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Abstract

This master thesis considers aspects of Fukaya’s and Kato’s equivariant e-isomorphism con-
jecture ([FKO6] Conj 3.4.3). We start with some preliminaries on determinant functors, p-adic
Hodge theory and Galois cohomology. Then we elaborate Fukaya’s and Kato’s construction
of e-isomorphisms for de Rham representations and incorporate ideas of Nakamura [Nak17]
concerning the multiplicativity. Assuming the existence of an equivariant e-isomorphism
for an instance of a certain class of triples (A, T(T'),&) we establish in the main chapter of
this work that the equivariant e-isomorphism exists for a twisted triple (A, T(T(x)),&) as
well. 'We do this by viewing the twist as a base change as in section 4.5 of [LVZ15] and
check that the properties in the equivariant e-isomorphism conjecture are compatible with
this base change. Our arguments show with little gerneralisation effort that the properties
in [FK06] Conj 3.4.3 are compatible with any base change of adic rings. As an outlook we
present ideas how a stronger connection concerning the specialisation to e-isomorphisms of
de Rham representations could be established between the equivariant e-isomorphisms for
T(T) and the twisted representation T(T'(x)). Here, we assume that the character x is finite
and unramified.

Zusammenfassung

Diese Masterarbeit behandelt Aspekte der dquivarianten e-Isomorphismen Vermutung von
Fukaya und Kato ([FK06] Conj. 3.4.3). Wir beginnen mit einigen Grundlagen zu
Determinanten-Funktoren, p-adischer Hodge Theorie und Galois Kohomologie. Dann fithren
wir Fukayas und Katos Konstruktion von e-Isomorphismen zu de Rham Darstellungen unter
Beriicksichtigung von Nakamuras Ideen zur Multiplikativitdt in [Nak17] aus. Im Hauptteil
der Arbeit zeigen wir ausgehend von der Existenz eines dquivarianten e-Isomorphismus zu
einem Tripel (A, T(T'),€) einer gewissen Klasse von Triplen auch die Existenz des dquivari-
anten e-Isomorphismus zum getwisteten Tripel (A, T(T(x)),&). Die Kernidee ist, den Twist
wie in Sektion 4.5 von [LVZ15] als Basiswechsel aufzufassen. Wir priifen dann, dass die Eigen-
schaften der dquivarianten e-Isomorphismen Vermutung kompatibel mit diesem Basiswechsel
sind. Mit wenig Aufwand sieht man mit unseren Argumenten auch, dass die Eigenschaften
in [FK06] Conj. 3.4.3 kompatibel mit allgemeinem Basiswechsel adischer Ringe ist. Als
Ausblick halten wir abschlieend einige Gedanken zu einer stirkeren, die Spezialisierung zu
e-Isomorphismen von de Rham Darstellungen betreffenden Verbindung zwischen den aquiv-
arianten e-Isomorphismen zu T(7) und dem getwisteten T(T'(x)) fest. Dazu nehmen wir an,
der Charakter x sei endlich und unverzweigt.
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Introduction

Motivation

The thesis deals with the equivariant e-isomorphism conjecture of Fukaya and Kato ([FK06]
Conj 3.4.3). For its relation to the e-conjectures by Fontaine/Perrin-Riou or Benois/Berger see
chapter 2 of [Izy12]. Fukaya and Kato formulate their e-conjecture in a very general setting,
working, for instance, over non-commutative rings, to relate the (non-commutative) Equivariant
Tamagawa Number Conjecture (ETNC) of Burns and Flach ([BEO1]) with the non-commutative
Iwasawa Main Conjecture with p-adic L-functions ([Ven05a] and [CFK™05]). The connection of
these topics has been elaborated in the survey [Ven05b]. We briefly recall some aspects.

For a motive M Bloch/Kato ([BK07] Conj. 5.15) and Fontaine/Perrin-Riou ([FPR94]) conjec-
tured a relation between the leading coefficient of the L-function, L(M, s), associated to M at
zero, L*(M), and Galois cohomology groups of integral representations associated to M up to
some period and regulator. This strong conjecture, the Tamagawa Number Conjecture (TNC),
implies, for instance, in the case of elliptic curves the Birch and Swinnerton-Dyer conjecture
([Ven05b] 3.1). Fukaya and Kato generalised it to an equivariant version, the (-isomorphism
conjecture, in their [FK06] Conj. 2.3.2 extending the ETNC of Burns and Flach. One can view
the (-isomorphism conjecture as an interpolation of the TNC for twists of M by representations
of a p-adic Lie group.

Conjecturally, L(M, s) satisfies a functional equation relating it to the L-function of the Kummer
dual M*(1). Taking the leading coefficients of this functional equation implies the equation

L5 (M + (1))

L (M) = (-1)7=() - 2= 2

LA(M(1),
One reason for the importance of the equivariant e-isomorphism conjecture is that assuming
the existence of the functional equation, it implies the equivalence of the (-isomorphism con-
jecture for M and the (-isomorphism conjecture for M*(1) (and hence also the ETNC for the
respective motives) via the functional equation and establies a functional equation between the
¢-isomorphisms for M and M*(1) (see [Ven05b] thm 5.11).

In [CFK™05] the existence of certain p-adic L-functions is conjectured. Assuming their ¢- and
equivariant e-conjectures Fukaya and Kato can construct these p-adic L-functions (see §4 of
[FKO06], in particular 4.1.3 and section 4.3).

Some known results

The equivariant e-isomorphism conjecture predicts the existence of e-isomorphisms with certain
properties for tripels (A, T,§), where A is an adic ring (see definition , for instance the
Iwasawa algebra Z,[G] of a Galois group G of a p-adic Lie extension of Q,. T is a A-linear
representation of Gg,, often an induction from a Gg-representation with K/Q, finite. There
are several results which establish the existence of e-isomorphisms for some choices of G and



T. One of the first results was Benois’ and Berger’s proof of the existence of e-isomorphisms
for T being any crystalline representation and G = Gal(F/K) with K/Q, finite unramified
and F' C Ko = US2 K ((pn) a finite subextension ([BB05al). Venjakob proved in [Venl3]
the equivariant e-isomorphism conjecture for T being the Iwasawa deformation of Z,(n)(r),
where 7 is an unramified character, K any unramified extension of Q, and G = Gal(K«/K).
Together with Izychev ([IV16]) he later proved the case where T is a p-adic Tate module of a
one-dimensional Lubin-Tate group defined over Z, and G = Gal(F/K), where both F' and K
are finite extensions of Q, and F/K is at most tamely ramified. Loefler, Venjakob and Zerbes
[LVZ15] considered the situation of T being a crystalline representation and G an abelian p-adic,
p-torsion free Lie-extension. They also worked with more general coefficients for A. This work
was extended by Bellovin and Venjakob [BV16] using Wach modules. Bley and Cobbe [BC16]
proved the existence of equivariant e-isomorphisms for T = Z,(n)(1), where 7 is an unramified
character, K an unramified extension of Q, and G = Gal(F/K) with F//K abelian, weakly
and wildly ramified so that the residue degrees of K/Q, and F/K are coprime. Nakamura
([Nak17]) considered e-isomorphisms for rank one (¢, I')-modules over the Robba ring. Our own
work considers the situation of L and K being finite extensions of Q,, 1" a finitely generated
projective Or-module with continuous Gi-action, G chosen so that A = O [G] is an adic ring
and x : Gxg — O a continuous character. We show that the existence of the e-isomorphism
for (A, T(T'),&) implies the existence of the e-isomorphism for (A, T(T'(x)),&), where T(—) is
Ind(%0 (A*®p, —). The thesis thus extends a few of the above results.

Structure of the thesis

In the first chapter, we recall some preliminaries. We treat determinant functors using Deligne’s
category of virtual objects, collect some key aspects of p-adic Hodge theory and of continuous
Galois cohomology, in particular Shapiro’s lemma and Tate duality.

The second chapter begins with a review of Deligne’s local constants. Next, we elaborate the
construction of e-isomorphisms for de Rham respresentations including the correction factor
proposed by Nakamura [Nak17]. Lastly, we state of the equivariant e-isomorphism conjecture.
The third chapter contains the main result of the thesis. By viewing a twist with a continuous
character y as a base change of the ring A, we show that the existence of an e-isomorphism for a
triple (A, T(7T), &) implies the existence of the e-isomorphism for a twisted triple (A, T(T(x)),€)-
With little extra effort, our arguments show that the properties in the equivariant e-isomorphism
conjecture are compatible with base change in general.

The last chapter is an outlook. We present some rough ideas on a stronger connection be-
tween e ¢(T(7")) and ep ¢(T(T'(x))) regarding the specialisation to e-isomorphisms of de Rham
representations. Here, we assume y to be finite and unramified.

Acknowledgements

I would like to thank Prof. Dr. Otmar Venjakob for choosing the interesting topic as well as for
supervising the development of this thesis. Moreover, I would like to thank Dr. Malte Witte,
Dr. Michael Fiitterer, Oliver Thomas, Gregor Pohl and Benjamin Kupferer for several helpful
exchanges regarding p-adic L-functions, topics related to Galois cohomology and determinant
functors. My final thanks go to Nadja-Mira Yolcu for her continuous moral support.



Chapter 1

Preliminaries

1.1 Determinant functors

In this section, we will describe a method of defining a “determinant” for isomorphisms in
general exact categories. For our purposes we will need a determinant functor for the exact
category PMod(A) of finitely generated projective modules over a not necessarily commutative
(but always unital) ring A. The first work on determinant functors was Knudsen’s and Mumford’s
[KM77], which Knudsen generalised in [Knu02]. We follow mainly the approach taken by Deligne
in [Del87]. There is also more modern work on deteminant functors on triangulated categories
by Breuning [Brell] and on Waldhausen categories by Muro, Tonks and Witte [MTW15], whose
generality we won’t need in our work.

In the prototypical setting of determinants of L-vector space isomorphisms, the determinant is
an element of L*, which is just K7 (L). It will be this intuition that carries over to general exact
categories.

1.1.1 K-theory

We now recall properties of the Ky and Ky group of a ring following the explicit descriptions
in section 1.1 of [FK06] and touch on general K-theory of exact categories by mentioning some
results from [Weil3].

Definition 1.1.1. The group Ko(A), or Grothendieck group, is the (additively written) abelian
group with generators [P] for P an object of PMod(A) and relations [P & Q] = [P] + [Q] as well
as [P] = [Q)] for isomorphic A-modules P and Q.

Definition 1.1.2. The group Ki(A), or Whitehead group, is the (multiplicatively written)
abelian group generated by elements [P, «|, where P is an object of PMod(A) and « an auto-
morphism of P, subject to the following relations:

(1) If [P,a] and [Q, ] are elements of K1(A) and ¢ : P — Q a A-isomorphism such that the

diagram

commutes, then [P, a] = [Q, B].
(2) [P,ap] =[P,a] - [P,}]
(3) [P&Q,adp] =[P [Q,MH.



The following theorem gives an alternative definition of Kj(A). It is more prominent in the
literature and provides a good intuition for Kj(A):

Theorem 1.1.3. Let GL(A) == colim,, GL,,(A), where the transition maps are given by

GLo(A) = CLo i1 (A), g (g (1)>

Then the map
w: GL(A)/[GL(A),GL(A)] — Ki1(A),g — [A", g]

s an isomorphism of abelian groups.

Proof. w is well-defined since K;(A) is commutative and because by the third relation in defi-
nition [L.1.2] we have
An+1 g 0
"\0 1

and [P,idp] is the neutral element in K;(A) for any P in PMod(A). It is a homomorphism by
relation (2) of definition By choosing a complement P & Q = A" for a finitely generated
projective A-module P, one sees that [P,a] = [A",a @ idg], so w is surjective. The remaining
injectivity is intuitive, since in GL(A)/[GL(A), GL(A)] all the relations of K (A) hold. A formal
proof is given in [Ros94] theorem 3.1.7. combined with Whitehead’s lemma, see proposition
2.1.4 in [Ros94]. O

= [An S A>g 2] ldA] = [Aag] : [AaldA]

We have a determinant map on K;(A) if A is commutative:

Lemma 1.1.4. Let A be commutative. Then the determinant homomorphisms
det : GL,(A) — A induce a map det : Kq1(A) — A with section A* — Ki(A), A — [A, A].

Proof. The determinant functors det : GL,(A) — A* are compatible with the inclusions
GL,(A) <= GL,41(A) and A* is commutative by assumption. O

If A is also semi-local, det is an isomorphism:

Definition 1.1.5. Let A be a (not necessarily commutative) ring. Its Jacobson radical J(A) is
the two sided ideal {\ € A|]1 + AXA C A*}.

The ring A is called semi-local if A/J(A) is a left-semisimple ring, i.e. if every left-submodule
of AJJ(A) is a direct summand.

Remark 1.1.6. Any left-semisimple ring is also right-semisimple by corollary 3.7 in [Lam01].
Therefore, it makes sense to simply speak of semi-local rings.

We give some examples of semi-local rings that are important in this work.

Example 1.1.7.
(1) Every field is semi-local.
(2) Every local ring A is semi-local, since J(A) is the maximal ideal and thus A/J(A) is a
field.
(3) (Left)-Artinian rings are semi-local (see theorem 4.14 in [Lam0O1]).
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(4) If L/k and K/k are field extensions with K /k finite. Then L ®j K is semi-local. In fact,
L ®j, K is Artinian as finite ring extension of the Artinian ring L.

(5) Every adic ring is semi-local (see definition and lemma [1.3.11]).

Lemma 1.1.8. Let A be a semi-local ring. Then the homomorphism A* — Ki(A),\ — [A, )]
1s surjective. If A is commutative, the map is an isomorphism and hence so is det.

Proof. This is lemma 1.4 in chapter III of [Weil3] O

Remark 1.1.9. By the above lemma the determinant can be seen as a map to Kj(A)
in the case of semi-local commutative rings. Using K;(A) as the target for a determinant is
further motivated by exercise 1.2 in chapter III of [Weil3|] where a unique group homomorphism
det : GL(A) — Ki(A), which satisfies some key properties of the commutative determinant, is
constructed for semi-local non-commutative rings.

Lemma 1.1.10. Let A and A’ be two rings and Y a finitely generated projective A'-module with
a commuting right action of A. Then there are base change morphisms Ko(A) — Ko(A') and
Ki(A) — Ky (A) induced by the functor Y @p — : PMod(A) — PMod(A).

In particular, if Y = A’ and the right action of A is given by a ring homomorphism f : A — A,
we denote these base change homomorphisms Ko(A) — Ko(A') and K1(A) — K1(A') both by
f*. Moreover, we have the following commutative diagram:

AX f A/><

| |

Ki(A) —L— K(v)
in which the vertical maps are surjective (isomorphisms) if A is semi-local (and commutative).

Proof. For a projective A-module P the A’-module Y ®, P is projective, since if P @ Q = A",
then (Y ®p P) @ (Y ®x Q) = Y™ The functor Y ®, — is additive and thus induces group
homomorphisms

K()(A) — K()(A/), [P] — [Y ®A P] and Kl(A) — Kl(AI), [P, a} — [Y A P, idy ®Oé].

If f : A — A is a ring homomorphism, we get an induced group homomorphism
GL(f) : GL(A) — GL(A’), which maps each entry of a matrix via f. Let g € GL,(A) rep-
resent an element of GL(A)/[GL(A), GL(A)]. One the one hand, w(GL(f)(g)) is [A™, GL(f)(g)].
On the other hand, we have f*(w(g)) = f*([A",g]) = [N ®f A™,idys ®g]. The isomorphism
A" = A ®¢ A" shows that both elements are the same in K;(A’). Thus, the following diagram
commutes

AX f A/><

l [

aL(A) —Y 5 L)

The semi-local case follows directly from lemma [1.1.8 O

5



Lemma 1.1.11. Let A — B and A — C be extensions of (not necessarily commutative) rings
and T a Ting automorphism of B. Let further P be a finitely generated projective C'-module and
f a B® C-automorphism of B®&4 P. Then (T ®@idp)f(r7! ®idp) is a B ®4 C-automorphism
of B P and in K1(B ®4 C) we have

[Boa P, (r®idp)f(r ' ®idp)] = (r ®idp)*([B ®4 P, f]).

Proof. The map (7 ® idp)f(7~! @ idp) is clearly a C-linear bijection and it is B ® 4 C-linear
because f is, so that the action of 7 cancels on scalars from B. Choosing a complement of P,
we can assume it to be free. Given a C-base p1,...p, of P we obtain 1 ® p1,...1 ® p, as a
B ®4 C-base of B ®4 P. This base is invariant under 7=! ® idp. So the matrix representing
(r®@idp)f(r~! ®@idp) with respect to the above base is just the matrix representing f mapped
element-wise via 7 ® idp, i.e. (1 ®idp)*([B®a P, f]). O

K-theory is neither only defined for rings nor limited to the groups Ky and K;. To illustrate,
we cite some properties of Quillen’s K-theory for exact categories.

Definition 1.1.12. An exact category is an additive category £ admitting a small skeleton
which is a full subcategory of an abelian category A and closed under extensions. That is, for
each short exact sequence 0 - E' — E — E” — 0 in A, where E' and E" are isomorphic to
objects in &, there is an object in € which is isomorphic to E in A.

So an exact category comes with a collection of exact sequences, namely those sequences that
consists of objects in £ and are short exact sequences in A.

An exact functor F : £ — &' is an additive functor between exact categories € and E' which
maps short exact sequences to short exact sequences.

We give some examples of exact categories:

Example 1.1.13.

(1) Every small abelian category is an exact category.

(2) If A is a ring, the category PMod(A) of all finitely generated projective A-modules is exact
as the full subcategory of the abelian category Mod(A) of all A-modules. Note that in
PMod(A) every short exact sequence splits. We call such an exact category split exact.
PMod(A) is not an abelian category in general, since not all cokernels of homomorphisms
between finitely generated projective modules are projective.

(3) The category of torsion abelian groups is an exact category via the embedding into the
category of abelian groups. However, for instance the following sequence does not split

0— 7Z/2Z 2 7,/47. %5 7.)27. — 0.
Quillen described in [Qui73| an approach to associate K; groups to an exact category for i € Nj.

Theorem 1.1.14. For every exact category &, there is a topological space BQE, which is the
geometric realisation of an auziliary category QE, such that K,(E) = m,+1(BQE) yields a
functor from the category of exact categories and exact functors to the category of abelian groups.

Moreover, for € = PMod(A) we have Ko(PMod(A)) = Ko(A) and K1 (PMod(A)) = Ki(A).



Proof. The construction of the category Q& is described in chapter IV §6 of [Weil3]. Definition
6.3. and the following remarks establish the functoriality. Finally, corollary 7.2 together with
definition 1.1 [ibid.] establish that the conceptual and the explicit construction of Ky and K
of a ring coincide. O

Remark 1.1.15. For every exact category &£, one can explicitly describe Ky as the free group
on isomorphism classes of objects of £ modulo the relations given by the short exact sequences.
For a ring this reflects the explicit construction of Ky in definition One could be inclined
to describe K () explicitly in a similar way as in definition This however only yields the
correct K group only if £ is split exact (see theorem 3.3 in [She82] and §5 in [Ger73| for counter
examples of non split exact categories).

Remark 1.1.16. The group homomorphisms in lemma|l.1.10] are the homomorphisms induced
by the exact functor Y @5 — : PMod(A) — PMod(A’) via the functoriality in theorem [1.1.14

1.1.2 Picard Categories

The target category of a determinant functor will be a certain Picard category. In this subsection
we discuss some concepts of Picard categories in general. We follow the material in [Brell] 2.1.
and 2.3. For more details, see also the material in appendix A of [Knu02]. Picard categories are
monoidal categories with additional structure.

Definition 1.1.17. An AC tensor category is a category C with a covariant bifunctor
—® —:C xC — C subject to coherent associativity and commutativity constraints.

Remark 1.1.18. In the light of theorem 4.2. of [Mac63] the coherence of the associativity and
commutativity constraints is equivalent to the associativity constraint satisfying the hexagon
axiom ([Mac63] (3.5)), the commutativity constraint being self-inverse ([Mac63] (4.2)) and both
of them satisfying the hexagon axiom ([Mac63] (4.5))

Definition 1.1.19. A (commutative) Picard category is a non-empty AC tensor category P in
which every morphism is an isomorphism and for which the functors AQ — are auto-equivalences
for every object A of P.

Remark 1.1.20. Let P be a Picard category.

(1) A unit in C is an object 1 together with natural isomorphisms A4 : A =5 1 ® A, satisfying
the conditions in [Mac63] (5.2) and (5.3). A morphism of units f : (1,A) — (1',\) is a
morphism f : 1 — 1’ which satisfies (f ® ida) o Ag = X, for all objects A in P. Every
Picard category has a unit object and is thus automatically a monoidal category. The unit
object is unique up to isomorphism of unit objects ([Riv06] I. 1.3.2.1). This isomorphism
is itself unique. For if « and 8 : 1 — 1’ are two isomorphisms of units, then we have

(a & idjl/) oA = )\/]1/ = (,8 & id]ll) o Aqyr.

Cancelling X}, and using the faithfulness of — ® idy/, we get o = .

(2) Let A be an object of P. An inverse of A is an object B together with an isomorphism
pa i A® B — 1. We denote an inverse of A by A~! and call an application of u a
trivialisation of A. Since A ® — is an auto-equivalence for every A, every object of a
Picard category has an inverse, which is by commutativity a two-sided inverse. As for
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units, the full- and faithfulness of A ® — shows that inverses are unique up to unique
isomorphism of inverses (i.e. isomorphisms consistent with the p’s). It is clear that A is
an inverse of A~!. Moreover, inverses commute with the product structure in the following
way: For all objects A and B an inverse of A® B is A~ ® B~! as well as B~' @ AL
Note however, that inverses might not be coherent with the associativity constraints, see
[Del87] (4.1.1).

(3) Taking inverses with respect to — ® — even is a functor. Given a choice of inverses for
every object of P we need to define f~!: A=! — B~! for a morphism f: A — B in such
a way that the diagram

1
Ag Al 1 gy p1

N,

commutes. Therefore, we set f~! to be the unique morphism A~' — B~! which is mapped
to f @ idg—10figoju 4 under the fully faithful functor id 4 ®—. Here and later on f means the
inverse of the morphism f with respect to composition. Writing
f® f ' = f®idg-10idg ®f ! shows that the above diagram commutes. Clearly,
id;l1 = id4-1 by the faithfulness of id 4 ®—. Taking inverses also agrees with composition.
For this we write f® f~! =idp ®@f o f®id4-1 to see that idp @ f ! = igopso f®id 4-1.
So, we get that on the one hand idg ®(¢ o f™!) = g®@idr-1 ofigopuao f ®idy-1. On the
other hand, we have idc ®(go f)™' =Tigouao(go f) ®idy-1. Since goidgog = id¢c, we
get that idg ®(g 1o f~1) =idec ®(go f)~!. Using the faithfulness of idc ®—, we conclude
that taking inverses indeed is a functor.

Definition 1.1.21. For a Picard category P, we define homotopy groups of P as follows: my(P)
is the group with the isomorphism classes of objects of P as elements and multiplication induced
by — ® —. Furthermore, we set w1(P) to be the group Aut(1) of automorphisms of a fixed unit
(general automorphisms, not automorphisms of units).

Remark 1.1.22. Via the map Aut(1) — Aut(A),f — Aa o f ® idaols and its inverse
Aut(A) — Aut(l),g — pa o g ® idy-1 014 we can canonically identify the group of auto-
morphisms of any object in P with that of a unit. So we can canonically view 71 (P) as Aut(A)
for any object A.

The “value” of a determinant functor is a morphism in a Picard category. We will now see how
we can interpret this value as an element of 7;(P) (and later for universal Picard categories as
an element of a Ky group). For this we need the notion of a torseur.

Definition 1.1.23. Let X be a set and G a group. X is called a G-torseur if X s non-empty,
and G operates freely and transitively on X.

Since the torseurs in our work will always be over commutative groups, we do not need to
distinguish left and right actions. The following lemma shows in which situations we will consider
torseurs.



Lemma 1.1.24.
(1) For all objects A and B of a Picard category P there are either no morphisms from A to
B or P(A, B) is a m1(P)-torseur.
(2) Let ¢ : A — B and ¢ : B — C be two composable morphisms in P and « an element of
71(P). Then a(t 0 ¢) = (av)) 0 6 = 1o (ag).

(3) mo(P) and 1 (P) are commutative.

Proof.
(1) All morphisms in P are isomorphisms, so that if P(A, B) is not empty, it is automatically
an Aut(A)-left and an Aut(B)-right torseur. More explicitly, let ¢ : A -+ Band a: 1 — 1.
Then the image of ¢ under the action of « is

A-My194 % s 19B -2, B

lid ¢ a®idT

Q AB
B

The left square commutes because the \’s are natural . The long right arrow is a viewed

as an element of Aut(B) according to remark [1.1.22] So the whole diagram commutes. A

similar diagram could be drawn with A at the bottom and « acting as element of Aut(A).
(2) The discussion above shows that both (at) o ¢ and ¢ o (ag) are given by

A 3) B m B ﬂ C, which, again by the above diagram, is the same as view-
ing « as automorphism of A (or C') and pre- (post-) composing it with i o ¢, which is
o 9).

(3) The commutativity of mo(P) is due to the commutativity constraints on — ® —.
For the commutativity of m(P) = Aut(1l) we recall the fact ((5.2) in [Mac63]) that
A1 = ¢(1,1) o Ay, where ¢(1,1) is the commutativity constraint 1 ® 1 — 1 ® 1 (since
we are working in a Picard category, Ay is an isomorphism and hence ¢(1,1) = idyg1).
For a and 8 in Aut(1) we thus get together with the above diagram for A = 1 = B:

acAut(B)

aof=Xdoa®Bor=Aof®aoc) =foa

We will need the following lemma later:

Lemma 1.1.25. Let X be a G-torseur and G — G’ a group homomorphism. Then the quotient
/ G ! ! / /
X' =XxGC =XxG/(xxg,9)~ (x,99")
is a G'-torseur.

Proof. Clearly, X’ is not empty. We define a G’-action on X’ via (x,91)g2 = (z,g192). Let
(x,g1) represent an element of X’ on which g2 € G’ acts as the identity. Since G acts freely on
X, the equation (z,¢1) = (x,g192) also holds in X x G’. Therefore, go = e and G’ acts freely
on X'. Let (x1,91) and (x2, g2) represent two elements of X’. Since G acts transitively on X,
there is an element g € GG such that x1 = z2g. But then (wg,gg)gg_lggl represents (r1,¢1) and
G’ acts transitively on X'. O



Now we discuss some subtleties concerning the commutativity constraints.

Definition 1.1.26. We write c(A, B) for the commutativity constraint AQ B — BRA. Usually,
we will omit it from the notation, but there are subtleties involved if A = B since ¢(A, A) does
not need to be the identity. We will sometimes refer to it as the commutativity constraint of A.
We write £(A) for the self-inverse element of w1 (P) corresponding to c(A, A) € Autp(A® A).

Remark 1.1.27. Keeping track of the e(B)’s, we have the following identities in a Picard
category (see [Ven05b] Remark 1.2).
(1) The inverse f~!': A=! — B~! of a morphism f : A — B can be written as

<€(B)f_1 = Ag-1 oc(B_l, 1)oidg-1-paoidg-1-f-idg—q 0o pig-1 -idyg-1 0 Ag-1.

Here and in the following we will often write “-” instead of “®” for the product structure
in a Picard category or omit it entirely. This should not cause confusion with the m(P)-
torseur structure of the morphisms.

(2) Moreover, we can write a composition A 5B 0 as
E(B) '%O up-1 - ichidBfl 'C(B,C) o idBfl g - f oup-1 -+ idA O)\A.

Since all morphisms in a Picard category are isomorphisms, we have ¢(B) = ¢(C') for any
morphism ¢ : B — C. So if we write the composition of three morphisms as product of
those morphisms, the factors e(B) and €(C) cancel, since they are self-inverse.

In the next section, we introduce the category of virtual objects, which will be the only Picard
category of interest in this thesis. In this setting (B) gives rise to signs, see remark [1.1.44

We saw in remark that Picard categories are monoidal categories. Subsequently, we will
also need the notion of monoidal functors, which we indroduce following [Brell] 2.2.

Definition 1.1.28. Let (C,®) and (D,X) be two monoidal categories with commutativity con-
straints. A monoidal functor (F,m) : (C,®) — (D,K) is a functor F : C — D together with
natural isomorphisms map : F(A) X F(B) — F(A ® B), which respects the associativity and
commutativity constraints ([Riw06] I 4.2.1 and 4.2.2) and which maps each unit of (C,®) to a
unit of (D, X).

Let (F,m),(G,n) : (C,®) — (D,K) be two monoidal functors. A morphism of monoidal functors
p: (Fym) — (G,n) is a natural transformation t : F — G such that for all objects A, B of C we
have tpqp © MA B =NABO (tA &tB).

The category of monoidal functors from (C,®) to (D,X) is denoted Hom®(C, D).

Remark 1.1.29. If (F,m) : (A,®) — (B,X) and (G,n) : (B,X) — (C, *) are monoidal functors,
then the composition (G o F,Gmonp_ p_): (A ,®) — (C, ) is again a monoidal functor.

Lemma 1.1.30. Let (F,m): P — Q be a monoidal functor between Picard categories. Then F
commutes with units and inverses up to unique isomorphisms of units and inverses.

Proof. A monoidal functor is defined to map units to units and these are unique up to unique
isomorphism of units by remark [1.1.20, Let A be an object of P. Then the isomorphism

Wy s F(A) 80 F(A™) 22270 pagp 471 284 prry - 1,

where the last morphism is the commutativity of F' with units, exhibits F((A~!) as an inverse
of F(A). Thus the uniqueness of inverses in remark [1.1.20| proves the claim. O
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Example 1.1.31. By remark [1.1.20| (2) and (3) taking inverses with respect to the product
structure of a Picard category is a monoidal functor.

1.1.3 Determinant functors

Now we have introduced the necessary concepts to be able to define a determinant functor. We
follow the presentation in [BFOI] 2.3 and [Del87]. Let £ be an exact category, let (€,is) be its
subcategory of all objects and all isomorphisms and P a Picard category.

Definition 1.1.32. A determinant functor from £ to P consists of the following data:
e a functord: (€,is) — P,
e an isomorphism d(X) : d(B) — d(A)®d(C) for every short exact sequence ¥ : A — B — C
in €& which is natural in isomorphisms of eract sequences,
o for each zero object 0 in & an isomorphism ¢(0) : d(0) — 1 such that for every isomorphism
f:A— Bin &, we have

—1

d(f) = d(A) 22225 g0y @ d(B) {2 1 @ d(B) 225 d(B) and
a(f ™) = d(B) S0 a(4) @ d(0) “H d(4).

which satisfies associativity and commutativity:
Associativity:
Let ¥4 : B/JA — C/A — C/B be the exact sequence induced by three short exact sequences
¥1:A—-B—B/A
¥:B—-C—C/B
Y3:A—-C—CJ/A

then the following diagram commutes in P:

d(C) 40%) » d(B) ® d(C/B)

d(23)l ld(21)®id
d(A) @ d(C/A) —2290 04y @ d(B/A) @ d(C/B)

Commutativity:
If31:A—> AP B — Band¥y: B— A® B — A are exact sequences given by inclusion
and projection, the following diagram commutes in P:

d(A @ B)

c(d(A),d(B))

d(B) ® d(A).
Given an exact category € and a Picard category P, a morphism between two determinant
functors d,d’ : & — P is a natural transformation t : d — d' such that for each evact sequence
Y:A— B— C wehaved (X)otg = (ta-tg)od(X). The category of determinant functors of
E with values in P is denoted det(E,P).

5

d(A) ® d(B)

[Del87] showed in §4.2-4.5 that there is a universal determinant functor:

11



Definition 1.1.33. For an exact category € we define a category V(E), the category of virtual

objects as the category with closed loops based at 0 in the topological space BQE as objects and

homotopy classes of homotopies between such loops as morphisms. The product structure of

V(&) is given by composition of loops.

Theorem 1.1.34. Let £ be an exact category. Then there exists a universal determinant functor

d: & —V(E), such that for all Picard categories P there is an equivalence of categories

Hom®(V (€),P) — det(E,P)
F— Fod.

Lemma 1.1.35.

(1)
(2)

(3)
(4)

(5)

Let E°P be the opposite category of an exact category. It is also exact and V (E) = V(EP).
An exact functor F : & — &' induces a monoidal functor V(F) : V(E) — V(') such that
the following diagram commutes up to isomorphism of determinant functors

(€,1s) &)
(

7|

4y
Vv
(&, is) —L V(&)

F)

Similarly, if F' is a contravariant exact functor, it induces a contravariant, monoidal func-
tor V(F) : V(E) = V(&) so that for an isomorphism f: A — B in £, we have a natural
isomorphism between V(F) o d and d o F. For a short exact sequence
Y:03A—=B—C—0in&, themap d'(F(X)) is V(F)(d(X)) o c(d'(F(A)),d (F(C))).
Let F: £ - & and G : &' — E" be exact functors. Then V(G o F) and V(G) o V(F) are
isomorphic as monoidal functors.

We have K;(E) = m;(V(E)) fori € {0,1}. The map fori =0 is induced by d. If £ is split
ezact, the isomorphism for i =1 is given by d and remark[1.1.23. That is to say, that the
automorphisms of an object A of £ are mapped like this:

Aute(4) % Auty o) (d(A4)) = Autyg) (1) = 71 (V(€)).

In particular, each object of V(E) is isomorphic to an object d(A)®d(B)~! for some objects
A and B of €.

Let K;(F) : K;(€) — K;(E') fori = 0,1 be the homomorphisms induced by an exact functor
F. The monoidal functor V(F) induces homomorphisms m;(V(F)) : m;(V(E)) — m(V(E"))
for i =0,1. These are identified using the isomorphism above.

Proof. This proof elaborates parts of section 4.11 in [Del87].

(1)
(2)

The auxiliary categories Q€ and QE°P are isomorphic by exercise 6.3 in chapter IV of
[Weil3]. So BQE and BQEP are the same topological space.

Since F is exact, d’ o F' is a determinant functor. The universality of d (theorem
yields a monoidal functor V(F') which makes the diagram commute up to isomorphism in
det(E,V(€)). If F: & — &' is contravariant, we can use the universality of d to obtain

a covariant monoidal functor V(F') so that the outer rectangle of the following diagram

commutes up to isomorphism of determinant functors

12



(&,is) ———

o)
(€ is) — 5 V(e
Jim l

(E'°P is) LGN V(E

Here, inv the contravariant functor that inverts the morphisms of a groupoid. A short
exact sequence ¥ : A — B — C in € is mapped to the morphism ¢(d’(F(A)),d (F(C))) o
d'(F(X)) in V(&')°P. This turns the composition of the left and bottom morphisms into
a determinant functor and thus induces the existence of the monoidal covariant functor
V(F'). The desired covariant, monoidal functor V(F') is defined by post-composition with
mno.

By the previous statement, we have that both V(GF)od and V(G)V (F')od are isomorphic
as determinant functors to do GF'. The category equivalence of theorem shows that
V(GF) and V(G)V (F) are isomorphic as monoidal functors.

The isomorphism stems from the topological construction of V (&), see [Del87] 4.2., from
which the description of the isomorphism for ¢ = 0 also follows. For the case of i = 1 see
[BFO1] 2.3. which also states the compatibility of the induced morphisms. In particular,

by Ko(€) LN mo(V(E)) every object of V() is isomorphic to

-1

for objects A; and Bj in £.

Jou( |

J=1

O]

Remark 1.1.36. The construction of the covariant functor associated to a contravariant, exact
functor F : £ — & in part (2) of lemma is slightly different than in [Del87] section 4.11.
There, Deligne uses part 1 of lemma and defines a contravariant functor (£,is) — V(&)
presumably as

. , d_r, ,
(€,is) > (€is) 22 (£'P is) 25 V(E/P) = V(£)).

For the two constructions to be the same, it seems that a commutative diagram of the form

(£, is) £, v (g'ov)

for |

V(& )op > V(E)

is needed The obvious choice for the dotted arrow seems to be inv, but this messes up the

co-/contravariance from the upper left to the lower right corner.

13



Corollary 1.1.37.
(1) For A and B in Ob(E) we have that d(A) = d(B) if and only if [A] = [B] in Ko(E).
(2) Let M and N be objects of V(E). Then there is a morphism from M to N if and only if
M 2 d(P)d(Q)~! and N = d(P")d(Q")~" with [P] + [Q'] = [P'] + [Q] in Ko(E).
(8) For all objects M and N of V(E) the morphisms from M to N, V(E)(M,N), are either
empty or a K1(E)-torseur.

Remark 1.1.38. By the third part of corollary we have reached our goal of the section.
The determinant of an isomorphism is at least non-canonically an element of K;(£). Each
automorphism group of an object in V() can be even canonically identified with K;(£) by
sending the identity to 1 € K1(£). Roughly speaking, one can say that the information of V' (£)
is in the morphisms rather than in the objects.

Proof.
(1)&(2) By lemma|1.1.35[ (2) we have K((&) = mp(V(€)) with the isomorphism induced by d. (2)
follows from (1) and part (4) of the above lemma [1.1.35

(3) This is immediate from lemma[1.1.35| (4) and lemma |1.1.24]
U

From now on let A be a (not necessarily commutative) ring. We will need determinant functors
in this work only for the case where £ = PMod(A) is the category of finitely generated projective
modules over A. For this case Fukaya and Kato ([FKO06] §1.2) introduce an ad hoc construction
of a universal determinant functor category, which they claim to be equivalent to the category
of virtual objects (ibid. 1.2.10). Unfortunately, there are some gaps in their presentation.
Therefore, we work with the setting of Deligne’s virtual category.

Example 1.1.39. Burns and Flach show in [BFOI] 2.5 (see also [Del87] 4.13) that if A is a
commutative ring and local or semisimple, the category of graded line bundles on Spec(A) is
equivalent to V(A) and the determinant functor is d(P) = (/\X{APP, rk(P)). For A being a
field this shows that we recover the usual definition of a determinant.

In the following, we will collect some properties of the universal determinant functor for
€ = PMod(A) and in particular see how we can extend determinant functors to the derived
category. Most of these properties are mentioned in [FKO06] 1.2 and [Ven05b] §1. We set
V(A) :== V(PMod(A)) and denote d : PMod(A) — V(A) by dj.

Lemma 1.1.40.
(1) We have dy(P @ Q) = da(P) ® da(Q) naturally in objects P,Q of PMod(A).
(2) Let A' be another ring, Y a finitely generated projective A'-module carrying a A-right-
module structure which commutes with the action of A'. Then there is a monoidal functor
Y ®p — : V(A) = V(A) such that the following diagram commutes up to isomorphism of
determinant functors:

(PMod(A),is) — 2 V(A)

Y@A—l lY‘@A—

(PMod(A'), is) —"5 V/(AY).

14



If Y = N and A acts via a ring homomorphism on A, then we denote A’ @, dp(—) by
da(=)ar-

(8) The functor Homy (—, A) : PMod(A) — PMod(A°®) induces a contravariant monoidal func-
tor (=)* : V(A) = V(A®) such that

(PMod(A),is) —2— V(A)

HomA(—,A)i l(—)*

(PMod(A°), is) —A V(A°)

commutes up to natural isomorphism and we have for a short exact sequence Y in PMod(A)

that dp+(X*) = da(X)*. We sometimes also denote the functor Homp (—, A) itself by (—)*.

Proof.

(1) This is just an instance of the naturality of da on short exact sequences.

(2) The functor Y ®4 — : PMod(A) — PMod(A’) is exact. So by lemma (2) it induces
a functor monoidal V(A) — V(A’), which we also call Y ®j —.

(3) We first show that the functor Homp(—, A) is well defined. For P € PMod(A) we equip
Homy (P, A) with a A°-action by letting A € A°® act from the left on f € Homy (P, A)
by right multiplication in A, i.e. (A- f)(p) = f(p) - A. Since Homy(—, A) is an additive
functor, it maps finitely generated projective A-modules to finitely generated, projective
A°-modules. So it is well-defined. Finally, it is exact since Homp (—, A) is left-exact on
the category of all A-modules and it is also right-exact because every exact sequence in
PMod(A) splits and the splitting is preserved under the additive functor Homp (—, A). All
that remains to do is to invoke the contravariant part of lemma part (2)

O

The universal determinant functor dy extends to perfect complexes. The key ingredient is the
work of Knudsen and Mumford [KM77] Proposition 4 and Theorem 2, where they extend dj in
the case of A being commutative. The following (which is structered after [BEO1] section 2.4) is
a slight generalisation for not necessarily commutative rings.

Definition 1.1.41. Let CP(A) be the full subcategory of the category of complexes of A-modules,
C(A), consisting of bounded complezes of finitely generated projective A-modules. We also call
it the category of strictly perfect complexes. Its subcategory, where only quasi-isomorphisms
are considered will be denoted (CP(A), gis). For an object A of PMod(A) we denote by Alr] the
complex which is A in degree r and zero elsewhere.

Let D(A) be the derived category of the category of all A-modules. Then we define DP(A) as
the full subcategory of the derived category D(A) consisting of those complezes that are quasi-
isomorphic to a strictly perfect complex. We call it category of perfect complexes.

We also define the homotopy category K(A) as the category with complexes of A-modules as
objects and with homotopy classes of complex morphisms as morphisms. KP(A) shall denote the
full subcategory generated by strictly perfect complexes.

Proposition 1.1.42. The functor dp : (PMod(A),is) — V(A) factors as

A A[0]
R

(PMod(A), is) (CP(A), gis) — (DP(A),is) — V(A).

15



For every short exact sequence of perfect compleres ¥ = %(f,g) : 0 — C’ i> C L C" =0 there
is an isomorphism da(X) : dpy(C) — da(C") @ da(C"), which is natural in morphisms of short
exact sequences of complexes that consist of quasi-isomorphisms. The following properties hold
i addition:

(1) For each acyclic complex C' there is an isomorphism (¢ : dp(C) — 1.

(2) If f (or g) in ¥ is a quasi-isomorphism, then

dA(f) = Aay(cry 0 c(da(C), 1) o id @Cem 0 dp (%)
(OT dA(g) = )\dA(C//) o CC/ ®id OdA(E))

(3) The determinant functor commutes with base change. That is to say that for A an-
other ring, Y a finitely generated projective A'-module carrying a A right structure that
commutes with the A -structure and X a short exact sequence of complexes, we have
dA(Y ®p ) = Y ®p da(X) and the following diagram commutes (up to isomorphism
of determinant functors in the right square):

(PMod(A),is) — (DP(A),is) —2 V(A)

Y®a —J’ J(Y@Hﬁf lY®A_

(PMod(A'), is) —— (DP(A'),is) —2% V(AY).

The corresponding statement holds for the duality functors Homy (—, A).
(4) For every commutative nine term diagram of complexes

o o B o
J/f/ lf lf//
oy oy 2 o

bkl

[/ R LRI N BN 6/

in which all rows and columns are short exact sequences of complexes the following diagram

commutes up to a commutativity constraint:

da(3(f2,92))

da(C2) > da(C3) ® dp(C3)
|ant=ran |aa(=7 g sda(2(7.9")
dA(Cl) ®dA(C3) dA(E(f1,91))®dA(2([3,93)) dA(C{)dA(C{I)dA(Cé)d/\(cg)

(5) Let C be a perfect complex such that H1(C)[0] is a perfect complex for all q. Then we
have a canonical isomorphism da(C) — X, da(H(C) =D which is natural in quasi-
isomorphisms.

Proof. This is just a slightly extended version of proposition 2.1 in [BF0I]. The key ingredients
of the proof are theorems 1 and 2 in [KMT77] where the extension of a determinant functor
for a commutative A is considered. The claim about the duality functors follows from lemma
1.1.40[ (3) together with the explicit description of the extension of dy in the following remark
1.1.43] O

16



We collect some cornerstones of the proof of proposition [1.1.42| which provide some intuition
about the extension of dj to the category of perfect complexes in the following remark, whose
content can mostly be found in [FKO06] 1.2.[3, 8, 9] and the proof of theorem 1 in [KM77]:

Remark 1.1.43.

(1) For C an object of C?(A) we have da(C) = @), dp(C9)=D,

(2) Let ¥: 0 — C" — C — C” — 0 be a short exact sequence of complexes in CP(A). Denote
the degree-wise short exact sequences in PMod(A) by ¥, : 0 — C'4 — €9 — C"9 — 0.
Then d(X) = ®, da (29"

(3) Let C be an acyclic complex in CP(A) and 9 the image of the differential C4 — C9F1,
Then we have short exact sequences 3, : 0 — [9 — €491 — [9%1 — 0 in PMod(A) for all
g. Starting at the non-zero I9 with highest superscript one sees that all /9 are projective
as the kernel of a surjective map between projective modules. They are finitely generated,
since they are quotients of finitely generated modules. So we can apply da to the I?9’s. Up
to commutativity, the isomorphism (¢ is given by

_1)11

e ®gda ()" G ®, nia

Coda(C) = Q) da(CTH (da(I19)dp(19T1) 1.

(4) Let a : C — C’ be a quasi-isomorphism in CP(A). Then the mapping cone of C” of « is
acyclic and we have an exact sequence ¥ : 0 — C" — C” — C[1] — 0 given by the canonic
inclusion and projection. This yields a map v : dp(C")dp(C[1]) —— da(C") C—> 1.

da (%) c
Then dj(a) is given as 1 ® idg, (o)-

(5) In order to extend dp to perfect complexes, note that the category C(A) satisfies the
fourth Grothendieck axiom, AB4, of [Gro57] section 1.5. For such abelian categories
Béksted and Neeman prove in the dual of their proposition 2.12 in [BN93] that the functor
K(P) < K(A) — D(A), where K(P) is some subcategory of K(A), which contains
KP(A) as full subcategory, is an equivalence of categories. Since DP(A) is the essential
image of KP(A) — K(P) — D(A), we get an equivalence of categories KP(A) — DP(A).
Finally, we remark that by [KMT7T7] Proposition 2 the determinant functor on (CP(A), gis)
is insensitive to homotopy, so that it factors over KP(A). Hence, we can define dy on
DP(A) by choosing a quasi-inverse DP(A) — KP(A). Any such choice will yield canonically
isomorphic determinant functors dp : DP(A) — V(A).

We conclude the section with a warning concerning the signs introduced by the commutativity
constraints.

Remark 1.1.44. In section 4.9 of [Del87] Deligne shows that for an object A of an exact cat-
egory £ the commutativity constraint ¢(d(A),d(A)) corresponds to the symmetry isomorphism
d(A® A — A® A) and that £(d(A)) corresponds to d(A e, A) € Auty ) (A) = Ki(€).
If £ has a well-defined rank function, we get that e(4) = (—1)**4 € K;(£). This can be
extended to perfect complexes via the Euler-Poincaré characteristic. See also remark B.0.2
in [LVZ15] for more details. Note how this matches up with the commutativity constraint

VoW = (—1)rk VKWW @ V oof graded line bundles in example [1.1.39
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1.2 p-adic Hodge theory

We collect some results from p-adic Hodge theory in this section. The main references are [FO18]
and [BC09].

1.2.1 Admissible representations

The theory of admissible representations can be found in [BC09] section I.5. Let F' be a field
and G a group. Let B be an F-algebra which has an F-linear G-action. Assume that the ring
E = BY is a field. Finally, let V be an object in the category Repy(G) of finite dimensional
F-vector spaces with an F-linear action of G.

Definition 1.2.1. In the above setting B is called (F,G)-regular, if
(1) B is a domain,
(2) BE = Frac(B)® and
(3) each b € B for which there is some o € G and f € F with o(b) = fb is a unit in B.

We define a functor D : Repr(G) — Vecy with target in the category Vecg of finite dimensional
E-vector spaces by V + Dp(V) :== (B®r V)%. This functor indeed produces finite dimensional
FE-vector spaces as the next theorem states the injectivity of the map

ay:BegDp(V) > BopV,b® Y bi®@vi— Y bb @,

Definition 1.2.2. An object of Repp (V') is called B-admissible if dimg(Dg(V)) = dimp V.

Theorem 1.2.3. We keep the above notation. In all but (1) we assume B to be (F,G)-reqular.
(1) If B is a domain and E = Frac(B)%, then the map ay is injective and in particular,
(2) V is B-admissible if and only if ay is an isomorphism.

(3) We denote by Rep2(G) the full subcategory of Repp(G) consisting of B-admissible repre-
sentations. It is closed under (sub)quotients, tensor products and duals. On Rep2(G) the
functor Dp(—) is ezact, faithful and compatible with tensor products and duals.

(4) Let L be a finite extension of F. Further, let V., V' be two objects of Repy(G), which are
B-admissible as F-representations.

(a) There is a natural isomorphism of E @ p L-modules

v:Dp(V*) = Dp(V)™=ort N b @ ¢y | D b @vj > Y bib ® ¢i(v;)
% J i

(b) Assume either that E/F is a Galois extension, L is separable over F and
B, := B®gnr,e L is a domain for each F-linear embedding o : ENL — E or assume
that E = F. Then Dp(V) is a free E @p L-module of rank dimy, V. Moreover, we
have a natural E @ L-isomorphism

Dp(V) ®pgrL Dp(V') = Dp(V &L V')

<Zbi®vi> ® (D Vv | =D bl @u )
@ J

]

In particular, V ®r, V' and V*L are B-admissible as F-representations.
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Proof. Parts (1) to (3) can be found in theorem 5.2.1 of [BC09]. We prove the last part.

4.(a)

We have a B ® p L-homomorphism

B ®p Homp,(V,L) - Hompg,.(B®F V,B ®F L)
b@ g (M @v Vb d(v)).

It is surjective: Choose an element ¢ € Hompg,(B®rV, B®rL) and an L-base vy, ..., v,
of V. The B ®F L-linear map 1 is defined by ¥(1 ® v;) = Zj bij ® l;. Then the element
Zi,j bi; ®1;v} is a preimage of ¥. Since both sides have the same B®p L-rank dimz, V', the
map is an isomorphism. It becomes G-equivariant, if we equip Hompg, .(B®&pV, B&p L)
with the G-action ¢ — o o1 oo™, where o acts trivially on the factor L. Restricting this
isomorphism to the G-invariants, we get an F¥ ®p L-isomorphism

Dp(V*E) & Hompg,(B ®p V, B ®p L)°.

By restricting the source of elements of Hompg (B ®r V, B ®F L)G to G-invariants, we
get an F ®p L-linear map

f:Hompg,.1(B®r V,B®r L) - Hompgg,1(Dp(V), E ®F L).

We compose the constructed maps to get the map Dp(V*L) — Dp(V)*#¢rl from the
statement. To finish the proof that it is an isomorphism, we construct an inverse to f.
Since V is B-admissible as F-representation, any E-base dy,...,dy,, of Dg(V') is a B-base
of B®p V. We define an inverse of f by sending ¢ to the B ® p L-linear map given on d;
by ¢(d;). This map only depends on ¢ and not on the choice of a base. One can easily
check that it also is G-equivariant and that we have thus constructed the desired inverse
to f.

The statement for the tensor products can be proven as in theorem 5.2.1 of [BC09] once
it has been established that Dp(V) is a free E ® p L-module. If E = F, this is clear. Let
us consider the case where E/F is Galois, L/F separable and B, is a domain for each
F-linear embedding o : EN L — E. The reasoning is modelled after the proof of VII §2
lemma 1 in [VenI7]. By the Galois theory lemma [1.2.4] below, we know that A, == E®, L
is a field for each o and that E®p L =[], As. So Dp(V) is a free E ®@p L-module of rank
dimy, V if and only if each Dp(V) ®Eg .1 Ay is an A,-vector space of dimension dimy, V.
Consider the A,-vector space Dp_ (V) := (B,®1V)%. It is clearly isomorphic as A,-vector
space to Dp(V) ®gg .1 As. We have an E-isomorphism Dp(V) = @&,Dp(V) Qg1 As-
Together with the B-admissibility of V' as F-representation we get

dimp(V) = dimp(Dp(V) =Y _ dimp(Dp(V)) ®@pepL As) = Y dimg(Dp, (V)

=Y [L: ENL] dimga,(Dg, (V).

By assumption B, is a domain and by definition we have Bf = F ®gpnr,e L = Ay, which
is a field. Hence Frac(B,)¢ = BS and we are allowed to apply part (1) of theorem m
with B=B,, E = A, and F = L and get

dion (DBG<V)) < dirnL V.
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Adding these inequalities for the o’s, of which there are [F' N L : F| many, and multiplying
with [L: EN L], we get

dimp(V) = [L: F]-dim; V <Y [L: ENL]-dima,(Dg, (V).

But from above, we know that equality holds. So equality must hold in the inequality for
each o, which finishes the proof.

O]

The following lemma is an easy result from Galois theory:

Lemma 1.2.4. Let F be a field with an algebraic closure F and let K/F be a Galois extension
and L/F a finite separable subextension inside F.
(1) For an F-homomorphism o : KN L < K let o' : L < F be an extension to L. Then, we

have an isomorphism

K ®knre L — Ko'(L),k® 1 — ka'(1).

(2) The F-homomorphism

KopL—[[K @knre k@l (k®1),,

where the product runs over all F'-homomorphisms K N L — K, is an isomorphism.

(3) The isomorphism above is Gal(K/F')-equivariant. Here, T € Gal(K/F) sends (k ®1), of

[, K ®knre L to (7(k) ®1)7. In particular, if K contains L and we let 7 € Gal(K/F)
act on [[, K by 7((as)o) = (T(ar-14))s, the following diagram commutes:

KL —— HO_K®KQL70L —_— HJK

Jre I I

KL —— HO_K®KQL7JL e HUK.

Proof.

(1)
(2)

This can be proven by elementary Galois theory. A prove using Galois descent can be
found in [BCHO3] chapter V, §10, theorem 5.

Since K is normal over F, any F-homomorphism K NL — F factors over K. In particular,
source and target of the morphism in question have the same K-dimension. Now, assume
that L is Galois and generated by some element o € F whose minimal polynomial over
F' is denoted f. Over K N L the polynomial f factors as [], f, with the product running
over Gal(K N L, F). The f, are irreducible monic polynomials over K N L of the same
degree and such that applying 7 € Gal(K N L, F') to the coefficients of f, yields fr,. Let
fe be the factor containing «. Because of (K N L)[X]/(f-) % (KN L)X]/(fsr), we have

(KNL)®p L= (KNL)®p FIX]/(f)
~ (K 1 D)[X]/(f)
~  [I  ®&nDx/g) B Tk nnxyg) =[]
o€Gal(KNL,F) o o

Tensoring this over KNL with K yields exactly the isomorphism K®pL — [[, K®knr,oL.
If L is not Galois over F', we consider the normal closure L’ of L in F. Then the diagram
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K@pL —— [] K®knroeL

\[ o:KNL—K

K@F LI L) H K®KOL/’0J L/
o’eGal(KNL',F)

commutes. The morphism on the right is given by

K ®knre L — K QrnL,o 5 H K Qknrt o L.
i
Its second map is an isomorphism by the above arguments and because L'/F is Galois.
We conclude that the upper morphism in the above square is injective and an isomorphism
for dimension reasons.

(3) The action of 7 on [[, K ®knr,s L is well defined. Let k € K andl € KNL. Then (k®(),
is mapped to (7(k) ® 1), and (ko(l) ® 1), is mapped to (7(ko(l)) ® 1);o = (7(k) ® )70,
this proves that the action is well-defined and the map is equivariant.

O

1.2.2 Period rings

Period rings are originally due to Fontaine ([Fon94] Exp II and III). We use the more modern
textbooks [FO18] and [BC09] as main reference.

From now on, we fix a prime number p and some separable closure @p of Q,. We want to apply
the mechanics of admissible representations to Fontaine’s period rings.

First, we fix some notation concerning the absolute Galois group of Q,. For a field K we denote
by Gk the absolute Galois group Gal(K*?, K).

Recall the local Kronecker-Weber theorem, which is a standard result of local class field theory
(see for instance [CF10] p.146).

Theorem 1.2.5 (Local Kronecker-Weber theorem). Every finite abelian extension K of Q, is
contained in some Q,(¢) for ¢ a root of unity in Q,.
In particular, the maximal abelian extension @gb of Qp is Upen Qp(Cn).

We get the following corollary concerning the structure of Gal( gb, Q) = Go,/Gg,, Go,]-

Corollary 1.2.6. The restriction homomorphism yields an isomorphism

Gal(Q;', @p) = Gal(Qy/ @p) x Gal(Qp oo/ @p), 0 = (olayr lo,.0);
where Qp oo is the union of all Q,((yn) and Q)" the mazimal unramified extension of Q.

Proof. By thelocal Kronecker-Weber theorem, we have ng = Q)" Qp,00 since Q" = Uy, Qp(Cn)-
The field Q" is unramified over Q, and Q) is totally ramified, so they are linearly disjoint
and the Galois group splits as in the statement. ]

Definition 1.2.7. The cyclotomic character is the continuous homomorphism Xcye : Gg, — Z;

that maps o to the element (Xcyel(0)n)nen € Zy for which o((pn) = Cxcyd(a)”

o . Clearly, it induces
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an isomorphism Xeyel : Gal(Qp o0, Qp) = Ly -

We write Zy(1) for the rank one Zy-module on which Gq, acts via Xeye. If K/ Qy is finite, A
is a ring containing Z, and T is a finitely generated projective A-linear G i -representation, we
write T'(1) for the representation T @z, Zy(1) with diagonal action of G .

Remark 1.2.8. Let K/ Q) be finite, A a ring containing Z, and T" a finitely generated projective
A-linear GG i-representation. There is a G g-equivariant A-isomorphism

T(=1)" = T*(1),¢ = é(~ @z, ) @&
where ¢ is a base of Z,(1). We will often use this isomorphism implicitly.

Definition 1.2.9. We call an element o € Gq, (arithmetic) Frobeniuslift, or just arithmetic
Frobenius by abuse of notation, ifo\Qgr corresponds to the Frobenius homomorphism of F,, i.e.
the map x — zP, under Gal(@}}r/@p) = Gr,. We denote an arithmetic Frobenius often by ¢.

The inverse ¢~' of a arithmetic Frobenius is called geometric Frobenius and often denoted Fr.

Remark 1.2.10. The sequence 0 — I — Gg, — Gy, — 0 is exact. So an arithmetic (and
hence a geometric) Frobenius is only unique up to I. By corollary and definition m
an arithmetic (geometric) Frobenius is uniquely determined by its value under the cyclotomic
character as element in G(‘@bp.

Now we summarise the main properties of Fontaine’s period rings.

Proposition 1.2.11. There is a topological field Bqr with a continuous action of Gg, which
has the following properties:

(1) Bgr is the field of fractions of a discrete valuation ring BIR, Jrom which the Gg,-action
is induced.

(2) There is a canonic Gg, -equivariant embedding Z,(1) < Bj,. The Zy-bases of Zp(1) map
to uniformisers of B}'R. We will denote such a uniformiser, which is unique up to Z, -
multiples, by t.

(3) There is a Gg,-stable filtration on B:{R given by tiB:er.

(4) The residue field of BjR is Cp.

(5) Bg{( = K and Bfé‘/m = K for K a finite extension of Q.

(6) Bar is (Qp, Gk )- and (Qp, G = )-regular for any finite extension K of Q.

Proof. The content of this proposition can be found in [BC09] propositions 4.4.6, 4.4.8., page
61, theorem 4.4.13 and example 5.1.3.. O

Remark 1.2.12. Note that the topology of Bygr, that we consider, differes from the topology
as discretely valuated field, see [FOI8] remark 5.14 for more details.

Definition 1.2.13. Let K be a finite extension of Q,. Then we denote by Ky the mazimal
unramified subextension of K/Qyp and by (K™ )o the field Qi" (see page 50 of [BCOY)).

Proposition 1.2.14. There is a Gg,-stable subring Beis of Bqr with the following properties:
(1) Beis contains the image of Zy(1), in particular the element t.

G . —
(2) Bgfé = Ko and B,{{"" = Q" for K a finite extension of Q.
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(8) There is an injective ring endomorphism ¢ of Beyis, the Frobenius, which acts on Qp" as
the arithmetic Frobenius ¢ and on t by multiplication with p. It is Gg, -equivariant.
(4) Beris s (Qp, Gk )- and (Qp, G = )-regular for any finite extension K of Q.

Proof. This theorem is a summary of some of the statements in [BC09] definition 9.1.4, theorem
9.1.5., proposition 9.1.6, theorem 9.1.8 and the remarks prior to it. O

Proposition 1.2.15. There is a Gg,-stable subring Bs; of Bar with the following properties:
(1) There is an element u of By such that Bs = Beyis[u].
(2) ¢ extends to B via ¢(u) = pu and remains injective.
(3) There is a Beis-linear, G, -equivariant derivation N = —%, called the monodromy oper-
ator, for which the relation Ny = ppN holds.
(4) BgK = Ky and BgKA"T = @’ for K a finite extension of Q.
(5) Bst is (Qp, Gk )- and (Qp, G i) -regular for any finite extension K of Q.

Proof. Again we refer to [BCQ9| for the proof. It can be found in definition 9.2.3, remark 9.2.4,
theorem 9.2.10 and proposition 9.2.11. O

Lemma 1.2.16. Let K be a finite extension of Q,. Then the maps K Qg Beis — Bar and
K ®k, Bst = Bar are injective.

Proof. This is proven in [BC09| theorem 9.1.5 and theorem 9.2.10. O

1—p,1
Proposition 1.2.17. The sequence 0 — Q, — Besis ﬂ)

a sequence of Gg,-modules.

Beyis ® Bar / B;LR — 0 is exact as

Proof. Follows from [BKQT7] proposition 1.17. equation (1.17.2). O

Definition 1.2.18. Let K be a finite extension of Q, or the completion of the maximal un-
ramified extension of a finite extension of Q,. We denote the category of finite dimensional
continuous Qy-linear representations of G over Q, by Repg, (Gk). For L a finite extension
of Qp, we define a subcategory Repr,(Gk) of Repg, (GK) by all those representations which are
L-vector spaces and carry an L-linear G -action.

We call an object V' of Repg,(Gk) de Rham (semi-stable, crystalline) if it is Bar- (Bst-,
Beyis-) admissible. It is called potentially semi-stable, if it is semi-stable as G p-representation
for some finite extension F of K. We denote the category of such representations Repyr (G k)
(Repgt (G k¢ ); Repeyis(Gk ), Repsi (G )) and the corresponding functors to the categories of finite
dimensional K- (Ky-, Ko-, Q;”"—) vector spaces by Dar k (Dst,ic, Deris,ic; Dpst,xk = U Dst,r)

fi‘r/zge

Remark 1.2.19. We overloaded the notation Repp(G). In the following it will always stand
for the category of continuous representations. We omit the subscript K in D7 g if K = Q,.

Remark 1.2.20. Let 7 be any of dR, st, cris or pst. Let L be a finite extension of Q,. We
always consider objects in Repy (G) as Qp-vector spaces when we apply D-. Nevertheless, if
V is in Repy (G ) then D7(V) will have the structure of a K ®q, L (Ko ®q, L, Ko ®q, L or
Q)" ®q, L)-module. This structure is well behaved if the conditions in theorem m (4)(b) are
satisfied, for instance if B is any of Beris, Bst or Byr, the field F'is Q, and G = Gg,. By lemma
it is also satisfied if instead G is the absolute Galois group G of a finite extension K of
L.

23



Additional structure on D;(V)

The vector spaces D7(V') for 7 any of dR, st, cris or pst come with additional structure inherited
form the rings B». We will discuss some of it in this subsection.

Definition 1.2.21. Using the G, -stable filtration of Bar we define a filtration on Dar(V) by
Dir (V) = ('Bar ®q, V)S% . We call Dar(V)/DR (V) the tangent space of V and denote it by
t(V). Similar definitions apply for Dar .k (V).

Definition 1.2.22. Let V and V' be filtered vector spaces. Then the filtration on their tensor
product is given by Fil*(V @ V') = D itk Fil'(V) @ Fil/ (V"). The filtration on the dual vector
space is set to be Fil'(V*) == (Fil'7(V))+ = {4y € V*|Fil'!7Y(V) C ker(¢)}.

Definition 1.2.23. Let K be a field. The category Filg is the category with finite dimensional
filtered K -vector spaces as objects and K-linear homomorphisms that respect the filtration as
morphisms.

Proposition 1.2.24. The functor Dar i : Repgr(Gk) — Filg sends short exact sequences to
short exact sequences and is compatible with tensor products and duals. Moreover, Dqr maps
Rep(Gg,) NRepqr(Gg,) to Fily and is compatible with short evact sequences, tensor products
and duals of filtered L-vector spaces.

Proof. The first part is proposition 6.3.3 in [BC09]. The part on L-linear de Rham represen-
tations follows immediately since the DéR(V) are L-vector spaces. O

Definition 1.2.25. A de Rham representation V  has Hodge-Tate weight r if
Dgﬁl(V) C Dyr(V). The multiplicity of a Hodge-Tate weight r is dimg, DQR(V)/DSEI(V).
If V' is also in Repy (Gq,), then we set hy(r)y = dimp, DQR(V)/DSEI(V) and tg, (V) to be the
unique Hodge-Tate weight of /\%imL Dar(V) Dar (V). We often omit the subscript L.

By proposition 6.45 of [FO18|, we have the following
Lemma 1.2.26. For an L-linear de Rham representation V' we have tg(V) =3, i-hp(i)y.

Proposition 1.2.27. Let V be an object of Rep;(Gk). The morphisms ¢, N : By — By
induce morphisms ¢, N : Dg (V) — Dg (V) and ¢, N : Dps k(V) — Dpst,x(V) and
¢ Beis — Beris induces ¢ @ Derig (V) — Denis,x (V). The induced map N is Ko ®q, L
Q)" ®q, L)-linear and the induced maps ¢ are ¢ @ id-semi-linear Ko ®qp L (QF ®q, L)-
isomorphisms. The endomorphism N : Dg (V') — Dy (V') is nilpotent, i.e. N* =0 for some
k € N. We have Deyis (V) = Dgt i (V)V70.

Proof. Since ¢ and N are G g-equivariant, they induce the corresponding morphisms on Dy i (V),
Dyt (V) and Deyis (V). The nilpotency of N can be deduced from lemma 8.2.8 in [BC09].
The fact that Deyis x (V) = DSt,K(V)N =0 follows from BY=" = Bis. Finally, ¢ is not only
injective but bijective because of [BC09] exercise 7.4.10. O

Lemma 1.2.28. Let £ be a basis of Zy(1) and V' an object in Repr(Gk).
(1) Let ? be any of dR, st, cris or pst. The assignment ), b; @v; ® & — >, bit @ v; induces an
K®q, L (Ko®q, L, Ko®q, L, Q)" ®q, L)-linear isomorphism ¥ : Dy ;¢ (V (1)) — D2 g (V)
of (non-linear) Gg,-representations.
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(2) ¥ sends DQR’K(V(l)) to DQE{K(V).

(3) The morphisms N o9 and ¥ o N : Dg g (V (1)) = Dg (V) agree. In addition, ¢ o9 and
pYoyp are the same as morphisms Dg i (V (1)) = Dgt k (V') 01 Deris ik (V(1)) = Deris, i (V).
In particular, the diagram

Dyt (V(1)) —%— Dy (V)

o |G

Dst,K(v(l)) L) DSth(V)

commutes. Similar statements hold for Dpg k-
(4) There is a short evact sequence of (Ko ®q, L, ¢, G)-modules:

0— Dcri&K(V(l)) — Dst,K(V(l)) N—Oﬂ> Dst,K(V) — DSt,K(V)/NDSt7K(V) — 0.
Proof. The content of the third part can be found in [FPR94] I. 2.1.8 or [Fon94] Exp VIII 2.2.5.
The action of Gk on both ¢ and £ is by the cyclotomic character Xy, which shows the existence
of ¥ and its Gg,-equivariance. The shift in the filtration is clear. By proposition (2), we
have ¢(t) = pt and N(tb;) = tN(b;) since ¢ lies in Beyis (3)). This implies the relations
of ¥ with ¢ and N. The third part is due to the relation Ny = ppN (3)). The short

exact sequence follows immediately. O

Corollary 1.2.29. Let V' be in Repy(Gg,) N Repgr(Ga,). Then the pairing
Dar(V) ©r Dar(V*(1)) = Dar(L(1)) = L

1s perfect and a homomorphism of filtered L-vector spaces, where L has the unique filtration jump
at —1. This induces a natural isomorphism Yar,v : DI (V) = t(V*(1))* and an isomorphism
of short exact sequences

0 —— DI (V) ———— Dar(V) y t(V) 0
lﬂ
PAR,V DdR(V(—l)) ViR, v*(1)

g

0 —— t(V*(1))* —— Dar(V*(1))* —— DR (V*(1))* —— 0,

where v @ Dar(V*(1)*) = Dar(V*(1))* is the compatibility of Dgr with L-duals (see theorem

and remark .

Proof. The isomorphism v : Dgr(V*) — Dar(V)* of filtered L-vector spaces shows that the
pairing
Dar(V) @1 Dar(V") = Dar(L) = L

is perfect (here the filtration jump on L is at zero). Since Dyg is compatible with tensor products
in Fil;, by proposition and V ®r, V* — L is a morphism of L-vector spaces, the above
pairing is a homomorphism of filtered L-vector spaces. Applying ¥~ to Dgr(V*) and Dgr(L)
shows that the pairing in the corollary is perfect and a homomorphism of filtered L-vector
spaces. Since the filtration on Dgr(L(1)) jumps at —1 from L to 0, the space Dgro(V*(1))
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annihilates Dgr (V). In other words Dggr,o(V*(1)) maps into Fil'(Dgr(V)*) under the iso-
morphism Dgr(V*(1)) = Dqr(V)* induced by the perfect pairing. But Fil'(Dgr(V)*) has the
same dimension as Dqgr,o(V*(1)) by the isomorphisms ¢ and v. The pairing is perfect, so that
Dgr,0(V*(1)) is precisely the annihilator of Dgg o(V'). We get the desired isomorphism

Yar,v : Dar,o(V) = Dar(V*(1))*/Dar,o(V*(1))* = t(V*(1))".

The naturality is clear. The isomorphism of short exact sequences follows by construction of
Ygr,v and the commutativity of

Dgr (V) = » Dar(V*)*

Relation between crystalline, semi-stable and de Rham representations

The relation of the period rings implies relations between crystalline, semi-stable and de Rham
representations. Before we state it, we use Galois descent and complete unramified descent to see
that being de Rham, semi-stable or crystalline is insensitive to (complete) unramified extensions
and being de Rham is also insensitive to finite extensions:

Proposition 1.2.30. Let K'/K be an extension inside Cp/ Qp, where K and K' are finite over
Qy or the completion of a maximal unramified extension of a finite extension of Q, (individually,
so that K could be finite but K' infinite over Q). Moreover, let V be in Repg, (GK)-

(1) The map K' @k Dar,ix (V) — Dar,x(V') is a Goq,-equivariant isomorphism in Filg:. In
particular, V is de Rham as Gg-representation if and only if it is de Rham as G-
representation.

(2) If K' = K™ or K'/Q, is finite and unramified, the map K @, Dst,k (V) = Dgp g/ (V)
is a K{-linear isomorphism of (¢, N, Gq,)-modules. In particular, V is Gy semi-stable if
and only if it is Ggr-semi-stable. The same holds for the crystalline case.

(3) If K'/K is finite and V is G -semi-stable, then the map K| @, Dst,x (V) = Dg x'(V)
is an isomorphism of K{-linear (¢, N, Gq,)-modules. The same holds for the crystalline
case.

Note that the Gq, - and p-actions are diagonally on the left hand sides of the isomorphisms.

Proof. The first two assertions are mostly propositions [BC09] 6.3.8. and [BC09] 9.3.1. with
additional attention paid to the Galois-actions. The finite part of the second assertion follows
by Galois descent. We prove the third assertion, parts of which can be found in [Fiit18] remark
2.23. The map K, ®k, Dst,x (V) = Dy, x(V) is injective as restriction of the map « in theorem
1.2.3l But by assumption, the left hand side has K{-dimension dimg,(V'), which is an upper
bound on the dimension of the right hand side by theorem [1.2.3] so it is an isomorphism and
visibly compatible with the additional structure. The statements for the crystalline case follow
by taking the kernel of N, which is K’-linear, since K’ C Beys. O

Proposition 1.2.31. Every crystalline representation is semi-stable. Every (potentially) semi-
stable representation is de Rham. Every de Rham representation is potentially semi-stable.
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Proof. All but the last part is clear by Beis C Bsy C Bgr, proposition [1.2.30], theorem [1.2.3
and lemma [1.2.16] The last part is a theorem by Berger ([Ber02] theorem 0.7). O

Corollary 1.2.32. Let V be in Repyr(Gq,). There is a Q" -linear isomorphism of (¢, N, G, )-
modules between Q" ®@p, Dyt r(V') and Dpst(V) for some F' finite over Q. In particular, N on
Dyt (V') is nilpotent.

Proof. Since V is de Rham, it is potentially semi-stable. Choose F so that V is G p-semi-stable
and apply proposition|1.2.30|part (3) and the fact that IV is Q}"-linear and nilpotent on D, (V)

by proposition ]

Dpst(V) as Weil-Deligne representation

In this subsection, we will see that for a de Rham representation V' the pair (Dps(V), N) is a
Weil-Deligne representation. We make this explicit here, since for Weil-Deligne representations
one includes a correction term in the e-factor, which Fukaya and Kato missed in [FK06] as
Nakamura pointed out in [Nak17] remark 3.6.

A good reference for Weil-Deligne representations and their relation to e-factors is Tate’s [Tat79].

Definition 1.2.33. The Weil group Wg, is the preimage of Z wunder the surjection
Go, - Gal(Q)",Q,) = Gy, = 7. We endow it with the topology that makes the following
sequence an exact sequence of topological groups

11— Wy, > 7Z—0,

where v is defined by U’Qgr = ¢ with ¢ an arithmetic Frobenius and I carries its subspace
topology from I C Gq,. Similarly, we can define a Weil group Wi for a finite extension K/ Q,
as a subgroup of Wo, with (Wg, : Wi) being the residue degree of K/ Q.

Definition 1.2.34. Let F be a field of characteristic 0. A Weil-Deligne representation of W
over E is a pair (V,N), where V is a finite dimensional E-vector space V together with an E-
linear action of Wx which is continuous with respect to the discrete topology on V. Moreover,
N is a nilpotent E-linear endomorphism of V. such that gNg—* = p* @O N for all g in Wa, -

Proposition 1.2.35. The functor Dpg i sends de Rham representations of G, for K/Q,
finite, to Weil-Deligne representations of Wk over Q)" if one linearises the natural action of
Wik by setting g(d) = go~ "9 (d).

Proof. This is done in [Futl8] construction 3.22. We give the proof here for the convenience
of the reader. Since ¢ acts on Q)" C Beis as the arithmetic Frobenius, the linearised action
is indeed Q)"-linear. Let V' be a de Rham representation. Then by corollary we have
Dyt k (V) = Q)" ®R, Dst, r(V) for some F finite over K, which ensures the finite-dimensionality,
and that the monodromy operator is nilpotent. The open subgroup IxNGg = Ip = Gpnr C Wi
acts trivially on Dy g (V). As a result, the action of Wi is continuous on the discrete module
Dyt (V). The relation of N with elements of W follows from the relation of N with ¢ and
the fact that NV commutes with the non-linear Wx-action. ]

Lemma 1.2.36. Let L and K be finite extension of Q,. Let V' be an L-linear de Rham repre-
sentation of Gk. Let A be Q)" ®q, L. Then Dyt (V) is an A-module and Wi acts A-linearly
on Dyst(V'). Moreover, Dygt i (V) is free of rank dimz, V' as an A-module.
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Proof. Dy (V) is clearly an A-module. The Wi-action is automatically L-linear and was
linearised to be also Qj"-linear li V is potentially semi-stable, so we can choose some
finite extension F/K which contains L such that V is Gp-semi-stable. By remark
the Fy ®q, L-module Dy (V) is free of rank dimz V. By corollary we have
Dpst (V) = Q)" ®@p, Dst,(V), whence Dpg(V) is a free A-module of rank dimp, V. O

Corollary 1.2.37. For each Q,-linear embedding o : L — @p we have a Weil-Deligne rep-
resentation (@ ®A,0 DpsmK(V),N) of Wx over @p, where A = Q)" ®q, L maps to @ via
r @y xo(y). We will denote it by Dypst, x(V )6

Proof. The finite dimensionality of Q, ®4s Dpst,x (V) is just lemma [1.2.36] The rest follows
from proposition [1.2.35 O
Dyt on de Rham representations

Let 7 be any of dR, st or cris. Nothing prevents us from applying D- i to an arbitrary repre-
sentations in Repr(G k). However, the various properties in theorem hold a prior only
if the representation is Br-admissible. In the following we show that de Rham representations
still behave nicely with respect to Dg.

We start with a lemma which extends ideas from remark 2.23 and the proof of lemma 3.24 in
[Ft18):

Lemma 1.2.38. Suppose V is a continuous Q,-linear representation of Gk and K'/K/Q, a
tower of finite extensions. Then we have

Dst,K’(V)IK = K(/) ®K0 Dst,K(V) and Dcris,K’(V)IK = K(/) ®K0 Dst,K(V)'
In particular,
Dpst,K(V)IK — Q;T ®K0 Dst,K(V) and (Dpst,K(V)IK) — QZT ®K0 Dcris,K(V)‘

If we consider the linearised Wic-action on the left hand sides of the Dpg i statements, then
the f-power of the geometric Frobenius Frf acts on the right hand sides Q" -linearly as of with
[ the residue degree of K/ Q,.

Proof. We prove that for any tower of finite extensions K'/K/Q,, the map
K ®ky Dst,x (V) = Dy o (V), k@ Y b @vi = Y kb; @ v
i i
yields an isomorphism to Dg (V)& Since I acts trivially on K|, and D (V'), the map

lands in Dg; x (V)% Tt is also injective as an restriction of the injective map « in theoremm
To prove that it is an equality, we consider the following sequence of injections

Q" @k Dat.c (V) = Qi @ Kb @y Dst,ic (V) = QU @y Dy rer (V)15
— Ik
_ (Qgr ®x; (Bs ®QPV)GK/) = (B ®g, V) = D (V)
= (K)o @k, Datic (V) = QF @, Detic(V)

The first inclusion is the one from above tensored with the flat K-module @" . The second
inclusion is again a restriction of the injective map « in theorem The final isomorphism is
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complete unramified descent as in proposition [1.2.30] For dimension reasons, the injections must
be isomorphisms and in particular K} ®x, Dst, i (V) = Dy x(V)%. Unpacking the definition
of Dyt i (V) yields

Dpsex(V)* = | Dax(W)*= ) Ki®k Dax(V)=Q) @k, Dtk (V).
KCK'cQ, KCK'CcQ,
K’/ Qp finite K’/ Qp finite

We can proceed entirely analogously with Des x (V) by writing Deris k (V') = Deris, x(V)N=0

and noting that all the maps above commute with N, so that the above statements transfer to
the kernel of N

Finally, the linearised Wx-action on Dy i (V) is given by the semi-linear action of Wi corrected
by =¥ for 0 € Wg. So, on Dy (V') the element Fr/ of Wy acts (linearly) under the
established isomorphism as o/ since v(Fr) = —1 and the non-linear action of Fr/ is trivial on
Dy (V). O

Lemma 1.2.39.
(1) Let¥:0— Vi — Vo — V3 — 0 be a short exact sequence in Repgr(Go,) "Repy(Gg,) and
K a finite extension of Q. Then the sequence 0 — Dpst (Vi) — Dpst(Va) = Dpst(V3) — 0
(0 = Dy, x (V1) = Dst, i (V2) — Dst,ic(V3) — 0) of A-(Ko ®q, L-) modules is exact.
(2) Let V be an L-linear de Rham representation of Gg, and K/Q, finite. Then Dy x is
compatible with L-duals, more precisely

v : Dgo i (V*F) = Dy (V) 00"
S b | Y Vi@ Y bibidi(v)) € Dy(L) = L
i 7 i

is an isomorphism of Ko ®q, L-modules.

By the same formula, Dyst(—) is compatible with duals, i.e. v : Dpst(V*L) = Dpst(V)*4 s
an isomorphism of A-modules.

Finally, we have vg, o ¢ = (¢~ ') ovg, and vg o N = (=N)* ovg (compare to the sign
convention after definition 8.2.5 of [BC0Y9]).

(3) Let V and V' be two L-linear de Rham representations of G, with K/Q, finite. Then
the natural map Dpst k V') @4 Dpse, (V') = Dpse k(V @1 V') is an A-linear isomorphism
of (¢, N,Gg)-modules, i.e an isomorphism of Weil-Deligne representations of W over
Qp". On the left hand side ¢ and G act diagonally and N via id ®N + N ® id.

Proof. The key to all these results is that de Rham representations are potentially semi-stable.
(1) This part can be found in VII §2 lemma 10 (i) of [Venl7] Choose a finite Galois extension
F/Q, large enough that Vi, V5 and V3 are F-semi-stable. Hence, D r is exact on ¥ and
tensoring the resulting exact sequence of Gg,/Gr = Gal(F/Q,)-modules with Q}" over

Foy (see|1.2.32) yields the exactness of
0 = Dpst (Vi) = Dpst(Va) = Dpst(V3) — 0

with linearised Wg,-action. Since the open subgroup Ix NG of I acts trivially, we can
consider the sequence as a sequence of Q)" [l /(Ix N Gr)]-modules. As such it splits by
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Maschke’s theorem. As a result, taking Ix-invariants is exact and yields together with
lemma [1.2.38] the exactness of the sequence

0 — Q)" ®K, Dstx (Vi) = Q) @k Dst,ic (Vo) = Q) @k, Dst i (V3) — 0.

This implies the claim as Q)" /Ko is faithfully flat.
Let F be a finite extension of K such that V is F-semi-stable and F' contains L. Then
the map vp : Dg p(V*) = Dg p(V)* given by the same formula as v is an isomorphism

by part (4) of theorem and remark [1.2.20

For ¢ € Ix we have vp o 0 = o ' ovp. To see this, we consider the pairing

Dyt,r(V*) x Dgt,p(V) — Fo ®q, L induced by vp. It sends (o x o) ( > bi ® ¢, Zj b;. ®vj)
to >, 0(bib}) ® ¢i(v;) € Fo ®q, L. Let l1,...,In be a Qpy-base of L. Then there are
Gijk € Qp with ¢;(v;) = >°p qijkle. As a result, we get that each > ;. o(bib})gijk is an
element of Fp, on which Ix acts trivially. Since the g;;;, are also invariant under I, we
see that the pairing remains unchanged under precomposing with o X o.

As a result, we get the following commutative diagram

idp, Qui

Fo ®ky Det, ik (V) Fo ®K, Dtk (V)*

|

Hompyeq, £(Fo @Ky Dst,x (V), Fo ®q, L)

|

(Dst,p(V)*) '

I/FI

Dst,F(V*)IK

The unlabelled arrows are the isomorphisms from lemma For the right one, we
use that the [x action commutes with duals as seen above. The starred arrow is given by
f@o— (fod— ff' ®¢(d)) and is surjective since Dy (V') has finite Ky-dimension
so that we can construct preimages just as in the proof of part (4) of theorem The
starred arrow thus becomes an isomorphism since both its source and target are Fy-vector
spaces of dimension dim g, (Dst, (V) 0®% ) The bottom arrow is an isomorphism as we
have seen that vp commutes with the action of Ix. Since all other maps are isomorphisms,
the top arrow is one as well. The field extension Fj/ K is faithfully flat. The category of
Ko ®q, L-modules is balanced and thus the functor id g, ® i, — reflects isomorphisms. We
conclude that v is an isomorphism. By a limiting process we obtain the result for Dyp.
For the commutativity of the monodromy operator with duals, we consider an element
x =7 b;®¢;in Dg (V*) and an element y = ) b; ® v; from Dy i (V). We prove that
the elements v N (2)(y) = >_; ; N(b:)b;¢i(v;) and (—N)*vk ()(y) = >, ; —bilN (b)) di(v;)
are the same. With [, and g;;x as above, we have that the terms Zw qijkbib;- are in
Ky C Beis = ker(N). Since N is a Bgs-derivation, we get

0=N| > aqibibi | =D aijN®ib;) = qijr (b N (b)) + N (b;)b})
] @] %,

which proves the claim after rearranging. So we established the relation vg N = (—N)*vg.
By choosing K large enough that V' is G'x-semi-stable we get the result for Dp.
The claimed commutativity of ¢ with the duals can be proven entirely analogously to the
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relation of v with o € Ik above. The point is that ¢ acts as the identity on Q, C By
and hence trivially on the dualising space Dg (L) = L.
(3) Choose F/Q, finite such that F' contains L and K and such that both V and V' are Gp-
semi-stable. By remark and part (4) of theorem m, we have
Dy r(V @ V') = Dy p(V) D Fo@q, L Dy, p(V') as Fy ®q, L-modules. By corollary
we get the desired isomorphism. The compatibility with ¢ and G follows since both act
as ring homomorphisms on By and the compatibility with N, since N is a derivation on
By
O

1.3 Continuous Galois cohomology

Definition 1.3.1. Let G be a profinite group and M a topological abelian group on which G acts
continuously. Then M is called a (topological) G-module. By a continuous action we mean that
each g € G acts as a group automorphism of M and that the map G x M — M, (g, m) — g(m)
18 continuous.

Definition 1.3.2. Let M be a G-module. The complex of continuous (homogeneous) cochains
of G with coefficients in M is the complex C(G, M) given by

CYG, M) ={f: G\ — M|f is continuous,
Vo,00,...,0, € G: f(oog,...,00;) =ocf(oo,...,00)}

and differentials d'(f)(oo,...0;) = ZZ:O(_l)if(U(J? ey Ohyeey04)-

The cohomology groups of this complex are called the continuous cohomology groups of G with
coefficients in M. We will denote them by H'(G,M). When M is a A-module for some ring
A and the G-action is A-linear, we often denote the complex C(G, M) by RT(G, M) when it is
viewed as an object in the derived category of A-modules D(A).

Remark 1.3.3. Since we only consider Galois cohomology of continuous group actions in this
work, we will usually omit the word “continuous”. For G = G an absolute Galois group of a
field K, we often denote C(G, M) and H'(G, M) by C(K, M) and H'(K, M).

Remark 1.3.4. By [NSWI13| 2.7.2 the functor C(G,—) is exact on short exact sequences
0— M — M — M" — 0 of G-modules which allow a continuous section M” — M, that
does not need to be a homomorphism. In partiuclar, such sequences induce long exact coho-
mology sequences. A continuous section M” — M exists in most of the cases considered in this
work. We usually consider the cohomology of projective A-modules which get their topology
form the topological ring A. By the projectivity, each such sequence allows a A-linear section,
which is continuous. Alternatively, by [Ser07] Chapter I, §1 Proposition 1, the necessary section
exists if the modules in the sequence are profinite, which is also the case in most of this work.
See [Wit04] Lemma 5.3.1 for a detailed proof in this case.

A standard result for group cohomology is Shapiro’s lemma. To state it, we need the notion of
an induced representation.

Definition 1.3.5. Let H be an open subgroup of a profinite group G and M a topological abelian
group with linear topology, which is given by a fundamental system of open subgroups U, on which
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H acts continuously. We define the induced G-module Indg(M) as Z|G] @z M together with
the topology induced by the isomorphism Ind%(M) = ngG/H g® M, where the latter carries the

product topology. The G-action on Ind%(M) 18 given via left multiplication on the first factor.
Moreover, we define the coinduced G-module Coind%(M ) as

Coind% (M) = {f : G — M|f is continuous and Vi € H,g € G : f(hg) = h(f(9))}.

An element ¢ of G acts on an element f of Coind% (M) via (¢'f)(g) = f(gg). We give
Coind%(M) the compact-open topology, which is given by the subbase consisting of the sets
S(K,U). Here, K is a compact subset of G, U is an open subset of M and S(K,U) is defined
as the set of all elements of Coind%(M) which map K into U.

Remark 1.3.6. Indg(M ) is indeed a topological G-module. Without loss of generality it suffices
to consider open subsets of Ind% (M) of the form U = "1 | g; ® U; where U; are open subsets
of M and g1,..., g, from a H-left-traversal in G. Let ¢’ be in G and z = >, ¢; ® m; in M
such that ¢’(x) is in U. Let p be the permutation of {1,...,n} for which there are h; in H with
9'9i = gp(iyhi- Then h;(m;) lies in U,;). By continuity of the H-action on M, there is an open
subgroup N of H, which is after shrinking also normal in G, and open subsets U/ containing m;
such that Nh;(Uj) C Up;). Now, we have

Ng' <Zg¢ ® U,-’) =Y Nggi@U = gy0) ® Hhi(U]) € gpiy ® Upgsy = U.

Hence, the action of G on Ind% (M) is continuous.
The case of Coind% (M) can be deduced from the lemma below which shows that induction and
coinduction are isomorphic in our case.

Lemma 1.3.7. Let H, G and M be as above. We have an isomorphism of topological G-modules

p : Ind% (M) — Coind$ (M), Z gt ®@my > (9 my, H — linearly)
GEH\G

where the g’s form a right-transversal of H in G.

Proof. First, we observe that any H-linear map from G to M is continuous: Let f be such
a map, g be in G and U an element of /. Since H acts continuously on M, there is an
open subgroup N of H such that N(f(g)) C f(g) + U. By the H-linearity of f we obtain
f(Ng) C f(g9) +U and Ng is an open neighbourhood of ¢g in G since N is open in the open
subgroup H.

Since H is open in the profinite group G, it is of finite index. Therefore, the obvious inverse
p~!: Coind% (M) — IndG (M), f — D_geH\G g~' ® f(g) is well defined. In this situation, the
above morphism is known to be an isomorphism of G-modules (see for instance [Sha] Proposition
1.5.4). We extend his proof and show that the isomorphism is also a homeomorphism. Firstly,
p is open. Let U be open in Indg(M ). Without loss of generality, we can assume that it has
the form 3 .\ 9! ® Uy with Uy open in M. Then its image under p is NgemnaS({g}, Uy)
which is open as a finite intersection of open sets. Secondly, p is also continuous. Since G is
profinite, it is Hausdorff. Thus, by [Jac52] lemma 2.1, the sets S(K,m + U) with U € U and m
an element of M form a subbase of the compact-open topology on Coindg(M ). We choose some
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m in M, an open subgroup U in U and K a compact subset of G. Since H acts continuously on
M, we find another element U’ of U and an open subgroup N of H such that N(U') C U. The
open sets Nk for k in K cover K. By compactness, there is a finite subcover Nky,... Nk,. Let
h; be the element of H such that h;k; a member of the chosen right-traversal of H in G. Let
f be an element of S(K,m + U). Consider the set Sy = ﬂ?zls({hiki},f(hiki) + hi(U’)). The
map f clearly lies in the open set Sy. Moreover, p~1(Sy) is Y0 (hiki) ™' @ (f(hiki) + hi(U”))
and hence open. Furthermore, Sy is a subset of S(K,m + U): Let f’ be in Sy and k in K with
k = nk; for n in N C H. Then by the H-linearity of f' and f, by the value of f’ on h;k; and of
f on k and the choice of N and U’, we get

f'(k) = nhi ' (hiki) € nhy ' (f (hiki) + hi(U')) = f(k) +n(U') Cm+U+U =m+U

and [’ belongs to S(K,m + U). To sum up, we saw that Sy is an open neighbourhood of f in
S(K,U) with open preimage under p. Hence, p is continuous. O

Proposition 1.3.8 (Shapiro’s lemma). Let H, G and M be as above. Then there is a quasi-
isomorphism Sh : C(G,Coind%(M)) — C(H, M) which is natural in M. If ¥ is a short exact
sequence with a section as in remark[1.3.9, Sh induces an isomorphism between the long exact
cohomology sequences to ¥ and Coind% ().

Proof. A slightly more general version of Shapiros lemma is proven in [BW00] IX Lemma
2.2 (2). Since we assume that H is open in G the space G/H is discrete and thus there is a
topological section to the projection G — G/H. So the condition in [BWO00] IX Lemma 2.2 (2)
is satisfied.

The two main steps of the proof are the following: The first step is the Frobenius reciprocity.
The map Coind% (M) — M, f +— f(1) induces a natural (topological) isomorphism

CHHG, CoindG (M) — {f : G — M|f is continuous and H-linear} =: #m. (G, M)

([CW74] Lemma 2). The second step is that the restriction from G**! to H*+! induces a quasi-
isomorphism . g (G*T, M) — C*(H,M). Both of these steps are natural in M, which
induces the naturality of the quasi-isomorphism in question. Let ¥ be a sequence with a con-
tinuous section as in remark Since Coind%(M ) is topologically the same as [ H\G M by
lemma m the section of ¥ thus induces a section of Coind%(X). So both ¥ and Coind% (%)
induce long cohomology sequences. By the natruality of Sh, it only remains to prove that Sh
is compatible with the connecting homomorphisms. This can be done similarly as in [NSW13]
1.5.2 since Sh commutes with the differentials in C(G, Coind% (M)) and C(H, M). O

1.3.1 A-action under Shapiro

In this subsection, we investigate the situation in which we apply Shapiro’s lemma to a module
with additional structure. More precisely, let G be a profinite group with open normal subgroup
H. Furthermore, let L be a finite extension of QQ, with ring of integers Or. Let M be an Of-
module with Op-linear, continuous H-action and let A be the group ring Or[G/H]. We denote
the A-module A®p, M with G-action given by ¢'(g@m) = EEA ®g'(m) by A"®p, M. Then we
have two isomorphisms of topological G-modules ¥ : A®p, M — Ind% (M), gom — g~ '@ g(m)
and p : Ind4 (M) — Coind% (M) from lemma By Shapiro’s lemma the following
map is a quasi-isomorphism
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Sh:C*(G,A®o, M) % C*(G,Ind%(M)) = C*(G, Coind% (M))
* P

s Aoy M) L2 ool .
(r=r>Hm) a-iso

Since the A- and G-operations commute on A® ®o, M and A acts continuously on it, we have
a A-action on C*(G,A ®0, M) by (5f)(g0,---,9) = Gf(go,---,gi). By transport of structure
along the above quasi-isomorphism we get the following A-actions on:

C(G,Indf(M)) : g'(9 ® m) =99’ @ ¢'(m)
C'(G, CoindF (M)) : (¢ f)(—)(9) =4 f(=)(g ")
Ao (G M) (g ) (g0, ---.90) =9 f(g" 90,9 90)
C'(H,M): (¢ f)(ho,...,hi) =g f(g" " ho,.... g "he) if fis in im((H < G)*).

The A-action commutes with the differentials and thus induces a A-structure on the cohomology
groups H'(G,A ®0, M) = H'(H,M).
Let x : G/H — Of be a character. Then the morphism

V:A®o, M = A®o, M(x),g@m — x(g) 'gom

is an isomorphism of topological G-modules and id : M — M () is an isomorphism of topological
H-modules, but the vertical arrows in the following commutative diagram of abelian groups do
not preserve the A-action, since the twist in the lower row is not accounted for in the upper row:

CiHG, A ®p, M) —5" 5 Ci(H, M)

o Ji

Ci(G, A®o, M(x)) == C'(H,M(x)).
Instead, one has to pull out the twist, to obtain a commutative diagram of A-modules:

Cil(G, A ®0, M)(x) 2 Ci(H, M)(x)

&%f@ewﬂof lf@)exﬂf
CHG, A ®o, M(x)) " CU(H, M(x)).

Here A operates diagonally on the modules of the upper row and e, is a basis of Or(x).

1.3.2 Adic rings and Galois cohomology

An important result by Fukaya and Kato is that continuous cohomology behaves well with A-
modules, if A is an adic ring. More precisely, they prove in [FK06] Proposition 1.6.5 a more
general version of proposition below. To state it, we introduce the notion of an adic ring,
which resembles a ring that is complete with respect to the p-adic topology, after definition 1.4.1
in [FKO06]:
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Definition 1.3.9. A (not necessarily commutative) ring A is called adic, if there is a two-sided
ideal a of A such that A is complete in the a-adic topology and the orders of the quotients A/a™
are finite p-powers for all n > 1. In this thesis modules over adic rings will always carry the
topology that is induced by the topology of the ring.

Example 1.3.10. Let L be a finite extension of Q, with ring of intergers Or,, uniformiser 7
and let G be a finite group. Then the group ring A := Or[G] is an adic ring. In fact, let a be
the two-sided ideal mA. Then A/a® = Op/7"[G], which is of order p/(E/ Q)G Since O is
m-adically complete, A is complete with respect to the a-adic topology. This is the main example
for an adic ring in this work. For a more general class of adic rings see [FK06] 1.4.2.

Lemma 1.3.11.
(1) Let J be the Jacobson radical of a ring A. Then A is an adic ring if and only if it is
complete in the J-adic topology and the orders of the quotients A/J™A are finite p-powers.
(2) If a is an ideal as in deﬁm’tz’on then the a-adic and the J-adic topologies agree.
(3) An adic ring is semi-local.

Proof. The lemma is proven in [FK06] Lemma 1.4.4 and 1.4.5. We elaborate a bit on the proof.
Let A be adic with respect to the ideal a. By [FKO06] 1.4.3 (2) we have that if a is a two-sided
ideal such that A is a-adically complete, then a C J, this implies the correct orders for A/J"
and that the a-adic topology is finer than the J-adic one. Since the ring A/a is finite, it is left
artinian. By |[Lam01] Theorem 4.12 we get that J(A/a) is nilpotent, i.e. J* C a for some n > 1.
So, both topologies are the same and in particular, A is J-adically complete. O

Proposition 1.3.12. Let G be a profinite group. Consider the following two conditions on G:
(i) For every finite, discrete abelian group X of p-power order with a continuous G-action,
the cohomology groups H'(G, X) are finite for all i.
(i) For every finite, discrete abelian group X of p-power order with a continuous G-action,
the cohomology groups H'(G,X) are zero for i large enough.
Let A be an adic ring with Jacobson radical J and T a finitely generated projective A-module
with a A-linear continuous action of G.
(1) If condition (i) holds, then we have H (G, T) = lim,, H (G, T /J"T) for all i > 0.
(2) If conditions (i) and (ii) hold, then RT'(G,T) is a perfect complex over A.
(3) Assume that conditions (i) and (ii) hold. Let A’ be another adic ring and Y a finitely
generated projective A'-module on which A acts continuously from the right so that the
A and A structures commute. The action of G on T turns Y ®x T into a topological
N -linear G-module and the natural map y ® f ((go, e gi) =y flgo... ,gi)) induces
a quasi-isomorphism

w:Y @k (@G, T) 2% C(G,Y @, T).
Proof. The proof can be found in [FKO06] 1.6.6 - 1.6.9. Here, we will only elaborate on the
topological G-module structure of Y ®, T. As usual for modules over an adic ring, the topology
of Y @4 T is induced by that of A’. Let J’ be the Jacobson radical of A’. Then the submodules
(J™Y) @a T form a system of open neighbourhoods of zero.
We show that the action of G on Y ®j T is continuous. Let g be an element of G. Further, let
t1,...,ty be generators of T as A-module, let m’ be some natural number and = = )" y;®t; some
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element of Y ®, T. Since A acts continuously on Y, there is an m > 1 such that y; A lies in J™Y
for each y; and X in J™. As G acts continuously on T, there is an open subgroup H of G such
that each Hg(t;) lies in g(t;)+J™T. Now, let ¢’ and 2’ be such that ¢'(2) € g(x)+J™Y @, T.
Then (Hg',2' + J™Y ®4 T) is an open neighbourhood of (¢, 2’) and we have

Hy (&' +J™Y @A T) = Hg' (/) + J™Y @p Hg' (T) € H(g(z)) +J™Y @5 T

n n
=Yy @Hgt:) + ™Y @A TCyglx)+ Y yi @ J"T+J™Y @, T
i=1 i=1

Cg(x)+J™Y @A T.

Similar arguments show that the map w is well-defined. It is clear that w(y ® f) is G -linear. It
is also continuous. Let m/ > 1. As before, we find m > 1 so that y\ lies in y + J"Y for all A
in J™. Let (go,...,9;) be in G**!. Since G acts continuously on T, we find an open subgroup
H such that H(f(go,---,9:)) C f(g0,---,9;) +J™T. Let (gj,-..,9;) be in the preimage of
Y@ f(gos--.,9:) +J™ @ T under w(y ® f). Then (Hg),..., Hg}) is an open neighbourhood of
(ghs---,9}) in G such that

wiy® f)(Hgp,...,Hgl) = Ho(y @ f)(g6,...,9) C H (y®f<g()7"'7gi) Y @y T)
=y @ H(f(go,.-.,9:) +J™Y @x H(T) Cy® f(go,...,9:) +y®@ J"T+J™Y @, T
Cy@f(9077gz) +J/m,Y®AT.

O]

Remark 1.3.13. For the purposes of this work, we will only apply[1.3.12]when G is the absolute
Galois group of a finite extension of Q. In this case the conditions (i) and (ii) are fulfilled ([Ser07]
IT §5.1 proposition 14 and IT §5.3 proposition 15).

Lemma 1.3.14. Let A be a topological ring. Let 0 — T’ Jom 5 17 55 0 be a short eact

sequence of projective A-modules with A-linear continuous action of a profinite group G. Then we
have an ezact sequence of complexes of A-modules 0 — C(G,T") ELN C(G,T) L C(G, T") — 0.
In particular, there is a long exact cohomology sequence.

Proof. In [FK06] 1.6.10 Fukaya and Kato show the existence of a section 7" — T as in O

1.3.3 Local Tate Duality

Let A be an adic ring and T a finitely generated, projective A-module with a continuous A-
linear action of G for some finite extension K/Q,. We endow the dual module A°-module
T* = Homy(T,A) with the usual Gg-action: An element o of G acts on f € T by
og:f+ foo L

Fukaya and Kato state in [FK06] 1.6.12 (2) the following version of local Tate duality, which
[Sha09] proves:

Theorem 1.3.15. The cup product
C(K,T)® C(K,T*(1)) — C(K,A(1))
induces an isomorphism (K, T) : RT'(K,T) — RHomp-(RI'(K,T*(1)), A°)[—2] in DP(A).
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Remark 1.3.16. It is easy to see that the isomorphism v is natural in T. Let f : T — T’
be a homomorphism of finitely generated A-modules, which is equivariant with respect to the
continuous A-linear G'k-actions on T and T’. Then the diagram

RO(K,T) — 50, RHomy. (RT(K, T*(1)), A°)[~2]
RF(K,f)J lRHomm(RF(K,f*(l)))[—?}
RF(Ka T/) W} R Homp- (RF(Ka T/*(l))> Ao) [_2]

commutes, since both ways from the upper left to the lower right corner are given by the map
t = (¢ +— ¢(fot)) where t is some element of RI'(K, T) and ¢ some element of RT?~*(K, T'*(1)).

The following lemmata show that the local Tate duality is also compatible with base change.
We first establish that duals commute with tensor products by making lemma [LVZ15] 4.6.8.
more explicit:

Lemma 1.3.17. Let A be a ring, T a finitely generated projective A°-module. Then T = T.
Let further A’ be another ring andY a finitely generated projective N'-module with a commuting
A-action from the right. Then there is an isomorphism of A -modules:

v:Y @p Homy«(T, A°) — Homp/(Y* @p- T, A”)
ye fr(pat= ey f(t)

which is natural in both Y and T. If a group G acts A-linearly on T, then this isomorphism is
also G-equivariant, if we let G act trivially on Y .
Combining the first two statements yields that duals commute with tensor products.

Proof. The fact that duals are self-inverse is clear on finitely generated free modules and hence
on finitely generated projective modules, since they are direct summands of free modules and
the direct sum of two homomorphisms is an isomorphism only if both are isomorphisms.

For the second part the most work has to be done to show that the map is well-defined. We
omit these tedious computations. The map is an isomorphism if T is finitely generated free and
by the same argument as above this implies it to be an isomorphism in the projective case, too.
The equivariance and the naturality are immediate. O

Lemma 1.3.18. Let A, A', Y and T be as above, with A and A" being adic rings, the right-action
of A on'Y being continuous and G = G for some finite extension K of Q, acting continuously
and A-linear on T. Then the local Tate duality commutes with base change in the following way:

idy ®a9(K,T)
—_—5

Y @x RT(K,T) Y @5 RHomp-(RT(K, T*(1)), A°)[2]

v

~

RHomy-(Y* @y RI(K,T*(1)), A”)[~2]

w w

V-

RHompe(RI(K,Y* @pe T*(1)), A’*)[-2]

RHomy~(RT(K, (Y @5 T)*(1)), A*)[-2].

RU(K,Y cp T) LD,
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All involved maps are isomorphisms in the derived category.

Proof. This follows by unpacking the definitions of the involved maps. The local Tate duality,
w and v are isomorphisms in the derived category by theorem [1.3.15] proposition [1.3.12] and

lemma, respectively. O

Local Tate duality is best known in the case where instead of being an adic ring, A is a finite
extension of Q, (for instance Theorem 1.4.1 in [Rubl4]). We can obtain this version via base
change (compare [FK06] 1.6.13):

Theorem 1.3.19. Let L be a finite extension of Q, and V' a finite dimensional L-vector space
with a continuous L-linear Gi-action where K is another finite extension of Q,. Then the
cup-product

C(K, V)@ C(K,V*(1)) —» C(K,L(1))

induces a quasi-isomorphism
Y(K,V): RT'(K,V) - RHomp(RT'(K,V*(1)), L)[-2].

By slightly extending the base change result from above, we can relate this version of the local
Tate duality with the one for adic rings in theorem Let A, T, Gk be as in theorem
Further, let L a finite extension of Q, and V' a finite dimensional L-vector space on which A
acts continuously and L-linearly from the right. Then, we have the commuting diagram of
L-homomorphisms

V @ RO(K,T) <20 v 94 R Homye (RT(K, T+(1)), A%)[~2]
RU(K,V @, T) “EV0, R Homy (RT(K, (V @4 T)*(1)), L)[~2].

The Gi-action on V ®, T is given by letting G act trivially on V. The vertical maps are given
similarly as in the above lemma Again, the commutativity follows from unpacking the
definitions. We will show that the vertical maps are isomorphisms in the derived category. Let
O, be the ring of integers in L. Then there is a finitely generated Op-submodule T' of V' such
that L ®p, T =V and which is invariant under the A-action, i.e. TA C T'. To see this, let 7" be
any spanning Op-submodule of V| generated by t1,...,t,. Then T” is an open neighbourhood
of zero in V. Since A acts continuously, there is an open ideal a; of A such that ¢t;a; C T”. Then,
the intersection N;a; is an open ideal of A which stabilises 77 and contains J" for some n € N
and J the Jacobson radical of A. Since A is an adic ring the quotient ring A/J" is finite, so that
the A-invariant Op-module T' = ) 5., JJn T’X is finitely generated and still spanning.

Oy is an adic ring. We can split V®x — up as L&®o, T ®x —. By propositionthe canonical
map T ®p RT'(K,T) — RI'(K,T ® T) is a quasi-isomorphism. By a slight generalisation of
proposition 2.7.11 in [NSW13], the map L ®o, RT'(K,T ®5 T) - RI'(K,L ®0, T @ T) is a
quasi-isomorphism, too. So the left vertical map is a quasi-isomorphism. Similar arguments
apply to the right map. Here, it just remains to note that for any finitely generated Op-module
S, the canonical map L ®p, Homp, (S,0r) — Homp(L ®p, S,L) has an inverse given by
choosing the greatest denominator for images of the finite number of generators of S under an
element of Homp, (L ®p, S, L). So the right map is also a quasi-isomorphism.
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Remark 1.3.20. The local Tate duality in theorem [1.3.19] is natural in the same way as de-
scribed in [[.3.16]

Remark 1.3.21. We have to be cautious about signs when dealing with local Tate duality. Both
Y(K,V) and (K, V*(1))*[-2] are isomorphisms RI'(K,V) — RI'(K,V*(1))*[—2]. While both
of them are induced by the cup product C(K,V)®,C(K,V*(1)) — C(K, L(1)), they differ. The
cup product is only skew commutative, i.e. if z is in CP(K, V') and y is in C4(K,V*(1)), then we
only have Uy = (—1)Ply Uz ([NSWI13| proposition 1.4.4). The local Tate duality is non-trivial
in degrees zero, one and two. In degrees zero and two the skew commutativity does not give
rise to a sign. In degree one, however, we get a sign, so that ¥ (K, V) = —¢!(K, V*(1))*[-2]
as maps HY(K,V) = HY(K,V*(1))*.

1.3.4 Finite parts of Galois cohomology

Let us recall the finite parts of Galois cohomology as introduced in [BKQO7] §3. We fix a finite
extension L of Q, and a finite dimensional L-vector space V' with continuous L-linear Gg,-action.

Definition 1.3.22. We define the finite parts of the Galois cohomology of V' as follows:

H?(@pv V) = HO(QZN V)
H(Qp, V) =ker (H'(Qp,V) = H'(Qp, Bais ®g, V))
H3(Qp, V) =0fori+0,1,

where the action of Gg, on Beis ®q, V' is diagonally.
We can define a subcomplex Cr(Qp, V) of C(Qp, V) with cohomology H} as in 2.4.2 of [FK06]
by setting

CJ(Qy, V) = CQ, V)
CHQy, V) = ker (ker (Cl(@p, V) L c2(q,, V)) — H'(Q,,V)/H}Q,, V))
C4(Qp, V) =0fori+#0,1.

We denote the image of C¢(Qp, V') in the derived category of L-vector spaces by RI't(Qp, V).

We can construct a more explicit complex with the same cohomology as done on page 612 of
[BBO5al:

Lemma 1.3.23. The complex

CHQp, V) = | Deris(V) L2 Do (V) @ 1(V)

which is concentrated in degrees 0 and 1 is quasi-isomorphic to C¢(Qp, V).

Proof. Consider the short exact sequence of Gg,-modules from lemma

(1_@11)

00— Qp — Beris Beris © BdR/BgR — 0.
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We can tensor this sequence over Q, with V' and obtain an exact sequence of L-linear, continuous
G, -representations

0 = V = Beris ®q, V — Beris ®q, V @ Bar/BJg ®qg, V — 0.

The beginning of the associated long exact cohomology sequence is

) (179071)

0— V% — Dyys(V Deis(V) @ t(V) = HY(Qp, V) = HY(Qp, Baris ®g, V). (1.1)

So, the cohomology of C}(Qp, V') is precisely the finite parts of the Galois cohomology of V.
For complexes of vector spaces it is equivalent to have the same cohomology groups or to be
quasi-isomorphic, since each short exact sequence of vector spaces splits and vector spaces over
a fixed field form an abelian category. In particular, a complex of vector spaces admits a
quasi-isomorphism to the complex of cohomology groups with zero derivatives and vice versa.
Therefore, the long exact cohomology sequence above yields a canonical quasi-isomorphism
C(Qy, V) == CH(Qy, V). O

Remark 1.3.24. The arguments at the end of the proof of |1.3.23| show that C(Q,,V) and
C#(Qp, V) are perfect complexes.

Remark 1.3.25. The map t(V) — H} (Qp,V) is sometimes called exponential map of Bloch
Kato (see [BKOT7] definition 3.10).

Bloch and Kato showed that the finite parts of Galois cohomology behave nicely under the local
Tate duality (see [BKO7] proposition 3.8; they only considered V' to be a Q,-vector space, but
their arguments immediately carry over to V' being a L-vector space.)

Proposition 1.3.26. Assume that V is a de Rham representation. Then in the perfect pairing
HY(Qp. V) ® H'Y(Qp, V(1)) — H*(Qy, L(1)) = L

the finite parts H}(Qp, V) and H}(@p, V*(1)) are exact annihilators of each other. In particular,
we get a quasi-isomorphism

Vy(Qp, V) 1 Cp(Qp, V) = Homy (C(Qy, V7(1))/Cp(Qy, V' (1)), L) [-2].

We sometimes denote RI'(Qp, V*(1))/RT¢(Qp, V*(1)) by R #(Qp, V*(1)).
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Chapter 2

e-isomorphisms

2.1 Local constants

In this section, we collect some results on local constants as defined by Deligne in [Del73] §4 and
§85.

Let E be a field of characteristic 0, which contains the p™-th roots of unity for all n € N. Let D
be a finite dimensional E-vector space endowed with the discrete topology and with a continuous
E-linear Wg-action, where K is a finite extension of Q,. The local constants also depend on a
non-trivial homomorphism ¢ : K — E* with open kernel and a Haar measure p on K. We will
always choose p such that O has measure 1 and omit it in the notation. With these choices,
we have the following theorem:

Theorem 2.1.1. Let m, be the multiplication by a. For each D as above there is an element
e(D,v) of E* such that
(1) If 0 - Dy — Dy — D3 — 0 is a short exact sequence of continuous Wi -representations

over E, then
5(D2> 1/}) = €(D17 w)e(D:Sa ,QZ})
(2) For o in Ix C Wi we have e(D,¢om,_ () = detp(c|D)e(D, ).

(8) Let w be the one-dimensional Wy -representation over E which is given by the map

-1
Wy —» Wf{b ", KX Il E*. Here, we adopt the convention that a geometric Frobe-

~

nius Fr maps to p under Tec@: and hence to p~1 under w (see [Del73] 2.8 and [Tat79]
1.4.1). Then we have ¢(D,¢)e(D* ® w,9p om_1) = 1.
(4) Let L be a finite extension of K. There is a constant \(L/K,v) € E such that for all
W, -representations D over E we have 5(Ind%f (D), %) = ML/ K, ) mePe(D poTry k).
(5) Let D" be an unramified Wy -representation over E. Then

(D @p D', ) = detp(B! D)D) HAmEDIWe (), ypydime (D),

where f is the residue degree of K/Q,, the number n(y) is the largest integer such that
7 Ox is in the kernel of 1 and a(D) is the Artin conductor of D.
(6) Let T be a ring automorphism of E and D7 the E-linear W -representation E®; D. Then

T(e(D,¢)) = e(D7, 7 0 ).

Proof. The existence of the local factors is theorem 4.1 in [Del73]. Its proof shows claim 6.
The other claims claim follow directly from [Del73] 5.2, 5.4 and 5.7.1.. O

Remark 2.1.2. If K is Q,, we will only work with 1)’s whose kernel is Z,,. Such a homomorphism
is determined by the values ¥(p~"), which are all primitive p"-th roots of unity, i.e. 1 corresponds
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to a Zy-basis of lim,, p(p™) = Z,(1). So instead of 1, we choose a basis £ of Z,(1), which we
write additively so that property (2), (3) and (6) read in this case
(2) For o in I C Wy, we have e(D, Xcyei(0)€) = detg(o|D)e(D, ).
(3) We have ¢(D,{)e(D* g w,—&) = 1.
(6) Let 7 be a ring automorphism of E' and DT the E-linear Wq,-representation £®; D. Then
r(=(D,£)) = £(D7, 7(¢)).

2.2 e-isomorphisms of de Rham representations

In this section, we will construct e-isomorphisms associated to de Rham representations, which
are related to Deligne’s e-factors from the previous section, and prove their key properties. We
will elaborate the approach in [FKO06] section 3.3 following chapter VII of [Venl7]. In particular,
we will include Nakamura’s correction to Fukaya’s and Kato’s approach suggested in remark 3.6
in [Nak17] which ensures the multiplicativity of the e-isomorphisms.

Let us fix some notation. In this chapter, L will be a finite extension of Q,, we denote by Q"
the maximal unramified extension of Q, and by Z;" its ring of integers. Further, we denote the
completion of Q" by @" and its valuation ring by Z}? . Then we put L= @" ®q, L. Finally,
let V' be an L-linear de Rham representation of Gg, and { a base of Z,(1).

Lemma 2.2.1. Taking the determinant yields a map
det(=|V) : GE, = r Gal(Qy", Q) = Gq,/[Gq,,Gqg,] = L.

Proof. The map detz(—|V) : Go, = L* = K1(L) factors over Gg,/[Gq,,Gg,] since K1(L) is
abelian. Let T" be a spanning, finitely generated Op-lattice in V', which is Gg,-stable. This exists
by similar arguments to those after theorem Then deto, (0|T) € Of =1lim,(Or/7}O)*.
Suppose deto, (o|T') # 1. Then there is some n such that deto, /o, (o|T/mr.T) # 1. By
continuity, we have some open normal subgroup U, of Gg, that acts trivially on the finite
module T'/7}T. Hence, each element of the open set gU, does not have determinant 1 and
hence detp, (—|7") and thus detr(—|V') have closed kernels, so that they factor over G(‘g; . O

The aim of the section is to prove the following proposition:

Proposition 2.2.2. For each L-linear de Rham representation V' of Ggq,, there is an isomor-
phism
ere(V): 15 = (dp(RD(Qy, V) -dr(V));

i the category V(z) which satisfies the following properties:

Multiplicativity:
Let ¥ : 0=V, — Vo — V3 — 0 be a short exact sequence of L-linear de Rham represen-
tations of Gq,, then the e-isomorphisms are multiplicative in the following way:

(dr(C(Qy, 2))dr(2)); 0 ere(Va) = ere(Vi) - eLe(Va).

Here, dr,(C(Qp, X)) is given by the sequence C(Q,, %), which is exact by the arguments in
remark [1.3.])
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Change of &:
Let 0 € I(ng/(@p) C Gél;. Then er, y,,a@)e(V) = detp(o|V)epe(V). Here, the ele-
ment dety (o|V) of K1(L) acts on the e-isomorphism is as in corollary (8). Since
Gal(Qp,00/ Qp) C G?Ql; and Xeye @ Gal(Qp oo/ Qp) = Z,, we have covered all possible
choices of &.

Frobenius invariance:
Let ¢ € G, be a Frobeniuslift with Xcye(¢) = 1. Denote by pp = ¢l + Z2" — Z37

p

the restriction of ¢ : Bar — Bar. The ring homomorphism ¢, ® idy, : L — L induces a
base change homomorphism (¢, ® idr,)* : K1(L) — K1(L) (see lemma|1.1.10). We put

Ki(L)yy = {z € Ki(L)|(pp ®id)*(z) = detr(¢|V) z}. Then the e-isomorphism ey, ¢(V)

belongs to V(L)(L,dr(RT(Qp, L)dL(V)) e Ki(L)y.

Duality:
E— . .
cre(V) eV (W) (6@, V) = (-1 @ Vay (V(=1) £ V) after ap-
propriate trivialisations.
2.2.1 Construction of ¢ ¢(V)
We will construct ez, ¢(V') as the product of a rational number I'r, (V') and two isomorphisms
Q(V) 1 — dL(RF(Qp, V)) : dL(DdR(V))

eR(V) 17 — (d(Dar(V)) ™! - dr(V));

using the trivialisation dr,(Dgr(V)) - dr.(Dgr(V))~t = 1p.
Let us start with the definition of I',(V'). In[1.2.25] we defined h(r) = dimz, gr" (Dgr(V')) and

we put
I (r) = (r—1)! forr>1
(—1)"(—r)!~t for r <0.

Then we set (V) =[],z () =M=,

Next, we will construct the morphism (V). In lemmall.3.23|we established a quasi-isomorphism

qg—1iso

id —¢,id
CHQ,, V) L22% GdZpid),

[DcriS(V) Deris(V) @ t(V) | = C3(Qy, V).

We can trivialise

dL(C}(Qp, V)) = dL(Dcris(v)) : dL(Dcris(V) S3) t(v))il
— dp(Deris(V) - di(Deris(V)) ™" - dp(1(V)) ™ 224 dp (8(v)) !

which induces a morphism
(V) : 1, = dp(RUp(Qp, V)dr(CH(Qyp, V))™H = di(RT(Qy, V))dL(t(V)).

Applying the same arguments to V*(1) gives us n(V*(1)). We want to multiply n(V) and
n(V*(1)) to get (V). To do this, we consider the exact sequence

2RF,V :0— Cf(Qp,V) — C(QP,V)) — C(QP,V)/Cf(Qp,V) — 0.
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Together with the local Tate duality for finite parts (proposition [1.3.26)) it induces an isomor-
phism

AL (RTy(Qy, V*(1)))" - do(RT}(Qy. V)
SIS, 4y (RY(Qy, V)L Q5 V) - (B (Qp V) S50 dy (R(@, V).

We can deal with the factor ¢(V*(1))* in a similar way. By corollary [1.2.29 we have an isomor-
phism tqr,y : DYg (V) = t(V*(1))*. So the exact sequence

Saryv : 0= DR (V) = Dar(V) = t(V) = 0
yields an isomorphism

dr (ar,v)-id dr(Xar,v)
= — s

dr(t(V*(1))" - d(t(V)) dr(Dgr(V)) - dr(t(V)) dr(Dar(V))-
We combine the above morphisms to define 6(V):
Definition 2.2.3. 0(V) is defined as the morphism

1 n(V*(1)*-n(V)

AL (RT;(Qyp, V* (1)) - di((V*(1)))* - di(RT}(Qy, V) - dp (V)
el Qo PO oy I8, (RD(Qp, V) /R (@, V)) di (D9 (V))di (RTy (@, V))di (H(V))

QBRI UGB, G (RD(Qy, V))di(Dar(V)).

Remark 2.2.4. Another way of defining 6(V'), which is popular in the litarture (see [Nak17]
before lemma 3.4, footnote 23 in [Ven05b] or (2.2) in [BB05a]), is via a long exact sequence.
We recall this definition briefly and convince ourselves, that it in fact yields the same mor-
phism 0(V'). We simplify our notation by omitting the coefficients from the various cohomology
groups and the local Tate dualities when they are understood to be Q, and write, for instance,

HO(V) = H°Q,,V) and 1/1}(\/) =1 £(Qp, V). We have the exact sequence :
0= H(V) = Deis(V) = Deyis(V) ® (V) =25 HHV) — 0 (2.1)
and the dual of that sequence for V*(1):
0 — Hp(V*(1))" = Daris(V*(1))* @ (V' (1)" = Deris(V*(1))" — HO(V*(1))* = 0. (2.2)
We merge both of them via the short exact sequence

i Yp(V*(1))*o
0— H}V) 5 HY(V) 2 HYQ,, V*(1))* > 0
where p: HY(V) — HI(V)/H}(V) and obtain a long exact sequence

Yiv:0— H(V) = Deis(V) = Deis(V) @ t(V) — HY(V) (2.3)
— Deris(VF(1))* @ t(V*(1))* = Deris(V*(1))* — HO(V*(1))* — 0.

This sequence induces a morphism in the determinant category

AL (Deris(V))dL (Deris (V) ™ d L (Deris (V*(1))*) i (Deris (V*(1))*) 7
— d(H(V))dp (H (V)" dp (HO(VF(1))")do (6(V))dL ((V*(1)).
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One can construct it by breaking the long exact sequence up into short ones, apply the de-
terminant functor to them and multiply the resulting isomorphisms with alternating exponent.
We obtain a morphism between the same objects as 6(V) if we trivialise dp(Deis(V)) and
dr(Deris(V*(1))*) and use the local Tate duality °(V*(1))* : HO(V*(1))* = H?(V), the du-
ality wgP{,V : t(V*(1))* = DYR(V) and the short exact sequence Yqg,y. Finally, since all
the appearing cohomology groups have finite L-dimension, we have a canonical isomorphism
Rz dL(H (V) = dr(RT(V)) (see proposition (5), compare also [BB05b] Proposition
3.1).

The resulting isomorphism 1 — dp(RI'(V))dr(Dar(V)) is indeed 6(V). The isomorphism
1— dL(HO(V))dL(H}(V))_ldL(t(V)) induced by the sequence is up to the canonical
identification dr,(RI¢(V))) = alL(HO(V))dL(Hch(V))_1 the same as n(V'). Similarly for the dual
sequence . The sequence that we used to merge and contains @b}(V*(l))* and
we used 1”(V*(1))* as well, which corresponds to the application of ¢¢(V*(1))* in the first def-
inition of #(V'). By [BB05b] theorem 3.3, the canonical identifications between RI't(V'), RI'(V),
RTy(V*(1))* and their respective cohomology groups are compatible with the exact sequence

Pr(V*(1)"
e

0 — RTy(V) — RT(V) 2 RTy(V*(1))* = 0

and the induced long exact cohomology sequence. This shows that both definitions of (V)
agree.

It remains to construct 5%12(1/). This will be the part related to Deligne’s local e-factors. We
recall that for a L-linear de Rham representation V and o : L — @p, we have the Weil-Deligne

representation Dyst(V)y = Qp @45 Dpst (V) of Wq, over Q, (see|1.2.37).

Definition 2.2.5. For each o : L — Q, and & a basis of Zy(1), we define a factor
I r\V=°
eL(Dpst(V), §)o = e(Dpst (V) §) - detg, { —Fr ‘(Dpst(v)a) / (Dpst(V)or) ) )
mn @X, where Fr is any geometric Frobenius and collect all of these e-factors into one element
er(Dpst(V),€) € (@ €, D) =[] Q)

r@y = (v0(y))o-

Remark 2.2.6. Note that this definition is the one given on page 35 of [Nak17] and different
from the one in [FKO6] 3.3.4. Only with this definition, the e-isomorphisms for de Rahm
representations will be multiplicative in general. Compare also remark 3.6 in [Nak17], where
this problem is identified. A more conceptual reason than the fact that multiplicativity should
hold is that Dy (V') is a Weil-Deligne representation and for those it is common to include the
correction factor (see for instance [Roh94] §11 “delta-factor” or 4.1.6 of [Tat79] and in slightly
different form 8.12 in [Del73]).

Lemma 2.2.7. The element detg - (~Fr {Dpst(V)g./(Dpst(V)CI,)NZO)U of [1,Q,” is the same as

1@detr,(—¢| Dst(V)/ Deris(V)) € Qp®q, L under the isomorphism [, Q, = Q, ®q, L in lemma

[1-2.4
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Proof. The I-action commutes with N on Dpg. Together with lemma this yields
Dyst(V) 5/ (Dpst (V)N = (Dpste (V) / (Dt (V) V=), 2 Qp @40 Q) ®0, Dst(V)/ Deris(V)-
So we get
ety (=Fr| Dysu(V)g/(Dpst(V)7) ") = detig (~Fr [ ®a.0 Q7 @g, Dt(V)/ Deris(V))
= o(detr,(=Fr| Dst(V)/ Deris(V))).

The last equality stems from the fact that tensoring along a ring homomorphism changes a
determinant by that ring homomorphism. But the element (o(detr,(—Fr| Dst(V)/ Deris(V))))o
in [], @X corresponds to the element 1® detz,(—Fr| Dgt(V)/ Deris(V)) in (Q, ®g, L)*. Finally,
by lemma the linearised action of Fr on Dg (V') and Deis(V) is the same as . O

So far, we only have defined a factor, but we want an isomorphism
8%}}5(‘/) : ILZ — (dL(DdR(V))il . dL(V))Z .

We relate Dgr (V') and V' via the canonical isomorphism for de Rham representations.

Definition 2.2.8. For an L-linear de Rham representation V' of Gq,, the canonical isomorphism
(denoted o in theorem[1.2.5)

can : Bar ®QpL X, DdR(V) >~ Bir ®q, DdR(V) = Bar ®va >~ Bir ®QpL LV

bRLI®Y b @v; > b @l®v;

is an isomorphism of Byqr ®q, L-modules. Thus, it induces a morphism

can : dL(DdR(V))BdR ®q, L dL(V)BdR ®q, L

in the determinant category V(Bar ®q,L).

Definition 2.2.9. Let t be the uniformiser of B:{R corresponding to the chosen base £&. Then

we define E%%(V) € V(Bar ®q, L) (]l, (dr(Dar(V))™* 'dL(V))BdR ®@pL) as the element

t_tH(V)EL(Dpst(V)a g) - can

multiplied with the identity of dL(DdR(V))E;R 90, L and pre-composed with Tig, (p..(v)- Here,
0 P

t € Biy and er(Dpst(V), &) € (Qp ®q, L)* act as elements of (Bar ®q,L)* = K1(Bar ®q,L)

(see on can.

Remark 2.2.10. Let S := V(L)(dr(Dar(V)),dr(V)). By lemma [1.1.25] we know that

K (L)
S x Ki(Bar®q,L) = V(Bar ®q,L) (dL(DdR(V))BdR 90, Lr AL(V) Byn ®QPL) ,
where (f,a) is sent to &+ fpp @, L-

Now, we have defined all the ingredients for ez ¢(V'). But s%i.(\/) only lies in
V(B4r ®q, L) <dL(DdR(V)))BdR®QpL, (dL(V))BdR@)QpL)- However, we want e7,¢(V) to live in

the determinant category of L. This will be ensured by the next proposition.
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Proposition 2.2.11. Using the inclusion @" C Bar we have that t='# Ve (Dot (V), €) - can
KilL) - Ki(L)

lies in S X Ki(L)ycS P K1(Bar ®q, L). In other words, E%%(V) is @ morphism in

V(L) (]1, dL(DdR(V)_l . dL(V>Z)-

Proof. We have that K1(Bgr ®q,L) = (Bar ®g,L)* and Ki(L) = L* by example and
lemma Consider the following action of Gg, on

Ki(L) Ki(L) y ,
S X Ki(Bar®g,L) =95 x (Bar®q,L)" :o((x,y)) = (z, (0 ®id)(y)).

G nr —_ ~
Recall that Bdgp = Qpr (1.2.11f (5)) and hence (Bqr ®@pL)GQ3T = L. So, it suffices to prove
that 5%12(V) is Gyr-invariant.

Claim 1: 7(can) = detz(7|V) ™! - can for any 7 € G, .
Let f: Dgr(V) — V be an L-isomorphism, which exists since V' is de Rham and hence both

sides have the same L-dimension. Under the isomorphism in|2.2.10|can corresponds to (dr(f), o)
for some o € K1(Bgr ®q,L). The image of the Byr ®q, L-linear isomorphism

g=a® f: (B ®q,L) @ Dar(V) — (Bar ®q, L) @1 V,1®d— a® f(d)

under the determinant functor also corresponds to (dr,(f), «). This is because the determinant of
multiplication by « is just a and the action of K;(Bgr ®q,L) on (dr(f),1) is described in lemma
Hence, the image of canog™! under dBg ®q, L is the identity of dp,, ®@pL(BdR ®qQ, V).
In other words, this Byr ®q, L-isomorphism has determinant 1 in Ki(Bqr ®q,L). But then the
determinant of the Byr ®g, L-isomorphism (7 ® idocanor ! ® id) o (1 ® idog o 77! @ id)~*
is one as well by lemma [1.1.11l Here, 7 acts just on Bgr. But that means that the two
Byr ®q, L-isomorphisms 7 ®id o can o7 ' ®id and 7®id ogo 7! ®id have the same image under
the determinant functor dp,, ®q, L+ This is not changed by post-composing the Bgr ®q, L-
isomorphism id ®7, where 7 acts on V. But since can is equivariant with respect to the action
of Gg, as 7®id on the left and diagonally on the right, we have that 7 @7 ocan o7 ' ®id = can.
Hence, the determinants of can and 7 ® 7o g o 7! ® id are the same. We compute the latter.
The action of 7 on V adds the factor dety(7|V). The remaining map 7 ®idogor~! ®id is given
by
(Bar ®, L) @1 Dar(V) = (Bar ®q, L) @1 V,b @ d — b7 () ® f(d).

So its determinant is (d(f), 7(«)), which is just 7(can).

Claim 2: Let 7 € Gg, and 7" € Gapr = I such that Xeyel (T) = Xeyea(T'), then
(r @ 1)z (Dpst(V), €) = det (7’| Dpst(V)7)oL (Dpst (V)7 €).
Here 7 ® 1 acts on @p ®q, L and Dpst(V)" == A ®a 701 Dpst(V), where
T®1=T‘Qgr®l:A:QST®QFL—>QZT®QPL:A.
In particular, if 7 already lies in I, such that its restriction to Q" is trivial, we get that

(T @ 1)5L(Dpst(v)a 6) = detA(T| DpSt(V))gL(Dpst(V)a f)

47



In order to prove this claim, we recall the superscript notation from theorem m (6) according

to which for a @—linear W, -representation D the representation @@T D is denoted D". Now,

let o : L < Q, be a Q,-linear embedding. As above, such an embedding yields an embedding
=Qy ®g, L — @ by acting on L. We observe that the following diagram commutes

Q4 Tloy Q, z®y — 27 lo(y)
w b 1
A—"57Q, 7(2) ® y —— 7(2)0(y).

As a result, we get the relation

(Dpst(V)r—lg-)T = @p ®T,@ @p ®7——1U7A Dpst(v) = @p ®o-,A A ®T®1,A Dpst(v) = (Dpst(V)T)U

between the two superscript notations and the subscript notation from corollary [1.2.37] First,
we take care of the e-factors in the definition of er,(Dpst(V), ). By the equivariance statement
in lemma m (3) we get the first equality in

(T ® 1)5(Dpst(v>m§) (E(Dpst(V)T 1075))

— e((Dpst(V)r-15)7, 7(€))

= e((Dpst (V) ), 7(€))

= ((Dpst(v) )g,chcl(T/)g)
(

(detA /| Dpst(V )T))E((Dpst(V)T)U,g).

From the first to the second line, we used property (6) of theorem from the second to
the third the relation of the two super-/subscript notations and from the third to the fourth
line the fact that 7 and 7’ act in the same way on Z,(1). The final equality sign stems from
part (2) of theorem The factors o (det (7| Dpst(V)7)) € Q@ for all o yield the element
detA(7'| Dpst(V)7) € A C Qp ®q, L as claimed.

Second, we consider the correction factor. By lemma we can consider the correction factor
as an element of L inside Q, ®q, L. Therefore, (7 ®id) is trivial on the correction factor.

This finishes the proof of claim 2.

Claim 3: det (7| Dpst(V)) = Xeyer (7)1#Vdet,(7|V) for all 7 € I.
Multiplication with det (7| Dpst(V')) (or detr(7]V)) is the operation of 7 on the maximal ex-
terior product A 4 Dpst(V) = Dpst (A, V) (or A V), see the compatibility of Dy x with tensor
products and quotients for semi-stable G'g-representations in theorem tr (V) is the Hodge-

Tate weight of A\; Dar(V) = Dgr(/\; V) (filtrations align due to proposition [1.2.24)). So, we
can assume that V' is of L-dimension one. We now argue similarly as in [FO18] 7.16 and 7.17.

Since G, acts L-linearly on V, the action comes from a character n : Gg, — L*. Each DéR(V)
is an L-vector space. Since V' is de Rham and one-dimensional, we have that

DY (V) DEY T V) 2 (Cy(tn (V) ®g, V)E = (T, g, V(tn (V)%

has L-dimension 1. In other words V(tg(V)) is Cp-admissible as Q,-representation. But by
[FO18] proposition 3.56, this means that I acts discretely on V(tg(V)), i.e. (ngc(lv) 77) (I) is
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. . —ty(V . .
finite. Therefore, we can write n = x ey o W) x"" - x, where x factors over some finite extension

E/Q, and x™ is unramified. Hence, Ggnr acts trivially on V (tg(V)). The map
907tV By 0o,V ™ By @,V (ta(V)),bov — ot~ V) gy etn(V)
is Gg,-equivariant by lemma For a finite extension K/E, Galois over Q, this yields a
Gal(K"™, Qp)-equivariant isomorphism:
(Bsw 00, V)45 2 ( By ®q,V(tn(V)) " = B &g, V(tu(V)) = @y ©q, V(tua(V)),

where we have used (4) at the last and the fact that Ggnr acts trivially on V(tg(V)) at
the second to last equality sign.

Using that E' is finite over Q,, that x is trivial on G and writing V(tg(V)) = L(xx""), we
conclude that there is a Gg,-isomorphism

Dp(V) = |J Bu®g, V)= | (Ba®g,V)%
QpCKCQy, ECKCQy,
K/ Qy finite K/Q, finite
Galois
o Gal(K™" K _— Gal(K™" K)
= U (Bagg))™ = U (Q;” ®q, L(X”’"x)>
ECKCQ,, ECKCQy,
K/Q, finite K/Q, finite
Galois Galois
N _ o) Gal(K™" K)
=~ | (Q;”“ ®q, L(x )) (X)-
ECKCQy,
K/Q, finite
Galois
This description of Dpst (V') shows that 7 € I = Ggyr acts on Dyg(V) via the character x. On

—tg (V)

cyel This establishes the claimed formula.

V such a 7 acts via xx

Combining the three claims, we see that an element 7 € Ggnr acts on er(Dpst(V),§) can by
multiplication with ey (7)), The factor tt#(") in the definition of defz(V) corrects this,

so that adLPE(V) is fixed by Gignr and thus exists already in the determinant category over L. [

2.2.2 Properties of c-isomorphisms of de Rham representations

Let us now verify the properties stated for e, ¢(L) in proposition The first two properties
follow without much work from the proof of proposition [2.2.11

Proposition 2.2.12 (Change of £). Let T € I(ng/ Qp). Thenep ., (ne(V) =detr(T[V)er (V).

Proof. The only part of e,¢(V) that depends on & is the choice of ¢t and the local factors
e(Dpst(V)g, &) for each o : L < Q,. By theorem (2), we have

5(Dpst(v)0'7 chcl(7—>§) = det@(ﬂ Dpst(V)a)S(Dpst(V)aa 5)

We can write det@(ﬂDpst(V)g) = o(deta(7]| Dpst(V))), where o stands for the map
Qr @g, L — Qp,z @y = xo(y). Hence, as element of [[,Q, = Q, ®q, L, we have
det@(ﬂ Dpst(V)o)o = det (7| Dpst (V). Together with the factor from ¢t (V) we have

5L,xcycz(T)(V) = chcl(T)_tH(v) ~deta(7] Dpst(V)) -epe(V).
The appearing factor is nothing but detz,(7|V') by claim 3 in the proof of proposition [2.2.11] [

49



Lemma 2.2.13. Let ¢ be a Frobeniuslift and V' an L-linear de Rham representation. Then
there is an isomorphism of A-linear Wy, -representations between Dpst(V)‘z’ = A®¢xid, A Dpst (V)
and  Dps (V). In particular, one has (Dpst(V)?)! =  Dp(V)! and in addition

(D (V)N N0 2 (D (V) )N =0,

~

Proof. The isomorphism Dyt (V)? =5 Dpst(V) is given by

Dpst(V)? = A ®ggid,a Dpst(V) = Q)" ®¢,u Dpst(V) = Dpst (V)
q®d— qp(d).

This is clearly Q"-linear and since ¢ is L-linear, it is an A-homomorphism. The last map sends
?(q) ® d and 1 ® qd to ¢(q)p(d) and ¢(qd) respectively. As ¢ is ¢-semi-linear, these elements
are equal and the map well-defined. It is a bijection because ¢ is one on each Dg i (V). The
map clearly commutes with application of ¢ and also with the naive Wg, -action since ¢ does.
Hence, it commutes with the linearised action of Wg,. Finally, the relation Ny = ppN yields
the commutativity of the following diagram

Dpst(V)? —=— Dyt (V)

v [

Dpst (V)? —= Dpst(V).

Multiplication with p is an isomorphism on Dy (V'), so we get ((Dpst(V)d’)I)N:O = (Dpst(V)1)N=0.
O

Proposition 2.2.14 (Frobenius invariance). Let ¢ € Gg, be a Frobeniuslift with Xcyq(¢) = 1.
Denote by @) = gb\Z/n\,. D ZyT — LT the restriction of ¢ @ Bar — Bar. The ring homomorphism
p

©p ®1idy, : L — L induces a base change homomorphism (pp @idr)* = Ki(L) = K (L) (see

lemma . We put K1(L)y = {z € Ki(L)|(¢p ® id)*(z) = detr(¢|V) 1a}. Then the
Ki(L) -

e-isomorphism ep,¢(V) belongs to V(L)(1,d(RT(Qp, L)dL(V)) % Ki(L)y.

Proof. The factor ', (V') is a rational number and hence not influenced by (¢, ® id)*. The

isomorphism 0(V) is defined in the determinant category over L, so that after base change

to L its contribution to Ki(L) is an element of K;(L) on which (¢, ® id)* is also trivial.

Ki(L) _
So it remains to prove that E%P’Z(V) lies in V(L) (1,dr(Dar(V)) " tdr(V)) P Ki(L)y. In

other words, using the action defined in the proof of proposition [2.2.11] we have to show that
¢(5‘£2(V)) = detL(¢\V)*1€%}é(V). By claim 1 of the proof of proposition we have
¢(can) = dety(¢|V)"!can. By claim 2, we have (¢ ® id)e(Dpst(V), &) = eL(Dpst(V)?, €) since
Xeyet(¢) = 1. The A-linear W, -isomorphism Dpst(V)¢ = Dpst(V) in lemma ensures
that the factors e(Dpst(V)?,€)s and e(Dpst(V), &)y agree for every embedding L < Q,, as
local constants are insensitive to isomorphic representations (1)). Since the isomorphism
respects the kernel of the monodromy operator, we get that the correction factor is also the
same for Dyt (V) and Dpst(V)?. Finally, since Xeye(¢) = 1, ¢ is trivial on ¢. O

We have to work a little harder for the multiplicativity and the duality. The next lemma remedies
the missing exactness of D.s on short exact sequences of de Rham representations.
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Lemma 2.2.15. Let 0 — Vi3 — Vo — V3 — 0 be a short exact sequence of de Rham representa-
tions. Then we have an exact sequence

0~ Dcris(vl) - Dcris(v2) - Dcris(VB) i> l)cris(vl*(l))>|< - DCI‘iS(VQ*(l)>* - Dcris(V;;*(l)>* - 07
denoted Yeyis,0f L-vector spaces (all duals are L-duals). Moreover, the diagram

Dexis(V3) —2— Dexis(Vy*(1))*
| Je
Dexis(V3) —>— Dexis(Vi*(1))*
commutes.

Proof. Since all the V;’s are de Rham the first part of lemma, [1.2.39| ensures the exactness of
the rows of the following diagram of L-vector spaces:

0 ——— Ds(Vi) ———— D (Vo) ———— Dy(Vz) ———— 0
i i i
0 —— Dy (Vi(—1)) —— Dg(Va(—1)) —— Dx(V3(—1)) —— 0.

The vertical maps really are ¥ o N = N o ¢, which is p-equivariant by lemma [1.2.28] (3). The
fourth part of that lemma lets us extend this diagram vertically by the exact sequences

0 = Deris(Vi) = Dst (Vi) = Dst(Vi(=1)) = Dyst(Vi(=1))/N Dy (Vi(=1)) — 0. (%)
By the snake lemma, we get an exact sequence

0 — Dcris(vl) I Dcris(‘/2) - Dcris(vé»)

6
1))/N - Dg(Va(—

Dst(Vl (_

The functor Homyp (—, L) is left exact, so that

1))/N = D (V3(=1))/N = 0

Homp, ( Dst(Vi(=1))/N Dst(Vi(~1), L)) = Homz (Dt (Vi(~1)), L) =0 = (Dse(Vi(~ 1)) =0,

Now, we use part (2) of lemma to pull in the dual and conclude that
(Dst(Vi(—1))")V'=0 = Dy (Vi(=1)*)V=0 = Deyis(V;*(1)). Dualising all of this, we get a natu-
ral isomorphism 0y, : Dyt (Vi(—1))/N Dst(Vi(—1)) = Deis(V;*(1))*. We apply it to the lower
part of the result of the snake lemma to obtain the desired exact sequence. We put ¢ = 5{’/1 od.
Lastly, we investigate the action of ¢. The sequences (ED for ¢« = 1,2,3 are compatible with
¢. Hence, 0’ commutes with ¢. According to part (2) of lemma pulling the dual into
Dy (—) as in 5(}1 does not only transpose but also inverts . Hence, we get the desired relation

(1) od=dogp. O

Corollary 2.2.16. The morphism 6(V) - detr(—p|V*(1))~! is multiplicative in short exact se-
quences of L-linear de Rham representations. That is to say that for % :0 —V; - Vo - V3 =0
a short exact sequence of L-linear de Rham representations and for the induced exact se-

quences S¢ 1 0 = C(Qp, V1) — C(Qp, V) — C(Qp,V3) — 0 (lemma [1.3.14) as well as
Yar : 0 = Dgr(Vi) = Dgr(V2) = Dgr(V3) — 0, we have

d(Xc)dr(Ear) 0 0(Va) - detr(—¢|V5 (1)) = 0(V1)0(Vs)detr (= Vi (1))det (=@ V3 (1))
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Proof. Since the V;’s are de Rham, applying the functor DyR is an exact functor to the category
of filtered Q,-vector spaces (|1.2.24)). Hence, proceeding from ¥4 to the associated graded rings
is exact as well and we get that ¥; : 0 — t(V1) — t(V2) — ¢(V3) — 0 is exact. Since Kummer
(L-) duals of de Rham representations are de Rham (4) and [1.2.28), we also get the
exactness of the sequence X : 0 — t(V{*(1))* — t(V5(1))* — t(V5(1))* — 0. Adding these exact
sequences to two copies of the exact sequence Yeyis in lemma [2.2.15 we get by the compatibility
of the latter with ¢ an exact sequence of complexes >

0 —— C}'(Qpa‘/l) — C}(va%) — C}(vavt?))

Cr(Qp, Vi (1) [1] — C(Qp, V5 (1)*[L] — C(Qp, V5 (1))*[1] — 0,

with év’f(Qp, V') being the complex | Deyis(V) M Deris(V) @ t(V')| concentrated in degree
0 and 1. The complexes év'f(@p, V*(1))* and C%(Qp, V*(1))* are isomorphic via the complex
homomorphism (—¢*,id). The images of é'vf((@p,V*(l))* and C%(Qp, V*(1)))* are the same
under dr. The isomorphism dr,((—¢™*,id)) is hence an automorphism of this object and as such
the element detr,(—g| Deris(V*(1))) € K1 (L) = L*. If we denote by ¥/ the sequence 3 with the
C1(Qp, V*(1))* replaced by C(Qp, V*(1)))*, we get that

~ i

dr(E) =dr(S) [ detr(—el Des(Vi (1)1
1=1,2,3

Here, we associated morphisms in the determinant category to the exact sequences 3 and X’ by
breaking up the exact sequence into short exact sequences, multiplying the images of those short
exact sequences in the determinant category and trivialising the auxiliary kernels and cokernels.

Moreover, we multiply with (inverses) of identities to ensure that both d () and dr(X') are
morphisms

d(C(Qp, V2)) - dL(CH(Qp, V5 (1)) — ()
dr(CH(Qp, V1)) - dL(CH(Qp, Vi (1))") - dL(CH(Qp, V3)) - d(CH(Qp, V5 (1)),

where we have also used that dy,(C[1]) = dr(C)~!. Together with the natural quasi isomorphism
Cr(Q,, V) 5% C}(Qp, V) from lemma|1.3.23} we get from dr(X') a morphism

f:dr(Cp(Qyp, V2)) - dr(Cr(Qp, V2 (1)) —
dr(Cr(Qp, V1)) - dr(Cp(Qp, Vi'(1))7) - dL(Cp(Qp, V3)) - dr(Cp(Qyp, V5'(1))).

Now that we have related dL(fl) with the finite parts of Galois cohomology, we turn our at-
tention to its relation with n(V). The morphism dr(3) (as written as in ) is nothing but
dr,(Beris)dr (3e) 7 (Zeris) tdp (24) 71 by part (2) of remark So after multiplying it with
dr(X;) and dp (X)) it is just an instance of a morphism in V(L) multiplied with its inverse.
Hence, dL(i)dL(Zt)dL(E;) is compatible with trivialising the Dg;s’s and the tangent spaces ¢
(compare part (3) of . The morphisms n(V) and n(V*(1))* are just these trivialisations
composed with the quasi-isomorphisms from lemma which are incorporated in f. As a
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result, we get that

f - dz(Se)dr(5) o n(Va)n(Vy (1)) detr (— | Deris(V5 (1))
=n(Va)n(Vy(1))*detr(—¢| Deris (Vi (1)) - p(Va)n (V5 (1)) *detr (— | Deris (Vs (1))~

We have the commutative nine term diagram

DI (D) : YaR ¢ P

! ! |

Yarvy ¢ Dgr(Va) —— Dar(V2) —— t(V2)

| |

Sarvs © Dig(V3) —— Dar(Vz) —— t(V3),

Saryy; 0 DYr(Vi) —— Dar(Vi) —— (V1)
0

which has short exact rows and columns. By part (4) of proposition|1.1.42 determinant functors
behave well with respect to such diagrams and we get that

dr(Sarw) - dL(Zarv) © di(Sar) = dr(D3g(E)) - d(Zh) o di(Sar,vs)
and hence by the naturality of ¥4ry : DIg (V) — t(V*(1))*, we get that
dp(5)) o dr($ar,v) = dr(Yarvi) - dr(War,vs) © di(Dag(E))-

This shows that the part of #(V') that relates to dr(3;)dr(X}) is just dr(Zar)-

A similar argument does not quite work for the Galois cohomology, since the functors C(Qy, —)
are not right-exact, so that there is no proper nine term diagram, just the following diagram
with exact rows and columns (we omitted “Q,” for better readability):

Yo

0 0
Y10 00— Ci(V1) —— C(V1) —— Cp(VF(1))*[-2] —— 0

Yo: 0 —— Ci(Vo) —— C(Vo) —— Cp(V5(1))*[-2] —— 0

Y3: 00— Cp(Vz) —— C(V5) —— Cp(V5'(1))*[-2] —— 0

It remains to prove that f is compatible with the morphisms obtained from ¢ and the X;’s.
In other words, the commutativity of
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dr(Xc)

dr(C(V2)) » dp(C(V1)) - dr(C(V3))
dr,(S2) ldL(Zl)‘dL(E:s)
M dr(Cy(V1)) - dr(Cp(Vy'(1))")

d(Cp(V2)) - dr(Cyp (V5 (1)) dr(Cy(V3)) - dr(Cp (V5 (1))

!

/ O (V1)) ! dr(C5 (V1)) - dr(Cy(Vi(1))7)
dL(Cf(V2)) ’ dL(Cf(VQ (1)) ) I dL(C];(V;;)) . dL<C];(‘}3*(1)>*) )

where the unlabelled arrows come from the quasi-isomorphisms in [1.3.23] remains to be proven.

O]

Remark 2.2.17. We strongly believe that the above diagram is commutative and we will
assume this in the following. We suspect that the commutativity might be established by a
large diagram obtained from breaking x up in short exact sequences and using the associativity
property of the determinant functor. Alternatively, one could use the canonical identification of
the determinant of a complex with the determinants of its cohomology and then break up the
long exact cohomology sequences and use the associativity of the determinant functor. This is
possible in our case by the results of chapter 3 in [BB05b] since the category of finite dimensional
L-vector spaces is not only exact but abelian.

Instead of relying on the associativity of the determinant functor, one could use its value on
quasi-isomorphism. By remark (5), we can assume that dr(C¢(V)) = d(C}(V)) without
loss of generality. Then by the horseshoe lemma applied to the short exact sequences ¥;, we can
construct a projective resolution of C'(V;) that is level wise the same as C'(V;) & C(V;*(1))* and
assume again without loss of generality that dr(Cy(V;)) = dr(C}(V;))-dr(C(V;*(1))*). Applying
the horseshoe lemma to X, we get a projective resolution of C'(V2) that is levelwise the same
as the complex C (V1) & C}(Vy"(1))* @ C3(V3) & C3(V5(1))*. The two projective resolutions
of C(V2) are quasi-isomorphic. The question now is whether the determinant functor applied
to this quasi-isomorphism is precisely f. Finally, we would like to point the reader’s attention
to the anticommutativity of the connecting homomorphism of the long cohomomolgy sequences
described in proposition 1.3.4 of [NSW13|, which might result in sign issues.

Proposition 2.2.18 (Multiplicativity). Let ¥ : 0 — Vi — Vo — V3 — 0 be a short ezxact
sequence of L-linear de Rham representations of Gq,, then the e-isomorphisms are multiplicative:

(dr(C(Qp,X))dL(X)); oere(Va) =cere(Vi) - ere(V3).

Proof.
Claim 1: ', (Va) =T (Vi)' (V3).
Since Y is a short exact sequence of L-linear de Rham representations, the functor Dgg(—) maps

it to a short exact sequence of filtered L-modules, Y4r. Putting h(r); = dimz, gr" Dar (V;), we
thus get h(r)s = h(r)1 + h(r)s. Since T'(V;) = [I,ez I*(r) """ the claim follows.

Claim 2: t~t#() is multiplicative in V.
Since h(r) is additive in short exact sequences of de Rham representations, so is
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tg(V) = ez 7h(r)v. As a result, we get that t~t#(V) is multiplicative in V.

Claim 3: e1,(V,§) - detr,(—p| Deris(V*(1))) is multiplicative in V.
Since the V; are de Rham and hence potentially semi-stable the sequence

0 — Dpst (Vi) = Dpst(Va) = Dpst(V3) = 0

is exact as sequence of linearised Wg,-representations (see lemma [1.2.39| part (1)). So the
multiplicativity of the local constants (2.1.1f (1)) implies the multiplicativity of e(Dpst(V)e,§).
Furthermore, the sequence

0 — Dgt(V1) = Dg(Va) = Dg(V3) — 0

is exact by part (1) of lemma [1.2.39, This shows that detr(—¢| Dst(V')) is multiplicative.
Finally, the exact sequence in lemma [2.2.15] yields the multiplicativity of the term
detr,(—¢| Deris(V'))detr,(—@| Deris(V*(1)). The claim follows since

8L(l)ps‘c(‘/)vg) = (5(Dpst(v)aa£))adetL(*SD| Dst(V)/Dcris(V))-

Claim 4: can is multiplicative.
We have the following isomorphism of short exact sequences of Byr-vector spaces:

0 —— B4r ®q, Dar(V1) —— Byr ®q, Dar(V2) —— Bar ®q, Dar(V3) —— 0

lcanl lcanz lcang

0 —— Bgr ®Qp‘/1 ——  Bar ®Qp‘/2 —— > Bar ®va3 — 0.

Since the determinant functor is natural in isomorphisms of short exact sequences, we obtain

dL(E)BdR ®QPL O cang = canj - cansg OdL(EdR)BdR ®QPL'

Claim 5: SCL“}(V) -detp (—¢|V*(1)) is multiplicative in V.
Consider the diagram

cang -id,—1

dr.(Dar(V2))dr(Dar(Va)) ™ » dr(Va)dr(Dar(V2)) ™!

Ho—1 dL(E)-idz_ll
(canj cang odr, (Egr)-idy—1
dr,(V1)dp,(Va) dr,(2)-dr(Zqr)™*
1 dr(Zqr)-dr (Zqr) !
L( dR) L( dR) dL(DdR(VQ))_l
Hy—1H3-1 dap (vy)ap (vs) 'dL(EdR)ll
dr(Dar(V1))dr(Dar(V3)) dr(V1)dr(V3)

dr(Dar(V1)) 'dp(Dar(Vs)) ™! canicansidi—1 31" dp(Dar(V1)) " dr(Dar(Va)) ™"

Any subscript of the form i~! is a shorthand for dy(Dgr(V;))~!. Moreover, we left out the
necessary base changes to V(Bgr ®q, L) for better readability. The left triangle is commutative
by the definition of inverses of morphisms (see remark [1.1.20] (3)). The right triangle commutes

obviously and the upper triangle by claim 4. The inner square commutes since “— - =" is a
functor and is thus compatible with composition.
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Next, we multiply the top and bottom arrow with the terms in claims 2 and 3, the top one
with the term associated to V5, the bottom one with the product of the terms associated to V;
and V3. These terms are the same by the multiplicativity established in claims 2 and 3. The
resulting diagram will actually live in V(z) by proposition and is precisely the claim.

Claim 6: 6(V)detr(—p| Deis(V*(1))~! is multiplicative in V.
This is just corollary [2.2.16

Multiplying the results of claims 1, 5 and 6 yields the statement of the proposition since dr,(X4gr)
and detr,(—p| Deris(V*(1)) cancel with their respective inverses. O

Remark 2.2.19. As Nakamura points out in his remark 3.6 of [Nak17], the correction factor
detr,(¢| Dst(V)/ Deris(V')) is necessary for the proof of the multiplicativity of e-isomorphisms
of de Rham representations. Fiitterer comments on page 66 of [Fiitl8] that the correction
factor vanishes for one-dimensional L-linear de Rham representations since in this case be-
ing semi-stable and crystalline coincide. To illustrate its importance, we sketch a situation in
which the correction factor matters. Let L be Q,. Colmez and Fontaine [CF00] proved a cat-
egory equivalence between the category of semi-stable (crystalline) representations and certain
“linear”-algebra categories via the functor Dy (Deis). In the light of this equivalence, proposi-
tion 8.3.8 in [BCOY] implies for each A € Z the existence of a two-dimensional, semi-stable but
non-crystalline representation V' with a one-dimensional semi-stable and hence crystalline sub-
representation V/. The quotient V" is again one-dimensional, semi-stable and thus crystalline.
So the correction terms for V' and V" are trivial, while Ds;(V)/ Deyis(V) is one-dimensional
and the Frobenius ¢ acts as multiplication by pA. Hence, without the correction terms the
e-isomorphisms would not be multiplicative in the exact sequence 0 — V' — V — V” — 0 of de
Rham representations.

Proposition 2.2.20 (Duality). Let V' be an L-linear de Rham representation of Gg,. Then the
morphism

dp(V(=1))p & (e (RD(Qp, V(1)) di (V* (1) (du(BD(Qp, VF(1)))) 7).

-1

ere(V)er,—e(V*(1)"dr($(Qp, V)

(2RO (@, V)dL(V)dL(RN(Q, V) )

5dL(V)z

is the same as the morphism dr(V(—1) KN V)7 up to the sign (—1)dimz H(@p, V(1))
Proof.

Claim 1: h(—7)y«) = h(—=(1 —71))v.
By proposition the morphism v : Dyr(V*) — Dgr(V)* is an isomorphism of filtered
L-vector spaces. So, dimy, D% (V*) = dimy, (Fil' ™" Dgr(V))* = dimy, Dgr(V)) — dim, D 5" (V).
This implies h(r)y« = h(—r)y. The isomorphism 9! : Dgr(V*) = Dyr(V*(1)) shifts the filtra-
tion down by one , which yields A(r)y« = h(r —1)y«(1). Together, we obtain the relation
h(=7)v+q) = h(=r+ 1y« = h(=(1—-71))y.
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Claim 2: T (V) -Tr(V*(1)) = (—1)ta(V)+dimp ¢(V)
By definition, we have
=t forr>1
nr, for r <0.

I*(r*(1—7) = {<_

(—
Again by definition, we have I'r,(V) = [[, o, ' (r)~"=")v Using claim 1, we also get
LV ) = [[ 1) v = [T -,

rez rez

So, raising I'*(r)I"*(1 — r) the power —h(—r)y and multiplying these expressions for all r € Z
results in

The claim follows from the identities > ., —rh(—r)v =tg(V) and 3} - h(—7)y = dimg ¢(V).

Claim 3: tg(V*(1)) = —dimp V — tg (V).
This is an easy calculation using claim 1 and the fact that V is de Rham:

tr(V¥ (1) =Y —rh(=r)ysqy =D~ =r)h(=1 = r)y-qy= Y (1 —r)h(=r)v

rez rez re€Z
==Y h(=r)y = Y —rh(-r)y = —dim, V — tg (V).
rez rEL

Claim 4: &(Dpst(V)o, €) - €(Dpst (V*(1))o, =€) = 1 for all o : L < Q.
We want to use the duality statement for local factors, £(D, §)e(D* ®g,w, —§) = 1, from theorem

2.1.1| (3). There, instead of a Tate twist, a twist by the one-dimensional Q,-representation w
appears. So, we need to show that for all o : L < @), the Wy, -representation Q,® 4,5 Dpst (V*(1))
is isomorphic to (Qp ® 4,5 Dpst(V))* ®g-w. Since Dyt is compatible with duals by lemma|1.2.39
(2), we only need ]‘;0 consilc)ler the tv%sts. For nol‘zational convenience, let w also deno
rank one A-representation of Wy, defined by the same character as the original w, whose image
lies in Q*. It suffices to show that Dyst(V(—1)) and Dy (V) ®4 w are isomorphic as Wy, -
representations over A. Let e be a basis of w. Then

0 @e: Dot (V(-1) = Dpst(V) @ w, Y bi@ 0 @& = Y bt '@v@e
i i
is clearly an isomorphism of A-modules. By lemma [1.2.28] we know that 1) respects the naive
Wg,-action and satisfies plplo™ =9 oyl Let 7 be in Wg,. With the linearised

Wg,-action the power of p coming from w(7) and the one coming from the interchanging of ¢
and 9 cancels: Indeed, we have:

v l®eoro 8071)(7) =w(T)T0 I @eo Spiv(T)
=p"Drop™MpMoyge=r0p Mo @e.

So ¥~ ® e is equivariant with respect to the linearised Wq,-action, which proves the claim.

Claim 5: dety,( — ¢| Dst(V)/ Deris(V)) - detr (= | Dst(V*(1))/ Deris(V*(1))) = 1.
Recall the exact sequence from lemma |1.2.39| part (4):

0 = Deis(V*(1)) = Dt (V*(1)) X, Dy (V*) = Dst(V*)/N Dt (V") — 0,
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where the middle arrow is given by the @-equivariant map N o ¢ = ¢ o N. The multiplicativity
of the determinant in the above exact sequence shows

dety, ( — ¢| Dst(V*(1))/ Deris(V*(1))) = detr,( — ¢| Dt (V*)) - dety(— | Dt (V*) /N Dst(V*))_l.

By lemma [1.2.39| (2), we have that (—N)* ov = v o N. Thus, v induces an isomorphism
0"+ Dg(V*)/N Dyt (V*) — Deis(V)* as in the proof of lemma [2.2.15 Further, the relation
vo = (¢~1)* ov implies the same on the quotient 6”. As a result of these relations, we get

det (| Dst(V")) = detz((—¢™")*| Da(V)*) = det(—p| Dse(V)) ™" and
det (| Dsy(V*)/N Dsy(V™)) = detr((=¢™")"| Deris(V)*) = detr(—| Deris(V)) ™

This proves claim 5. Together with claim 4, we have:
Claim 6: er,(Dpst(V), ) - er(Dpst(V*(1)), =€) = 1.

Claim 7: e} (V) - ef™ (V*(1))* - dp(9); = (1) Wdp(V(-1) SN V)z.
The commutativity of the diagram

Cal’lv(_l)

Byr ®q, Dar(V(-1)) Bar ®g, V(—1)

idp, ®19—1J( J{-(t*@ﬁ)
Bar ®q, Dar (V) W Bir®g,V

is clear. After applying dp,, ®q, L> the map on the right hand side becomes

(1) (19€)
dBag ®q, L (BdR ®q,V —— Bqr ®q, V) 0 dByg @, L (BdR ®q,V(—1) — Bar ®q, V)

:dethR@,QpL(t*l ® 1| Bar ®q, V) -dr(V(-1) i> V)BdR®(Q)pL
_—dimp V' dL(V(—l) —£> V)BdR®QpL'

The diagram

Cal’lv(,1>

Bar XqQ, DdR(V(—l)) > Bar ®va(_1)

Byr ®q, Dar(V*(1))* Bar ®q, V*(1)*

(Bar @, Dar(V* (1)) o e (Ban ©g, V(1)) Fan
V*(1

also commutes. We glue the two diagrams together along cany (_;) and apply the determinant
functor dp,, ®g, L Then we multiply with signed powers of ¢ and local factors and obtain the
commutative diagram

(~1)tE VW) ()= tH (VT (e (Dot (V*(1),—€) cany« (1))

dr(Dar(V*(1)))% dr(V(-1)z
mj ldL(-s)z
dr(Dar(V))z » dr(V)z.

t—tH (V)EL (Dpst (V)vg) cany
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The appearing powers of ¢ cancel by claim 3 the factor t~4™LV coming from the determinant

of -(t7 ' ®¢). Using claim 6 we see that the ep-factors cancel. Finally, we use remark [1.1.27] (2)
to write the composition as a product and obtain

P (V) el (V1) - di(0)p = (- 1) Wy (€)7.

Claim 8: 6(V*(1))*-dp(¥(Q,, V) -dp(@) -0(V) = (—1)3me HH W) ¢ 1x — Auty (1),

In the notation of the definition of (V') (2.2.3)), we have

0(V) =dr(Zrr,v) - dr(Zar,v) o dr(¥(Qp, V*(1)))* - dr(¢ar,v) o n(V*(1))* - n(V) and
O(V*(1)) = dr(Zrr,v+)) - dL(Ear,v=1)) © dL(¥f(Qp, V))* - dr(Yar,v+)) o n(V)* - n(V*(1)).

To relate (V) and 6(V*(1)), we use the isomorphism of short exact sequences from corollary
11.2.29

YRV 0 —— DR(V) ——— Dar(V) t(V) » 0
p
YdR,v Dgr(V(-1)) ViR, v*(1)

2

SRyt 0 —— tVF(1)" —— Dar(V*(1))* —— Dgp(V*(1))" —— 0.

Omitting v and the isomorphism (—)*(1) = (—)(—1)* (L.2.8)), we get that
dr (3R, v+1y) © do(9) = dr(Yar,v)dr(Yar,v=(1))" © do(Ear,v)-

Next, we treat the corresponding short exact Galois cohomology sequence. The skew commuta-
tivity of the cup product (see remark [1.3.21)) shows that ¢¥*(Q,, V) = (—=1)"*(Q,, V*(1))*[-2]
for i = 0,1 or 2. This implies dr,(¢(Qp,V)) = (—1)4imz HI(QP’V)dL(z/J(Qp,V*(l))*). The Tate
duality on the finite parts of Galois cohomology are given by restriction of the usual Tate duality.
In other words, the diagrams

RTH(Q,,V) — 5 RT(Q, )
v |v@nv
R (Qp, V*(1))*[-2] —— RI(Qp, V*(1 )*[ 2]
and
RI‘(Qp, V) —————— RL;;(Q, V)
v ) -2 |er@vay -2
RF(@mV* 1)*[=2] — RI¥(Qp, V*(1))"[-2]

commute. Using the above relation between ¥(Q,,V) and ¥(Qy, V*(1))*[—2], we get an iso-
morphism of short exact sequences

ERF,V 10— RFf(Qp,V) _—> RF(Qp,V) E— RF/f(Qp,V) — 0
4 @) vV DV )2l
Shryvey[=21 0 0 = R p(Qp, VF(1))*[=2] » RT(Qy, V*(1))*[=2] » RI¥(Qp, V*(1))"[-2] » 0
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which induces

dr(Egr vea)) © dL(¥(Qp, V)
=(=1) 8 T @V O gy (44 (Qp, V) - di (85(Qyp, VF(1))) 0 di(Shrv)

and similarly if one uses ¢(Qp, V*(1))*[—2] instead of ¥(Q,, V)

dr(Egr veay) © dn(¥(Qp, V7 (1))")
=(—1) e @y (4 (@, V) - du s (@ V(1)) 0 di(Srr).
Before putting everything together, we recall that for a short exact sequence X, we have
dr (%) = dp,(2)* up to commutativity (see lemma (2)). Now, we can compute
dr(¥(Qp, V) - dr(9) 0 6(V)
=dr(¥(Qp, V) - dr(9)
o dr(Zrr,v) - dr(Zar,v) o dr(¥r(Qp, V*(1)))* - dr(ar,v) o n(V*(1))* - n(V)
=+ d(Ehr o)) L3R v 1)) © AL (Qp, V) - di(Yar, v+ (1)™ 0 n(VF(1))* - n(V)
== dL(ZRF,V*(1)> dL(EdR V(1 ) o dL(de(an V) - dLWdR,V*(l))* on(V*(1))* - n(V).

Here and in the following “+” stands for (—1)3™~ Hy@p V=) Thys

O(V*(1))" odr(¥(Qp, V)) - dr(¥) 0 6(V)
=+n(V) n(V*(1 ))*OdL(wf(Qw V) - dr(¥ar,v=1))* © dL(Xgrve1))* - dL(Bar,v+(1))*0

d
dr(Errv+1)"  dL(Bar,v+1))" 0 dr(¥r(Qp, V) - dr(ar,v+(1))" o n(V*(1))* - n(V)
=(- 1)d1mLH (@p,V* (1))

Put X :==dp(RT'(Qp,V)) -dr(Dar(V)) - dr(RT(Qp, V*(1))*) - dr(Dar(V*(1))*). Again, we write
the above identity as a product of three morphisms rather than a composition (see remarkm

1

(2)). The element (—1)me #: VW) iy k(L) ¢ Ky(L) = Auty(z)(1) is the same as the map
px 0 0(V) - dr((Qp, V) - dr(9) - 0(V*(1))" - idx -1 ofix:

L — 1-dr(RD(Qp,V)) - dr(Dar(V) - dz(RU(Qy, V*(1))") - dr(Dar(V*(1))") - X7
— dL(RT(Qy, V) - dr(Dar(V)) - dp(RT(Qp, V(1)) - dr(Dar(V*(1))") - 1- X
— 1.

As a last step, we replace dr,(¢¥(Qp,V)) - dr(9) by dr(¢¥(Qp, V)) - dr(9) - By the definition

of inverses of morphisms, we have
Hdy (RT(Q,,V)) = Hdy (RT(Qy,v+(1)))* © AL (P (Qp, )) - dr(1(Qp, V)~ and
Hdp,(Dar(V)) = Mdr(Dar(V(-1))) © dr(0) - dL(ﬁ)

Rearranging yields

tdy (RO(Qp,v)) ©1d-dL(¥(Qp, V) ™! = pg, (rr,,v+1))- © dL(¥(Qp, V)) - id and
. —1 .
Hdp,(Dag (V) © 1y (D (v)) AL(0) = Hap (D (v=1))*) © AL(9) +ida, (Dyp (v (—1)))-1 -
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We amend the trivialisations accordingly and obtain that

(_1>dimL H}t(@pvv*(l)) in AutV(L)(]l) iS

the same as

[dy (RD(Qp,V))-dz (Dar (V) © O(V) - 0V (1)) - dr(¥(Qp, V) N

© Hdy (RT(Qp,V*(1)))*-dr (Dar(V (1))

Claim 9: e1,¢(V) - er,-e(V*(1)* - di($(Qy, V) | = (~1)dme #0071,
We multiply the identities in claims 2, 7 and 8, trivialise dz,(¢) and get

* « T oy L im * im *
5L,§(V)'5L,—§(V (1)) dL(dj(@pjv))z _ (_1)tH(V)+d L t(V)+tg (V*(1))+dimp Hp(V (1))dL('§)z~

By claim 3 and the identities dimLH}(V*(l)) = dimy H(V*(1)) + dimz ¢(V*(1)) and
dimy, V = dimy, t(V) + dimy, ¢(V*(1)), the sign is (—1)dmz H2(V* (1), O

Remark 2.2.21. The last part of the proof of claim 8 above explains the relation between the

duality formulation in proposition 3.3.8 [FK06], where dr,(1(Q,,V)) appears, and ours with

dr(¥(Qp, V))~t. We differed from the formulation in [FK06], since our version of the duality is
easier to write down explicitly as morphism, which will be useful in the equivariant version in

conjecture (6).
Remark 2.2.22.

(1)

The duality in proposition 3.3.8 of [FK06] differs from our proposition [2.2.20| by the sign

(—1)dimz H°(V*(1)) " which does not vanish in general (consider for instance L(—1)* as V).

The difference stems from the relation between ¢(Q,, V') and ¥(Q,, V*(1))*[—2]. Fukaya
and Kato claim the relations

dr ($(Qp, V) = (—1)8m2 PV (9£(Q,, V) - di (5(Qy, V¥(1)))* and
dp(¥(Qp, V) = (=)™ V- dp (Y (Qp, V*(1))*

instead of our relations

—1ydime Hi @V W) g (4 (Q,, V) - dr(¥5(Qp, VF(1)))* and
(=) time @YYy (1(Qy, V7 (1)*

dL(d}(Qp? V))
dL(d’(@p? V))

Since we have dimyp, H}(Qp, V*1) = dimg H°(Q,, V*(1)) + dimg¢(V*(1)) and
dimy, DR (V) = dimy, ¢t(V*(1)), this results in the sign difference.

Fukaya and Kato assert a self-duality for their duality statement. Our version is self-dual
as well, if one uses our relation between (Q,,V) and ¥(Q,, V*(1))*: Interchanging V'
and V*(1) and taking the L-dual introduces the sign (—1)t# (V" (W) +tm(V)+dimg HY(Qp.V) o
the left-hand side and (—1)dimz H(@p.V*())+dimz H%(Q0.V) o the right-hand side. Using
claim 3, the local Tate duality and Tate’s local Euler-Poincaré characteristic formular
dimp, V = 37 (~1)dimy, H(Q,, V), (INSWI3|] theorem 7.3.1 plus limiting process), one
sees that both signs agree.

Nakamura reproduces the proof of the proposition 3.3.8 [FK06] in lemma 3.7 (2) of [Nak17],
gets by without the extra sign and hence supports the result of Fukaya and Kato. He argues

—

with the more explicit definition of (V') via the long exact sequence. Unfortunately, we
cannot follow his reasoning and our own attempts of using the explicit definition of §(V)

61



(see remark [2.2.4) back the duality result with extra sign factor: Nakamura considers the
following commutative diagram, in which the upper row appears in the long exact sequence
(2.3) for V" and the lower row belongs to the dual of the long exact sequence ([2.3]) for V*(1).

2

We present it in our notation (omitting the “Q,” in all cohomology related expressions)

and fill in some arrows to the best of our knowledge, so that checking commutativity is

easier:
— expy, *
t(V) HY(V) V*(1))
YPV / \%(V’;(l “op /
l(‘” PV ()" \
Hj(V) » H}(V*(1
HV) > H1<v*<1>> T V(L))"

Here, i (p) stands for an inclusion (projection) of the form H}(V) — HYV)
(HY\(V) —» H/1 #(V)). Nakamura seems to claim that the diagram explains, why a fac-
tor of (—1)dime tV) appears. However, in our opinion this diagram rather explains a factor
of (—1)%mz H}(V), which matches our results since here ¢! (V*(1))* is used instead of 1! (V)

which we use. The corresponding diagram in our situation would be

Dais(V) @ t(V) — =2 HY(V) g Deris(V*(1))* @ t(V*(1))*
expy i v (V1) op
\ / \ </)q)%(1)
H(V) Hp(V*(1))*
H PLV) l(’” (-1)
H(V) Hy(V*(1))
expy, i* exp"‘/*<1)
/ p*ow}<k / \ 1
DcriS(V) S t(V) S HI(V*(I))* DcriS(V*(1)>* S3] t(V*(l))*

* 5k
eXPyrx (1) OF

where again, the upper row is part of the long exact sequence Xy (see ) for V
and the lower one is part of the dual of the corresponding sequence for V*(1). One sees
that (the dual of) the short exact sequence merging (the duals of) the sequences (2.1))
and are isomorphic via the isomorphism (id HY(V): Y1 (V), (—1)), this yields the sign
(—1)dimz Hy Hy(V*M) in the comparison of #(V') and 6(V*(1)). Alternatively, one could con-
sider the induced morphism between ¥, and 3 V1) which is given by

(id, id, id, ' (V), (=1), (=1), (=1)). The induced sign is again

(_1)dimL Deris(V*(1))+dimp, £(V*(1))+dimp, Deris(V*(1))+dimz, H(V*(1)) (_1)dimL H}(V*(l))‘
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2.3 Equivariant e-isomorphisms

In this section we will state the equivariant e-isomorphism conjecture of Fukaya and Kato ([FK0G6]
3.4.3).

Definition 2.3.1. For an adic ring A, we denote by A the ring lim, (ZI’}\’" Rz, A/J(A)") , where
J(A) is the Jacobson radical of A.

Let A be an adic ring and T a finitely generated projective A-module with a continuous A-linear
Gg,-action. The topology of T is induced by A.
The following proposition is a first indicator for the possible existence of equivariant e-isomorphisms.

Proposition 2.3.2. The classes of RI'(Qp,T) and T add to zero in Ko(A). So there is an
isomorphism 1 — dp(RT'(Qy, T))da(T).

Proof. We consider the perfect complex RI'(Q,, T) as an element of Ky(A) via the isomorphism
Ko(A) 2 mo(V(A)) or equivalently by replacing it with a strictly perfect complex which admits
a quasi-isomorphism to RI'(Qy, T). The proposition is proven in 3.1.3 of [FK06]. The argument
is to use and that A is adic to reduce to the case of A being a finite field. Then the
first claim is the local Euler-Poincaré characteristic formula ([Ser07] II 5.7 theorem 5.). The
existence of the isomorphism is due to Ko(A) = 7p(V(A)) (lemma (2)) O

The equivariant e-isomorphism conjecture states that isomorphisms such as in proposition [2.3.2
exist in a compatible way and with some additional properties for different pairs (A, T) . In
order to state the conjecture precisely, we need to introduce some more notation.

Lemma 2.3.3. The map [T, -] : Go, — K1(A),0 = [T, 0] factors over G(‘S;.

Proof. The proof is a more general version of the proof of lemma [2.2.1 The map
Gq, — Ki(A),0 = [T, 0] factors over Gq,/[Gq,,Gq,] since K1(A) is commutative. Moreover,
for an adic ring A, we have by Proposition 1.5.1 of [FK06] that K;(A) = lim, K;(A/J(A)"™).
Thus, [T, o] = 1 if and only if [T /J"T, o] = 1 for all n > 1. Let 0 € Gq, such that [T,o] # 1.
Then there is some n > 1 such that [T /J"T,o] # 1. Since T /J" T is finitely generated over
the finite ring A/J" (A is adic), it is a finite module. Since Gg, acts continuously on T, we
find an open subgroup N of Gg, that operates trivially on T /J"T. Hence, the open set No
is not in the kernel of the above map. So the kernel is closed and hence it induces a map
T, ~]: G2 = Gal(Q%, Q,) = Ga, /[, Gay] — Ki(A). 0

Remark 2.3.4. Let A act continuously from the right on some finite dimensional L-vector
space V for L/ Q, finite. The map [T, -] : G?QZ; — K1 (A) corresponds after base change to the
determinant dety (—|V @A T) : Gg; — L* = K;(L) from lemma E

Conjecture 2.3.5 (Equivariant e-isomorphism conjecture). There is a unique way of assigning
an isomorphism

ene(T) : T — (da(RT(Qp, T))da(T)) 5

in V(A) to every triple (A, T,&) with A and T as above and & a basis of Z,(1) such that the
following properties hold:
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Multiplicativity:
For fited A and € let ¥ : 0 = T — T — T” — 0 be a short exact sequence of finitely gener-
ated projective A-modules with continuous G, -actions. Recall that in this case we have the
isomorphism dx(C(Qp, X)) from lemma . Then the s-isomorphism is multiplicative
in the following way:

(dA(C(Qp, 2))da (%)) 5 0 ne(T) = ene(T )en ¢ (T").

Base change:
Let A be another adic ring and Y a finitely generated projective A'-module with com-
muting continuous A-right-action. Let T’ be Y @p T. Then the e-isomorphism for the
triple (N, T,€) is given by en ¢(T') = Y ®@n ere(T). Strictly speaking, the right hand
side should read (A’ @,/ Y) @5 €a¢(T) and needs to be post-composed by the natural map
da(w) : dA(Y @ RT(Qp, T)) — da(RT(Qp,Y @5 T)) from proposition [1.3.19 both of which
we will often omit.

Change of &:
Let 0 € I(ng/ Q) C G(‘él;. Then we have €4 . ,(0)e(T) = [T,0len¢(T). The action of
[T, o] € Ki(A) on the e-isomorphism is as in corollary[1.1.37 (3)

Frobenius invariance:
Let ¢ € Gg, be a Frobeniuslift with Xcy(¢) = 1. Denote by @, = qﬁ]Z/\gT : Zg\r — ZI’}\T

the restriction of ¢ : Baqr — Bar. The ring homomorphism ¢, ® idx : A — A induces a

base change homomorphism (¢, ® idp)* @ K1(A) — K1(A) (see lemma . We put

K1(A)7 = {z € K1(A)|(¢p®id)*(z) = [T, ¢] " 'x}. Then the e-isomorphism ep ¢(T) belongs
Ki(A)

to V(A)(1,da(RL(Qp, T)dA(T)) X~ Ki(A)r.

Specialisation:
Suppose we have (A, T,&) = (O, T,€) such that V = L ®p, T is an L-linear de Rham
representation. Then, base changing to L yields the e-isomorphism of the de Rham rep-
resentation V (see proposition .' L ®o, €0, ¢(T) = epe(L ®o, T). More precisely
the correct base change is L @5, €0, £(T) =epe(L ®o, T) post-composed with map from
dr(L ®0, RT(Q,,T) % RT(Qy, L ®0, T).

Duality:
5/\,5(TI')sAu,_g(?l“‘(1))*(:[,\(1/)((@10,11‘))71 = dp(T(-1) RN T) up to appropriate trivialisations
and a sign, see remark [2.5.7 below.

Remark 2.3.6. Combining the base change and the specialisation property yields the following
specialisation property. Let L be a finite extension of Q, and a : A — M, (L) a continuous
ring homomorphism such that L™ @, a T is an L-linear de Rham representation of Gg,. Then
" Qa,A 5/\75('1[‘) = €L7§(Ln Qa,A T).

To be precise the left hand side should be post-composed by the determinant of the quasi-
isomorphism L™ ®q,a RI'(Qp, T)) = RI'(Qp, L™ ®q,a T), which can be constructed by splitting
L™ @ n — up as L ®p, O} ®q.a — as after theorem and using proposition and
proposition 2.7.11 of [NSW13].

Remark 2.3.7. The correct ”sign” in the duality statement of conjecture that makes
the equivariant version compatible with the duality in would be [H°(Q,, T), —1]. Indeed,
if «: A — M,(L) is as in remark we have L" @, A H*(Q,, T) = HY(Q,, L™ ®4 T) and
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hence [H°(Q,,T),—1] would be mapped to (=1)dimz H'(L"®aaT)  ynder the map

Ki(A) L an Ki(L) = L*. The A-module H%(Q,,T) is finitely generated since by proposi-
tion RT'(Qp, T) is a perfect complex. However, we do not see why it should be projective.
Therefore, [H°(Q,, T), —1] might not define an element of K1 (A).

We have not found a way to describe an element x of Kj(A), depending on T, such that for all
« as in remark we have (L" @44 —)(z) = (—1)3me H (@ .L"®anT) for o general adic ring
A. In the light of lemma 5.1.12 in [Wit0§] the isomorphism K (A) = lim,, K;(A/J"™) will not be
helpful to define z. While A/J is semisimple, so that A/J @5 H°(Q,,T) = H°(Q,,A/J @A T)
is a projective A/J-module, the exact sequence

0— Ki(A,J) = Ki(A) —» K1(A/J) =0

only defines = up to Ki(A,J). The most promising approach is to work with projective resolu-
tions, which was suggested to us by Prof. Venjakob. We need A to have finite global dimension.
Therefore, we assume that A is O[G], where O is the ring of integers of a finite extension of Q,
and G a profinte group that satsifies the condition in 1.4.2 of [FK06], so that A is an adic ring,
and of finite cohomological p-dimension. Then the global dimension of A is finite by [Bru66]
theorem 4.1 (see also [Ven02] theorem 3.26 for more information on the case where G is a com-
pact p-adic Lie group without p—torsionED. Let P* — HY(Q,,T) be a projective resolution of
finite length, such that all P’ are finitely generated. Such a resolution exists since H O(QP,T)
is finitely generated. Then we define x to be the element [[;cy, [P, —1] in K;(A). This is
well-defined, i.e. independent of the choice of P°®, by the last part of the proof of the resolution
theorem 3.1.14 in [Ros94]. Since L™ ®,, A — is right-exact and P*® consists of projective modules,
L™ ®@aq,AP® — L" ®@qn H(Q,,T) = H°(Q,, L" ®,T) is an exact sequence of finitely generated
L-vector spaces. The identity (L" ®qa —)(z) = (—1)4mz H®(Qp,L"®aAT) ig now clear by the
additivity of the dimension in exact sequences of finite dimensional vector spaces.

'We are thankful to Oliver Thomas who pointed us to [Ven02].
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Chapter 3

e-isomorphisms and twists

In this section, we explore how the equivariant e-isomorphism changes when the Galois repre-
sentation T is twisted.

3.1 Problem setting

We will consider e-isomorphisms for special triples (A, T,§). Let L be a finite extension of Q,
with ring of integers Op,. Let F//M/Q, be a tower of finite extensions. F' is Galois over K with
group G = Gal(F, K). Let T be a finitely generated projective Op-module (hence a free Op-
module) with continuous, Or-linear Gg-action. Let x : Gk — O] be a continuous character,
which factors over G = Gg/Gr. We denote the twist T'®p, Or(x) by T(x). Let A be the
group ring Or[G]. In this case A is Z;f ®z, A since A a profinite, finitely generated Z,-module,
so that we have —®z, A = — ®z, A by proposition 5.5.3 (d) of [RZ00]. We define A* ®p, T' to
be the G k-representation with underlying module structure A ®p, T" and Galois action given
by 0(g ®t) = go—! @ o(t). Note that the A-left-action and the Galois action commute. We set
T(T) = Ind%’(Au ®o, T). Let £ be a fixed basis of Z,(1).

Our aim is to show that if an e-isomorphism for the triple (A, T(T),&) exists then there is
also an e-isomorphism for the triple (A, T(7'(x)),&). The uniqueness in conjecture is only
claimed for a system of e-isomorphism for all possible triples (A, T, ) that satisfies all the listed
properties, several of which concern the relationship of e-isomorphisms for different triples. At
the same time proposition shows that a mere isomorphism between the correct objects in
the determinant category always exists. Therefore, we have to be precise by what we mean with
the existence of an e-isomorphism. In particular, we will clearly state which properties of the
untwisted e-isomorphism are needed to ensure the corresponding property of the e-isomorphism
in the twisted situation. Another strategy to circumvent this issue is that we use the same
construction to get from an isomorphism

eng(T(T)) : 1 — (da(RT(Qp, T(T))da(T(T))) 5
to an isomorphism

eng(T(T(x))) : 1 = (da(RT(Qyp, T(T(x)))da(T(T (X)) 5

for all choices of T" and &. For this fixed candidate e, ¢(T(7'(x))), we will check each property
of an e-isomorphism assuming that e ¢(T(7")) satisfies this property.

66



3.2 Twist as a base change

The key ingredient for constructing the e-isomorphism in the twisted situation is to shift the
twist from the Op-module T to a base change from the ring A to itself. Then the latter induces
a twist functor V(A) — V(A). The idea for such a twist functor can be found in [LVZI5] p27 f
and in [BV16] p33 ff.

Construction of the twist functor There is a continuous Op-algebra homomorphism 7w, :
A — A which is given on g € G by g+ x(3)"'g. The continuity can be easily deduced from the
fact that T'w, is Op-linear and the 7z-adic and the J(A)-adic topology on A agree (see
and [1.3.11). This homomorphism induces a functor Tw}, == A @7y, A — = A @1y, A ®p — from
the category of A-modules to itself. The A-left-module A @7, A is free of rank 1 via the map

A@ru, A=A gd@g=gx(@) 'g01=1®x(49)9g— gx ' (9)3

(it also is a free A-right-module of rank 1 via ¢’ ® g+ x(¢')¢g’g) and the left and right actions

of A commute. We can apply lemma and proposition (3) to see that Twy induces
compatible (up to isomorphism) functors A @7y, — : (DP(A),is) — (DP(A),is) and Twy :
V(A) = V(A). Note that Twy : V(A) — V(A) is a monoidal functor which commutes with dx
up to isomorphism of determinant functors and that we do not need the derived tensor product,
since we tensor with a free module.

We can lift this construction to A. As above, @ ®z, A @rw, A A is free of rank 1 as A-left-

or -right-module. So the exact functor (Z@; ®z, A @Tw, A A) ®x — - PMod(A) — PMod(A)

induces a functor Twy, : V(A) = V(A) with similar properties. Using lemma [1.1.35 part (3) we
see that the following diagram commutes up to isomorphism of monoidal functors:

*
TwX

V(A) —2 V(A)

The next lemma shows how base change of A along Tw, translates to the normal notion of
twisting.

Lemma 3.2.1.
(1) Let M be a A-module. Then the Or-linear map

p: Twy (M) = M ®o0, OL(X),§ @ m — x(9)gm ® ey,

where e, denotes a basis of Or(x) on which A acts through x, is a natural isomorphism
of topological A-modules.
(2) Let N be an Op-linear Gg-module. The Or-linear map

P Twi (A @0, N) = A ®0, N(x),d ®G@n— ¢x(3) '@n® ey

is a natural isomorphism of topological (A, Gk )-modules. Here, Gg acts on Orp(x) via x
and A only be left-multiplication on A* ®o, N(X).

67



(8) Let N be as above. Then the map
Tw}(T(N)) = T(N(x)),d ®0@§@n+—0®gx([7)'g0n® ey
is a natural isomorphism of topological (A, Gg,)-modules.

Proof.
(1) The map is well defined since g ® m = 1® x(g)gm both map to x(g)gm ® e,. The inverse
of the map is given by m ® e, — 1 ® m. p is A-linear since

p(G(I@m)) = p(geam) = x(g)gm ey, =gm e x(g9)ey = g(m @ ey) = gp(1 @m).

1 are A-linear,

Since the topology on both modules is induced by A and p as well as p~
they are both continuous.

(2) The map is well-defined since ¢’ ®g®n = ¢’x(g) " 'g®@1®n both map to ¢'x(g) 'gRn®e,.
The inverse map is given by g®n ® e, — g ® 1 ® n. The map is clearly A-linear. For

o € Gk we have

o(p'(g @g@n)) =o(gx(9) "GO n®ey) = g'x(9)"Go ! ®a(n) @ x(0)ex
=gx(go™ ) go T @a(n) @ ey = /(¢ ®go~t @ a(n))
=p'(o(d ®g@n)).
The continuity is again due to the A-linearity.
(3) Since the A- and the G g-action commute on A ® N, the isomorphism in (3) comes from

the one in (2) after tensoring with Z[Gg,] ®z|q,] — The topology of the induction is the

product topology and hence continuity is again clear.
O

Applying the above lemma to our setting yields:

Corollary 3.2.2.
(1) There is a natural A-isomorphism ¢o(T) : Tw RT'(Qyp, T(T)) — RI'(Qyp, T)(x)-
(2) There is a natural isomorphism ¢o(T') : Tw}(T(T)) — T(T(x)) of topological (A, Gy, )-
modules.
(8) The four different ways to pull out the twist make the following diagram commute:

Tw? (RD(Qp, T(T))) —%— RI(Qp, Twi(T(T)))
¢°(T)l ~ l@ (T).
RD(Qp, T(T))(x) —— RT(Qy, T(T(x))),

where w is the natural quasi-isomorphism from proposition (3) and 0 is the quasi-
isomorphism that comes from Shapiro’s lemma at the end of subsection|1.53.1. We call the
natural morphism from the upper left to lower right corner ¢1(T).

Proof. The first two assertions are just (1) and (3) of lemma The third one follows from
unpacking the definitions. O
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Lemma 3.2.3. The twist functor commutes with the Ki(A)-torseur structure in the following
way: Let o be an element of Ky(A) and f : A — B a morphism in V(A). Then
Twy(af) = Twy(a)Twy(¢), where Tw} : K1(A) — K1(A) is the base change homomorphism
along the map Twy : A — A from lemma sending [P, o] to [Tw}(P),Tw}(c)]. The same

holds for the twist functor Tw} : V(A) — V(A).

Proof. Let a = [P, o]. By lemma|1.1.35| (4) and lemma |1.1.24] «f is given by

(0)id -f

A = da(P)dp(P)~ 1A LTy (PYdA(P) 1B - B.

The twist functor T'wy, commutes with dj and since it is a monoidal functor, it also commutes
with taking inverses (—)~! (lemma [1.1.30). Therefore, we get that Twy(af) is

Tw}(A) — da(Twi(P))da(Tw}(P)) ' Tw} (A)

da(Tw* (o)) id Tw*
NTENATAD, gy (Tw (P))da (T (P)) " Tw? (B) — Tw' (B).

Employing the lemmata|l.1.35/and|1.1.24{once more, we see that this is just [Tw} (P), Tw} (o) Tw} (f).
U

3.3 ce-isomorphism of the twisted representation

We can now define the candidate for an e-isomorphism for T(7(x)) given ep ¢(T(T)).

Definition 3.3.1. Let A, x and T be as in the problem setting in section . Given an
isomorphism ep ¢(T(T)) : 13 — (dA(RF(Qp,T(T)))dA(T(T)))K, we define

eng(T(T(x))) : 1z — (da(RT(Qyp, T(T(x))))da(T(T()))) 5

as the map

da (ux)f\ *
E—

Tw}(ea ¢(T(T))
Tuwy, (1) ——5

1 Tw) (dA(Rr(@p,1r(T)))dA(1r(T)))K
= Tw,, (dA(RT(Qp, T(T))))5 - Tw), (da(T(T)))x

(da(61(T))-da(62(T))) 5

(da(RT(Qyp, T(T(x))))da(T(T(X)))) x>
where uy, : 0 = A Q7u,, 0.

Remark 3.3.2. For the duality statement, we consider the twist homomorphism as a ring
homomorphism Tw : A° — A°,§ — x(g)~'g and define a twist functor Tw; as the base change
A®° @, —. Given an isomorphism

X

ene ()" (1)) : L = (das (RT(Qy, T(T) (1)) da- (T(T)(1)) )

we can define

eng(T(T()" (M) 1 — (dm (RF(@p,T(T(X))*(l)))dm(T(T(X))*(l)))F
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as before using the isomorphism

v N T *—1 «
&« A° @7, T(T)* % (A 7w, TT)* 2275 T(T(x))

with v as in lemma |1.3.17] instead of ¢2(7") and instead of ¢1(7") the isomorphism

/

A (T) : A @rw, RT(Qp, T(T)*(1)) = RI(Qyp, A° @10, T(T)*(1)) = RE(Qp, T(T(x))*(1))-

The morphism w is from proposition [1.3.12] Consider A as a (A, A)-module, where the right
action is via Tw,. Then A* is just A° with the usual left-action of A° and a right-action of A°
via T'wy. This explains that the isomorphism v in the definition of ¢ is well-defined.

In order to ease notation, we have omitted all natural isomorphisms that arise from compos-
ing monoidal functors in the determinant category (3)) or those connected to monoidal
functors. We will continue doing this in the following. Also, the isomorphisms attached to units
and inverses in the determinant category will be left out. Since units are unique up to unique
isomorphism in a Picard category, we will sometimes also omit the isomorphism of units da (u,) .

ene(T(T'(x))) satisfies each of the properties of an equivariant e-isomorphism that e ¢(T(7"))
satisfies.We will verify this in the following. Since we consider e-isomorphism for a fixed adic
ring A, we will consider the specialisation property from remark

Proposition 3.3.3 (Specialisation). Suppose that for each finite extension L' of Q, and each
continuous ring homomorphism o« : A — My(L'), such that L' @4 T(T) is an L'-linear de
Rham representation of Gq,, we have L' @qpene(T(T)) = €1 ¢ (L @a,aT(T)). Then for each
choice L' and o, such that L' @, T(T(x)) is an L'-linear de Rham representation of Gg,, we
also have L' @q.p ep¢(T) = eps (L™ @aa T).

Proof. Let L' be a finite extension of Q, and let A act continuously on L™ from the right,
via a continuous ring homomorphism « : A — M, (L), such that the L'-linear continuous
Gg,-representation L' ®, T(T'(x)) is de Rham. Then we have an (L', G, )-isomorphism

idL/n ®¢2 (T) -1

~

L™ @4 T(T(x)) L™ @4 Tw}(T(T)) = L' @actu, T(T)

so that the specialisation of T(T") via the continuous ring homomorphism A T, g o M, (L)
is also de Rham. Hence, we can use the specialisation property of ey ¢(T(7")) along «o T'w,, and
get that dz,(w) o L' @aorw, €ae(T(T)) = 1/ ¢ (L™ @aoTw, T(T)). As a result, we deduce

() 0 L' 0 en ¢ (T(T(X)
—d(w) 0 L' D0 ((da(d1)dn(92))5 © Tw}(enc(T(T)) o da(uy )
()0 (

=d(w) o (dp (L ®@a ¢1)dp (L ®a ¢2)) 7, 0 L™ @aorw, eae(T(T))
= (dp/(RT(Qp, L' ®a ¢2))dr (L™ @4 62)) 1 0 €1/, (L™ @aorw, T(T))
=ep¢(L ®@a T(T(x)))

The first equality is the definition of e ¢(T(7'(x))). We used the commutativity of base change
with dj to get from the second to the third line. From the third to the fourth line, we used that,
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by definition of ¢1, we have wrn o L' ®4 ¢1 = RI(Qp, L' ®¢ ¢2) o wry, and the specialisation
property of e ¢(T(7")). The final equality is just the multiplicativity of 7, ¢ with respect to the

exact sequence

n L' @2 n
0— L ®aoTwX T(T) ——=r Ra T(T(X)) —0—=0.

Recall that the value of a determinant functor on such a short exact sequence is compatible with
its value on the isomorphism by the third requirement in definition [1.1.32 O

Proposition 3.3.4 (Multiplicativity). Let ¥ : 0 — T — T — T” — 0 be a short exact
sequence of Qp, -linear G -representations and let en¢(T(T), ene(T(T")) and epe(T(T") be
isomorphisms such that the multiplicativity of conjecture holds with respect to the induced
short exact sequence of Gg,-modules T(X) : 0 — T(T') — T(T) — T(T") — 0. Then the
multiplicativity holds for the isomorphisms ep ¢(T(T(x)))), eae(T(T"(x)))) and ea ¢(T(T"(x))))
with respect to the short exact sequence obtained by twisting 3 with x and applying T(—).

Proof. Since ¢ is natural, we have an isomorphism
Twy(T(2): 0 —— Tw (T(T")) — Tw, (T(T)) — Tw, (T(T")) — 0

|e=t) yg (r) |e=t2)

TEX): 0——=TT'(x) —— T(TK) —— T(T"(x)) —— 0
of short exact sequences of A-modules which induces the identity
da(§2(T"))da(¢2(T")) 0 da( Tw, (T())) = da(T(S(x))) © da(¢a(T)).

Moreover, we have dA(Tw;(T(E))) = Tw;(dA(T(Z))) since dy commutes with base change

(proposition (3)). Similarly, we get
da(G1(T"))da(¢1(T")) © Tw), da(C(Qp, T(T))) = da(C(Qyp, T(S(x)))) © da(¢1(T)).
Putting this together yields:

(44 (€@ TECN)da(TE()) ) 0 2ae (T ()
:<dA (C(Qp, T(2(x))))d ) (dA ¢1(T))dn (¢2(T))>/~\ ° Tw; (eag(T(T))) o daluy)x
= (da (61(T"))dn (1 (1" dA(¢2(T’))dA(¢2(T”)))~

A

))
o Tw; ((dA(T(Z)) A(C(Qp, T( )) oenge (T )> o da(uy)x
))
')

=

= (da(61(T"))da (61(T")da (62(T")) dn (62(T")) ) o Twy ((ene (T(T") ene (T(T”)) ) o da(un)

:<<dA(¢1(T’))dA(¢2(T’))>~oTw (eAg( (T ))OdA(uX) )
<<dA (91(T")da(62(T")) ) o Twy, (eng (T(T")) o dA(uX)K>

=ene (T(T'(X))) eae (T(T" ()

where at the first and last equality sign, we used definition [3.3.1] at the second we used the
naturality of the determinant functor on the short exact sequences from above, at the third we
used the multiplicativity of the untwisted e-isomorphisms and at the fourth we just rearranged.

O
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Proposition 3.3.5 (Base Change). Let ep ¢(T(T)) be compatible with base change. In other
words, let A be any adic ring and Y a finitely generated projective A'-module
with commuting continuous A-right-action via a ring homomorphism 5 : A — End(Y). If
the e-isomorphism for the triple (N.,Y ®gorw T(T),§) exists, then it is given by
en (Y ®gorw T(T)) =Y Qporw ene(T(T)). Assume further, that the we have

en (Y @5 T(T(x))) = Y @5 (da(d1)da(d2))5 0 en (Y ®g Twy (T(T)))

which is just an instance of the multiplicativity of exr ¢(—). Then ep ¢(T(T'(x))) satisfies the base
change property with respect to ', Y and 3.

Proof. We will proceed similarly to the specialisation property. Let A’, Y and 8 be as in the
proposition. Since the ring homomorphism 7w : A — A is continuous, so is the right-action of
A onY via foTw and we can do the following calculations:

Y @520 (TT00) = ¥ 5 ((da(ér)da(2))5 © Tul (e (T o da)5)
(61)da($2))5) oY ®5 Twy ene(T(T)) oY ®5 da(uy)5
da(¢1)da(d2))5) © Y @porw ene(T(T))

da(d1)da(92))3) © eare(Y ®porw T(T))
=Y ®p ((da(¢1)da(d2))5) cenre(Y ®3 Tw, (T(T)))
=epe(Y @8 T(T(x)))

A

The first two lines are just unpacking definitions and rearranging. From the second to the third
line, we pulled the twist functor down into the A-action on Y. Then we used the base change
property of e ¢(T(T)) along SoTw. Finally, we use the assumed multiplicativity of eyr ¢(—). O

Proposition 3.3.6 (Change of §). Let 0 € I(Q¥*/Q,) C Gf@z. If there are isomorphisms
erg(T(T)) and ep y,,.0)e(T(T)) compatible with a change of € as in conjecture then
EAxeya (@) (T(T (X)) = [T(T (X)), oleae(T(T(x)))-

Proof. Since ¢2(7') is an isomorphism of Gg,-modules, the diagram

Tw; (o)=idp ®Twy O

Tw’ (T(T)) » Tw (T(T))
‘”(T)l l@(T)
T(T(x)) z T(T(x))

commutes, which shows [Tw;(’]I‘(T)), Tw;(a)] = [T(T(x)),o]. This implies the last equality in
the following calculation

EAxeya(@)e(T(T (X)) = (da(D1(T))dA(D2(T))) 5 © Tws (€A yoyer(o)e(T(T))) © da(uy)
= (da(¢1(T))da(¢2(T))) 5 0 Twy, ([T(T), o) e (T(T ))) o da(uy)
= (da(@1(T))da(¢2(T)) 5 0 [Tw  (T(T)), Tw (0)] Twy (er¢(T(T))) © da(uy)
= [Tw) (T(T)), Tw,(0)](da(¢1(T))da($2(T))5 0 Twy (ene(T(T))) 0 da(uy)
= [Tw\ (T(T)), Tw(0)]ere(T(T(x)))
= [T(T(x)), ol eae(T(T(x)))



At the second equation sign we used that the untwisted e-isomorphisms are assumed to be
compatible with the change of £ as in conjecture [2.3.5l The third equation holds because the
twist functor commutes with the Kj(A)-action by lemma At the first and fifth equation
sign, we used the definition of the e-isomorphism for a twisted representation (3.3.1). Finally,
we used lemma for the fourth equality. O

Proposition 3.3.7 (Frobemus 1nvar1ance) Let ¢ € Gg, be a Frobeniuslift with Xcyq(¢) = 1.
Denote by ¢, = ¢’Zm Zm" — Zm" the restriction of ¢ : Baqr — Bar- The ring homomor-
p

phism @, @ idy : A — A induces a base change homomorphism (pp ®idp)* + K (A) = K1(A)
(see lemma . We put Ki(M)rry = {z € Ki(A)|(pp @ id)*(z) = [T(T),¢] 'z} and
Ki(A)rry)y = {7 € Kl(A)](gpp ® id)*(z) = [']I'(T(X)), ]_1x}. If the e-isomorphism e ¢(T)

belongs to V(A)(1,da(RT(Qp, T( A(T(T)) ) >< K1 )r(1), then exe(T(T(x))) belongs to

v<A>(n,dA<Rr<@p,T<T<x>>>dA< (T <x>>>> Y K By

Proof. Let ey ¢(T(T)) € V(A)(L, da(RI(Qp, ’]T(T))dA(’]I‘N(T))) K1>£A)K1 (INX)T(T) be given as (f, ).

Since the twist functor commutes with the action of K (A) as described in lemma we have
that

Tw (er¢(T(T)) = Tw (£ )
- (Tw;(f), Tw;(a)) € V(A)( Twi(1), Tw} (da(RT(Qy, T))da(T))) %~ Ki(A).

The isomorphisms with which we pre- and post-compose Tw;(eA,g(’]T(T )) to get
ene(T(T(x))) are defined over A, so that

exe(T(T () € V(A) (1, da (RT(Qy. TTO)))dA(TT(0))) % Ky (RM)nere

holds if anii only if NTw;(a) lies in Kl(K)T(T(X))- We show more generally, that the map
wa; : K1(A) — Kj(A) restricts to an isomorphism Kl(A)T(T) — K1 (Mg T(T(y))- Lhe ring ho-
momorphism Twy : A — A has the inverse Tw, 1. It induces an inverse to the homomorphism

: K (A) — K (A), which is hence automatically injective. By symmetry, we only need to
prove that Tw, (Kl(A) (1)) C Kl(K)'JI‘(T(X))- Let o € K1(1~\)T(T)- Both homomorphisms Tw;
and (¢p ® 1dA)* come from base changes. These base changes commute since the first one is
only on the first, the second only on the second factor of A= Zf ® A. Hence, so do Tw;k< and
(pp ®idp)*. We get that

(6 @ ida)* (Twy(e)) = Tw), (¢ @ idr)*(@))
= Tw, ([T(T), ¢] ')
= Tw) ([T(T),¢]) " Twy(a),
where at the second equality sign we used that « came from K (/NX)T(T)). We saw above in the

proof of proposition [3.3.6 that Tw}, ([T(T),¢]) = [T(T(x)), ¢]. So Tw}(a) lies in Ki(A)per(y)-
O
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Proposition 3.3.8 (Duality). If ex¢(T(T)) satisfies the duality statement in conjecture [2.3.5,
then so does e ¢(T(T)), i.e. up to a sign as in remark[2.3.7, we have

e (TT00)en ¢TI0 (1) da (@@ TTN)) = da (TTCON-1) 5 T(T()) -

A

Proof. We begin by noting that the map -£ is a natural transformation between the identity
on PMod(A) and the functor (—)(—1). So, the diagram

Tw (T(T)(=1) —— Tw’(T(T))

é (T)(fl)l l@m
T(T(x))(~1) —— T(T(x))

commutes. Clearly, the twist functor Tw;, being a base change, commutes with (—)(—1). Thus,
we get that the left side of the following diagram is just multiplication by &:

dr(RT(Qy T(T ()Y (L))" - da(T(T(0))* (1))*
ATTOND) —— (A (RT(Qp T(T () (1))
$2(—1) l(¢’1~¢’z'¢'fl)*

Tw), (da(R(T(Qp, T(T)*(1))* - da(T(T)*(1)))*
- d(RT(Qp, T(T)*(1))*) ™)

£ l

Tw (da(T(T)) —E— Twy (da(RT(Qp, T(T))) - da(T(T)) - da(RT(Qyp, T(T))) ™"
P2 l¢1-¢2-¢f1

da(T(T(x)) —— da(RT(Qp, T(T(x))) - da(T(T(x))) - da (BT (Qp, T(T))) ™.

The diagram itself commutes up to the necessary sign from remark Each horizontal

arrow is induced by de-trivialising objects. The upper two also use the isomorphism (—)*(1)* =
(—)(-1) and the middle two are post-composed with Tw;. The twist functor commutes
with dj by construction, with duals by remark and with inverses by lemma since it
is monoidal. Therefore, we can pull it out as done in the middle of the right column. The upper
and lower square commute by the definition of inverses of morphisms (|1.1.20] (3)) and using the
isomorphism (—)*(1)* = (—)(—1) in the upper square. The middle square is nothing but the
duality for €5 ¢(T(T")) and x> —¢(T(T)*(1))* post-composed with Tw;. So this square commutes
up to Tw; applied to the sign from remark for T(T). We have the A-isomorphism

¢+ Tw) (H(Qy, T(T))) = H(Qp, Tw(T(T))) = H°(Q,, T(T()))-

Now, if we have a finite resolution P* — H%(Q,, T(T)), consisting of finitely generated, projec-
tive A-modules, we obtain a resolution A ®7,, P* — H°(Q,, T(T(x))) with the same properties.
This shows that applying ij< to the sign associated to T(T') yields the sign associated to
T(T(x))-

Therefore, it only remains to prove that the right hand side of the diagram is the product

71 o« .

EA (']I‘(T(X))) -5Ao7,5(T(T(X)))* ~dp (w((@p, T(T(X)))) . By definition of ep ¢ (T(T(X))) and
ear—¢(T(T(x))*(1)) and because duals commute with dy, this reduces to showing the commu-

tativity of the diagram
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Tw}, (¥(Q,T(T)))

Tw}, (RD(Q,, T(T)) » Tw, (RT(Qy, T(T)* (1))*-2))

o1 ( Twy (RT(Qp, T(T)*(1)))) " [-2]

|#

» RT(Qp, T(T(x))"(1))*[-2]-

RT(Q,, T(T'(x))) Y(Qp, T(T(x))

This, however, is just an instance of the compatibility of the local Tate-duality with base change
(1.3.18) and its naturality.
O

Remark 3.3.9. The heart of our construction of e ¢(T(7(x))) was a base change along
Tw : A — A. In the proofs of the properties of ey ¢(T(7T'(x))) we established in particular
the compatibility of those properties with this base change. However, the techniques are not
limited to the base change along Tw : A — A. In fact, for any triple (A, T, ) as in conjecture
and another adic ring A’ with Y in PMod(A’) and A acting continuously from the right on
Y in a way compatible with the A’-action, our arguments show that if €5 ¢(T) has some of the

properties in then so does Y ®@p ep ¢(T).

Remark 3.3.10. The finiteness of the Galois extension F//K is not essential to the proofs in
this chapter. The assumption is a remnant of the setting in chapter 4. In fact, the proofs in this
chapter go through for certain infinite extensions F'/K, too. We only have to make sure that A
remains an adic ring. In [FK06] 1.4.2 Fukaya and Kato show that if a profinite group G contains
a topologically finitely generated pro-p open normal subgroup, then the completed group ring
OL[G] = limyen OL[G/N], where N is the set of open normal subgroups of G, is an adic ring.
For our purpose, we want to take A as Op[G], where G is the Galois group of F'/K. Again by
[FK06] 1.4.2, A will be an adic ring, for instance, if F'/K is a p-adic Lie extension.

The key argument in this chapter was the twist functor. Before we define it in the new sit-
uation, we briefly consider the topology on A. By definition, A carries a natural profinite
topology given by the system of fundamental neighbourhoods of 0 consisting of
A + I(U) = ker (A — Op/n?[G/U]), where 71, is a uniformiser of O and the ideal
I(U) = ker (A — O[G/U]) is the augmentation ideal of an open normal subgroup U. On
the one hand, this topology is clearly finer than the topology in [FK06] 1.4.2 that makes A an
adic ring. On the other hand, by lemma (2) the latter topology is the same as the J-adic
topology, where J is the Jacobson radical of A. Since A is semi-local as an adic ring (3)),
the J-adic topology is finer than the natural profinite topology by [NSW13] 5.2.16 and hence all
these topologies are the same.

Now, we can extend the main ingredients of the definition of e5 ¢(T(7'(x))) from the finite to
the infinite case:

Lemma 3.3.11. There is a continuous Or-algebra homomorphism Tw: A — A, which extends
the twist morphism Tw : Op[G] — OL[G], defined as at the beginning of section along the
dense embedding

OLIG] = A, g = (gN)nen-
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Proof. We want to use the universal property of the completed group ring (see [Wil98] propo-
sition 7.2.1). Therefore, we check that the map f: G — A*, g~ x(g9)"'(gN)x is continuous if
we equip A* C A with the subspace topology. Let n > 1 and U € N. Then by the continuity
of x there is an open normal subgroup U’ of G inside U such that x(U’)~! € 1 +7"Oy. Since
(gN)nen — (g N)yep lies in I(U) for all g in G and «’ in U’, we have

FgU") = x(9)"'x(U") M gU'N)nen € x(9)"'x(U") " (gN)nven + I(U) = f(g)x(U") "+ 1(V)
C fl9(1+7"A)+I(U) C f(g)+ (#"A+ I(U)).

By the universal property of the completed group ring, we get Tw. Tt extends Tw since Tw is
given by the universal property of the group ring Or[G] applied to f and because the injection
G C A factors over OL[G]. O

As a result of this lemma, we get a twist functor as before. The next lemma shows that this
twist functor also relates to twisting 7" with x as in the finite case.

Lemma 3.3.12. There is a (A, Gk )-isomorphism b2 A O (A*®p, T) = A ®p, T(x) that
s also a homeomorphism.

Proof. Similar to the definition of ¢9 in corollary we have a (OL[G], Gk)-isomorphism
OL[G] ®1w (OL[G)f ®0, T) — OL[G]* @0, T(x). We tensor this isomorphism with A over
Or[G] and observe that A @7, Or[G]* and A o A! are isomorphic as (A, O [Gk])-bimodules
to obtain the desired isomorphism. The continuity is clear since the topologies are induced by
the A-structure. O]

The remaining parts of the finite situation, except the connection to Shapiro’s lemma, now carry
over to the infinite situation.
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Chapter 4

Specialisation and twists

In this chapter we will give an outlook on a stronger compatibility of specialisation and twists
than the one in the previous chapter. In addition to the problem setting in chapter 3, we
assume that the finite, continuous character x : Gx — G — Op is unramified. Suppose there
is an isomorphism ep ¢(T(T)) : 15 — (da(RI(Qy, T(T))) - da(T(T)))5 and a continuous ring
homomorphism « : A — M,(L’) for some finite extension L'/ Q,, such that L' ®, T(T') is an
L'-linear de Rham representation of Gg,, for which L' ®q er¢(T(T)) = ep/¢(L™ @ T(T)).
The question we will address in this chapter is if the specialisation property along « holds for
ene(T(T(x))) as well, i.e. if in the case of L' ®, T(T'(x)) being de Rham (which we will see to
be always the case) we also have L ®q ep ¢(T(T(x))) = er/,¢ (L ®a T(T(x)))-

Remark 4.0.1. The specialisation property in this chapter is different from the one in the
previous chapter. In proposition we assumed that ep ¢(T(7")) specialised correctly along
all o’s that yield de Rham representations and concluded that e, ¢(T(7T'(x))) also specialised
correctly along all a’s which yield de Rham representations. In fact, by the proof of
we actually showed that if ey ¢(T(T")) specialises correctly along a o Tw, then e ¢(T(T(x)))
specialised correctly along «. So the ring homomorphism for which we assumed the desired
specialisation behaviour differed from the one for which we wanted to establish the correct
specialisation. In this chapter we will work with the same ring homomorphism « in both cases.
Alternatively, we could ask whether the two equations

L' ®q erc(T(T)) = e (L™ @0 T(T))
L™ @aoTw EAE (T(T)) = &‘L/,g(Lm Raorw T(T))

are equivalent for a single a.

The question of this chapter is not solved. We will present some of our thoughts on the matter.
From now on, we fix a continuous ring homomorphism « : A — M,,(L’) such that L' @, T(T))
is an L'-linear de Rham representation and for which L™ ®q €7 ¢(T(T)) = ep (L' @ aT(T))
holds.

To simplify the notation, we write V := L' ®, T(T) and V,, := L' ®, T(T(x)). We will analyse
how the e-isomorphisms of V and V, are related. Recall that e/ ¢(V) = I'(V) - ECLH%(V) -6(V)
with E%%(V) =t ) e (Dpse(V), €) - cany.

4.1 Relating the Hodge-Tate structure of V and V,

The next lemma shows that V, is automatically de Rham and that the parts of the e-isomorphisms
related to the Hodge-Tate structure of V and V, agree. Let F’ be the Galois closure over Q,, of
the maximal unramified subextension of F//K.
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Lemma 4.1.1. There is an isomorphism p : F' ®q, Dar(V) — F' ®q, Dar(Vy) of filtered
F' ®q, L'-modules.
In particular, V. is de Rham, we have h(r)y = h(r)y, for all v in Z and thus tg(V) = tg(Vy)
and I'(V) =T'(V,).

Proof. The proof rests on Galois descent for Dgr. Since x is unramified and trivial on G,
it is also trivial on Ggs. The morphism v : V — V, which is induced by the simple map
T — T(x),t — t®e, is an isomorphism of G'rr-representations, since G is normal in Gg,, and
induces an isomorphism of filtered F’ ®q, L'-modules Dygr r(v) : Dar,r(V) = Dar,r(Vy).
Moreover, by Galois descent (proposition ) we have filtered F’ ®q, L’-isomorphisms
F' ®q, Dgr(V) = Dgr,r(V) and F' ®q, Dar(Vy) = Dgr,r(Vy). Now, one can easily read
off that the Q)-dimensions of Dyr (V) and Dqr(Vy) agree, so that V, is de Rham since V is. As
p is an isomorphism of filtered modules, we immediately get the remaining results. O

Corollary 4.1.2. We have

1 .
dL'(l/)BdR ®QpL’ ' dF/®QpL/('u)BdR ®QPL/ 0 cany = cany,

as maps
1= dps (Vo) Bag 0, 1+ A (Dar (Vi) 5L S0, L'

Proof. The diagram

cany
Bar ®q, Dyr (V) == Byr Qp F’ ®q, Dgr(V) —— Bgr QF DR,/ (V) —— Bar ®q, V
idpyr ®“l idpyg ®DdR,F’(V)l idp,g ®Vl
Byr ®q, Dar(Vy) == Bar @ F' ®q, Dar(Vy) — Bar @ Dar,r(Vy) — Bar ®q, Vy
cany,

commutes. Here, the first horizontal arrow in each row is the Galois descent and the second one
is the comparison isomorphism when the representations are viewed as G gs-representations. We
multiply the outer two ways from the top left to the bottom right corner with d F'®q, L' (“)Ejﬁ g, L'
rearrange and de-trivialise appropriately to obtain the statement. ]

Remark 4.1.3. Note while being F’-linear, the map p need not be the base change of some
isomorphism Dygr (V) — Dgr(Vy) to F'. If K is unramified over Q, then F’ is unramified over
Qp and hence the morphism dpg, 1/(1t) lives over L.
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4.2 Relating the e-factors of V and V,

We collect some results on the behaviour of D7 with respect to induction (see for instance
[BB05a] 2.13.).

Lemma 4.2.1.
(1) Let ? be any of dR, st or cris and let W be an object of Rep;/(Gk). Then the map

Dy (W) = Dy(Ind? W), Zb@wzH S S gy egew,
9€Gq,/GKr 1

where g is a lift of g to Gg,, is an isomorphism of filtered L'-vector spaces (of (@, N)-
modules, of p-modules).
(2) The map

Wi
(e IndWip Dpst, k(W) — Dpst(Ind PW)),g® Z bi ® w; — Z gp~" ) ® g @ w;

is an isomorphism of Q" -linear Wy, -representations.

Proof.
(1) Note that the map is independent of the choice of representatives g of g. Let h be in Gk.
We have ), gh(b;) ® gh@w; = >, g(h(b;)) ® g ® h(w;). But ), b; ® w; is invariant under
Gk. Hence, we get 3, g(h(b;)) ® g @ h(w;) = >, 9(bi) ® g ® w;.
Up to the Gg,-equivariant L'-isomorphism
By ®q, Ind%p W — Ind%’(B? ®q, WHbRgRwr g® g_l(b) ® w,

where G, acts diagonally on the left side, the statement is just Shapiro’s lemma for
the zero-th cohomology group of the module Ind "(Br ®g, W). The filtration, ¢ and N
are all compatible with the Gg,-action and thus w1th the isomorphism in the statement.
Alternatively, one can prove the statement more explicitly like (2).

(2) We start by checking that 1) is well-defined. Let >, b; ® w; € Dpst k (W), h € Wi and
g € Wg,. We have

¢<gh®2bi®wi> Zgh _”gh) bi)) ® gh @ w;
—ZW h><b>)®g®h<wz>—w(g®h<zbi®wi)>.

%

Moreover, 1 actually maps to Dpst(Inde (W)). Let g®> ", bj®@w; be in Ind%‘ip (Dpst, i (W)).
Without loss of generality, we can assume that ), b; ® w; lies in (B ®QPW)GM for M
being a finite Galois extension of Q, containing K. For h € Gy, such that hg = gh’ with
h € Gy, we have

h((g @Y b @ w;)) Zhg (b)) @ hg @ w; = Zgh’ (b)) ® g @ (w)
—ngo b)) © g @ b (w;) Zgw”(g )@ g ® w;

:¢9®sz‘®wi-
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We used ), b/ (b;) @ ' (w;) = 3, bi ® w; at the fourth equality sign. Another such compu-
tation shows that 1 is W, -equivariant with respect to the linearised Wy, -action on the
right and left multiplication on the left. ¢ is Q)"-linear since g € Wy, acts on Q)" as the
arithmetic Frobenius to the power v(g) and ¢ acts on Q" as the arithmetic Frobenius as
well It remains to prove bijectivity. The map is clearly injective. For surjectivity
pick an element = in Dy (Ind%’ (W)). We choose a left-transversal 7, of Wy in Wg,. So,
for all elements g of Wg,, we have gWx = 7,Wj inside Wg,. This transversal is also a
Gk-left-transversal in Gg,. So, without loss of generality, we can assume x to have the
form depr Wi > i big ® Ty ® w; g and to be Gpr-invariant for some finite Galois exten-
sion M of Q, containing K. Then we have for all h € G and all g € W, /Wi some
hg € G such that hgTy, = 74h. In particular, left multiplication of hy does not change
the Gi-coset in G, , since Gy C Gk. By assumption, hg(z) = 2 and so we have for each
h € G on the g-component of x:

Y big@Ty@wig =Y hybig) @ gty @wig =Y 7e(h7y " (big)) @ 74 ® h(wig).

This implies that for all g € Wg, /Wx we have
VhEGM:ZTg(Tg_ i) @ Wig = ZTg ) ® h(wig),
i

so that yg = >, 7,71 (big) ® wig is an element of (By ®q, W)&Mm . A preimage of 2 under

o Wi
1 is given as deW@p/Wx Ty @ Yg € Indwg” (Dpst, ik (W)).
O

Consider the assumption that im(Op < A % M,(L')) consists of diagonal matrices with a

single value of L' on the diagonal. We label this assumption (x). The prime example we have

in mind in which (x) holds is the case where L’ is a finite extension of L and a comes from a
representation G — GL,(L'), so that Of, is unchanged by a. This is the situation which we
need for the compatibility of the ETNC with the functional equation (see [Ven05b] 5.11). In
these cases Oy, C A is a subring of the “coefficients” of the motive.

Lemma 4.2.2.
(1) Let R be a ring, k a field, G a group with subgroup H. Let M be an R-module with R-linear

H-action and W a k-vector space with a compatible right action of R. Then the map
W @rIndf M — IndG(W @p M),w@g@m— g@wem

is a well-defined isomorphism of k-linear G-representations.

(2) Assuming (x), there is an (L', Gq,)-isomorphism

V, 2 Ind¥ (L™ @4 (A ®0, T) @1 I ®a.0, O1(x))

where G acts on L' ®4,0, Or(x) only via x.

Proof. (1) This can easily be checked.

80



(2) We can pull the induction out of V,, as in the first part of this lemma. With the assumption
%), the expression L' ®,.0, Or(x) makes sense and the map
YL

Lm Rq (Aﬂ ®OL T(X)) — L,n Ra (AU ®OL T) L L/ ®a,0L OL(X))
lgtRe,—» (I®7®t) @ (1®ey

is visibly a G g-equivariant L’-isomorphism.

The next lemma shows how the local e-factors differ for V and V.

Lemma 4.2.3. Let f be the residue degree of the extension K/Q,. If we assume (x), then

e(Dpst(Vi)os €) = e(Dpst (V)or, €) - o (Frf)) 2o+ (@),

where 0 is the different of K/ Q,. We put Yy, == Qp ®q 4 Dpst, i (L' @4 (A ®o,T)), write a(Yy)
for the Artin-conductor of the representation Y, and denote by d the rank of T as Or-module.

Proof. Let o : L' — Q, be a Q,-linear embedding. By the lemmata (2) and (1), we
have

_ 1% __
Dot (Voo = Qp @, Dpst (V) = Indyy? (T Gt Dt (L™ D (A* @0, T(X))))

as @—linear W, -representations. Let ¢ be the character Q, — @X with kernel Z,, correspond-
ing to & (see remark [2.1.2). Using theorem (4), we get

e(Dpst(Vy)o, &) =€ (Indx% (@ ®q,A Dpst,K(Lm Ra (Ah ®oy, T(X)))) ) f)
Yo)

= & (@ Goa Dpstoic (L ©a (A* B0, T(0)), ¥ 0 Tricg, ) - ME/ Qpy ) ™5,

where A\(K/Qp,%) is a factor independent of the representation. The Gg-representations
L' @4 (A ®o, T) and L' ®q4,0, Or(x) are potentially semi-stable. For the former one sees
this by comparing dimensions in lemma [£.2.1] (2). The latter is unramified and hence even
crystalline by completed unramified descent As a result, we can use the compatibility of
Dyt k with tensor products from lemma (3) and obtain

¢ (@ @0t Dputac (" @a (A* @0, T())), %0 Tricsq, )
=€ (@P ®07A DPSth(L/TL Ra (Ah ®OL T) ®@@p ®J,A Dpst,K(Ll ®O¢,OL OL(X)): 1/} © TTK/ Qp) .

The one-dimensional Q,-linear Wy-representation Z, = Q, ®, 4 Dyt k(L' ®a,0, OL(x)) is
unramified since x is. So by part (5) of theorem we get

€ (@p ®0',A Dpst,K(Lm Ra (Ah ®OL T) ®@@p ®0',A Dpst,K(Ll ®a,OL OL(X))7 1/} © TTK/ Qp)

—¢ (@p Ro.A Dpst,K(Lm R (Ah ®o, T),% o TTK/ Qp) . det@(Frf’ZU)a(Ya)-l-dim@(Ya)'n(iboTrK/Qp),

where a(Y,) is the Artin-conductor of Y, and n(y o Tryy Qp) the greatest integer such that
T € ker(yp o Try,q,). The kernel of ¢ is Z,, so " € ker(y o Trgyq,) is equivalent to
Tryg)q,(Tg") € Zp. Son(yoTry,q,) = v(0), with d the different of the extension K/Q,. By
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lemma [1.2.36 we have dim@(YU) = dimz/ (L' ®, (A" ®p, T)) = nd. Using theorem part
(4) once again to pull the induction back inside Dpg, we get

¢ (@ ©o.a Dpstrc (L @0 (N @0, T)), 0 Tricsq, )
dim=—(Y, a(Yy)+dim=—(Y5s ) n(ypoTr
K, Qp, ) ™5 O et (B 2,) 07 T 0o 0T o)
=(Q) ©o,4 Dpst (L™ @0 T(T)), €) - dete-(Fr | Z,) o) ne+00)
:€(Dpst (V)g, &) - det@(Frf‘ZU)G(Y0)+nd"U(D).

By lemma below, we know that Fr/ acts on Dpst (L' ®q,0, Or(x)) via multiplication with
a(x(Fr')). So, on Z, the element Fr/ acts via multiplication with o(a(x(Fr/))). O

The following lemma is inspired by an exercise from the tutorial of the lecture “L-Funktionen
und e-Konstanten II” held in the summer term of 2017 at the University of Heidelberg.

Lemma 4.2.4. Let n: Gx — L'* be an unramified, continuous character and W the induced
one-dimensional L' -linear G g -representation. Then T € Wy acts on DPSt’K(W) via 1.

Proof. Since n is unramified, W is a crystalline (thus semi-stable) G -representation. Let d
be a non-trivial element of Dy x(W). The ring Ko ®q, L’ is a product of fields by lemmam
So d is not a torsion-element and thus (Ko ®q, L)d is a free Ko ®q, L'-submodule of Dg; r (W)
of rank one. By complete unramified descent, we have

Q) ®x, Dt (W) = D, (W) = Q) ®g, W = QY @k, Ko ®g, W

The first equality sign is due to G i = Ik acting trivially on the unramified representation W.
As a result, we get dim,(Ds x(W)) = dimg, (Ko ®g, L'). But this means that the Ko-linear
injection (Ko®q, L)d < D x (W) is an isomorphism and D x (W) is a free Ko ®g, L'-module
of rank one. Let w be a L'-basis of W. The element 1®w is a Ko ®q, L'-basis of Dy, x(W). An
element 7 of Wi sends 1®w to 7(¢ =" (1)) @ 7(w) = 1@n(7)w. Since W is K-semi-stable, we
have Dpgt, k(W) = Q)" ®k, Dst, k(W) and so the action of 7 on Dy i (W) is by multiplication

with n(7). O
We recall a lemma on the invariants of an induced representation.
Lemma 4.2.5. Let G be a group with a subgroup H and a normal subgroup N. Let M be an

H-module. Then the morphism

G/N

IndH/HﬁN

(MHON) — (Indg(M))N,gN(X)mr—) Z gn®@m
neN/NNH

is an isomorphism of G /N -representations.

Since we could not find a reference for this standard result, we give a proof.

Proof. We omit the simple calculations establishing that the map is well-defined. Let ni,...,n,
be a left-transversal of NN H in N and ¢1N,...,gsN a left-transversal of H/N N H in G/N.
Then it is easy to check that g;n; for i« = 1,...,s and j = 1,...r is a left-transversal for H

in G. This shows the injectivity of the morphism. For the subjectivity, consider an element
T =3, 9in; ®mgj of (Indf](M))N. Let h be in H N N. Then n;; = g;njh(gin;)~! lies in the
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normal subgroup N. We have n;;(z) = >_,; gin; ® h(m;;). But also n;j(z) = z by the choice of
x. Comparing the (4, j)-th component, we get h(m;;) = m;j. This holds for any h and thus we
get m;; € MV for all i and j.

We need to show that m;; is independent of j. To see this, we choose some h in N N H and
define elements n;;; € N so that n;;n; = njh. Put n;; = gmjj/gi_l. Again, by normality of
N, we know that n;;; lies in N. The element n;;;» sends g;njy ® m;j to gin; ® myj since we
saw that m;j is H N N-invariant. So the (7, j)-th component of the equation n;;; (z) = x yields
mi; = myjr, which we now call m;. A preimage of x under the map is given by . g; N ® m;.
The G /N-equivariance of the map is clear. O

We can now compute how the correction factor for V, is related to the one for V.
Lemma 4.2.6. Let f be the residue degree of K/Q,. Assuming (x), we have
detL’( - 90} Dy, (VX)/ Deyis (Vx)) = detL’( - 90‘ Dgt(V)/ Dexis (V)) : O‘(X(Frf))dimL/(DSt(V)/ Derss(M)/F

Proof. By lemma it suffices to consider det@(—Fr‘ Dpst (V) 2/ (Dpst (Vo) L)N=0) for some
Q,-linear embedding o : L' < Q,. We have

detiy, (= Fr| Dpst (Vi)g/ (Dpst (Vi )g) V=) = ordeta (= Fr| Dpst (Vi) / ((Dpst (Vi) ) V),

where o : A — Q, sends ¢ ® [ to qo(l). Using the lemmata (2) and we pull the
induction out of Dyt (Vy)!:

W, /1
W(IQ;p/IK (Dpst,K (L' @a (A ®0, T(X)))IK> '

Dpst(Vy)! = Ind
By lemma [4.2.2] (2) we can further write
L" @4 (A ®0, T(x)) = L @4 (A ®0, T) @1/ L' @4 Or(x)

Now, by lemmam (1) we know that V := L'"®, (A" ®¢, T) is de Rham as G g-representation
and hence potentially semi-stable. W = L' ®, Or(x) is unramified and hence crystalline and
(potentially) semi-stable. The compatibility of the tensor products with Dy x (1.2.39] (3))
yields

Dpst,K(V ®L’ W)IK = (Dpst,K(V) ®A Dpst,K(W)>IK = Dpst,K(V)IK ®A Dpst,K(W)-

For the equality, we used that since W is unramified, it is crystalline and semi-stable, so that
Dyt k(W) = Q)" ®Kko Deris, x (W), which is clearly fixed element-wise by Ix. In total, we get

Dpst(Vx)I = Ind%z (Dpst,K(V)IK ®A DpsmK(W))

as Wo, /I = Z-representations. As the monodromy operator commutes with everything we have
done and we have Dy k(W)N=0 = Dyt ik (W) since W crystalline, we also get

N=0 _, -
(Dpst(Vy)") " = Ind%y, ((Dpst, e (V))V=0 @4 Dyt c (W)
as Wo, /I = Z-representations and so
Dpst(vx)l/(Dpst(Vx)I)NZO = Ind%z (Dpst,K(V)IK/(DpsmK(V)IK)N:O ®A DpShK(W))-
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Let X be a Wy-representation over Q,. We want to relate the determinant of Fr on Ind?Z(X )
to that of Frf on X. As transversal of Wx in Wo,, we choose Fr° ..., Fr/~!. Then Ind?Z(X ) is
isomorphic to @{:—01 Fr'® X as Qjp-vector space. Fr maps Fr'@zto Fr'tl@a fori=0,... f—2.
On the determinant, this introduces a sign, which only depends on f and dim@(X ). Now,

Fr/~!' ® 2 maps to Fr/ ® x = Fr® @ Frf () under Fr. Therefore we have up to a sign, which only
depends on f and dim@(X ),

det- (Fr ‘IndZZ(X)) = +dety (Frf |X) .

We apply this to X = Qp ®,4 Dypst, (V)™ /(Dpst, e (V) ¥)¥ =0 @~ Qp ®g,0 Dyst, (W) and,
using the formula for determinants of a Kronecker-product of two matrices, we obtain

det(@p (FI‘ ‘Il’ldw /[ (Qp ®a A Dpst K(V)I /(Dpst,K(V)IK)NZO ®@@p ®U,A Dpst,K(W)) )

= :I:det@ < I'f Qp ®07A DpstJ((V)IK/(Dpst,K(V)IK)N:O ®@@ ®U,A Dpst,K(W))

o — dim*(@@a,AD st,K(W))
= idet@ (Frf Qp ®o,4 Dpst,K(V)IK/(DpSt K(V)IK)N—O) Qp \+P p

)dlm (Qp@a ADpst K( )IK/(Dpst,K(V)IK)N:O)

et (P | @y @0, Dpst 1 (W)

As W is potentially semi-stable, Q, ®, 4 Dpst i (W) is one-dimensional. Moreover, since
dimg- (Qp 5,4 Dpst, i (V)™ /(Dpst, e (V) 15)V =)
= dimg; (@) ©0.4 Dpstc (V) / (Dpst i (V) )N 05, @y @4 Dyt (W)
we know that the sign is the same as in
ndy /7 (@ @0, Dyst i (V) /(Do 1 (V) )V 0) )
= ety (/| @y ©o.a Dpstarc (V)™ / (Dptsc (V) )N 0)

By lemma we have det@(Frf |Qp R4 Dpst(W)) = o(a(x(Fr7))). The isomorphisms

QP Xg,A Qm ®q, ( ( )/ DcrlS( )) = QTP ®q,A Dpst (V)I/(Dpst (V)I)NZO
= Ind%z (@p ®0',A Dpst,K( )IK/( pst, K( )IK)NZO)

show f- dlm (Qp ®Ro.4 Dpst,ix (V)5 /(Dpse 1 (V) )NZO) = dimy, ( Dgt(V)/ Deris(V )) Lastly, the
dimensions of Dost (V)2 /(Dpst (V3 ) L)N=Y and Dyt (V)L /(Dpst (V)L)V=0 are the same, so that we

detQp (Fr

[

get
ety (—Fr | Dpst (Vo) L/ (Dt (V) ) V=) =detiy (~Fr | Dpst (V) / (Dyst (V1)) V=0)
o (a(x(Frf)))dme (Pt (V)/ Deris(V))/f
Combining these equalities for all o, we get the statement of the lemma. O
Remark 4.2.7. When we put lemma [£.2.3] and lemma together, we obtain

5L’(Dpst (VX)O'v f) =€ (Dpst (V)U, 5)
o (@ (Ff))) 1@ Boa Dy (V) +elim s (Dut (V) Desis (V) (@),

If K/Q, is unramified, such that v(d) = 0, then the exponent of the factor o(a(x(Fr/))) is
precisely the conductor that Tate defines in [Tat79] 4.1.6 for the Weil-Deligne representation

Qp @54 Dpst.x (V) of Wi over Q,.
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4.3 Relating 0(V) and 6(V,)

We now turn our attention to #(V,). As we noted in remarks and it might be useful
to assume that K is unramified over Q,. We will make this assumption in the following. This
implies that F’ = F} is the maximal unramified subextension of '/ Q, and K = K.

The morphisms 6(V, ) and 6(V) can be defined via exact sequences ¥; vy and Yv, as in remark
We can relate them via the diagrams [£.1 and [£.2] on the next page.

Let us elaborate the first diagram [4.1] Its first line of isomorphisms is given by Shapiro’s lemma
using the isomorphism

By @Ind2? (V) 2 Ind¥ (B, @ V),b®@ g @ g0 g~ (b) @ v

and the compatibility of induction with Kummer duals. The isomorphism from Shapiro’s lemma
is natural and compatible with the connecting homomorphisms in long exact sequences, so that
all the unlabelled squares in that row are commutative. Square (1) is commutative if Shapiro’s
lemma is compatible with the local Tate duality. The (duals of ) restriction morphisms from
the second to the fourth line are injective (surjective) by [NSW13] corollary 1.5.7 and page 138.
The injections in square (2) map x to 1 ® x. The square (3) is dual to square (2). Both clearly
commute. They have (1 — ¢,1) and (1 — ¢ ® ¢, 1) or their duals as top and bottom arrows,
respectively. The isomorphisms from the third to the fourth line are (duals of) the unramified
Galois descent (see Deyis, 1, (V) =2 Fo @y Deris, i, (V') under which the action of ¢ on the
left hand side corresponds to ¢ ® ¢ on the right hand side, where ¢ is an arithmetic Frobenius in
Go,, and the Galois descent Dgr,r, (V) = Fo ®x Dar,x (V) of filtered Fy-vector spaces .
The squares including two Galois descents also commute. The injections in (2) followed by the
Galois descents are just the restriction maps res : H(K, Beyis ®qQ, V) — H(Fy, Bexis ®QPV)
or res : HY(K, Bar /B3y ®q, V) — H°(Fy, Bar /Big ®q, V). Since the restriction maps are
natural and commute with the connecting homomorphism in long exact cohomology sequences
(INSW13] 1.5.2), we get the commutativity of all squares between the second and fourth row
except square (4). It commutes as well due to the compatibility of restriction maps with cup-
products ([NSW13| 1.5.3) and thus with the local Tate duality. The equalities in the last row
are due to the fact that W is trivial on Gr,. From there on, one can extend the diagram in
the same way to get to the defining sequence for §(V, ). We assumed (x) in the last row of the
diagram for notational convenience.

By similar arguments the second diagram commutes. We could tensor ;v and 3y, over
Q, with Fy. Using Galois descent , this turns the injections and projections involving
Deyis and the tangent spaces into Fp ®q, L-isomorphisms. One could be inclined to deduce
that the maps Fy ®q, res also become Fy ®q, L’-isomorphisms. However, this does not follow.
The squares labelled (5) do not commute after the tensoring. We saw above that under Galois
descent 1 — ¢ on Deris 1, (V) corresponds to 1 — ¢ ® ¢ on Fy ®q, Deris(V). But in Fy ®g, Xi,v we
have 1 —id g, ®¢, which corresponds under Galois descent to 1 — ¢~ 1, where ¢ is an arithmetic
Frobenius acting nonlinearly on Deis i, (V). The action of ¢ on Deyis gy (V) and on Deris 7y (V)
differs. Our hope is that one can relate them in a way that we get an isomorphism in V (Fy®q, L')
between de@Qp 1 (Fo ®q, X1,v) and dp0®Qp L (Fo ®q, X1,v, ) induced by the Galois descents up to
some factor, which ideally cancels the factor in remark
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H(Qp,V) = Deis(V) ——— Deis(V) @ (V) ————— HY(Qp, V) ————— Deis(V¥(1))* @ £(V*(1))

14

*

EE— Dcris(V*(l))* E—_ HO(QP’V*(l))*

IR IR IR (1) IR IR IR

HY(K, V) —————— Dais (V) ———— Deisx (V) ©tg (V) ——— HYK,V) ——— Deis c(V*(1))* @t (V*(1))* ———— Depis i (V*(1))* ———— HO(K,V*(1))*

[ o [ 1 ) |

FO ®K0 Dcris,K(V) res (4) (FO ®Kg Dcrls K( (1) )
DFy @k tr(V) ®(Fo @k tx(V*(1 )))*

e 1R I’ e

*

FO ®K0 Dcris,K(V) — _— (Fo ®Ko Dcris,K(V*(l))) res*

HU(F07V) ——— DcriS,Fo(V) — DcriS,Fo(V) 65tFo(V) . Hl(Fo,V) — DcriS,Fo(V*(l))* EBtFo(V*( )) > Deris Fo V* ) ” HU(F07V*(1))*

HO(F0V®W) — Dcris,Fu(V®W) —

98

v

1R,V

X1 Fo,Vy

DIRS

Dcris,Fo (V ® W)
Ptr (V ® W)

DCris,Fa((V®W)*(1) * [N Dcng Fo( V® W ( ))* I HO(F(), (V® W)*(l))*

—— H(FRQ,VoOW) —— otr, (Vo W)*(1))*

Figure 4.1: Diagram relating ¥; v and ¥y, via Shapiro’s lemma and Galois descent.

0 — HY%Qp,V) —— Deyis(V) ——— Deis(V) @ (V) ——— HYQ,p, V) — Deyis(V¥(1))* @ t(V*(1))* ——— Denis(V*(1))* — HO(Q,, V*(1))* — 0

Jres j (5) Jres T (5) T res']

0 — HY%Fy, V) — Deris, (V) — Deris, iy (V) ® try (V) —— HY(Fy, V) — Dais p (V(1))* @ tr, (V*(1))* — Deris, i (V¥(1))* — HO(Fp, V¥(1))* — 0

0— HO(F()7VX) — Dcrls,FO(V ) — Dcris,Fo(Vx) @tFU(VX) — HI(F(),VX) — Dcri&FO(V;(l))* @tFO(V;(l))* — Dcris,FU(V;(l))* — HO(FmV;(l))* — 0

res] T (5) I res] l (5) | Jres

0 — H%Qp,Vy) — Dexis(Vy) — Dexis(Vy) @ t(Vy) —— HY(Qp,Vy) —— Deris(V(1))* @ (V3 (1)) ——— Deais(V3(1))* — HO(QP,V;(I))* — 0

Figure 4.2: Diagram relating >; v and 3y, via restrictions.



Assuming such an isomorphism, the Galois descents on #(V) and on ¢(V*(1))* add up to the
map u from corollary and the ones on Dy cancel. This yields an isomorphism

Ja: dF0®QpL’(F0 ®@p RF(QIHV)) - dF0®QpL’ (FO ®Qp RF(Q}?’VX))

We would get fo - dryeq, /(1) © (V) = 0(Vy). Multipliying this identity after base change to
Byr ®q, L' with the identity in corollary for can, the dp,, g, 1/(1)’s cancel.
The morphism v in lemma comes from the A-isomorphism

V' T(T) —— Tw}y(T(T)) —2— T(T(x))
CRIAt—— RIR1IRE —— 0 FRtRey.

Hence, the problem of this chapter would be solved if, in addition to the above assumptions, f,
came from some isomorphism

[ da(RD(Qy, T(T))) — da(RT(Qy, T(T(x))))

via base change along L' ®,a —. However, v/ is not Gg,-equivariant, so that we cannot set
f = da(RT'(Qp,v")). In fact, if T(T) and T(T'(x)) were (A, Gg,)-isomorphic, then T" and T'(x)
need to be isomorphic as Or[G g]-modules. In addition, in the section on Shapiro’s lemma and in
corollary [3.2.2] (3), we saw that RI'(Q,, T(T(x))) is the same as RI'(Q,, T(T))(x) as A-modules.
We do not know if there is a suitable f and if so, how to define it. If it existed, it would also
provide a new angle to look at the problem in chapter 3.
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