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Symmetric and locally symmetric spaces

Exercise 1. Let M be a symmetric space and G = Isom0(M). Let ω be a G-invariant differential
form. Prove that ω is closed.

Exercise 2. Let M be one of the symmetric spaces Sn or Hn. For Hn, you can use the model
(B, g) constructed in Sheet 3, Exercise 1, or any other model you know. Let p ∈ M be a point.

(a) Write the geodesic symmetry at p.

(b) Find two transvections T, S with T (p) = S(p) and T 6= S.

Exercise 3. For X ∈ Mat(n, n,C), consider the limit

∞∑
k=1

1

k!
Xk = lim

n→∞

n∑
k=1

1

k!
Xk

(a) Prove that for every X the limit exists in Mat(n, n,C). Denote

eX =

∞∑
k=1

1

k!
Xk ∈ Mat(n, n,C)

(Hint: choose a suitable norm on Mat(n, n,C), prove that limn→∞
∑n

k=1
1
k! |X|k exists in R,

and from this deduce the same result for matrices.)

(b) Prove that for X,Y commuting matrices, eX+Y = eXeY .

(c) Prove that for all X ∈ Mat(n, n,C), eX ∈ GL(n,C).

(d) Prove that for every X ∈ Mat(n, n,C), the map

R 3 t→etX ∈ GL(n,C)

is a one-parameter subgroup of GL(n,C).

(e) Compute the derivative of the one-parameter subgroup above:

d

dt
etX = XetX = etXX

(f) Prove that the map
Mat(n, n,C) 3 X→eX ∈ GL(n,C)

is locally invertible around 0.

(g) Prove that the above map is the exponential map of the Lie group GL(n,C).


