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Let f be a rational function of degree greater or equal to 2. If z is an

indifferent fixed point of (|f’(z)| = 1) then the following are
equivalent

(1) f is locally linerarizable around zy

(2) zo € €\ J(F)

(3) the connected component U of C\ J(f) containing z is conformally
isomorphic to E under an isomorphism which conjugates f on to
multiplication by A on the disk.
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Investigate maps of the form

N
f(z) =Xz + Za,,z”, a,eC
n=2

Where \ = e2™¢ ¢ € R\ Q. We will determine all such ¢ where we can
find z = h(w) with f(h(w)) = h(Aw).
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Siegel's and Cremer’s Theorems

Definition

A property is true for generic (in the topological sense) A € S! < The set
of all such X for which said property is true contains a countable
intersection of dense open subsets of S!.

Note that the set of generic A is not necessarily a non null set.
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Siegel's and Cremer’s Theorems

Cremer Non-linearization Theorem (1927)

For generic A € St it is true that if zg is a fixed point of any rational
function with multiplier A, then z is the limit of an infinite sequence of
periodic points. This means there is no linearizing coordinate in any
neighborhood of zj.
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Siegel's and Cremer’s Theorems

Siegel's Linearization Theorem (1942)

For almost every A € S any holomorphic function f : U — C with fixed

point mulitplier A can be linearized by a local holomophic change of
variables.
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Siegel's and Cremer’s Theorems

Siegel's Linearization Theorem (1942)

For almost every A € S any holomorphic function f : U — C with fixed
point mulitplier A can be linearized by a local holomophic change of
variables.

Observation
Any irrational A is either a " Cremer Point” or a " Siegel Point".

Reminder (Siegel Disks)

Recall that a connected U ¢ C \ J is called a Siegel disk.
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Diophantine and Roth Numbers

We can state much sharper theorems by introducing different sets of
irrational numbers. Let us begin with Diophantine Numbers due to Siegel.

Q
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Diophantine and Roth Numbers

We can state much sharper theorems by introducing different sets of
irrational numbers. Let us begin with Diophantine Numbers due to Siegel.

Diophantine Condition

¢ € R\ Q satisfies a Diophantine Condition of order k < Je = () such
that )5 - %‘ > = Vg € Q. Or by setting A = e2™¢ = |\9 — 1| > £

qnfl .
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Diophantine and Roth Numbers

We can state much sharper theorems by introducing different sets of
irrational numbers. Let us begin with Diophantine Numbers due to Siegel.

Diophantine Condition

¢ € R\ Q satisfies a Diophantine Condition of order k < Je = () such
that ’f - %‘ > = Vg € Q. Or by setting A = e2™¢ = |\9 — 1| > £

qnfl .

Diophantine Numbers

| \

Let D, C R\ Q denote all such numbers. Note that D, C D, & k < 1.
Now we define Si := | J,.cry Dx-

\
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Diophantine and Roth Numbers

We can state much sharper theorems by introducing different sets of
irrational numbers. Let us begin with Diophantine Numbers due to Siegel.

Diophantine Condition

¢ € R\ Q satisfies a Diophantine Condition of order k < Je = () such
that ’f - %‘ > = Vg € Q. Or by setting A = e2™¢ = |\9 — 1| > £

qnfl .

| A\

Diophantine Numbers

Let D, C R\ Q denote all such numbers. Note that D, C D, & k < 1.
Now we define Si := | J,.cry Dx-

Similarly we can define

Roth Numbers

Ro := ﬂKEsz i
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Continued fractions

Pick £ € R\ QN (0,1). We can investigate the fractional expansion

1
f=——7—, 3 €N
e —

1
a3+...
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Continued fractions

If we chop off the expansion at any a,_1 we get % the " n-th convergent”
of £. Interestingly it holds true that

n—2
1
J”/g) >1, n>2

qn+1>qn>( 5
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Continued fractions

If we chop off the expansion at any a,_1 we get % the " n-th convergent”
of £. Interestingly it holds true that

—2
145"
gn+1 > qn > Y >1, n>2

Additionally, by construction, % will be the best approximation of £ with
denominator at most g,.
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Continued fractions

As before set A = ™. We will need 2 facts (without Proof)

N —1] <A —1|, k=1,2,...,q,—1

There exist constants 0 < ¢; < ¢ < oo which satisfy

1 (6)

<A -1 <
dn+1 Adn+1
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Continued fractions

We can now reformulate the Siegel and Roth conditions. Begin with Siegel.
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Continued fractions

We can now reformulate the Siegel and Roth conditions. Begin with Siegel.

reSie e | Ds

rEN
S dkeN:Ne D,

!/

€
sIkeNEeR: N1 < e
/
ST 1< < AT 1] < —
qn+1 n
|
neN  log(qn)
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Continued fractions

We can now reformulate the Siegel and Roth conditions. Begin with Siegel.

reSie e | Ds

rEN
S dkeN:Ne D,

!/

5
sIkeNEeR: N1 < e
E
& | A9t — 1< —=
n+1 n
|
neN IOg(qn)

Equivalently one gets for A € Ro

|
i 108(dn+1) _ o
n—oo log(qn)
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More Sets of Irrational Numbers

We will now introduce two more sets of irrational numbers. As always

£eR\Q
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More Sets of Irrational Numbers

We will now introduce two more sets of irrational numbers. As always

£eR\Q

Bryuno Condition

._ log(gn
Br:=3 ,cn —(qn+1) < 00
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More Sets of Irrational Numbers

We will now introduce two more sets of irrational numbers. As always

£eR\Q

Bryuno Condition

._ log(gn
Br:=3 ,cn —(qn+1) < 00

Perez-Marco Condition

log(! n
PM = ZHENW < 00
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More Sets of Irrational Numbers

We will now introduce two more sets of irrational numbers. As always

£eR\Q

Bryuno Condition

._ log(gn
Br:=3 ,cn —(qn+1) < 00

Perez-Marco Condition

log(! n
PM = ZHENW < 00

Note that we have Ro = Si = Br = PM
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Sharper Theorems

With those new sets we can formulate several theorems

Theorem of Bryuno (1972)

If £ satisfies Br then any holomorphic function

f:U—C,z+— emiéz 4 23122 a,z” can be linearized by a holomorphic
variable change.
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Sharper Theorems

With those new sets we can formulate several theorems

Theorem of Bryuno (1972)

If £ satisfies Br then any holomorphic function
f:U—C,z+— emiéz 4 23122 a,z” can be linearized by a holomorphic
variable change.

Theorem of Yoccoz (1987)

If for £ we have Iog(g—n”“) = 0o then every neighborhood of the origin

will contain infinitely many periodic orbits. Hence the origin is a Cremer
Point.

\
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Sharper Theorems

With those new sets we can formulate several theorems

Theorem of Bryuno (1972)

If £ satisfies Br then any holomorphic function
f:U—C,z+— emiéz 4 Zyzz a,z” can be linearized by a holomorphic
variable change.

Theorem of Yoccoz (1987)

If for £ we have )~ Iog(gin”“) = 0o then every neighborhood of the origin

will contain infinitely many periodic orbits. Hence the origin is a Cremer
Point.

Theorem of Perez-Marco (1990)

If £ satisfies the Perez-Marco (PM) condition any holomorphic function
f:U—C,z ™€z + SN 4,z which cannot be linearized will
contain infinitely many orbits in any neighborhood of the origin.
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Cremers Non-linearization theorem

We will define one last set of irrational numbers. We say £ € R\ Q
satisfies a Cremer Condition of degree d if

qg_ 1|-1
Cryg := limsup log(log(|A )

g—00 q

> log(d)
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Cremers Non-linearization theorem

We will define one last set of irrational numbers. We say £ € R\ Q
satisfies a Cremer Condition of degree d if

qg_ 1|-1
Cryg := limsup log(log(|A )

g—00 q

> log(d)

We can now state Cremers Theorem more formally

Cremer Non-linearization Theorem

If £ satisfies Cry for d > 2, then for an arbitrary rational function of degree
d any neighborhood of a fixed point of multiplier A := e®™¢ must contain
infinitely many periodic orbits. No linearization is possible.
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Reduction to Polynomials

Firstly we will reduce the general case to the polynomial case (roughly).
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Reduction to Polynomials

Firstly we will reduce the general case to the polynomial case (roughly).

Let f be rational. Wlog assume that f(oc0) = f(0) = 0 (Otherwise
conjugate with Mobius Transform).
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Reduction to Polynomials

Firstly we will reduce the general case to the polynomial case (roughly).
Let f be rational. Wlog assume that f(oc0) = f(0) = 0 (Otherwise
conjugate with Mobius Transform).

Now set f(z) = 28 It follows that deg(P) < d. Applying some algebra

we may also assume P(z) = Az + O(z°), s <d.
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Reduction to Polynomials

Firstly we will reduce the general case to the polynomial case (roughly).
Let f be rational. Wlog assume that f(oc0) = f(0) = 0 (Otherwise
conjugate with Mobius Transform).

Now set f(z) = 28 It follows that deg(P) < d. Applying some algebra
we may also assume P(z) = Az + O(z°), s < d. Furthermore we can

assume Q(z) = Zg:o a,z”. Now consider f°9(z) = z.
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Reduction to Polynomials

Firstly we will reduce the general case to the polynomial case (roughly).
Let f be rational. Wlog assume that f(oc0) = f(0) = 0 (Otherwise
conjugate with Mobius Transform).

Now set f(z) = EZ% It follows that deg(P) < d. Applying some algebra
we may also assume P(z) = Az + O(z°), s < d. Furthermore we can
assume Q(z) = Zg:o a,z”. Now consider f°9(z) = z.

sq q
qu(z):M O—Z(Zayz 25 )+)\qz>
ZV OaVZV

But this is just an ordinary monic Polynomiall Now we can proceed to
show the polynomial case.
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Polynomial Case Part 1

Let f(z) = Az + Zgzz a,z", d > 1,ag =1, with X := €>™¢ where ¢
satisfies Cry.
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Polynomial Case Part 1

Let f(z) = Az + Zgzz a,z", d > 1,ag =1, with X := €>™¢ where ¢
satisfies Cry.

o9z )\qz+2ayz @Za,,z +(XN-1)z=0
v=2
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Polynomial Case Part 1

Let f(z) = Az + Zgzz a,z", d > 1,ag =1, with X := €>™¢ where ¢
satisfies Cry.

o9z )\qz+2auz @Za,,z +(XN-1)z=0
v=2

By the Fundamental Theorem of Algebra there must exist d9 — 1 non-zero
fixed points. Now we can rearrange again
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Polynomial Case Part 1

Let f(z) = Az + Zgzz a,z", d > 1,ag =1, with X := €>™¢ where ¢
satisfies Cry.

o9z )\qz+2auz @Za,,z +(XN-1)z=0
v=2

By the Fundamental Theorem of Algebra there must exist d9 — 1 non-zero
fixed points. Now we can rearrange again

di-1

dazr= [ @@-z)"=+(-1)
v=2

Z ni=di—1
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Polynomial Case Part 2

Now there must exist a root z; with

0 < |z| < [AT — 1M/1@77D) < N9 — M/dT=1) | \d7 g/ d"

Erik Lewerenz (Universitat Heidelberg) Cremer Non-linearization Theorem 19/06/2021



Polynomial Case Part 2

Now there must exist a root z; with
0 < |z| < [AT — 1M/1@77D) < N9 — M/dT=1) | \d7 g/ d"

By Hypothesis we can choose € > 0 such that for arbitrarily large g

log(log(1/[A7 — 1))
q

> log(d) + ¢ & [A9 — 1|71 < g=e™ < g75d

(1)
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Polynomial Case Part 2

Now there must exist a root z; with
0 < |z| < [AT — 1M/1@77D) < N9 — M/dT=1) | \d7 g/ d"

By Hypothesis we can choose € > 0 such that for arbitrarily large g

log(log(1/[A7 — 1))
q

> log(d) + ¢ & [A9 — 1|71 < g=e™ < g75d

(1)

Obviously e7¢9 — 0 for large q. By Taylor we can choose § > 0 such that
|f(2)| < €|z]| for |z| < 4. Thus,

k()| <6, 1<k<gand|z| <e 9
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Polynomial Case Part 2

Now there must exist a root z; with
0 < |z| < [AT — 1M/1@77D) < N9 — M/dT=1) | \d7 g/ d"

By Hypothesis we can choose € > 0 such that for arbitrarily large g

log(log(1/[A7 — 1))
q

> log(d) + ¢ & [A9 — 1|71 < g=e™ < g75d
(1)
Obviously e7¢9 — 0 for large q. By Taylor we can choose § > 0 such that
|f(2)| < €|z]| for |z| < 4. Thus,
|F°K(2)| <8, 1< k<gqand|z| <e %9

We have already seen that there exist periodic points (1) for any q.
Therefore the entire orbit must also be contained in this neighborhood.
This completes the proof.
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Dynamics in One Complex Variable. (AM-160) - (AM-160) - Third
Edition.

Princeton University Press, Kassel, 2011.
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