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Overview
In this seminar, we follow the lecture notes of Bhatt [Bh17] to learn about almost mathematics,
perfectoid spaces and their application in the direct summand theorem (DST):

Theorem. Let R be a regular noetherian ring and f → S a finite R-algebra. Then f splits
as a morphism of R-modules.

In 2016 André published a preprint proving the DST (back then a conjecture) using a per-
fectoid Abhyankar lemma (cf. [And18a]; [And18b]). Shortly afterwards, Bhatt significantly
simplified the proof (cf. [Bh18]), using only a key construction of André’s, but circumventing
the full perfectoid Abhyankar lemma. He also proved a derived variant:

Theorem. Let A be a regular noetherian ring and X → SpecA a proper surjective map.
Then A → RΓ(X,OX) splits in the derived category of A-modules.

Both proofs heavily rely on the application of perfectoid spaces and the strategy is often
summarized as follows: Using perfectoid geometry, construct a (very large) ring extension
A|R, which is almost faithfully flat and where A is perfectoid. Afterwards, show that the
splitting problem has an almost solution after base change to A and finally descend the
almost solution to an actual solution. In this seminar, we develop all the necessary theory
about almost ring theory, Huber’s adic and Scholze’s perfectoid spaces from scratch. We will
prove a few of the foundational results of perfectoid spaces of [Sch12] before finally giving
Bhatt’s proof of the direct summand theorem.

The Talks
Our main source will be the lecture notes of Bhatt [Bh17].
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Talk 1: Almost modules and almost commutative algebra – Immanuel Klevesath
(17.10.)

Go through [Bh17, §4.1 - 4.2]: Introduce the categories of almost R-modules (Proposition
4.1.7). Show, that the localization functor ModR → ModaR, M 7→ Ma admits a right adjoint,
namely M 7→ M∗ := HomR(I,M) and a left adjoint given by M 7→ M! := I ⊗R M∗. It can
be helpful to also take a look at [GR, §2.2].

Talk 2: Almost étale extensions and the almost purity theorem in characteristic
p – Nils Tietke (24.10.)

Go through [Bh17, §4.3] and introduce almost finite étale maps (Definition 4.3.1). Show the
almost purity theorem in characteristic p (Theorem 4.3.6 in (loc. cit.)).

Talk 3: Non-Archimedean Banach Algebras – ??? (31.10.)

There are multiple equivalent definitions of perfectoid algebras, one of which uses ultramet-
ric Banach algebras. This talk, covering §5 in [Bh17], is supposed to give an overview of
the subject and explain how the category of uniform Banach algebras has a more algebraic
description.

Talk 4: Perfectoid algebras – ??? (7.11.)

This talk serves as an overview about perfectoid fields and algebras. Summarize sections §2
and §3 in [Bh17], then go on to explain [Bh17, §6] in more detail, in particular the tilting
correspondence ([Bh17, Corollary 6.2.6]) and the almost purity theorem ([Bh17, Theorem
6.2.10]), which we are going to prove in talk 9.

Talk 5: Adic spaces I – Lars Wueste-Schmuelling (14.11.)

The “correct” topological framework for perfectoid spaces are Huber’s adic spaces. Develop
the necessary background in order to introduce adic spaces in the subsequent talk ([We, §1]
or [Bh17, §7] are good references): Define valuation rings and their spectra. Introduce Huber
rings and explain their topology. Define Huber pairs and their associated affinoid adic spaces.

Talk 6: Adic spaces II – Lars Wueste-Schmuelling (21.11.)

Explain, without giving a detailed proof, the main result of [Bh17, §7.4], i.e. a basis of quasi-
compact opens of an affinoid adic space is given by rational subsets. Finally, introduce the
structure presheaf associated to an affinoid adic space and discuss it in more detail ([Bh17,
§7.5]). Finally introduce the notion of a general adic space.

Talk 7: Perfectoid spaces I: Tilting of Rational Subsets – ??? (28.11.)

Perfectoid spaces are adic spaces that are locally affinoid adic spaces of perfectoid rings. Go
through [Bh17, §9.1 – 9.2], introduce them and show their basic properties. The goal of this
talk should be to prove Theorem 9.2.2 in (loc. cit.).
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Talk 8: Perfectoid spaces II: Tate acyclicity – Nils Witt (5.12.)

While for a ring R the natural presheaf of its spectrum SpecR is always a sheaf, this fails
in general for the adic spectrum associated to a Huber pair (R,R+). However, perfectoid
K-algebras (R,R+) over a perfectoid field K are sheafy (“Tate acyclicity for perfectoids”,
[Bh17, Theorem 9.3.1]). Goal of this talk is to sketch a proof of this theorem.

Talk 9: The almost purity theorem – ??? (12.12.)

With the tools developed so far, we can show one of the key ingredients to Bhatt’s proof of
the DST, namely a perfectoid version of Faltings’s almost purity theorem. This is done in
§10 in [Bh17].

Talk 10: The direct summand theorem – Max Witzelsperger (19.12.)

Finally we can prove the direct summand theorem. Following André, one constructs a suit-
able ring extension and shows the DST after base change to this ring with a “Riemann
Hebbarkeitssatz,” which one then descends afterwards. In §11 [Bh17], only the non-derived
variant is proved there, so consult [Bh18] as well.
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