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ABSTRACT. For the p-cyclotomic tower of @, Fontaine established a description of local
Iwasawa cohomology with coefficients in a local Galois representation V in terms of the
1-operator acting on the attached etale (¢,I')-module D(V'). In this article we generalize
Fontaine’s result to the case of arbitratry Lubin-Tate towers Lo, over finite extensions L of
Qp by using the Kisin-Ren/Fontaine equivalence of categories between Galois representations
and (¢r,I'r)-module and extending parts of [Her], [Sch|]. Moreover, we prove a kind of
explicit reciprocity law which calculates the Kummer map over L., for the multiplicative
group twisted with the dual of the Tate module T of the Lubin-Tate formal group in terms of
Coleman power series and the attached (¢r, 'z )-module. The proof is based on a generalized
Schmid-Witt residue formula. Finally, we extend the explicit reciprocity law of Bloch and
Kato [BK] Thm. 2.1 to our situation expressing the Bloch-Kato exponential map for L(x7r)
in terms of generalized Coates-Wiles homomorphisms, where the Lubin-Tate characater xrr
describes the Galois action on 7.

1. INTRODUCTION

The invention of Coates-Wiles homomorphisms and Coleman |Col] power series - practically
at the same time, actually the Coleman power series for elliptic units show already up in [CW]
- were the starting point of a range of new and important developments in arithmetic and
they have not lost their impact and fascination up to now. In order to recall it we shall first
introduce some notation.

Consider a finite extension L of Q, and fix a Lubin-Tate formal group LT over the integers
or, (with uniformizer 7). By to = (t9,,) we denote a generator of the Tate module T" of LT
as or-module. The 7}-division points generate a tower of Galois extensions L, = L(LT[r}])
of L the union of which we denote by L., with Galois group I'y. Coleman assigned to any
norm compatible unit v = (u,) € lim LY a Laurent series g, € or((Z))* such that
Gu,to(ton) = uy, for all n. If Oy, denotes the invariant derivation with respect to LT, then, for
r > 1, the rth Coates-Wiles homomorphism is given by

) 1 1 10mvGuie(2)
r . X r —ar . — pgr—1XmvIu.to
wC’W : l%nLn - L(XLT)v U = T!amv lOggu,to (Z)|Z:0 . rlamv Guto (Z) |Z=0 )

it is Galois invariant and satisfies at least heuristically - setting t;7 = log;(Z) - the equation

10g gu,ty(Z) = Z Yow (Wirr
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the meaning of which in p-adic Hodge theory has been crucially exploited, e.g. [Fo2], [Co5],
[CC].

Explicitly or implicitly this mysterious map plays - classically for the multiplicative group
over Q, - a crucial role in the Bloch-Kato (Tamagawa number) conjecture [BK], in the study
of special L-values [CS], in explicit reciprocity laws [Kat], [Wi] and even in the context of the
cyclotomic trace map from K-theory into topological cyclic homology for Z, [BM].

In this context one motivation for the present work is to understand Kato’s (and hence
Wiles’s) explicit reciprocity law in terms of (¢r,I'r)-modules. Since in the classical situa-
tion a successful study of explicit reciprocity laws has been achieved by Colmez, Cherbon-
nier/Colmez, Benois and Berger using Fontaine’s work on (¢, I')-modules and Herr’s cal-
culation of Galois cohomology by means of them, the plan for this article is to firstly use
Kisin-Ren/Fontaine’s equivalence of categories (recalled in section [4]) to find a description
of Iwasawa cohomology H? (Leo, V) for the tower Lo and a (finitely generated or-module)
representation V' of G, in terms of a ¢-operator acting on the etale (¢r, ' )-module Dy (V).
To this aim we have to generalize parts of [Her| in section |3} in particular the residue pairing,
which we relate to Pontrjagin duality. But instead of using Herr-complexes (which one also
could define easily in this context) we use local Tate-duality H?, (Leo, V) = H* (Lo, V(1))
for V being an or-module of finite length and an explicit calculation of the latter groups
in terms of (¢r,I'r)-modules inspired by [Sch] and [Fol], [Fo2]. Using the key observa-
tion that Dpp(V)Y = Drr(VV(xrr)) (due to the residue pairing involving differentials
O =~ Drr(or)(xrr) and the compatibility of inner Homs under the category equivalence) we
finally establish in Theorem the following exact sequence

0 — H} (Lo, V) — Dip(V(1)) 2% Dip(V(r)) — H2 (Lo, V) — 0

as one main result of this article, where the twist by 7 = XLTXc_ylc is a new phenomenon
(disappearing obviously in the cyclotomic case) arising from the joint use of Pontrjagin and
local Tate duality. The second main result is the explicit calculation of the twisted (by the
or-dual T* of T') Kummer map

: X * N®ZPT* 1 * AU 1
an ®zT 7 le(LOCH Zp(l)) ®Zp T = le(LOOa OL(T))
n

in terms of Coleman series (recalled in section [2) and (¢, 'r)-modules, see Theorem
which generalizes the explicit reciprocity laws of Benois and Colmez. Inspired by [Fol], [Fo2]
we reduce its proof to an explicit reciprocity law, Proposition [6.3] in characteristic p, which
in turn is proved by the Schmid-Witt residue formula which we generalize to our situation
in section E see Theorem In section |8 we generalize the approach sketched in [Fo2] to
prove in Theorem a generalization of the explicit reciprocity law of Bloch and Kato [BK]
Thm. 2.1: again in this context the Bloch-Kato exponential map is essentally given by the
Coates-Wiles homomorphism. As a direct consequence we obtain as Corollary a new proof
for a special case of Kato’s explicit reciprocity law for Lubin-Tate formal groups.

It is a great honour and pleasure to dedicate this work to John Coates who has been a
source of constant inspiration for both of us.

We thank L. Berger for pointing Lemma [8:3]i out to us and for a discussion about Prop.
and G. Kings for making available to us a copy of [Koe]. We also acknowledge support
by the DFG Sonderforschungsbereich 878 at Miinster and by the DFG research unit 1920
“Symmetrie, Geometrie und Arithmetik” at Heidelberg/Darmstadt.
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NOTATION

Let Q, € L C C, be a field of finite degree d over Q, oy, the ring of integers of L, 71, € of,
a fixed prime element, k;, = or/mpor the residue field, and ¢ := |kz|. We always use the
absolute value | | on C, which is normalized by |7z| = ¢~ 1.

We fix a Lubin-Tate formal or-module LT = LTy, over oj, corresponding to the prime
element 77,. We always identify LT with the open unit disk around zero, which gives us a
global coordinate Z on LT. The or-action then is given by formal power series [a](Z) € or[[Z]].
For simplicity the formal group law will be denoted by +r7.

O X+r7Y)

The power series N is a unit in or[[Z]] and we let grr(Z) denote its

X,Y)=(0,2
inverse. Then grr(Z)dZ is, up‘gco S():al(ars3 the unique invariant differential form on LT ([Hazl
§5.8). We also let log;r(Z) = Z 4 ... denote the unique formal power series in L[[Z]] whose
formal derivative is gz 7. This log; ;- is the logarithm of LT ([Lan] 8.6). In particular, grrdZ =
dlog; . The invariant derivation O, corresponding to the form dlog;; is determined by

f/dZ = df = O (f)dlogrr = O (f)grTdZ

and hence is given by
(1) O (f) = g17f" -

For any a € oy, we have

(2) log;r([al(Z2)) = a-log,y  and hence  agrr(Z) = grr([al(Z)) - [a]'(Z)

([Lan| 8.6 Lemma 2).

Let T be the Tate module of LT. Then T is a free or-module of rank one, and the action
of G, := Gal(L/L) on T is given by a continuous character xp7 : G, —> oy . Let 7" denote
the Tate module of the p-divisible group Cartier dual to LT, which again is a free oy-module
of rank one. The Galois action on 7" is given by the continuous character 7 := xcyc - XZ:lr’
where Xy is the cyclotomic character.

For n > 0 we let L,,/L denote the extension (in C,) generated by the 7}-torsion points of
LT, and we put Lo, :=J,, Ln. The extension Lo /L is Galois. We let I', :== Gal(Ls /L) and

Hy = Gal(L/Ls). The Lubin-Tate character y 7 induces an isomorphism I'f, =N of.

2. COLEMAN POWER SERIES

We recall the injective ring endomorphism

oL oLl[Z]] — oL[[Z]]
f(2) — f([mL](2)) .

In order to characterize its image we let LT} denote the group of wp-torsion points of LT.
According to [Col] Lemma 3 we have

im(pr) ={f €oLl[Z]]: f/(Z) = fla+Lr Z) for any a € LT}

This leads to the existence of a unique or-linear endomorphism ¥y of or[[Z]] such that

orovea(f)(Z) =Y fla+rrZ)  forany f € oL[[Z]]
acLTy
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(ICol] Thm. 4 and Cor. 5) as well as of a unique multiplicative map A4 : or[[Z]] — or[[Z]]
such that

oo N()Z)= ] flatrZ)  forany f € oL[[Z]]

a€LT

(I[Col] Thm. 11).
The group I'y, acts continuously on oy [[Z]] via

:Gamma-action| (3) 1 x or[[Z]] — or][Z]]
(4) (v, ) — f(xer(I(2))
(ICol] Thm. 1).

Remark 2.1. i. Yoo 0 9L =q.
ii. Yoo(lrr] - f) = Zvcalf) for any f € or[[Z]].
i, N([m]) = 29.

Proof. Because of the injectivity of ¢ it suffices in all three cases to verify the asserted
identity after applying ¢r. i. We compute

provoaoer(f)= Y (prfila+ir Z)= Y flrcl(a+ir Z))

aelTy aelTy
= > f(ml(2) = er(af)-
acLTy

ii. We compute

(Lo voa)([melf) = > [mla+ir Z)f(a+ir 2)

a€LTy

=[m)(2) > fla+ir Z) = en(Z) (L © Yoa)(f)

ac LTy

= pr(Zvcalf)) -

ii. We omit the entirely analogous computation. O

We observe that for any f € or((Z)) = op[[Z]][Z}] there is an n(f) > 1 such that
[7]") . f € or[[Z]]. The above remark therefore allows to extend ¥y to an op-linear
endomorphism

Yool 2 0L((Z)) — oL((Z))
fr—= 27" Doy ([r ] f)
and to extend N to a multiplicative map
N :0r((2)) — or((2))
fr—s Z—qn(f)/\/([m]n(f)ﬁ )

We choose an or-generator tg of T'. This is a sequence of elements tg ,, € 77,01, such that
[WL] (tO,n—H) = tO,n fOl“ n Z 1, [WL} (tO,l) = 0, and tO,l 7& 0.
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Theorem 2.2 (Coleman). For any norm-coherent sequence u = (up)n € @n L) there is a

N=1

unique Laurent series g1, € (0r((Z))) such that gy, (ton) = upn for any n > 1. This

defines a multiplicative isomorphism

lim LY = (0((2)) V!
U +— g%to .

Proof. See [Col] Thm. A and Cor. 17. O

L

Remark 2.3. i. The map (or((Z2))*N=1
18 an isomorphism; hence

kr((Z))* given by reduction modulo mr,

~

lim L =5 ki ((2))"
U — Gu,to mod 7,

s an isomorphism of groups.
ii. If t1 = cty is a second or-generator of T then gy, ([c](Z)) = Gut,(Z) for any u €

3 X

@n L.
Proof. i. [Col] Cor. 18. ii. This is immediate from the characterizing property of g, s, in the
theorem. 0

We now introduce the “logarithmic” homomorphism

Apr :or[[Z]]* — or[[Z]]

whose kernel is o7 .

Lemma 2.4. i. Aprowr =mrer o Apr.
ii. Yoo 0 Ay = A o N.

Proof. We begin with a few preliminary observations. From we deduce

(5) grT = [::_I;]/SOL(QLT) -

Secondly we have

(6) izer(f(2)) = Zf(ml(2)) = f (7 )(2)[xL) (Z) = oo (f)[m1)

for any f € or[[Z]]. Finally, the fact that gr7(Z)dZ is an invariant differential form implies
that

(7) gLT = % log;r(a+rr Z) for any a € LT.

For i. we now compute

i ! ’ ’
Arropn(f) = L az2LUI) _ [nu) enlf) _ _m _enlf) _

grr  ¢L(f) gt er(f) or(grr) er(f) mrer o Arr(f)
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where the second, resp. the third, identity uses @, resp. . For ii. we compute

/

or,oYco o Arr(f) = Z m& (a+rr Z)

ac€ LTy
o Z 1 %f(a-&-LTZ) 1
= d
L grr(at+rrZ) flatrrZ) L (atrr2)
_ 1 %f(tH—LTZ)
werr, dz 18rr(atir?) flatirZ)
=Y Apr(flatir 2)) =Aur( [[ fla+ir 2))
a€LTy a€LTy
=AproprLoN(f) =mreroAproN(f)
= wr(rLArr o N(f)) ,
where the fourth, resp. the seventh, identity uses , resp. part i. of the assertion. O

It follows that App restricts to a homomorphism
Apr : (or[[Z]YN= — og[[Z]]Vear=mr

Its kernel is the subgroup pg—1(L) of (¢ — 1)th roots of unity in o; .
On the other hand Apr obviously extends to the homomorphism

Arr:or((2)) — or((2))
1 f

f H g —_,

ta-N-extended | Lemma 2.5. The identity Yoo © App = w1 App o N holds true on o, ((Z))*.

Proof. Let f € or,((Z)* be any element. It can be written f = Z7"fy with fo € or[[Z]]*.
Then

Yoo 0o Arr(f) = —nbca( ) + Yoo 0 Arr(fo)

1
Zgrr
and

7L AL o N(f) = —nmpApr(N(2)) + A o N(fo) -
The second summands being equal by Lemma [2.4]ii we see that we have to establish that

1
Yool ——) =mArr(N(Z)) .
gLt
By definition the left hand side is Z~ ) (M) and the right hand side is . @gN(2) Hence
Y Col\Zgrr & grr N(Z) -

we are reduced to proving the identity

(7L
Zgrt

grrN (Z Wcol(

d
) = WLZEN(Z) y
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which is an identity in oz [[Z]] and therefore can be checked after applying ¢r. On the left
hand side we obtain

[mL](b+rr Z)
er(grr) (a+Lr Z)
ael_[LT1 beZLTl (b+rr Z)grr(b+r1 2)
1
= pr(grr)eL(Z) (a+r7 Z)
AL v o e Dot 2
L 1
= grr—9L(Z) (a+rr 2) ;
[we) GGI;[Tl be;ﬁ (b+rr 2)grr(b+11 Z)
where the second equality uses . On the right hand side, using @, we have
T T
7TL<PL(Z)SDL(diZN(Z)) = W‘PL(Z)C%Z@L(N(Z)) = WQOL(Z)(%Z H (a+rr Z) .
L L aELTy
This further reduces us to proving that
gLt Z 1 — % HaELTl (a +Lr Z)
el T, (b+rr Z)grr(b+11 Z) [acrr (a+1r Z)
The invariance of grr(Z)dZ implies
grr(Z)
8 Lg+prZ)=—"—"0
®) iz(@ir 2) grr(a+rr Z)
We see that the above right hand side, indeed, is equal to
d%HaeLTl(a +rr Z) _ %(a +rT Z) = gir Z 1
eerr (atir2) &2 atirZ o (atrr Z)grr(atir Z)

0

Hence we even have the homomorphism Apr : (or((Z2))*)N=! — oL ((Z))¥ce=Tr with
kernel jiq—1(L).

3. ETALE (¢r,I'L)-MODULES

We define the ring 7, to be the mz-adic completion of or[[Z]][Z7!] and we let %) =
o1, [n; ] denote the field of fractions of «7,. The ring endomorphism ¢y, of oz [[Z]] maps Z to
[7r](Z). Since [rp](Z) = Z? mod 7, the power series [r1|(Z) is a unit in «77,. Hence ¢, extends
to a homomorphism oy [[Z]][Z7'] — /. and then by continuity to a ring endomorphism
¢ of @7 and finally to an embedding of fields ¢y : 1 — HBr. Similarly the invariant
derivation Oy, first extends algebraically to or[[Z]][Z7!], then by continuity to 7, and
finally by linearity to #r. Evidently we still have for any f € Hr.

Remark 3.1. 1,7,..., 297" is a basis of B, as a o1 (BL)-vector space.
Proof. See [EX] Remark before Lemma 2.1 or [GAL] Prop. O

This remark allows us to introduce the unique additive endomorphism ¢y of % which
satisfies

—1
pror =mp " -traceg, o, (3;) -
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By the injectivity of ¢ and the linearity of the field trace we have the projection formula
viler(fi)fe) = fivr(fe)  for any f; € 2.
as well as the formula
Yropr = % -id .

Correspondingly, we consider the unique multiplicative map N, : 1, — %y, which satis-
fies

(9) @L ONL = NOI”HI%L/QOL(%L) .
Remark 3.2. 1. TZ}L(%L) - ﬂL and NL(WL) - »Q{L-
ii. Onor((Z)) we have 1y, =7 Yoo and N, = N
iii. ¢r 09 0 diny = Oy 0 L oYL on Ar.

iv. No(f)([)(2)) = NL(f([c](2))) for any c € of and f € By,

. NL(f) = f mod ey, for any f € <.

vi. If f € o), satisfies f = 1 mod 77'e7;, for some m > 1 then Ni(f) = 1 mod 7" o7y,
i (02((2)) V1 = (o=,

<

—

\%

Proof. i. The homomorphism ¢, induces on @77, /7197, = k1,((Z)) the injective g-Frobenius
map. It follows that cpzl(;sz) = /.. Hence the assertion reduces to the claim that

(10) traceg, o, (#,) (A1) C TLAL -

But the trace map traceg, /., (#,) induces the trace map for the purely inseparable extension
kr((Z))/kr((Z9)), which is the zero map.

ii. For any a € LT} we have the ring homomorphism

oa : oL[[Z]] — oL, [[Z]] € 1,
f(Z2) = fla+rr Z) .

Since 04(Z) = a4+ Z = a + Z mod deg2 we have 0,(Z) € eQ{LXl, so that o, extends to

or[[Z]][Z~Y]. By continuity o, further extends to ., and then by linearity to an embedding
of fields

Oq: Br, — Br, = Brly .

Clearly these o, are pairwise different. Moreover, for any f € or[[Z]], we have

oa 0 pr(f)(Z) = f([rLl(a+rr Z)) = f(Z) .

We conclude, by continuity, that o4|¢r (%) = id. It follows that [[,c 7, (X —oa(f)), for any
f € Ay, is the characteristic polynomial of f over ¢ (%}). Hence

(11) traceg, 4, (2.)(f) = Z oa(f),

ac LTy
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which proves the assertion for f € op[[Z]]. For general f € or((Z)), using the notation and
definition before Thm. 2.2] we compute

erovealf) = ¢L (Z‘”(fWCol([?TL]"(f)f))
=n(2)7"D D" oo([m]"V )

a€LTy

_ Z oa(f) = traceg, 1o, (2,)(f)

ac€ LTy
=promyr(f) -
The proof for N is completely analogous.
iii. By the invariance of d;,, we have Gy 0 04 = 04 0 Oy on 01 [[Z]][Z7}], whence on %,

by continuity and linearity. Therefore, the claim follows from .
iv. We compute

prNL()([el(2))) = NL(H)([d([7L](2))) = NL(F)([Ll([c(2)))
= orWLM((2) = T oalH([(2)

= I o1 1d@)) = T oalfd(2)

ac LT, a€LTy

= oLNL(f([c](2)))) -
v. We have
©Yr ONL(f) mod WLJZ/L = Norka((Z))/k’L((Zq))(f mod WLJZ{L) = fq mod FLJZ{L
= @r(f) mod 7wy, .

vi. Let f =14 n7'g with g € «/;,. We compute

LWL+ 779) = [[ 1+ 7f0alg) =1+72( D" oalg)) mod 77 a7y
ac LTy ac€ LTy

= 1 mod WZ”HWL = ¢r(1) mod 7T7L”+1£%L

where the third identity uses . The assertion follows since ¢ remains injective modulo
) for any j > 1.
vii. We have the commutative diagram

N

(or((2)) V="

(.Q{LX )NLzl

—

kL((2))"

R

where the oblique arrows are given by reduction modulo 7y. The left one is an isomorphism
by Remark [2.3]i. The right one is injective as a consequence of the assertion vi. Hence all
three maps must be bijective. ([l



10 PETER SCHNEIDER AND OTMAR VENJAKOB

Due to Remark [3.2}vii we may view the Coleman isomorphism in Thm. as an isomor-
phism

~

(12) lim L =5 (a7 )Mo=

We always equip &7, with the weak topology, for which the or-submodules 77'.%7, +
Z™or[[Z]], for m > 1, form a fundamental system of open neighbourhoods of zero. The
weak topology on any finitely generated «/7-module M is defined to be the quotient topology,
with respect to any surjective homomorphism <7/ — M, of the product topology on <7/
this is independent of the choice of this homomorphism. We have the following properties (cf.
[SV] Lemmas 8.2 and 8.22 for a detailed discussion of weak topologies):

— @77, is a complete Hausdorff topological or-algebra (with jointly continuous multipli-
cation).

— /7, induces on o [[Z]] its compact topology.

— M is a complete Hausdorff topological module (with jointly continuous scalar multi-
plication).

— M /7" M, for any m > 1, is locally compact.

Remark 3.3. The endomorphisms @, and vy, of &1 are continuous for the weak topology.

Proof. For ¢y, see [GAL] Prop. i. For ¢, see [FX] Prop. 2.4(b) (note that their v is our
Labr). O
q

Let Q! = Q}JL = @f1,dZ denote the free rank one /7 -module of differential forms. Obviously
the residue map

Res : Q' — op

O aiz')dz — ay

is continuous. Later on in section [7] it will be a very important fact that this map does not
depend on the choice of the variable Z. For the convenience of the reader we explain the
argument (cf. [Fol] A2.2.3). First of all we have to extend the maps d and Res by linearity

to maps

B, L0l =L, 0, 251,

Only for the purposes of the subsequent remark we topologize %y, by taking as a fundamental
system of open neighbourhoods of zero the oy, [[Z]]-submodules

w1, + L ®,, Z™or[[Z]]) for m > 1.

Using the isomorphism Qé?L = PBrdZ = Py, we also make Q%L into a topological or-module.
It is easy to see that the maps d and Res are continuous.

Remark 3.4. i. d(AL) is dense in ker(Res).
ii. Res = Resz does not depend on the choice of the variable Z, i.e., if Z' is any element
in <71, whose reduction modulo 7y, is a uniformizing element in k((Z)), then Resz(w) =
Resyz(w) for all w € Q%L.

Proof. i. On the one hand L[Z, Z7!] N ker(Res) is dense in ker(Res). On the other hand we
have L[Z, Z~']Nker(Res) C d(%y). ii. As a consequence of i. both maps Resyz and Resz have
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the same kernel. It therefore suffices to show that Resz(dTZ,/) = 1. We have Z' = ¢Zn(1+7La)
with ¢ € o], n € 1+ Zor[[Z]], and « € «71,. Hence

dz' _ dZ dn d(1+7pa)
Zr =7t T Fra -

Clearly Resz(d—:) = 0. Furthermore, if m > 1 is sufficiently big, then log(1 + 7}*3), for any

B € @1, converges in 7. Since (1 + ﬂjﬂfL 1+ 7rj+1£ﬁ & o /wry, for any j > 1, we
L L
(14+7pa) d(1+77B)

have (1 + mpa)?” =1+ 773 for some 8 € 7. It follows that pdeMa = T4y

d(log(1 + 7}*3)) and therefore that Resz(w) =0. O

147

Since Q! is a topological <7;-module it follows that the residue pairing

(13) i, x QY — op,

(f,w) — Res(fw)
is jointly continuous. It induces, for any m > 1, the continuous pairing

oy |mlaty, x QL a0l — Ljog,

(f,w) — 7 "Res(fw) mod of,
and hence (cf. [B-T'G] X.28 Thm. 3) the continuous or-linear map
(14) Ql/zral — Homg, (&7, /7] <, L/oL)

w+— [f = 7, "Res(fw) mod or] ,

where Homg ~denotes the module of continuous oz-linear maps equipped with the compact-
open topology. For the convenience of the reader we recall the following well known fact.

Lemma 3.5. The map is an isomorphism of topological or,-modules.
Proof. Let R := or,/n}'or. It is convenient to view the map in question as the map
R((2))dZ — Hom(R((2)), R)
w i Ly(f) := Res(fw) .

One easily checks that w =, £,(Z7""1)Z'dZ. Hence injectivity is clear. If £ is an arbitrary
element in the right hand side we put w := Y, (Z~""1)Z'dZ. The continuity of ¢ guarantees
that £(Z%) = 0 for any sufficiently big i. Hence w is a well defined preimage of ¢ in the left
hand side. Finally, the map is open since

{f € R((2)) : Res(f 2" R[[Z]]dZ) = 0} = Z""R[[Z]]
is compact for any n > 1. O
For an arbitrary «/;-module N we have the adjunction isomorphism
(15) Hom,, (N, Hom,, (47, L/oy)) — Hom,, (N, L/oy)

Lemma 3.6. For any finitely generated <y /7" /1 -module M the adjunction together
with induces the topological isomorphism

Hom,y, (M, Q'/77QY) = Hom¢, (M, L/or)

F — 7, ™Res(F(.)) mod of, .
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Proof. It is clear that restricts to an injective homomorphism
(16) Hom,, (M, Homg, (&7, /7] <, L/or)) — Homg, (M, L/or) .

The inverse of (|15]) sends ¢ € Hom,, (M, L/or) to F(m)(f) := £(fm) and visibly restricts to
an inverse of By inserting we obtain the asserted algebraic isomorphism. To check
that it also is a homeomorphism we first clarify that on the left hand side we consider the
weak topology of Hom,, (M, Q!/77Q!) as a finitely generated <77-module. The elementary
divisor theorem for the discrete valuation ring 77, implies that M is isomorphic to a finite
direct product of modules of the form &7 /7} o/, with 1 < n < m. It therefore suffices to
consider the case M = 7y, /n} o/;,. We then have the commutative diagram of isomorphisms

HOH]EQ{L (JZ{L/TFE%L, QI/WTQI)

zi \

’/TZZ_an/ﬂ'ZLQl HomgL(ﬂL/WZ,QfL,L/OL)
)
Ql/mal

By Lemma [3.5] all maps in this diagram except possibly the upper oblique arrow, which is
the map in the assertion, are homeomorphisms. Hence the oblique arrow must be a homeo-
morphism as well. ]

The I'z-action on or[[Z]] extends, by the same formula, to a I'r-action on o7, which,
moreover, is continuous for the weak topology (see [GAL] Prop. ii).

Definition 3.7. A (¢r,I'r)-module M (over <1,) is a finitely generated <f1-module M to-
gether with

— a I'p-action on M by semilinear automorphisms which is continuous for the weak

topology EL and
— a @p-linear endomorphism oy of M which commutes with the I'-action.

It is called etale if the linearized map
n ot @gy oy M — M
fem— fou(m)
is bijective. We let M (/L) denote the category of etale (¢r,Tr)-modules M over <7,
Remark 3.8. Let a : @/ — 71, be a continuous ring homomorphism, and let 5 : M — M

be any a-linear endomorphism of a finitely generated /1, -module M ; then [ is continuous for
the weak topology on M.

Proof. The map
B ety @y 0 M — M
f@mi— fB(m)

Un case L = Qp we have automatic continuity. The simplest instance of this is the fact that any abstract
group homomorphism I'g, — Z, is continuous. By restricting to sufficiently small open subgroups this
reduces to the claim that any abstract group homomorphism Z, — Z, is continuous, i.e., is determined by
its value in 1. This follows from the triviality of any group homomorphism Z,/Z — Z,. The latter holds
because, by the surjectivity of the projection map Z — Z,/pZy, the group Z,/Z is p-divisible.
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is .o/ -linear. We pick a free presentation A : &' — M. Then we find an o7 -linear map E
such that the diagram

AP~ I = Ay @y 0 AP — e AP

A i id @A i i A
Blin

M eKML ®LQiL,a M M
B

is commutative. All maps except possibly the lower left horizontal arrow are continuous.
The universal property of the quotient topology then implies that § must be continuous as
well. 0

Remarks and imply that the endomorphism ¢y; of a (¢, 'z )-module M is contin-
uous.
On any etale (¢r,'r)-module M we have the or-linear endomorphism

m—1@m

liny—1
M) a7, ®<Q¢L7¢L M — M

f®m'—>¢L(f)m7

which, by construction, satisfies the projection formulas

Yul(en(f)m) = fYu(m)  and  du(fom(m)) =Yr(fim ,

for any f € 71, and m € M, as well as the formula

Yy : M

q .
wMOSOM:;'ldM .

Remark is easily seen to imply that i, is continuous for the weak topology.

For technical purposes later on we need to adapt part of Colmez’s theory of treillis to our
situation. We will do this in the following setting. Let M be a finitely generated .&/7-module
(always equipped with its weak topology) such that 7} M = 0 for some n > 1; we also assume
that M is equipped with a ¢p-linear endomorphism ¢p; which is etale, i.e., such that cpl]\i/? is
bijective.

Definition 3.9. A treillis N in M is an or[[Z]]-submodule N C M which is compact and
such that its image in M/ M generates this kr((Z))-vector space.

Remark 3.10. i. If e1,...,eq are <y -generators of M then or[[Z]]er + ...+ oL[[Z]]eq
s a treillis in M.
ii. A compact op[[Z]]-submodule N of M is a treillis if and only if it is open.
ili. For any two treillis No C Ny in M the quotient N1/Ny is finite; in particular, any
intermediate op[[Z]]-submodule Ny C N C Ny is a treillis as well.

Proof. Part i. is obvious from the compactness of or[[Z]]. For ii. and iii. see [Co3] Prop.
1.1.2(1). O
Following Colmez we define
1—00

M= {m e M: (m) == 0}.

Since or[[Z]] is compact it is easily seen that M+ is an oy [[Z]]-submodule of M. Obviously
M+ is pp-invariant.
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Lemma 3.11. i. M is a treillis.
ii. oy — 1 is an automorphism of M+,

Proof. i. Using Remark [3.10]i/iii this follows from [Co3] Lemma I1.2.3. This lemma is stated
and proved there in the cyclotomic situation. But the only property of ¢, besides being etale,
which is used is that ¢ (Z) € Z20L[[Z]] + . ZoL[[Z]].

ii. Obviously m = 0 is the only element in M '+ which satisfies pp;(m) = m. Now let
m € M*T be an arbitrary element. Since M is complete the series m’ := Y, ¢, (m) converges

and satisfies (pp; — 1)(=m') = m. But M** is open and hence closed in M so that —m' €
M*T, ([l

The following lemma is a slight generalization of a result of Fontaine (cf. [Her] Prop. 2.4.1).

Lemma 3.12. On any etale (¢r,,I'1)-module M such that 7} M = 0 for some n > 1 the map
oy — 1 is open and, in particular, is topologically strict.

Proof. As M1, by Lemma|3.11li and Remark ii, is compact and open in M we first see,
using Lemma ii, that ¢p; — 1 is a homeomorphism on M ™" and then that ¢y, — 1 is an
open map. ]

The category M (a7) has an internal Hom-functor. For any two modules M and N in
Me (o7;,) the «-module Hom,y, (M, N) is finitely generated. It is a (¢p,'z)-module with
respect to

Wa):=yoaor™ and  rom,, oum) (@) = o 0 (idey, ®a) o (&f)

for any v € I'y, and any o € Hom,y, (M, N). We need to verify that the I';-action, indeed, is
continuous. This is a consequence of the following general facts.

1

Remark 3.13. For any two finitely generated </1-modules M and N we have:
i. The weak topology on Hom,y, (M, N) coincides with the topology of pointwise conver-
gence.
ii. The bilinear map
Homg, (M,N) x M — N
(a,m) — a(m)
is continuous for the weak topology on all three terms.

Proof. Since any finitely generated module over the discrete valuation ring 77, is a direct sum
of modules of the form o7}, or <77,/ WiﬂL for some j > 1, it suffices to consider the case that
M and N both are such cyclic modules. In fact, we may even assume that M = o7, and
N = o), =: oy, [n7°, or N = %L/Wiﬂﬁ. We then have the isomorphism of 77 -modules

evy . HOHI%L(,Q%L,@{L/’/F%JZ%L) i) JZ{L/W%JZ{L

ar— a(l).
For i. we have to show that this map is a homeomorphism for the topology of pointwise
convergence and the weak topology on the left and right term, respectively. The topology of
pointwise convergence is generated by the subsets C(f,U) := {« € Hom,y, (&1, /1, /77 1)
a(f) € U}, where f € o/, and where U runs over open subsets U C &7, /77 <77, (for the weak
topology). For the open subset Uy := {n € @ /7 <71, : fn € U} we have C(f,U) = C(1,Uy).
We see that ev(C(f,U)) = Uy.
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Using the topological isomorphism ev; the bilinear map in ii. becomes the multiplication
map o7y, /7 oy, X oy, — @, /™) <1, It is continuous since, as noted earlier, <77, is a topological
algebra for the weak topology. O

Let (7i)ien in 'z, resp. (oy)ieny in Homg, (M, N), be a sequence which converges to v €
I'r, resp. to o € Homyy, (M, N) for the weak topology. We have to show that the sequence
(vi(a;))i converges to v(a) for the weak topology. By Remark [3.13]i it, in fact, suffices to
check pointwise convergence. Let therefore m € M be an arbitrary element. As I'p acts
continuously on M, we have lim; .« v; (m) = 7' (m). The Remark ii then implies that
lim; o0 i (7; *(m)) = a(y~*(m). By the continuity of the I'z-action on N we finally obtain
that limiosoe 7i(0: (777 () = 2@y~ (m))).

In order to check etaleness we use the linear isomorphisms g@” and g@lm to identify
Hom,, (M, N) and HomWL(fQ%L Rty or M, A1, @y o) N) = Homyy, (M, 1, @4 o, N). Then
the linearized map @Hﬁmd (M) becomes the map

a7, ®(Q/L7¢L HOIng{L (M, N) — HOmQQyL (M, ¥43 ®Q{L7¢L N)
far—m— fealm).

To see that the latter map is bijective we may use, because of the flatness of ¢, as an injective
ring homomorphism between discrete valuation rings, a finite presentation of the module M in
order to reduce to the case M = o7, in which the bijectivity is obvious. Hence Hom,, (M, N)
is an etale (pr,'r)-module (cf. [FoI] A.1.1.7). One easily checks the validity of the formula

(17) PHom,,, (M,N) (@) (par(m)) = en(a(m)) .
As a basic example we point out that Q! naturally is an etale (o, ';)-module via

WdZ) = [xpr(N)'(2)dZ = dxer()(Z) and o1 (dZ) = 7y [x1) (Z)dZ = np ' d[mr](Z) .

Note that the congruence [71](Z) = 7, Z + Z9 mod 7y, indeed implies that the derivative
[71)'(Z) is divisible by 7. The simplest way to see that Q! is etale is to identify it with
another obviously etale (¢r,,I'z,)-module.

If x : I';, — o] is any continuous character with representation module W, = opt, then,
for any M in 9% (7}, ), we have the twisted module M () in M (e7y,) where M (x) := M ®,,
Wy as @-module, @y, (Mm@w) := @ (m)@w, and v|M (x)(mw) = y|M (m)@v|Wy (w) =

X(7) - vIM(m) @ w for v € T'. It follows that 1;(,)(m @w) = pr(m) @ w. For the character
xrr we take W, .. =T = oty and W 1= = T™ = ort], as representation module, where 7™

denotes the or-dual with dual basis ¢ of to.

Lemma 3.14. The map

i (xir) — QF
f®@to— fdlogpr = fgrrdZ
is an isomorphism of (pr,T'r)-modules.

Proof. Since grr is a unit in or[[Z]] it is immediately clear that the map under consideration
is well defined and bijective. The equivariance follows from . O
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Remark 3.15. For later applications we want to point out that for @ € (o,((Z))*)N=" the
differential form %“ is Y1 -tnvariant: In fact using Lemma Remark .ii, and Lemma
[2.5] for the second, fourth, and fifth identity, respectively, we compute
du . .
Yor(—) = Yo (Apr(@)dlogr) = Yo (Arr(@)pa(dlogrr))

U
= ¢r(Apr(@)dlogrr = 77 Yoo (A (@))dlogy
R di
= Apr(a)dlogyr = o

Lemma 3.16. The map d : of;, — Q' satisfies:
i.mp-pqrod=dopr;
ii. yod=do~ for any v €',
iii. 7,1 g1 od=dovy.

Proof. i. For f € <71, we compute

pa(df) = o (f'dZ) = n f1([rL)(2))[rr) (2)dZ = 7 d(f([7L)(2))) = 7 d(er(f)) -
ii. The computation is completely analogous to the one for i.
iii. Since @1 is injective, the asserted identity is equivalent to pq1 0 ¥g1 od = do ¢r 0y,

by i. Lemma implies that (¢r o (f))grrdZ = wa1 o Y1 (fgrrdZ). Using this, , and
Remark [3.2iii in the second, first and fourth, and third identity, respectively, we compute

a1 0 Y1 (df) = par 0 Y1 (O (f)grrdZ)
= (¢ 0 Y1 (Omv(f))9r7dZ = Oy (oL 0 ¥L(f))gr1dZ
=d(provr(f)) -

Proposition 3.17. The residue map Res : Q' — L satisfies:
i. Resoypqg = 7r£1q - Res;
ii. Resoy = Res for any vy € I'r;
iii. Reso g1 = Res.

Proof. Of course, exact differential forms have zero residue. Let now « denote any of the
endomorphisms g1, 7, or Yo of Q. Using Lemma we have (m + 1)Res(a(Z2™dZ)) =
Res(a(d(Z2™1))) = 75 Res(da(Z™T1)) = 0 with € € {—1,0,1} and hence Res(a(Z™dZ)) =0
for any m # —1. Since Res is continuous it follows that « preserves the kernel of Res. This
reduces us to showing the asserted identities on the differential form Z~'dZ. In other words
we have to check that Res(a(Z71dZ)) = n; ¢, 1,1, respectively, in the three cases.

i. We have @1 (Z71dZ) = ng[grLL]},((ZZ))dZ. But [7.](Z) = Z9(1 + mrv(Z)) with v € .

Hence po1(Z71dZ) = 7, qZ 7 dZ + WZld(l+7er). In the proof of Remark ii we have seen

14+7mpv
d(1+mLv)
that =

ii. Here we have v(Z~1dZ) = %dz. But [xzr(7)](Z) = Zu(Z) with a unit u €

or[[Z]]*. Tt follows that v(Z~1dZ) = Z~'dZ + %dZ. The second summand has zero residue,
of course.

iii. The identity in i. implies that Res o pg1 = ﬂzlq - Res = Res o Y1 o pn1. Hence the
identity in iii. holds on the image of pq1 (as well as on the kernel of Res). But in the course
of the proof of i. we have seen that Z~1dZ € im(pq1) + ker(Res). O

has zero residue.
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Corollary 3.18. The residue pairing satisfies
Res(fiai(w)) = Res(pr(f)w) for any f € o1, and w € QL.

Proof. By the projection formula the left hand side of the asserted equality is equal to
Res(q1 (¢ (f)w)). Hence the assertion follows from Prop. iii. O

For a finitely generated o7, /7} /;-module M the isomorphism in Lemma induces the
following pairing

[, 1=1, s : M x Hom,, (M, Q' /710" — Loy,
(m, F) — 7, "Res(#(m)) mod or, .

Since M is locally compact it is (jointly) continuous by [B-TG|] X.28 Thm. 3. Note that this
pairing (and hence also the isomorphism in Lemma ) is I'z-invariant by Prop. ii.

The map Hom,y, (o7 /77 o7p, QL /77 Qb) = Q! /770! which sends F to F(1) is an isomor-
phism of (etale) (¢r,I'r)-modules. Cor. then implies that
(oo jrpn, () Flary prpo, = [y Hom o, (e 90 frpt) (F) ary pep oy
for all f € o7/} o7, and F € Homy, (77, /7] <7, QI/WZQI). More generally, we show:

Proposition 3.19. Let M be an etale (¢r,,I'r)-module such that )M =0 for some n > 1;
we have:

i. The operator 1y is left adjoint to PHom , (M0 /7701 under the pairing [, |, i.e.,
WM(m)7F] = [mv(pHomdL (M,Ql/WZQl)(F)]
for allm € M and all F € Hom,, (M, Q! /77Qb);
ii. the operator @y is left adjoint to wHomQ{L (MQ1/x7Ql) under the pairing [, |, i.e.,
[@M(m)wF] = [mv wHomdL(M,Ql/WZQl)(F)]
for allm € M and all F € Hom,y, (M, Q!/77Q1).

Proof. For notational simplicity we abbreviate the subscript Hom,, (M, Q!/77Q) to Hom.

i. Since M is etale it suffices to check the asserted identity on elements of the form fpps(m)
with f € @/ and m € M. By the projection formula for 1y; the left hand side then becomes
[ (f)m, F|. We compute the right hand side:

[forr(m), erom (F)] = 7 "Res(@rom (F) (fom (m)))
= 77, "Res(fonom(F) (o (m)))
71, "Res(f a1 /mmo1 (F(m)))
71, "Res(Yo1 a1 (foqr rmar (F(m))))
7 "Res(Yr(f)F(m))
77, "Res(F (¢ (f)m))
= [Wr(f)m,F] mod o, ;

here the first and last identities are just the definition of [, ], the second and sixth use .27} -
linearity, the third the formula , the fourth Prop. iii., and the fifth the projection
formula for ¥ Jmrat-
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ii. Correspondingly we compute
[oar(m), fetom(F)] = "Res(fonom (F)(oar(m)))
= 7, "Res(feq1/mo1 (F(m)))
= 77, "Res(Yo1 /xna1 (foar a1 (F(m))))
71 "Res(¢r(f)F(m))

77, "Res((¢Hom (f orom (F)))(m))
(M, YHom (foHom (F))] mod of, .

O
Remark 3.20. Similarly, for any etale (¢r,T'r)-module M such that ©7}M = 0 one can

consider the ' -invariant (jointly) continuous pairing
[.)=1[,)m M xHomg, (M, &(xrr)/mL 1 (xLT)) — L/oL
(m, F) — 7 "Res(F(m)dlog; ) mod of,

which arises from [, |ar by plugging in the isomorphism from Lemma|3.14. Clearly, it has
adjointness properties analogous to the ones in Prop. [3.19

4. THE KISIN-REN EQUIVALENCE

Let ET := T&nocp/pocp with the transition maps being given by the Frobenius ¢(a) = a”.
We may also identify E* with @%Cp /mroc, with the transition maps being given Ef the
g-Frobenius ¢4(a) = a?. Recall that E* is a complete valuation ring with residue field F,, and
its field of fractions E = hm(C being algebraically closed of characteristic p. Let mg denote
the maximal ideal in ET. _

The g-Frobenius ¢, first extends by functoriality to the rings of the Witt vectors W (E™) C
W (E) and then oz-linearly to W (ET)y := W(E') ®o,, 0 € W(E)L := W(E)®,, oL, where
Ly is the maximal unramified subextension of L. The Galois group G, obviously acts on E
and W( )1 by automorphlsms commutlng w1th ¢4- This G'r-action is continuous for the weak
topology on W(E)y, (cf. [GAL] Lemma . Let My, denote the ideal in W (E*);, which is
the preimage of mg under the residue class map.

Evaluation of the global coordinate Z of LT at mr-power torsion points induces a map
(not a homomorphism in the naive sense) ¢ : T — E*. Namely, if t = (2,,)n>1 € T with
(7] (2n41) = zn and [r7](21) = 0, then 2!, | = 2z, mod 7, and hence «(t) := (2, mod 71), €
E*.

Lemma 4.1. The image of the map ¢ is contained in mg. The map
v s T — M L
t— lim ([rg] o o )" ([u(1)])) .
where [u(t)] denotes the Teichmiiller representative of 1(t), is well defined and satisfies:
. al(epr(t)) = wpr(at) for any a € or;
¢q(err(t)) = tor(mrt) = [wo](err(t));
oL

b
C. LT )) [XLT(U)](LLT(t)) fOT any o € Gy,
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Proof. This is [KR|] Lemma 1.2, which refers to [Col] Lemma 9.3. For full details see |[GAL]
o] 0

As before we fix an or-generator ¢ty of T and put wrr := tr7(to). By sending Z to wrr we
obtain an embedding of rings
or[[Z]] — W(E™")L .
As explained in [KR] (1.3) it extends to embeddings of rings

oy — W(E), and B — L, W(E)L .

The left map, in fact, is a topological embedding for the weak topologies on both sides ([GAL]
Prop. [2.1.14li). The Galois group Gy, acts through its quotient I'y, on %A by (o, f) —
f(Ixer()](Z)). Then, by Lemmal[d.1]c, the above embeddings are G-equivariant. Moreover,

the g-Frobenius ¢, on L ®,, W(E)r, by Lemma b, restricts to the endomorphism f —
folmr] of A1, which we earlier denoted by ¢y,

We define Aj, to be the image of /7 in W(E) - It is a complete discrete valuation ring

with prime element 7, and residue field the image Ej, of kz,((Z)) < E. As a consequence
of Lemma [.1]a this subring A is independent of the choice of ¢y. As explained above each
choice of tg gives rise to an isomorphism

(18) (o1, 1, Tr, weak topology) —» (Ar, éq, I'r, weak topology)

between the o-algebras /7, and Aj together with their additional structures. By literally
repeating the Def. we have the notion of (etale) (¢,, I'z,)-modules over Ay, as well as the
category M (A ). In the same way as for Remark i we may define the operator ¥y, on
A and then on any etale (¢4,['1)-module over Aj. The above algebra isomorphism gives
rise to an equivalence of categories

(19) Me () — M(AL) ,

which also respects the 1 -operators. Using the norm map for the extension Ay /¢,(Af) we
define, completely analogously as in @, a multiplicative norm operator N' : A, — Ap.
Then, using also Lemma [£.1]b, N7, and N correspond to each other under the isomorphism
. In particular, (for any choice of ) induces an isomorphism

(20) (M=t = (AN

We form the maximal integral unramified extension (= strict Henselization) of A, inside
W(E)r. Its p-adic completion A still is contained in W(E);. Note that A is a complete
discrete valuation ring with prime element 77, and residue field the separable algebraic closure
E}? of Ef, in E. By the functoriality properties of strict Henselizations the g-Frobenius ¢,
preserves A. According to [KR] Lemma 1.4 the Gr-action on W (E), respects A and induces
an isomorphism Hj, = ker(xrr) — Aut®™(A/AL).

Let Rep,, (G'1) denote the abelian category of finitely generated oz-modules equipped with
a continuous linear G'r-action. The following result is established in [KR] Thm. 1.6.

Theorem 4.2. The functors
Vi— Drr(V) := (A ®o, V)ker(XLT) and M — (A ®a, M)q‘)q@cpM:l

are exact quasi-inverse equivalences of categories between Rep, (Gr) and M (AL).
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For the convenience of the reader we discuss a few properties, which will be used later on,
of the functors in the above theorem.

First of all we recall that the tensor product M ®,, N of two linear-topological o-modules
M and N is equipped with the linear topology for which the or-submodules

im(Upy ®o, N = M ®,, N)+im(M ®,, Uvn = M ®,, N) C M ®,, N,

where Uy and Uy run over the open submodules of M and N, respectively, form a funda-
mental system of open neighbourhoods of zero. One checks that, if a profinite group H acts
linearly and continuously on M and N, then its diagonal action on M ®,, NN is continuous
as well.

In our situation we consider M = A with its weak topology induced by the weak topology
of W(E), and N =V in Rep,, (G1) equipped with its w7-adic topology. The diagonal action
of G, on A ®,, V then, indeed, is continuous. In addition, since the mr-adic topology on A
is finer than the weak topology any open oz-submodule of A contains 7} A for a sufficiently
big j. Hence {im(U ®,, V — A ®,, V) : U C A any open or-submodule} is a fundamental
system of open neighbourhoods of zero in A ®,, V. This implies that the tensor product
topology on A ®,, V is nothing else than its weak topology as a finitely generated A-module.

Remark 4.3. For any V in Rep,, (GL) the tensor product topology on A ®,, V induces the
weak topology on Drr (V). In particular, the residual I'r-action on Drp(V') is continuous.

Proof. The finitely generated Ar-module Dpr (V) is of the form Dpp(V) = &l_ A/} AL
with 1 < n; < oo. Using the isomorphism in the subsequent Prop. [f.4lii we obtain that
A®, V=l A/r7"A. We see that the inclusion Dpr(V) € A ®,, V is isomorphic to the
direct product of the inclusions A /7" A, C A/n}* A, which clearly are compatible with the
weak topologies. O

Proposition 4.4. i. The functor Dpr is exact.
ii. For anyV in Rep,, (Gr) the natural map A®a, Dpr(V) — A®,, V is an isomor-
phism (compatible with the Gp-action and the Frobenius on both sides).

Proof. We begin with three preliminary observations.
1) As A is op-torsion free, the functor A ®,, — is exact.
2) The functor Dy restricted to the full subcategory of finite length objects V' in Rep,, (G1.)

is exact. This follows immediately from 1) and the vanishing of H'(H, A ®,, V) in Lemma
(.2 below.
3) For any V' in Rep,, (G) we have Dpr(V) = lim Dpr(V/7}V). To see this we compute

Jim (A @, V/m}V )

lim Dy (V/73V) = lim(A @, V/aEV)"* = (lim

= (A ®,, ImV/x}V) = (A®,, V)

=Drr(V).
here the third identity becomes obvious if one notes that V' as an or-module is a finite direct
sum of modules of the form o, /7] or, with 1 < j < co. In this case @n(A ®o;, oL/Wfr”oL) =
Jm A/ﬂ'JL'HLA = A/?T%A = AR, OL/T('{—JOL.
i. Let
0—Vi—Vo—V3—0
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be an exact sequence in Rep,, (G). By 2) we obtain the exact sequences of projective systems
of finitely generated A p-modules

DLT(keI"(TFEH/g)) — DLT(Vl/ﬂ'ng) — DLT(‘/Q/T(Z‘/Q) — DLT(‘/g,/T(z‘/g) — 0.

Since Aj is a noetherian pseudocompact ring taking projective limits is exact. By 3) the
resulting exact sequence is

@DLT(ker(ﬁg|%)) — DLT(V1) — DLT(VQ) — DLT(‘/S) — 0.

But since the torsion subgroup of V3 is finite and the transition maps in the projective system
(ker(n}|V3))n are multiplication by 7, any composite of sufficiently many transition maps in
this projective system and hence also in the projective system (Dpr(ker(n}|V3)))n is zero. It
follows that lim ~Dpp(ker(n7|Va3)) = 0.

ii. The compatibility properties are obvious from the definition of the map. To show its
bijectivity we may assume, by devissage and 3), that 7V = 0. In this case our assertion
reduces to the bijectivity of the natural map E7” ®g, (EJ? ®4 V)Gal(BL"/BL) E}? @y
V. But this is a well known consequence of the vanishing of the Galois cohomology group
HY(Gal(E;? /EL), GLg(E}?)) where d := dim; V. O

Lemma 4.5. The above equivalence of categories Dy is compatible with the formation of
inner Hom-objects, i.e., there are canonical isomorphisms

Homa, (Drr(Vi), Drr(Va)) = Drr(Hom,, (Vi, V2))

for every Vi, Vs in Rep,, (GL). We also have

VHoma , (Drr(Vi),Drr(Va)) = YD pr(Hom,, (Vi,Va)) -
Proof. We have

Dpr(Hom,, (V1,V2)) = (A @,, Hom,, (V1, V3))"*
= Homa (A ®,, Vi, A ®,, Vo)""
= Homa (A ®a, Drr(V1),A ®,, V)t
= Homa, (Drr(V1), A ®,, Vo)
= Homa, (Drr(V1), (A ®4a, Vo)1)
= Homa, (Drr(V1), Drr(V2)) -

Here the second identity is clear for V; being free, the general case follows by choosing a finite
presentation of V; (as or-module neglecting the group action). The third identity uses Prop.
[4-4lii, while the fourth one comes from the adjointness of base extension and restriction. The
fifth one uses the fact that Hy, acts trivially on Dy (V7).

One easily checks that the above sequence of identities is compatible with the I'z-actions
(which are induced by the diagonal G-action on A ®,, —). The compatibility with Frobenius
can be seen as follows. First of all we abbreviate ¢p, . (Hom) = ©D . (Hom,, (Vi,V2)) and prem =

PHoma , (Dor(Vi),Drr(Va))- An element 8 = ). a; ® a; € (A ®o,, Homy,, (V1, V2)) = becomes,
under the above identifications, the map ¢ : Dpr (Vi) = (A®,, Vo)t which sends 2. ¢ ®U;
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to D, jaicj ® a;(v;). Assuming that ¢; = ¢¢(cj) we compute

YD 1 (Hom) (5)(90DLT(V1) (Z C;’ ® ;) = b2, ¢qlai)@a; Z ¢q ) ® vj)
J

= Z¢q a; ¢q ®az(vj)

= oppv) (D aid) ® ai(v)))
i,J
= 0p,r0m) (s ¢ ®v;))
J
= ‘PHom(LB)(SDDLT(Vl)(Z ;@ uj))
j
where the last identity comes from Using the etaleness of Drr(Vi) we deduce that

Yoy oo (ttom) (B) = ¢YHom (tg) for any B € Dpp(Hom,, (Vi,V2)). The additional formula for the
w-operators is a formal consequence of the compatibility of the ¢-operators. O

Remark 4.6. For any V in Rep,, (Gr) and any continuous character x : I'y — o] with
representation module W, = ort, the twisted G -representation V (x) is defined to be V(x) =
V @ Wy as or-module and oy (v @ w) = oy (v) @ o, (w) = x(0) - oy (v) @ w. One
easily checks that Drr(V(x)) = Drr(V)(x). If V = op/nor, 1 < n < oo is the trivial
representation, we usually identify V(x) and W,. Recall that for the character xpr we take
Wy,r =T = oty and W 1= = T" = orty as representation module, where T denotes the

or-dual with dual basis t;) of to.

Defining Q' := O} A, = A dwpr any choice of ty defines an isomorphism Ql A = Q}AL by
sending f(Z)dZ to f(wrr)dwrr; moreover Q}ML and Q}&L correspond to each other under the
equivalence of categories . Due to the isomorphism we obtain a residue pairing

(21) AL X QlAL — O,
(f(wrr), g(wrr)dwrr) — Res(f(Z2)g(Z)dZ)

which satisfies

(22) Res(f1g1(w)) = Res(¢q(f)w) for any f € A and w € Q}&L

(by Lemma [3.18) and which is independent of the choice of tg, i.e., wrr, by Remark |3.4 .ii
and Lemma [4.1]a. In particular, we have a well defined map Res : Q , — or. In this context
Remark [3.15] together with Remark [3:2]vii tell us that

du du
)= —

(23) b (-

~

u

holds true for every @ € (A7 )N=1
Moreover, Lemma translates into the (existence of the) topological isomorphism

(24) Homa, (M, Q% /72QL ) — Hom¢, (M, L/or)

F +— 7, "Res(F(.)) mod or, ,
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for any M annihilated by 77. Lemma implies the isomorphism

Ap(xir) = AL ®,, T — Q};L
flerr(to)) ® to — f(err(to))grr (eor(to))derr(to) -
Using Lemma a as well as the second identity in (2|) one verifies that this isomorphism
(unlike its origin in Lemma [3.14]) does not depend on the choice of ¢;. We use it in order to
transform into the topological isomorphism
(25) Homa, (M, Ar/m? AL (xrr)) — Hom¢, (M, L/or).
Finally we obtain the following analogues of Prop. and Remark

Remark 4.7. For any etale (¢, I'1)-module M such that 77 M = 0 one has the I, -invariant
(jointly) continuous pairing
[, ) =1, )m: M xHomp, (M,AL/m[AL(xLT)) — L/oL
(m, F') — m; "Res(F(m)dlog r(wrr)) mod o,

with adjointness properties analogous to the ones in Prop.[3.19 Again, it is independent of
the choice of tg.

5. IWASAWA COHOMOLOGY

For any V in Rep,, (G1) we also write H(K,V) = H'(Gg, V), for any algebraic extension
K of L, and we often abbreviate ¢ := ¢p, (v

Remark 5.1. For any V in Rep,, (GL) the sequence

pg®id —1
-

(26) 0—V-=3A®, V A®, V—0

s exact.

Proof. We clearly have the exact sequence 0 — kr, — E;7 EincAbN E}” — 0. By devissage we

-1
deduce the exact sequence 0 — or/7for — A/} A ¢q—> A/} A — 0 for any n > 1. Since
the projective system {or/m}or}n has surjective transition maps, passing to the projective
limit is exact and gives the exact sequence

(27) 0o, AL A 0
Finally, A is or-torsion free and hence flat over or,. It follows that tensoring by V is exact. [

Since A is the wz-adic completion of an unramified extension of Ay with Galois group H,
the Hp-action on A/7} A, for any n > 1, and hence on A ®,, V, whenever 77V = 0 for some
n > 1, is continuous for the discrete topology. We therefore may, in the latter case, pass from
to the associated long exact Galois cohomology sequence with respect to Hy..

Lemma 5.2. Suppose that 7}V =0 for some n > 1; we then have:

i. H(Hp, A ®,, V) =0 for anyi > 1;
ii. the long exact cohomology sequence for gives rise to an eract sequence

(28) 0 — H(Loo, V) — Drr(V) 2=5% Dpr(V) 225 H' (Lo, V) — 0 .
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Proof. i. Since A ®,, V = A ®a, Drr(V) by Prop. ii, it suffices to show the vanishing
of H'(Hp,A/n?A) = 0 for i > 1. This reduces, by devissage, to the case n = 1, i.e., to
H(H ., E}?) = 0, which is a standard fact of Galois cohomology. ii. follows immediately
from i. O

In order to derive from this a computation of Iwasawa cohomology in terms of (¢, I'z)-
modules we first have to recall Pontrjagin duality and local Tate duality in our setting. The
trace pairing

LxL-—Q,
(z,y) — Trp /g, (zy)
gives rise to the inverse different

92/1@? ={z € L:Tryg,(vor) C Zp} = Homgz, (oL, Zy)
y— [z — TrL/Qp(yx)] .

Let ®p /g, = mjor. we fix once and for all the o-linear isomorphism

(29) or, — Homy, (or,7Z,)
y— [z Trp g, (7 zy)] .
By tensoring with Q,/Z,, it induces the isomorphism of torsion or-modules
E: L/oy = Homg, (o1, Zy) ®z, Qp/Zy = Homg, (oL, Qp/Zy) .

Now let M be any topological or-module. Since Homg, (oL, —) is right adjoint to scalar
restriction from oy, to Z, and by using =1 in the second step, we have a natural isomorphism

(30) Homgz, (M,Q,/Zy,) = Hom,, (M,Homgz, (oL, Qp/Zy)) = Hom,, (M, L/or) .
Lemma 5.3. The isomorphism restricts to an isomorphism
Hom%p(M, Qp/Zy) = Homg, (M, L/oy,)

of topological groups between the subgroups of continuous homomorphisms endowed with the
compact-open topology.

Proof. Coming from an isomorphism between the targets the second isomorphism in
obviously restricts to a topological isomorphism

Homg (M,Homgz, (oL, Qp/Zy)) = Homg (M, L/or) .

The first isomorphism is induced by the homomorphism A — A(1) between the targets and
therefore, at least restricts to a continuous injective map

HomgL (M, HomZp(OLa Qp/Zp)) — Hom%p(Mu Qp/Zp) .
Let £ : M — Q,/Z, be a continuous homomorphism. Then the composite map

m,a)—am y4

D M L Qy/2Z,

is continuous. Therefore the preimage F;, € Hom,, (M,Homgz, (oL, Qpy/Zy)) of ¢, which is
given by Fy(m)(a) := ¢(am), is continuous by [B-TG|] X.28 Thm. 3. Finally let A C M be any
compact subset and V' C Q,/Z,, be any subset. Define B := {a € o, : aA C A}. Then 1 € B,

and, since A is closed, also B is closed and hence compact. Put V' := {\ € Homg, (o, Q,/Zy) :

MXOL
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A(B) C V}. One easily checks that ¢(A) C V if and only if F;(A) C V. This means that the
inverse bijection ¢ — F} is continuous as well. O

In the following we shall use the notation
MY := Hom{ (M, L/or) ,

always equipped with the compact-open topology. The following version of Pontrjagin duality
should be well known. Since we could not find a reference we will sketch a proof for the
convenience of the reader.

Proposition 5.4 (Pontrjagin duality). The functor —V defines an involutory contravariant
autoequivalence of the category of (Hausdorff) locally compact linear-topological or,-modules.
In particular, for such a module M, the canonical map

M = (MV)Y
is an isomorphism of topological or-modules.

Proof. We recall that a topological or-module M is called linear-topological if it has a fun-
damental system of open zero neighbourhoods consisting of or-submodules. If M is linear-
topological and locally compact one easily checks that it has a fundamental system of open
zero neighbourhoods consisting of compact open or-submodules.

Classical Pontrjagin duality M —— Hom®(M,RR/Z), the right hand side being the group
of all continuous group homomorphisms equipped with the compact-open topology, is an
autoequivalence of the category of locally compact abelian groups M. We first compare this,
for any locally compact linear-topological Z,-module M, with the group Hom%p (M,Qyp/Zy), as
always equipped with the compact-open topology. There is an obvious injective and continuous
map

(31) Hom%p(M7 Qp/Zy) — Hom“(M,R/Z) .

Step 1: The map is bijective. Let ¢ : M — R/7Z be any continuous group homomor-
phism. We have to show that im(¢) C Q,/Z,, and that ¢ is continuous for the discrete topology
on Qp/Z,. We fix a compact-open Z,-submodule U C M. Then ¢(U) is a compact subgroup
of R/Z, and hence is either equal to R/Z or is finite. Since U is profinite the former cannot
occur. We conclude that ¢(U) is a finite subgroup of Q,/Z,. In particular, there is an r € N
such that p" - £|U = 0. The quotient module M /U is discrete and Z,-torsion. It follows that
p" - (M) C Qp/Zy, and hence that ¢(M) C Q,/Z,. Since R/Z induces the discrete topology
on the finite subgroup ¢(U) the restricted homomorphism ¢ : U — Q,/Z, is continuous.
Since U is open in M this suffices for the continuity of ¢ : M — Q,/Z,. That ¢ then is a
homomorphism of Z,-modules is automatic.

Step 2: The map is open. As usual, C(A,V), for a compact subset A C M and an
arbitrary subset V' C Qp/Z,, denotes the open subset of all £ € Homj (M,Qp/Zp) such
that ¢(A) C V. First one checks that the C'(m + U, V), for m € M, U C M a compact-
open Zy-submodule, and V" arbitrary, form a subbase of the compact-open topology. For any
ly € C(m+U, V) we have ¢y € C(m~+U, lo(m)+£y(U)) C C(m+U,V), where £y(U) is a finite
subgroup of Q,/Z,. These observations reduce us to showing that the sets C(m+U, U—I—p—lnz /Z)
are open in Hom“(M,R/Z). We fix a point ¢y € C'(m + U,v + p—l,lZ/Z)7 and we let p’ be the
order of m modulo U. Note that we have £y(m) € v + [%Z/Z and hence

(32) GU)C 2Z/Z  and  fo(m) € A=Z/T.
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We use the open subsets
Vi(to) := ((—gprerrs gyerreer) + 5wl) /2 C Va(lo) := Vi(lo) — Vi(lo) CR/Z .

They satisfy:

a) Va(fo) N e Z/Z = Vi(fo) N preer Z/Z = v Z/Z.

b) Vi(lo) + #Z/Z C Vi(fo).
We claim that ¢y € C(m + U,v + Vi(f)) € C(m + U,v + Z%Z/Z). This means that in
Hom®(M,R/Z) we have found an open neighbourhood of ¢y which is contained in C(m +
U,v+ o5 Z/Z). Hence C(m + U, v+ -5 Z,/7) is open in Hom®(M, R/Z). Since -:7Z/Z C Vi(y)
we certainly have £y € C(m+U,v+V1(4y)). Let now £ € C(m~+U,v+Vi(€y)) be an arbitrary

element. We have ((U) = I%Z/Z for some j > 0 and consequently ¢(m) € ZﬁZ/Z.
Case 1: j < n. Using we then have {y(m) — v € #Z/Z and £(m) — £y(m) € ﬁZ/Z
and hence

L(m) —v =4L(m) —Lo(m) + Lo(m) —v € #Z/Z .
Since also £(m) — v € V1 (4y) we deduce from a) that ¢(m) —v € [%Z/Z and therefore
Um+U) =m) +U) Cv+ /L + L)L =v+ LT .
Case 2: j > n. We obtain
L)L C L7 = EU) C —L(m) + v + Vi(fo)
= —(€(m) — Lo(m)) — Lo(m) + v + Vi(4o)
(m) — Lo(m)) + ﬁZ/Z + Vi (o)

< —(

C —(f(m) — Lo(m)) + Vi(4o)
C ~(Vi(bo) + = Z/Z) + Vi (to)
C Vi(to) — Vi(bo)

C Va(to) ,

where the fourth and the sixth inclusion use b). This is in contradiction to b). We deduce
that this case, in fact, cannot occur.

At this point we have shown that is a topological isomorphism of locally compact
abelian groups. From now on we assume that M is a locally compact linear-topological or-
module. By combining this latter isomorphism with the isomorphism in Lemma[5.3] we obtain
a topological isomorphism of locally compact abelian groups

(33) Homg (M, L/or) = Hom“(M,R/Z) ,

which is natural in M. Of course, Homg (M, L/oy) naturally is an oz-module again.

Step 3: The or-module Homg (M, L/oy) is linear-topological. 1t is straightforward to check
that the C(U,{0}) with U running over all compact open or-submodules of M form a fun-
damental system of open zero neighbourhoods in M". Each such C(U, {0}) evidently is an
oz~submodule.

Hence the topological isomorphism also applies to M instead of M. One checks that
under this isomorphism the natural map M — Hom®(Hom®(M,R/Z),R/Z) corresponds to
the natural map M — (MV")Y. We finally see that the classical Pontrjagin duality implies

that M = (MV)Y is a topological isomorphism; it, of course, is or-linear. O
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Remark 5.5. Let My = M i My be a sequence of locally compact linear-topological oy, -
modules such that im(a) = ker(8) and [ is topologically strict with closed image; then the

Vv \%
dual sequence My’ B mv MY is exact as well, i.e., we have im(B") = ker(a¥).

Proof. We have ker(a") = (M/im(«))Y = im(83)", where the second isomorphism uses the
assumption that 3 is topologically strict. The assertion therefore reduces to the claim that
the closed immersion im(/3) C M; induces a surjection between the corresponding Pontrjagin
duals. For this see, for example, [HR] Thm. 24.11. O

We recall that the weak topology on a finitely generated A -module M is or-linear; more-
over, it is locally compact if M is annihilated by some power of 7. Suppose that M is a
finitely generated Ap /77 Ar-module. From and we have topological isomorphisms
MY = Homa, (M,QY/72QY) = Homa, (M, Ar/7?AL(xLT)). By Prop. they dualize
into topological isomorphisms M = Homa, (M, Q' /77QY)Y = Homa, (M, AL /7 AL(xer))Y-
If M actually is an etale (¢4,I'r)-module then we see that in the adjoint pairs of maps
(@Z}M,ngomAL (M01/zmo1)) and (cpM,q/JHomAL(Mﬂl/ﬂzm)) from Remark H each map deter-
mines the other uniquely.

Remark 5.6. Let V' be an object in Rep,,, (G1) of finite length. Then, the pairing [, )p, (v
from Remark the Remark and the compatibility of the functor Dpr(—) with internal
Hom’s by Lemma [{.5 induce, for n sufficiently large, a natural isomorphism of topological
groups
Drr(V)Y = Homa, (Drr(V), Ar /7L AL(xrT))

= Homyp , (Drr(V), Drr((on/7ror)(xLr)))

= Dpr(Hom,, (V, (or/7Lor)(xrr))) = Drr(VY (xrr))
which is independent of the choice of n and under which Yp, . (vv(
by Remark[{.7

Proposition 5.7 (Local Tate duality). Let V' be an object in Rep,, (G1) of finite length, and
K any finite extension of L. Then the cup product and the local invariant map induce perfect
pairings of finite or-modules

Hi<Ka V) x HQ_i(Ka HomZp(Vv Qp/Zy(1))) — H2<Ka Qp/Zp(1)) = Qp/Zy

xur)) identifies with cp)SLT(V)

and

HY(K,V) x H*(K,Hom,, (V, L/or(1))) — H*(K,L/or(1)) = L/og,
where —(1) denotes the Galois twist by the cyclotomic character. In other words, there are
canonical isomorphisms

HY(K, V)= H* (K, VY(1)" .

Proof. Note that the isomorphism H?(K, L/or(1)) = L/oy, arises from H*(K,Q,/Z,(1)) =
Qp/Zy, by tensoring with oy, over Z,. The first pairing is the usual version of local Tate duality
(cf. [Ser] I1.5.2 Thm. 2). It induces the first isomorphism in

Hi(Ku V)= HomZp(H27i(K7 HomZp (v, Qp/Zp(l)))u Qp/Zp)
= HOHIOL (Hz_i(Ka HomZp (V7 QP/ZP(I)))’ L/OL)
= Homy,,, (H2_i(K’ Hom,, (V,L/or(1)))), L/oL) ,
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while the second and third are induced by Lemma 5.3 To obtain the second pairing it remains
to check that the above composite isomorphism is given by the cup product again. By the
functoriality properties of the cup product this reduces to the following formal fact. Let
¢€:L/or, — Qp/Z, be any group homomorphism. Then the diagram

H?(K,L/or(1)) — L/or,
H?(K@(l))i li
H*(K,Qp/Zy(1)) — Qp/Z,

commutes, where the horizontal maps are the local invariant maps. This in turn is an easy
consequence of the Z,-linearity of the local invariant map if one uses the following description

of { viewed as a map L /o = Qp/7Z,®z, 0L 5 Qp/Zy. Let ¢ : o, — Homg, (Qp/Zy, Qp/Zyp) =
Zy be the homomorphism which sends a to ¢+ £(c¢ ® a). Then £(c ® a) = ((a)c. O

For any V' in Rep,, (G1) we define the generalized Iwasawa cohomology of V' by
Hiy(Loo/L, V) 1= lim H* (K, V)
K

where K runs through the finite Galois extensions of L contained in Lo, and the transition
maps in the projective system are the cohomological corestriction maps.
Shapiro’s lemma for cohomology gives natural isomorphisms

H*(K, V) = H*(GL,OL[GL/GK] Qo V)

where, on the right hand side, G acts diagonally on the coefficients. In this picture the
corestriction map, for K C K’, becomes the map induced on cohomology by the map pr ® idy :
OL[GL/GK/] Roy, V — OL[GL/GK] Qoy, V.

Lemma 5.8. H} (Loo/L, V)= H*(GL,0L[['L]] ®o, V) (where the right hand side refers to
cohomology with continuous cochains).

Proof. On the level of continuous cochain complexes we compute

lim C*(Gr,0L[G1/GK] @0, V) = C*(Gr, lim(0L[GL/G K] @0y, V)
K K

= C*(Gr,oL[[l'L]] ®, V) .

The second identity comes from the isomorphism @K(OL[GL/GK] ®o, V) Zor[[l'L]] ®, V
which is easily seen by using a presentation of the form 0 — o7 — o7 — V — 0. Since the
transition maps in this projective system of complexes are surjective the first hypercohomology
spectral sequence for the composite functor @oH 9(GL,.) degenerates so that the second
hypercohomology spectral sequence becomes

R @Hj(GL’ OL[GL/GK] ®oy, V) = Hi+j(GL> OLHFLH Qop, V) :
K

2Note that, for any finite extension K/L contained in Lo, the definition Hj,(Loo/K,V) :=

@K CK/CLoy H*(K',V) produces the same or-modules. Our notation indicates that we always consider these

groups as ['r-modules.
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Due to the countability of our projective system we have R’ 1£1K = 0 for i > 2. Hence this
spectral sequence degenerates into short exact sequences

0 — R'lim H'"Y(Gp,0r[GL/GK] ®0, V) —
K

H*(GL,OL[[FLH Qoy, V) — @Hi(GL,OL[GL/GK] Roy, V) — 0.
K

It is well known that the Galois cohomology groups H*(Gr,0L|GL/Gk]| ®,, V) are finitely
generated or-modules (cf. [Ser| I1.5.2 Prop. 14). It therefore follows from |Jen|] Thm. 8.1 that
the above R! 1£1 -terms vanish. O

Lemma 5.9. Hj, (Loo/L,V) is a 0-functor on Rep,, (GL).

Proof. Let 0 — Vi — Vo — V3 — 0 be a short exact sequence in Rep,, (Gr). Then the
sequence of topological G'p-modules 0 — or,[[['L]|®,, Vi — or[[L'L]]®0, V2 = or[[['L]]®0, V3 —
0 is short exact as well. In view of Lemma our assertion therefore follows from [NSW]|
Lemma 2.7.2 once we show that

1. the topology of or[[I'L]] ®,, Vi is induced by the topology of or[[I'L]] ®,, V2 and

2. the (surjective continuous) map or[[['L]] ®., V2 — oL[[['L]] ®0, V3 has a continuous

section as a map of topological spaces.

Each or[[I'L]] ®0, Vi is a profinite (hence compact) abelian group with a countable base of
the topology, which therefore is metrizable by [B-TG|] IX.21 Prop. 16. One easily deduces 1.
and that the map in 2. is open. The property 2. then follows from [Mic| Cor. 1.4. O

Remark 5.10. For any Vy in Rep,, (G1) which is or-free and on which G, acts through its
factor I'y, there is a natural isomorphism Hj, (Loo/L,V ®o, Vo) = H},(Loo/L, V) ®o, Vo.

Proof. In view of Lemma the asserted isomorphism is induced by the Gp-equivariant
isomorphism on coefficients

oL[[T1]] @y, V @y, Vo — 0L[[TL]] @0, V @0, Vo
YRUR Uy — YRV Y 1w ;
on the left G acts diagonally on all three factors, whereas on the right it acts trivially on
the third factor. I

Remark 5.11. Let V' be in Rep,, (GL) of finite length; in particular V' is discrete. Then local
Tate duality (Prop. mnduces an isomorphism

Hi,(Loo/L, V)= H* " (La, VYV (1)) .
Proof. Use Prop. over the layers L,, and take limits. O

We point out that Hj,(Loo/L,V) = H*(Gp,oL[[I'L]] ®0, V) is a left or[[I'L]]-module
through the action of v € T';, by right multiplication with v~ on the factor oy [[T'z]].

Lemma 5.12. i. H},(Loo/L,V) =0 for* #1,2.
ii. H? (Loo/L,V) is finitely generated as or,-module.
iii. H}, (Leo/L,V) is finitely generated as or[[T'1])]-module.
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Proof. i. In case * > 2 the assertion follows from the fact that the groups G have cohomo-
logical p-dimension 2 ([Sex] 1I.4.3 Prop. 12). The vanishing of H?, (Loo/L,V) = lm VO is
clear if V is finite. Hence we may assume that V is finitely generated free over or. Note that
the identity H? (Loo/L,V) = m VEEK shows that HY (Ls/L,V) is a profinite or-module.
On the other hand we then have the exact sequence

0 — HY (Loo/L,V) =5 HY (Loo/L, V) — HY (Loo/L,V/7LV)

Since we observed already that the last term vanishes it follows that HY, (Loo/L,V) is an
L-vector space. Both properties together enforce the vanishing of H? (Loo/L, V).
ii. We have

H},(Loo/L, V) = lim H(K, V) = lim (K, V¥ (1))" = (V¥ (1)%%)" ,
K K K

which visible is a finitely generated or-module.

iii. Case 1: V is finite. By Remark H}(Loo/L, V) = H (Lo, VV(1))V is the Pontrja-
gin dual of a discrete torsion module and hence is a compact oy [[['z]]-module. The compact
Nakayama lemma (cf. [NSW] Lemma 5.2.18) therefore reduces us to showing that the Pon-
trjagin dual (H},(Loo/L,V)r)Y = H'(Loo, VY (1))' of the T-coinvariants of H}, (Ls/L, V)
is cofinitely generated over or; here I' is a conveniently chosen open subgroup of I';. The
Hochschild-Serre spectral sequence for the extension Lo,/K, where K := Lgo, gives us an
exact sequence

HY K, VY(1)) — H'(Loo, VV (1)) — H*(I, VY (1)HE) .
The first group is finite by local Galois cohomology. At this point we choose I to be isomorphic
to Zg. Then H?(T,F,) is finite. Since F, is the only simple Z,[[[']]-module it follows by
devissage that H?(I', VV(1)H1) is finite.

Case 2: V is or-free. As pointed out above or[[I'L]] ®, V is a or[[['r]]-module, which is
finitely generated free and on which G, acts continuously and or[[I'r]]-linearly. In view of
Lemma we therefore may apply [EK] Prop. 1.6.5 and obtain that Hj, (Ls/L,V), as a
or[[T'z]]-module, is isomorphic to the cohomology of a bounded complex of finitely generated
projective o [[['z]]-modules. The ring o7 [[I'z]] is noetherian. Hence the cohomology of such a
complex is finitely generated.

The general case follows by using Lemma and applying the above two special cases to
the outer terms of the short exact sequence 0 — Viop — V' — V/Vjo, — 0, where Vi, denotes
the torsion submodule of V. g

Theorem 5.13. Let V in Rep,, (GL). Then, with ¢ = p, (v (1)), we have a short ezact
sequence

_ -1 _
(34) 0 — H}y,(Loo/L,V) — Dra(V(xerxan)) ~— Dir(V (xerxaye)
— H},(Loo/L, V) — 0,
which is functorial in V.
Proof. In the sense of Remark we take T™ ®z, Zy(1) and T ®z, Homg, (Zy(1),Zy) as
representation module for 7 and 77!, respectively.
We first assume that V' has finite length. Then the exact sequence is a sequence of

locally compact linear-topological or-modules. In fact, the first term is finite and the last term
is cofinitely generated over or. In particular, the first and the last term carry the discrete
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topology and the first map is a closed immersion. Moreover, the map ¢ — 1 in the middle, by
Lemma is topologically strict with open image. The latter implies that J, induces an
isomorphism of discretely topologized or-modules Drr(V)/(¢ — 1)Drr(V) = H! (Loo, V).
In particular, the map 9, is topologically strict as well.

Therefore, using Remark we obtain that the dual sequence

0 — HY(Lao, V)Y — Dir(V)Y 225 Dir(V)Y — HY (Lo, V)Y — 0

is exact. If we identify the terms in this latter sequence according to Remark and Remark
then the result is the exact sequence in the assertion.

Now let V' be arbitrary and put V,, := V/7}V. We have the exact sequence of projective
systems

0— H},(Loo/L,Vy) = Drr(Vp(771)) I Dir(Vo(t7Y)) = H? ,(Loo /L, V) = 0 .
Since the functor Dy r is exact (Prop. i) we have

1LDLT LDLT N/mLDrr(V(r™h) = Drr(V(r™)) .
Moreover,
%nﬂ}w( 0o/ L, V) LLHz (K, Vy) zlén%lHi(K,Vn) :%nHi(K,V)
= H! (Loo/L,V) .

Therefore it remains to show that passing to the projective limit in the above exact se-
quence of projective systems is exact. For this it suffices to show that R!'lim of the two
projective systems {H} (L OO/L Vo) }n and {(¢ — 1)Drr(Vi (1))} vanishes. Because of
Drr(Vo(r71) = Drp(V(r71)) /77 Drr(V(771)) the transition maps in the second projective
system are surjective, which guarantees the required vanishing. For the first projective system
we choose an open pro-p subgroup I' in 'y, so that o [[I']] is a complete local noetherian com-
mutative ring. From Lemma iii we know that {H} (Loo/L,Vy)}n is a projective system
of finitely generated or[[I']]-modules. Hence [Jen] Thm. 8.1 applies and gives the required
vanishing. ([l

Remark 5.14. Fach map in the exact sequence is continuous and or[[I'1]]-equivariant.

Proof. Continuity and I'p-equivariance follow from the construction. Since the weak topology
on Dy (V) is op-linear and complete we may apply [Laz] Thm. I11.2.2.6 (which is valid for any
profinite group) and obtain that the continuous I'z-action extends, by continuity, uniquely to
an or [[I'r]]-action on Dpp (V). O

6. THE KUMMER MAP

We consider the Kummer isomorphism

it A(Loo) = lim LY /L =5 Hiy,(Loo, Zp(1)) -
n,m

Recall that we have fixed a generator ty of the Tate module T' = optg. Correspondingly we
have the dual generator ¢ of the or-dual T = oty of T'. This leads to the twisted Kummer
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isomorphism

* N®ZPT* 1 * AU 1
A(Loo) Rz, T —Q le(LOOva(l)) Xz, T = H]w(Loo, or(7))

where the second isomorphism comes from Remark On the other hand, by Thm.

we have a natural isomorphism
Exp* : H}y(Loo,0r(T)) — Drp(op)¥=t = Alﬁzl :
Finally we have the homomorphism

Vi(imLy) @z T — AY™

O \g
u® ath —s aM(LLT(tO)) .
gu,to

It is well defined by Thm. the last sentence in section [2] and Remark [3.2}ii.
Remark 6.1. The map V is independent of the choice of tg.

Proof. Let u ® atf € (@n L) ®z T*. We temporarily write V, instead of V, and we let t;

be a second generator of T', so that t; = cto for some ¢ € o} . Then u ® aty = u ® act}, and
by inserting the definitions in the first line we compute

)
B ac Gu,cto (LT (Ct0))
~ grr(enr(cto)) Gueto (trr(cto))
B ac Gucto ([C]
— grr([e)(er7(t0))) Guseto ([d]
_ a (Guscto © [c])'(eLr(to))
 grr(epr(to)) (Gu.eto © []) (trr(to))
B a Guu,to (LT (t0)
907 (err(t0)) Gute (err(to)
= Vi, (u® aty)
where we use Lemma a for the fourth identity, for the fifth one, and Remark ii for
the sixth one. O

Generalizing [CC| Prop. V.3.2.iii) (see also [Co2] Thm. 7.4.1E|) we will establish the following
kind of reciprocity law.

Theorem 6.2. The diagram

—kQT™

(35) (lim, L) @z T" Hj,(Loo, 0r(7))

x%

Pp=1
AL

15 commutative.

3Colmez has no minus but which seems to be a mistake.
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In a first step we consider, for any n > 1, the diagram

()

((Ap/mfAL)(xer))/im(p — 1) x (Ap/mpArL)r= L/or
&P\LN ~ | BExp*
H'(Log, 0 /7oL (xLT)) x  H},(Loo/L,oL/m oL (XeyeXrr)) — L/oL
—H@Zpid
(lim L) ®zo1/7}or(Xrr)
rec®zpid
Hom(Hy,or/m}or)(xLT) x H$(p) @z, op/mtor(x77) — L/or,

where the second pairing is induced by local Tate duality and the third pairing is the ob-
vious one. By rec : (mn LX) — H$(p) we denote the map into the maximal abelian

pro-p quotient Hgb(p) of Hy, induced by the reciprocity homomorphisms of local class field
theory for the intermediate extensions L,,. Note that Gal(L%/L..) = lim Gal(L%/Lo.) =

im Gal(L%/L,,), where L% denotes the maximal abelian extension of L;. The upper half
of the diagram is commutative by the construction of the map Fxp*. The commutativity of
the lower half follows from [NSW]| Cor. 7.2.13. All three pairings are perfect in the sense of
Pontrjagin duality.
In order to prove Thm. we have to show that, for any u € @n L) and any a € or,, we
have
8inv (gu,to)
Gu,to
for any z € Ay and any n > 1. Due to the commutativity of the above diagram the left
hand side is equal to ad,(z ® to)(rec(u) ® t§) = ady(z)(rec(u)). On the other hand the right

/

hand side, by (I), is equal to Res(za(g“’tg dZ)|z=upr(t0)) = Res(zaw). By the or-

[z ® tg, —Exp*(k(u) ® aty)) = Res(za dlog;r) mod n}

Gu,t Gu,ty (trr(to))
bilinearity of all pairings involved we may assume that a = 1. Hence we are reduced to proving
that
d t
Res(z 200y _ o o) rectu))

Gu,to (Lrr(t0))
holds true for any z € Ay and u € @n LY. According to the theory of fields of norms we
have the natural identification lim LY =E7 (cf. [KR] Lemma 1.4). Under this identification,
by [Lau] Thm. 3.2.2, rec(u) coincides with the image recg, (u) of u under the reciprocity
homomorphism recg, : Ef — H®(p) in characteristic p. Furthermore, gy, (trr(to)) €
(AT YV=1_is, by Remark i, Remark vii, and (20), a lift of u € E}. This reduces the

proof of Thm. [6.2] further to the following proposition which generalizes the explicit reciprocity
law in [Fol|] Prop. 2.4.3.

Proposition 6.3. For any z € Ap and any u € E] with (unique) lift & € (A} =1 we have

Res(z%) = 0p(2)(recg, (u)) ,

where 0, is the connecting homomorphism in .
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Obviously the connecting homomorphism 0, for V' = oy, induces, by reduction modulo
n"or,, the corresponding connecting homomorphism for V' = oy /n}or,. Hence we may prove
the identity in Prop. [6.3] as a congruence modulo "oy, for any n > 1. Recall that for @ €
(AT )N =1 the differential form % is Yo1-invariant by . Hence, by the adjointness of 91
and ¢, (cf. , we obtain the equality

Res(api”(z)d%) = Res(z%)

for any m > 1. This reduces Prop. and consequently Thm. to proving the congruence

(36) Res(cp’i_l(z)%) = 0,(2)(recg, (v)) mod mfor

for all n > 1. This will be the content of the next section (cf. Lemma [7.18]).

7. THE GENERALIZED SCHMID-WITT FORMULA

The aim of this section is to generalize parts of Witt’s seminal paper [Wit] (see also the
detailed accounts [Tho|] and [Koe] of Witt’s original article) to the case of ramified Witt
vectors.

First of all we need to recall a few facts about ramified Witt vectors W (B)y, for or-
algebras B. Details of this construction can be found in [Haz|. But we will use [GAL|] where a
much more straightforward approach is fully worked out. We denote by &5 = (®¢, Py, ...) :
W(B)r, — BYo the homomorphism of or-algebra, called the ghost map, given by the poly-
nomials @, (Xo, ..., X,) = Xgn + 7rLX1q%1 +...77 X,. On the other hand, the multiplicative
Teichmiiller map B — W(B), is given by b+ [b] := (,0,...) (cf. [GAL] Lemma [I.1.15).
If B is a kr-algebra then the Frobenius endomorphism F' = ¢, of W (B)r has the form
Gq(bo, .- b, .) = (b3,...,b%,...) (cf. [GAL] Prop. [1.1.18]i).

For a perfect kp-algebra B we have W,,(B);, = W(B)/m}W(B)r, for any n > 1 and, in
particular, ker(®g) = 7n W (B)r; moreover, any b = (bg,b1,...) € W(B)y has the unique
convergent expansion b = 3.°°_ w7 [b%, "] (cf. [GAT] Prop.

m=1

Proposition 7.1. Suppose that 7, is not a zero divisor in B and that B has an endomor-
phism of or-algebras o such that o(b) = b? mod w1, B for any b € B. Then there is a unique
homomorphism of or,-algebras

sp: B — W(B)L such that ®;0sp = ot for any i > 0.
Moreover, we have:
i. sp 1s injective;
ii. for any n > 1 there is a unique homomorphism of or-algebras spy : B/n}B —
Wy (B/7rB)r such that the diagram

B—" o w(B), Yl W (B/rB)L

pr lpr

B/77B ’ W, (B/7.B)L

18 commutative;
ili. if B/mB is perfect then spp, for any n > 1, is an isomorphism.

Proof. See [GAL] Prop. [1.1.23 O
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Lemma 7.2. For any perfect kr,-algebra B we have:

i. The diagram

Wo(W(B)p)1 ——- W(B)y,

Wn(pr)Ll lpr
oyt

Wn(B)L Wn(B)L
is commutative for any n > 1.
ii. The composite map
W(B), ~Y P, ww(B)), Y w(B),

1s the identity.
PT’OOf. i. Let (bo, ey bn—l) S Wn(W(B)L)L with bj = (b] 0, b; 1y - ) As ker(fbo) = WLW(B)L

we have b; = [b; o] mod 7, W (B)r. Hence [GAL] Lemma |1.1.1{ implies that bgm = [b?;;] mod
W (B) L, for any m > 0. Using this as well as [GAL] Lemma [1.1.13|i we now compute

n—1
n—l—m
q)nfl(bo, ey bnfl) = Z ﬁ?bgn
m=0

n—1
= Z WT[bg:’gl_m] mod 77 W(B)r
m=0

n—1 n—1

= (b 550 10,0,..0)
= ¢y (b0.0s -+, bn-10,0,...) = ¢~ o Wy(pr)L(bo, ..., bp1) .

ii. First of all we note that the Frobenius on W (B), is the gth power map modulo 7.
Hence the homomorphism sy (p), exists.

Let b = (by,... ,bj, .. )€ W(W(B)L)L with b; = (bj7(),bj71, ...) € W(B)L be the image
under syy(p), of some b = (bo,b1,...) € W(B)r. We have to show that b; = b;o for any

we have ®;(b) = (53 ,...,b7,...). On the

other hand the computation in the proof of i. shows that ®;(b) = (bgjo, . ,bffo, ...). Hence

i > 0. By the characterizing property of sy (p),

i

bgi = b}, and therefore b; = b; . O

2y

By construction (and [GAL] Prop.[1.1.26) we have A, C W(E). But there is the following

observation.

contained emar 3. Let C E L be a ¢g-tnvariant or-subalgebra such that T A C N; we
R k 7.3. Let A W(E) b bq balgeb h that A A E
then have A C W(A/mA)rL.

Proof. We consider the diagram

W(pr)L

A—2 W), W(A/mLA)L

T

W(E), “EE W (W (B)), T W (E),.
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For the commutative left square we apply Prop. n (with 0 := ¢¢). The right hand square
is commutative by naturality. By Lemma [7.2]ii the composite map in the bottom row is the
identity. Hence the composite map in the top row must be an inclusion. O

This applies to A and shows that
AL CW(EL)L CW(E)L
holds true. In particular, we have the commutative diagram (cf. Prop. [7.1}ii)

(37) A - -~ W(Ep):

\\\an
pr ~ pr
>~ s

Qn'=SA; ,n
Ap/TAL S Wa(BL)L

for any n > 1, where a,, by definition is the composite of the outer maps. For later use before
Lemma we note that Remark [7.3 also applies to A showing that A C W(E}?).

Lemma 7.4. For any n > 1 the diagram

o,
Win(AL)L -

WﬂipﬂLi lan
¢n—1
Wo(Er)r — Wi(EL)L

Ap

15 commutative.

Proof. We consider the diagram

VVﬁ(}\L)L fXL
c
X \
Wa (1)1 Wo(W(E)L)rL - W(E)L
Wa(pr)z - l"‘"
Wn(EL)L : Wn<EL)L pr
C
T SE
C 8 P 3
VVﬁ(IE)L LVﬁ(IE)L-

The front square is commutative by Lemma [7.2]i. The top and bottom squares are commu-
tative by the naturality of the involved maps and the side squares for trivial reasons. Hence
the back square is commutative as claimed. O

Lemma 7.5. For any n > 1 the map @, : Ap /77 A — W, (EL)r is injective.

Proof. We have to show that V,(Er)r N Ap = 7n}Ar. We know already that n}Ap C

VB NAL = Vu(E)p N AL = mfW(E)L N Ap. But Ay C W(E)L both are discrete
valuation rings with the prime element 7. Therefore we must have equality. ([l
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The above two lemmas together with the surjectivity of W, (a1) imply that, for any n > 1,
there is a unique homomorphism of or-algebras w,—1 : Wy, (Er)r, — Apr/n7Ap such that
the diagram

D,
(38) Wa(AL)L L Af

Wy (pr)r l l pr

Wi(EL)L S Ap/mtAL

is commutative. Furthermore, we have

n—1

— _ 4n—1 -
(39) Qp, © Wp—1 = @y and Wn-10Tn =Gy |5 na, -

[Wn(EL)L

We also may apply Prop. to or, itself (with o := id) and obtain analogous commutative
diagrams as well as the corresponding maps

oL

or/m}or _Gn, Wi (kL)L it S or/m}or .

But here @,, and w,_1 are isomorphisms which are inverse to each other (cf. Prop. iii). Of
course these maps for o;, and A are compatible with respect to the inclusions oy, C A and
ki, C Ej.

For the rest of this section let K denote any local field isomorphic to k((Z)) with k = kp,
(such an isomorphism depending on the choice of an uniformizing element Z of K), K*°P
any separable closure of it and H = Gal(K*®"/K) its Galois group. Furthermore we write
K for an algebraic closure of K%, ¢, for the gth power Frobenius, and p := ¢, — 1 for the
corresponding Artin-Schreier operator. By induction with respect to n one easily proves the
following fact.

Lemma 7.6. We have the short exact sequences
0 — Wi(k)p — Wio(K*P), 25 W, (K*P), — 0

and
0 — Wp(k), — Wi(K)p = W, (K), — 0 .

From the H-group cohomology long exact sequence associated with the first sequence above
we obtain a homomorphism

Wa(K)p = (W (K*P) ) 25 HY(H, Wi (K)) 55 Hom®"t (K>, W,(k)z) ,
which induces the generalized, bilinear Artin-Schreier-Witt pairing
[, ) = [, )K : Wn(K)L x K* —)Wn(k})L
(z,a) — [z,a) = 0(x)(reck(a)) ,

ie., [z,a) = reck(a)(a) — a for any a € W,,(K*P), with p(a) = x. It is bilinear in the sense
that it si oy-linear in the first and additive in the second variable.

Remark 7.7. Let K™ be the perfect closure of K in K. Then one can use the second exact
sequence to extend the above pairing to W, (K™% x K*.
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For a separable extension F' of K we obtain similarly by taking Gal(K*°?/F)-invariants
(instead of H-invariants) an Artin-Schreier-Witt-pairing for F
[, )F: Wh(F)p x F* — Wy (k)L
(z,a) — [z,a) := O(x)(recp(a)) ,
(with respect to the same ¢!) satisfying
[2,a)F = [x,Normp g (a))x for z € W,,(K)p, and a € F*

- and similarly for any pair of separable extensions F' and F’ - by the functoriality of class
field theory.

Although W, (k) is not a cyclic group in general, many aspects of Kummer /Artin-Schreier
theory still work. In particular, for any a = (ap,...,an—1) € Wy, (K*?P) with p(a) = x €
W,(K)L the extension K(a) := K(ag,...,an_1) = (K*?)s = K(p~!(x)) of K is Galois
with abelian Galois group Gal(K(a)/K) contained in W, (k)r via sending o to x.(o) :=
o(a) — a; here H, C H denotes the stabilizer of o, which also is the stabilizer of p~!(z).

We also need the injective additive map

T Wn(B)L — Wn+1(B)L
(.2130, R ,xn_l) — (0,.7}0, R >$n—1)
induced in an obvious way by the additive Verschiebung V' (cf. [GAL] Prop. [1.1.10). If B is
a kr-algebra then
(40) TOo¢q=¢qo7 and,in particular, poT=7o0p

(cf. [GAL] Prop. [1.1.18]i).
Lemma 7.8. Let K C F C K*P be a finite extension. Then, for any a € F*, x € W,(F)p,
and o € Wy, (K*P) with p(a) = x we have:

i. [tz,a)F = T[z,a)F (where we use the same notation for the pairing at level n+ 1 and

n, respectively!);

ii. if a belongs to (F*)P", then [z,a)F = 0;

iii. [z,a)r =0 if and only if a € Normp oy /r(F(a)*).
Proof. i. By we have p(Ta) = Ta. Therefore [72,a) = reck(a)(ta)—Ta = 7(reck (a)(a)—
a) = 7z, a). ii. Since p"W,(k)r, = 0 (this is not sharp with regard to p™!) this is immediate
from the bilinearity of the pairing. iii. Because of [z, a)r = x(recp(a)) this is clear from local
class field theory. O

For any subset S of an op-algebra R we define the subset
Wn(S)r :=A{(s0,...,8n—1) € Wp(R)r : s; € S for all i}

of Wi(R)r, as well as VW, (S), :== V(Wy(S)L). If I C R is an ideal then W, (I), is an ideal
in Wy, (R) L, and we have the exact sequence

(41) 0— Wo(l)p — Wyr(R)p — Wi(R/I)L — 0.

If R C R is an op-subalgebra (not necessarily with a unit), then W,,(R'), € W,,(R), forms
a subgroup and there is an exact sequence of abelian groups

(42) 0 — VIWn(R)p — Wa(R), =5 R — 0.
We apply this to R’ = ak[a] for a € K*.
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Proposition 7.9. For any x € Wy, (ak|a]), we have [x,a) = 0.

Proof. We prove by induction on n that for any finite separable extension F' of K and for any
a € F* the corresponding statement holds true with R’ = ak[a].
For both, n =1 (trivially) and n > 1 (by induction hypothesis and Lemma [7.8]i), we know
the implication
x € VWy(akla]) = [z,a) =0 .

Therefore, for arbitrary « € Wy, (ak[a])r, we have [x,a) = [[x¢],a) by the bilinearity of the
pairing and Lemma [1.1.13]i in [GAT] - we constantly will make use of the fact that the first
component of Witt vectors behaves additively. Moreover, again by the additivity of the pairing
and using it suffices to prove (for all n > 0) that

([ral],a) =0 for all r € KX, 1> 1.
Writing [ = I'p™ with I’ and p coprime and denoting by 7’ the pth root of r we see that
Ulra'],a) = [[(@a" )", a") = [[('a" "], a") + [[('a" "], 0) = [[(+"a")P"], r"al")

by Lemma ii because 1’ € (KX)P". Noting that I’ is a unit in W, (k) we are reduced to
the case z = [a?"'] for m > 0.
To this end let ap € F*? be in p~!(a) and define dp := [Leck/im(xa) (@0 + ). Then

Normp(a)/F(do) = H o
oeCal(F(ap)/F)

(43) = ] [T (+&+9
¢/€im(xa) €h/im(xa)

=[[(w+& =0,

ek

since ag + &, £ € k, are precisely the zeros of X?9 — X — a.
Now let 8 be in p~!([a?"]) with By = of . Then F(ap)(B) = F(ao,Bo,---;Bn-1) =
F(ao)(B — [Bo]) and

m

p(B — [o]) =[] = p([ag )

belongs to VW, (apk[ag]) 1, because a?” = (al—ap)?™ belongs to agk[ag] as well as p([ad ]) =
[(@f")7] — [o]"] € Walaoklagl)z and ["]o = " = p([o Do.

Note that for n = 1 we have F(a)(8) = F(ap) (i.e., the last consideration is not needed)
and since a is a norm with respect to the extension F'(ag)/F the claim follows from Lemma
[T.81ii.

Now let n > 1. Then, the induction hypothesis for F’ := F(«g) and @’ := «q implies that
[[apm] — p([ag ]), CV()) = 0, i.e., that oo € NormF(ao)(,B)/F(oco) (F(OCO)(IB)X) by Lemma ﬁlll

Replacing ag by ag + &, § € k, we see that also g + & € Normp(ag)(8)/F(ag) (F'(20)(8))
(note that F(ap) = F(ap + &) and the composite F(a)(8) = F(ao)F(B) does not depend
on the choices involved above). By the multiplicativity of the norm we obtain that aj lies
in Norm g (a,)(8)/F(a0) (F(0)(8)), whence by transitivity of the norm and a belongs to
Norm p(a,) ()7 (F(c0)(8)*) and thus also to Normpg),p(F'(3)*) because F/(8) C F(ao)(83).

Thus [[a?"],a) = 0, again by Lemma iii, as had to be shown. O
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Now we will define a second bilinear pairing
(,): Wh(K)L x K* — Wy(k)L,
by using the residue pairing (cf. )
Res:MLxQ}ML — 0r, .

To this end we choose an isomorphism @77, /7.9, = k((Z)) =2 K and remark that our con-
struction will not depend on this choice of a prime element of K by Remark Consider
the map dlog : or((Z))* — Q}JL’ sending f to #. We define the upper pairing in

Wald)r = on((Z)< o,

@n_ll dlogl

7, x Q}%L

Res

oL,
via the commutativity of the diagram.

Lemma 7.10. There is a unique well defined bilinear pairing ( , ) such that the diagram

{,}
W)L x  or((2))* or
Wn(Oél)Li l’nOdﬂ'Li ian
WalK) x KX — oW,

15 commutative.

Proof. (Note that the reduction map o ((Z))* — K* indeed is surjective.) We need to show
that

{ker(Wy,(pr)r),0r((2))*} C 7}or and {Wo (L)L, ker(or((Z2))" — K*)} C nfor .

For a = (ag,...,an—1) € Wy(pr)r such that a; € %7, we obviously have ®,_1(a) € 7} ..
Hence {a,0r((Z))*} C n}or.

For the second inclusion we first observe that ker(or,((Z))* — K*) = 1+nror[[Z]]. Hence
we have to prove that

(44) Res(®,1(f)dlog(1 + k) € 7for

holds true for all f = (fo,..., fn-1) € &} and h € op[[Z]]. We observe that sending Z to
7" := Z(14mh) defines a ring automorphism first of oy, [[Z]], then by localization of or,((Z)),
and finally by mp-adic completion of «7,. We write f;(Z) = ¢;(Z') and g := (g0,---,9n-1);
and we compute
Res (@, 1(f)dlog(1 + mph) = Resz (@ 1(9(Z))d10a(Z')) — Resz(®,1(f(Z))dlog(2))
= Resz/(®n-1(9(Z£"))dlog(Z')) — Resz(Pn—1(f(Z))dlog(Z))
= Resz([Pn-1(9(2)) — ®n-1(f(Z))]d1log(2)) -

Here the second equality uses the fact that the residue does not depend on the choice of the
variable (cf. Remark [3.4)) while in the third equality we just rename the variable Z’ into Z
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both in the argument and the index of Res, which of course does not change the value. Now
note that, since Z’ = Z mod w0 [[Z]], we have the congruences

fi(2) = gi(Z") = gi(Z) mod 7w, forany 0 <¢<n—1.

This implies that
®,-1(9(2)) — ,—1(f(Z)) =0 mod nfor,

(cf. [GAL] Lemma i) whence the claim by the op-linearity of the residue. O
Remark 7.11. Alternatively, one can define similarly a pairing by using the full ghost map
& = (Dg,...,P,_1) via commutativity of the diagram

W) x op((2)) ——= Wy(or)L
[ dlogl [

n 1 Res n
Ay X Q@Q or

and by showing that for all f € Wy,(71) 1, and h € o1,((Z))* the residue vector (Res(®;(f) %)),
belongs to the image of (the right hand) ®. We leave it to the interested reader to check that
this induces the same pairing as (, ) above by applying W, (pr)r, to the target. For unramified
Witt vectors this is done in [Tho|] Prop. 3.5. E|

Our aim is to show that the two pairings [, ) and ( , ), in fact, coincide. This generalizes
a result of Witt ([Wit] Satz 18), which we learned from [Foll [Fo2]. The strategy is to reduce
this to the comparison of the restrictions of the two pairings to Wy, (k) x K*.

For an element z =}, r;77 € K with z; € k and z; = 0 for j < vz(z) (the valuation of
K) we set a7 := Y7o z;Z9 and 27 = >i<0 x;Z7. Then, for x = (zg,...,xn_1) € Wo(K)p,
with arbitrary n > 1, we define iteratively elements (the ’constant term’ and the plus and
negative parts of = with respect to the variable Z)

0% (x) € Wy (k)r, o € Wo(Zk[[Z]]))r, and 2~ € W (Z7'k[Z7!))L

such that
r=Q%x)+z" +a
For n =1 put
QIZ(LB) = [xo fxar -z, zt = [zy], and 27 := [z]
and for n > 1 define
(@) = [r0 — 2 — 23]+ 7O (), & 1= [e] + 7y, and 2 o= [rg] + 7y
where y € W,_1(K), satisfies 7y = x — [z — z§ — 5] — [2{] — [25]-

4Another alternative formulation for the definition of (, ) goes as follows: The residue pairing
Res: @ /nr o X Q;L/ﬁzd — or/7roL

induces the pairing

im(®p_1) + nr L /7T X Q}duwgd/dlog(l—|—7rL0L[[ZH)—>0L/7TZOL
Tu’nl T Twnl
WK x K~ - Wk,

where the middle vertical map is induced by dlog and the inverse of the isomorphism or((Z))* /(1 +
mporl[2]]) = K.
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Remark 7.12. z = Q%(z) + 1 + ™ is the unique decomposition of v € Wy, (K)y, such that
the three summands lie in Wy (k)r, Wn(Zk[[Z]))1, and Wp(Z7k[Z71]) L, respectively.

Proof. Let © = a+ a4+ + a— be any decomposition such that a € W, (k)r, ay € W, (Zk[[Z])) L,
and a_ € W, (Z7'k[Z71]). Since the projection onto the zeroth component is additive we
immediately obtain that a = [zg — 2 — zg] + 7b, ay = [2g] + 7by, and 2 = [25] +
7b_ for (uniquely determined) elements b € W,,_i(k)r, by € Wyp_1(Zk[[Z]])r, and b_ €
Wy 1(Z7YK[Z7Y)) . We put y := b+by +b_ and obtain x = [xo—2f — x|+ [2d]+[zg ] +TY.
Hence y is the element in the above inductive construction for z. By induction with respect
to n we have b = Q% '(y), by = y* and b_ = y~. It follows that a = Q%(x), ay = 2™, and
a_ =1x". U

Lemma 7.13. For any prime element Z in K and any x € Wy (K), we have

(z,Z) = Q7 (x) .
Proof. For x € W, (Zk[[Z]])L U Wn(Z7'k[Z71]), we may choose the lift f of = to lie in
Wn(Zor[[Z]])r and W, (Z tor[Z71))y, respectively It is straightforward to see that then
{f,Z} = Res(®,—1(f)dlog Z) = Res(®,—1(f)%) = 0. By Remark we have Q7 (z) =0

as well.

By the additivity of ( , ) in the first component it therefore remains to treat the case
that © € Wy (k). Let & € W,,(W(k)r)r, € Wy () be any lift of . Then we have that
{z,Z} = Res(®,_1 (x)@) = @, 1(Z). But an(Pp-1(2)) = @y o wy1(z) = ¢0'(2) = =
by and for or. Hence (z,2) = a,({%,2}) = an(Pp-1(2)) = v = Q% (z), the last
identity again by Remark [7.12 O

Lemma 7.14. For any prime element Z in K and any x € W, (k) we have [x,Z) = (z,Z).

Proof. We choose @ € W,,(k*P), such that p(a) = x. Then K(a) C k(«)((Z)) is an un-
ramified extension of K = k((Z)). From local class field theory we therefore obtain that
reck(Z) = ¢q. It follows that [z,Z) = recx(Z)(a) — o = p(a) = z. On the other hand
Lemma implies that (z, Z) = Q% (z) = x as well. O

Proposition 7.15. For any prime element Z in K, any a € K*, and any x € W, (K), we
have
2.0) = [(5,0).2)  and  (2,0) = ((2,0),2) .

Proof. As Q7 ((x,a)) = (x,a) the second identity is a consequence of Lemma
For the fist identity we first consider the special case a = Z. We will compare the decom-
positions

[z,2) = [Q%(z),Z) + [zV,Z) + [-2~,Z71) and
(2, 2),2) = [(Q%(2), 2), 2) + [(«*,2), Z) + [(=2~, Z71), Z)

term by term. By Lemma the two first terms coincide and the remaining terms in the
second decomposition vanish. The last term in the first decomposition vanishes by Prop.
Hence it remains to show that [zT, Z) = 0. For this it suffices to check that W,,(Zk[[Z]]), C
(W, (K)r). Indeed, we claim that for y € W, (Zk[[Z]]) 1, the series Y .2, qbfz(y) converges in
Wi (k[[Z]])r (componentwise in the Z-adic topology). We observe that, for x € W, (k[[Z]])L
and z € W, (Z'k[[Z]]), with I > 0, one has, by ({I), the congruence

(z+2); =x; mod Z'k[[Z]]
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for the components of the respective Witt vectors. It follows that each component of the
sequence of partial sums » ;" ¢g(y) forms a Cauchy sequence. Since ¢4, being the compo-
nentwise gth power map, obviously is continuous for the topology under consideration we

obtain (=372 ¢ (y)) = y.
For a general a we find a v € Z and another prime element Z’ € K such that a = Z¥7'.
Using bilinearity and the special case (for Z as well as Z’) we compute

[z, a) = vz, 2) + [0, 2") = v|(2, 2), Z) + (2, Z'), Z')
=.2),2") +(«,2),2) = (2, 2"2"), Z)
= [(z,a),2) ;
the third equality uses Lemma [7.14] O
Theorem 7.16 (Schmid-Witt formula). The pairings [, ) and ( , ) coincide.
Proof. This now is an immediate consequence of Lemma [7.14] and Prop. [7.15 O
Corollary 7.17. For all z € W, (K)r and 4 € or,((Z))* any lift of u € K* we have

A~

Res(wn,l(z)%“) — w1 (8(2) (reck (u)).

Proof. Let f € Wy, (o) be a lift of z. Thm. implies that
di
O(z)(reck (u)) = an(Res(@n-1(f) =)

holds true. Applying w,_1 (for or) we obtain

wn—1(0(2)(reck(u))) = Res(@n,l(f)%) mod 7}or, .

On the other hand, by (38), the element ®,,_1(f) module 77} is equal to wy,_1(z) (with w1
for off =2 Ap). O

We finally are able to establish the congruence ([36]). First note that since A C W(E;™?),
we obtain the commutative diagram

$q—1

04>0L/7TEOL A/WEA

o -1 5
iwnlan i

0 —— Wp(k)rL W (EX?)L,

A/mA ——>0

l

—1
i Wi (ESP), — 0.

We recall that 0, and 0 denote the connecting homomorphisms arising from the upper and
lower exact sequence, respectively. We obviously have the identity (ay). 0 d, = 0 o @, for the
map @, which was defined in .

Lemma 7.18. For any z € Ay, and @ € or((wrr))* € Af any lift of u € Ef we have

~

(45) Res(goz_l(z)dgu) = 0,(2)(recg, (v)) mod 7jop, .

Proof. We use the identity in Cor. for the element 2’ := «,(2) with respect to K = Ej,.
Since wy,_1 0 a, = cp’L‘_l by its left hand side becomes the left hand side of the assertion.
For the right hand sides we compute

Wa-1(D(an(2))(rece, (1)) = wa-1 © (D, (=) (rec, (1)) = B, (=) (rece, () -
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U

As explained at the end of section [0] this last lemma implies Prop. The proof of Thm.
therefore now is complete.
6.2 p

8. BLocH AND KATO’S AS WELL AS KATO’S EXPLICIT RECIPROCITY LAW REVISITED

In this section we give a proof of a generalization of the explicit reciprocity law of Bloch and
Kato ([BK] Thm. 2.1) as well as of (a special case of) Kato’s explicit reciprocity law ([Kat]
Thm. I1.2.1.7) replacing his method of syntomic cohomology by generalizing the method of
Fontaine in [Fo2] from the cyclotomic to the general Lubin-Tate case.

First we recall some definitions and facts from [Col]. (This reference assumes that the power
series [ ](Z) is a polynomial. But, by some additional convergence considerations, the results
can be seen to hold in general (cf. [GAL] for more details).) The ideal I, C W (E*),
is defined to be the preimage of mroc, under the surjective homomorphism of op-algebras

0:W(EHL — oc, (cf. [GAL] Lemma|1.4.17)). [Col] §8.5 introduces the 7p-adic completion
Apaz, 1. of the subalgebra W(Eﬂﬂ%h} C W(EJ“)L[%] as well as B | = Amaz’L[é] C

m =

B;R. The important point is that the Frobenius ¢, naturally extends to A,,q.,1 C Bt (but

max,L
not to B;R). Let E, denote the algebraic closure of Ef, in E and Ez its ring of integers. Setting
- =+ . =t
Wy, ‘= wrr, W1 = qﬁql(wLT) S W(E )L, & = Wrwq ! S W(EL)L and t7 := logLT(wL) S
Apnaz,r, we have the following properties by Prop.s 9.10 and 9.6 in loc. cit.:

(46) (Bfrpr)% = L,
t . —
(47)  @¢(tr) = mpty and i =1+ Zemui_l € A py With e € ﬂqu(k)oL,
k>2

where [,(k) denotes the maximal integer [ such that ¢' < k,

(48) W(E)L8, = ker (W(ET), 2 oc, ).
W(EH) wp = {z € W(E),: 9(¢f1(m)) =0 for all 7 > 0},

(49) Bt ={z € Bl :0(gi(x)) =0 for all i > 0}.

mazx,L *

Since wy, is a unit in W(Erz)r, we may define a ¢4- and I'r-stable ring Ag,r C W(EL)L as
the localization E_lVV(EJLr) 1. where ¥ denotes the multiplicatively closed subset generated by

{07 (wL) }m>o0- Setting Bz 1 i= B:wx,L[%] C Bgr we obtain the following fact.

Lemma 8.1. Ay, C Bz, L-

Proof. Since W(Ez) L C W(]:]j{) L € Amaz,r it suffices to prove that ¢}'(wy) is invertible in
Bmag,r- As wr, = tra for some a € AX by this is clear for m = 0 and follows for
m > 1 because

¢y (wr) = ¢q'(tL)dg' (a) = w'tLey’ (a) -
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By we see that
tr\ "
— =: A "
<WL> Tnz>:0 m,er
belongs to L{[w]] € B}y for r > 0.

Lemma 8.2. i. Zmzo Am Wit converges in Az, I -

+

.. m—1 .
ii. Zle AmtrpWy converges in Bl L

Proof. First of all we note that the 7r-adic completion R of the polynomial ring or,[Z] is the
subring of all power series in or,[[Z]] whose coefficients tend to zero. Using the geometric series
we see that 1 + 7R C R*.

According to and the proof of [Col] Prop. 9.10 there exists a g(Z) € R such that

24 ' =1—-mrg(u)
= u) ,
L
where u = —‘W'i S 1, for q#2and u= —‘% €7y 2}12[ for ¢ = 2, respectively. By the initial

observation we have
(1-mg(2) ' =) bmZ"€R.

m>0

(i) =D b =3 Ay

m>0 m>0

Thus

converges in Ay,qq. 1. For the second part of the assertion it remains to note that
Z )\m_i_r,rwzn_l = 7TZ(T+1) Z bm+r+1um .

m>1 m>0
([l
Setting 7/ := > " Amw] and 7, = w7, € L[i] C W(EL)L[%] we have

(50) 7 —t;" € L[wr]] € Bjy -

By [Col] Prop. 9.25 (SEF 3E) we have the exact sequence

(51) 0 — L — (Bmax,1.)*"~" — Bar/Bjr — 0.

We define

FilTB;rmm’L = B;rmx’L Nt} Bin for r > 0.

Lemma 8.3. i. Forr > 1 the sequence

w7 " hg—1
0 — Lty —s Fi' B+ 0]

maz,L

+
Bmax,L 0

15 exact.
ii. Forr =0 the sequence

Gq—1
0—L— Bj?;ax’L —— (g — 1)B:;M7L —0
is exact, and ((¢pq — I)B;‘me)GL - I.
iii. ¢g — 1 is bijective on WLB;;M,L'
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Proof. i. and ii. By [Col] Prop. 9.22 we have, for any r > 0, the exact sequence

0 — Lt} — (B} . )%= — Bl /tiBi, — 0.
First we deduce that Lt} = (B}, [)?*=" Nt} Bip = (Fil" B}, )?=". Secondly it implies
that By, = (B, )%= + 1t} Bjy and hence By} ./ = (B}, )%=t + Fil" B} . ;. In the
—ry 1
proof of |[Col] Prop. 9.25 it is shown that, for » > 1, the map B:{sz % B:{me is
surjective. It follows that B = (77 ¢, — 1)Fil"B;}  forr > 1.
It remains to verify the second part of ii. By we have ((p, —1)B;" )9t C L. For the

reverse inclusion it suffices to consider any a € of, C W(EJLF) L. Since Ez is integrally closed
the map ¢4, — 1 on W(EX)L is surjective. Hence we find a y € W(EI)L C B’;aw,L such that
(qu -y =a.

iii. First of all we note that (qu(wLB:lam,L) - qﬁq(wlf)B:{mx’L - WLB;;M,U so that, in-
deed, ¢, — 1 restricts to an endomorphism of wLB:w,x,L' By ii. we have (wLB:;am’L)(bq:l -
(B;;ax,L)‘bq:l = L. But WLB;M,L NL =0 by . This proves the injectivity. It suffices to
establish surjectivity on wrAyeqr, . Let wra € wr Az, 1. Similarly as in the proof of Lemma

we let wy, = tru with w € AX ~ and compute

maz,
¢Z(WLCL) = ng(tLau) € 7T-T[l,tLAmagv,L = WLWEL,Ama:v,L .

It follows that the series —3_ ¢y (wra) converges (mr-adically) to some element wrc €
wr,Amaz,r such that (¢4 — 1)(wrc) = wra. O

The sequences in Lemma i/ ii induce, for any r > 0, the connecting homomorphism in
continuous Galois cohomology

L= (B

max,L

o sy
Note that as a Gp-representation Lt} is isomorphic to V := L ®,, T (cf. Lemma c and
). We introduce the composite homomorphism

res

0" L L HY(L, Lt}) =5 Homy, (Hy, Lt}) .
By Lemma [7.6]| we also have the connecting homomorphism

Oy - W(EL )LL) — H'(HL, L) .

Proposition 8.4. 6" (a) = d,(7ra)t} for any a € L.

Proof. Let n > 0 such that 77 € or and assume without loss of generality that a

1
wlh 2
belongs to 7} oy, i.e., that 7/a € o jwr] C W(EJLF)L In order to compute 0" (a) we choose any
a € Fil"B;} . such that (7, ¢q — 1)(a) = a. Then

" (a)(g) =(g—1)a forall g € Hy.

5Setting L'y, := LN (77 "¢q — 1)(Fil" B},

maz,z) We still may define

mom L HY(L, Lt})

without knowing the right hand surjectivity in Lemma [8.3]i and define 8" with source L} 4, instead. In the
course of the next Proposition one can then shown that L7 ,,, = L.
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In fact, choosing « is equivalent to choosing 3 :=1t;"a € t| B+a$ N BdR such that

(g —D)(B) =b:=t7"a
On the other hand, to compute d,(7.a) we note that 7/.a and £} belong to W(EL)L and that,

since EL is integrally closed, the map ¢4 — &] : (EL)L — W(EL)L is surjective (argue

inductively with respect to the length of Witt vectors). Hence we find a y € W(Ej—:) L such
that

pr(y) — &Ly =Ta.
By using we see that w; " = &fw;" € t,"B} It follows that the element £y := wi "y

max,L"
belongs to Ag,r N tLTBntax ; CW(EL)L and satisfies

(bq — 1)(Bo) = pg(w1) " q(y) —wi "y
= wp," (dq(y) — €LY)
=w;'ra="a.

Hence
0p(rea)(g) = (g— 1)y for all g € Hy.

We observe that y € W(EL)L C B, that wy is a unit in B}, (since 6(w;) # 0 by the first
sentence in the proof of [Col] Prop. 9.6), and hence that 8y € tETB;LM’L N B;R. At this point
Ct,;"B}t LN B;“R such

we are reduced to finding an element v € (wy B! L)HL C B o

max,L

that (¢q — 1)(v) = (t," — 7»)a. We then put 3 := o + v and obtain
6"(a)(g) = (g —1)B @ty = (9—1)(Bo+7) @t} = (g —1)Bo @], = Ip(rra)(g) ® 1],
for any g € Hy. In order to find ~ it suffices, because of Lemma [8.3}iii, to observe that

tzr — Tr = UJL(Z )\m—l-r rw? 1) S (wLBmax L)HL
m>1

by Lemma [8:2}ii. O
Now we define the Coates-Wiles homomorphisms in this context for » > 1 and m > 0 byﬁ

Vowm limo; — Ly,
i

U —

1
(67" ALTgu to)
) 7= m
Pl i 2=t
Then the map
7é’W,m : mozn Lmti
n

u— wg’Wﬁn(u)tz .

is Gr-equivariant (it depends on the choice of ty). In the following we abbreviate gy, =
Yow,o and Uiy, := Wiy, . One might think about these maps in terms of the formal identity

10g gu,t (WrT) chw =Y Wy (u)  in L[[tz]] € Bag.
T

6For m > 0 one can extend the definition to @n L) while for m = 0 one cannot evaluate at tg,o = 0!
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But instead of justifying in which sense me may insert g, (wrr(tr)) m into the logarithm
series, we shall only explain (and below use) the following identity

dGuto(WrT)
d10g gu,ty(wrT) = — 0 = o ()t Nt
Gu,to wLT =1

Indeed, t;, = log;(wrr) implies %wLT = grr(wrr)~! and hence

4
dty,

flwrr) = grr(wer) ™ flwrr) = Oumv(f)(2)) 220, -

dw LT

We calculate

_ 1 dgu,to(WLT)
1 d \r—1 ,t0 r—
o - 8 A u Z —w "e - =0
(r=1)t ((dtL) Gu,to(WLT) dtr, "t =0" (r= ) (G ALrGuto () 2= 17110

= =) (afnleLTgu,to (Z))|Z=0
=ryow(u) .

Proposition 8.5. Forallae L, r>1, and u € l&ln ozn we have

artpey (u) = Op(1ra)(rec(u)) .
Proof. Using L[[t;]]=L[[wr]]C B we obtain from that 7. —¢," € L[[tz]]. By the dis-
cussion before Prop. [6.3] we therefore obtain
Oy (1ra)(rec(u)) = Resy,, (1radlog gyt (wrt)) = Resy, (Tradlog gy 1, (wrT))
= Resy, (at}"dlog gu i, (wrT)) = Resy, (at,” Z n gy (w)tytdtr,)

n>1

= ardow (u) -

With also the sequence

¢ BuaxplusBdi| (52) 0— 209, poo=l g BTN B o
is exact. Tensoring with V' = L®,, T over L gives the upper exact sequence in the commutative
diagram
(53) 0 ver (B’fmqax L © Bip) LV Bag @p V& ——0
j(aty):=atd" NT () (xt "yt etg"
0 L diag szqarﬂljj o Bl (@) (@—y)t, otg" Byp ®p VO — = 0.

"This power series has a constant term: see [Eo2] for a technical solution.
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Passing to continuous G-cohomology gives rise to the connecting isomorphism
Hl ( L, V®r)

exp: :eXW

(BdR XL V®T)GL = tanL(V®T)

\

HY(L, Lt}),

1R

which is the identity component (see Appendix) of the Bloch-Kato exponential map over L
for V®". We introduce the composite map

a—at; "QtE"
exp, : L ————"— tan (V")

eXPr, v®r id
RS AN

HY(L,V®") =% Homr, (Hr, V®") .

Proposition 8.6. For all a € L we have
jto expr(a) =—0"((r" = 1D)a) .

Proof. By (b3) we find (z,y) € B @ t7 B+R such that x — y = a. Then

maz, L
(' oexp.(a))(g) =(g—Dz=(9—-1)y forallge Hy.
We claim that y belongs to Fil"B;rrmz ;- For this it suffices to prove that y lies in BmmL

(because it is contained in ¢} BJR by assump‘mon) We know that y = 2 —a € Byeer =

Us>o thBmazL Let s be minimal with respect to the property that y € tLSB ie.,

max,L’

that t7y € Bmm - We want to show that s = 0. Assume to the contrary that s > 0. Then
B+ar e gb’ (t5y) = 7ots (;5’( ), for any i > 0, belongs to leSB:{m’ C ker(0) because

¢l( ):%(»T—a):Wiiw—CL:WZiy—i-wzia—aEBJr

By (49) we obtain t5y = t1y’ for some y’ € Bmaw L
Which is a contradiction. The above claim follows.
In particular, by the definition of 6" and using that y = x — a we see that

(77" oexp,(a))(g9) = (9 — 1)y = 0" (7" ¢g — 1)( ))( )=—=0"((ry" —1)a)(g) for g e Hy,
because (7, "¢, — 1)(x) = 0 as x belongs to B O

Hence t7~ 1y already belongs to B

max,L’

max, L

Putting the previous results together we obtain the following generalization of the explicit
reciprocity law of Bloch and Kato ([BK|] Thm. 2.1) from the cyclotomic to the general Lubin-
Tate case. In particular, this confirms partly the speculations in [dS] §11: de Shalit had
suggested to find a replacement for Bi,qq,q, (or rather Be.;s which was used at that time) in
the context of general Lubin-Tate formal groups and it is precisely Colmez’ B4, 1, which has
this function (although the path in (loc. cit.) is slightly different from the one chosen here).

Theorem 8.7. For all u € mn ozn, a € L, and r > 1 we have the identities
0" (a)(rec(u)) = arWiy (u)
and
“Hoexp,(a))(rec(u)) = —(n;" — Dar¥ey (u)
= (r—ll)! (1 - Trir)aairnv log Gupto (Z)|Z:0t2 .

(J




50 PETER SCHNEIDER AND OTMAR VENJAKOB

Finally we consider the following commutative diagram

H(p) @z, VO™ x  Hom®(H,V®") L
rec®id
@n L;; ®Zp V- res

cores(k®id)

HY(L,V®T(1) x  HYL,V®)—2 s H(L,L(1)) =L

exp” exp > | eyt ®tG"
0 R—r Qr
Dyp (VET(1))  x tang (V") Dar,1.(L(1))
avatyty @5~ @1G") | = = | bbbt " RST %Tc‘—)ct(@;®t6yc
(a,b)—ab
L x L L.

Here ¢’ is a generator of the cyclotomic Tate module Z,(1), and tq, := logg, ([t(t5"")+1]—-1).

The commutativity of the upper part can be shown by taking inverse limits (on both sides) of

a similar diagram with appropriate torsion coefficients and afterwards tensoring with L over

or,. Its middle part is the definition of the dual exponential map exp*. The commutativity of

the lower part is easily checked. Note also that the composite of the middle maps going up is
cyc

nothing else than exp, by definition. Thus setting d, := t"it@; ® (t57" @ tg’) we obtain the
following consequence.

Corollary 8.8 (A special case of Kato’s explicit reciprocity law). For r > 1 the diagram

1.&Ifln Ozn ®Z T®7T

n®idl
(1 ")l ),
HI (Lo, T (1)) (=7 Irvew (=)

cores l
*

HY(L,T%77(1))

DYy (VOTT(1)) = Ld,,

commutes, i.e., the diagonal map sends u ® atggfr to
—r r 1 - WZT r
a(l =" )rbew (w)d, = amainv 10g Gu,to(Z)|z=0dr -
APPENDIX A. p-ADIC HODGE THEORY

For a continuous representation of G on a finite dimensional Q,-vector space V' we write
as usual

Daric(V) = (Bar ®g, V)% 2 Dig (V) := (Bjg ®g, V)7 and
Dcris,K(V) = (Bmax,(@p ®Qp V>GK .
The quotient tang (V) := DdR’K(V)/DngK(V) is called the tangent space of V.
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Henceforth we assume that V' is de Rham. Then the usual Bloch-Kato exponential map
expg.y : tang (V) — HY(K,V) can be defined as follows. Apply the tensor functor — ®q, V
to the exact sequence

p=1

(54) 0—Qp— Bim@p — Byr/Bly — 0

and take the (first) connecting homomorphism in the associated G g-cohomology sequenceﬁ
Note that by [BK] Lemma 3.8.1 we have tang (V) = (Byr/Bjg ®g, V)% . Furthermore, the
dual exponential map expy, ;, is defined by the commutativity of the following diagram

exp}(,v

(55) HYK,V)

y

HY(K,V*(1))*

Dir (V)

l~

(Dar,x(V*(1))/ D e (V*(1)))*,

where the left, resp. right, perpendicular isomorphism comes local Tate duality, resp. from
the perfect pairing

(56) Dap,x (V) x Dar,x (Homg, (V,Qy(1))) — Dar,x(Qp(1)) = K,
in which the D2R7 x-subspaces are orthogonal to each other. Note that the isomorphism K =
Dar k(Qp(1)) sends a to at_; ®ty’°. Also, (—)* here means the Q,-dual.

Now assume that V' is in Repr(Gk) and consider K = L in the following. Tensoring
with Q, gives the isomorphism of L-vector spaces

: L = Homg, (oL, Zy) ®z, Qp = Homg, (L, Qy) .
1

Since Homg, (L, —) is right adjoint to scalar restriction from L to Q,, and by using =1in
the second step, we have a natural isomorphism

(expg v+ (1))”

[1]x

(57) Homg, (V,Q,) = Homz(V, Homg, (L, Q,) = Hom(V, L) .
Combined with we obtain the perfect pairing
(58) Dar..(V) X Dgp,r,(Homp(V,L(1))) — L

with an analogous orthogonality property. Furthermore, similarly as in Prop. local Tate
duality can be seen as a perfect pairing of finite dimensional L-vector spaces

(59) HY(K,V) x H*(K,Hom(V, L(1))) — H*(K,L(1)) = L .
Altogether we see that, for such a V', the dual Bloch-Kato exponential map can also be defined
by an analogous diagram as involving the pairings and and in which (—)* means
taking the L-dual. B

Since Bgg contains the algebraic closure L of L we have the isomorphism

Bar®qg, V= (Bir®g, L)@,V — [[ Bir®erV
O'EGQP /GL
which sends b®v to (b®v),. The tensor product in the factor Bjr®,, 1,V is formed with respect
to L acting on Bygr through o. With respect to the Gr-action the right hand side decomposes

8 It follows from [Codl, Prop. 111.3.1] that this sequence splits in the category of topological Qp-vector
spaces. Since the p-adic topology on Q, coincides with the induced topology from B.z,q, the existence of
the transition map is granted by [NSW| Lem. 2.7.2].
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according to the double cosets in G1\Gg,/Gr. It follows, in particular, that DI, (V) :=
(Bar ®1 V)% is a direct summand of Dyp, (V). Similarly, tany,;a(V) := (Bar/Bjr @1 V)"
is a direct summand of tany (V). We then have the composite map

— - eXpPr,v 1
eXpPr, yid | tang (V) = tanp (V) —— H(L,V),

the identity component of expy, 1. On the other hand, applying the tensor functor —®r V' to
the exact sequence ([51))
0> L— BﬁjajL — Bar/Blz — 0
and taking the (first) connecting homomorphismﬂ in the associated Gr-cohomology sequence
gives rise to a map

expy, yvia : tanpia(V) — Hl(L, V).
Suppose that V is even L-analytic, i.e., that the Hodge-Tate weights of V' at all embeddings
id # o : L — L are zero. We then have tany, (V) = tany,;q(V) and the following fact.

Proposition 1.1. If V is L-analytic, the maps expy, v/, exXpy, yiq and expy, y;q coincide.

Because of this fact we call also expy, 1/;4 the identity component of expy, y, in the situation
of the Proposition. We remark that by [Se0] III.A4 Prop. 4 and Lemma 2(b) the character
V = L(xrr) is L-analytic.

Proof of Prop. : Let Ly C L be the maximal unramified subextension and let f := [Lg : Q).
As explained at the beginning of §9.7 in [Col| we have Biae,r € Bmar,0, ®L, L and hence

B¢q=1 C B¢£=l I Wo claim that
maz,L. & Pmaz,q, ®Lo L- We claim tha

da=1 _ poh=1  nép=1
quax,(@p - Bmpax,(@p - Bmpaz,(@p ®Qp LO '

The left hand side contains Lg. Let A := Gal(Lo/Qp) with Frobenius generator §. For any

F_ ,
T € Bf;fa;}@p we have the finite dimensional Ly-vector space V, := sz:_ol Lo, (x) on which

the Galois group A acts semilinearly by sending 6 to ¢,. Hilbert 90 therefore implies that
Ve = Lo ®q, VA, This proves the claim.
It follows that we have the commutative diagram

Pp=1
mpa:I:,Qp ®@p L BdR/B;_R ®Qp L 0

l: mult

0——=L——B

=1
0—>C——> Bf;qaw ®r, L Bar/Bl, 0
; :
=1
0 L Bv(’zr)zqaz,L BdR/B;R 0,

in which the upper exact sequence is induced by tensoring by L over Q, while the lower
one is (b1). C is defined to be the kernel in the middle horizontal sequence which is therefore
also exact. Note that the two vertical maps L — C both coincide as their composites into
the middle term each sends [ € L to 1 ® [. By tensoring this diagram with V over L and

9Analogous arguments as in footnote [§| grant the existence of this connecting homomorphism.
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forming the cohomology sequences we conclude that the composites of expy, y and expy, yiq
with HY (G, V) — HY(Gp,C®1V) coincide whence the claim shall follow from the injectivity
of the latter map. The snake lemma applied to the upper part of the diagram (tensored with
V) leads to the exact sequenc

0—>V—>C®LV—> HBdR/B;R®J,LV—>O7
o#id

which in turn, by forming continuous G-cohomology, induces the exact sequence

0 = ker(tanr (V) — tanga(V)) — HYGp,V) = H (Gp,C®LV),

i.e., we obtain the desired injectivity.
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