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Abstract: A special case of a fundamental theorem of Schneider asserts that if j(τ) is
algebraic (where j is the classical modular invariant), then any zero z not in Q.Lτ := Q⊕
Qτ of the Weierstrass function ℘(τ, ·) attached to the lattice Lτ = Z⊕Zτ is transcendental.
In this note we generalize this result to holomorphic Jacobi forms of weight k and index
m ∈ N with algebraic Fourier coefficients.
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1. Introduction

For τ ∈ H, the complex upper half-plane, and z ∈ C \ Lτ we set

℘(τ, z) :=
1

z2
+

∑
ω ̸=0

( 1

(z − ω)2
− 1

ω2

)
where ω runs over all non-zero points in the lattice Lτ := Z ⊕ Zτ . Thus for τ fixed,
℘(τ, z) is the Weierstrass ℘ -function for the lattice Lτ . It is well-known that ℘(τ, z) is a
meromorphic Jacobi form of weight 2 and index zero [5].

Let

g2(τ) := 60
∑

(m,n)̸=0

1

(mτ + n)4
, g3(τ) := 140

∑
(m,n)̸=0

1

(mτ + n)6

be the Weierstrass invariants attached to Lτ and let

j(τ) :=
123g32(τ)

g32(τ)− 27g23(τ)

be the classical j-invariant.

Assume that j(τ) is algebraic and let ω ∈ C∗ be such that ω−4g2(τ), ω
−6g3(τ) ∈ Q

which clearly is possible. Indeed, if g2(τ) = 0 our assertion is trivial. In the other case

we choose ω with ω−4g2(τ) ∈ Q
∗
and use the definition of j(τ), with numerator and

denominator multiplied by ω−12 which then implies that ω−6g3(τ) ∈ Q as well.

Note that the quantities ω−4g2(τ) and ω
−6g3(τ) are the Weierstrass invariants of the

lattice L = Zω ⊕ Zω′ = ωLτ with τ = ω′

ω and the Weierstrass ℘-function of L is given by
℘L(u) = ω−2℘(τ, z) with z = u

ω .
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Then a fundamental theorem of Schneider [7] applied to ℘L(u) asserts that if z is
algebraic and not in Q.Lτ := Q⊕Qτ , then the value ℘L(u) is necessarily transcendental.
In particular, as a very special case if j(τ) is algebraic, then any zero z not in Q.Lτ of
℘(τ, ·) is transcendental. (For an explicit description of the zeros of ℘(τ, ·) we refer to
[4,5]).

The purpose of this note is to show that the latter statement generalizes to arbitrary
Jacobi forms of weight k and index m ∈ N with algebraic Fourier coefficients. Although
the proof is rather straightforward and follows basically the same line of arguments as in [3,
sect. 3], we think that the statement so far has not been given explicitly in the literature.
Regarding transcendence results for elliptic modular forms we refer to [2, Cor. 2] and [6].

2. Statement of result and proof

For basic facts on Jacobi forms we refer to [5]. Recall that a Jacobi form of weight
k ∈ Z and index m ∈ N is a holomorphic function ϕ : H×C → C such that

i) ϕ(
aτ + b

cτ + d
,

z

cτ + d
) = (cτ+d)k exp(2πim

cz2

cτ + d
)ϕ(τ, z) (∀

(
a b
c d

)
∈ Γ1 := SL2(Z)),

ii) ϕ(τ, z + λτ + µ) = exp(−2πim(λ2τ + 2λz))ϕ(τ, z) (∀(λ, µ) ∈ Z2),

and
iii) ϕ has a Fourier expansion of the form

ϕ(τ, z) =
∑

n≥1,r∈Z,r2≤4mn

c(n, r)qnζr (q = e2πiτ , ζ = e2πiz).

If c(n, r) = 0 for r2 = 4mn then ϕ is called a Jacobi cusp form. If all the Fourier coefficients
c(n, r) are algebraic numbers, we say that ϕ has an algebraic Fourier expansion.

We recall that for given τ the function ϕ(τ, ·), if not identically zero, has exactly 2m
zeros in any fundamental domain for the action of the lattice Lτ on C.

In a similar way one can define meromorphic Jacobi forms and generalize the notion
of an algebraic Fourier expansion. For details see [1] or [3, sect. 2].

Theorem. Let τ0 ∈ H be fixed and suppose that j(τ0) is algebraic. Let ϕ(τ, z) be a
Jacobi form of weight k and index m with an algebraic Fourier expansion and suppose that
ϕ(τ0, ·) is not the zero function. Then any zero z0 of ϕ(τ0, ·) not contained in Q.Lτ0 is
transcendental.

Proof. We define the ”first Weber function” by

w(τ, z) :=
(
−27 · 35 · g2(τ)g3(τ)

g32(τ)− 27g23(τ)

)
℘(τ, z) (τ ∈ H, z ∈ C).
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Note that (2πi)−12(g32(τ)− 27g23(τ)) is the classical discriminant function ∆(τ).

A basic result of [1] says that the field of meromorphic Jacobi forms of weight zero
and index zero with an algebraic Fourier expansion is equal to Q(j, w) .

Let ϕ10,1(τ, z) be the unique Jacobi cusp form of weight 10 and index 1 whose Taylor
expansion around z = 0 is of the form

(2πi)2∆(τ)z2 +O(z4).

The function ϕ10,1(τ, ·) vanishes doubly at z = 0 and hence nowhere else outside of Lτ .
Also ϕ10,1 has rational Fourier coefficients. (For all this see [5] or [3, sect. 2].)

Let

ψ :=
ϕ24

ϕ24m10,1∆
2k−20m

.

Then ψ is a meromorphic Jacobi form of weight zero and index zero with an algebraic Four-
ier expansion, hence can be written as a quotient of two polynomials in w with coefficients
in Q(j).

We observe that the pole set of ψ(τ, ·) is contained in Lτ , for any τ ∈ H. By as-
sumption, z0 ̸∈ Lτ0 . For z close to z0 we then obtain an equation

(1) ψ(τ0, z) =
P (j(τ0), w(τ0, z))

Q((j(τ0), w(τ0, z))

where (after clearing denominators) P (j, w) and Q(j, w) are polynomials in w with coeffic-
ients in ∈ Q[j], and the denominator in (1) is non-zero.

Let M be the degree of P (j, w) and denote the coefficients of P (j, w) by am(j) (0 ≤
m ≤M). Since ψ(τ0, z0) = 0, evaluating (1) at z = z0 we obtain

0 =
M∑

m=0

am(j(τ0))w(τ0, z0)
m

with am(j(τ0)) ∈ Q for all m, since j(τ0) ∈ Q . Observe that there must be m ≥ 1 such
that am(j(τ0)) ̸= 0. Indeed, otherwise am(j(τ0)) = 0 for all m, hence by (1) ψ(τ0, ·) and
so ϕ(τ0, ·) would be identically zero, a contradiction to our hypothesis.

We therefore concude that w(τ0, z0) is algebraic.

Suppose that g2(τ0) = 0 or g3(τ0) = 0 (which by the valence formula is equivalent to
saying that τ0 is Γ1 -equivalent to ρ := e2πi/3 resp. i). Then w(τ0, ·) is zero outside of Lτ0 ,
and in the same way as above we conclude that a0(j(τ0)) = 0 and so again ϕ(τ0, ·) = 0, a
contradiction. Thus we see that the pre-factor of w(τ0, ·) is non-zero.

Note that this pre-factor can be written as(
−27 · 35 · ω−4g2(τ0) · ω−6g3(τ0)

(ω−4g2(τ0))3 − 27(ω−6g3(τ0))2

)
· ω−2

3



for any ω ∈ C∗.

Hence choosing ω such that ω−4g2(τ0) is contained in Q
∗
, one sees that the Weber

function is essentially given by ω−2℘(τ, z) and so ω−2℘(τ0, z0) is algebraic. By the theorem
of Schneider described in sect. 1, since z0 is not contained in Q.Lτ0 , we therefore conclude
that z0 is transcendental.
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Angew. Math. 326 (1981), 79-94

[2] J.H. Bruinier, W. Kohnen and K. Ono: The arithmetic of the values of modular funct-
ions and the divisors of modular forms, Compos. Math. 140 (2004), 552-566

[3] Y. Choie and W. Kohnen: Special values of elliptic functions at points of the divisors
of Jacobi forms, Proc. AMS 131, no. 11 (2003), 3309-3317
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