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Preface

Modern algebraic geometry knows a large number of different topologies. Most of them
have been developed to compute certain cohomology groups. The syntomic cohomology
is one of the less known topologies. It has proven useful in various cases, as it is
able to catch more details without becoming impossible to calculate. It was Mazur
who first came up with the notion of syntomic morphisms, probably while looking for
alternatives to the flat cohomology that are fine enough to catch interesting structure
but still not too complicated to calculate. Fontaine and Messing used the syntomic
topology in [FM87] to prove some results on p-adic periods. In [Bau92] Bauer gives a
proof for the conjecture of Birch and Swinnerton-Dyer for abelian varieties with good
reduction everywhere over function fields in characteristic p. Kato extended this notion
to the log-syntomic topology to generalize Bauer’s result to handle bad reduction as
well in [KT03]. Today, syntomic cohomology is used, e.g., in the theory of syntomic
regulators. They are an p-adic analogue of Beilinson’s regulators and give raise to
connections between syntomic cohomology and K-theory (see, e.g., [Niz12])

However, the basic foundations of this topology have not yet been fully collected in
a concise manner. This thesis aims at presenting the foundations of syntomic topology
and cohomology at least as far as they are necessary for the proof of the conjecture of
Birch and Swinnerton-Dyer in |[Bau92)|.

This thesis has three main parts: The first one consists of chapters 1-3. Here the
notion of syntomic morphisms is developed. It forms the constitutive element of the
topology underlying the syntomic cohomology. This part uses mainly material from
[SGA6L Exp. VII], [EGAIV.4] and [Koe89|. It is extended by some propositions pointing
out the simplest applications of the definitions that should make understanding the
basic ideas easier (e.g., , , and . Furthermore, a classification of
generating sequences of a Koszul-regular ideal has been proven (1.1.14] and [1.1.15]) and
some propositions on the behaviour of sequence-regular immersions on stalks have been
given (L2.13 [215).

Chapter 1 defines and explores reqular immersions: A special kind of immersion,
which has some good behaviour, e.g., with respect to codimension. There are two
different types of regular immersions — here called Koszul-reqular immersion and
sequence-reqular immersion — which are compared. In some cases they coincide. For
this fact a proof will be given, as well as counter examples for other cases.

Chapter 2 is about local complete intersections. Local complete intersections are
morphisms which factor through a regular immersion and a smooth morphism. In
particular, syntomic morphisms are local complete intersections. As in the case of
regular immersions, there are two different definitions which will be compared. For



syntomic morphisms they will turn out to coincide.

Chapter 3 finally collects the notions introduced so far in order to define syntomic
morphisms and gives some important properties that will be used later. In particular,
some criteria for a morphism to be syntomic will be given. These criteria will be crucial
later to see that important morphisms are syntomic coverings, e.g., the p-multiplication
on a smooth group scheme (if it is faithfully flat).

Chapters 4-6 constitute the second part of this thesis. Here the notions of syntomic
sites and of syntomic cohomology are developed. Chapter 4 collects some important
statements about Grothendieck topologies that will be employed later to understand
syntomic sites. These statements originate mainly from [SGA3.1] and are reformulated
here using the nowadays more popular notion of covering families instead of sieves.
Additionally, some propositions on the relation between covering morphisms and
surjective morphisms of sheaves have been added.

Chapter 5 introduces the different syntomic sites. Apart from the usual distinction
between big and small sites there will be the syntomic site of a scheme S and the
crystalline-syntomic site, the first one being based on the category Sch(S) like the
étale and the flat site, the latter one being a refinement of the crystalline site. Also, a
comparison morphism will be constructed from the crystalline-syntomic to the syntomic
topos. This will allow us to calculate crystalline cohomology using the syntomic site.
One of the most important features of the syntomic sites will be that the Kummer
sequence is exact in characteristic p, too. The material in this chapter as well as in the
next one is mostly based on [Koe89], but has been extended and generalized to allow
a broader range of base schemes as is needed for the application in the conjecture of
Birch and Swinnerton-Dyer later on: [Koe89] mostly works on the syntomic site of
Spec Wy(k) for k a perfect field of characteristic p. This is generalized here to the site
of syntomic schemes over W(k) and in some parts even to syntomic schemes over a
noetherian ring R.

Chapter 6 defines the crucial syntomic sheaves O using the comparison morphism
of the previous chapter. The construction of these sheaves, resembling universal
crystalline coverings, will be given in detail. Also, theses sheaves will be used to
construct some important exact sequences.

The last part, chapter 7, outlines the proof of the conjecture of Birch and Swinnerton-
Dyer for abelian varieties over function fields in characteristic p as given by [Bau92|.
It shows how the syntomic sheaves O are used to calculate the cohomology groups
appearing in the L-function of an abelian variety.

Acknowledgments: [ would like to thank Prof. Otmar Venjakob for supervising this
thesis and introducing me to this inspiring topic. Furthermore, I would like to thank
Andreas Riedel and Dr. Filippo A. E. Nuccio for helpful discussions and for their
comments on this thesis. In addition, I wish to express my gratitude to Dr. Jakob
Stix for some very helpful discussions and enlightening advice on algebraic geometry.
Finally, my thanks go to Steffen Rimner for his advice concerning the use of the English
language.



Notation: In this thesis, p always denotes a prime, which will be arbitrary apart
from the last chapter, where it will be assumed to be odd. Let G be an abelian group.
Then we define ,nG := ker(p" : G — G), the p-part G(p) := lim ,nG where the limit
is taken over the inclusion maps pnG' — pn1G, and T,G = lgl G where the limit is
taken over the maps p : jn11G — nG. Tor G denotes the torsion subgroup and we let
Gror := G/ Tor G. All rings are commutative. For the sake of readability, the Spec
functor is often omitted. For example, by X xy k(y) we denote X xy Speck(y).






1. Regular Immersions

1.1. Koszul-Regular Immersions

The key element in the definition of the syntomic site is the notion of regular immersion.
It generalizes the idea of factoring out a non-zero divisor and in nice cases it is well-
behaved with respect to codimension . In order to define it in the generality as
needed for our purpose, the Koszul complex — a tool from homological algebra — is used.
The Koszul complex was first introduced by the French mathematician Jean-Louis
Koszul (a member of the second generation of Bourbaki). He originally used the
Koszul complex to construct a cohomology theory for Lie-algebras. As a reminder the
definition of the Koszul complex and some important facts will be given. For a more
complete introduction see [EGAIIL1, 1.1], [Eis99, 17], and [Sta, 12.23ff.].

Definition 1.1.1 ([SGAG6, Exp. VII, 1.1]). Let R be a ring, E a projective finitely
generated R-module, and v : £ — R an R-linear homomorphism, i.e., an element
of the dual space EV. Then the Koszul complex K,(u) associated to u is defined
as follows: Its i-th degree is defined to be the i-th grade of the exterior algebra
N(E), ie., K;(u) = A'(F). Its boundary operator 0 is defined to be the inner
multiplication by u where u is considered as element of the dual space EVY, i.e.,
Ty A ANxy = Y (D) u(zg)zy A AZk Ao+ Az, A short calculation shows
that 9> = 0. This is an antiderivation of degree —1 on A(FE) and is equal to u on
/\1(E) = FE. The Koszul complex is generalized in the obvious way to ringed spaces.

In many cases the following definition is sufficiently flexible and eases notation a lot:

Definition 1.1.2. Let R be a ring and f = (f1,...,[f,) a sequenceﬂ of elements in
R. The Koszul complex K,(f, R) is defined as the Koszul complex of £ = R" and
u : R" — R given by e; — f; with the canonical base {ej,...,e,} of R": We let
KJ(f,R) := K.(u).

Now let M be an R-module. Then we define K (f, M) := K (f, R) ®g M. This is
in accordance with the explicit definition given in [EGAIIIL1, 1.1.1]. The homology
groups H;(K.(f, M)) are denoted by H;(f, M).

Remark 1.1.3 ([EGAIIL1] 1.1.3.5]). One has
Ho(f, M) = M/(Y_ [iM) = R/(f) @ M.

LOf course, such an object should be called r-tuple more appropriately. However, in the context of
regular immersions, the notion of sequences has become common for these objects. Thus, this
thesis will stick with this notation. Also, the enclosing brackets will often be suppressed to ease
notation.


http://stacks.math.columbia.edu/tag/0621

The Koszul complex has the following structure:

Remark 1.1.4. Let f = (fi,..., fr) be a sequence of elements in R, £ = R" with the
canonical base {ej,...,e.}, and u as above. Then we have K;(f, R) = A"(R"). The
boundary operator 0 is

n—1

0: \E) = \(B)

n
TIA ATy »—)Z(—l)kﬂu(xk)xl Ao T N T
k=1

In particular, we have d(e;, A -+ Ae;) = > o (=D f e Ao €y Nei,.
In the special case f = (f1) we get the Koszul complex
f .
0 R——R 0,
With this considerations, one can verify that for general f = (fi,..., f.) one has an

isomorphism K,(f, R) = Ko(f1, R)®---® K¢(f;, R). In this sense, the Koszul complex
is independent of the ordering of f.

Useful for inductions involving the Koszul complex is the following homological lemma:

Lemma 1.1.5. Let K, be a chain complex of free R-modules, concentrated in degrees
0 and 1. Then for every chain complex Lo of R-modules and for every index k > 0
there 1s an exact sequence

0 — Ho(Ke ® Hp(Ls)) —> Hp(Ke ® Ly) —> Hi (Ko ® Hy_1(Ls)) —> 0,

where we set H_1(Ls) = 0.

Proof. See [EGAIIL1, 1.1.4.1] or [Wei94, 4.5.3].

Now the necessary notions have been defined and we can continue with the definition
of Koszul-regularity for morphisms, sequences, and ideals. The term Koszul-regular
goes back to T. Kabele in [Kab71].

Definition 1.1.6.

(i) Let R be a ring, E a projective finitely generated R-module, and v : E — R
an R-linear homomorphism. Then w is called Koszul-regular — or simply regular
if no ambiguity is possible — if the Koszul complex K,(u) is acyclic in positive
degrees and thus is a resolution of B = R/u(E).

(ii) Let f = (f1,..., fr) a sequence of elements in R, and M an R-module. The
sequence f is called M -Koszul-regular, if its Koszul complex K,(f, M) is acyclic
positive degrees. For M = R, the term Koszul-regular is used.
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(iii) An ideal I C R is called Koszul-regular if it is generated by a Koszul-regular
sequence. Then the Koszul complex of the generating sequence is a resolution of

R/I.

Lemma 1.1.7. An ideal I C R is Koszul-reqular if and only if there is a finitely
generated free R-module E and a Koszul-regular homomorphism v : E — R with
im(u) = I. In fact, this is the definition of Koszul-reqular ideals given in [SGAG6, 1.4].

Proof. Let I be Koszul-regular. By definition, there is a Koszul-regular sequence
fi,..., f[r € R. By choosing E' = R" with the canonical base {e1,...,e,.}andu : e; = f;,
the morphism w is Koszul-regular by and by construction one has im(u) = I.
Let E be a finitely generated free R module and u : F — R Koszul-regular with
im(u) = I. Let {ey,...,e,} be a basis of E. Define f; := u(e;). Then the f;
generate I and they form a Koszul-regular sequence by the definition of Koszul-regular
sequence. ]

Example 1.1.8. Let f = (f1). Then f is M-Koszul-regular if and only if H,(f, M) = 0.
But as we have H(f, M) = ker(-f; : M — M) ({1.1.4)), this is the case if and only if f

is a non zero-divisor in M. For f of length greater than one, this can be extended only
to a sufficient condition (see [1.3.1)), the sequence-reqular sequences as defined in [1.2.1]

Lemma 1.1.9 ([Sta, 12.23.4]). Let R be a ring, fi,..., [, € R, and (¢;;) an invertible
r X r-matriz with coefficients in R. Then the Koszul complexes Ko(f1,..., fr) and

K>, cafi, > cirfr) are isomorphic.

Lemma 1.1.10 ([Sta;, 12.24.4]). Let R, S be rings, and ¢ : R — S a flat map of rings. If
a sequence (fi,..., fr) in R is Koszul-reqular, then so is the sequence (p(f1),-..,¢(fr))
in S.

Now we want to prove a result on the classification of Koszul-regular generating
sequences of an ideal. This final result will be in [1.1.14] and [1.1.15] .

Lemma 1.1.11. Let I C R be an proper ideal generated by a Koszul-regular sequence
fis--os fro Then I/I? is a free R/I-module of rank v and the images of fi,..., f, in
I/I? form a base of this R/I-module.

Proof. Let f = (fi1,...,fr). Since f is Koszul-regular, we have H;(f) = 0. This shows
that the following part of the Koszul complex K,(f) is exact:

N@E)—2—p—2 R

where Os(e; A e;) = fie; — fje; and 0y (e;) = f; with the canonical base {ey,..., e} of
R". The image of 0; equals I. Therefore, this induces an exact sequence of R-modules

AR —2 g — 0.

Tensoring with R/, we get an exact sequence of R/I-modules

11


http://stacks.math.columbia.edu/tag/0625
http://stacks.math.columbia.edu/tag/062H

2( por % . %
AR @ R)1 R ®@rR/I 0.

I ®r R/

Here we have for a € R/I that 0)(e;Ne;®a) = e, f;®a—e; fi®a =e,® fja—e;® fia =0
and therefore 9] is an isomorphism R" ®r R/I — [ ®r R/I. Since the tensor product
commutes with direct sums, we have R" ®g R/I = (R/I)" and by we get
I ®r R/I = I/I?. Therefore, I/I? is a free R/I-modules of rank r. The images of
fi,-.., [ form a base, as we have 0;(e;) = f;. O

Corollary 1.1.12. Two Koszul-reqular sequences generating the same ideal have the
same length.

Lemma 1.1.13 ([Stal, 12.24.13]). Let R be a ring, I C R an ideal generated by
fi,. .oy fro If I can be generated by a Koszul-reqular sequence of length r, then fi,..., f.
15 a Koszul-regular sequence.

Corollary 1.1.14. FEvery set of generators for a Koszul-reqular ideal is Koszul-reqular
if and only if it has the minimal possible length (of all sets of generators).

Proof. Let I be an Koszul-regular ideal generated by a Koszul-regular sequence
g1,...,9s. Furthermore, let fi,..., f. be another sequence generating I. As the
images of the elements f; in I/I* form a generating system of I/I?%, by we have
r > s. Since the sequence is assumed to be of minimal length, we have r < s and
therefore r = s. Thus, the sequence fi,..., f, is Koszul-regular by [1.1.13]

Let fi,..., f, be Koszul-regular. Then by we have r = s. Any generating
sequence has to have at least s elements, as the images of the generating sequence in
I/I? have to generate an free module of rank r. Therefore, the sequence fy, ..., f, is
of the minimal possible length. ]

Corollary 1.1.15. Let I C R be an ideal. Then I is Koszul-regular if and only if
exactly the generating sequences of minimal possible length are Koszul-reqular.

The definitions of Koszul-regularity can be generalized to ringed spaces and schemes:

Definition 1.1.16 ([SGAG, Exp. VII, 1.4]).
(i) Let (X, Ox) be a locally ringed space, £ an Ox-module which is locally free and
finitely generated, and u : &€ — Ox an Ox-linear homomorphism. Then w is
called Koszul-regular, if the Koszul complex K,(u) is acyclic positive degrees.

(ii) Let J be an ideal in Ox. Then J is called Koszul-regular if there is, locally in X
a locally free and finitely generated Ox-module £ and a surjective Koszul-regular
homomorphism & — 7, i.e., a Koszul-regular homomorphism & — Ox whose
image is J.

(iii) Let ¢ : X — Y be an immersion of schemes, let U be open in Y with i(X) C U
such that 7 is a closed immersion from X to U. Then ¢ is called Koszul-reqular,
if the ideal defined by i(X) in Oy is Koszul-regular (this condition does not
depend on U). Let x € X. Furthermore, i is called Koszul-regular in x if there

12
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is a neighbourhood V' of i(z), such that the immersion é|;-1yy : i1 (V) — V is
Koszul-regular.

Note that an immersion is Koszul-regular if and only if it is Koszul-regular in
every point.

Proposition 1.1.17. Let Y = Spec B be an affine scheme, I C B a finitely generated
ideal, and 1 : X = Spec B/I — Y the closed immersion defined by I. If I C B is a
Koszul-regular ideal , then v is a Koszul-reqular immersion.

Proof. The Koszul complex associated with the ideal sheaf I C Oy generated by
the ideal I C B consists of free and finitely generated modules which are therefore
quasi-coherent. Thus, whether the Koszul complex is acyclic depends only on the
global section (J[GW10, 7.14]). O

Remark 1.1.18 ([SGAG6, Exp. VII, 1.4.1-3]). Let X be a scheme, J a finitely generated
ideal in Oy, and z a point in supp(Ox/J). A family of sections fi,..., fy of J in a
neighbourhood of z is said to be a minimal generating system of J in a neighbourhood
of x, if the germs (f;), form a minimal generating system of 7, i.e., the images in
J @ k(x) form a base of this k(z)-vector space. In this case the sections f; are said to
generate J in a neighbourhood of x.

With these terms an equivalent criterion for Koszul-regularity can be given: An
immersion defined on a certain open subset of X by a finitely generated ideal J is
Koszul-regular if and only if for every point x € supp(Ox/J) every minimal generating
system of J in a neighbourhood of z is Koszul-regular (this follows immediately from
1.1.9).

Given only that 7 is finitely generated and 7 /J? is locally free and finitely generated,
one notes that every minimal generating system of 7 in a neighbourhood of a point y
in Y induces a base of J/J? in a neighbourhood of 4. On the other hand, given a
base of J/J? in a neighbourhood of y, it can be lifted to a family of sections of .J in a
neighbourhood of y. These sections generate 7, by the Nakayama lemma, and therefore
they generate J in a neighbourhood of y, as J is finitely generated. Furthermore this
generating system is minimal because it induces a base of J/J2.

Proposition 1.1.19 ([SGA6, Exp VII 1.5]). Leti: X — Y be an immersion. The
following statements are equivalent:

(a) The immersion i is Koszul-reqular.
(b) All faithfully flat base changes of i are Koszul-regular.

(c) The immersion i is Koszul-reqular locally in the faithfully flat quasi-compact
topology.

Example 1.1.20. Let k& be a field. The closed immersion Speck — Speck[X] is
Koszul-regular as the ideal (X) is generated by a non zero-divisor in Spec k[X]. The
closed immersion Spec k — Spec k[X]/(X?), however, cannot be Koszul-regular: The
ideal (X) is generated by a zero-divisor on Speck[X]/(X?) and thus it cannot be
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Koszul-regular, as by every generating sequence of a Koszul-regular ideal which
is of minimal length is Koszul-regular. Since Spec k[X]/(X?) has no non-trivial open
subset, the ideal (X) cannot be generated by a Koszul-regular sequence on an open
covering, too.

Definition 1.1.21. Let ¢ : X — Y be an immersion defined in an open subset U C Y
by an ideal J C Oy|y. The Ox-module i*(J/J?) (which does not depend on U) is
called the conormal sheaf of X in Y and denoted by Cx/y. If 7 is regular, then Cx/y is
locally free and finitely generated and its rank is called the codimension of X in 'Y or
the codimension of i. Note that the sheaf Cx/y is denoted by ./\/y/X in [SGA6|, Exp.
VIIJ.

Remark 1.1.22. In the noetherian case, the codimension of a regular immersion

X — Y does in fact coincide with the codimension of X in Y (see(1.2.10]).

Using the conormal sheaves it is possible to state some facts about composition of

. . . . . j 3
regular immersions: Given two closed immersions X — Y — Z the conormal
sheaves lead to the exact sequence

0— j*(Cy/Z) — CX/Z — Cx/y — 0.

Proposition 1.1.23 ([SGA6, Exp. VII, 1.7]). Let j: X =Y and i :Y — Z be two
1MMErsions.

(1) If i and j are Koszul-reqular, then io j is Koszul-reqular and the sequence
0— j*(CY/Z) — CX/Z — Cx/y — 0

is exact. In particular codim(i o j) = codim(i) 4+ codim(j).

(i1) Ifioj and i are Koszul-regular and the above sequence is exact and splits, then j
15 Koszul-reqular.

(111) If Z is noetherian, and ioj as well as j are Koszul-reqular, then i is Koszul-reqular
in the points of j(X).

Remark 1.1.24. It is not easy to find non-trivial examples of sequences that are not
Koszul-regular. However, e.g., [Eis99, Exercise 17.2] gives a criterion for disproving
Koszul-regularity.

1.2. Sequence-Regular Immersions

There is another definition of regularity, which is in the noetherian case equivalent to
Koszul-regularity. It is sometimes easier to work with and it shows the geometrical idea
behind regular immersions in a better way. This definition has been given in [EGAIIL. 1]
earlier than the above definition, but behaves in an unwanted way in non-noetherian
contexts. This will be discussed later in detail.
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Definition 1.2.1. Let R be a ring, ay,...,a, a sequence of elements in R, and
M an R-module. These elements are called an M-sequence-reqular sequence, if a,
is a non zero-divisor in M and for all ¢ > 2 the element a; is a non zero-divisor in
M/(ayM+---4a;_1 M), i.e., the sequence consisting only of a; is M/(ay M+ - -+a;_1M)-
regular. The sequence is said to be sequence-regular (or just regular if there is no
ambiguity possible), if it is R-regular.

An ideal I C R is called a sequence-regqular ideal, if it is generated by a sequence-
regular sequence.

Remark 1.2.2. Some authors additionally require M/ > a;M # 0 for sequence-
regularity, e.g., [Eis99).

Example 1.2.3.

(i) Foraring R, the coordinates X7, ..., X,, form a regular sequence in the polynomial
ring R[X1,..., X,].

(ii) The sequence consisting only of the element X is regular in k[X], but is not in
k[X]/X?, as X is a zero-divisor there.

(i) Let A = C[X,Y]. Then a; = X, as =Y + X is a regular sequence, but b; = XY,
b, = X is not. Here already a relation to the notion of codimension of schemes
can be observed: While A/(ay, as) has codimension 2, A/(by, b2) has codimension
1, although two elements are factored out.

(iv) In a regular noetherian local ring every coordinate system makes up a regular
sequence(|Liu02, Remark 6.3.2]).

(v) In Z the sequences (30,4) and (4,30) are sequence-regular. But in Z/30 the
sequences (3,5) and (5,3) both are not sequence-regular, as they consist of
zero-divisors.

Remark 1.2.4. While in general the regularity of a sequence depends on its order,
this is not the case for a sequence in the maximal ideal of a noetherian local ring
(11.3.5)).

Lemma 1.2.5 ([Liu02, 6.3.6]). Let R be a ring and I C R, I # R be an ideal]
generated by a sequence-reqular sequence ay, ..., a,. Then the images of the elements
a; in I/I? form a basis of I/1? over A/I. In particular, I/1? is a free A/I-module of
rank n.

Corollary 1.2.6. This shows in particular that for a sequence-reqular ideal I all
sequence-reqular generating sequences have the same length.

Definition 1.2.7. Let Y be a scheme and f : X — Y an immersion defined by an ideal
7 on an open subscheme of Y. Then f is a sequence-regular immersion in x € X (of
codimension n in x), if there is a neighbourhood U of f(z) such that Z|; is generated

2 Actually, [Liu02] includes the case I = R, but in this case one gets the zero module over the zero
ring and the statement of the lemma does not hold any longer.
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by a sequence-regular sequence (of length n) in Oy (U). The immersion f is called a
sequence-reqular immersion, if it is sequence-regular in all x € X. The codimension is
well-defined by corollary [1.2.6]

Proposition 1.2.8 (JEGAIV.4, 19.1.5]).
(i) An immersion j: X — Y is an open immersion if and only if it is a sequence-
reqular immersion and of codimension 0 in every point.

(i) Let f : X — Y be a sequence-regular immersion and g : Y' — Y flat. Then
f' X xy Y =Y’ is a sequence-reqular immersion as well. The codimensions
of ' iny €Y' and of f in the corresponding point y € Y coincide.

(i1i) Sequence-reqular immersions are stable under composition.

Proposition 1.2.9. Let S be a scheme and let X,Y be S-schemes with structure
morphisms g : X — S and h :' Y — S locally of finite presentation. Let u: X —Y
be an S-immersion. Let x € X, y € Y be points with g(z) = h(y) = s € S and
X, =g7s), Yy = h™!(s) the corresponding fibers. Then the following statements are
equivalent:

(a) The morphism g is flat in a neighbourhood of x and the immersion u is sequence-
reqular in x.

(b) The morphisms g and h are flat in neighbourhoods of x and y and the induced
immersion us : Xy — Yy 1S sequence-reqular in x.

Proof. See [EGAIV.4| 19.2.4]. O

The following proposition shows, why the notion of codimension of a regular immersion
does in fact correspond to the geometric notion of codimension:

Proposition 1.2.10 (|Liu02, 6.3.11 (b)]). Let i : X — Y be a closed regular im-
mersion of codimension n. Then for any irreducible component Y' of Y one has
codim(X NY",Y') = n whenever X NY'" # (. Furthermore, one has dim Ox, =
dim Oyiz) —n for all x € X.

Example 1.2.11. Let R;, Ry be rings and consider the ring R = R; x Ry. One
has f = (1,0) € R. Obviously, f is a zero-divisor. However, the closed immersion
i:Spec R/f — Spec R is sequence-regular: One has Spec R/ f = Spec Ry which is an
open and closed subset of Spec R. Therefore, the morphism ¢ is an open immersion
as well and thus is trivially sequence-regular. This shows that even dividing out a
zero-divisor can be a sequence-regular immersion.

Lemma 1.2.12. Let A be a ring and f € A a non zero-divisor. Then f is a non
zero-divisor in Ay for all p € Spec A.

Proof. Let p € Spec A and { -2 =01in A, with b ¢ p. Then there is a ¢t ¢ p with
Jra-t=0in A. As [ is a non zero-divisor, this implies a -t = 0 and hence § = 0 in
Apc D
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Proposition 1.2.13. Let f: X — Y be a sequence-reqular immersion. Then for all
x € X the ideal ker((’)yﬂy) — Ox) is sequence-regular.

Proof. This follow by induction from the above Lemma [1.2.12] m

The following two statements show that in the noetherian case even the inverse of [1.2.13
holds: Sequence-regular sequences on the stalks can be lifted to a neighbourhood.

Lemma 1.2.14 (Lifting of non zero-divisors). Let A be a noetherian ring, p € Spec A
a prime ideal, and [ € A such that the induced f € A, is not zero. Let the annulator
of f in Ay be trivial, i.e., Anny, (f) = 0. Then there is an element b € A\ p such that
Anny, (f) =0.

Proof. Let I be the ideal

I'={gep|Ixgp: agf=0}.

This is in fact an ideal: Let g1, g1 € I with z1,29 ¢ p and 2191 f = 2292f = 0. Then
x1we ¢ p and mza(gr + go)f = 0, thus g1 + g2 € I. Let g € I with zgf = 0 and
A € A. Then obviously zAgf = 0, thus A\g € I. As A is noetherian, I = (¢1,...,9x»)
is finitely generated. For all g; one has g;f = %glf =01in A,. But as Anny, (f) =0
it follows that g; = 0 in A, therefore, there is an element b, ¢ p with b;g; = 0 in
A. Now let b = by---b,. As p is prime, obviously b ¢ p. We have to show that
Anny, (f) =0, thus let % f = 01in A, ie., b"yf =01in A for some m’ > 0. But then
Yy =aig1 + -+ ang, € I and thus in A, one has y = 0. Hence, Anny, (f) = 0. O

Proposition 1.2.15. Let Y be a locally noetherian scheme and let f : X — Y be
a closed immersion defined by a sheaf of ideals J C Oy. Let x € X. If Jpw) is
sequence-reqular, then there is an affine open neighbourhood V' of f(x) such that J (V)
s generated by a sequence-reqular sequence, i.e., f is sequence-reqular in x.

Proof. Let Jf@z) C Oy pw) be sequence-regular. Then it is generated by a sequence-
regular sequence fi 4, ..., funz. By [GW10, 7.7.29] this sequence lifts to a generating
sequence fi,..., f, on some neighbourhood V' of f(z). It remains to show that on
some neighbourhood this sequence is even sequence-regular, what will be done by
induction on n.

V' can be assumed to be affine. For n = 1, the statement follows from [1.2.14, Now
let fi4,..., fa+12 be sequence-regular. Then f ,,..., f, . is sequence-regular, too, and
can be lifted by induction hypothesis to some affine neighbourhood V” = Spec A C V.
Let p, C A denote the prime ideal corresponding to = and J = (f1,..., f,) C A. As
fui1.s is a non zero-divisor in (A/J);,, there is a b € A/I, b ¢ p, such that f,,, is
a non zero-divisor in (A/J);. Let b € A\ p, be a lift of b, then on V = Spec A4, the
sequence is sequence-regular. ]

Remark 1.2.16. The definition given in |[Liu02, 6.3.4] for a regular immersion f :
X — Y uses the property shown just before in [1.2.15; It requires for all x € X the
ideal ker(Oy, () = Ox,) to be regular. As the definition is given there only for locally
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noetherian schemes there, this is equivalent to the definition used here. If one would
extend Liu’s definition to non noetherian schemes, sequence-regular immersions would
not necessarily be Koszul-regular immersions, too.

Lemma 1.2.17 ([Koe89|). Let A be a noetherian ring, I C A[Xy,...,X,]| an ideal
inducing a sequence-regqular immersion Spec B — Spec A[X, ..., X,| where B =
AlX1,...,X,]/I. Then the scheme Spec B is locally of the form Spec By with By =
AlXo, ..., Xu]/(Po, ..., Py) with a sequence-reqular sequence Py, ..., Py.

Proof. By the definition of sequence-regular immersion ([1.2.7)), there is an f €
A[Xy,...,X,] and a sequence-regular sequence Py, ..., P; € A[Xy,..., X,]s such that
Iy = (Py,..., P;). By neglecting the (invertible) denominators, we can assume that
P, € AlXy,...,X,]. Now we define Py := fXy—1 € A[Xy,...,X,] which is a
non zero-divisor with A[Xoy, ..., X,]/(Fy) = A[Xy,...,X,]s. Therefore, Fy,..., Py
form a sequence-regular sequence in By = A[Xy,...,X,]| with By/(Fo,...,P;) =
AlXo, ..., Xuls/(Pr, ..., Pa). O

Proposition 1.2.18 ([EGAIV .4, 19.8.2]). Let (\) be a projective filtered system with
minimal element «. Let Sy be a projective system of schemes and let Xy, Y\ be
projective systems over Sy-schemes flat and locally of finite presentation with X, and
Y, quasi-compact. Let S = I'&nS,\, X = I'&HX,\, and Y = l'&lY,\. Let jo, : Xo — Y, be
an S, 1tmmersion locally of finite presentation. Then the induced immersion j : X —Y
1s sequence-reqular if and only if there is an index X > « such that 75 : X\ — Y, s
sequence-reqular.

e 1l

Proof. The condition is sufficient as sequence-regularity is stable under arbitrary base
change under the conditions given here (JEGAIV.4] 19.2.4] and [EGAIV.4, 19.2.7 (ii)]).

Let y € j(X). Let s be the image of y in S and let s, be the image of s in S. If one
denotes by X, Y; the fibers of s, then X, Y, are the projective limits of (X,),, and
(Y))s,- As by Js + Xs — Yy is sequence-regular and the induced transition maps
sy — sy on the images of s are faithfully flat, [EGAIV.4, 19.8.1 (ii)] shows that for
every s there is a A(s) such that the immersion (Xy)s, — (Y))s, is sequence-regular and
thus by there is a neighbourhood V) (y,) of y, such that j>‘|j/\71(V>\(y,\)) — Vi(yy) is
regular. Denote by V' (y) the preimage of V)(y,) in Y. As X is quasi-compact, j(X) is
quasi-compact, too, and only finitely many yi, ..., ¥y, are needed such that the V' (y;)
cover j(X). For every A, let V) = J_, Va(vi»). Thus there is a largest A such that
Jal it V) is sequence-regular. As furthermore, the preimage of V) in Y equals Y,
by [EGAIV.3| 8.3.4] there is a possibly larger A with V), = Y, and hence the proposition
follows. ]

Proposition 1.2.19 (|[Kun86, B.23]). Let R and P be noetherian local rings, and
R — P a flat local homomorphism. Let I C R be an ideal and R = R/I, P = P/IP.
Let f1,..., fi be a sequence of elements of P and let f; denote the images of the f; in
P. Then the following statements are equivalent:

(a) The fi,..., fa form a P-sequence-reqular sequence and P/(fi,..., fi) is a flat
R-module.
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(b) The fi,- .., fa for a P-sequence-reqular sequence and P/(fi,..., f1) is a flat
P-module.

1.3. Comparison of the Definitions

While Koszul-regularity provides the powerful tools of homological algebra, sequence-
regularity is often easier to verify and in particular to falsify as it is more closely related
to the concept of non zero-divisors (nevertheless, bearing in mind examples like .
Therefore, it is of great interest to compare these two notions. This section aims at
doing this.

Proposition 1.3.1 (|[EGAIIL1, 1.1.4]). Let R be a ring, f = (f1,..., fr) a sequence of
elements of R, M an R-module. If f is M -sequence-reqular, then f is M-Koszul-reqular.

Proof. The proof is done via induction on 7: The case r = 1 is trivial by [[.T.§ Let f be
M-sequence-regular and assume the statement has been proven up to r— 1. Define ' =
(f1,..., fr—1), which is obviously again M-sequence-regular. Let L, = K (f’, M) then
by induction hypothesis H;(L,) = 0 for all i > 0. Furthermore we have Hy(Le) = M,_;
. LetK.:K.(fT):0—>K1—>K0—>OwithK0:K1:Randd1:K1—>K0
the multiplication with f,., then we have K (f, M) = K, ®r Lo. Thus, for kK > 2 one
has Hy(f, M) =0 by and by the induction hypothesis. For & = 1 we have to show
that Hy(K, ®g Ho(Le)) = 0. But we have Hy (K, ®pg Ho(Ls)) = ker(K; @ g M, —
K() KRR Mr—l) = ker(MT_l — Mr—la Z = fr . Z) = 0. ]

Corollary 1.3.2. Fvery sequence-reqular immersion is Koszul-reqular as well.

The converse does not hold in general, as will be demonstrated in [1.3.8 and [1.3.9]
However, given the right conditions, the definitions are in fact equivalent, as mentioned
earlier. This will now be proved in the following theorem, which constitutes the main
result of this section:

Theorem 1.3.3 ([EGAIV .4, 19.5.1]). Let A be a ring, f = (f1,..., fr) a sequence of
elements in A, and M an A-module. Let I be the ideal generated by fi, ..., f.. If every
quotient module of a submodule of M 1is separated with respect to the I-adic topology,
then the following statements are equivalent:

(a) f is M-sequence-regular.

(b) Hi(f,M)=0 foralli >0 (i.e., f is Koszul-reqular).

(C) Hl(fuM) =0.

Without the hypothesis of separateness, still = = holds.
Proof. The implication = has been shown in [1.3.1} the implication [(b)] =

is trivial. Thus, it is sufficient to show = given that every quotient module of
a submodule of M is separated with respect to the I-adic topology. The proof will be
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done via induction on r. For r = 1, one has 0 = Hy(f, M) =ker(M — M,z — f; - z),
thus f = (f1) is M-sequence-regular. Let r > 2 and f' = (fi,..., fr—1), then one has,
as above, Ko(f, M) = K,(f.) @4 Ko(f', M). With one obtains an exact sequence

0—— HO(fryHl(flvM))

Hy(f, M) —— Hy(fy, Ho(f', M)) —— 0.

Thus, from H,(f, M) = 0 one gets Ho(f., Hi(f',M)) =0 and H,(f,, Ho(f',M)) = 0.
With [1.1.3) we obtain Hy(f,, Hi(f', M)) = Hi(f', M)/ f-H:i(f', M), thus f, Hi(f', M) =
H(f',M). By definition, the module H;(f’, M) is isomorphic to a quotient N/N’,
where N is a submodule M"~!. Let M"~! be equipped with the filtration given by M7,
j <r—1,let N be equipped with the induced filtration, and let H;(f’, M) be equipped
with the quotient filtration of N. Then H;(f’, M) has a finite filtration whose quotients
are isomorphic to quotients of submodules of M and hence H;(f’, M) is separated with
respect to the I-adic topology by hypothesis. Now, because of f,.Hy(f', M) = H,(f', M),
we have already I - H(f', M) = Hy(f', M) and thus H,(f’, M) = 0 since it is I-
adically separated. Therefore, by induction hypothesis, the sequence f’ is M-sequence-
regular. But Hy(f., Ho(f', M)) = 0 shows, also by induction hypothesis, that f, is
Ho(f',M) = M/(fiM + --- + f._1M)-sequence-regular and thus f is M-sequence-
regular. ]

Corollary 1.3.4 ([EGAIV.4, 19.5.2]). Let A be a noetherian ring, fi,..., [, € rad A,
and M a finitely generated A-module (e.g., A). Then the statements (md
of [1.5.3 are equivalent. In particular, the sequence fi,..., f, is sequence-reqular if and
only if it is Koszul-regular.

Proof. As A is noetherian, every submodule of the finitely generated A-module M is
finitely generated as well. Quotient modules of these finitely generated submodules
obviously are finitely generated as well. Being finitely generated modules, all these
modules are (fi,..., f,)-adically separated ([EGAIL 0.7.3.5]). Therefore, theorem [1.3.3]
can be applied. O

Corollary 1.3.5. Let (A, m) be a local noetherian ring, f1,..., f. € m. Then fi,..., f:
is sequence-reqular if and only if it is Koszul-regular.

Corollary 1.3.6. Let (A, m) be a local noetherian ring, fi,...,fr € m. If fi,..., f-
1s sequence-reqular, then every reordering of the sequence is sequence-reqular, too.

Corollary 1.3.7. Let ¢ : X — Y be an immersion of schemes and assume Y is
locally noetherian. Then i is a Koszul-reqular immersion if and only if it is a
sequence-reqular immersion :

Proof. Let © be Koszul-regular and € X. Then there is an affine open set Spec A =
V C Y and an affine open neighbourhood U C X of x such that the closed immersion
U — V is induced by an ideal I generated by a Koszul-regular sequence fi,..., f, € A.
The point i(x) € Y corresponds to a prime ideal p C A with I C p. Therefore, I, # A,
and thus can be applied: The element fi, ..., f, form a sequence-regular sequence
in Ay, = Oy,p). With this shows that ¢ is sequence-regular in . The inverse
statement has already been proven in |1.3.2 ]
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However, the definitions of Koszul-regularity and sequence-regularity are not equivalent
in all cases. In order to clarify their relation, in the following we will construct two
examples, which do not fulfill both definitions.

Example 1.3.8 (|Eis99| 17.3]). Let k be a field and R = k[X,Y, Z]/(X — 1)Z. The
elements X and (X —1)Y generate the ideal (X, (X —-1)Y) = (X,Y) # R. Furthermore,
X is a non zero-divisor in R and in R/(X) = k[Y, Z]/Z the element (X —1)Y =Y is
a non zero-divisor. Therefore, the sequence X, (X — 1)Y is sequence-regular and hence
Koszul-regular. But we have (X —1)Y -Z = 0in R and thus (X —1)Y is a zero-divisor
in R. Therefore, the sequence (X —1)Y, X cannot be sequence-regular. However, it is
of course Koszul-regular as it is just a reordering of a Koszul-regular sequence.

As the sequence-regularity of an immersion is defined locally, it is of some interest to
find an example even in local rings where Koszul-regularity and sequence-regularity do
not coincide.

Example 1.3.9 ([EGAIV.4 16.9.6]). Consider the sheaf of real-valued C*-functions
on R. Let F be the ring of germs of this sheaf in 0. This local ring contains the
maximal ideal m = {f | f(0) = 0}. (To simplify notation, germs will be written by
representatives). Furthermore F' contains the function ¢ : z +— 2. By [A.1.4] the ideal
m is generated by t.

As the functions 7" exp(—=;) can be extended to C*-functions in 0 for all k (by
iterated application of de 'Hospital), one has exp(—a%) € N, m" =: n # 0. This shows
that m is not separated.

Let now A = F[T|/wTF[T] and let fi, f5 be the images of ¢t and 7" in A. Then the
sequence (f1, f2) is sequence-regular in A: First we show that f; is a non-zero divisor.
Let P(T') € F[T] with tP(T) € wTF[T]. For reasons of degree the coefficients of P(T')
have to be in n and thus P(7") € nTF[T]. It remains to show that f; is no zero-divisor
in A/f1A. As we have B/tB = R, we have that A/f; A = R[T] is an integral domain.
Hence, the element fy =T # 0 is a non zero-divisor in R[T].

On the other hand, (fs, f1) is not sequence-regular in A: Let z € n,  # 0 in A.
Then one has 7 = 0 in A and thus fy divides zero.

To show that this is in fact a counter example, only a few steps are left: As (f, f2)
is sequence-regular in A, we have H;((f1, f2), A) = 0 for i > 0 with [1.3.1] i.e., (f1, f2) is
Koszul-regular. But then we have also H;((f2, f1), A) = 0: Whether K, is acyclic does
not depend on the ordering of the sequence (see . But as shown before, (fs, f1) is
not sequence-regular in A and thus is Koszul-regular but not sequence-regular.

This counter example illustrates why the definition of sequence-regularity does not
behave well in non-noetherian contexts: In general one is interested in the geometric
properties of an immersion defined by an ideal. But this properties should not depend on
the generating system of the ideal and in particular not on the ordering of the generating
system. The Koszul complex gives rise to exactly this kind of behaviour. For more

examples comparing different properties of sequence-regularity and Koszul-regularity
see [KabT71].
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Lemma 1.3.10 ([Koe89]). Let A be a noetherian ring, I C A[Xy,...,X,] an ideal
such that Spec B — Spec A[X1, ..., X,] with B = A[Xy,...,X,]/I is a regular im-
mersion. Then the scheme Spec B is (Zariski-)locally of the form Spec By with
By = A[Xo, ..., Xu]/(Po, ..., Py) with a reqular sequence Py, ..., Py.

Proof. Since A is noetherian, the notions of Koszul-regularity and sequence-regularity
coincide. Thus, the statement follows from [1.2.17 O]

Proposition 1.3.11 ([SGA6, Exp. VII, 1.10]). Let X and Y be smooth S-schemes.
Then every S-immersion X — Y is sequence-reqular and hence Koszul-regular. In
particular, every section of a smooth morphism is a sequence-reqular and hence Koszul-
reqular immersion.

Proof. By [EGAIV.4, 17.12.1], the immersion is a sequence-regular immersion and
therefore is Koszul-regular by [1.3.2] O
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2. Local Complete Intersections

This chapter introduces local complete intersections. They are a generalization of
regular immersions, which turn out — in spite of exhibiting nice properties — to be too
restrictive for our needs. As a main difference we will now allow composition with a
smooth morphism. This enables us to handle not only subschemes but a much larger
class of morphisms.

2.1. SGA Local Complete Intersections

Definition 2.1.1 ([SGAG6, Exp. VIII, 1.1]). Let f : X — Y be a morphism of schemes.
Then f is called a local complete intersection in x € X if there is a neighbourhood U
of x and a smooth Y-scheme V' such that the restriction of f to U factorizes via V:

zelU

where ¢ is a Koszul-regular immersion. f is called a local complete intersection if it
is a complete intersection in every point. In [SGAG6| this is called simply complete
intersection.

Remark 2.1.2. Smooth morphisms are trivially local complete intersections.

By replacing V' by an open subset one can assume that ¢ is a closed Koszul-regular
immersion. One can even replace V' by some affine space Ay over Y: In fact, as the
notion is local, on can assume that V' is affine and that the image in Y is contained
in an affine open W C Y. Then there is an n € IN and a closed W-immersion
V. — Ajj, respectively a Y-immersion V' — A}, which is Koszul-regular by [1.3.11]
Since the composition of two Koszul-regular immersion is Koszul-regular, one gets a
Koszul-regular Y-immersion U — Ay, which factorizes f.

Proposition 2.1.3 ([SGA6, Exp. VIII, 1.3]). Suppose one has a commutative diagram
V/

X
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where © and j are immersions and p 1s a smooth morphism. Then © is a Koszul-reqular
immersion if and only if 7 is a Koszul-regular immersion.

Proof. See [SGAG6, Exp. VIII, 1.3]. O

Corollary 2.1.4. Let f : X — Y be a local complete intersection. Then every
Y -immersion i : X — Z from X to a smooth Y -scheme is Koszul-regular.

Proof. Let x € X. Then there is an open neighbourhood U C X of x such that f
factors as U — V — Y where U — V is a Koszul-regular immersion and V' — Y is a
smooth morphism. The restriction ¢ : U — Z is an immersion as well and there is a
commutative diagram

%

U=V xy Z Y,

where V' — Y and Z — Y are smooth, therefore the projections V' xy Z — V and
V Xy Z — Z are smooth, too. Since U — Z and U — V are immersions, U — V Xy Z
is an immersion, too . The morphism U — V' is even Koszul-regular, and thus
2.1.3| shows that U — V xy Z is Koszul-regular, too. By another application of this
argument it follows that U — Z is Koszul-regular. [

Proposition 2.1.5 ([SGAG6, Exp. VIII, Prop. 1.5]). Let f: X — Y andg:Y — Z

be two local complete intersections. Then g o f is a local complete intersection, too.

Proof. Let x € X. There are neighbourhoods U of x and V' of f(x) and Koszul-regular
immersions 7, j such that

U—t Ap — L g
f
v LAy
g
Z,

where j' is the base change of j by the flat projection A7 — A7 and thus a Koszul-
regular immersion. With [1.1.23] the morphism j’ o i is a Koszul-regular immersion
from U to a smooth scheme over Z. [
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Proposition 2.1.6 ([SGA6, Exp. VIII, 1.6]). Let f : X — Y be a morphism of
schemes and g : Y' — Y a flat base change. If f is a local complete intersection, then
X xy Y — Y’ is a local complete intersection, too. If g is quasi-compact and
surjective, the inverse holds, too.

Proof. If f is a local complete intersection, there is a covering X = |J, U; such
that f factors locally as U; — V; — Y where U; — V; is a Koszul-regular
immersion and V; — Y is smooth. The U; xy Y’ form a covering of X xy Y’ and
the U; xy Y/ — V; Xy Y’ are Koszul-regular by [.1.19] As base changes of smooth
morphisms the morphisms V; xy Y’ — Y’ are smooth ([GW10, 6.15]). Thus, f’ is a
local complete intersection.

Let f’ be a local complete intersection and assume that g is quasi-compact and
faithfully flat. Then by faithfully flat descent ([GW10, 14.51 (1)]), f is locally of
finite presentation. Therefore, locally, there is a factorization f : X — Ay — Y
via an immersion followed by a smooth morphism which induces a factorization
f i X xy Y — AY, — Y": Thus, we have

X An 1%

X xy Y’ AT, Y’

Since immersions are stable under base change ([GW10, 4.32]), X xy Y’ — A},
is an immersion, too, and therefore it is Koszul-regular by as Ay — Y’ is
smooth. In addition, Ay, — AY is as base change of a faithfully flat and quasi-compact
morphism faithfully flat and quasi-compact itself, thus shows that X — A¥ is a
Koszul-regular immersion and therefore f is a local complete intersection. O

2.2. EGA Local Complete Intersections

In [EGAIV .4, 19.3] Grothendieck also gives definitions for local complete intersections
which are more algebraic and thus often easier to handle. In the syntomic case which
is interesting for us, the definitions will be equivalent to the definition given in [2.1.1]

Definition 2.2.1 ([EGAIV.4, 19.3.1]). Let A be a local noetherian ring. Then A is
said to be an EGA absolute complete intersection, if its completion Ais isomorphic to
a quotient of a local noetherian complete regular ring B by a sequence-regular ideal.

A locally noetherian scheme X is an EGA absolute complete intersection in a point
x € X, if Ox, is an EGA absolute complete intersection.

Proposition 2.2.2 ([EGAIV.4, 19.3.2]). Let B be a local noetherian regular ring,
I C B anideal. Then A= B/I is an EGA absolute complete intersection if and only
if the ideal I is sequence-reqular.
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Thus, in particular, Definition is independent of the chosen ring B. Furthermore,
this shows that every regular local noetherian ring is an EGA absolute complete
intersection.

Corollary 2.2.3 (|[EGAIV.4] 19.3.4]). Let k be a field, X a scheme locally of finite
type over k, k' D k a field extension, X' = X Qi k'. Let ' € X', x the projection of x’
to X. Then X is an absolute complete intersection in x if and only if X' is an absolute
complete intersection in x’.

Definition 2.2.4 ([EGAIV.4] 19.3.6]). Let f : X — S be a flat morphism locally of
finite presentation. Then X is called a EGA local complete intersection in x € X (in
[EGAIV.4] called complete intersection relative to S in x € X), if the fiber f~*(f(z))
is an EGA absolute complete intersection in x. The S-scheme X is called an FGA
local complete intersection (in [EGAIV.4, 19.3.6] complete intersection relative to S)
and f an FGA local complete intersection, if X is an EGA complete intersection in all
of its points.

Remark 2.2.5. Note that f~1(f(z)) = X x5 Speck(f(x)) is locally of finite presen-
tation over Spec k(f(z)) and thereby locally noetherian. Thus the definition of EGA
absolute complete intersections can be applied.

Proposition 2.2.6. Let f: X — S be a flat morphism locally of finite presentation.
Then f 1s an EGA local complete intersection if and only if for all x € X the ring
OX,x/mf(m)OX,m 1s an absolute complete intersection.

Proof. The morphism X — S is an EGA local complete intersection if for all x € X
the fiber f~!(f(z)) is an absolute local complete intersection. This is the case if
and only if for all z € X the local ring of z in f~1(f(z)) = X xg x(f(x)) which is
Ox.s R0 4w ((’)gjf(x)/mf(x)(’)&f(x)) is an absolute complete intersection. O

Proposition 2.2.7 (JEGAIV .4, 19.3.7]). Given the following commutative diagram

f

N A

X Y

where g and h are flat and locally of finite presentation, h smooth and f an immersion.
Let x € X and y = f(z), s = g(x). Then g is an EGA local complete intersection in x
if and only if f is sequence-regular in a neighbourhood of x.

Proof. The morphism ¢ is an EGA local complete intersection in x if and only if
X, = g7*(s) is an EGA absolute complete intersection in z. Since h is smooth,
Y, = h™!(s) is smooth over x(s) and as such is regular in y by [GW10, 6.26]. As
moreover, Ox, , = Oy, ,/ ker f,, by the fiber X, is an EGA absolute complete
intersection in z if and only if f, : X, — Y, is sequence-regular in x, which is by
equivalent to f being sequence-regular in a neighbourhood of x. ]
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Proposition 2.2.8 ([SGA6, Exp. VIII, 1.6]). Let f : X — Y be a morphism and
g Y — Y a base change. If f is an EGA local complete intersection, then
X xy Y — Y is an EGA local complete intersection, too.

Proof. Let f be an EGA local complete intersection. It follows immediately that
f’ is flat and locally of finite presentation. Then, for every ¢ € Y, y = g(v),
F7Yy) = X xy Y xy: k(y') = X xy k(y') is an absolute complete intersection if and
only if f~'(y) = X Xy k(y) is an absolute complete intersection by [2.2.3| O

2.3. Comparison

The following proposition is of particular interest, as it states that local complete
intersections and EGA local complete intersections are equivalent in the case considered
in the following in this thesis, namely, the syntomic case.

Proposition 2.3.1 ([SGAG, Exp. VIII, 1.4]). Let f : X — Y be a flat morphism
locally of finite presentation. Then f is a local complete intersection if and only if it is
an EGA local complete intersection.

Proof. Let f be a local complete intersection and let € X. Then there is a neigh-
bourhood U of z and a factorization

f

relU
V

where i is a Koszul-regular immersion (without loss of generality closed) and g is a
smooth morphism. Without loss of generality, we have V = Spec B, U = Spec B/I =
Spec A, and Y = Spec C.

Let y = f(z), U, :== f~'(y), V, := g '(y). The claim is that the induced immersion
iy : Uy — V, is Koszul-regular in z: The closed immersion ¢ : Spec A — Spec B is
defined by a Koszul-regular ideal I C B. Therefore, the Koszul complex of i (denoted
by K,(i) in the following) is (possibly after localization) a resolution of B/I = A.
Since A and B are finite over C' and the Koszul complex consists of free B-modules,
the complex K,(i) is even a C-flat resolution. Since V,, = Spec B ®¢ k(y) one has
K.(iy) = K.(i) ®c k(y). Therefore, the homology groups of K,(i,) are equal to
Tor®(B/I,k(y)). As X = Spec B/I is assumed to be flat over Y, these groups vanish
for 4 > 0 and therefore ¢, is Koszul-regular. This shows that I, a Koszul-regular ideal
and hence by sequence-regular.

Next, note that the local ring of y in V,, is regular, as V,, is smooth over Spec k(y)
(|IGW10, 6.26]). Therefore, U, is the quotient of a regular ring by a sequence-regular
ideal and hence an EGA complete intersection by This shows that f is an EGA
local complete intersection.

Y,
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Now let f be an EGA local complete intersection and x € X. Let U’ = Spec A
be an affine open neighbourhood of f(z) and U an affine open neighbourhood of x
in X contained in the preimage of U’. With f being locally of finite presentation,
there is — maybe after further localization — a factorization of f : U — U’ via
V = Spec A[Ty, ..., T,], where i : U — V is a closed immersion and g : V' — U’ is flat.
With this shows that 7 is a sequence-regular immersion and hence Koszul-regular.
Therefore, f is a local complete intersection. O

Remark 2.3.2. A famous example for the use of local complete intersections is Andrew
Wiles’ proof of Fermat’s Last Theorem: He proves that a certain Hecke algebra is
a complete intersection (see [TW95] and [Wil95]). For an introduction to complete
intersections in the context of Fermat’s Last Theorem, see [SRS97].
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3. Syntomic Morphisms

This chapter concludes the first part of the thesis by introducing syntomic morphisms.
They will form the constitutive element of the topologies introduced later in this
thesis. We present some of their basic properties and establish some important criteria
that will allow us to show that some morphisms are syntomic coverings. n particular,
this enables us to show that on the syntomic site the Kummer sequence is exact in
characteristic p > 0, too, which is one of the most important properties of the syntomic
topology.

Definition 3.1.1. A morphism f : X — S of schemes is called syntomic, if it is
locally of finite presentation, flat and a local complete intersection.

Remark 3.1.2. The name “syntomic” was created by Barry Mazur. In a mail to
Thanos D. Papaioannou he explains its meaning ([Maz):

Thanks for your question. I'm thinking of “local complete intersection” as
being a way of cutting out a (sub-) space from an ambient surrounding
space; the fact that it is flat over the parameter space means that each such
“cutting” as you move along the parameter space, is—more or less—cut
out similarly. I'm also thinking of the word “syntomic” as built from the
verb temnein (i.e., to cut) and the prefix “syn” which I take in the sense of
“same” or “together”. So I think it fits.

Lemma 3.1.3 (|[Bau92, 1.2]).

(i) Open immersions are syntomic.
(i) The composition of syntomic morphisms is syntomic.

(11i) Syntomic morphisms are stable under arbitrary base change.

Proof. [(i)} Since an open immersions is smooth ([GW10, 6.15]), it is trivially a local
complete intersection. Also open immersions are locally of finite presentation (|[GW10,
10.35]) and flat and thus syntomic. [(i)} Flat morphisms and morphisms locally of
finite presentation are stable under composition. Local complete intersections are
stable under composition by Flat morphisms and morphisms locally of finite
presentation are stable under base change. Local complete intersections which are flat
and locally of finite presentation are stable under base change by [2.2.8| O]
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Lemma 3.1.4. Let f : X — Y be a flat morphism of smooth S-schemes. Then f is
syntomic.

Proof. The morphism f is of finite presentation as it is a morphism of S-schemes
locally of finite presentation ([GW10, 10.35]). It remains to show that f factors locally
through a Koszul-regular immersion followed by a smooth morphism. Consider the
factoring through the graph I'y

where 7y is smooth as it is a base change of a smooth morphism. The graph I'y is
an immersion [GW10, 9.5] between smooth S-schemes and as such a Koszul-regular
immersion by [1.3.11} Since f is flat by hypothesis, it is syntomic. ]

Proposition 3.1.5 ([Koe89|). Let A = lim A\ be a filtered limit of rings and A a
finitely generated syntomic A-algebra. Then there is an index v and a finitely generated
syntomic A,-algebra Al, such that A" = A®4, A,

Proof. A’ is locally of finite presentation. Since all the statements are local and affine
schemes are quasi compact, we can assume without restriction that A’ is of finite
presentation. Then by [GW10, 10.65] there is an index p and an A,-algebra A, of finite
presentation with A" = A} @4, A. Therefore, we have A}, = A,[Xy,..., X,]/(f1,- -, fa)
with certain f; € A,[Xy,...,X,]. By defining A\ = A, ®a, Ay for A > p we have
A" = lim Ay = A) ®,, A. Since A" is flat as A-module, by [EGAIV.3, 11.2.6.1]
there is a i > p such that A) is flat as Ay-algebra for all A > . So by now we
can assume without restriction that for all A the algebras A are flat and locally of
finite presentation as Ay-algebras and therefore the definitions of SGA-local complete
intersections and EGA-local complete intersections coincide . Thus, it is suf-
ficient to show that there is a v such that A/, is an EGA-local complete intersection
as A,-algebra. Since A’ is an EGA local complete intersection as well, the immer-
sion Spec A[Ty,...,T,] — Spec AT, ..., T,]/(f1,- .., fa) = A" is sequence-regular by
2.2.7 Therefore, Proposition [1.2.18 shows that there is a v such that the immer-
sion A, [Ty,...,T,] = AT, ..., T.]/(f1,. .., fa) = Al is sequence-regular and hence
A, — Al is an EGA local complete intersection. ]

Proposition 3.1.6. Let A be a noetherian ring and X be a syntomic scheme over
Spec A. Then locally X is of the form

U = Spec ATy, ..., T,)/ (P, ..., Py,
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where Py, ..., Py € AlTy,...,T,] form a sequence-reqular (and therefore Koszul-reqular)
sequence.

Proof. By definition of local complete intersections, X — Spec A factors locally as
X — A" — Spec A, with X — A’} being a Koszul-regular immersion. Therefore, the

statement follows by [L.3.10] O]

Nil immersions play an important role in the construction of the crystalline site (cf.
5.2.1). In |5.3.6] we will construct a morphism from the crystalline-syntomic topos
to the syntomic topos. Crucial for this result will be the following theorem stating
that syntomic coverings of schemes locally can be lifted to syntomic coverings of nil
immersions.

Proposition 3.1.7 ([Koe89]). (Lifting of syntomic morphisms) Consider the following
diagram

where u is syntomic and U — T is a closed nil immersion. Then there is a Zariski
covering {U; — U'} of U and T; such that the diagram

U T,

~

s cartesian with v; syntomic.

Proof. Without loss of generality, let U = Spec A and T' = Spec B be affine and
U’ = Spec A’ with A’ a finitely generated syntomic A-algebra. We denote by I the kernel
of the nil immersion B — A, i.e., A = B/I. First assume that A and B are noetherian.
By|[L.3.10]we can even assume without loss of generality A’ = A[X,, ..., X,]/(F, ..., Py
with (P, ..., P;) sequence-regular. Choosing lifts S; € B[Xy, ..., X,] for the P; €
AlXo,...,X,], one defines B = B[ Xy, ..., X,]/(So,...,54). It remains to show that
the S; generate a Koszul-regular ideal in B[Xj, ... X,] and that B’ is flat over B.
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This will be done by application of [1.2.19] For this, let p € Spec(B[Xo, ..., X,]).
Define P = B[Xy,...,X,]p, R = Bynp and J = I,np C R. Since [ is a nil ideal,
J#R. One has R = R/J = Ajsg and P = P/I, = A[Xy, ..., X, 5. Let f; := S, € P
be the germs of the S; in p. Obviously the f; € P form a sequence-regular sequence
in P and P/(f1,..., fi) = A, is flat over R. Therefore, by [1.2.19] the f; form a
sequence-regular sequence in P and P/(fi,..., f4) is flat over R. This shows that B’
is a syntomic B-algebra.

Now let A and B be arbitrary. One has B = hg By where B, runs through all finitely
generated Z-subalgebras of B. Recalling that A = B/I, one defines Ay = B,/(I N B,)
and therefore has A = ligA,\. By [3.1.5 there is a v and a finitely generated syntomic
Ap-algebra A/ with A" = A®,, Al. Since A, and B, are noetherian, by the first part
of the proof there is a syntomic lift B], of B, thus by defining B’ = B ®p, B), one gets
a syntomic lift of B. O

The following proposition is crucial for the proof of the conjecture of Birch and
Swinnerton-Dyer as it shows that adjoining p-th roots to a noetherian ring is syntomic.
In particular, the relative Frobenius over a Witt ring is syntomic.

Proposition 3.1.8. Let A be a noetherian ring. Then the homomorphism

A[Tl, R ,Tm] — A[Tl, R ,Tm]
T, —> Tip
is syntomic and faithfully flat. Therefore, it is a syntomic covering.

Proof. A[Ty] is a free A[Ti]-module via the map Ty — T7 (a base is given, e.g., by
T9,...,TP™") and thus it is flat. Since flatness is stable under products, the morphism
is flat for all m. As A[Ty, ..., T,,] is smooth over A, the morphism is syntomic by [3.1.4]

The morphism is obviously even faithfully flat, as it is topologically the identity. [

The proposition above is a generalized version from the one given in [Koe89)], which
now follows as a corollary:

Corollary 3.1.9 ([Koe89]). Let k be a perfect field of characteristic p >0, s > 1 and
Wy := Wy(k) the ring of Witt vectors of length s. Then the relative Frobenius

WiTy, ..., Ty — Ws[Th, ..., T]
T, — TP

1s syntomic and faithfully flat. Therefore, it is a syntomic covering.
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4. Some Facts about Grothendieck
Topologies

This section aims to collect some statements about Grothendieck topologies that will
be used later to characterize covering families on the syntomic sites and to show that
the Kummer sequences on the syntomic sites are exact. As there are quite a number of
slightly different definitions for a Grothendieck topology (e.g.,, in [SGA3.1], [Tam94],
and |[Mil80]), the one used here shall be introduced in the following.

Definition 4.1.1. Let C be a category (with fiber products). A topology on C is the
datum for every S € obC of a set of families of morphisms in C with target S called
covering families or coverings such that the following axioms hold:

(C 1) For every covering family {S; — S} and every morphism 7" — S the family
{S; xgT — G} is a covering (stable under base change).

(C 2) Let {S; — S} be a covering and for every i let {S;; — S;} be a covering.
Then the composite family {.S;; — S} is a covering (stable under composition).

(C 3) Let {T; — S} be a covering and {S; — S} be a family such that for every j

there is an ¢ such that
T; S
S;

commutes, then {S; — S} is a covering (Saturation).

(C 4) Every family consisting of just an isomorphism is a covering.

It is often useful to extend the notion of coverings to families of arbitrary morphisms
in the category of presheaves C = Hom(C, (set)). This can be done uniquely by the
following definition/axiom:

(C 0) Let {F; — F'} be a family of morphisms in C. If for every representable base
change S — F (i.e., S, F; xp S € C) the family {F; xS — S} is a covering,
then the initial family a covering.
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This is compatible with the Yoneda embedding C < C, S — Home(—, 5): A family
{F, — F} in C is a covering if and only if the induced family in C is a covering. Thus,
one can regard all objects of C as objects of C, too.

A category C together with a topology on C is called a site.

Remark 4.1.2. Note that (C 2) and (C 3) already imply the following statement:
Let {S; — S} be a family of morphisms and {7, — S} a covering such that for all
j the family {S; xg T; — T} is a covering. Then {S; — S} is already a covering
(local coverings are coverings).

Remark 4.1.3. In [SGA3.1, Exp. IV] instead of the notion of covering families of
morphisms, the notion of sieves, that is subobjects in C , is used mostly. These two
notions are equivalent for categories possessing fiber products ([SGA3.1|, Exp. IV, 4.2.4]).
Today, the notion of families of morphisms is used almost exclusively. Therefore, all
statements are presented here using the language of families of morphisms.

Remark 4.1.4. Today many authors use the weaker notion of a pretopology [SGA3.1,
Exp. IV, 4.2.5]. A pretopology does not have to be saturated which makes handling it
a lot easier. For most sheaf related statements it is sufficient to hold at the level of a
pretopology ([SGA4.1, Exp. II, 2.4]) because a pretopology is cofinal in the generated
topology ([SGA4.1, Exp. II, 1.4]).

Definition 4.1.5. Let C be a category with fiber products. Given for any S € obC a
set of families of morphisms in C one can consider the coarsest topology in which all
the given families are covering families. This topology is well-defined by [SGA3.1, Exp.
IV, 4.2.2] and is called the topology generated by the given families.

Definition 4.1.6. Let C be a category. A presheaf on C is a contravariant functor
from C to (set) and thus an object of ¢ = Hom(C%, (set)). A presheaf P is called
representable if it is isomorphic to a presheaf in the image of the Yoneda embedding,
i.e., thereis an S € C with P = Hom¢(—,.S). Assume C to be equipped with a topology.
A presheaf P is called a sheaf, if for all S € obC and all coverings {S; — S} the
diagram

P(S)

[I; P(S:) Hzg P(S; x5 Sj)

is exact in the usual sense in (set). In general, one can assign to each presheaf P a
sheaf PT with the universal property Hom,(P, G) = Homs(P', G) for any sheaf G. The
sheaf PT is called the sheaf associated to P.

The category of sheaves on a site C is a full subcategory of the category of presheaves
C and often is denoted by C. A category which is equivalent to the category of sheaves
for some site is called a topos.

Definition 4.1.7. Let {F; N F} be a family of morphisms in C. One defines the
image of this family to be the presheaf im{f;} : S +— |, fi(S)(F;(S)) C F(S).
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Proposition 4.1.8. Let F;, G be sheaves, {F; = G} a covering family, and im{p;} C
G the image presheaf. Then one has im{p;}' = G.

Proof. Let T'€ C and g : T'— G € Homs(T',G) = G(T). From the diagram

-FiXGT

one gets morphisms f; : F; xg T — F; € F;j(F; xg T) which induce morphisms
gi=wiofi: F;xgT — G in im{p;}(F; x T). Furthermore, {F; xgT — T} is a
covering by and one has clearly g; = gpxor. Thus, the morphisms g; form a
gluing datum on {F; x¢ T} in im{p,} which glues to g in im{¢;}'. O

Remark 4.1.9. This proposition shows that a covering family which is usually thought
of as something surjective becomes in fact surjective if one considers the image sheaf.
This analogy is even more accurate as the following proposition shows the inverse
statement:

Proposition 4.1.10. Let f : F' — G be a morphism of sheaves that is surjective, i.e.,
im{f}' = G. Then f is a covering morphism.

Proof. Let F,G € C be representable sheaves. Then for all S € C the morphism
F(S) = Hom¢ (S, F) — Home (S, G) = G(S) is surjective. In particular for the case
S = G one has id € Hom¢(G, G). Since f is surjective as a morphism of sheaves, there
is a covering {G; LN G} and there are morphisms ¢; € Home(G;, F') = F(G;) such
that f o¢; =id|g, = 1; as in the following diagram:

f

F G

i b

G =——G,

As the morphisms f o ¢; = 1; form a covering of GG, the saturation axiom (C3) shows
that f is a covering as well.

Now let F,G € C be arbitrary sheaves. If all representable base changes of F' — G
are surjective and therefore coverings as shown before, ' — G is a covering by (CO0).
Therefore, the proof is finished by the following lemma. O]
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Lemma 4.1.11. Let f : F' — G be a surjective morphism of sheaves. Then every base
change of f is surjective, too.

Proof. Let g : H — G be a morphism of sheaves. Let X € C and ¢ € H(X) =
Homs (X, H). Then g o1 € Homs(X, G). Therefore, there is a covering {X; N X}
and there are morphisms s; : X; — F with fos; = (go)|x, = gotoh;. The universal
property of the fiber product shows that the morphisms s; factor through F' xg H,
making the following diagram commute:

F—71 .a

g

f/

FxqgH H

S [
i X

t;
X, ——— X,

Since f' o ¢; = ¥|x,, this shows that F' x¢ H — H is a surjective morphism of
sheaves. [

Corollary 4.1.12. Let f : FF — G be a morphism of sheaves. Then this morphism
is surjective, i.e., im{f}’ = G, if and only if it is covering.

A lot of common topologies are based on the Zariski topology together with some
refinement (e.g., the étale topology or the flat topology). The covering families in
this topologies could be some quite complicated combinations of the morphisms used
to construct the topology. The following proposition, however, shows that in special
cases (which will be fulfilled in all our applications) the covering families can be easily
characterized.

Proposition 4.1.13 ([SGA3.1, Exp. IV, 6.2.1]). Let C be a category and C' a full
subcategory. Let P be a set of families {S; — S} of morphisms in C, stable under
base change and composition (i.e., they fulfill the axioms (P1) and (P2) in [SGAS3.1,
Exp. IV, /.2.5]). Let P be a set of families of morphisms {S; — S} in C'. Suppose P’
contains the families consisting of just an identity-isomorphism (P3) and fulfills the
following properties:

(1) If {S; — S} € P’ (and thus S;, S € ob(C') and if T — S is a morphism in
C', then the fiber products S; xs T € obC exist and the family {S; xs T — T'}
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is an element of P (thus S; xs T € ob(', too). This condition implies that P’
1s stable under base change, but is not equivalent as it implies further that the
inclusion functor C' — C commutes with certain fiber products.

(i1) For every S € obC there is a family {S; — S} € P with S; € obC’ for all i.

(11i) In the situation

Sijk
P/
Pl
S,

where S, S;, Sij, Sijk € obC', {S; — S} € P, {S;; — S;} € P for all i and
{Sij — Si;} € P for all i,j (like indicated in the diagram in a somewhat
imprecise manner), there is a family {T, — S} € P" and for every n there is a
multi-index ijk such that the following diagram commutes:

Tn\ /S

Sijk

Let C be equipped with the topology generated by P and P'. Let S € obC and { Ry — S}
a family of morphisms (in [SGAS.1] a sieve R — S is used). Then this family is
a covering if and only if there is a composite morphism {S;; — S; — S}, where
Si,Si; € obl!, {S; — S} € P, {S;; — Si} € P’ for all i such that the family
{Si; — S} is a refinement of {Ry — S}, i.e., it factors through {Ry, — S}: For
every i, there is a k such that the morphism S;; — S factors through R, — S.

Proof. The families of P and P’ are coverings and thus are also composite families of
those by (C2). Therefore, families of which the composite families are refinements are
coverings as well. This proves one direction of the claimed equivalence.

In order to show the converse, it suffices to show that these families already form a
topology, i.e., they satisfy (C1) to (C4).

(C4) Let S € obC. According to(ii)] there is a family {S; — S} € P with S; € ob(’.
The families {idg, : S; — S;} are elements of P’ by assumption. Therefore the identity
morphism of S is of the desired form:
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=

-
~

o

o
/

N ~—-

(C3) Clear.

(C1) Let {Rx, — S} be a covering of the desired form and 7' — S a morphism in
obC. Then we consider the following diagram:

Sz] Uilj
P/
S; T; Ui
P
P P
Ry, S T

Here, T; is given by T; = S;xsT. Then {T; — T} € P as P is stable under base change.
By one obtains a family {Uy; — T;} € P with U; € obC’. With P being stable
under composition, one has {U; — T} € P as well. By , Uuj = Uy xs, Sij € ob(C’
and {U;; — U} € P'. Since we have a diagram

Uil Ry,

T

S,

the morphisms {U;;; — Ry} factor through Ry x T, which shows that {Ry xsT —
T} is indeed of the desired form.

(C2) Let {Ry, — S} be of the desired form and for all i let {7}, — Ry} be of this
form as well. Then, one has a commutative diagrams
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Sij Riim

P P
Si Ry
P P
S Ry, T,

From this one can construct a diagram

Vijkitm Riim
| P’ O P’
Vijkie r Sijkl Ry,
\ P O p
Sij Ry
P
Si
P
S Ry, Tyns

where Sjj = Sij X g, R and thus {S;;u — Si;} € P. Because of one gets a family
{Vijkir — Siju} € P with Vi € obC’ for all t. As P’ is stable under base change,
one gets a family of morphisms {Vixum = Vijrie X r,, Riim — Vijre} € P'. From this,
one obtains a composite family {Vj;um — Vijuu — Sij — Si — S} composed as
P o P'o Po P, which factors through {7}, — S} and in which all objects but S
are in C'. Now gives for every family {Vjxum — Si} a family {T;, — S;} € P’
factoring through Vi;kim and thus {T;, — S; — S} factors through T},. This shows
that {Ty, — S} is indeed of the desired form.

[
Corollary 4.1.14 ([SGA3.1, Exp. IV, 6.2.2]). Let S € obC" and {R, — S} be a

family of morphisms. Then {R; — S} is covering if and only if there is a family
{T, — S} € P’ factoring through { Ry — S'}.
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Proof. Such a family is a covering by (C3). On the other hand, given a covering
{Rr — S}, there exists a composite family {S,; — S; — S} factoring through
{Rr, — S}. By composing with the identity isomorphism of S, one gets by the
desired family {T; — S} € P'. O

Corollary 4.1.15 ([SGA3.1, Exp. IV, 6.2.3]). A presheaf F' on C is a sheaf if and
only if the diagram

F(S) — [ F(S) —= sz F(S; x5 5j)

is exact for all families {S; — S} from the following two cases:
(i) {S; — S} € P.
(i1) S, S; € obC" and {S; — S} € P'.
Remark 4.1.16 ([SGA3.1, Exp. IV, 6.2.5]). Condition of [£.1.13]is satisfied in

particular whenever

(i) P’ is stable under composition and

(ii) if {S; — S} is a family of morphisms in C" and an element of P, then there is a
subfamily which is in P’.

The following proposition is generalized from [SGA3.1, Exp. VI, Prop.6.3.1 (i)].

Proposition 4.1.17. Let C,C’ have finite direct sums and have an initial object I
such that S xgur T = 1. Suppose, for all S;, i =1,...,n one has {S; — [[, Si} € P.
Suppose further that for all {S; — S} € P’ one has {[[,S; — S} € P'. Then a
presheaf F' on C is a sheaf if and only if the sheaf sequence is exact for all

families from the following two cases:
(i) {S; — S} e P.
(i1) S, S € obC" and {S" — S} € P".
Proof. Since we have {S; — [, S;} € P, one has an exact sequence

and thus F(][, S;) ~ [[; F(S;). Now let S;,5 € obC” and {S; — S} € P'. Then by
assumption one has {[[,S; — S} € P" and a commutative diagram

F(S) — I, F(S) Hzg F(S; x5 Sj)

| |

F(S) — F(I1; ) —= F(Hzg Sixg S; =11, Si xs Hj Sj)-
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Since the lower sequence is exact by assumption, the upper sequence is exact, too, and
the conditions of |4.1.15| are fulfilled. This proves the proposition. O

In order to do cohomology calculations on a site, we need to define a global section
functor. In general, this is a little bit more tricky than on the usual sites like the Zariski
site or the étale site, as there is not necessarily a final object in the site. However, the
topos always has a final object. This is what will be used:

Definition 4.1.18. Let C be a site with topos 7 and let T' € C be an object. The section
functor I'(T,—) : T — (Set) is defined as I'(T, F') = F(T) for all sheaves F' € T.
Since F(T') = Homs(T', F') this is generalized by I'(G, F) = F/(G) := Homy(G, F) for
all G e T.

Definition 4.1.19. Let C be a site. Then é : T+ {0} is the final object in the
category C of presheaves on C. Its associated sheaf e is the final object of the topos C.
The global section functor I' : C — (Set) is defined as I'(F) :=I'(e, F).

Remark 4.1.20. If the site C has a final object X (e.g., X in Xg or Xzar), then e is
represented by X, thus I'(F) = F(X). In general one has, by the universal property of
the associated sheaf, Homg(e, ) = Homg(é, F), where a morphism ¢ in Homg(é, F)
is given by a compatible system of maps ¢(T') : é(T) = {0} — F(T) for all T € C.
Such a system of maps is just a compatible system of elements ¢(77)(0) € F(7') for all
T € C. Thus, one has I'(F) = Jm,_ . F(T).

With these definitions, cohomology for, e.g., abelian sheaves can be defined in the
usual way as the derived functor of the global section functor (see, e.g., [Tam94,
3.3]). If a site has a canonical structure sheaf, its notation is often suppressed, e.g.,
H!. (X/S) = HY((X/S)ais, Ox/s) denotes the g-th cohomology group of the sheaf
Ox/s € (X/S)eis
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5. The Syntomic Sites

In this chapter, the techniques developed the previous chapter will be used to construct
the different syntomic sites. First, the syntomic site of a scheme will be constructed.
Secondly, the crystalline syntomic site will be constructed. Finally some comparison
theorems will be proved. They will allow to construct comparison morphisms between
the different topoi and thus give rise to the possibility to calculate some crystalline
cohomology groups on the syntomic site — a technique fundamental for the proof of the
conjecture of Birch and Swinnerton-Dyer as given in [Bau92] that will be presented
later in this thesis.

5.1. The Syntomic Site of a Scheme

Definition 5.1.1. Let Y be a scheme. Let C be the category of Y-schemes and C' C C
the full subcategory of absolute affine Y-schemes, i.e., Y-schemes that are affine as
a scheme (not as a scheme over Y). Let P be the set of surjective families of open
immersions in C and P’ the set of finite surjective families of syntomic morphisms in
C'. Then the site of C together with the topology generated by P and P’ (cf. is
called (big) syntomic site SYN(Y) of Y. The full subcategory syn(Y) C SYN(Y) of
syntomic Y-schemes with the induced topology is called small syntomic site of Y. The
associated topoi are denoted by Ysyn and Yiy,.

Proposition 5.1.2. A family of morphisms {Z;, — X} is a covering in SYN(Y') if
and only if there is a composite family {X;; — X; — X} with X;;, X; affine for all
i.j, {Xi — X} € P and {X;; — X;} € P’ such that {X;; — X, — X} factors
through {Z;, — X }. In particular, these composite families form a pretopology.

Proof. Tt suffices to show that P and P’ fulfill the conditions in [4.1.13] Since syntomic
morphisms are stable under base change (3.1.3), is fulfilled. Condition is
obviously fulfilled. For it is with sufficient to show that syntomic families
are stable under composition (3.1.3) and that for all families {X; — X} € P with
X;, X € ob(’ there is a subfamily of {X; — X} in P’. But as affine schemes are
quasi-compact, there is a finite subfamily of {X; — X} which is surjective and thus
in P’, as open immersions are syntomic ([3.1.3)). O]

Corollary 5.1.3. A presheaf on SYN(Y') is a sheaf if and only if the sheaf sequence
is exact for all {X; — X} € P and for all {Y — X} € P'.

Proof. This follows from [4.1.17] m
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Remark 5.1.4. The syntomic topology is obviously finer than the étale or the smooth
topology. On the other hand it is coarser than the flat or fppf-topology. The next
propositions shall make the position of the syntomic topology relatively to the other
topologies clearer.

One of the big advantages of the étale topology over the Zariski topology is that it is
fine enough to have an exact Kummer sequence in characteristic p = 0 (|[SGA4 1/2,
IT 2.5]). In the flat or the fppf-topology the Kummer sequence is always exact. The
syntomic topology is already fine enough to show the same behaviour:

Proposition 5.1.5 (|[Bau92, 1.4]). Let S be a scheme of characteristic p >0, G/S a
smooth group scheme for which multiplication by p is a faithfully flat morphism. Let
G be the sheaf represented by G on SYN(S). Then G L G is an epimorphism of
syntomic sheaves for any n € N. In particular for G, resp. an abelian scheme A/S
one gets exact sequences in SYN(S):

Proof. The morphism p” : G — G is a flat morphism of smooth schemes and thus
syntomic by [3.1.4] Since it is faithfully flat, it is surjective and thus a syntomic covering.
By definition, the induced morphism G — G is a covering as well. In it has been
shown that then this morphism is surjective. The first part of the sequence is of course
exact by definition of ,n A resp. fin. O

Lemma 5.1.6. Let G/S be a smooth group scheme. Then for all j > 0 the canonical
maps

Hj(SSYN, G) — Hj<Sfppf, G)

induced by the Leray spectral sequence for the morphism Sgppr — Ssyn obtained by
coarsing the topology are isomorphisms.

Proof. Tn [Mil80, III 3.9] it is shown that H’(Sg, G) = H?(Sg,G). The proof, however,
shows already that H7(Sg, G) is isomorphic to any cohomology of a topology between
the étale and the flat topology. ]

Corollary 5.1.7 (|Bau92, 1.5]). Let A/S be an abelian scheme. Then for any j >0
one has

(/L) Hj(Sfppf,pnA) ~ Hj(SSYN,pnA>.
(Z’L) Hj(Sfppfalup") = Hj<SSYN7luP")7
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Proof. For all sheaves F' on Sgyps there are canonical homomorphisms H I(Ssyn, o« F) —
H j(Sfppf, F) from the Leray spectral sequence for the morphism ¢ : Sgpr — Ssyn
(note that ¢, F' = F, as the syntomic topology is coarser than the fppf topology). By
the above lemma these morphisms are isomorphisms for a sheaf represented by a
smooth group scheme. Thus, the statement follows from the five-lemma in the diagram

Hj_l(SSYN,A) — Hj_l(SSYNaA) — Hj(‘SSYNap”A) - Hj(SSYNaA) — Hj<SSYN7A>

l | l l |

Hjil(sfppfv A) - Hjil(*gfppfa A) - Hj(Sfppﬁp"A) - Hj(Sfppfa A) - Hj(Sfppf> A)'

The statement for p,» of course follows by setting A = G,,. O

Proposition 5.1.8. The syntomic site SYN(Y') has enough points: A morphism of
syntomic sheaves f : F' — F in Ysyn 18 an isomorphism if and only if it is an
1somorphism in all points

Proof. See [Stal 38.30.1]. O

Remark 5.1.9. Although by the above proposition we know that the syntomic site
has enough points, so far there are no results on what these points actually are. This
is not the case for, e.g., the étale topology, where we know that the points are the
spectra of strict hensilian rings or the Nisnevich topology, where the points are the
spectra of hensilian rings.

In the following an exactness criterion on some syntomic sites will be proven which
will be crucial for the techniques used in the proof of the conjecture of Birch and
Swinnerton-Dyer [Bau92| discussed later. It is generalized from [Koe89], where it
is only given for the special case R = Wy(k), Y = Spec R for k an perfect field of
characteristic p. The version given here is able to handle a much wider range of base
schemes.

Proposition 5.1.10. Let R be a noetherian ring and Y a syntomic R-scheme. The
set

My = {XO = Spec AO S Syl’l(Y) with AO = R[Tl, . ,Tm]/(Pl, ey Pd)
with a sequence-reqular sequence Py, ..., Py € R[Ty,..., Ty}

is cofinal in syn(Y).

Proof. By |3.1.6, My is cofinal in syn(Y’): We have syn(Y) C syn(SpecR) as ¥ —
Spec R is syntomic. O]

For an scheme X, € My we define a family X; := Spec A; € syn(Y') by base change

with the morphism ¢ : Ay — A%} given on A[T\,...,T,,] by T; — T7 (this is the
relative Frobenius in those cases where a relative Frobenius exists):
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X, AT

2

©p

Xoo— AT

By all morphisms X; — X are syntomic coverings. Having established these
prerequisites, we can formulate the exactness criterion:

Proposition 5.1.11 (|Koe89|). Let R be a noetherian ring and Y a syntomic R-scheme.
Let

Fo=F 1.7

be a sequence of abelian presheaves on syn(Y') such that hgl Fo(X;) is exact in the

category of abelian groups (Ab) for all Xo € My . Then the sheafified sequence Fo is
an exact sequence of abelian sheaves.

Proof. First we will show that §o f = 0: For this let U € syn(Y) and let s € Fy(U) be
a section. By passing to a covering we can assume that s € F;(U) by the definition of
the sheafification. As mentioned above, this U can be covered with objects from My,
thus it can be assumed that U = Xy € My. But then by hypothesis (go f)(s) =0 €
limy, F3(X;) which shows that there is an i such that (g o f)(s)|x, = 0. Now, because
X, — X, is a syntomic covering, this shows that (§o f)(s) = 0 € F3(Xy).

It remains to show that ker(§) C im(f). For this, let again be U € syn(Y) and
s € ker(§)(U) C Fy(U). By passing to coverings it can be assumed first that s € F,(U)
and then even g(s) = 0. With another covering one gets U = Xy € My. Now by
hypothesis there is a t € lim. 7 (X;) with f(t) = s € ling, Fo(X;) and thus there is
an ¢ with s|x, € im f . Exactly as above, X; — X is a syntomic covering and thus
s € imf(U), hence the statement. O

Now let &k be a perfect field of characteristic p, R = Wy(k) and Y an syntomic R-scheme.
The following proposition underlines the importance of the exactness criterion:

Lemma 5.1.12 ([Koe89|). Let A = lim, A; for Ag = W[y, ..., Tn]/ (P, ..., Pa) as
in the definition of My. Then one has

oo

AW TP P
and the absolute Frobenius of A/(p) is surjective.

Proof. By definition one has

oo

Wy . T = im(W[Th, . T =
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and by definition of X; = Spec A; one has

i

A=W, TP ... TP (P, Py,

thus, the identity follows.
Since W, /(p) = k is perfect, the absolute Frobenius on k[TF ~,..., TP ~] is surjective

and therefore on A, too. O

Corollary 5.1.13. Let Y be a syntomic k-scheme and Oy the structure sheaf on
syn(Y). Then

Frob

Oy —— Oy

1s surjective. In particular, this gives a more hands-on proof for the exactness of the
Kummer sequence on the syntomic site of a perfect field in characteristic p > 0 than
the one given in|5.1.5,

Proof. The structure sheaf Oy is defined by Oy (Z) =I'(Z,0z). Let Xy = Spec Ay €
My with Ay = k[TY, ..., Ty]/(P, ..., P;) for a sequence-regular sequence P, ..., P;.
Then one has Oy(Xy) = k[T1,...,Tu]/(Py, ..., P;) and therefore limg, Oy (X)) =

(oo}

k[Tr . TP/ (Py,..., Py) =: A. Hence, by [5.1.12| the absolute Frobenius on
A/(p) = A is surjective. By [5.1.11] this shows that (—)? : Oy — Oy is surjective. [

5.2. The Crystalline-Syntomic Site

The site underlying the crystalline topology can also be equipped with a syntomic
topology which will make way for interesting comparison theorems. The following part
will make some use of the concepts of crystalline topology and divided power structures.
For a comprehensive introduction into these topics, see [BO78|. The definition given
here is based on [Koe89).

In the following p is a prime, (S, 1,v) a PD-scheme. Let X be an S-scheme such
that p is locally nilpotent on X and that v extends to X E]

In the important case of the conjecture of Birch and Swinnerton-Dyer discussed
later, we will have S = Spec W (IF,,) = SpecZ,, or S = Spec W,,(F,) = SpecZ/p"Z.

Definition 5.2.1. Let CRIS(X/S,I,~) or short CRIS(X/S) be the category whose
objects are quadruples (U,T,4,d) (or short (U,T,9)) with U an X-scheme, T" an S-
scheme where p is locally nilpotent, ¢ : U — T a closed S-immersion and ¢ divided
powers on the ideal defining ¢ in O compatible with ~. In particular, the immersion ¢
is a nil immersion. A morphism (U’,T",0") — (U, T,0) is a commutative diagram

1[Bau92| actually demands that v extends to all X-schemes. However, [BO78, 5] shows that this
is not necessary: The PD structure ~ already extends to all Zariski open subschemes of X if it
extends to X.
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where u is an X-morphism and v an S-PD-morphism. A short notation is just (u,v)
or, when there is no confusion possible, even just 7" — T.

Definition 5.2.2.
(i) An object (U, T,0) is called affine if T is affine.
(ii) A morphism (u,v) is called cartesian, if the commutative diagram is cartesian.

(iii) A morphism (u,v) is called open immersion, syntomic, surjective, etc., if it is
cartesian and v is an open immersion, syntomic, surjective, etc.

Definition 5.2.3. Let CRIS'(X/S) C CRIS(X/S) the full subcategory consisting
of all affine (U,T,d). Let P be the set of surjective families of open immersions
in CRIS(X/S) and P’ the set of finite surjective families of syntomic morphisms in
CRIS'(X/S). The category CRIS(X/S) with the topology generated by P and P’
is called big crystalline-syntomic site CRIS(X/S)syn of X/S. The full subcategory
Cris(X/S)syn of objects ¢ : U — T' where U — X is syntomic together with the
induced topology is called small crystalline-syntomic site of X/S. The associated topoi
are denoted by (X/S)cris,syn and (X/S)crissyn-

The usual crystalline site and topos as introduced in [BO78|, i.e., only with P as
coverings, will be denoted as CRIS(X/S)zar and (X/S)cris zar-

Remark 5.2.4. This is the definition as given in [Koe89|. Berthelot actually defines in
[BO78| the crystalline site slightly different. He defines only the small site: He requires
for the objects (U, T') that U is Zariski-open in X and he requires for morphisms (u, v)
that u is an open immersion.

Furthermore, he does not require the coverings to be cartesian, explicitly. However,
this is equivalent on the small site:. Let an arbitrary morphisms (u,v) : (U, T") — (U, T)
be given such that the morphism v : 77 — T' is an open immersion. As we are working
on the small site, the morphism u : U’ — U is an open immersion, too. Furthermore the
morphisms U’ — T" and f : U — T are nilpotent closed immersions, hence topological
homeomorphisms. Therefore, one has an identification U’ = f~1(T") = U xp T".

On the big site, the definition given here behaves better than the one given by Berth-
elot in [BO7§|: For an open immersion (u,v), the morphisms u and v are guaranteed
to be open immersions, like for any property stable under base change. The definition
given by Berthelot ensures only that v has the requested property.

Note that for a morphism (U’,7",6") — (U, T, 0) surjectivity of 7" — T and U" — U is
equivalent, as they are topologically identical.
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Later, in we will show that the crystalline sheaves Ox /g, O and Zx,5 defined in
[BOTS| 5.2] are sheaves on the syntomic crystalline site as well. A sheaf F on CRIS(X/S)
is often characterized by the Zariski sheaves F(y ) on T for all (U,T) € CRIS(X/S)
given by Fum(T") = F(UNT,T') (cf. [BOTS, 5.1)).

Lemma 5.2.5. In CRIS(X/S), fiber products exist and syntomic morphisms are stable
under base change.

Proof. Consider the situation

(Uh T1> 51)

synt.

(U, T,6) (U,T,9)

in CRIS(X/S). The fiber product (U; xy U, Ty X7 T') can be constructed via the
following commutative diagram:

U1 XUU, T1 XTT/

U, Ty

synt.

e

U T

The bottom square is cartesian because (U’,1",9") — (U, T, ) is syntomic. The left
and the right squares are cartesian by construction. Thus, the universal property of
the fiber product shows that the upper square is cartesian as well.

Since T" — T is syntomic, so is T} X T — T}. Hence (Uy xg U', Ty x7T',0") —
(U1, Ty, 61) is syntomic. O

With these properties, the coverings in CRIS(X/S)sy~ again can be characterized by
4.1 13

Corollary 5.2.6. A family of morphisms {(U},T}) — (U,T)} is a covering in
CRIS(X/S)syn if and only if there is a composite family {(Vi;,Ti;) — (Vi,T;) —
(U, T)} with (Vi;,T;;) and (V;,T;) affine for all i,5, {(V;,T;) — (U,T)} € P and

YR
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{(Vij, Ti; — (V;, 1)} € P such that {(V;;,T;;) — (V;, T;) — (U, T')} factors through
{(U.,,T}) — (U,T)}. In particular, these composite families form a pretopology.

Proof. 1t suffices to show that P and P’ fulfill the conditions in £.1.13] Syntomic
crystalline morphisms are stable under base change by . Condition is fulfilled
as all schemes allow an affine covering by Zariski open subschemes. This property lifts
to the crystalline site by base change. For the argument is the same as in . ]

Corollary 5.2.7. A presheaf on CRIS(Y )syn is a sheaf if and only if the sheaf sequence
is exact for all {(U;, T;) — (U, T)} € P and for all {(U",T") — (U, T)} € P".

Proof. This follows from [4.1.17] O

In general, the category CRIS(X/S) has no final object. Because of this, the global
section functor is only defined via the final presheaf . However, here we will
show that in some cases final objects in CRIS(X/S) do exist, which will be very
important later on. This follows the argument which Kéck gives in [Koe89| based on a
talk of Giinther Tamme in Oberwolfach ([Tam89]), but is generalized in order to allow
the case of syn(S) for S a syntomic W,,(k)-scheme which will be a smooth curve over
IF, in the conjecture of Birch and Swinnerton-Dyer later on in this thesis.

In the following let k be a perfect field of characteristic p > 0. Let W,, = W, (k)
be the ring of Witt vectors of length n. Unless otherwise noted, k is considered a
W, (k)-algebra via

Frob™" 0

where 7 is the projection onto the first component, i.e., reduction modulo p.

Furthermore, let A be a k-algebra and (B, ) an affine PD-thickening of A/W,,:
(B,I) is a PD-algebra over (W,,,pW,,) together with a W,-isomorphism B/l — A,
where A is considered a W,-algebra via the W,-algebra structure of k (see above).
First we need a technical lemma:

Lemma 5.2.8. Let 0 <r <n,be B, and d € I. Then
(b+0)Y =b" mod p'l.

Proof. This is proven using induction on . For r = 0 the statement is obvious. Assume
it is known for 7. Then by induction hypothesis (b+ 6)?"" = (0" + p"d')?. Modulo
p" T we get

(B +p d P =0 e = b 4 Pl (81),
because ¢’ € I and I is a PD-ideal (7, denotes the p-th divided powers on I). The last
term is of course equal to o mod p" T O
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Corollary 5.2.9. There is a well-defined homomorphism of W,,-algebras given by

ghost comp. Wi,

0, : Wo(A) - W, (B) B

(CLD, R 7an—1> t > (do, . aa’n—l) — dgn 4. +pn_1dﬁ—17

where a; denotes a lift of a; € A under the projection B — A.

Proof. The morphism is well-defined by the above lemma. It is a ring homomorphism
because the ghost component W,,(B) — B is so. The W,,-linearity needs more work:

Let s : W,, — k be the W),-structure morphism of k (see above), ¢ : k — A be the
structure morphism of A, ¢’ = pos: W, — A the induced W,,-structure morphism
and ¢ : W,, — B the structure morphism of B. The induced structure morphism
W, (k) — W, (A) is denoted by ¢.

Now let © = (xq,...,2,-1) € W,(k). We have to show that 6,(¢(x)) = ¥(x).
First note that ¢(z;) = ¢'(2;) for arbitrary lifts of x; in W, (k) by construction of ¢'.
Thus, ¢((@o, - - Tn-1)) = (¢(20), - - -, P(Tn-1)) = (¢'(Z0), ..., ¢ (En-1)) € Wi(A). As
B — A is a morphism of W, algebras, (¥(Zg),...,¥(Z,-1)) is a lift in W, (B) and
thus 0,(¢(z)) = V(Zo)"" + -+ + P (Tn_1)P. i

On the other hand we have in z = (zg,..., 2, 1) = &5 +---+p" 122 | in W, (k)

n—1

(A.1.2) and this shows that ¢ (z) = 6,(o(x)) € B. O

This definition can be extended to global sections:

Proposition 5.2.10. Let (X,T) € CRIS(S/W,,). There is a homomorphism of W,,-
algebras which is functorial in (X, T)

Gn . Wn(F(Xl,OXl)) — F(T, OT),
where X1 = X Xy, k.

Proof. First assume (U, T) € CRIS(S/W,,) be affine, i.e., T is affine. Let B = I'(T, Or)
and A = I'(U,Op)/(p). The ideal I = (p) + ker(B — I'(U,Op)) = ker(B — A) is
equipped with a PD-structure. That makes (B, I) an affine PD-thickening of A. By
the above proposition there is a homomorphism of W,,-algebras which is functorial in
(U, T):

0 - WalD(U, O1)/ (p) —> T(T, Or)

Note that A = I'(U,Op)/(p) = I'(U,Op) ®w, k. Therefore, by gluing we get the
statement. [

In the next step, this morphism will be extended to PD-structure. For this define for
an S-scheme X the ideals

T.(X) :=ker(6, : W,(I'(Xy, Ox,) = ['(X1,0x,))
= {(ao, ooy an—1) € Wo(I'(Xy,Ox,)) ’ aé’" = O} ;
Tn(X) :==ker(8, : W,(T'(X,,0x,) = T(X,0x)),
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corresponding to the homomorphisms 6, for the trivial PD-thickenings (X7, X;) and
(X, X).
Lemma 5.2.11. One has

Tn(X) + (p) € Zu(X).

If the Frobenius is surjective on Xy, this is an equality.

Proof. Obviously one has J,(X)+ (p) C Z,(X). Let the Frobenius on X be surjective
and A =I'(X, Ox). Now let a = (ag, ..., an-1) € Z,(X), i.e., (ag, ..., an-1) € Wp(A/p)
with a =0 € A/p), that is a2 = py in A for some y € A. Define b = (0,a1,. .., ap_1).
Since the Frobenius on A/p is surjective, one has b € (p). Furthermore let ¢ be the
projection of y in A/p and c’fnfl = y. By defining ¢ = (0,¢1,0,...,0) € (p) we have
On(a—y—c)=0¢€ A. This shows a —y—c € J,(X) and thereby a € J,(X)+(p). O

Remark 5.2.12. If the Frobenius on X is not surjective, the inclusion is in general
proper: Let n =2, k =T, and A = Z/p*[X]. Then (0,T) € W5(A/p) is obviously in
Z.(Spec A), but as there is no p-th root of T', there is no change of (0,7 lying within
Jn(Spec A) + (p). Kock claims in [Koe89| actually that the equality in holds
always. But the statement is used only in cases of surjective Frobenius, thus it does
not matter.

With this let

WPP(D(X1, Ox,)) :=Dw, 0(x1,0x, ) (Tn(X))

be the PD-envelope of W,,(I'( X1, Ox,)) with respect to the ideal 7,,(X) over the ring

(Wh, (p)) (For the notation cf. [BO78, 3.19]).
If the Frobenius on X is surjective, one has

Dy, (r(x1,0x, )0 (Zn(X)) = D, (0(x1,0x,)),(0) (Tn (X))

because of the equality J,(X) + (p) = Z,(X) (5.2.11). By abuse of notation let
Jn(X) c WPP(I'(X,, Ox,)) denote the PD-ideal.
With this notation we can finally extend 6, like we wish:

Proposition 5.2.13. Let (X,T) € CRIS(S/W,,). There is a PD-homomorphism of
W,-algebras functorial in (X, T)

0, : WPP(I(X,,0x,)) — I'(T, Or),

satisfying the commutative diagram

XOX TOT

N

WDP X17 OXl
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Proof. This follows directly from the universal property of the PD-envelope and the
functoriality of 6, as defined above by using the morphism (X, X) — (X,7T) in
CRIS(S/W,,). m

Corollary 5.2.14. Let X be a W,,-scheme. There is a homomorphism of W, -algebras
functorial in X :
WPP(D(X,,0x,)) — H.

cris

(X/ W)

Proof. Recall that by 4.1.20| we have HC. (X/W,) = I.LH(U,T) (T, Or) where (U, T)

runs through CRIS(X/W,). Let (U,T) € CRIS(X/W,). By the above one has a

morphism

0, : WPP (D (U, Oy,)) — I(T, Or).
By functoriality using the morphism (U,U) — (X, X) one has a morphism

WP (T(X1,Ox,)) = WPP(D (U, Oyy)).

Concatenating these morphisms one gets compatible morphisms W27 (I'(X;, Ox,)) —
['(T, Or) which factorize through the limit by the universal property of the projective
limit. ]

Proposition 5.2.15. Let X = Spec A be an affine scheme, flat over W, with the
absolute Frobenius on Ay surjective. Then

(X, Spec WPP(A)))
is a final object in CRIS(X, W,,).

Proof. First we have to prove that (X, WPF(A;)) € CRIS(X, W, ). Using the results
from [5.2.13], it remains to show that it is a PD-thickening of X. Thus, it is sufficient
to show WPP(A,)/TJ.(A;) = A. By the properties of the PD-envelope, we have

WPP (A1) [ Tu(Ar) = Wi(A1) ) Tn(A),

thus it is sufficient to show W, (A41)/J.(A41) = A, i.e., that 0, : W,(A;)) — A is
surjective.

This proof is done via induction on n. First let n = 1. Then one has A; = A and 6;
induced by 60 : Wi(A;) — Ay, (ap) — af, which is clearly surjective as the Frobenius
on A; is surjective.

Now let the statement be proven up to n and let A be a flat W, 1-algebra with
surjective Frobenius on A;. Then A, := A®yw,_, W), is a flat W,-algebra with surjective
Frobenius on A, ; = A; and thus by induction hypothesis 6,, : W, (A1) — A, is
surjective, just like 6y : W1 (A1) — A;.

Because k is perfect, there is an exact sequence

VTL

0 —— Wi(k) == Wi (k) —2 W (k) — 0,
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where v denotes the shift map (x¢) +— (0,...,0,20) and pg : Wy(k) — W,_x(k)
is given by (zg,..., T, 1) — (:cgk, o.,ab ). This is a sequence of W,,;;-modules
(A.1.3), where W,,_ is a W, 1-module via pg. Since A is flat over W, 1, this induces
an exact sequence

v P1

0 Ay A A, 0

with Al = A ®Wn+1 Wl(k), A=A ®Wn+1 Wn+1(k'), and An = A ®Wn+1(k) Wn(k) As

we will prove now, this sequence gives rise to a commutative diagram

[ p1

Wi(A) Wot1(Ar) W (A1) 0
61 Ont1 On
0 A — 4B g, 0.
First we show the commutativity of the left square: Let (a) € Wi(A;). Then one has
(a) RN 0,...,0,a) sty p"aP. On the other hand we have (a) s P = P @ 1412

aP? @ p* = p™aP. Thus the left square commutes.
For the right square, let (ao,...,a,) € W,41(A;). Then one has

(ag, ..., an) >(ab, ... a"_))
0, HP" I ey
—al Pl
Apnt1 1 A2
:ag ++pn la/zil_
For the last step note that a” — aP € ker(A, — A;) = pA, with pA being a PD-ideal.
o p—k 1o
Therefore, by [5.2.8/in A, one has pFa?” = pFa? 7", On the other hand:
On Apntl N
(ag,...,an) —3 &b 4.+ p'ad
i(ﬁ'ﬂ; d8n+1 +oee gt pn—l&,’@:f_b

as p" = 0 in A,,. Furthermore one has

ker(p1 : Wn+1(A1) — Wn(Al))
= {(ag,...,an) € Wy, (A1) | al =0Vi=0,...,n—1}.

and there is a commutative triangle
c
ker(p1) ——— Whi1(A1),

Un
Tn

W1 (Al)
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where 7, : (ag,...,a,) — (a,) denotes the projection onto the last component. All
this together allows the construction of a commutative diagram

p1

0 ——— ker(p1) ———— Whii(4y) Wi (A1) 0
01 0mn On+1 On
0 Ay A A, 0

0 ——— coker(f,41) —— 0,

where the first two rows are exact. By the snake lemma, we get coker(6,,1) = 0 and
thus W, 11(Ay)/Tns1(A1) & A. Therefore, (X, WPP(A;)) € CRIS(X/W,,). In|5.2.14|it
has already been shown that this object is final. O]

Corollary 5.2.16. Let X = Spec A be an affine scheme, flat over W,, with the absolute
Frobenius on Ay surjective. Then the morphism

Qn : WnDP(Al) — HO

cris

(X/Wh)
s an isomorphism.

Remark 5.2.17. Fontaine constructs in [Fon94] universal PD-thickenings as well.
However, his construction is more complicated, as he constructs the limit for n — oc.
Therefore, he needs additionally the ring R = lim A; formed over the morphisms
Ay — Ay, o — 2P and gets a ring WPP(R) for the universal PD-thickening. The ring
R appears here, as WP”(R) corresponds to lim W;?”(A;) where the morphisms are
given by p; : WPE(Ay) = WPP(4,).

5.3. Comparison Morphisms

Crucial for the applications of the syntomic topology and cohomology will be the
possibility to compare it with other topologies. In the following some morphisms of
topologies and of topoi will be constructed in order to make this possible. Recall:

Definition 5.3.1 (|[SGA4.1, Exp. IV, 3.1]). A morphism of topoi f : 7" — T is a
pair (f., f*) of functors, where f, : 7" — T has a left adjoint f*: T — T" which
commutes with finite inverse limits Pl

2[BOT78, 5.4] defines a morphism of topoi slightly different to be a functor f, admitting a left
adjoint like f*. Since the left adjoint is unique only up to isomorphism, this definitions allows less
morphisms of topoi.
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While a morphism of topologies gives rise in a canonical way to a morphism of the
associated topoi, there are cases where it is not possible to construct a useful morphism
of the sites and nevertheless morphisms of the topoi can be defined. This is often done
using the following statements which show that it is sufficient to define the morphism
for representable sheaves. This statements can be found in [SGA4.1, Exp.1V, 4.9.4].
Here they are given more detailed and without introducing that much additional
notation.

Proposition 5.3.2 ([BO78, 5.7]). Let C" and C be categories. Suppose ¢ : C — C' is
a functor. Then there is a unique pair of functors * : C — C' and ¢, : C' —» C such
that ©*|c = ¢ and such that ©* is left adjoint to p,.

These functors are defined by

©.(G") : T — Homy (p(T),G") TeC,G el
(G):T'— lim T eC',Gel.
76 (i, G

If C and C' are sites, given some more properties, these morphisms even introduce a
morphism of the topoi C — C’:

Theorem 5.3.3. Let the notation be as in[5.5.9. Let finite inverse limits be repre-
sentable in C'. Let the following properties be given:

(1) o(T) is a sheaf for all objects T € C.
(11) ©«(G') is a sheaf for all sheaves G’ on C'.

(iii) g* : C — C' = (¢*(—)) commutes with finite inverse limits (for ezample if it
commutes with finite products and finite fiber products).

Then g, :C' — C = i@ is a morphism of topot.

Proof. Let g, : C' — C = ©.|a be defined by ¢.(G") = ¢.(G’). Let g* : C —s C' be
defined by ¢*(G) = (¢*(G))!. Then g* is left adjoint to g,:

Hom(g"(G), G') = Hom((¢*(G)), G') = Hom(¢"(G), &)
= Hom(G, ¢.(¢")) = Hom(G, g.(G"))

Since ¢* commutes with finite inverse limits, these functors constitute a morphism of
topoi. O]

o6



With the following proposition, hypothesis can be checked quite easily in a lot of
cases:

Proposition 5.3.4 ([SGA4.1, Exp IV, 4.9.2]). With the notions of [5.5.3; Let[(i) and
be given. If C is a small category where finite inverse limits are representable, then
g* commutes already with finite inverse limits, if @ does.

Proof. Let ¢ commute with finite inverse limits. Since C is small with representable
finite inverse limits, p* commutes with them as well (|[SGA4.1, Exp I, Prop. 5.4 4]).
Now, from and follows as C is small that ¢g* commutes also with finite
inverse limits ([SGA4.1, Exp. III, Prop. 1.3 5]). O

Remark 5.3.5. In terms of [SGA4.1, Exp. IV, 4.9], the theorem can be refor-
mulated: The hypotheses and say that ¢ is a continuous functor ¢ —» C'.
Together with this means that ¢ induces a morphism of sites from C’ to C. With
this notation the statement of this proposition can be extended to an equivalence of
categories

Homtop(E,C) —=— Morsite(E, C),

where C is a site and FE is a topos which can be considered as a site, too, using the
notion of covering families of presheaves.

With these propositions we are now able to construct a morphism of topoi v :
(X/S)crissyn. — Xsyn, which is done here according to the construction given
in [Koe89].

Theorem 5.3.6. There is a morphism of topoi v : (X/S)crissyn — Xsyn-

Proof. We would like to apply theorem [5.3.3] Therefore, the setting will be as following:

CRIS(X/S) = C' C = SYN(X)

v

*

(X/S)crissyn = C' == C = Xsyn

Thus, we need a morphism v : SYN(X) — (X/S)crissyn. Let Z € SYN(X). We
define v(Z) to be the presheaf

v(Z)(U,T) =Homx (U, 7).

Now we have to check the conditions of [5.3.3}
(i) v(Z) is a sheaf: Let (U;, T;) — (U, T') be a Zariski-covering, i.e., the diagrams
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=
=3

U; v

O ——
U——T
are cartesian and the morphisms {7; — 7'} form a surjective family of open immersions.
Since open immersions are stable under base change, {U; — U} is also a family
of open immersions which is even surjective because nil-immersions are topological
homeomorphisms. Now the u; are X-morphisms and thus {U; — U} is a covering of
U in the Zariski topology of X. Because Homy(—, Z) is a Zariski sheaf on X, we have
an exact sequence Homx (U, Z) — [[; Homx (U;, Z2) = [, ; Homx (U; xp U, Z).

Now let (U',T") — (U, T) be a surjective syntomic morphism of affine objects.
As above this means that U’ — U is surjective and syntomic and thus fppf. Since
Homx (—, Z) is also an fppf sheaf on X, we have that Homy (U, Z) — Homx (U’, Z) =
Homy (U’ xy U', Z) is exact.

This shows with that v*Z is a sheaf on CRIS(X/S)syn.

: v F is a sheaf on SYN(X) for all F' € (X/S)crissyn: According to , v, F
is defined by v, F'(Z) = Hom(v*Z, F'). Showing the exactness of the sheaf sequence for
a Zariski covering, that is, a surjective family {Z; — Z} of open immersions, involves
quite some calculations and is shown in [BO78| 5.8.2]. Thus, is remains to show the
exactness for a surjective and syntomic ¢ : Z/ — Z in SYN(X). Then again v, F' is
already a sheaf by [4.1.17]

Let v’ € ker(Hom(v*Z', F) = Hom(v*(Z' xz Z'), F')). We have to show that there is
a unique u € Hom(v*Z, F') such that u|,«z = u’. In the following this sheaf morphism
is constructed. Let (U, T,i,0) € CRIS(X/S) and f € Homx (U, Z) = v*Z(U,T). One
has to give uw(U,T)(f) € F(U,T).

By base change f comes locally in SYN(X) from an f': Z' x ;U — Z'. However, the
syntomic covering Z’' Xz U — U does not have to induce an object in CRIS(X/S)syn
or even a covering of (U, T"). Thus, it is no section of v*Z’. But, the lifting proposition
states that such a crystalline covering exists locally: Let U; be a Zariski covering
of Z' x z U such that there is a cartesian diagram
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with v syntomic. Such a covering exists by 3.1.71 Note that f/ : U, — Z' €
Homx (U;, Z') = v*(Z')(U;, T;). By defining f; := o f!, we have to define u(U;, T;)(f;) =
W\ z(Us, T;) (f]) = W' (Ui, Ty)(f]) € F(U;, T;). Because f; = f|u,, we have to show that
these sections glue in F(U,T).

For this let u(f;) = o' (f]) == «'(U;, T;)(f]), Uij = U; xp Uj, and T;; = T; x¢ T; for
the sake of readability. Then we have

u'(fi)|(Uij,Tij) = u'(Uy, i) (fil ) As v is a sheaf hom

=1, 2/%,2/(Usj, Ti;) (Ui ]ﬁf 7' xz Z") Definition of restriction
fix f;
= U'|o, 715 y 2/ (Usj, Tij ) (U N 7 %y 2" As i1 zx,z = U o gk,
= u’(fj)‘(Uij7Tij)'
This shows that the u(f;) € F(U;,T;) fulfill the gluing axioms and give rise to a section
in F(U,T), which we define to be u(f). Now this defines a sheaf homomorphism
u:v*Z — F with ul,~z = ' by construction, as can be seen in the above diagram.
It is also unique with this property as noted in the construction, thus this shows the
exactness of the sheaf sequence for Z' — Z. Hence, v*Z is a sheaf.
(i)} By is suffices to check that v commutes with finite inverse limits or even
with finite products and fiber products:
I/(Zl Xz ZQ)(U, T) = HOIHX(U, Zl Xz ZQ)
= HOI’IlX(U, Zl) XHomX(U,Z) HOmx(U, ZQ)
= V(Zl)(U, T) XV(Z)(U,T) I/(ZQ)(U, T)
= (W(Z1) Xu(z) v(Z))(U,T)
This shows that v commutes with fiber products. With Z = X one gets the statement
for products. This concludes the proof. n

Theorem 5.3.7 ([Koe89]). There is a commutative diagram of morphisms of topoi

Ux/s

(X/S)cris,zar X7AR
B «
14 /S
(X/S)cris.syn . SYN

where o and [ are the morphisms of topoi created by coarsing the topology. The
morphism uxg is defined in [BO7S, 5.18].

Proof. It suffices to show vy g0 a® = " ou’y 4 for Z € ZAR(X) as this determines all
the morphisms uniquely by [5.3.3, So let Z € ZAR(X). Then one has (vy,g0a*)(Z) =
v(Z), as representable functors are already syntomic sheaves. On the other hand,
(B* o’ /S)(Z ) is, by definition, the associated sheaf to u? /sZ in the syntomic topology.
But u% / ¢Z and v(Z) are by construction the same sheaf, the latter one being already
a sheaf in CRIS(X/S)crissyn. Thus (8 o uy s)(Z) = uy,sZ = v(2). O
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Lemma 5.3.8 (|[Koe89]). Let F € (X/S)crissyn, Z € SYN(X), and v = vx/s. Then
one has

V*‘F(Z) = HomZ/S<€7]:|(Z/S)CRIS,SYN) = HO((Z/S)CRISuSYN7]:|(Z/S)CRIS,SYN)'
Proof. By definition in [5.3.2 we have
v, F(Z) = Homy,s(v(Z), F),

where v(Z) : (U, T) — Homy (U, Z). Thus, it is sufficient to show Homy,s(v(2), F) =
Homy,s(e, Fl(z/s)). Therefore, let u : v(Z) — F. We define an morphism v’ : e —

Flizys) on (Z/S): Let (U 2> Z,T) € CRIS(Z/S). Then ' is defined by

u'(U— Z,T):e(UT) ={e} = FlzUT)=FUT)
e —u(UT)(f).

On the other hand let v’ : e = F(z/s). Then a morphism u : v(Z) — F on (X/5) is
defined for (U,T') € CRIS(X/S) by

WU, T) : v(Z)(U,T) = Homy (U, Z) — F(U,T)
Fod (UL 2,1

The assignments u <> v’ are mutually inverse which shows the identity. The identity
Homys(e, Fliz/s)ors.svn) = HY((Z/S)cris,syN, Fl(2/8)oms.syw) 18 just by definition of
HY (L119) 0
In the following the cohomology groups of this different topoi will be compared. Of
course, they can not be expected to be isomorphic in general, but there are special
cases which will be sufficiently general for our purposes. In order to formulate this
conditions, we need the notion of crystals, which are the objects giving rise to the
name of crystalline cohomology. For the usual crystalline-Zariski site they are defined
as follows:

Definition 5.3.9 ([Bau92, 1.13]). A crystal of Ox s-modules is a sheaf F of Ox/s-
modules in (X/S)cris zar such that for every morphism (u,t) : (U',T") — (U,T) in
CRIS(X/S)zar the canonical morphism of Op-modules

Py @ 1 v (Fury) — Furrm

is an isomorphism. Morphisms of crystals are morphisms of Oy g-modules. A crystal
is called quasi-coherent resp. locally free of finite rank if for any object (U,T) the
Or-module Fy,r) has this property.

The following proposition states that a quasi-coherent crystal is already a sheaf in
the syntomic topology (and in fact even for fppf and fpgc, see [BBM82, 1.1.19]) and
compares their cohomology.
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Proposition 5.3.10 (|[Bau92, 1.14]). Let F € (X/S)criszar be a quasi-coherent
crystal of Ox;s-modules. Then F is also a sheaf for the syntomic cohomology on
CRIS(X/S) and for any j >0

RJ/B*F: 0,
where [ is the canonical morphism (X/S)crissyn — (X/S)criszar. In particular,
there is no need to distinguish between crystals on (X/S)criszar and (X/S)crissyn-

Proof. See [BBMS82, 1.1.18, 1.1.19] or [Baz]. O

Corollary 5.3.11. If F is a quasi-coherent crystal of Ox,s-modules, one has for any
Jj=>0:
H?((X/S)crissyn, F) = H?((X/S)cris,zar)-

Remark 5.3.12. This tells us that the exact sequence

0 —— Jx/s — Oxys O 0

([BOT8| 5.2]) exists on the crystalline syntomic site, too.

It would be helpful to have a similar statement for the morphism u = wux/s :
(X/S)crissyn. — Xsyn. However, much more restrictive hypotheses on the un-
derlying schemes are needed in this case and some syntomic properties will enter in
the proof. First we note the following lemma which allows us to calculate certain
crystalline cohomology groups using Zariski cohomology. It is a combined version of
the slightly more special ones in [Bau92, 1.16] and [Koe89].

Lemma 5.3.13 ([Bau92, 1.16], [Koe89]). Let k be a perfect ring of characteristic
p, W, = Wy(k) the ring of Witt vectors of length n endowed with the canonical
divided power structure on the ideal (p) C W, (k). Let R be a W,,-algebra such that
the Frobenius morphism is surjective on the k-algebra Ry = R/(p) and let S = Spec R.

Then there exists an affine PD-thickening D = Spec WPP(Ry) of S, such that for all
J >0 and all abelian sheaves F in (S/W,,(k))criszar one has

H((S/Wy)cris zar, F) = Hy,p (D, Fp).

Proof. By (S,D) is a final object in CRIS(S/W,) and for any (U,T) €
CRIS(S/W,,) there is a morphism

0, :(UT)— (S,D)
compatible with morphisms in CRIS(S/W,,). This allows to define a morphism of topoi

© : (S/Wy)cris,zar — Dzar
O.F = Fp
(©*G)wr) = 0,'G,

where F € (S/W,)criszar, G € Dzar and (U, T) € CRIS(S/W,,). Since ©, is exact
([BOT8, 5.26]), the proposition follows from the Leray spectral sequence. O
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With this tool, it is possible to show that in this context the crystalline-syntomic and
the syntomic cohomology groups are isomorphic:

Proposition 5.3.14 ([Bau92, 1.17]). Let k be a perfect ring of characteristic p, W,, :=
W,.(k) the ring of Witt vectors of length n, endowed with the canonical divided power
structure on the ideal (p) C W, (k). Let further S be a k-scheme and F a quasi-coherent
crystal on CRIS(S/X)syn. Then one has

Riu,F =0 for j >0 and
H((S/%)crssyn, F) = HY (Ssyn, usnF) for j > 0.

Proof. We have to calculate the higher direct images R7u,F of F. Such a R7u,F is the
sheaf associated to the presheaf U — F/(U) := H((U/Y)cris,syn, F). Therefore, it is
sufficient to show that this presheaf becomes locally trivial, or even the following: For
any affine S-scheme U = Spec A there is a family of faithfully flat syntomic morphisms
{V; — U}yer satisfying hgiel Fi(V;) =0 for j > 0.

Now, the crucial point is that for any a € A the morphism Spec(A[T]/(T? —a)) —
Spec A is a syntomic covering: It is of finite presentation, it is flat as A[T]/(T? — a)
is free as A-module and it factors via Spec A[T]/(T? — a) — Spec A[T] — Spec A
clearly via a regular immersion (77 — a is a non zero-divisor in A[T]) followed by a
smooth morphism. Finally as A — A[T]/(T? — a) is an integral ring extension, it is
surjective by going up.

Thus, we define a ring A by

A = hgl An: Ag = Aa An+1 = AAn[(T‘a)aGAm]/((TgJ - a)aeAn)-
nelN
This ring A can be written as A = hﬂie ; Bi where B; are faithfully flat syntomic

A-algebras (Let I = A and a < o if A(a) C A(d’). For every a € A there is n € N
such that a?” € A, thus a and B, = A(a) C A can be generated by n syntomic ring
extensions like above and thus B, is a syntomic A-algebra). One has

@Fj(Spec B;) = ligHj((SpeC B;/¥)cris sy, F)

iel el
= hél’lHj((SpeCBi/Z)CRIS,ZAR,.7") £.3.17]

i€l
=~ HI((Spec A/S)cris zar, F)- [Kat94] 2.4.3]

In addition, the Frobenius morphism on A is clearly surjective by the definition of A
and thus we can use [5.3.13} Let D = Spec WPP(A). Then one gets

HI((Spec A/)criszar, F) = Hj (D, Fp) =0,

where the second step is due to Serre’s criterion |Sha96| 2.1.2], as Fp is a quasi-coherent
on D.
]
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Remark 5.3.15. The fact that locally the Frobenius becomes surjective is a special
property of the syntomic topology. This would not work e.g., in étale topology: The
polynom 7?7 — a is inseparable in characteristic p and thus the induced morphism
Spec A[T]/(T? — a) — Spec A is not étale in general. For an explicit example consider
A =T,(X) as IF,-scheme. Then the morphism is not étale at 0 € A[T]/(T? — X) as
the induced residue field extension I, (X)(X'/?)|F,(X) is inseparable.
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6. Sheaves on the Syntomic Site

This section will introduce some very important syntomic sheaves on sites of schemes
over perfect fields of characteristic p. These sheaves will play a major part in the proof
of BSD presented later. The material in this part is based on the manuscript Die
syntomische Kohomologie by Kock [Koe89|. It was first formulated by Fontaine and
Messing in [FMS87]. Here it is generalized in order to allow the case of syn(S) for S a
syntomic W, (k)-scheme which will be the smooth curve from BSD later.

Let k be a perfect field of characteristic p > 0. Let W,, = W, (k) be the ring of Witt
vectors of length n. Unless otherwise noted, k is considered a W, (k)-algebra via

Frob™ 0

Wi (k) =2 Wi (k) = k,

where 7 is the projection onto the first component, which corresponds to reduction
modulo p.

Let s € N and X be a Wi-scheme. For i < s define X; = X ®y, W;. By this
induces for n > ¢ a morphism of topoi

Vi '= VX, /W, ! (Xi/Wn)CRIS,SYN — (Xi>SYN-

Definition 6.1.1. Let O%% ; denote the sheaf (1;).(Ox,/w, ) on SYN(X;). The induced
sheaf on syn(X;) is also denoted by O$’ .. If there is no ambiguity possible, often just
O¢ will be used.

Proposition 6.1.2. The sections of the sheaf OS??H for Z € SYN(X;) are
OS5 (Z2) = H'((Z/Wy)crissyss Ozyw, )-

They are commutative W, -algebras with a Frobenius endomorphism F.

Proof. By |5.3.8] and 4.1.20] one has

(Vi)*<OXi/Wn)<Z) = HO((Z/W )CRIS,SYN, OZ/W”) = (OZ/W,L)
L Ozw, ((U,T)) LOT

U,T)

where the limit runs through CRIS(Z/W,,). Since the T" are W,,-schemes, their global
sections are W, -algebras and hence is the limit. The Frobenius is induced by the
Frobenius on Oz, . O

65



Lemma 6.1.3. Let @ < j and inc : X; — X; the canonical closed tmmersion. Then
one has

(inc).( g?fw) = Ogil:l:m
Proof. Let Z € SYN(X;). Then
(inc)*(0§f;7j)(2) = OESZJ(Z @w, Wj)

= Hei(Z/Wn) rigidity theorem [BO7S, 5.17]

cris

= 0%5.:(2).
O

Remark 6.1.4. This allows us to suppress the index 4 from now on: O¢% = O%%,.
Since (inc), is exact ([BO78, 6.2]), this does not change the cohomology.

The following lemma shows that we can use the sheaves Oggj; to calculate crystalline
cohomology groups on the syntomic site.

Lemma 6.1.5. We have isomorphisms for Z € SYN(X) resp. Z € syn(X)

HéYN(Z7 OS?Z) = HéJRIS,SYN(Z/Wn)

H;yn(Z7 Oggi) = Héris,syn(Z/Wn)'
Proof. This follows from [5.3.14] O

cris

Next, a more explicit description of O%}, will be given for a syntomic W,-scheme X,
using the results from [5.2.175] From now on we work on the small syntomic site, as
we are going to apply the exactness criterion . Let Z be in syn(X), then 7 is a
W,-scheme and by there is a canonical homomorphism

WPP(D(Z,,0z,)) — H?

cris

(Zi/Wh)

for i sufficiently small (i < s,n). Let WP denote the presheaf Z — WPP(T(Z,0z,))
on syn(X): This allows us to define a morphism of presheaves W,”* — O$* which

can be extended to the associated sheaf WP on syn(X):
WPr — ogh.

Proposition 6.1.6. Let X be a syntomic Wy-scheme. Then the homomorphism
Wt — o5

s an isomorphism.
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Proof. This will be proved using the exactness criterion |5.1.11} Let Xy = Spec Ay €
Mx. We have to prove that lim W;”"(A;/p) = lim, He;(Ai/W,). Since the PD-
envelope is a left adjoint functor A.1.6)), one has li lim, WPP(A;/p) = WnDP(ligi A;/p)
Which equals H2. (A/W,) as the Frobenius is surjective on A = limg, A; by
As Hpy(ling, A; /W ) g H?. (A;/W,,) (|SGA4.2, Exp. VI, 5]), the statement

CI‘lS
ollows. O

Proposition 6.1.7. Let n > m. The canonical morphism

CI'IS cris
o -0 Ko

Zi /W) — HCOHS(ZZ-/Wm) induced by the

. . p .
canonical homomorphism W, — Wy, (zo, ..., xn_1) — (x5 ... 2k 1) is

CI'IS (

giwen for Z € syn(X) as the morphism H,

WDP WDP
(g, ... an_1) — (a) " ,...d% ).
Proof. We have O%%(Z) = HY, (Z;/W,,) = Jim o) O7(T') where the limit runs trough

(U, T) € CRIS(Z;/W,). The morphism SpecW,, — SpecW,, induces an inclusion
CRIS(Z;/W,,) € CRIS(Z;/W,,). The morphism v is given on the limit by projection:

(UT)e (UT)e
CRIS(Zi/Wn) CRIS(Zi /W)

The morphism /VIV/T?P (Z) — O5(Z) is given via the universal property of the projective
limit by
WPP(7) 2 Op(T)
(CLOa'- s Ap—1 HszApn Z

for (Z,T) € CRIS(Z;/W,,) and is an isomorphism, if the Frobenius on Z; is surjec-
tive. Let Z; = Spec A affine and (Z;,T) € CRIS(Z;/W,,) C CRIS(Z; /W) Then

—1

we have Zn P = 0,(ag, . an) = On(viag, ... a,)) = S0 piT with
v(ag,...,an_1) = (bo,...,bm_1). Hence the statement. O

Proposition 6.1.8. The Frobenius homomorphism on O reads under the isomor-

n
phism WPT = O g5

’WVDPL’WVDP
n n
(ag,...,an—1) — (ag,...,ab_,).

n—1
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Lemma 6.1.9. Let B be a smooth W,,-algebra of finite type, Py, ..., P; € B a sequence-
reqular sequence, and J = (Py, ..., Py) such that A= B/J is flat over W,,. Then for
all v > 0 the ideal J" C Dp ) (J) ist flat over W,,. Here, J denotes the r-th divided
power of the PD-ideal J C Dp ().

Proof. Let X = Spec A and Y = Spec B. There is a commutative diagram

Xe————Y

Spec W,

d
AWn,

where z is the zero section T; — 0 and « is induced by T; — P;. This diagram is
in fact cartesian: Let C' be a ring with homomorphisms ¢; : B — C' and ¢ : W,, —
C' commuting over W,[T1,...,Ty]. Because a((T},...,Ty)) € B generates J and
(T1,...,T;) = ker(z) one has J C ker ¢; and therefore ¢; factors uniquely via B/.J = A.
On the other hand, ¢y factors via the structure morphism W,, — B and therefore via
B/J, too.

form a sequence-regular sequence.

Let 2 € X. The elements Ty, ..., T4 € Oga o)
As these are mapped by a to the B-sequence-regular sequence Py, ..., P;in B and as

B/(Py, ..., Py)is flat over W, [Th,...,T4)/(Ty, ..., Tq) = W, the stalk Oy, is flat over
Opd a(x) Py [EGAIV.1, 0.15.1.21]. Since the flat locus is open ([GW10, 14.42]), there

exist an open neighbourhood U of X in Y such that U — A{‘fvn is flat.
By |A.1.7, one has Dy ,)(Y) = Dx,)(U). Furthermore, as U — Af, is flat, by
[BOT8, 3.21] we get

DX»(p)(U) DSpean (AW ) XA(xi/Vn U.

Therefore, by flat base change we see that DX{p)(Y) = Dspecw,,p) (A ) Xag,
U is flat over Dspecw, p (A, ) and even that JI'' C Dp,(J) flat over I C
Dw,r,,..m0.)(Th,s ..., Ty). Since U] EDl 1> Wa T[”} ng] is a free W,-module
and as such flat over W,,, this implies the statement. ]

Lemma 6.1.10. Let A be a k-algebra with surjective Frobenius. Then for all n,m > 1
there 1s an exact sequence

n

p v
Wi (A) —— W2E (A) —— WPP(A) — 0,
where v is given by v : Wy im(A) = Wn(A), (2o, . .., Tnpmei) — (28 ... 20" ).

Proof. Since the Frobenius on A is surjective, so is the map v : W, (A ) — Wh(A).
Furthermore, one has v(Z,+m(A)) = Z,(A) and as by [5.2.11| we have Z,,(A) = ( )
this induces a surjective map W25 (A) — WPP(A). Obviously, one has v o p®

Thus, it remains to show that ker(v) C im(p").
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There is a PD-thickening 0,,,,, : W2F (A) — A, which is a morphism of W, .-

n—+m
algebras. By factoring out p", we get a PD-thickening W,2F (A)/(p™) — A/(p") = A,
which is a morphism of W, ,,/(p") = W,-algebras. By [5.2.13] we get a morphism
0, : WPP(A) — WPP (A). We claim that it satisfies the following commutative

n+m
diagram:

WP (4)
v On
//////” x ‘\\\\\\\
WL (4 WL (A) /"

This would show that v is injective up to p™ and therefore ker(v) C im(p™).
To show the commutativity, let a = (ag, ..., @nim-1) € Wiprm(A). Then v(a) =

(a",...,a"" ). To calculate 6, ((a) ... ,a" ,)), we need to choose lifts a; for the a?" in
WEE (A)/p under the homomorphism 6,4, : W2 (A)/p™ — A, (ao, . . ., Gnsm—1) —
ap "l = e Let dg o= (@] = (@,0,...,0) € WPEL(4)/p"

with a? " = 4; be such a lift. Then we have

On(v(a)) = Onlag ... a5 )
n—1 n—1
=) it =) pflap
k=0 k=0
~mh -
- ag ) 7CLZ71707 70)

]

Remark 6.1.11. It is worth noting that this sequence becomes exact not before
taking the PD-envelopes: For example, let ¢ € A with €2 = 0. Then obviously
(¢,0,...,0) € ker(v), but how should (¢,0,...,0) € (p™) hold? In fact it doesn’t have
to be true in W4, (A), but it is true in W2I (A): Let £ € A such that 7" = e.

Then 6,4 ([]) = & = 0, thus [£] € T, m(A). As [¢] is in the PD-ideal, one has
[e] =[] = (") ([E]) € (P7)-

This allows us to construct a fundamental exact sequence on the syntomic topos:

Proposition 6.1.12 ([Koe89|). Let X be a syntomic Wy-scheme. Then there is an
exact sequence on syn(X):
cris " cris " cris v cris
OX,n—i—m - OX,n—I—m - OX,n—l—m - OX,n —0
Proof. First the exactness on the left side will be shown. Of course p"™ o p™ = 0, thus
it has to be shown that kerp™ C im p™. Let U € syn(X) and s € O%%,,,,,(U) with
p"*s = 0. It is sufficient to show that there is a covering {U; — U} in syn(X) and

Ui-
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By [5.1.10, U can be assumed to be of the form U = Spec(B/J) with B =
WyTy,...,T;) and J = (Py,..., P;) with Py, ..., P; a sequence-regular sequence in B.
Then we have

Oggil-i-m([]) = H(E)ris(U/Wner? OU/Wn+m)

= ker (J_[O] Ly Jo ® Q}&z ) c JO = Dy, p) (AZW

W7L+m/Wn+’m ntm

by [BO78, 7.2] as A%/Vnm is flat over W, ,,,. Furthermore, JI is flat over W, ., by
6.1.9. Thus, the exact sequence

m i

p p
Wn+m - n+m > n+m

induces an exact sequence JI% — J — JO which shows that there is a ¢t € JI° with
p™t = 5. Let dt = 22:1 a; ® dT; € JO @ Q, denote the image of ¢ under

Wn+m/Wn+m

d with a; € JO. Of course, dt # 0 in general. But by defining V = U,,4,, by base
change with the relative Frobenius as in one has in V: T; = (17 7n7m)pn+m and
thus d(T}|y) = d(TF " """ = prtm (TP " )Pl = 0. Therefore, d(t]y) = 0
and t|y € ker(d) = OF% |, (V) which shows the exactness in the first part.

The exactness in the other parts is a consequence from [6.1.10] and the exactness
criterion: Let Xy = Spec Ag € M x. Then

er?ﬁn (hﬂ Ai/ P)

WP (lim A,/p) —— WP (lim Ay/p) —— 0

is exact by [6.1.10 By [A.1.6| this sequence equals

@WDP (Ai/p) —— LHEWDP (Ai/p) —— LHEWf)P(Ai/P) — 0,

n+m n+m

which shows the statement by the exactness criterion [5.1.11} ]

Corollary 6.1.13. Let X be a syntomic Wy-scheme. Then there is a short exact
sequence on syn(X)

7

) p . v
cris — cris
0 OXJn OX,ner

cris
OX,n

0.

Proof. From [6.1.12| one obviously gets a short exact sequence

'3
12

cris m o cris cris
0 OX,m—l—n/p OX,n—l—m OX,n 07
: : : : : cris m ~v cris :
thus it remains to show that there is an isomorphism O%% ., /p™ = O%%,. But this

isomorphism is induced by the epimorphism v : O | — O%%, gained by exchanging
n and m after factoring out the kernel p™ O . . O

70



Remark 6.1.14. Let A be a k-algebra with surjective Frobenius. Then OF%(A) =
W,PP(A). In this case the morphism p™ : OF% — OF | is given by (ag, ..., an_1)
(0,...,0,&07...,6Ln_1).

Definition 6.1.15. Let X be a syntomic W,-scheme. Like for (’)Sé”f” we define Ox ,, ;

to be the push-forward of Oy, under the morphism v;. It again turns out to be
independent of i. Therefore, we can omit the index and write Ox,, € syn(X).

Proposition 6.1.16. [t can be easily shown that O,, = Ox /p", with Ox the structure
sheaf on syn(X).

Proposition 6.1.17. Let X be a syntomic Wy-scheme. Then there is an epimorphism
of sheaves on syn(X): .
o7 — O,

This epimorphism is induced by the eract sequence on (X;/Wp)erissyn and
application of v; ..

Proposition 6.1.18. There is a commutative diagram

cris
On—i—m On+m
12 v
cris
O: O,,

where V' is induced by the morphism Wy, m — W,,.

We define the sheaf of ideals 7, on syn(X) by the short exact sequence
0 Tn Ocris O, 0.

Note that for s = 1 we have O,, = Ox = G, and thus
0 Tn Ocris G, 0.

From [6.1.12 we note that
ker(O%, — OF) = p 05t
Multiplication by p induces an injection

. cris cris
p: O = O

by [6.1.13] The commutative diagram [6.1.18 shows that the projection O — O

induces a surjection J,+1 — J,.

From now on let X be a syntomic k-scheme, i.e., s = 1. Then O,, = G, = Ox. In
this case the surjection J,y1 — J, has kernel p”(’);‘"fl as well: Obviously, one has
ker(Jni1 — Tn) C ker(OZF, — OFF) = p"O&F. But as X is a k-scheme, we have
char O,,,1 = char G, = p and therefore p”Of;isl C Tni1-
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Proposition 6.1.19. On O there is a Frobenius F. On O the kernel of F is J.

Proof. The proof will use the exactness criterion (5.1.11]). Let Z, = Spec Ay € My
(see|5.1.10)). By the exactness criterion, it is sufficient to show the equality for the ideals
of WPT(A;/p) corresponding to J; and ker F. The first one is generated as a PD-ideal
by the ideal J; := {(ag) € W1 (A;/p) | af = 0}, while the second one is generated as
a PD-ideal by the ideal I; := {(ag) € W1(A;/p) | ai = 0}. By [5.2.11] these ideals are
equal, as Wi (A;/p) is of characteristic p. Therefore, the statement follows. ]

Lemma 6.1.20. By writing J1 C OZE, for the image of Jy in O, under the injection
p" s OFS — OF one defines
L, = Jnn1 / Ji

and gets an exact sequence

Proof. This is done by factoring out J; from the short exact sequence 0 — 7,11 —
O — Opy1 — 0. .

Since by definition, J; C p"O&F,, the surjection J,41 — J, factors via Z, giving rise
to the exact sequence

Proposition 6.1.21 (|[Bau92, 3.4 (i)]). The Frobenius F on O, induces a morphism
p~tF : I, — O which makes the following diagram commutative:

n

jn+1 In
F p~lF
p(r)%isl szris'

p

Proof. First we show that the Frobenius maps J,11 to pO&f: Using the exact-
ness criterion we can work locally on a k-algebra A with surjective Frobenius. Let
(ag,...,an) € Tns1(A), ie, agn = 0. Choosing a; with &fnﬂ = a; we have (ag, ...,a,) =
[@o)”" ™" + -+ 4 p*[an]? and Flag, ..., an) = (ab,...,a?) = [ao]?"™ + - + p"[an )" =
[@o]”"™ + p(...). But as the Teichmiiller lift commutes with multiplication, it follows
that [ao]”"" = [ae]” = pyplac], since [ag] is an element of the PD ideal J,.1(A). This
shows F(ag,...,a,) € pOTEs,.

By the exactness criterion and it is easy to see that ker(F : p"OZf, — OFF) =
Ji. Thus J; C ker F' and F : J,1 — pO;. % factors via Z,,. Composing the map
F : 7, — pO&s, with the inverse of the isomorphism p : O — pOIE we get the
morphism p~'F which makes the above diagram commute by construction. ]
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For the morphism p~!F there is a short exact sequence which will be fundamental for
the proof of the conjecture of Birch and Swinnerton Dyer discussed in the next section:

Proposition 6.1.22 ([Bau92, 3.4 (ii)]). On syn(X) there is an exact sequence

1—p1

F ia
0 fipn 7. Ois (),

Proof. This proof is quite complicated and therefore omitted here. See [Bau92, 3.4,
3.5]. ]
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7. The Proof of BSD

This section will sketch as an example of the usefulness of the syntomic cohomology a
proof of the conjecture of Birch and Swinnerton-Dyer for abelian varieties with good
reduction everywhere over function fields in characteristic p > 0 as given in [Bau92|. In
this section, p will denote an odd prime. The following objects will play an important
role:

(i) Let K be an algebraic function field in one variable with field of constants F,,
q=p"
(ii) Let S/, be the smooth projective integral curve corresponding to K.
(iii) Let Ax/K be an abelian variety over K, which has good reduction everywhere.
(iv) Let m : A — S an abelian scheme with generic fiber 771(s) = Ax.

The goal of [Bau92| is to prove the conjecture of Birch and Swinnerton-Dyer as stated
in [Tat66, conj. B], which reads in our case as follows:

Theorem 7.0.1. Let Ay /K be of dimension d. Let p be the order of the zero of the L-
function L*(s) of Ax /K at s = 1. Let g be the genus of K. Let h: Ag(K)x Ag(K) —
R denote the height pairing. If (Ax/K) () is finite for one prime £, then the whole
HI(Ag/K) is finite and

_ #II(Ag/K) - | det Al
~ #Tor Ag(K) - # Tor Ag(K)

Up to p-part, this is already proven by Tate ([Tat66, Thm 5.2]) for elliptic curves and
by Schneider (|Sch82, Theorem]) for arbitrary abelian varieties using étale cohomology.
Thus, it is sufficient to consider the p-part.

lim L(s)
s—1 (5 — 1)p

7.1. The L-Function of an Abelian Variety in Terms of
Syntomic Cohomology Groups

To Ak /K one attaches the Hasse-Weil L-function:
L(s) = La(q®), where
La(t) = [ det(1 — =" - 19| H} (A, Q0) "

z€|S|

The first step is to transform the L-function into a function in terms of crystalline
cohomology groups:
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Proposition 7.1.1 (|[Bau92, 2.4]). L(s) = Lcris(p~*), where

2

Lors(t) = | [ det(l — ®t| Hips zar (S/Zp, €q,))

7=0

1)d+1

with HéRIS,ZAR(S/Z;Dng) is defined as follws (see [Bau92, 2.1]): Let &€ = D(A) =
Sxtg/zp (ug/ZpA, Ogyz,) be the Dieudonné module of A/S. Through the closed immer-
ston i : ¥, 1= Spec(Z/p"Z) — Spec(Z,) define &, = iggis€ = Ext(uyy, A, Ogys,)
[BBM&Q, 25’6/ Then let HéRIS(‘S/ZpaEQp) = Mn H*((S/Zn)CRIS,ZARagn) Qz, Qp
where the transition maps are induced by i¢gEn =~ En—1 with respect to the closed
IMmersion i @ X,_1 <> %,. In addition, ® denotes the Frobenius endomorphism as

defined in [Bau92, 2.3].

Now we can pass over to the syntomic site using the morphisms constructed earlier,
especially the morphism u : (S/E)cris syn — Ssyn. Let O = u,Og)s,,,, as defined in
[6.1.4] Then, using the morphisms of topoi and checking some Frobenius compatibilities
one translates the L-function first to an L-function Lgyn for the big syntomic site and
gets finally

Proposition 7.1.2 (|Bau92, 2.7]). Let F' denote the endomorphism which is induced
on H7 (S, Exty, (A, O1)) by the Frobenius of OS. Further let

HY(Sopm, Ext' (A, OG)) = lim HY (S, Extls (A, OF%)) @, Q.

where the transition maps are induced by the natural epimorphisms O —s O,

Then the Hasse-Weil L-function of Ak /K is given by L(s) = Leyn(p~*) where

1)i+1

Lsyn Hdet 1 — Ft‘HJ(Ssyn,(c:Xt (A Ocns))) 1)

7=0

7.2. Calculating the Syntomic Cohomology Groups

The calculation of the syntomic cohomology groups consists of several steps. First, the
factors of the syntomic L-function are expressed in terms of certain # ker /# coker-
fractions of some morphisms. Plugging in some exact sequences, this can be expressed in
terms of the size of some cohomology groups. In the last step, these sizes of cohomology
groups can be identified with the arithmetic invariants appearing in the conjecture of
Birch and Swinnerton-Dyer.

Application of Extfgsyn(A, —) to the exact sequences |6.1.20| and |6.1.22| gives two short
exact sequences of syntomic sheaves (|[Bau92, 3.7]):

0 —— Exth (A L,) —— Extl (A0 /) —— Extl (A ,Gp) — 0.
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_ -1 ,
0 —— Exth (A ppn) —— Extly (A, T,) 2 Extl (A,05%) — g,

Now one defines
H (Seyn, Ext! (A, OFF)) := lim H (Seyn, Exty, (A, Oui))
H (Sepm, Ext(A, Ty,)) = @Hj(ssyn, Exts (A, L)),
which gives rise to two important long exact sequences (we suppress the index in Sgy,
to simplify notation):

Lemma 7.2.1 (|Bau92, 3.8]). There are long exact sequences of finitely generated
Z,,-modules from the two short evact sequences above:

L= HI(S, Ext' (A, Ty,)) = HI(S, Ext! (A, OF)) — HI(S,Ext!(A,C,)) —> ...
= HI(S,T,A) — HI(S,Ext' (A, Ty,)) 5" HI(S, Ext(4,08%) — ...

Handling the determinants: Crucial for handling the determinants of the cohomology
groups is the notion of a quasi-isomorphism of abelian groups:

Definition 7.2.2. A morphism f of abelian groups is called quasi-isomorphism if
ker f and coker f are finite. In this case one defines

 #kerf
)= # coker f

The importance of this definitions becomes apparent in the following

Lemma 7.2.3 ([Tat66| z.1]). Let ¢ be an arbitrary prime, A and B finitely generated
Zy-modules of the same rank, and (a;), resp. (b;) bases for Ary, and Bro . Let
f A — B be Zj-linear with fro(a;) = zj 2;ib;, where fro, denotes the induced
morphism Aty — Bror. Then f is a quasi-isomorphism if and only if det(z;;) # 0, in
which case

#BTor

#ATor

Furthermore, this is compatible with composition:

|2(f)le = |det(zi;)

l

Lemma 7.2.4 (|Tat66, z.2]). With the same notation as above: Let f : A — B and
g : B — C be homomorphisms of Z,-modules. If any two of the three maps f, g,
and go [ are quasi-isomorphisms, the third is a quasi-isomorphism, too and one has

2(go f) = 2(9)=(f).
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To simplify notation, we define

Pi(t) := det(1 — Ft|{HI(S, Ext (A, OZF))).

With this definition we have Lgy,(t) = B and L(s) = Lgyn(p~®). By defining

Po(t)P(t)
furthermore
P(t)

P(t) = A=t 1p iy € Qp(t),
we have P(p~!) # 0 ([Bau92, 3.14]) and
L(s) P()

lim

o1 (1—p1)r  B(O)P(t)

Now we can try to calculate these polynomials:

Lemma 7.2.5 (|[Bau92, 3.12]). For j = 0,2 the morphisms i; :=1i and @; :=1—p 'F
from (7.2.1) and (7.2.1)) are quasi-isomorphisms and one has

PPl = 2(p5)2(i5) "

For P some more work is needed:

Definition 7.2.6. We define the Frobenius invariants H’(S, Ext'(A4,Zz,))" " ' to be
the kernel of the map

L—p ' F 2 HI(S, Ext! (A, Iz,)) — H'(S,Ext'(4,087)).

Furthermore we define the Frobenius coinvariants H7(S, Ext'(A, OF*)),_p-1p to be
the cokernel of the above map.

Lemma 7.2.7 (|Bau92, 3.15]). Let
frHY (S, Ext! (A, Tz,) 7 — HY(S, Ext' (A, OF))1_p1p

be induced by i : H'(S, Ext' (A, Iz,)) — H'(S,Ext! (A, OFF)) (see . Then f is
a quasi-isomorphism if and only if p = rkg, H'(S, Sxtl(A,IZp))l_p_lF and in this case
one has

[P(p )l = 2(f)=(i) "

Noting that tkgz, H'(S, Ext!(A, Iz, )7 ¥ = rky, H'(S, T,A) (|Bau92, 3.17]), we can
collect what we have achieved so far in the following form:

Proposition 7.2.8 ([Bau92, 3.17]). One has p = rkg, H'(S, T,A) if and only if [ is
a quasi-isomorphism and in this case

_ 2(po) - 2(in) - 2(2)
o 2lio) - 2(f) - 2(i2)

lim L(s)
s—1 (1 —pS_l)P
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The next step is to actually calculate the z’s. With the Frobenius invariants and
coinvariants ([7.2.6]), the long exact sequences ((7.2.1]) give rise to short exact sequences
([Bau92, 3.11])

0 — HO(S, Ext (A, Og®))1_prp — H'(S, T,A) =~ H'(S,Ext (A, Iz,))' 7 —0

—
0 — H'(S,Ext! (A, OFF)1p1r — HX (S, T,A) — H(S,Ext (A, I, ) 7 — 0,

which allow to proof the following:

Proposition 7.2.9 ([Bau92, 3.17]). One has p = rky, H'(S, T,A) if and only if f is
a quasi-isomorphism and in this case

3 1
=L # Tor (S LA [ #1(5 R'7. 0) Y

P =1 =0

~2((Bfa)zor) ™"

Let (,),: H'(S, T,A) x H'(S,T,A) — H?(S,Z,(1)) — Z, be the cup product pairing
induced by the exact Kummer sequence in |[Bau92} 3.1]. Some tedious computations
allow to show

28
s=1 (1 —ps—1)p

Proposition 7.2.10 ([Bau92, 3.18]). The morphism f is a quasi isomorphism if and
only if (,), is non-degenerate and in this case

2((Bfa)ror) = |17 - det(, )qlp,
where r = [F, : I,)].
All of this allows to formulate the theorem

Theorem 7.2.11. One has p > rky, H'(S, T,A). Furthermore p = rkz, H'(S, T,A) if
and only if (), is non-degenerate and in this case one has

3
=|r? - det(, >q|;1 : H # Tor HY (S, Tple)(fl)]

P j=1

=y

1
[ #H (SR04

J=0

With this important theorem we can start to calculate the cardinalities and approach
the conjecture of Birch and Swinnerton-Dyer. First, using results from Milne, Bauer
proofs the following lemma:
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Lemma 7.2.12 ([Bau92, 4.2]). If HI(Ax/K)(p) is finite, then
3
[ # Tor HI(S.T,A)V = #I(A/K)p)
i1 # Ak (K)(p) - # Ak (K)(p)
By the Riemann-Roch theorem, Bauer calculates the next factor:

Lemma 7.2.13 ([Bau92, 4.3]). Let e : S — A be the unit section and let wy := 6*9}4/5.
Then

1
H #H] (Sa Rlﬂ-*oA)(_l)j = q_ degwA+d(1_g)a
=0
where g denotes the genus of K and d the dimension of Ak.
Finally, via the Yoneda pairing, Bauer relates (, ), to the Néron-Tate height paring:

Lemma 7.2.14 ([Bau92, 4.5)). Let h : Ax(K) x Ag(K) — R be the Néron-Tate height
pairing. If II(Ag /K)(p) is finite, then (,), is non-degenerate and
| det(, )qlp = |(log g)~ e AR det hlp-

Because of

lim LS) lim L(s)
s—1 (1 —pS_l)ﬂ s—1 (s — 1)P
this can be combined with the result for the non-p-part in [Sch82, Theorem] to get
Theorem 7.2.15 ([Bau92, 4.7]). Let Ax/K be an abelian variety of dimension d
possessing good reduction everywhere. Let p be the order of the zero of the Hasse-Weil
L-function L(s) of Ax/K at s = 1. Let S/F, be the model of K, g be the genus of
K, and A/S be an abelian scheme with generic fiber Ak. Further lete: S — A be
the unit section, wy 1= e*Qi‘/S, and let h : Ax(K) x Ag(K) — R denote the height
pairing. Then one has p = rky A (K) if and only if W(Ak/K)({) is finite for one
prime €. In this case II(Ax/K) is finite too and it holds
lim L(s) | #II(Ax/K) - | det h

s+ (s = 1)?|  #Tor Ag(K) - # Tor Ag(K)

Since for Tate’s L-series L*(s) one has

= (logp)™*

)

. ,—degwa+d(1—g)

lim L<S) _ ,—degwa+d(l—g)

s—1 L*(s) ’
this results in the conjecture of Birch and Swinnerton-Dyer as formulated in [Tat66,
Conjecture BJ:

Theorem 7.2.16 ([Bau92, 4.8]). Under the assumptions of|7.2.15 one has the following
statement: If III(Ag /K)({) is finite for one prime € then I(Ax/K) is finite too and
it holds

lim L(s)
s—1 (s — 1)P

 BII(A/K) - |deth]
a # Tor Ap(K) - # Tor Ag(K)
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The following diagram gives an overview of the complete proof of the conjecture of
Birch and Swinnerton-Dyer for abelian varieties over function fields in characteristic
p > 0 as given in |[Bau92|. The numbers on the arrows refer to the corresponding
statements in [Bau92].

-1

L - L - La(g
(logp)~* lim (5) 2L Nlim _ L) Z |lim Eala™)
s—1 (s — 1)P ) s—1 (1 —ps_l)P » s—1 (1 —ps—l)l) »
L —s) | L =) |7 Len(p™) |7
24 i 2SRV <p1 ) 26 iy SN ) (p - ) 27 N = (pil)
s—1 (1 — P~ )P » s—1 (1 — p5- )P » s—1 (1 — p? )P »
1

after 3.11

#ker(1—p~1F)
# coker(1—p—1F)

=TI, # Tor H(S. LAY - TL #HP (S, RImO0) Y - 2((Bfa)ro) ™ i

# coker(1—p—1F)
\ 3.18

# Tor H(S, T,A)

Lo #HI(S, R 04) Y+ 17 - det(, ),

4 Tor H3(S, T,A) '\# Tor H'(S,T,A)
#mmK/K)(pJ / / '5

_ ‘ . q—degwA+d(1—9) : |(1ng)—pdeth|};1

AR () AR (K) (D)
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A. Appendix

Lemma A.1.1. Let R be a ring and I C R an ideal. Then one has a canonical
morphism of R/I-modules
T@rR/T=1/I%

Proof. There is a short exact sequence of R-modules

% ™

0 I? I

1/1? 0,

which gives raise to an exact sequence of R/I-modules

i i

0.

I? ®r R/1 IT®rR/I I/I?®r R/I
Let zy®a € @z R/I with z,y € I, a € R/I. Then one has ¢/ (zy®a) = ry®a = 2®
ya = 0 and thus i’ = 0. This shows that 7’ : I®gR/I — I/I?®grR/I is an isomorphism.
Since I annihilates I/I?, we have furthermore I/I* @ R/I = I/I* @/ R/1 = I /1.
This shows the lemma. O

Lemma A.1.2. Let k be a perfect field of characteristic p > 0, W,, :== W, (k) the ring
of Witt vectors of length n. Let w, : W,, = k, (zo,...,2,_1) — xf denote the n-th
ghost component. Then for all (xg,...,x,—1) € W, one has

_ =p" n—1~p
(l’o,---,l'nfl)—l'o S Lp—15
where ; denotes a lift of x; € k under w,.

Proof. This map is well-defined: Since k is perfect, one has ker(w,) = (p), therefore

NV 2

D'T; " does not depend on the choice of the lift by Hence, let without restriction
Z; = [ "]. Then one has pz?" = pi[z? """ = pi[a"| = (0,...,0,2;,0,...,0) as
the Teichmiiller lift commutes with products. Now the statement follows from [FOed,

p.12, 0.12]. O

Proposition A.1.3. Let k be a perfect field of characteristic p > 0, W,, .= W, (k) the
rin}g of Wz’it vectors of length n. Let py : W, — W, _x be given by (zo,...,Tp_1) —
(b ,...,ab ). The ring Wy,_y is an Wy,41-module via pg. One has an exact sequence
of Wyi1-modules

pP1

0 —— Wi(k) =2 Wopa (k) ——— W, (k) — 0.
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Proof. The exactness of the sequence is clear, as k is perfect. The map p; is W, 41-
linear, as it is a ring homomorphism (p; = (— mod p")oo) and W, is a W, 1-module
via p;. The map v, is additive by [FOed, p.12]. Let vy = (yo,...,yn) € Wy and
(z9) € Wi. Then one has y - (z ) (yo zg) — (0,...,yfxo). On the other hand one has

n~p D"

R +1 n
y-(0,...,20) =p"ih- O, p'0F ) p"zogs = (0,...,zoyb ). O

Lemma A.1.4. Consider the sheaf of real-valued C*-functions on R. Let F be
the ring of germs of this sheaf in 0. This local ring contains the maximal ideal
m={f1]f(0)=0}. (To simplify notation, germs will be written by representatives).
Furthermore F contains the function t : x — x. Then m is generated by t.

Proof. Let f € m. It suffices to show that the function ! ( ) can be C*®-extended in 0.

Tl
Therefore, it suffices to show that the functions <%> are continuous extendable in

0 for all &k > 0. One has:

()" - 5o

o k!
= Sy i)
S ()RR £ (5 )

xk—l—l

The limit in 0 can be calculated by de I'Hospital. With

(Z(—m“’j—fﬂf@ <x>) = ) O ) 4t )

i=0 i=0
= ot fH (),
one gets
k
f (LN @) ()
z—0 T x—0 (k + 1):L‘k+1 k+1 '
Thus, there is a C*°-function g such that gt = f. ]

Lemma A.1.5. Let U =V and U — W be immersions over Y. Then U — V xy W
1S an immersion, too.

Proof. The induced morphism U — V xy W factors as U — U xy U -V xy U —
V xy W as can be seen in the following diagram:
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U

UXyU

VXyU

VXyW Y.

U UO——n——->W

The diagonal Ay/y : U — U xy U is an immersion (|GW10, 9.5]) and Uxy U — V xy U,
V xy U — V xy W are so, because immersions are stable under composition and base
change ([GW10, 4.30]). Thus, the composition is an immersion, too. O

Proposition A.1.6. Let P be the category of PD rings and let (A, 1,7v) be a PD
ring. Let C be the category of pairs (R,I) where R is a ring and I C R an ideal
with morphisms f : (R,I) — (R',I') consisting of homomorphisms f : R — R’ with
f(I) C I'. Then taking the PD envelope is a functor C/A — P /A which is left adjoint
to the forgetful functor P/A — C/A.

Proof. This follows directly from the universal property of the PD envelope (|[BOT7S8|
3.119]):

HomC/A((Bv J)v (Cv K)) = Homp/A((DB,’Y(J)a J, H)? (C, K, 7))
]

Lemma A.1.7. Leti: X — Y be a closed immersion over W, (k), U CY open with
i(X) C U. Then one has Dx ;) (Y) = Dx ) (U).

Proof. Let X, U, Y be affine. Obviously U — Y is flat. Therefore, by [BO78, 3.21],
we have

Dx,p)(U) = Dx,p»(Y) xy U,
It remains to show that Dx ,)(Y) Xy U = Dx,(Y). But, as we have topological
identities X — Dx (YY) and X — Dx (,,(U), the morphism Dx ,)(Y) — Y factors

through U and we get a morphism u : Dx ,)(Y) = Dx (YY) Xy U via the universal
property of the fiber product:
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Obviously we have p; o u = id by construction. Since the morphism u o p; commutes
over Dx (YY) = Y and U — VY, it is unique with this property and therefore the
identity, too.

Now let X, U, Y be arbitrary. The sheaf giving rise to Dx ,)(Y") is quasi-coherent
on Y ([BO78, 3.30]), therefore we can check the proposition on affine coverings. [
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