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An integral version of a result of Kostant on Lie algebras The problem
/ ample
orders
Main result on Lie algebras

The setup

R commutative ring,
L a R-Lie algebra, finitely generated free as R-module
[, ]:LANL— L

NL=<xAy|lxylL=0>g C ker[, ]
Question: When does A £ = ker[, ] hold?
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An integral version of a result of Kostant on Lie algebras The problem

A counterexample

Assume that 2 € R*.
V := R* with standard basis ey, ..., e; and
W := A*V/R(e1 A e + 3 A €4) (rank 5)

2
a: \V-= W
Note that ker @ does not contain any nonzero vector of the form

anb.
L' =V & W with bracket

2 2
LA AV S w S

makes £ into a 2-step nilpotent Lie algebra over R with center
Z(LY=[L,L]=Wand ee ANex+e3Nese ker[, [\A L.

Otmar Venjakob On SKj of Iwasawa algebras
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Main result on Lie algebras

Chevalley orders

F field of characteristic zero

g a F-split reductive Lie algebra over F with center 3, Cartan
subalgebra b and root system ®, [X,, X_o] = —Ha

QY :=>, . ¢ZH, C b coroot lattice
PV :={he Y ., .oQHy:pB(h)eZfor any 3 e ®} C h coweight
lattice of the root system ¢

bz C b Z-lattice such that Q¥ C hz C PV &3,

gz = bz + ZZXaQQ-
aed

gz is a Z-Lie subalgebra (Chevalley order) of g.

gr := R®z gz is a R-Lie algebra.



An integral version of a result of Kostant on Lie algebras

Chey ers
Main result on Lie algebras

If2 and 3 are invertible in R then ker[, | = A gr.

Kostant had proved the case R = C by different methods. This is
an integral version of his result.
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Uniform pro-p-groups and their Lie algebras Uniform pro-p-groups
The associated Lie algebra

Uniform pro-p-groups

G (topologically) finitely generated pro-p group with
Q [G,G] C GP,
@ Gi/Giy1"—>Giy1/Gip foralli>1,
where G; := G and G; := [G, G;]GP is the lower p-central series, is

called uniform pro-p group.

Facts:
i—1
Q G 'pu G; is homeomorphic (but not homomorphic in
general).

@ (Lazard) A pro-finite group G is a p-adic Lie group <— G
has an open characteristic subgroup which is uniform.
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The associated Lie algebra

The operations

n n L
X+yi= lim (xPyP)er

1
T p" . p"12n
(x,y) = lim [x*", y*]e
make G into a Z, Lie algebra, denoted £ := L(G),

and we have an equivalence of categories

{G uniform} «— {£ with (£, L) C pL,i.e., powerful }
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lwasawa algebras
lwasawa algebras and SKj Vanishing of SK;

Iwasawa algebras

G pro-finite group

ANG) = M Zp|G/ U] Iwasawa algebra
U<G open
AelG) = fim Q[G/U]
U<G open

SK(ZpG/U]) = ker (K1(Zp[G/U]) — Ki(Qp[G/U]))

is known to be finite!

SK1(A(G)) 1= ker (KL(A(G)) — Ki(Ax(G))) = lim SKy(Z,[G/U])

by a result of Fukaya and Kato.
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lwasawa algebras
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A homological description

Oliver: for H finite we have

@AgHH2(A,Z) — HQ(H, Z) — SKl(Zp[H]) —0

where A runs trough all abelian subgroups of H.
Dualizing with —" := Homcs(—, Qp/Zp) and taking limits gives:

SK1(N(G))Y = ker (H*(G,Qp,/Zp) —>|| I H(AQ./Z)) .

ACG/N
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A cohomological criterion

If G has no torsion, then SK; = 0 <—

0 — HY(G,Qp/Zp)/p > H(G,Fp) == T H(AF,)
ACG

is exact. As a consequence of Whiteheads Lemma and a result of
Lazard we obtain

If G is a compact p-adic Lie group such that L(G) := Q, ®z, L(G)
is semi-simple, then SK1(\(G)) is finite.
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The uniform case

Lazard: H*(G,Fp,) = A HY(G,F,)
V:=G/GP.
Then SK; =0 <—

2
0— AV AVES 6% —o0,

is exact
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The uniform case

Lazard: H*(G,Fp,) = A HY(G,F,)
V:=G/GP.
Then SK; =0 <—

2
0— AV AVES 6% —o0,

is exact <
/\ V = kerd

where 0 VAV — (GP/[GP, G])[p]
gGP A hGP — [g, h] mod [GP, G]
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A Lie criterion

5K1:0<:>/\£:ker[,]
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lwasawa algebras

lwasawa algebras and SKj Vanishing of SKi

Vanishing of SK;

R =Zp, for p #2,3
g a Qp-split reductive Lie algebra

g7z C g a Chevalley order.
Then, for any n > 1, p"gz, corresponds to unique uniform p-adic

Lie group G(p") with Zp-Lie algebra

L(G(p") = P9z, -

In the above setting we have

SKi(M(G(p"))) = 0.
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Examples

G a split reductive group scheme over Z
G(p") = ker (G(Zp) — G(Z/p"))

satisfies conditions of the theorem, e.g. for m>1

ker (SLa(Zp) — SLa(Zp/p™)) .
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Application

Iwasawa Main Conjecture

Uniqueness-statements in Main Conjectures of Iwasawa theory:

SKl(/f(G)) L,L [Xe]
Ki(\(G)) Ki(N(G)s) 9 Ko(S—tor)
DET\L DETi

Maps(Irr(G), Zp ) — Maps(Irr(G), Q, U {o0})

That is, if SK1(A(G)) =1 and if £ is induced form A(G) N A(G)s
(no poles), then L is unique with

Q@ 0L = [Xg],
@ DET(L) satisfies some interpolation property.
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