

that

> B,=B

acV
and all classes B,, a € Vg, are fiberwise spherical. We begin by constructing an eval-
uation map on the moduli space of irreducible vortices of degree By with one marked
point. Consider the set of framed vortices

M(P, M; By, dvoly; ©, J, H) x P.

Elements of this set are triples (A, u, p) consisting of a non-local vortex (A, u) of degree By
and a framing by some point p in P. This set comes with two natural group actions.
First, the automorphism group Ry x G*P(P) acts on this set by

(A, u,p) - (1,{¢a}, 9) == ((Aum(p)) (7, {cba},g),p.g(p)‘l), (4.17)

where the triple (A, u,7(p)) is considered as a vortex with one marked point, and the
action of (7, {¢4}, g) on this triple is given by formula (4.16). Second, the group G acts
via an action on the framing by

(A, u,p) - h:= (A, u,p.h) (4.18)

for h € G. Note that these two group actions commute. In fact, for p € P, g € G*?(P)
and h € G we have

(p.h)-(g(p.-h)) ™" = p.(hkh " g(p)"'h) = (p.g(p)~").h.
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The set of framed vortices admits an evaluation map
&vo: M(P, M; By, dvols: ©, J,H) x P — EGN x M
defined by
Vo(A, u,p) = (Oam(p), u(p)).

This evaluation map is invariant under the action (4.17) of the automorphism group
Ry X G*P(P) and equivariant with respect to the G-action (4.18) and the diagonal action
of G on the product EGY x M. In fact, by G?P(P)-equivariance of the classifying map ©
we have

&o(g"A, g7 u,p.g(p)'h) = (Orag-1w(p-9(p)"'h), g u(p.g(p)'h))
= (8 *Ag () - 9(p) " th, b g(p) - (97 u(p)))
(©w () - (p)g(p) 'h, bt g(p)g(p) " - u(p))
= (@ h,h™" - u(p))
= p! é{/O(A u, p)

for g € G*?(P) and h € G. Hence the evaluation map descends to an evaluation map
evo: M(P, M; By, dvols; 0, J, H) x ¥ — EGY xq M (4.19)

on the moduli space of vortices with one marked point.
Consider now the moduli space

M ({Bo}; J H) := M(P, M; By, dvoly; ©, J, H) x [[ M*(EG"(M); B; J)
acVg
consisting of tuples
<A7 u) = ([A7 Uo], (ua>a€Vs)7

where [A, ug] is a gauge equivalence class of vortices of degree By and the u, are simple
pseudoholomorphic spheres in the fibers of EGY x5 M. Let us denote by Z(T) the set
of tuples

z = ({zap}ars: {zit1<i<n)

such that the points z.5 € 3, for aEf and z; € ¥, for a; = a (see Section 3.1.2) are
pairwise distinct for every oo € V.

We may then define an edge evaluation map
ev?: M*({B.}; J,H) x Z(T) — (EG x¢ M)" (4.20)
by setting

vP((A,a),z) == {evo([4, UO]VZO/B}OEﬁ U {ua(zaﬁ)}am,a;ﬁo‘
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Denote by
AP = {zastams € (BGN x6 M)P | 205 = 250} C (EGN xq M)"
the diagonal determined by the edge relation. The space
M- (P, M; dvols; {B,}; 0, J, H)

of gauge equivalence classes of simple polystable vortices of combinatorial type T and
prescribed degrees B, then gets identified with the preimage of the diagonal A* under

the edge evaluation map ev®.

4.3.7. Regular pairs. We formulate a regularity condition for the pair (J, H) that
is sufficient for obtaining transversality for the moduli space of simple vortices of fixed

combinatorial type and prescribed degrees. The following definition is adapted from
McDuff and Salamon [22], Definition 8.5.2.

DEFINITION 4.3.4 (Regular pairs). Fix an equivariant homology class B € HS'(M;Z)
and let Ep = (Jw — u|%, B) be its equivariant symplectic area. Fix an Ep-regular area
form dvoly on ¥ (see Definition 4.2.1). Let p > 2 be a real number and fix a regular
classifying map © € CL, (see Definition 2.1.3). A pair (J, H) € J x H is called regular
for the triple (dvols, ©, B) if it satisfies the following conditions.

(J) J € Jreg(A) for every fiberwise spherical class A € HS'(M; Z).
(H) H € H,eg(dvols; O, J; A) for every equivariant homology class A € HS (M;Z)
such that A is compatible with B (see Definition 4.3.1) and ([w—pu]%, A) < Ep.
(E) The edge evaluation map (4.20) is transverse to the diagonal A¥ for every
n-labeled tree T = (V = {0} U Vs, E,A) and every collection {Bj,}acy of
equivariant homology classes in HS (M Z) satisfying the following conditions:
(i) for every o € Vg, B, is fiberwise spherical and the component ¥, contains
at least three special points (see Section 3.1.2) whenever B, = 0;
(ii) By is compatible with B and {[w — p]¢, By) < Ep.

We will denote the set of all pairs (J, H) € J x H that are regular for (dvoly, ©, B) by
J Hyeg(dvoly;; ©; B).

4.3.8. Main result. We are now ready to state the main result of this section.

THEOREM 4.3.5. Fir a class B € HS(M;Z), let Ep = {([w — ul% B), and fix
an Epg-reqular area form dvols on X. Let p > 2 be a real number, and fix a requ-
lar classifying map © € Ch,. Let n be a nonnegative integer. Fix an n-labeled tree
T=(V={0}UVs, E,A) and a collection {B,}acy of equivariant homology classes in
HS (M 7Z) satisfying the following conditions.
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(2) 2 ey Ba = B;

(b) By is compatible with B (see Definition 4.3.1) and {[w — p]¢, Bo) < Ep;

(c) for every a € Vg, B, is fiberwise spherical and the component ¥, contains at
least three special points (see Section 3.1.2) whenever B, = 0.

Then the following holds.
(i) If (J,H) € JHyeg(dvols; ©; B), then the moduli space
M*T(P, M:;dvols; {B,}; 0, J, H)

is a smooth oriented manifold of (real) dimension
1
w(B,T) = 5(dimM —2dimG) - x(Z) + 2( (T M), B) + 2n — 2¢(T),

where e(T) denotes the number of unoriented edges of T'.

(ii) The set JHyeg(dvols; ©; B) is a countable intersection of open and dense sub-
sets of J X 'H.

PROOF. Proof of (i): Since (J, H) is assumed to be regular, the edge evaluation map
ev?: M*({B,}; J, H) x Z(T) — (EG"N x¢ M)"”

is transverse to the diagonal A¥. Let e(T) be the number of unoriented edges of the tree
T. The dimension of the target space of ev” is given by

2¢(T) - (dim BG" + dim M),
and the codimension of A¥ in (EG xg M) is given by
e(T) - (dim BG" + dim M).
Moreover, the dimension of the set Z(T') is
4e(T) + 2n.

Lastly, we apply Theorem 4.2.3 (i) and Proposition 4.3.2 (i) on order to determine the
dimension of the moduli space M*({B,}; J, H). We obtain

dim M (P, M; By, dvoly; ©, J, H) + Y dim M* (MY By; J)

a€cVg

(dim M — 2 dim G)-x(2) 4 2 (¢ (T M), By)

| —

+3 (dim BGN + dim M + 2 (8 (T M), Ba>>

aeVyg

(dim M — 2 dim G)-x(Z) + 2{(c{ (T M), B) + e(T) - (dim BG" + dim M).

N | —
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Here we used that
M* (P, M; By, dvoly; 0, J, H) = M(P, M; By, dvoly; 0, J, H)

since the area form dvoly, is Eg-regular.
Recall from Section 4.3.6 above that the manifold

M (P, M; dvols; {B,)}: ©, J, H)
gets identified with the preimage of A® under ev®. Hence its dimension is given by
M*({Ba}; J, H) + 4e(T) + 2n — e(T) - (dim BG" 4 dim M) — 6e(T)
L. :
= §(d1mM —2dim G)-x(2) 4 2(c{(TM), B) + 2n + 4e(T).

Since M%(P, M;dvoly;{B,}; 0, J, H) is the quotient of this set by the proper action of
the reparametrization group Ry, it follows that its dimension is given by

1
5(oan — 2 dim G)-x(Z) + 2(c{(TM), B) + 2n — 2¢(T).
Here we used that the reparametrization group 27 has dimension 6e(7).

Proof of (ii): The proof is similar to the proof of Theorem 8.5.3 in [22]. U



CHAPTER 5
Gauged Gromov-Witten invariants

This chapter is devoted to the definition of the gauged Gromov-Witten invariants. We
begin by recalling from Gonzalez and Woodward [13] the concept of framed polystable
non-local vortices, in Section 5.1. This will allow us to define a formal evaluation map
on the moduli space of polystable non-local vortices. In Section 5.2 we shall investigate
its restriction to the top stratum of the moduli space. As it turns out, this restriction
is a pseudocycle in the sense of McDuff and Salamon [22]. It will play a crucial role
in the definition of the gauged Gromov-Witten invariants via intersection theory for
pseudocycles. This will be carried out in the final Section 5.3.

5.1. Framed polystable non-local vortices

In this section we use framed polystable vortices to define an evaluation map on the
moduli space of marked polystable non-local vortices. The concept of framed polystable
vortices is taken from Gonzélez and Woodward [13].

Throughout this section, let B € HS(M;Z) be an equivariant homology class and
denote by Ep := ([w — u]%, B) its equivariant symplectic area. Fix moreover an Ep-
regular area form dvoly on . Let p > 2 be a real number and fix a perturbation datum
(©,J,H)eCt, xJ xH.

reg

5.1.1. Framings. Let T" be an n-labeled tree. By a framed polystable non-local
vortex of degree B and of combinatorial type T we mean a tuple (A, u,z, p) consisting
of a polystable non-local vortex (A, u,z) of degree B and of combinatorial type 7" and
a framing p := (p1, ..., p,) consisting of points py,...,p, € P such that 7(p;) = z¢; for
i=1,...,n (see Section 3.1.2 for the notation).

5.1.2. Moduli space. We denote the set of all framed polystable non-local vortices
of degree B and of combinatorial type T" by

ME(P, M;dvols; B; ©, J, H).
The automorphism group Ry x GZP(P) (see Section 4.3.2) acts on this set by

(Aw,2.p) - (r.{0u}.9) = (A u.2) - (7. {6a}.9). P+ 9).

161
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where the automorphism group acts on the triple (A, u,z) by formula (4.16), and the
action of the group of gauge transformations on the framing is defined by

p-g:=(-9p)" o 9pa)h). (5.1)

Taking the quotient with respect to this group action, we obtain a corresponding moduli
space

ME(P, M; dvoly; B; ©, J, H) := ME(P, M;dvols; B;©, J, H) / (BRr x G2*(P)).
Taking the union

M,y (P, M; dvoly; B;©, J, H) := | J ME(P, M; dvoly; B; ©, J, H)
T

over all isomorphism classes of n-labelled trees we obtain the moduli space of framed
n-marked polystable non-local vortices of degree B. Note that only finitely many
sets in this union are nonempty.

5.1.3. Residual G"-action. There is a residual right action of the group G" on the
set M(P, M;dvoly; B;©, J, H) defined as follows. Given h = (hy,...,h,) € G" and a
framed n-marked polystable vortex (A, u,z, p), this action is defined by

(A7u7z7p)'h:: (A,u,z,p~h), ph: (p1h177pnhn>

A short calculation as in Section 4.3.6 shows that the residual G"-action commutes with
the action (5.1) of the group of gauge transformations G*?(P). Hence it descends to a

residual right action of G™ on the moduli space /Vir(P, M;dvoly; B;©,J, H).

5.1.4. Gromov convergence. We introduce the notion of Gromov convergence for
framed vortices.

DEFINITION 5.1.1. A sequence (A, u,,2,,p,) of framed n-marked non-local vortices
is said to Gromov converge to a framed polystable non-local vortex (A, u,z, p) if the
underlying sequence of n-marked non-local vortices (A,, u,,z,) Gromov converges to the
underlying polystable non-local vortex (A, u,z) in the sense of Definition 3.1.5, and the
sequence of framings p, converges to p in the sense that

pie = lim pf - g, ()™ (5:2)
for k = 1,...,n, where g, € G>P(P) is the sequence of gauge transformations introduced

in Definition 3.1.5.
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5.1.5. Classifying map. The regular classifying map © gives rise to a formal clas-
sifying map

®: M (P, M;dvoly; B;©, J, H) — EG" (5.3)
for the principal G™-bundle
M,,flr(P, M;dvols; B; 0, J, H) — M, (P, M;dvoly; B;©, J, H)

in the following way.

We first define this map on each stratum separately. Let T be an n-labeled tree and
let 1 < i <n. Define a map

EIv)lT ‘//\/lvjf“r<PaM>dVOlEa Bv @7 J7 H) - EGv (A,U,Z,p) = @(A,uo)(pi)'

This map is invariant under the action of the automorphism group Ry x G*P(P) (see
Section 4.3) and equivariant with respect to the residual right action of G™. In fact,
by G*P(P)-equivariance of the classifying map © we have, for ¢ € G*?(P) and h =
(M1, ..., hy) € G™,
(9" A 97,2, P - g h) = O g-1u0) (i 9(P1) T - )

= O a gty (2) - 9(p1) " -

= O(au0)(Ps) - 9(pi) - g(pi) ™" -

= @(A,UO)(pi) - h;

- EI/)1T<147 u,z, p) ' hz

Hence it descends and we obtain a G™-equivariant map
®L: ME(P, M;dvoly; B;©,J, H) — EG
on each T-stratum. Patching together these maps we obtain G™-equivariant maps
o' M (P, M;dvoly; B;©, J,H) — EG.
The desired map (5.3) is then defined as the product
o= (®',... d")
of these maps.

REMARK 5.1.2. Note that the classifying map (5.3) is defined only formally. It does
in particular not rely on any regularity properties of the moduli space of framed marked
polystable vortices since it is defined purely in terms of the classifying map ©.
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5.1.6. Evaluation map. Recall from Section 4.3.6 that there is a well-defined eval-
uation map

evo: M(P, M; By, dvols; ©, J, H) x & — EG x¢ M

on the moduli space of non-local vortices with one marked point. We shall now use
framed polystable vortices in order to extend this evaluation map to a formal evaluation
map

ﬁdvolg,@,J,H : ﬂn(P, M; dVOlE; B; @, J, H) — (EG Xa M)n (54)
on the moduli space of n-marked polystable non-local vortices.

REMARK 5.1.3. Note that this evaluation map only exists formally. In particular, it
does not rely on any regularity properties of the moduli space.

First of all, the moduli space of framed n-marked non-local polystable vortices admits
a formal framed evaluation map

ev®: M (P, M;dvols; B;©, J, H) — M" (5.5)

n

which is equivariant with respect to the residual right action of G™ on the moduli space
and the standard left action of G™ on M™. 1t is defined by evaluating a framed polystable
non-local vortex at its marked points in the following way. For every point p € P there
is a canonical inclusion of the fiber

tp: M — P(M)=PxgM, x> [pxl (5.6)
It identifies M with the fiber of P(M) over the point 7(p) € 3. For every framed

polystable non-local vortex (A, u,z, p), this inclusion gives rise to maps

~1 ) _
Lpe © Uay,t By, — M, k=1,....,n.

Here we think of the G-equivariant map ug: P — M as a section of the fiber bundle
P(M) — % (see Remark 3.1.1). Let 7" be an n-labeled tree. We then obtain formal
evaluation maps

pipt ME(P, Midvoly; B;©, J,H) — M, (A,u,2,p) = ;' oug, (). (5.7)

These maps are invariant under the action of the automorphism group Ry x G*P(P) and
equivariant with respect to the residual right action of G™ on the moduli space. In fact,
using formula (4.16) for (7,{¢a},9) € Ry x G*P(P) and h € G™ we get

& (A zp) - (n{6ah ) = 00 (9) ™ tay) 0 62 © by (20)
= L;klouak(zk)
= Vr(Au,z,p)
and

é\{firr,T((Av u, 7, p) ' h) = L;kl.hk O Uqy, (Zk)
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= h,;l . (L;kl o uak)(zk)

= h;! -&/ZT(A,u,z,p).
Hence the maps (5.7) descend to G"-equivariant framed evaluation maps
evi 1 My (P, M;dvoly; B; ©, J, H) — M
on each T-stratum. Patching together these maps we finally obtain evaluation maps
evil: Mflr(P, M;dvols; B;©,J,H) — M

on the moduli space of framed n-marked non-local polystable vortices. We then define
the framed evaluation map (5.5) as the product

evl' = (evl, ... evl)

of these evaluation maps.
The actual evaluation map (5.4) is now defined as follows. The classifying map (5.3)
and the framed evaluation map (5.5) give rise to a product map

O x ev™: M (P, M;dvoly; B;©, J, H) — EG™ x M™.

This map is equivariant with respect to the residual right action of G™ on the moduli
space and the standard diagonal action of G™ on the product FG™ x M™, whence it
descends to a formal evaluation map

dvoly.0.0.1: Mu(P,M;dvoly; B;©,J, H) — (EG xg M)".
Here we used the natural identification

EG" Xagn M™ = (EG Xa M)n

5.2. The gauged Gromov-Witten pseudocycle

The formal evaluation map (5.4) on the moduli space of marked polystable non-local
vortices constructed in Section 5.1.6 above restricts to an evaluation map

eVdvoly,0,2.1 : My (P, M;dvoly; B;©,J, H) — (EG x¢ M)"

on the moduli space of marked non-local vortices. A priori, this evaluation map will only
be defined formally. The goal of this section is to prove that it is in fact a pseudocycle
in the sense of McDuff and Salamon [22] for generic J and H.
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5.2.1. Pseudocycles. We begin with a review of the theory of pseudocycles. Our
exposition follows McDuff and Salamon [22], Section 6.5. Let X be a finite dimensional
smooth manifold. A subset B C X is said to be of dimension at most d, denoted
dim B < d, if it is contained in the image of a map W — X of class C' which is defined
on a manifold W whose components have dimension less than or equal to d. A map

f:V—-X

defined on an oriented d-dimensional manifold V' is called a pseudocycle of dimen-
sion d in X if it is of class C!, the image f(V') has a compact closure, and

dimQy <dimV — 2,

where

Q= () FV\EK)
KcV
Kcompact

denotes the omega limit set of f. Two d-dimensional pseudocycles fo: Vo — X and
fi: Vi — X are said to be bordant if there exists a (d+1)-dimensional oriented manifold
W with boundary W = V; U (=V;) and a map F: W — X of class C* such that

Flvy=fo, Flv=/fi, dimQp <d-1.

5.2.2. Main result. The main result of this section is the following proposition.
Recall from the introduction that (M,w) is monotone if there exists a number 7 > 0
such that

(W], A) = 7 {er(TM), A)
for every spherical homology class A € Hy(M;Z). Recall moreover from Section 4.3.7
the definition of the set JH,eq(dvols; ©; B) of regular pairs (J, H).

PROPOSITION 5.2.1. Assume that (M,w) is monotone. Fiz a class B € HS(M;Z)
and let Ep := ([w—p]%, B). Fiz an Ep-regular area form dvols on ¥ and a perturbation
datum (©,J, H) € CE, x J x H. Let n be a nonnegative integer.

reg
(i) If (J,H) € JHyeg(dvols; ©; B), then the evaluation map
eVavoly, 0.8 : Mu(P, M;dvoly; B;©,J, H) — (EG x¢ M)" (5.8)
obtained by restricting the evaluation map (5.4) to the top stratum of the moduli
space is a pseudocycle of (real) dimension
1
5(dimM —2dimG) - x(Z) +2((T'M), B) + 2n.

(ii) Let (J;, Hi) € TJHreg(©;) for i = 0,1. Then the corresponding pseudocycles
€Vdvols,0,J0,Hy ANA €Vayols, 0.7, 1, are bordant.

The map (5.8) will be called the gauged Gromov-Witten pseudocycle on the
moduli space of marked non-local vortices.



5.2. THE GAUGED GROMOV-WITTEN PSEUDOCYCLE 167

5.2.3. Proof of Proposition 5.2.1. The remainder of this section is devoted to
the proof of Proposition 5.2.1. We start with the following lemma.

LEMMA 5.2.2. The formal evaluation map
Vavols,0,,1: My(P, M;dvoly; B;©, J,H) — (EG x¢ M)"

1s continuous with respect to Gromouv convergence of a sequence of n-marked non-local
vortices against a polystable non-local vortex. More specifically, let [A,, u,, z,] be a se-

quence of marked non-local vortices that Gromov converges to a polystable non-local vor-
tex [A, u, 2] in the sense of Definition (3.1.5). Then

lim eVdVOlg,@,J,H[Aua Uy, zl/] = e_VdVOIE,G,J,H[Av u, Z].

V—00

PROOF. It follows from the definition of the framed evaluation map ev'™ as a quotient
of the map

O x ev™: M (P, M;dvoly; B;©, J, H) — EG™ x M"
that it will suffice to prove that

lim @([A,,,u,,,zmpy]) = @([A,u,z,p]) (5.9)
and
lim evfr([Al,,u,,,z,,,py]) = evfr([A, u7z,p]) (5.10)

for every sequence (A,,u,,2,,p,) of framed vortices Gromov converging to a framed
polystable vortex (A, u,z,p) in the sense of Definition 5.1.1.

Let us therefore assume that the sequence of n-marked non-local vortices (A4,,u,,z,)
Gromov converges to the polystable non-local vortex (A,u,z) in the sense of Defini-
tion 3.1.5, and that the sequence of framings p, converges to p in the sense that

pe = lim p{- g, (py) "

for k = 1,...,n, where g, € G>P(P) is the sequence of gauge transformations introduced
in Definition 3.1.5.

Proof of (5.9): We see from the definition of the classifying map ® in (5.3) that it suffices
to prove that

lim @(g;jA,,,g;luy) (p;/g<plzj)71) = @(A7U0)<p7«)

But this follows from the (Continuity) axiom of the regular classifying map © (see Defi-

nition 2.1.3) and the fact that each map G)( oA P = EG is uniformly continuous
by compactness of P.

—1
vidv U
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Proof of (5.10): It follows from (5.7) above that it will be enough to prove that

I}LIIOIO L;]; ouy(zy) = 1! 0, (2k) (5.11)
for K =1,...,n. Note that convergence of the framing

pe = lim p{- g, ()~
implies that the sequence of inclusions ¢y .4, p)-1: M — P(M )ZZ converges to the map
Lyt M — P(M)

ngl.gu(pz)fl © (9;1uu) (ZII;) = L;£~gl,(pz)*1 ( [pZa gu(pZ)_l ) U,,(p%)])

= L oo ([PK - 90 () w (P)]) = 1 0 uu(2).
We have to distinguish whether or not there is bubbling at the point zgy.
CASE 1: There is no bubbling at zoy.

In this case, oy = 0 and 2o = 2. By (Map) in Definition 3.1.5 there exists a
sequence of gauge transformations g, € G*P(P) such that g, 'u, converges to u in the
C'-topology on compact subsets of g \ Z. Since Z; is finite and 25, ¢ Z, it follows
that g, 'u, converges to u = ug in the C%-topology on a small compact neighborhood of
z,. Moreover, by (Marked point) in Definition 3.1.5 we have

in the C%topology. By definition (5.6) we further have

20k

(5.12)

lim 2 = 2.

V—00

It follows from this that
Tim (g5 u,) () = o (z0).

Using (5.12) we therefore conclude that
Vh_)rglo L;zl ouy(zy) = 1, o ug(zk).-

CASE 2: There is bubbling at 2.

In this case, zor = z0n for some a € Vp,, such that 0E«. By (Map) in Definition
3.1.5 there exists a sequence of gauge transformations g, € G*?(P) such that

u(’;k — (g;lu,,) 0 Y200, © (bzk Q;k — P(M)
converges to
Ugy, © Lo — P(M)

in the C°-topology on compact subsets of 3, \ Z,,. Moreover, by (Marked point) in
Definition 3.1.5 we have

20y

14

. Loy —1
lim (i, 067, ) 2 = 2
It follows that
hm (gljlu’/) (Z]li’}) = hm ((gljlu’/) © 903004C © Zék © (SOZOak © ¢ZZ)71)(Z;€/)

V—00 V—00

= lim uf, (200, 0 9) " (20))
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Ugy, (21)-
Using (5.12) we therefore conclude that

lim ngl ouy(zy) = 1, 0 Uq, (21).

V—00

This proves (5.11) and completes the proof of the lemma. O

The proof of Proposition 5.2.1 now follows the lines of the proof of Theorem 8.5.1 in
McDuff and Salamon [22].

5.3. Definition of the invariants

We are now in a position to actually define the gauged Gromov-Witten invariants.
Our definition will be by means of intersection theory for pseudocycles as developed in
McDuff and Salamon [22].

5.3.1. Intersection theory for pseudocycles. We recall some basic facts from in-
tersection theory for pseudocycles as developed in McDuff and Salamon [22], Section 6.5.

Let X be a smooth manifold of dimension m. For any two pseudocycles e: U — X
and f: V — X there exists a well-defined intersection number e - f which only
depends on the bordism classes of e and f. The pseudocycles e and f are called strongly
transverse if

QNfV)=0, eU)NQ =10,

and
e(u) = f(v) ==z — T.X =imd.e +imd,f.

In this case the intersection number can be expressed as a finite sum

e-f= Z v(u,v),

uelUeV
e(u)=f(v)
where v(u, v) denotes the intersection number of e(U) and f(V') at the point e(u) = f(v).
Let us write
H*(X) := H*(X;Z)/torsion
for the torsion free part of the integral cohomology of X. We will later need the following
general result about intersection numbers of pseudocycles.

LEMMA 5.3.1. Let ¢ : X1 — Xy be an embedding of compact manifolds. Let e: U —
Xy be a pseudocycle of dimension d in Xy, and let a € Hd(X2>. Let fo: Vo — X5 be
a pseudocycle in Xy Poincaré dual to a, and let fi: Vi — Xi be a pseudocycle in Xy
Poincaré dual to t*a. Then

e fi = te- fa,
where t.e denotes the pseudocycle toe: U — Xo (see [22], Lemma 6.5.9).
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5.3.2. Gauged Gromov-Witten invariants. Assume that (M,w) is monotone.
Recall that this means that there exists a number 7 > 0 such that

(W], 4) = 7 {ar(TM), A)

for every spherical homology class A € Ho(M;7Z).

Fix a class B € H{(M;7Z) and let Eg := ([w — p]%, B) be its equivariant symplectic
area, and fix an Eg-regular area form dvoly, on X. Let p > 2 be a real number, and fix a
regular classifying map © € Ck,, and a perturbation datum (J, H) € JH,ez(dvols; ©; B).

Let n be a nonnegative integer. By Proposition 5.2.1 there exists a gauged Gromov-

Witten pseudocycle
€Vdvoly;,0,J,H - Mn(Pa M, dVOlE; B7 67 ‘]7 H) - (EGN Xa M)n (513)

of (real) dimension

(dim M — 2 dim G) - x(Z) + 2(c{(T'M), B) + 2n.

DO | —

This pseudocycle gives rise to a homomorphism

GGW @ L HY(M)®" — Z (5.14)

B,n,evavoly,,0,J,H

in the following way. Let us abbreviate Mg := EG X M. There is a natural isomor-
phism

HL(M)E =5 HY(ME), a1 ®-Qay — mlag U---Umlay,

where m;: M5 — Mg denotes the projection onto the ¢-th factor. Given equivariant
cohomology classes ay, ..., a, € H5(M), we may then identify the product a; ®...® a,
with the cup product

a:=mjaU...Umia, € H (M)
and choose a pseudocycle
fn: V= (EGY xg M)"
Poincaré dual to a, where N is sufficiently large. Then we define

Mw,p -
GGWB7n7eVdv0127@,J,H (a17 e 7a/n) T fN ’ eVdV0127®7J1H N

It follows from Lemma 5.3.1 and Lemma 6.5.6 in [22] that the homomorphism (5.14) is
in fact independent of the pseudocycle fy. It only depends on the bordism class of the
pseudocycle evVayoly,0.7.H-
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5.3.3. Main result. We may now formulate the main result of this section.

THEOREM 5.3.2. Assume that (M,w) is monotone. Fiz a class B € HY(M;Z) and
let Ep = ([w— u|%, B), and fir an Ep-admissible area form dvoly, on 3. Let p > 2 be a
real number and fiz a regular classifying map © € CL,, and a regular perturbation datum

(J,H) € JHyeg(dvoly; ©; B). Let n be a positive integer. Then the homomorphism
CGW e c Hy(M)®™ — 7

B,n.evavoly,,0,J,H
defined in Section 5.3.2 above is independent of the perturbation datum (J, H).
PrROOF. We have seen in the construction of the homomorphism (5.14) that this
homomorphism only depends on the bordism class of the pseudocycle evyyors, 0.7m. By

Proposition 5.2.1 (ii), we know that this bordism class is independent of the perturbation
datum (J, H). O

The theorem shows that the homomorphism (5.14) is an invariant of the Hamiltonian
G-manifold (M, w, 1) which only depends on the equivariant homology class B, the area
form dvoly, and the classifying map ©. It will therefore be denoted by

GGWAB/[,;i;:{izolg,Q: HE(M)®" — Z
and called the n-point gauged Gromov-Witten invariant in degree B.

REMARK 5.3.3. We expect that the homomorphism (5.14) is also independent of the
admissible area form dvoly and the regular classifying map ©.

Theorem 5.3.2 completes the proof of the Main Theorem in the introduction.






APPENDIX A
Auxiliary results

In this appendix we provide some basic results from symplectic geometry and gauge
theory that will be used throughout this thesis.

Section A.1 provides useful formulas for covariant derivatives. In Section A.2 we
extend the bubbling analysis of McDuff and Salamon [22], Section 4.7, to the case of al-
most complex structures that are only continuous. Finally, in Section A.3 we prove some

basic facts about the moduli space of fiberwise pseudoholomorphic spheres in symplectic
fiber bundles.

A.1. Covariant derivatives

In this section we prove some basic formulas for covariant derivatives that will be
needed for the calculations in the proof of the a apriori estimate in Section 3.2.4.

A.1.1. The Levi-Civita connection. We start by considering almost complex
structures on symplectic manifolds. For any manifold M we denote by Vect(M) the
space of smooth vector fields on M.

LEMMA A.1.1. Let (M,w) be a symplectic manifold, and let J be an w-compatible
almost complez structure. Denote by (-,-) = w(-,J:) the Riemannian metric on M
determined by w and J, and let V be the Levi-Civita connection on M associated to this
metric. Then

(i) (VxJ)J + J(VxJ) =0
(ii) J(VyxJ) = VxJ

(iii) Vx(JY) = JVxY + (VxJ)Y

(iv) {(Vx )Y, Z) + (Y, (VxJ)Z) =0

V) (Vx )Y, Z) + (W) Z,X) +{(Vz])X,Y) =0

for X,Y,Z € Vect(M). Let moreover I € Q°(M,End(T'M)) be an arbitrary endomor-
phism of the tangent bundle of M. Then

(Vl) (,CXI)Y = ]VyX + (fo)y - V[yX
for X, Y € Vect(M).

PROOF. For (i)-(v), see Lemma C.7.1 in [22]. For (vi), see Exercise 2.1.1 in [22]. O

173
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A.1.2. Covariant derivatives. Let GG be a compact connected Lie group with Lie
algebra g and assume that g is equipped with a G-invariant inner product (:,-)4. Let
(M,w, i) be a closed Hamiltonian G-manifold with symplectic form w and moment map
w: M — g* = g, where we identify the Lie algebra g with its dual g* by means of the
invariant inner product on g. The action of G on M gives rise to an infinitesimal action
of g on M, and we denote by X, the Hamiltonian vector field on M associated to the
element £ € g. We will also us the notation

Lyig—=T.M, £ L

for the infinitesimal action of g on M.

Let D C C be an open subset of the complex plane. Fix a smooth connection A €
QY(D,g). The remainder of this section is concerned with differential operators acting
on certain function spaces on D. We begin by defining a twisted covariant derivative

Va: Q%D,g) — Q(D,g),  Van:=dn+[A,1]

acting on smooth g-valued functions on D. It is compatible with the inner product on g
in the following sense.

LEMMA A.1.2. For all ny,ms € Q°(D, g), we have
d(n1,m2)g = (Vanu, m2)g + (M, Vana)g.
PRrROOF. Let v € T'D be a tangent vector. By the Leibniz rule,

d(n1, m2) (v) = (dm(v), n2) + (m, dn2(v)).
Moreover, G-invariance of the inner product on g implies that
([A(v), m],m2) + (m, [A(v), na]) = 0.
Combining both identities, the claimed formula follows. Il
Denote by J(M,w) the space of smooth w-compatible almost complex structures on
M, and fix a smooth family
J: D — J(M,w).
This family gives rise to a family
<'7 '>J: D>z~ <” >2 = <'7 '>Jz = w('? ‘]Z) (Al)
of Riemannian metrics on M. We shall denote the adjoint of the operator L,: g — T, M
with respect to the inner product (-, )4 on g and the family of metrics (-,-); on M by

L:T,M—g, v~ Luwv.
We then have the following formula for the twisted covariant derivative of the moment
map .
LEMMA A.1.3. Let uw € C°(D,M). Then
Vap(u) =—LJdau.
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PROOF. The proof is taken from Gaio and Salamon [11], Section 9. Let v € T'D be
a tangent vector. A short calculation shows that

V() = () (0) + [A(v), p(o)
— du(u) (du(v)) + dpe(w)(Xago (@) = dpa(w) (dauu(v)).
Moreover, the moment map property of p yields
(1 L6), = (Lun.€),

= w(Xn(u), Jé)

= d(p,n)g(JE) = (dp(u)(JE), ),
for all n € Q°(D, g) and ¢ € Q°(D,u*TM). Hence L = du(u)J, that is,

dp(u) = = L2 J.

On combining this with (A.2), the claim follows. O

(A.2)

Next we observe that the family (A.1) of Riemannian metrics on M determines a
family

ViD32z—V,: =V, (A.3)
of associated Levi-Civita connections on M. Here V, is the Levi-Civita connection
V.: Q°M,End(TM)) — QY(M,End(TM))

determined by the Riemannian metric (-, -) ..

Let us fix a smooth connection 1-form A € Q'(D,g) on D. Now A gives rise to a
twisted covariant derivative

Va: QO(D, uTM) — Ql(D, u*TM), Vi€ = VE+ VgXA(u)

acting on sections of the vector bundle u*T'M — D. In more explicit terms, this operator
is given by

Va€ (2) = (Va€) (2) + ((Ve)e Xa(u)) (2)
for z € B. Furthermore, we define a twisted covariant derivative

8a: Q°(D,Q°(M,End(TM))) — Q' (D, Q°(M, End(T'M)))
acting on families D — Q°(M, End(TM)) by
dal :=dl — Lx,1,
where Lx, I is the Lie derivative of I along the vector field X 4. The 1-form 84/ is given
by
oal (v) = dI(v) — Lx I

for z € B and v € T,B. In particular, Lx A(v)[Z denotes the Lie derivative of the endo-
morphism /. in the direction of the vector field X 4., on M.
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A.1.3. Compatibility. The next result collects some basic properties of the oper-
ator d4.

LEMMA A.1.4. Let J: D — J(M,w) be a smooth family of w-compatible almost com-

plex structures on M with associated family of Riemannian metrics (-,-); = w(-,J-). Let
A€ QYD,g) be a connection 1-form. Let u € C®(D, M), and let &, & € Q°(D,uw*TM)
be sections. Then

(i) J(0aJ) + (0aJ)J =0
(ii) (&, J(Bad)&) — (J(8a)E1,&) =0
(iii) (&1, (8a)&2) — ((8aJ)&1, &) = 0.
PRrROOF. First recall that the twisted covariant derivative 64 is defined by
dad =dJ — Lx,J.
Proof of (i). This follows from J? = Id by the Leibniz rule. More precisely, we have
0=d(J?) = (dJ)J + J(dJ)
and
0= EXA(JQ) =(Lx,))J+J(Lx,J).

Combining both identities, the claimed formula follows.

Proof of (ii). For z € B we compute

(€1(2), (A1) 6(2)), = — 5 (6(2), ()

Y —

- el 6.
= (&2(2), J2(dJ.) &i(2 >> <Jz(sz)€1(Z)>§2(Z)>27

that is,
<§17 J(dJ)§2> = <J(dj)§1,§2>-

On the other hand note that, by G-invariance of w, we have Lx,w = 0. Using this, we
get

(J(Lx, D)1, &) = w((Lx,d)ér &)
= (Lx,w)(J&, &) — Lx (w(J&, &) —w(J(Lx,&), &)
—w(J&, Lx,&)
= —Lx,(w(JE, &) —w(J(Lx,),6) —w(J(Lx,&) &)
= —Lx,(w(J&,&)) —w(J(Lx, &), &) —w(J(Lx, &), &)
= (Lx,w)(J&, &) — Lx, (w(J&, &) —w(J(Lx,&), &)
w(‘](‘CXA§1)7€2)
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w((ﬁxAJ)fé;&)
= (&1, J(Lx,J)&2).
The formulas for the Lie derivatives that we used in this computation may be found in
[20, p. 34 and Prop. 3.2(a)]. Combining both identities, the claimed formula follows.

Proof of (iii). This is a direct consequence of Formulas (i) and (ii) above. For, we have
(€1, (8a))&2) = (J&1, J(84T)&2)
= (JE, (847) )
= —((8a )81, J*&) = ((84)&1, &)
O

A.1.4. Leibniz rule. The next proposition provides a Leibniz rule for the covariant
derivative Vy4.

PROPOSITION A.1.5 (Leibniz rule). Let J: D — J(M,w) be a smooth family of w-
compatible almost complex structures on M with associated family of Riemannian metrics
(Vg =w(,J). Let A€ QYD,g) be a connection 1-form. Let w € C=(D, M) and let
€€ QD,u*TM) be a section. Let I € Q°(D,Q(M,End(TM)). Then

Va(I€) = IVag + (Vaul )€ + (84T)€.
PRrOOF. Let v € T'D be a tangent vector. Using the Leibniz rule we compute
Vo) = IV€ + (Vauwy )€ + dI(v) €.
By Lemma A.1.1 (vi) we further have
VieXaw) = IVeXaw) + (Vxu, 1§ = (Lx,, 1€
Hence we get
Vau(I§) = Vu(1€) + VieXaw)
= IV,§ + IVeXaw) + (Vauw) D€ + (Vi 1§ + AL (v) § — (Lx,,, 1)E
= I(Vo€ + VeXaw) + (Vauwyxa0) )€+ (A1(0) = L, )€
= Vw8 + (Vaquw) D)€ + (3anl)E.
O

A.1.5. Metric compatibility. The next proposition makes precise the sense in
which the operator V4 is compatible with the Riemannian metric (-,-); on M.

PROPOSITION A.1.6 (Metric compatibility). Let J: D — J(M,w) be a smooth family
of w-compatible almost complex structures on M with associated Riemannian metric
(,V;=w(J). Let A€ QYD,g) be a connection 1-form. Let u € C*(D, M), and let
&1,& € Q%D,u*TM) be sections. Then

d(€1, &) = (Va&y, &) + (61, Va&a) + (S, (04T)E2).
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The proof of Proposition A.1.6 is based on the following two lemmas.
LEMMA A.1.7. Under the assumptions of Proposition A.1.6 we have
d(&1, &) = (VE€1,&2) + (&1, V&) + (J&1, (dJ)E2).

PROOF. First recall that the function (&,&): D — R is given explicitly by the
formula (&1, &) (2) = (&1(2),&2(2)), for z € D. Whence

4466 = 6D, + 6.8,

The first term on the right-hand side of this expression is computed using pointwise
compatibility of the family of Levi-Civita connections V, with the family of metrics
(-,-)5. on M. So

a / /
%@1(3 ), &(2)).

(A.4)

2=z 2=z

= (V:4i(2), &(2), + (&1(2), V:£2(2)),

z

= (V:1(2), &(2)), + (61(2), Via(2))..

Y —
z'=z
Zl:

For the second term we have

%@1(2), &(2)), % i (6(2), 1 &x(2)

2=z B 5

= Wu(z) (gl(z)’ (d‘]) (Z> 52(2))

= —wu(x) (€(2), 2 (A)(2) &(2))
= (L.&(2), (d])(2) &(2)).

2=z

Combining both results we obtain

d(61,62) = (V:61(2), &2(2)), + (61(2), Vaba(2)), + (= &1(2), (dT)(2) &2(2)) .-
O

LEMMA A.1.8. Let h € CF(M,R) be a Hamiltonian function on M, with Hamilton-
ian vector field X, € CF(M,TM). Then, under the assumptions of Proposition A.1.6,

(€15 Ve, Xn) + (Ve X, &) + (J&1, (Lx, J) &) = 0.
PROOF. The proof is adapted from the proof of Lemma B.2 in [11]. We first write
(&1, Vo Xn) + (Ve X, &) = (J&1, IV, Xin) + (JVe, X, J&).
Using the formulas
IV, Xn = Ve, Xn — (Vx, J)& + (Lx,J)&
and

Jvleh = vfl(‘]Xh) - (V&J)Xh:



A.1. COVARIANT DERIVATIVES 179

which hold by Lemma A.1.1(vi) and (iii), and rearranging terms we get
(€1, Ve, Xn) + (Ve X, &) = (&1, Vi, Xn) + (Ve (JX0), J&) — (J&1, (Vix, J)&2)
— (Ve J) X, J&) + (J&1, (Lx, T)E2).-
We simplify this using
(J&1, (Vx, J)62) = —(&1, I (Vx, J)&2) = (&1, (Vx, J) J&2)
from Lemma A.1.1(i), obtaining
(€1, Ve, Xn) + (Vie, X, &) = (Ve, (JX0), J&) + (JE1, Ve, Xn) — (((Ve, J) X, JE2)
+ (&1, (Vx,, J)J&)) + (J&, (Lx, T)E)-
By Lemma A.1.1(v),
(Ve J)Xn, J&2) + ((Vix, ) I &2, &1) + (Ve J)61, Xi) = 0.
Hence
(&1, Vo Xn) + (Ve X, &) = (Ve (JXn), J&) + (J&, Ve, Xn) + (Vg J)E1, Xn)
+ (J&1, (Lx, J)&2)-
Since X, is the Hamiltonian vector field of h we have
dh = w(Xy, ) = (J Xy, ),
that is, J X}, = Vh is the gradient vector field of h. But then
(Ve, (JXn), J&2) = (Vg Vh, J&)
= Vdh(&, J&)
= Vdh(J&, &)
= (Ve VB, &) = (Vi (JX0), &) = (&1, Ve, (JXR))
since the Hessian V dh is symmetric. Moreover, by Lemma A.1.1 (iv),
(Vie, J)61, Xn) = —(&1, (Vigy ) X))
Thus we get
(€1, Ve, Xn) + (Ve X, &2) = (&1, Vie, (JXn) = IV e, Xn — (Vigy J) Xin)
+ (J&1, (Lx, J)&).
Using
Vie,(JXn) — IV, Xy — (Vye, J) X =0
from Lemma A.1.1 (iii) we finally obtain
(€1, Ve, Xn) + (Ve X, &) = (J&1, (Lx, ) Ea)-

The lemma is proved. Il

We are now ready to prove Proposition A.1.6.
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PRrooF oF PROPOSITION A.1.6. First note that

(Va&i, &2) = (VE1, &) + (Ve Xa(u), &)
and
(€1, Va&a) = (61, V&) + (&1, Ve, Xa(u)).

Using Lemma A.1.7 we may write

d(&1, &) = (Vaér, &) + (€1, Vala) — ((Ve, Xa(u), &) + (&1, Ve, Xa(w)))
+ (J&1, (dJ)&a).

To compute the third term on the right-hand side of this expression, we note that for
every tangent vector v € T'D, X,u(u) is a Hamiltonian vector field on M along u
associated to the Hamiltonian function (u, A(v))y € C¥(M,R). Hence Lemma A.1.8
yields

(Ve, Xaw) (1), §2) + (&1, Ve, Xag)(u) = (J&1, (LxyS) §2) = — (615 J(Lx 0y ) §2)
for v € T'D. Whence
(Ve Xa(u), &) + (&1, Ve, Xa(u) = (J&, (£x,J) &2)-

Rearranging terms we thus obtain

d(&1,&2) = (Va&y, &) + (61, Va&a) + <J§1, (dJ — ﬁXAJ)52>
= (Va&1, &) + (€1, Vaba) + (J&1, (8a])Ea).

This completes the proof of Proposition A.1.6. U

A.1.6. Bilinear form. We now define a g-valued bilinear form p: «*T'M @u*TM —
g on the vector bundle ©*T'M — D by the relation

<?77 p(£17 £2>>g = <V§1X7](u)7 €2>J
for &1,& € QY(D,u*TM) and n € Q°(D, g). We have the following result.

LEMMA A.1.9. Let u € C°(D, M), let n € Q°(D,g) and let & € Q°(D,u*TM) be a
section. Then

(1) VA Lun — LuVAn = VdAan(u)
(i) VaLig —LiVa€ = p(dau, €) — LiJ (84)€.
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PROOF. Proof of (i). Let v € T'D be a tangent vector. Because the Levi-Civita
connection V is torsion free, we have

Vao(Lun) = LuVaun
= Vo L + Vi, @ Xo (1) = Lu(dn(v) + [A(v), 7))
= Vau() X (1) + Lu(dn(v)) + Vi, X () + Xiag).n (@) (A5)
= Lu(dn(v)) = X{aw).m (u)
= Vau() X (1) 4 V) Xn ()
= Ve yu() Xn(1)-
Proof of (ii). Our proof builds on the proof of Lemma C.2 in [11]. Let v € TD be a
tangent vector. Using Lemmas A.1.2 and A.1.6 we compute
(1 Vau(Li€) = LiVauf)
= d(n, L36) (v) — (Vaun, L&) — (1, L3 Vas€)
= d(Lun, £)(v) = (LuVawn, §) — (Lun, Vag)
= d(Lun, §)(v) = (LuVaun, §) — d(Lun, §)(v) + (Vap(Lun), §) — (Lun, J(84,07)€)
= (Vao(Lun) — LuVawn, &) — (n, Ly, J (84,07)€))-
)-

We may simplify this further using Formula (A.5
we thus get

By definition of the bilinear form p

<777 VA,U LZ’S - LZVA,U£> = <vdAu (v) u) £> + <L* 6A v )€>
= (1, p(dau(v), &) + L3, T (84,7)€).

This proves the lemma. U

A.1.7. Weitzenbock type formula. We close this section with Proposition A.1.10
below, which states a Weitzenbock type formula for the operator V4. As we shall see, in
this context it will be convenient to think of the family (A.3) of Levi-Civita connections
on M in the following way: Fix a reference connection V;, on M and write the affine
linear space of all connections on M as

Vo + QYM, End(TM)).
Define a map
Ve J(M,w) — Vo + QY(M,End(TM)), I~ V; (A.6)

that assigns to every w-compatible almost complex structure I on M the Levi-Civita
connection of the Riemannian metric (-,-); := w(+,I-). The family (A.3) is then given

by
V:D — Vy+ QYM,End(TM)), z+ V.,
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where J: D — J(M,w) is the fixed family of almost complex structures on M. We
define the twisted derivative of the family V as follows. Denote by

dVi©: Q% M, End(TM)) — QY(M,End(TM)), I +— dV=°(I)

the derivative of the map (A.6), and recall that the twisted derivative of the family
J: D — J(M,w) is given by

84J: TD — Q°(M,End(TM)).
We then define the twisted derivative of the family (A.3) to be the map
DAV :=dV* o6, J: TD — QY(M,End(TM)). (A7)
The evaluation of this differential on a tangent vector v € T'D will be denoted by
D4,V =dV'(84,J) € Q' (M,End(TM)).
Furthermore, we denote by
R:D>zw R, € Q*(M,End(TM))

the family of Riemann curvature tensors on M associated to the family of Levi-Civita
connections (A.3). We shall use the abbreviations

Vas i =Vass, Vari=Vaa, vs:=dau(0s), v, :=dau(0t),

where 0s and Ot are the coordinate vector fields on D.
With this notation we may now state the Weitzenbock type formula for V4.

PROPOSITION A.1.10 (Weitzenbock type formula). Let J: D — J(M,w) be a smooth
family of w-compatible almost complex structures on M. Let A € QY(D,g) be a connec-
tion 1-form. Let u € C*(D, M), and let & € Q°(D,u*TM) be a section. Then

(VasVar = VaiVas)€ = R(vs, v)€ + VeXp,0,.0,) (1)
+ ((DaV)(ve) = (DaV)(v5))8-
ProOOF. By the Leibniz rule,
Vao(Vaws) = Vao (V)awf) + DV (dau(w,))E
for . € D, v € T,D and w € Vect(D). Hence
(VasVar = VarVas)€ = Vas((V)ae) — Var(Va)as€)
+ ((DaV) (ve) — (DadV)(v5)) €.
By Lemma B.4 in [11] we now have

Vs ((V2)a,6) = Var(Vo)as) = R(vs, v)€ + VeXp, (0,00 (W),
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A.2. Bubbles connect revisited

The aim of this section is to generalize the bubbling analysis in McDuff and Sala-
mon [22], Section 4.7, to the case of almost complex structures that are only continuous.
The result will be needed to carry out the bubbling analysis in the proof of Gromov
compactness in Section 3.6. More precisely, we re-prove Propositions 4.7.1 and 4.7.2
in [22] under the weaker assumption the the almost complex structures only converge in
the C°-topology.

A.2.1. Main result. The main result of this section is Proposition A.2.1 below.
Let (M,w) be an arbitrary closed symplectic manifold. Moreover, for zy € C and r > 0

Bi(z) :={z€C| |z — 2| <7}

denotes the closed disk of radius r around zy,. We shall denote by J°(M,w) the space of
w-tame almost complex structures on M of class C°. Given an w-tame almost complex
structure I € J°(M,w), we denote by (-, )7 the corresponding Riemannian metric on M
determined by I and w. Recall that the energy of an I-holomorphic curve u: B,.(zg) — M
is then given by

Brfw B (o) =5 [l
(see [22], Section 2.2 for details).

PROPOSITION A.2.1 (Bubbles connect). Let (M,w) be a compact symplectic manifold.
Let I € J°(M,w) be an w-tame almost complex structure on M of class C°. Suppose that
I, € J°(M,w) is a sequence of w-tame almost complex structures on M of class C° that
converges to I in the C°-topology. Fiz a point zy € C and a real number ro > 0. Suppose
that u,: By, (20) — M is a sequence of I,,-holomorphic curves and u: B, (z0) — M is an
I-holomorphic curve such that the following holds.

(a) The sequence u, converges to u in the C*®-topology on every compact subset of
B,y (20) \ {20}
(b) The limit
mo = lim lim Ej, (u,,; BE(ZO))

e—0v—o0
exists and 1s positive.

(¢) There ezist constants §,C' > 0 such that for all z € B,,(29) and all v > 0 with
B, (z) C B,,(20), the curve u, satisfies a mean value inequality of the form

Er,(u;B(2) <6 = ’duy(z)’i < 7% - B, (u; B.(2)) + C

for every v.
Then there exist a sequence of automorphisms 1, € Aut(P"), an I-holomorphic sphere
v: P! — M and finitely many distinct points z1, . .., ze, zso € P' such that, after passing
to a subsequence if necessary, the following holds.
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(i) The sequence 1, converges to zy in the C*°-topology on every compact subset
of P'\ {200} = C.

(ii) The sequence
Uy 1= Uy Oy ¢;1(BT0(ZU)) — M

converges to v in the C*-topology on every compact subset oflP’l\{zl, ey 205 Zoo )
and the limaits
m; = lim lim Ey, (vy; B:(2;))

e—0v—o00
exist and are positive for j =1,... L.
(iii) No energy gets lost in the limit, that is,

l
E[(U) + ij = my.
j=1

(iv) If v is constant, then { > 2.
Moreover, bubbles connect in the sense that
u(z0) = v(ze0),
and, for every e > 0, there exist constants oy > 0 and vy such that
d(z, 20) + d (1) ' (2), 200) < o — d(uy(2),u(z0)) < €

for every v > vy and every z € P

A.2.2. Proof of Proposition A.2.1. Our proof is essentially the same as the proof
of Propositions 4.7.1 and 4.7.2 in [22] except for two differences, which we now discuss.

First, the almost complex structures I, and I are only of class C°, and the sequence I,
is assumed to converge to I only in the C°-topology ([22] requires C'*-convergence).
This will cause problems in all arguments involving the derivatives of I, and I. Now
the only part of the proof of Propositions 4.7.1 and 4.7.2 where the derivatives of I,
and I come into play is when the mean value inequality for pseudoholomorphic curves of
Lemma 4.3.1 in [22] is used. In fact, a careful examination of the proof of Lemma 4.3.1
in [22] shows that the constant ¢ in the statement of this lemma depends on the first and
second derivatives of the almost complex structure. Hence the only difference between
our proof of Proposition A.2.1 and the proof of Propositions 4.7.1 and 4.7.2 resulting
from the lack of regularity of I, and I is that we cannot apply the mean value inequality
of Lemma 4.3.1. Instead, as a substitute for this inequality, we have to incorporate the
Mean Value Inequality (c) into the assumptions of Proposition A.2.1.

Second, the mean value inequality of assertion (c) in the assumptions of Proposi-
tion A.2.1 is slightly weaker than the mean value inequality of Lemma 4.3.1 in [22] since
it contains an additive constant. Now the only step in the proof of Propositions 4.7.1
and 4.7.2 where Lemma 4.3.1 is used is in the proof of Lemma 4.7.3. We therefore need
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to amend the proof of Lemma 4.7.3, using the mean value inequality of (c) instead of
the mean value inequality from Lemma 4.3.1. The result is formulated in the following
lemma. For r < R we shall denote by

A(r,R):={z€C|r<|z| <R}
the closed annulus in C of inner radius r and outer radius R centered at the origin.

LEMMA A.2.2. Let (M,w) be a compact symplectic manifold and let I € J°(M,w)
be an w-tame almost complex structure on M of class C°. Fiz constants 6,C > 0. Then,
for every p < 1, there exist constants Ry, dg,c > 0 such that the following holds.

Suppose that 0 < r < R < Ry with R/r > 4, and that u: A(r,R) — M is an I-

holomorphic curve that satisfies a mean value inequality of the following form. For all
z € A(r,R) and all p > 0 such that B,(z) C A(r, R),

Er(u;By(z)) <6 = %}du(z)ﬁ < % - Br(u; By(2)) + C. (A.8)

Then if the energy of u is sufficiently small in the sense that
Er(u) = E](U;A(T, R)) < dy
we have estimates
Er(u; A(e"r,e”"R)) < c- e 7T Er(u) (A.9)

and

sup d(u(z),u(z) <c- <e_“T v Er(u) + R) (A.10)

2,2/ €A(eTre—TR)
forlog2 < T <log+\/R/r.

The proof of Lemma A.2.2 is deferred to the end of this subsection. We now continue
with the proof of Proposition A.2.1.

Comparing the statement of Lemma A.2.2 with the statement of Lemma 4.7.3 in [22]
we see that there are precisely two differences. For, in Lemma A.2.2 the annulus A(r, R)
is assumed to be sufficiently small in the sense that R < Ry, and inequality (A.10)
contains an additional additive constant R.

A careful examination of the proofs of Propositions 4.7.1 and 4.7.2 in [22] now shows
that Lemma 4.7.3 is used in these proofs exactly three times, once in the proof of
Lemma 4.7.4, and twice in the proof of Proposition 4.7.1 (see p.103 in [22]).

Let us discuss the proof of Lemma 4.7.4 first. In this proof, Lemma 4.7.3 is applied
to the [,-holomorphic curve u,: A(6"/p,p) — M (we use our notation), where p > 0
is sufficiently small and v sufficiently large. Now the Mean Value Inequality (c) in the
hypothesis of Proposition A.2.1 ensures that the curve u, indeed satisfies the require-
ments of Lemma A.2.2. Then, replacing Lemma 4.7.3 by Lemma A.2.2, we proceed
in the proof of Lemma 4.7.4 as follows. First, we have to assume that p > 0 is such



186 A. AUXILIARY RESULTS

that p < Ry, where Ry > 0 is the constant from Lemma A.2.2. This is no loss of
generality since we are only interested in the situation where p — 0. If 2p < r, then
A(6Y/2p,2p) C A(6”/r,r). Applying inequality (A.10) to the annulus A(8”/2p, 2p) with
T =log 2, we obtain constants ', ¢ > 0 such that

E"(2p) < = sup  d(w(2),u, () < - VE(2p) + ¢ - p.

2,2/€A(8 /p.p)

Take the limit ¥ — oo to obtain
E@2p) < = d(u(p),v(1/p)) = lim d(u,(p),u,(6"/p)) < ¢ -/ E(2p) + ¢ - p.
Here we use the notation

E*(2p) := Ey, (u; A(6"/p,p)) and  E(2p) := lim E*(2p)
as in [22]. Finally we let p — 0 to obtain u(0) = v(cc). The proof of Lemma 4.7.4 now
proceeds exactly as in [22].

Next we discuss the proof of Proposition 4.7.1. In the proof on p.103 in [22] the
first estimate (4.7.1) of Lemma 4.7.3 is applied to the annuli A(§",e"), where ¥, 6" — 0.
Since estimate (4.7.1) is exactly the same as estimate (A.9) in Lemma A.2.2 above, it
only remains to verify that Lemma A.2.2 does in fact apply to this situation. As already
explained, the curve u, satisfies the assumptions of Lemma A.2.2 because of the Mean
Value Inequality (c¢) in the hypothesis of Proposition A.2.1. Moreover, since ¥ — 0,
and as we are interested in the limit v — 0o, we may, after passing to a subsequence if
necessary, assume that ¥ < Ry, where Ry > 0 is the constant of Lemma A.2.2. Then
the proof of Proposition 4.7.1 proceeds as in [22].

Thus we have shown that, with the above modifications, the proofs of Proposi-
tions 4.7.1 and 4.7.2 in [22] carry over to our situation, and so the proof of Proposi-
tion A.2.1 is now complete modulo the proof of Lemma A.2.2.

A.2.3. Proof of Lemma A.2.2. The proof is adapted from the proof of Lemma

4.7.3 in McDuff and Salamon [22]. Let 0 < p < 1 be fixed and define ¢ = ¢/(p) := 1/47p.

We begin by recalling some notation from [22], Section 4.4. Let B denote the closed
unit disk in C centered at the origin. For any smooth loop v: 0B — M we denote by

() = / K)o

its length with respect to the Riemannian metric (-,-); on M determined by w and I. If
the length £(y) is smaller than the injectivity radius of M, then v admits a smooth local
extension u,: B — M such that

Uy (6i9> =7(0)
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for every 6 € [0, 27|, and the local symplectic action of ~ is hence defined by

a(y) = —/Bu;w.

Note that this does not depend on the choice of local extension u., as long as the length
of v is smaller than the injectivity radius of M. As we have already seen in Section 3.2,
the isoperimetric inequality of Theorem 4.4.1 in [22] continues to hold in our situation
where the almost complex structure is only of class C°. Since ¢ > 1/4x by assumption,
we thus have an isoperimetric inequality of the following form: There exists a constant
0 < dp < 0 such that

() <4nVC -6y = la()|, < ¢ -U(y)? (A.11)

for every smooth loop v: B — M. Here ¢ and C' are the constants from the hypothesis
of the lemma.

Now we are ready to start with the actual proof of inequality (A.9). For r < p < R
let v,: OB — M denote the loop defined by

%(0) = u(pe”)

for 0 € [0, 27]. Furthermore, for log2 <t <log +/R/r we define a smooth function ()
that assigns to every ¢ the energy of the curve u on the annulus A(e'r,e " R), that is,

e(t) == Ey <u;A(etr, e_tR)> = %/ |dul? .
A(etr,e~tR)

Note that the condition ¢t < log v/ R/r ensures that e'r < e *R. Moreover, we will later
need the condition ¢ > log 2 in order to be able to apply the Mean Value Inequality (A.8)
from the assumptions.

Fix a number log2 < T < log y/R/r and consider a point z = pe?? € A(elr,e T R).
Since T > log 2 it follows that 2r < p < R/2, whence the disk B,(z) is contained in
the annulus A(r, R). If Ej(u) < d9 < 6, we may then apply the Mean Value Inequality
(A.8), obtaining

1 ; C C

Since Er(u) < 6y we get from this the following estimate for the norm of the derivative
of 7, in the direction of ¢:

r

\%(9)\1:ﬂ-\du(pe”)lfs¢0-E1<u)+c-rzs@-( o).
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Next we define
RO = \/5_07

and assume for the remainder of this proof that R < Ry. We then obtain for the length
of the loop 7, the estimate

2
Uy, = / 7,(0)], 46 < 4n/C - /5o, (A.13)
0
Hence it follows from the Isoperimetric Inequality (A.11) that

la(yo)l; < ¢ £(7,)° (A.14)
for 2r < p < R/2.
Asin [22], Remark 4.4.2, we denote by u,: B — M the local extension of an arbitrary
loop 7,, defined by the formula

up(pe”) 1= exp,, 0 (1 €(9))
for 0 < p' < p and 6 € [0, 27], where the map &: [0, 27] — T, ()M is determined by the
condition
€XDy,(0) (5(9>) = 7,(0).
Let log2 < t < log+/R/r, and consider the sphere v;: S? — M that is obtained from
the restriction of the map u to the annulus A(e'r, e *R) by filling in the boundary circles
Yetr and v,—tp with the local extensions g, and w,—r. The sphere v;: S? — M is

contractible because it is the boundary of the 3-ball consisting of the union of the disks
u,: B — M for e'r < p < e 'R. Hence

0:/ Ufw:/ u*w—/uZtTuJ%—/u:tRw.
S2 A(etr,e~tR) B B

To understand the minus sign on the right-hand side of this identity note that the disks
Uetr and u.—+p have different orientation considered as submanifolds of the sphere S2.
Since the symplectic form w tames the almost complex structure I, it follows from the
energy identity from Lemma 2.2.1 in [22] that

E; <u; A(etr, e_tR)> = / uw.
A(etre~tR)

We may therefore write the previous identity in terms of the local symplectic action as
e(t) = E;p (u; A(e'r, e_tR)> = —a(Vetr) + a(Ve-tR).
Thus, applying the Isoperimetric Inequality (A.13) and Holder’s inequality we obtain

5@) = _a<76tr) + a(’ye_tP)
< - g(fyetr)Q + d - E(’Ye—tR)2

o/ %mr(emde)z v ([l a0)

2

IN
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c/(etT)Q 27 0 2 C/(e—tR)Q 27 - 0
= 5 /O ’dU(etTG )‘IdQ +T- /0 ‘du(e ‘Re )‘Id(‘)

1 27 012 1 B 27 B 12
< 2nd - (§(etr)2-/0 |du(e're 6)‘Id9+ 5(6 tR)Q-/O |du(e"Re 9)|Id0).

To estimate this further, recall that

_1 qul? = 1 o " du(pe®) 2 a0 d
e(t) = 5 [dul; =5 p [ |du(pe?)|;dodp,
A(etr,e~tR) etr 0

2

whence
. L i o t. i0\ |2 L, e o —tp 0\ |2
5(t):—§(er) /0 ‘du(er@ )‘IdQ—é(e R) /o {du(e Re )}IdQ.

We see from this computation that the function £(t) is of class C! in ¢ even though the
almost complex structure I and hence also the norm |-|; on M are only of class C°.
Hence we conclude that

e(t) < —2mc - £(t).
Because p = 1/4n¢ this implies
E(t) < —2u-e(t) < 0.

Now let log2 < T < log v/ R/r. Integrating this differential inequality from log2 to T
it follows that

£(T) < e 21T7182) . ¢(Jog 2) < e T2 . Br(u). (A.15)
This proves inequality (A.9).
We next prove inequality (A.10), starting with the following observation.

CLAIM. Let r < p; < py < R such that pa/p1 > 4, and set py = /p1ps. Let also
0 € [0,2r]. Then the restriction of the map u to the annulus A(p1,p2) satisfies the
following estimates.

(i) If 201 < p < po, then

36 C et _ (&

’du(peie) E < 2 P

(il) If po < p < pa/2, then

36 C e "
pze : (ﬁ> - Er(u; A(p, p2)) + C. (A.17)

du(pe®)|? <
’ u(pe )‘1— o
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PROOF OF CcLAIM. Assume that 2p; < p < ps/2. We then have

p/p1 < p2/p for p<po
and
p/p1 = p2/p for p > po.

We distinguish four cases for p.

CASE 1. 2p; < p < 2ep;.
The disk B,2(pe®) is contained in the annulus A(py, p2). If Ef(u) < §y < &, we may
therefore apply the Mean Value Inequality (A.8) obtaining

4C
7 By (U; A(p, P2)) +C

2 2%
(0 (5
16 C e ' <p1

p? p
In the last inequality we used that p/p; < 2e, whence (p/p1)* < 4e*".

au(pe) 2 <

<

) - Er(u; A(pr, p2)) + C.

CASE 2. 2ep; < p < po.
The disk B,/2(pe) is contained in the annulus A(p/e,ep). If Er(u) < 0y < 8, we
may therefore apply the Mean Value Inequality (A.8) obtaining

‘ 4C
|du(pe) ﬁ < r E;(u; A(p/e, ep)) + C.

In order to estimate this further, we apply inequality (A.15) to the annulus
AR gy =Rl ) S A(pfe, ep).
We get
B (s A(e0/0) 71 g 7RI ) ) < e om0l (u; Ay, o).

Therefore

I —

. 36 C e 2
‘du(,oewﬂ2 < e <%) - Br(w; A(pr, p2)) + C.
CASE 3. po < p < pa/2e.
The disk B,/s(pe”) is contained in the annulus A(p/e,ep). If Er(u) < 0y < 8, we
may therefore apply the Mean Value Inequality (A.8) obtaining

, 4C
|du(pe”) ﬁ < R Er(u; A(p/e,ep)) + C.
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In order to estimate this further, we again apply inequality (A.15) to the annulus
A(elog(pz/p)—l ,pl’e—log(pz/p)Jr1 .p2) > A(p/e, ep).
We get
E(u;A(elog(”/’))_l . phe—log(pz/p)Jr1 . p2)> < . e 21log(p2/p) E](U;A(p1,p2))-

Therefore

2p
2 —) ‘ EI(“% A(pr, Pz)) +C.

- 36 C' e
d 29 2< . (p
} u(pe )‘1— s

CASE 4. pa/2e < p < po/2.
The disk B,/2(pe®) is contained in the annulus A(py, p2). If Ej(u) < §y < &, we may
therefore apply the Mean Value Inequality (A.8) obtaining

iz AC
}du(pe 6)|I < ? : EI(U;A(pDPZ)) +C
4C [(p\*" (o \*
< F . <;) . E : E](U;A(plaPQ)) +C
16 C e+ p 2
=Tz (E) - Er(u; Alpr, p2)) + C.
Note that for the last inequality we used that ps/p < 2e, so that (py/p)* < 4e?.
The Claim is proved. U

Let now log2 <t <log(p2/po). For po < p < p2/2, inequality (A.17) implies that
, 18VC [ p\*
du(pe?)] < (—) A/ Er(u; A(pr, +VC
[du(pe?)|, < == V(w3 Alpa, p2)
pn—1
—18VC - Ppu B (w Alpr, p2)) +VC.
2

For any point sge’® such that po < so < e pyand 0 < Oy < 2w, integrating the last
inequality then yields

d; (u(po), u(see™))

S0 90 .
/ |0,u(p)|, dp + / |Bgu(s0€™)|, A6
p 0

0

< 18V(C- (/ﬂo p:;l dp+/090 (%)“M) -\/EI(U;A(m,pz))

0 2
—|—(So — Po + 8090) . \/5

IA
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e tpr p-1 2m —t Iz
18\/5-(/ Vot | ( ”2) d@)MEI(u;A(m,pz))
0 P2 0 P2

e tpy - (14 21) - VC
= 18\/6<(6 ) +27T €‘ut) \/EluA(pl,pg))—l-pg (1+27T) \/5

e ps

= 18VC- ( +27r)- t-\/E](U;A(pl,pz))+p2'(1+2ﬂ')'\/6.

IN

Similarly, for 2p; < p < pg, inequality (A.16) implies that

du(pe)], < 18[{_ (p) A Ei(us Alpy, p2)) +V/C

=18VC - p[/i1+1 ' \/EI(U; A(p1,p2)) + Ve,

and for any point s;e? with e'p; < s; < pg and 0 < 0; < 27, integrating this inequality

gives

ds (U(Po)> U(Sleit1 ))
20 01 '
/ ‘Opu ‘1 dp + / ‘59u(soe’9) ‘I de

IN

< 18VC ( /61 (%) ud&) B (u: Alpr, p2))
+(po — 51+ s161) - VC
e ([ e [ () 8) VR
telpy - (2m —1)-VC
= 18VC- (u Gpys T2 f“f> -\/E](U;A(pl,pz)) +po- (L+2m)-VC

= 18VC- (1+27r)- \/E, Alpr,p2)) +p2 - (14 27) - VC.

This proves inequality (A.10) and finishes the proof of Lemma A.2.2.
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A.3. Pseudoholomorphic spheres in the fiber

In this section, we study the moduli space of pseudoholomorphic spheres in the
fibers of a symplectic fiber bundle over a closed base manifold of arbitrary dimension.
Our approach is inspired by the construction of parametric Gromov-Witten invariants
for trivial symplectic fiber bundles by Buse [2] and the study of the moduli space of
pseudoholomorphic spheres in the fibers of a Hamiltonian symplectic fiber bundle over
a compact Riemann surface in McDuff and Salamon [22], Section 8.4.

A.3.1. Symplectic fiber bundles. Let (M,w) be an arbitrary closed symplectic
manifold. Let B be a closed manifold, and consider a symplectic fiber bundle

(M,w) "~ (M, D)

E

B

with typical fiber (M,w). Any homology class A € HQ(M ; Z) contained in the image of
the push forward map

iw: Hy(M;Z) — HQ(]/\\/[/; 7)

will be called fiberwise. For every fiberwise homology class A € HQ(M ; ) there exists

a unique collection of homology classes A, € Hy(My;Z) in the fibers of M , indexed by
b € B, such that

ib*Ab - A7

where iy : ]\AI/I, —» M is the inclusion of the fiber.

A.3.2. Vertical almost complex structures. We denote by 7V := J Vert(]T/[/ , W)
the space of vertical w-compatible almost complex structures J on the bundle M — B.
More explicitly, this means that for every b € B the almost complex structure J, and
the symplectic form w, on the fiber ]\Ajb are compatible.

REMARK A.3.1. In the applications in Section 4.3, (M,w) will be a G-manifold
equipped with a G-invariant symplectic form, and we will be interested in the particular
case where

M:=QxgM — B

is the fiber bundle associated to some principal G-bundle ) — B. We may then equiva-
lently think of a vertical almost complex structure J € J V't as a smooth G-equivariant
map

J:Q— J(M,w),

where J(M,w) denotes the space of w-compatible almost complex structures on M.
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A.3.3. Moduli space. Let us now fix a fiberwise spherical homology class A €
Hy(M;Z) and a vertical almost complex structure J € JV'. We define the moduli
space of of simple fiberwise J-holomorphic spheres in M of degree A to be

M*(M;A; J) = {(b,v)’be B and v e M*(]\Z;Ab;(]b)}.

Here M*(Z\Ajb, Ap; Jp) denotes the moduli space of smooth simple Jy-holomorphic spheres
of degree Ay, in the fiber M, (see McDuff and Salamon [22], Section 3.1, for the definition
of this moduli space).

A.3.4. Fredholm theory. Fix a real number p > 2, and consider the Banach

manifold -
B :={(b,v)|b € Band v e W' (P' M,)}
of spheres of class W'? in the fibers of the bundle M. Its tangent space at (b,v) € BYP
is given by
Tio)B"" = T,B & WP (P, v*TM).

For any positive integer ¢ we denote by J* := J E(M ,w) the space of w-compatible
vertical almost complex structures of class C* on M — B. Fix J € J%, and define a
vector bundle &7 := &£ — B with fibers given by

£ = LP (P AY TP @ v' T M)

Consider the section F;: B — EP given by
Fi(b,v) = (b,a]b(v)),
where
0,,(v) := %(dv + Jyodv o jp)

denotes the complex antilinear part of the derivative dv. Thus a pair (b,v) defines a

fiberwise J-holomorphic sphere in M if and only if F;(b,v) = 0. The vertical derivative
of the section F; at a zero (b, v) gives rise to an operator

Db,v: T(bvv)Bl’p — 85, (A18)
which is given in explicit terms by
D (?) — DB+ Dyt (A.19)

Let us explain this operator in more detail. The operator
Dy: T,B — LP(P',AG T*P' @ v*T'My) (A.20)
is obtained by linearizing the Cauchy-Riemann operator

= 1
dy,(v) == §(dv + Jyodv o jp)
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with respect to b. It is given in explicit terms by the formula

D4 = — 5 o) (A (5) D, ()

Here the operator
dpJe: T,B — Ty, T (My, D)

is the derivative at b of the vertical almost complex structure J on M , and
1 .
04, (v) = §(dv — Jy(v) o dv o jp)
is the complex linear part of the derivative dv. The operator
D,: W' (P!, v*TM,)— LP(P', A T*P' ® v*TM,) (A.21)

is obtained by linearizing the Cauchy-Riemann operator 0 7, (v) with respect to v. It is
given in explicit terms by the formula

Dy = (V&)™ ~ SI(Veh) 01 (0).

We see from this formula that the operator (A.21) is a real linear Cauchy-Riemann
operator in the sense of McDuff and Salamon [22], Definition C.1.5. Here the operator

1 .
(Vf)o’l = §(V£ + Jy(v) o VEo ]P1)
denotes the complex antilinear part of the 1-form V¢,

PROPOSITION A.3.2. Fiz a vertical almost complex structure J € J* for some integer
¢ > 1. Fiz a real number p > 2. Then the operator (A.18) is Fredholm for every pair
(b,v) € BYP. Its (real) index is given by

ind Dy, = dim B 4+ dim M + 2 <01(T]\A/fb), [v]),
where [v] denotes the degree of the sphere v.

ProoOF. First, we note that the operator
T,B — 0, G0 (A.22)

is Fredholm of index dim B. Second, by the Riemann-Roch theorem (McDuff and Sala-
mon [22], Thm. C.1.10) the real linear Cauchy-Riemann operator (A.21) is Fredholm of
index s

ind Dy, = dim M + 2 (1 (T M), [v]).

We see from (A.19) that the operator (A.18) is the direct sum of the Fredholm operators
(A.22) and (A.21). Hence we conclude that the operator (A.18) is Fredholm and its
index is given by the sum of the indices of each of the operators (A.22) and (A.21) ([22],
Thm. A.15). O
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A.3.5. Regular vertical almost complex structures. Fix a fiberwise spherical

homology class A € Hy(M;Z). A vertical almost complex structure J € J Vot is called
regular for A if the vertical differential (A.18) is surjective for every b € B and every
simple J,-holomorphic sphere v: P! — ]\Afb of degree A,. We will henceforth denote by
T (A) = xggrt(ﬁ ,w; A) the set of all w-compatible vertical almost complex structures

—

on M that are regular for A.
A.3.6. Main result. The main result of this section is the following theorem.

THEOREM A.3.3. Let A € Hy(M;Z) be a fiberwise spherical homology class.
(i) If J € .Z\e/gert(A), then M*(M, A; J) is a smooth oriented manifold of (real)
dimension
dim M*(M; A; J) = dim B + dim M + 2 (c1(TM), A).
Here we denote by
(c1(TM), A) = (1(TMy), Ay, be B

the Poincaré pairing of the first Chern class of the fiber with the fiberwise ho-
mology class A, which is independent of the point b in the base.

(i) The set Tus(A) is a countable intersection of open and dense subsets of TV

PROOF. The proof of this theorem is similar to the proof of Theorem 8.4.1 in [22]. [
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