BOUNDED COHOMOLOGY VIA PARTIAL DIFFERENTIAL EQUATIONS, I

TOBIAS HARTNICK AND ANDREAS OTT

ABSTRACT. We present a new technique that employs partial differential equations in order
to explicitly construct primitives in the continuous bounded cohomology of Lie groups. As an
application, we prove a vanishing theorem for the continuous bounded cohomology of SL(2,R)
in degree four, establishing a special case of a conjecture of Monod.
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1. INTRODUCTION

Ever since Gromov’s seminal paper [25], bounded cohomology of discrete groups has proved
a useful tool in geometry, topology and group theory. In recent years the scope of bounded
cohomology has widened considerably. An important step was taken by Burger and Monod,
who extended the theory to the category of locally compact second countable groups under the
name of continuous bounded cohomology [14, 38]. Not only did this lead to a breakthrough in
the understanding of bounded cohomology of lattices in Lie groups [14], but also triggered a
series of discoveries in rigidity theory (e. g. [15, 8, 10, 9 4] [4T], [42] 18, 27, 26] ), higher Teichmiiller
theory (e.g. [11, 13, 12}, [I]) and symplectic geometry (e.g.[43, 20]). At the same time, our
understanding of the second bounded cohomology has improved. In particular, the approach
originally developed for free groups [24] and hyperbolic groups [2I] has been extended to larger
classes of groups including mapping class groups [2] and acylindrically hyperbolic groups [30} 22].
Moreover, there has been some progress in constructing bounded cohomology classes in higher
degree [36], 28, 5], 23].

On the other hand, our knowledge on vanishing results for bounded cohomology in higher
degree is still very poor. It was already known to Johnson [32] that the bounded cohomology
of an amenable group vanishes in all positive degrees. Here the primitive of a given cocycle
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is obtained by applying an invariant mean. In contrast, for non-amenable groups no general
technique for constructing primitives is available so far. In particular, there is not a single non-
amenable group whose bounded cohomology is known in all degrees. Actually, the situation is
even worse. One may define the bounded cohomological dimension of a group I' to be

bed(T) := sup{n | Hy'(I;R) # 0},

where Hj'(I'; R) is the n-th bounded cohomology of I' with coefficients in the trivial module R.
At present we do not even know whether there exists any group I' with bed(I') ¢ {0, co}.

The few vanishing results we have for the bounded cohomology of non-amenable groups are all
based on the vanishing of all cocycles in the respective degree in some resolution. The most far-
reaching results in this direction were achieved in [40] by choosing efficient resolutions. However,
no such resolutions are known for dealing with the continuous bounded cohomology H'} (H;R)
of non-amenable connected Lie groups H. For such groups the most efficient resolution that
is presently available is the boundary resolution [3I), I4]. In this particular resolution cocycles
vanish only in degree at most three; in degree greater than three there will inevitably be nonzero
cocycles, and one faces the problem of finding primitives. This explains why the few existing
vanishing results such as in [14] 6] do not go beyond degree three.

Our goal in this article is to develop a new approach to the construction of primitives in
continuous bounded cohomology for real semisimple Lie groups. To demonstrate its effectiveness
we settle the following special case of a conjecture due to Monod [39, Problem A].

Theorem 1.1. Let G be a connected real Lie group that is locally isomorphic to SLa(R). Then
H,(G;R) =0.

Actually, for such G Monod conjectured that bed(G) = 2, which means that H}} (G;R) = 0
for all n > 2. In degree n = 3 there are no nonzero cocycles in the boundary resolution at
all [16], but this is no longer true for n > 3. In this sense, Theorem is the prototype of a
vanishing theorem that requires the construction of primitives. We believe that our method of
proof generalizes to arbitrary n > 3, and possibly to other Lie groups. This will be addressed
in future work.

Monod’s conjecture about the bounded cohomology of SLs(R) is a special case of a more gen-
eral conjecture, which would allow to compute the continuous bounded cohomology of arbitrary
connected Lie groups. In fact, since continuous bounded cohomology is invariant under division
by the amenable radical [14] 38], it is sufficient to compute the continuous bounded cohomology
of semsimple Lie groups H without compact factors and with finite center. For such groups
it is conjectured [19, [39] that the natural comparison map between the continuous bounded
cohomology and the continuous cohomology is an isomorphism. This would imply that bed(H)
coincides with the dimension of the associated symmetric space, thereby providing examples of
groups of arbitrary bounded cohomological dimension. Plenty is known by now about surjec-
tivity of the comparison map [19) 25] [7] 34, 23] 28], while injectivity still remains mysterious in
higher degrees. Indeed, injectivity has so far been established only in degree two for arbitrary H
[14], and for some rank one groups in degree three [16, B, [6]. Theorem is the first result
in degree greater than three. Incidentally, it has an application to the existence of solutions to
perturbations of the Spence-Abel functional equation for Rogers’ dilogarithm, along the lines
suggested in [I6]. This will be discussed in the forthcoming article [29].
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For the proof of Theorem we shall reformulate the problem of constructing bounded
primitives in terms of a fixed point problem for the action of G on a certain function space. The
main idea is then to describe the fixed points as solutions of a certain system of linear first order
partial differential equations. In this way, we obtain primitives by solving the corresponding
Cauchy problem. We show that for carefully chosen initial conditions, particular solutions have
additional discrete symmetries, which we finally use to deduce boundedness. We will give a
more detailed outline of our strategy of proof in Section after introducing some notation.
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2. PRELIMINARIES ON CONTINUOUS BOUNDED COHOMOLOGY

2.1. The boundary action of PSLy(R). The goal of this subsection is to describe a model
for the continuous bounded cohomology of SLy(R). Since continuous bounded cohomology of
connected Lie groups is invariant under local isomorphisms [38, Cor. 7.5.10] we have

a(SL2(R); R) = HG (PSLy(R); R) = HZ,(PU(1,1); R),

where the latter isomorphism is induced by the Cayley transform. We prefer to carry out our
computations in the group G := PU(1,1). The group G acts by fractional linear transformations
on the Poincaré disc D and thereby identifies with the group of f orientation-preserving isometries
of D, which is an index 2 subgroup in the full isometry group G. The actions of G and G extend
continuously to the boundary S! of D, and _the corresponding actions on St will be referred to
as the boundary action of G respectively G. The action of G on S* (but not on D) may be
identified with the action of PGU(1,1) by fractional linear transformations. It is well-known
that this action is strictly 3-transitive.
Explicitly, elements of PGU(1, 1) can be represented by matrices of the form

o b
Gab ‘= al’

SN
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where a,b € C with |a[? — |b2 € {£1}. We denote by [g4s] the equivalence class of the matrix
gap in PGU(1,1) and define € := [gp1]. Then G = G X (€), where G is given by equivalence
classes of matrices of determinant one, and € acts on G via

-1
€9a,b€ = Yap-

We will use the following notation concerning subgroups of G: If we define

kﬁ = [gei§/270}, as = [gcosh(—s/2),sinh(—s/2)] y T = |:gl+%t,—%t} )

then the maps  — k¢, s — as and ¢t — ny are one-parameter groups R — G whose images
we denote by K, A and N, respectively. Our parametrization of these groups is somewhat
non-standard, but is convenient for certain computations in local coordinates, see Lemma [3.2
below.

Observe that K = Stab;(0) is a maximal compact subgroup of G, that A normalizes N and
that P = AN = Stabg(1) is a parabolic subgroup of G. Since N is the unipotent radical of P we
have Fix(N) = {1}, whereas Fix(A4) = {£1}. Moreover, we obtain an Iwasawa decomposition
G = KAN, and every elliptic (hyperbolic, parabolic) element in G is conjugate to an element
in K (A, N).

2.2. Cocycles and strict cocycles. We keep the notation introduced in the last subsection and
denote by i the unique K-invariant measure on S'. Givenn > 0, we shall write M((S!)"+1) for

the space of ,u?;(nﬂ)—measurable real-valued functions on (S')” and £>((S!)") for the subspace
of bounded functions. The quotients of these spaces obtained by identifying u?}(nﬂ)—almost

everywhere coinciding functions will be denoted by M ((SY)"*1) and L>((S')"*!) respectively.
We define the homogeneous differential d : M((S1)"*1) — M((S1)"+2) by

n+1
df (20, 2n11) = > (=1 f(20,- -, 5 s 2ns1).
§=0
This induces corresponding differentials on £%°((S1)™), M ((SY)"*1) and L>°((S*)"*1). Elements
in the kernels of these four differentials are respectively referred to as strict n-cocycles, strict
bounded n-cocycles, n-cocycles and bounded n-cocycles.

The group G acts diagonally on (S')"*!, and this action commutes with the action of the
symmetric group &, by permution of the variables. This induces a G x S,+1-action on
each of the spaces M((S1)" 1), £o°((S1)" 1), M((S1)" 1) and L>°((S1)"*!), and these actions
are intertwined by the corresponding homogeneous differentials, in particular they preserve the
corresponding cocycles. Given a subgroup H < @, an H-invariant (strict, bounded) cocycle is
simply called a (strict, bounded) H-cocycle, and it is called a (strict, bounded) H-coboundary
if it is contained in the image of the H-invariants under d.

A major technical inconvenience is caused by the non-surjectivity of the map M((S1)™)¢ —
M((SY)™)¥, which means that a G-cocycle ¢ may not admit an invariant representative, i.e., a
strict G-cocycle which coincides with ¢ almost everywhere. Fortunately, for bounded function
classes existence of invariant representatives follows from [37, Thm. A].

Lemma 2.1 (Invariant representatives). The maps £L°((S1)"THE — Lo((SH"T1)E n >0, are
surjective. In fact, they admit a family of sections compatible with the homogeneous differentials.
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2.3. The boundary model for continuous bounded cohomology. A function class f €
L ((S1)" 1) is called alternating provided o.f = (—1)7 - f for all o € &,,11, and we denote by
L2,((SH" 1) < Lo°((S1)™ 1) the subspace of alternating function classes. Since the actions of

G and 6,41 commute, this subspace is G-invariant.

Proposition 2.2 (Boundary model, [38, Thm. 7.5.3]). Given a closed subgroup H < é, the con-
tinuous bounded cohomology of H is given by the cohomology of the complex (Lgft((Sl)”'l)H, d),
1.€.,

o(H;R) = H (L ((S1)*H™, d)
for allm > 0.

2.4. Even and odd cocycles. Given f € L% ((S')"™!), we denote by f* the projections of f
onto the +1-eigenspace of €. Explicitly we have f* = %(f te.f)and f= ft+ f~. We say that
fis even if f = fT and odd if f = f~. Since € normalizes G the projections f — f* preserve
the subspace of G-invariants. They also commute with homogeneous differentials, since € does.
In particular, every G-invariant alternating (strict) cocycle decomposes uniquely into a sum of a
G-invariant alternating (strict) even cocycle and a G-invariant alternating (strict) odd cocycle,
and similarly for coboundaries. On the level of cohomology this yields a decomposition

a(GR) = H (G R)ev ® H (G5 R)odd-
The first summand H} (G;R)ey can be identified with the continuous bounded cohomology

H&(@;R) of the extended group G. Similarly, if we denote by R, the unique non-trivial one-
dimensional @—module, then HY(G;R)oaq = Hc'b(@;Re), whence the above decomposition can
also be written as R R

a(GiR) = HG (G R) @ H (G5 Re).
In particular, the vanishing of H3(G;R) is equivalent to the vanishing of both Hc'b(@;]R) and

Hc’b(@; R¢). It turns out that the vanishing of Hc‘b(@; R¢) can be deduced using only combinato-
rial arguments, see Proposition below. The vanishing of the first summand is considerably
harder and its proof will occupy the rest of this article.

Proposition 2.3. FEvery alternating G-invariant bounded 4-cocycle is even. In particular,
H(G;R)oaq = H (G Re) = 0.

The proof of Proposition [2.3| will be given in Appendix[A] We remind the reader that non-zero
even alternating G-invariant bounded 4-cocycles do exist, see [16].

2.5. Primitives in the boundary model. Given a bounded G-cocycle ¢ € L>((S)°)¢ and
any closed subgroup H C G, we denote by

P(e)H = {p € M((Sl)4)H ‘ dp = c}
the space of H-invariant primitives of ¢ and by
POO(C)H = {p € LOO((Sl)4)H } dp = c}

the subspace of bounded H-invariant primitives. In view of Proposition the proof of The-
orem amounts to showing that P>(c)¢ # () for any bounded alternating G-cocycle ¢, and
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by Proposition we may furthermore assume that c is even. Under this assumption we will
explicitly construct elements in P°°(¢)“. For this purpose, we first define an operator

I: £oo((Sl)n+1) _>£oo((5«1)n)
by

(2.1) I(c)(z1,y ... 2n) == /51 (2,21, 2n) dpk(2).

It induces an operator I: L>((S1)"*1) — L>°((S1)"), which by abuse of notation we denote by
the same symbol. By integrating the cocycle equation dc = 0, we see that d(I(c)) = ¢ for every
cocycle c.

From now on we fix a bounded G-cocycle ¢ € L®((5')®)%. For the moment we do not need
to assume that c is either alternating or even. By K-invariance of the measure ux we see from
formula that the function I(c) is K-invariant, hence a K-invariant primitive of ¢. It will,
however, in general not be G-invariant. In order to obtain G-invariant primitives we amend the
operator I in the following way.

We denote by (S1)(™ < (S1)™ the subset of n-tuples of pairwise distinct points in S*. Note
in particular that the G-action on (Sl)(3) is free and has two open orbits given by positively
and negatively oriented triples. We write C((S")®)X for the space of K-invariant real-valued
smooth functions on (S1)®) and consider it as a subspace of M((S')%). We then define an
operator

P C((SHYP) 5 M((SYY),  fe I(e) +df.
A key observation is that all G-invariant bounded primitives of ¢ necessarily lie in the image
of the operator P.. This will allow us to express primitives in terms of smooth (rather than
measurable) solutions to differential equations.

Proposition 2.4. The image of the operator P, satisfies
P(c) C P.(C=((SH)P)E) c P(c)¥

Proof. We have already seen above that I(c) € P>(c)X. We conclude that P.(f) € P(c)X
for all f € C°((SHBNHK . It also follows that if p € P>®(c)¢ is any bounded primitive then
d(p — I(c)) = 0. Hence we must have p = I(c) + df for some measurable function f given by
f=1(p—1(c)). The nontrivial part of the proof is to show that this function f can be chosen
to be smooth. In fact, by Lemma we may take invariant representatives p and ¢ and set

fi=1(p—1(@) € M((S))"
We claim that this function is smooth on (S')®). Indeed, for every g € G we have

f(g.21,9.22,9.23) = /1 <~(z, g.21,9.22,9.23) — I(E)(z,g.zl,g.zg,g.zg)>d,uK(z)

_ d(g. .
/ / g 'uK (p(z, 21,29, 23) — 7(9 1K) (w) &(z,w, 21, 22, 23)) dpg (w) dug (2).
stst dpk dp

Smoothness of the Radon-Nikodym derivative [33, Prop. 8.43] hence implies that the function

on G given by g — f(g.21,9.22, g.23) is smooth. Since G-orbits are open in (S')®) we infer that
the function f is smooth. O
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2.6. Strategy of proof. We briefly outline the strategy for the proof of Theorem We shall
proceed in three steps.

(1) In Section [3| we show that for any function f € C°°((S')®)K the primitive P.(f) is G-
invariant if and only if f satisfies a certain system of linear first order partial differential
equations.

(2) In Section [4] we explicitly construct solutions f of this system of differential equations,
showing that P(c)¥ # (.

(3) In Section[5] we prove that there exist particular solutions f with certain additional dis-
crete symmetries. For such functions f we then show boundedness of P,.(f), establishing
that P> (c)¥ # (.

While the constructions in (1) and (2) work for arbitrary bounded G-cocycles ¢, the construction
in (3) relies on ¢ being alternating and even.

3. PARTIAL DIFFERENTIAL EQUATIONS

3.1. The boundary action in local coordinates. In order to describe the boundary action
of G = PU(1,1) explicitly, we introduce coordinates as follows. We consider S' as a subset of
C and write z € S! to denote a complex number z of modulus 1. In addition, it will often be
convenient to work with the angular coordinate 6 € [0, 27) defined by z = ¢?. Correspondingly,
on (S1)™ we will use the two sets of coordinates (zo,...,2,_1) and (g, ...,0,_1). Note that, in
angular coordinates on S, the measure px is given by

/51 f(2) dpk(z) = ][f(ﬁ) do = % /027r £(6) db.

Convention 3.1. Throughout, all operations on angular coordinates will implicitly be under-
stood modulo 27. For example, 6 — 61 denotes the unique point in the interval [0, 27) that is

congruent to #2 — 67 modulo 2.
The G-action on S' induces a G-action on the interval [0,27) by the relation g.e?® = 99
Note that in particular k¢.0 = 6 + §. The next lemma provides formulas for the infinitesimal

action of the one-parameter subgroups {as} and {n;} in angular coordinates.

Lemma 3.2. The infinitesimal action of {as} and {n;} in angular coordinates is given by
d ) d

g(as.n) = sin(as.n), ﬁ(nt.n) =1 — cos(ns.n)

forn € [0,27).

Proof. To prove the first formula, we compute

d (a qb)—i d pitsd _ 1 d cosh(—s5/2) € 4 sinh(—s/2)
ST e ds| ~ ie? ds \ sinh(—s/2) e + cosh(—s/2)

= sin(¢).

s=0

ds 5=0
Since {as} is a one-parameter group we further infer that

Llasm)= 2| (asrom) = | (ap(asm)) = sin(asn).

o=0

o=0
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Likewise, for the second formula we compute

d Lodl 1 d ((tdne - g
— - - = ing.¢g _ a 1
dt =0 (nt(b) i et dt o e iet® dt ( iy i +1_12 i COS((]ﬁ)
and conclude as above. -

3.2. Fundamental vector fields. We denote by L(n) Lg) and L( ") the differential operators
that appear as fundamental vector fields for the inﬁmtes1mal action of the one-parameter groups
{ke}, {as} and {n;} on (S")(™. By Lemma they are given in angular coordinates by

|
—

n

(n) 9
L =5N" =
2 00,
( ) n—1 6
LA = Zsin(ej) aiej
7=0
n—1
L =S7(1 = cos(6;)) 9

20,

[en]

.

The next lemma is crucial for applications of the operators L(I?), LE:) and Lg\?) in cohomology.

Lemma 3.3. Let L\ denote one of the operators L(n), L(;) and LS\?). Then L™ commutes
with the homogeneous differential in the sense that

d" o L(n) _ L(n+1) od"
for everyn > 0.

Proof. Let A € C*°([0,27)) and consider the differential operators

for every n > 0. For any smooth (n — 1)-cochain ¢ we compute

( Ly (dg )) 00 ---,0n Z)\ (zn:(—nfq(eo,...,9},...,9”))

:Z( Z)\ 90,...,5,...,%)
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3.3. Infinitesimal invariance of primitives. We are now in a position to characterize G-
invariance of primitives P.(f) in terms of differential equations for the function f. First, let us
define functions ¢ and ¢’ by

3.1) (0o, 61, 02) = ][][608(90) c(n, ¢, 00,01,02) dn de
and
(3.2) (00, 01,0) := ][][sin(go) c(n, @, 6o, 61, 02) dnde.

An argument as in the proof of Proposition [2.4] using smoothness of the Radon-Nikodym de-
rivative shows that we may choose the functions ¢! and ¢ to be smooth on (S')®). The next
proposition achieves the first step in the agenda outlined in Section [2.6

Proposition 3.4. Let f € C®((SY)CNK. Then the primitive P.(f) € P(c)X is G-invariant if
and only if there exist functions vf, 0> € C=((SV)?)) such that the triple (f,v*,v°) satisfies the

system of partial differential equations

ij’) f=c+dv*

(3:3) LB _ b b
Nf=c +dv.

Note that all functions appearing in (3.3|) are smooth, so all derivatives can be understood
classically. The proof of Proposition relies on the following lemma.

Lemma 3.5. The function I(c) is smooth along G-orbits and satisfies

LY1(c) = —dct

where ¢t and ¢ are as in (3.1) and (3.2).

Proof. An argument as in the proof of Proposition shows that the function I(c) can be
chosen to be smooth along G-orbits. Fix an invariant representative ¢ of ¢ by Lemma [2.1] Using
A-invariance of ¢ and Lemma we compute

LOI() (B, ... 03) = 2

][5(80, as-e(]a s ,(15.03) d‘P
s=0

ds
d d(as.p) -

= — fo,...,03)d
ds s_o][ dQD C(QO, 0 ) 3) ®

d d(as-p)
dp ds

c(p,bo,...,03)dp

s=0

COS(SO) C(QD, 907 SRR 03) ng
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On the other hand, the cocycle identity
0 = dec(n, ¢, 0o, ...,03)

3
c(p, 00, .,03) — c(n,60,....03) + > (1) c(n,,00,...,0;,...,03)
7=0

integrates against cos(y) to

3
0= ][][cos )elg, 0, ..., 03)dnde — 0+ (—1) by, ....0;,...,03)
j=0
= ][cos(gp) c(p, 0o, ...,03)do +dc* (B, ..., 05).

This establishes the first identity. Likewise, to prove the second identity we compute

d -
L) O, 05) = 2 fc«o, neos - ne.0s) dip
t=0

dt|,_
d d(ntgp) N
=4 — fo,...,03)d
fd(p dt t:()c((p’ 07 ) 3) (70
5(@,90,...,93)d§0

d
= ][dcp(l — cos(ns.p)) »
= ][sin(cp) é(p, by, ...,03)dp,

and then integrate the above cocycle identity against sin(ep). O

Proof of Proposition [3) First of all, we observe that for f € C((S")®)K we may choose the
function

Pe(f) = 1(c) + df
to be smooth along G-orbits. This follows by an argument as in the proof of Proposition
Hence the primitive P.(f) is G-invariant if and only if it is infinitesimally G-invariant. Since the
subgroups K, A and N generate the group G, this in turn is equivalent to P.(f) satisfying the
system of partial differential equations

f

Ee(
Fe(f

I
o o o

)
)
Fe(f)

The first equation is automatically satisﬁed since P.(f ) is K-invariant by Proposition Writ-
ing out the definition of P.(f) and applying Lemmas and the remaining two equations
are seen to be equivalent to

d(LY f) = det
d(LY f) = dc’.

Applying the operator I as in the proof of Proposition we conclude that f € C®((S1)®)H)K
solves this system if and only if there exist measurable functions v! and v” such that the triple
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(f,v%,v°) satisfies system (3.3)). However, it is not difficult to see that v# and v” can be chosen
to be smooth. In fact, by (3.3) the functions dv! and dv” are differences of smooth functions
and hence smooth. Now replace v* and v* by I(dv?) and I(dv). O

3.4. The Frobenius integrability condition. We now turn to the problem of finding solu-
tions of system . As we shall see in Proposition below, it follows from the classical
Frobenius theorem that this system admits a smooth solution (f,v%,v") if and only if the func-
tions v? and ©” satisfy a certain integrability condition. In order to state the result we need to
introduce the function

(3.4) (o1, p2) = ][][][Sm(n — ) c(n, 0,0, 1, ¢2) dnde di.

Lemma 3.6. The function ¢ is smooth on (SM)?) and K -invariant.
Proof. An argument as in the proof of Proposition shows that ¢ € C*°((S')?). By K-

invariance of ¢ and of the measure, for every £ € [0, 27| we have

clhetn,hedn) = £ f o sinln = ) el o, 61+ € 60+ € dndpds
= ][][][Sm(n —@)e(n—& o =&Y =& o1, ¢2) dndedy
= ][][][Sm((n +&) — (¢ +9) c(n, ., b1, 92) dndep dip = &(d1, d2). U
Proposition 3.7 (Integrability condition). The system (3.3)) admits a solution (f,v*,v") if and
only if the pair (v¥, vb) satisfies the system of partial differential equations
d(LY ot +0") =0
(3.5) d(LPv —ot) =0
d(LPv — Lot + LD —¢) = .

The proof of the proposition relies on the Frobenius theorem and will be deferred to Appen-
dix Bl In the sequel, we shall refer to system as the Frobenius system. It will be enough
for our purposes to find a function f satisfying system for some pair (vf,2”). We will
hence not attempt to find all solutions of system . Rather, we will construct a single special
solution (vf,v").

Proposition 3.8. Let r € C*°((0,27),C) be a smooth complex-valued solution of the ordinary
differential equation

- dr . .
(3.6) (1—e ). — =ir(¢) = &0,0).
d¢
By Com;ention we may define a function v € C®((SH)?),C) by
(3.7) v(071,07) = e r(0y — 0;).

Then the pair (vf,1°) := (Re(v),Im(v)) is a solution of the Frobenius system (3.5).



12 T. HARTNICK AND A. OTT

Proof. We remind the reader that throughout the proof we adhere to Convention (3.1l First
observe that if v is a solution of the system

Lg)v =1v
(3'8) e_ielﬁ + e—i92@ =
001 005 ’

then (vf,0”) := (Re(v),Im(v)) is a solution of (3.5)). Indeed, taking real and imaginary parts of
the first equation in (3.8]) we obtain

Lg)vﬁ = —vb, Lg)vb =f
while taking the real part of the second equation yields
Lg)vﬁ — Lg\%)vﬁ + Lf)vb = .
Next consider the transformation
w(b,62) == e v(0y,0,).
Then the first equation in is equivalent to
(3.9) LPu =0,

and the second equation is equivalent to

9 9
é01,05) = e 96, <6191 “(91»92)> e 905 (6291 u(bh, 92))

ou , ou
310 — 1 6 9 - 7‘(91_02)
(3-10) tully, ba) + 5, T 00,
, (0 — ou
:ZU(O;62_91)+(1_6(01 02)) 6701

Here we used that dp,u = —0p,u by (3.9). Let now r be a solution of equation (3.6 and set
v(01,02) := € r(0 —0y). Then u(fy,6) = r(hs — 0;) obviously satisfies (3.9). By K-invariance
of ¢ from Lemma [3.6]we have ¢(61,62) = ¢(0, 62 —61). It follows that u solves equation (3.10). O

4. CONSTRUCTION OF PRIMITIVES

4.1. Solving the Frobenius system. The first step in the construction of the primitive P,.(f)
is to solve the differential equation for the function r. As we have seen in Propositions
and the function r then gives rise to a special solution (v, U") of the Frobenius system ,
which in turn determines the inhomogeneities in system in such a way that this system
admits a solution f.

The complex ordinary differential equation can be solved by applying the method of
variation of constants. Its general solution r € C*°((0,27),C) is given by

(o) = (1=e)- (00 - ;/Tr¢%dg> |
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where Cj is an arbitrary complex constant. Note that different choices of Cjy lead to cohomolo-
gous cochains v. We may therefore assume Cy = 0, obtaining

) ¢ &
(4.1) 7“((]5):—;(1—6“15)-/ 1_(2;220@.

We shall henceforth be working with the function r defined by this formula. A crucial observation
is the following lemma.

Lemma 4.1 (Boundedness of the inhomogeneity). The function r is bounded. In particular,
the inhomogeneities in system (3.3)) are bounded.

Proof. Observe that [|¢|lso < |/c|loo and /1 — cos(¢) - | cot(¢/2)] = v/2 - | cos(¢/2)| < /2. Hence

for all ¢ € (0,27) we have an estimate

1 , ¢ 1
vwn§2wmm-ﬂ—éﬂ'/‘1_mdod4
V2o
= 5= lello V1 —cos(¢) - | cot(4/2)|
< [lelloo- -

4.2. Cauchy initial value problem. Recall that solutions to a first order linear partial dif-
ferential equation may be constructed explicitly by integration along its characteristic curves,
with initial values prescribed on some non-characteristic hypersurface [I7, Ch. 3]. We shall now
apply this principle in order to explicitly construct solutions of the system .

Let the function r be given by formula . By Proposition and Lemma this deter-
mines a bounded solution (vf,v”) := (Re(v),Im(v)) of the Frobenius system by

(4.2) v(071,02) == e r(0y — 0y).

We shall henceforth keep the function v defined that way. By Proposition the system (3.3)
then admits a solution f € C*((S1)(®)) satisfying the system of equations

(4.32) L¥f=0
(4.3b) LW f =ty dot
(4.3¢) LYf=¢+ .

We know from Section that the characteristic curves for these equations are precisely the
orbits for the actions of the one-parameter groups K = {k¢}, A = {a;} and N = {n;} on (S1)®),
respectively. In order to construct the function f we may therefore proceed as follows.
(1) We use equation (4.3a)) in order to construct f with initial values fo := f|u, prescribed
on the hypersurface

Hy = {(20,21,22) € (51)(3) ’zo = 1}.

Of course, equation just says that f is constant along the K-orbits in (Sl)(g). The
hypersurface Hy is non-characteristic for the equation since it intersects transver-
sally with the K-orbits in (S')(3). Note that in order for f to be compatible with the
remaining equations and , the hypersurface Hy has to be invariant under
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the actions of A and N. This, however, is indeed the case since the point 1 remains fixed
under these two actions.

(2) We use equation in order to construct fp with initial values fi := fo|m, prescribed
on the union of A-orbits

Hy = {as.(1,i,—i)| —oco < s <oo}U{as.(1,—i,i)| —o0 <s< oo} C H.

Note that H; is non-characteristic for the equation since it intersects transversally
with the N-orbits in Hy. Moreover, in order for fy to be compatible with the remaining
equation , the curve H; has to be invariant under the action of A, which is obviously
the case.

(3) We use equation in order to construct f; with initial values fs := f1|g, prescribed
on the set of base points

Hy = {(17 6271'1'/3’ e47ri/3)7 (17 64771'/3, e?ﬂ’i/S)} C Hy.
Note that equation (4.3b|), when restricted to the curve Hj, becomes an ordinary differ-
ential equation which can be solved directly.

In particular, we see that solutions of system (3.3) are uniquely determined by the initial
values of fo on the set of base points Hy and hence form a 2-parameter family. We will work out

the details of (1) in Section [4.3] while the details of (2) and (3) will be worked out in Section [4.4]

4.3. Reduction of variables. In angular coordinates, the hypersurface Hy introduced in the
previous subsection is given by

Hy = {(90,91,92) € [0,271')3 ’ 6y = 0,06, 75 02, 01 75 0 75 02}

The canonical projection (6, 01, 02) — (01, 02) identifies Hy with the open subset Q := (0, 27)2\
A of the square, where A C (0,27)? denotes the diagonal in the open square. The coordinates
in 2 will be denoted by (¢1, ¢2). Moreover, we write Qi = {(¢1,02) | p1 S @2} for the open
subsets corresponding to the two G-orbits in (S1)®3) consisting of positively and negatively
oriented triples. The restriction fy := f|m, is then given by fo(¢1, ¢2) = f(0, ¢1, ¢2). Note that
by K-invariance the function f is recovered from fy by

(4.4) f(6o,01,02) = fo(6h — 6o, 02 — ).

Since the hypersurface Hy is invariant under the actions of A and N, the system (3.3|) restricts

to the system
s LY fo =+ (dv#)o
Lg\%)fo = C(b) + (d’l)b)(].

Here we denote by cg, ), (dv')g and (dv”)g the respective restrictions of the functions cf, ¢, dv?
and dv’, i.e.,

(4.6) Cg(ébh(ﬁz) = 0, ¢1,¢2), (b1, h2) = (0, b1, P2)
and
(4.7) (dvh)o(d1, ¢2) = dvH(0,¢1,62),  (dv)o(¢1, da) = dv’(0, P, pa).

Note that these functions are smooth on €.
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2w 2w
P2 b2
T <
A
0 ™ o1 2 0 o1 2

FIGURE 1. A-orbits (left) and N-orbits (right) in the domain Q_

4.4. Method of characteristics. We now construct the function fy by integrating equations
and along their characteristic curves. Recall that the characteristics for these
equations are precisely the orbits for the actions of the one-parameter groups A = {as} and
N = {n;} on Q (see Figure . It will be convenient to abbreviate the inhomogeneities appearing
on the right-hand side of system by

(4.8) Ff = cg + (dvh)g and F?:= ¢+ (dv’)o.

If we prescribe the value of fy on a single point in each of the orbits 24 and 2_, the function fy
will be uniquely determined by the relations

s
folas.¢1,as.¢02) — fo(é1, d2) :/0 Fi(as.¢1,as.¢2) ds
and
T
Jo(nr.¢1,n7.02) — fo(o1, P2) = /0 F2 (g1, ng-h2) dt.

More precisely, let us denote by

A% :={(¢,2m — ¢) | p € (0,2m) \ {r}} C Q

the antidiagonal in 2, which corresponds to the hypersurface H; introduced in Section Note
that it has two connected components. In order to compute the function fy we first introduce
new coordinates on 2 that are adapted to the N-orbits. For every point (¢1,d2) € Q we
define ®(¢1, ¢2) € (0,7) U (m,27) in such a way that (P(¢1, ¢2),2m — ®(p1, P2)) is the point of
intersection of the antidiagonal with the unique N-orbit passing through the point (¢1, ¢2). We
then define T'(¢1, ¢2) € (—00,00) by the relation

(01, 02) = n7(y ) - (P(D1, P2), 2T — D(1, ¢2)).
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2
A°P
¢2 (d) 7d)2)
T
(®,2m —
A
w—
0 ™ o1 21

FIGURE 2. A path traveling along A- and N-orbits from the basepoint w_ to
some point (¢1, ¢2) in O

For later reference we note that

4 ronen =} (o (2 e (2)).

Here we used that the action of the one-parameter subgroup {n;} is given by the formula
ne.¢ = 2 cot(—t + arccot(¢/2)). Integrating the second equation in (4.5 along the N-orbits
in 2, with initial values f; prescribed on the antidiagonal A°P, we then obtain

(410) f0(¢17 ¢2) = fl((q)(¢la ¢2)7 27 — q)(gbla ¢2))
T(¢p1,$2)
+ /0 F? (ng.®(¢1, 2), . (2m — ®(¢1, 2))) dt

for every (¢1,¢2) € Q. It remains to compute the function f; along the antidiagonal. Let
wy = (2w/3,47w/3) and w_ := (47/3,27/3)

be the points in €2 corresponding to the base points in Hs introduced in Section Note that
wy and w_ coincide with the barycenters of the triangles enclosing the domains Q. and Q_ (see
Figure[2). Define a new coordinate S(¢) € (—oo, 00) on each component of the antidiagonal A°P
by the relation
(¢,2m — @) = ag(g)-w,

depending on whether the point (¢, 27 — ¢) lies in Q4 or Q_. Integrating the first equation in
along the A-orbits in A°P, with initial values fy prescribed on the base points {wy,w_},
we get,

5(¢)
(4.11) fi(¢,2m — ¢) = fa(ws) + /0 F¥as.ws)ds

for every ¢ € (0,7) U (m,27).
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4.5. Explicit primitives. Combining the results from the previous subsections, we are now in
a position to give the following explicit characterization of primitives.

Proposition 4.2 (Explicit primitives). Let v* and v’ be the real and imaginary parts of the
function v defined by formula (4.2)), where r is as in (4.1). Then the following hold.

(i) Let f € C®((SHONK. The primitive P.(f) € P(c)X is G-invariant if and only if the
function f solves system .

(i) There is a one-to-one correspondence between solutions f € C®((SV)B)K of system
and solutions fo € C*(Q) of system via the relation

f(60,01,02) = fo(01 — 60,62 — bp).

(iii) Every pair (fo(wy), fo(w_)) € R? of initial values uniquely determines a smooth solution
fo € C®(Q) of system (4.5)) by the formula

S(®(p1,62))
(4.12) Jo(é1, 92) = folws) +/0 F¥as.ws)ds

T(¢1,92)
+ /O F2 (ne. (61, bo), me. (27 — D (o, 62)) d,

where the functions FCﬁ and FCb are as in (4.8)). Conversely, any smooth solution of system
(4.5) arises in this way.

Proof. Let f € C®((S1)®3)K. Assertion (i) holds by Proposition while (ii) was proved
in Section Finally, our considerations in Section [£.4] show that the function fy satisfies
if and only if it is given by formulas ([#.10) and (4.11]), in terms of integration along the
unique path in Q starting at wy and traveling to (¢1, ¢2) along A- and N-orbits via the point
(®(p1, p2), 2m— P(p1, p2) on the antidiagonal (see Figure , with initial values prescribed at w4.
This proves (iii). O

The proposition achieves the second step in the agenda outlined in Section [2.6] In particular,
it shows that solutions fy of system (4.5 form a 2-parameter family.

5. BOUNDEDNESS OF PRIMITIVES

5.1. Symmetries. Our construction of primitives in the previous section was valid for arbitrary
G-cocycles ¢ € L>((S1)%). However, for the proof of boundedness of primitives, which we shall
discuss in this section, it turns out to be essential that ¢ be alternating and even. As we have
seen in Subsection this is not a loss of generality. The following proposition discusses
symmetries of the various functions appearing in the construction of primitives resulting from
these additional assumptions.

Proposition 5.1 (Symmetries). Assume that the cocycle ¢ is alternating and even. Then the
inhomogeneities on the right-hand sides of systems (3.3)) and (4.5 have the following properties.

(i) The functions c* 4+ dv? and & 4 dv® are alternating.
(i) The function Ff = cg + (dv*)g is antisymmetric about the antidiagonal A% in Q. In
particular, it vanishes along the antidiagonal.
(iii) The function F? = ¢} + (dv")o is symmetric about the antidiagonal A% in Q.
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Proof. We begin with the following observation. The function ¢ defined in is alternating
since c is assumed to be alternating. By Lemma (3.6} the function ¢ is K- 1nvar1ant Hence

é(oa C) - é(_<7 0) - _é(oa _C)
By Convention substituting ¢ by 2w — ¢ we infer from this that

voe0,¢) Lo [T H0,-¢)
(5-1) /Tr 1 —cos(¢) de = _/7T 1 — cos( do = / 1 — cos C dc

for every ¢ € (0,27). Recall moreover from Section [4.2] that (vf,v”) := (Re(v), Im(v)), where
U(91, 92) = 6101 T’(@Q — 91)

and r is as in (4.1). Let us prove (i ) Slnce ¢ is alternating, it is immediate from (3.1 and (3.2)
that ¢f and ¢ are alternating. By (4.1)) and . we have

v(61,09) = € (02 — 07)
1, . . 02—01
=_= (8161 — 6“92) / Md{

(5.2) 2 1 — cos(()
1 e [T 60,0 _
_5(6 —e )/7r ?Os(odc—_v(g%el)-

It follows that dv, and hence dv* and dv’ are alternating. This proves (i). For the proof of (ii)
and (iii) we have to show that

(5.3) Fio1,62) = —Fi(=d2,—01),  F2($1,02) = FL (=2, —¢n).
To this end, we first note that by (4.6)) and evenness of ¢ we have

(=2, —¢1) ][][COS c(n,,0, =2, —¢1) dn dp
][][cos —¢,0, ¢, ¢1) dndp
][][cos c(n,,0, 2, ¢1) dn de

=~ f f cosle) el 0,0,61,62) dn dip = ~ch(¢n.60),

and similarly

(—¢2,—9¢1) ][][Sln c(n,¢,0, —p2, —¢1) dndyp
(5.5) ][ ][ sin(—) c(11, 9,0, b, é1) dn dg
ffsnl 77 8070 ¢17¢2) d77d90 - CO(¢17¢2)
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Applying (5.1)) as in the proof of (i) above, we obtain

09t0;
v(—b61,—06) = —% (e71 — e7i02) / o ¢(0,¢) dc

1 — cos(()
I T R, =01 ¢(0,¢) ey
= (e ).L T o) 16 = 00 02).

Combining this with we arrive at
v(1,02) = —v(—ba, —61).
Consider the function (dv)o(¢1, ¢2) := dv(0, ¢1, ¢2). The previous two identities imply that
(dv)o(¢1, 92) = v(d1, ¢2) — v(0, P2) + v(0, ¢1)
= —(0(=¢2, =d1) = 0(0,=¢1) +v(0, ~¢2)) = —(dv)o(~2, —1)-

Recall from (4.7) that (dv®)o and (dv)y are the real and imaginary parts of (dv)g. Hence we
conclude that

(5.6) (dvh)o(d1, ¢2) = —(dv*)o(—d2, —¢1),  (dv”)o(¢1, d2) = (dv")o(—da, — 1)

The identities ([5.3) now follow from (5.4), (5.5) and (5.6)), which proves (ii) and (iii). O
Next we consider symmetries of the solutions of system (4.5). We introduce some notation

first. The Gs-action on (S 1)(3) commutes with the K-action, whence it descends to an action

on 2. To describe this action explicitly, we denote by s; and sy the Coxeter generators of &3

that act on (S 1)(3) by swapping coordinates in the pairs (6, 01) and (61, 62), respectively. Then,
with respect to the coordinates (¢1, ¢2) on €, the actions of s; and sy are given by

51.(¢1, 92) = (=1, 92 — #1),  s2.(¢1,P2) = (P2, P1).

A function hy € C*°(Q2) will be called alternating under the action of &3 if s.hg = (—1)° hg for
all s € &3. Thus a function hg € C*°(2) is alternating under the action of &3 if and only if the
function h € C®((S1)®))K defined by

h(0o, 01, 02) = ho(61 — 0,02 — by)

is alternating in the usual sense.

Proposition 5.2 (Alternating solutions). Assume that the cocycle ¢ is alternating and even. A
solution fy € C°(Q) of system (4.5) is alternating under the action of &3 if and only if

(5.7) folwy) = —fo(w-).

In this case the primitive Po(f) € P(c)®, where f is defined by (&.4), is alternating.
Proof. First of all, we observe that G3 acts on the base points {wy,w_} by

(5.8) 51.Wt =W, S2.Wi = Wr.

Hence, if fy is alternating under the action of &3 it follows that

folwy) = (=1)*" fo(s1.wy) = —fo(w-).
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Conversely, let fp be a solution of system (4.5)) that satisfies (5.7). We will prove that fy coincides
with its antisymmetrization under the action of G3. By Proposition [£.2|(ii), the function fj
corresponds to a solution f € C®((S1)BNHK of system (3.3) via

f(60,01,02) = fo(01 — 00,62 — bp).

Let now

s€EG3
be the antisymmetrization of f. Then f € C®((S1)®)X, and we further claim that f solves
system ([3.3)) as well. To see this, observe that in system (3.3) the operators LS) and Lg\?) are

symmetric, while by Proposition(i) the inhomogeneities ¢f 4+ dv® and & +dv” are alternating.
Now by K-invariance, the function f gives rise to a function fy € C*°(Q) via

£(B0,01,02) = fo(61 — 00,02 — 00).
Then Proposition (ii) implies that fo solves system (4.5)). Moreover, we have

~ 1 R
fo=7¢- > (=1)*s.fo,
s€EG3
whence fo is alternating under the action of &3. It follows from (5.7) and (5.8) that fo(w+) =
fo(ws). The uniqueness statement in Proposition (iii) implies that fy coincides with fo. [

The proposition shows that solutions fy of system (4.5)) that are alternating under the action
of &3 form a l-parameter family.

5.2. Boundedness. In order to complete the proof of Theorem it remains to show that
among the G-invariant primitives we constructed in Section [} there actually exist bounded
ones. This is the content of the next proposition, which crucially relies on the symmetries
unveiled in the previous subsection.

Proposition 5.3 (Boundedness). Assume that the cocycle ¢ is alternating and even. Let fy €
C>®(Q) be a solution of system (4.5) that is alternating under the action of &3. Then the
corresponding primitive P.(f) € P(c), where f is defined by ([@.4), is bounded.

The proof of the proposition relies on the following three basic observations.

Lemma 5.4. Let the function fy be defined by formula 4.12). If fo is bounded along the line
segments

(0,27/3) U (27/3,2m) 5 & — (27/3,§)
and
(0,47/3) U (47 /3,2m) 5 & — (47/3,€),
and f is given by formula , then the corresponding primitive P.(f) € P(c)¢ is bounded.

Proof. By Proposition P.(f) = I(c) 4+ df is G-invariant. By 3-transitivity of the G-action
on S! and since I(c) is bounded, we therefore deduce that P.(f) is bounded if and only if the
function

RN df(l, e27i/3 Amif3, z)
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2

2

FIGURE 3. A fundamental domain for the Gs-action on Q (shaded), and the
images of the line segments £ — (27/3,€) and & — (47/3,€) therein under the
G3s-action

is bounded. Writing z = €€, we may express this function as
§ f(2m/3,4m/3,8) — f(0,4m/3,8) + f(0,27/3,€) — f(0,2m/3,47/3)
= fo(2m /3,6 = 2m/3) — fo(4m/3,8) + fo(2m/3,€) — fo(2m /3,47 /3).
The lemma follows. 0
Lemma 5.5. Let C be a compact subset of the open square (0,2m)%. If the function fo defined

by formula (4.12)) is bounded along the antidiagonal A°P in Q, then it is bounded on the subset
CNQ of Q.

Proof. By Lemma the function F? = c% + (dv”)g is bounded. Moreover, by assumption we
have |fo|aer| < M for some constant M > 0. Hence we obtain from formula (4.12]) the estimate

[fol@r, é2)| < M+ [[F2]| - [T (61, 2)]

for all (¢1, ¢2) € 2. It remains to show that the function 7" is bounded on CNS2. By compactness
of C' it will be enough to prove that the function T: 2 — R extends to a continuous function
on the open square (0,27)2. This, however, is immediate from formula (4.9). O

Lemma 5.6. Assume that the cocycle c is alternating. Then the function fo defined by formula
(4.12) is locally constant along the antidiagonal A°P in ).

Proof. Since ¢ is alternating, the inhomogeneity FCjj vanishes along the antidiagonal A°P by
Proposition [5.1](ii). The lemma now follows from formula ([4.12). O

Example 5.7. Assume that the cocycle ¢ is alternating. Consider the special solution fy
determined by the initial values fo(ws) = 0. It is alternating under the action of &3 by Propo-
sition Moreover, by Lemma it vanishes along the antidiagonal A°P. Since under the
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action of &3 the components of A°P get identified with the medians of the triangles enclosing
the domains 2, and 2_, we further infer that fy also vanishes along these medians. Moreover,
by Propositionb(iii) the function F” is symmetric about the antidiagonal. Thus we see from
formula that the special solution fj is antisymmetric with respect to the antidiagonal,
and hence antisymmetric with respect to all medians.

We are now ready to prove Proposition [5.3

Proof of Proposition[5.3. By Proposition (iii) the function fy is given by formula .
Hence by Lemma [5.4]it suffices to show that fj is bounded along the line segments & — (27/3,€)
and & — (47/3,€). Since fp is alternating under the action of &3, it suffices to prove that fp
is bounded along the images of these line segments in any fundamental domain for the Gs-
action on 2. In fact, we may choose the fundamental domain in such a way that the image line
segments lie inside a compact subset of (0,27)? (see Figure [3). By Lemma and Lemma
the function fj is then bounded on these line segments. ]

Theorem [I.1] follows by combining Propositions and

APPENDIX A. VANISHING OF ODD COCYCLES

The goal of this appendix is to prove Proposition which states that every bounded alter-
nating G-invariant 4-cocycle is necessarily even. Our strategy here is inspired by [16] in that
we consider Fourier transforms of cocycles and study the conditions imposed on them by G-
invariance. Given n € Ny, we denote by c¢(Z"*!) the space of complex-valued sequences indexed
by Z"*! and by £2(Z"*!) the subspace of square-summable sequences. We denote by e, ..., e,
the standard basis of Z"*! and use the multi-index notation

k= (ko,....kn) =) kje;.
7=0

We then write cq:(Z"1) and Zilt(Z”H), respectively, for the corresponding subspaces of alter-
nating sequences and define two linear operators A(in )2 (Z") = cq(Z™FY) by

alt
AVF)(E) = Y (ki +1) Flk+e),
j=0
AR = S -1 Fli—ep).
j=0

Definition A.1. An element C € (2 (Z"!) is called a combinatorial n-cocycle if the following
hold:
(i) C(ko,...,kn) =0 unless k; = 0 for precisely one j € {0,...,n}.
(ii) C(ko,...,kn) =0 unless ko + -+ + k, = 0.
(iii) C € ker(A™) Nker(A™),
According to [16], Sec.3.1] the Fourier transform ¢ of a G-invariant alternating bounded n-
cocycle ¢ is a combinatorial n-cocycle. Observe that c is even if and only if ¢ is even in the sense
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that ¢(—k) = ¢(k). Proposition [2.3{will therefore be a consequence of the following combinatorial
result.

Proposition A.2. FEvery combinatorial 4-cocycle is even.

For the proof of Proposition we need two preparatory lemmas. Given a combinatorial
n-cocycle C' we denote by supp(C) := {k € Z"*! | C(k) # 0} the support of C.

Lemma A.3. Let C be a combinatorial 4-cocycle and (ko, k1, k2, ks, k4) € supp(C). Then there
exists o € G5 such that

ko) < k(1) < ko) =0 < ky(3) < kg(4)-
Proof. Since C' is alternating and vanishes unless precisely one of its entries is 0, it suffices to
show that C vanishes on those k € Z° which satisfy either
(A1) ko> ki =0> ko> ks > ky
or kg < k1 =0 < ka2 < k3 < k4. We are going to show C(ko, 0, k2, k3, k4) = 0 whenever k satisfies

(A.1)) and leave the second, analogous case to the reader. Our proof will be by induction on kg.
If kg < 5 then the condition kg + k3 + k4 = —ko cannot be satisfied for k satisfying (A.1),

hence C(k) = 0. Otherwise we use C € ker(Af)) to deduce that

0 = (AYC) (ko — 1,0, ko, k3, ka)
= ko-C(ko,0,ko, k3, ks) +0+4 (k2 +1)-C(ko — 1,0,k + 1, k3, k4)
+ (k3 +1) - C(ko — 1,0, k2, k3 + 1, ka) + (k2 + 1) - C(ko — 1,0, ka2, k3, kg + 1).
The third summand on the right-hand side vanishes by antisymmetry if ks + 1 = 0, and by the

induction hypothesis otherwise. Similarly, the last two summands vanish. Now the assumption
k‘o 75 0 implies C(ko, 0, k‘Q, kg, k‘4) =0. ]

Lemma A.4. Let C, D be combinatorial 4-cocycles such that
C(-n—-1,-n,0,n,n+1)=D(—n—1,—n,0,n,n+ 1)
holds for allm > 0. Then C' = D.

Proof. Since the space of combinatorial cocycles is linear, we may assume D = 0 and hence
Yn>0: C(—n—1,—n,0,n,n+1) =0.

We have to show that C' = 0. Using that C is alternating and Lemma it suffices to prove

that C'(ko, k1,0, k3, k4) = 0 whenever ko < k1 < 0 < k3 < kyq. Since C' € ker(A(f)) we have

0 = (AYC)(ko,k1,0,k3 ks — 1)
= (ko+1)-C(ko+1,k1,0,ks3,kg — 1)+ (k1 + 1) - C(ko, k1 + 1,0, k3,ks — 1) +0
+ (kg + 1) . C(ko, k1,0, k3 + 1, kg — 1) + kg - C(ko,kl,o, kg,k4).
We may rewrite this as
ko+1
(A.Q) C(ko, k1,0, k3, k4) = - ko . C(k() +1,k1,0, k3, kg — 1)
k1 +1
—_ k4

- C(ko, k1 + 1,0, k3, ks — 1)
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7]{334—1
k4

. C(k‘o, k1,0,ks +1,ky — 1)

Now we iterate this recursion. In each step we get a sum of terms of the form C(ko, k1,0, k3, k4)
where the distance between k3 and k4 is smaller than in the previous step. We can thus run
the iteration until we arrive at terms of the form C'(ko,k1,0,n,n 4+ 1) with 0 < n. We may
furthermore assume that kg < k1 < 0 since C' is alternating. It then remains to show that

(A3) Vko < k1 <0<mn: C(k:o,kl,O,n,n+1):0

We prove this by a double induction on n and |ko|.

If n = 1 then the condition kg + k1 = —2n — 1 forces (ko, k1) = (—2,—1) and we are done
by hypothesis. Now assume that n > 1 is arbitrary. The condition kg + k1 = —2n — 1 forces
|ko| > n+ 1. If |ko| = n+ 1 then (ko, k1) = (—n — 1, —n) and we are again done by hypothesis.
It thus remains to show for n > 1 and |kg| > n + 1, where we assume

C(ky, k1,0,n",n" +1) =0

if either n’ < n or n =n' and |ko|" < |ko.
Now since C' € ker(A(jl)) we have

0 = (AYO)(ko+1,k1,0,n,n+1)
= ko-C(ko,k1,0,n,n+1)+ (k1 —1)-C(ko+ 1,k —1,0,n,n+ 1)+ 0
+(n—1)-Clko+ 1,k1,0,n —1,n+1)+n-C(ko+ 1,k1,0,n,n).

The second of the five summands on the right-hand side vanishes by induction hypothesis of the
inner induction on kg, while the last summand vanishes by antisymmetry. Since kg < —n —1 <
—2 we have kg # 0 and thus
n —

ko

To deal with the expression on the right-hand side we again apply (A.2)) with k3 = n — 1 and
ky = n + 1. We thereby find

1
C(ko,kl,O,n,n—i—l):— -C(k0+1,k1,0,n—1,n—|—1).

(n—1)-(ko+1)

C(k07k1707n7n+1) - kg(n—f—l) C(k0+17k1707n_17n)
(= 1) (ks + 1)
C(ko,k1+1,0,n—1
ko(n—i—l) (07 1+ ’ 7n 7n)
(n—1)-n

C(ko, k1,0,n,n).
ko -(n+1)C ook )
Here the first two summands vanish by the induction hypothesis of the outer induction on n,
and the last summand vanishes by antisymmetry. This shows that C(kg, k1,0,n,n+ 1) = 0 and
finishes the proof of the lemma. O

Proof of Proposition[A.2 Given a combinatorial 4-cocycle C' we define a function D : Z° — C
by D(ko,...,ka) := C(—ko,...,—ks). We claim that D is a combinatorial cocycle. Since C' is
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alternating and in ¢2, D is alternating and in 2 as well. Conditions (i) and (ii) are obvious.
Since C € ker(A(_4)) we have

4 4
APD)E) = Y (kj+1) - Dlk+e) = =5 (~k;j —1) - C(—(k+e)))
7=0 7=0
4
= N (k1) Cl-Ek—¢j) = ~(AYC)(~ko,...,~ks) = 0,
7=0

which shows that D € ker(Agil)). Dually, C € ker(A( )) implies D € ker(A( )), which finishes
the proof that D is a combinatorial cocycle.
On the other hand, antisymmetry of C' yields

D(—n—-1,-n,0,n,n+1)=C(n+1,n,0,—n,—n—1)=C(—n—1,—n,0,n,n + 1).
Now Lemma implies that C(k) = D(k) = C(—k), which means that C' is even. O
This finishes the proof of Proposition

APPENDIX B. THE FROBENIUS INTEGRABILITY CONDITION

The goal of this appendix is to prove Proposition We have to show that the system

L¥r=o0
(B.1) LW =t + vt

L(g)f — Cb + dvb
admits a solution (f,v?,¢") if and only if the pair (vf,0?) satisfies the Frobenius system (3.5).

Here we consider f and vﬁ, v” as smooth functions on the domains D := [0, 27)®) and [0, 27)(

respectively. It will be convenient to replace system (B.1]) by the the equivalent system
Pr=o

(B.2) LWf=ct+ dvt

LPr—y =0 4an

Consider the product D x R. We denote the coordinates on D by (6g, 01, 62) and the coordinate
on R by 3. The graph I'y := {((Ao, 01, 02), f(60,01,02))} of the function f is a 3-dimensional
submanifold of D x R. Define vector fields X, Y, Z on D x R by

X = Lg),
Y = LES) + (cjj + dvﬁ) Ops
— 7B _ 1B b b
Z =Ly — Ly + (& 4 dv’) 9g,.

Since G acts strictly 3-transitively on D, it follows that these vector fields span a distribution £
of constant rank 3 on D x R. Then a triple (f,vf,v°) is a solution of system (B.2) if and
only if the graph I'y is an integral manifold for £. Hence the Frobenius theorem (see e. g. [35)
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Ch.11.]) implies that system (B.2)) admits a solution (f,v!,1°) if and only if the distribution E
is integrable, i.e., the vector ﬁelds X, Y, Z form an 1nvolut1ve system. Note that

{Lg),Lf)} _ Lg) _ ng)’ [Lg),L( ) L(3)} LS’), [Lf)ng\i;) —Lg)} _ Lg).
Hence the vector fields X, Y, Z form an involutive system if and only if
(B.3) X,Y|=-2Z, [X,Z]=Y, [V,Z]=X.
We shall now make these conditions explicit. We start with two preliminary lemmas.

Lemma B.1. The functions ¢t and ¢ defined in ) and . 3.2)) satisfy
Lg?)cjj = ¢, Lg)cb =

Proof. More generally, we prove that for any function A € C*°((0, 27)), the function
A(6o, 01, 02) : 7[7[ c(n, ¢, 6o, 01,02) dndp
satisfies Lg)cA = cy. Indeed, by K-invariance of the cocycle ¢ and the measure, we have

e (00,61,02) = dgl F 4 M@ elnono+ €01 +6 02+ e
£=0

- 00,61, 0,) dnd
dﬁ’go][][ c(n—¢& ¢ —¢& 00,01,02) dndep

— ][][ ‘ A + &) e(n, , 00,01, 02) dn de
dé |e_g

][][X 1,4, 00,01, 02) dny dp. O
Lemma B.2. The function ¢ defined in (3.4)) satisfies
(B.4) LW — Lt 4 1O = —ae,

Proof. Let us consider the left-hand side of (B.4)). In a first step, using G-invariance of ¢ and
K-invariance of the measure, we compute

d
LS00, 01, 05) = dg‘ ][ ][ cos() c(, 0,00+ €,00 + €, 05+ €) dy dip
£=0

][][ ——cos(p + &) ‘ c(n, ¢,00,01,02) dnde
£=0
and

( et (00, 61,09) = dt ][][COS c(n, o, ne.00, ng.01,n¢.02) dn de
t=0

11 (COS " d(Z;“O)C“ZZm>

c(n, ¢,00,01,02) dndep,
t=0
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and similarly

LE4)C (90, 91, 92

][fSln 777 ©, as. 907 Ag. 917 As. 02) dT] dSO
s=0

f f s (sntasio) G20

Second, using Lemma we compute the derivatives appearing in the above formulas. Firstly,

we have d%(cos(gp +9)) o= sin(¢). Moreover,

C(nu @, 907 617 92) dn ng
s=0

d
dt

d(n¢.) d(nt.n))
de  dn )l
d(ng.) d(ng.) d(ng.n)
7 iy |, + cos(ne.p)
d(ne.p) d d(ne.n)
dp dn dt |,_,
d(ng.p) d(ng.n)
dy dn

(costrese)

d d(ng.p) d(ne-n)
de dt dn |-

= —sin(ns.p)

+ cos(ne.@)

= —sin(ne.g) (1 — cos(ns.))

+ cos(ng.) dcglo(l — cos(ng.))

d
+ cos(ng.e)

= —sin(p) (1 = cos(p)) + cos(p) sin(p) + cos(yp) sin(n)
= 25sin(p) cos(p) + cos(p) sin(n) — sin(p).

Lastly,

d sin(a d(as.p) d(as.n)
dS( ) e dn >so

d(as.p) d(as.@) d(as.n)
ds dp dn

d d(as-p) d(as-n)
de ds dn |,
d(as-p) d d(as.n)
de dn ds
d(as.n)
dn

d(as.p) d .
i sin(as.n)

+ sin(as.) —
s=0

= cos(as.p)

+ sin(as.p)

s=0

d(as.v) d(as.n)

= cos(as.p) sin(as.p) i a

d
+ Sin(as.go)% sin(as.)

s=0 s=0

+ sin(as.p)

s=0
= 25sin(p) cos(p) + sin(p) cos(n).
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Summing up, we obtain

LS (80.61,65) — LY (60,61, 65) + LG (60,61, 65)
(B.5) — o (sinl) cos(n) — cos(i) sinn) el 0,60, 1. 62) iy o

= - ][ ][ Sin(n - 90) 0(777 ®, to, 61, 92) dn de.

Now we turn to the computation of the right-hand side of (B.4). The cocycle identity for ¢
yields

0 = dc(n, ¢, 1, 00,01, 02) = c(p,,00,01,02) — c(n,v,00,01,02) + c(n, ¢, 00,01,02)
2
- Z(_l)J 0(777 Qoﬂbv 907 SRR 9]7 s 792)-
=0

We multiply this identity by sin(n — ¢) and integrate over the variables 7, ¢, 9. Integrating the
first term, we get

][][][Sin(n—@)C(so,w,eo,el,ez)dndcpdz/,

_ ][][ (fsm(n — ) dn> c(p, 1, 00, 01, 02) dp dib = 0.

Likewise, the integral of the second term vanishes. We are thus left with

][][Sm(n — ) c(n, p, 00, 601,02) dnde

2

— f f Fuintr— o) | XV b ) | dndods

=0
2 . o~
=Y 1 f o Fsint - )b G 02 dydodi = del6.61,62).
=0

Comparing this with (B.5]) above, formula (B.4)) follows. O

We are now in a position to finish the proof of Proposition [3.7] by spelling out the integrability
conditions (B.3]). Consider the first identity in (B.3]). We have

X, V] = [ 9] + (LD (& + dv'))dg, = LY — L + (L2 (cF + dv?)) 0.
Recall from Lemma [B.1] and Lemma [3.3] that
Lg)cﬁ = —cb, Lg)dvti = dLg)vﬁ.

Thus
X, V] = L — LY + (= + dLiPv?) oy,
Comparing this to —Z we find

(B.6) X,YV]=-2 <« dILPv+") =0
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Likewise, for the second identity in (B.3|) we have
(B.7) X,2]=Y <« dLPv —ot)=0.
Finally, observe that

v, 2) = [L9 L) — ) + LD (& + dv*)ay,] — [LD — L, (! + dv*)dp,]
=1+ (L) - 1)t + LY + (1) — LQ) e + LY ) oy,

By Lemma and Lemma this becomes

¥, 2) = LY + (AL - LYo+ dLPe’ — de)oy,.

We deduce that
(B.8) v, 2] =X <« dLPut—LPv + LD —¢) =0
Combining , B.7) and (B.8]), Proposition now follows from (B.3)).
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