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Symmetric spaces

Exercise 1. Let M be a Hadamard manifold, C C M be a closed convex subset. Prove that

(a) For every x € M there exists a unique point w¢(z) such that for every ¢ € M it holds

d(ro(x),z) < d(q,x).

(b) Show that the map m¢ : M — C'is 1-Lipschitz.

(c) Show that the function x — d(z, m¢(x)) is convex.

Exercise 2. Let M a Riemannian symmetric space of non-compact type.

(a) Show that for every geodesic v : R — M the parallel set P(7) is a totally geodesic subma-
nifold of M. In particular it is a Riemannian symmetric space.

(b) Denote by Go := Isom’(P(7)) and let g = 0+(1)0~(0) € Go denote a transvection along +.
Show that for every h € Gy, it holds hg = gh.
(Hint: use that if h is a transvection, then hy is a geodesic parallel to ~, and that Gy is
generated by transvections).

Exercise 3. Let M = S,, be the symmetric space associated to SL(n,R) (see Sheet 8, Exercise
1). Recall that there is a Cartan decomposition of g = sl(n,R) such that p corresponds to
symmetric matrices and t corresponds to antisymmetric matrices.

(a) What is the maximal abelian subalgebra of p containing X; = diag(n,n —2,...,—n)?
(b) What is the parallel set of the geodesic with tangent vector X7

(
(d

)
)
c) What is the centralizer of the element Xy = diag(n —1,—-1,...,—-1)7
) Describe the parallel set of the geodesic with tangent vector Xs.

)

(e) Deduce that there is no g € O(n) with ¢X; = Xo.



